Selected topics in graph theory

LAszLO LovAsz
Fall 2016

Homework 3.

Submission deadline: Monday, December 19. Solutions can be submitted on paper (to
Lilla Téthmérész) or by email, in English or Hungarian.

1 If 9(G) = 2, then G is bipartite.

2 (a) If H is an induced subgraph of G, then ¥(H) < ¥(G). (b) If H is a spanning
subgraph of G, then 9(H) > ¥(G).

3 Prove that the minimum dimension in which a graph G has an orthonormal repre-
sentation is at least 9(G).

4 Prove that the vertices of the polytope FSTAB(G) (see lecture notes) are half-
integral, and show by an example that they are not always integral.

5 The fractional chromatic number x*(G) is defined as the least real number ¢ for which
there exists a family (A; : j =1,...,p) of stable sets in G, and nonnegative weights
(rj+ j=1,...,p) such that >°,7; =t and >, 714, > 1v. The fractional clique
number w*(G) is the largest real number s for which there exist nonnegative weights
(oi: i€ V)suchthat ), 0; =sand ), , 0; <1 for every stable set A.

(a) Prove that w(G) < w*(G) and x(G) > x*(G).
(b) Prove that x*(G) = w*(G).

(b) Prove that ¥(G) < x*(G).



