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NORMAL HYPERGRAPHS AND THE WEAK
PERFECT GRAPH CONJECTURE*

L. LOVAsz
Mathematical Institute, Egtvés I. University, H, 1088 Budapes:, Hungary

A hypergraph is called normal if the chromatic index of any partial hypergraph H' of it
coincides with the maximum valency in H'. It js proved that a hypergraph is normal iff the
maximum number of disjoint hyperedges coincides with the minimum number of vertices
fepresenting the hyperedges in each partial hypergraph of it. This theorem implies the
{ollowing conjecture of Berge: The complement of a perfect graph is perfect. A new proof is
given for a related theorem of Berge and Las Vergnas. Finally, the results are applied on a
problem of integer valued linear programming, stightiy sharpening some results of Fulkerson.

Introduction

Let G be a finite graph and let y(G) and w(G) denote its chromatic number
and the maximum number of vertices forming a clique in G, respectively,
Obviously,

X(G)= w(G). 1
There are several classes of graphs such that
x(G)=w(G), @)

€.g., bipartite graphs, their line graphs and complements, interval graphs,
transitively orientable graphs, etc. Obviously, relation (2) does not say 00 much
about the structure of G; e.g., adding a sufficiently large clique to an arbitrary
graph, the arising graph satisfies (1).

Berge [1, 2] has introduced the following concept: a graph is perfect (v-
perfect) if the equality holds in (2) for every induced subgraph of it. The
mentioned special classes of graphs have this property, since every induced
subgraph of them belongs to the same clags, He formulated the following two
conjectures in connection with this notion:

Conjecture 1. A graph is perfect if and only if neither itself nor its complement
contains an odd circuit without diagonals.
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Conjecture 2. Let a{G) denote the stability number of G, let 8(G) denote the
minimum number of cliques which partition the sct of all the vertices. A graph G
is perfect if and only if al(G'}y= 8(G") for any induced subgraph G’ of G.

This conjecture is an attempt to explain some similarities between the
properties of the chromatic number and the stability number; his next conjecture
is proved in the present paper, formulated as follows.

Perfect Graph Theorem. The complement of a perfect graph is perfect as well.

Obviously, the sccond conjecture of Berge would follow from the first one.
However, due to its simpler form, it has more interesting applications and has
been more investigated. Partial results are duc to Berge [3], Berge and Las
Vergnas [4], Sachs and Olaru [6]. Fulkerson [5] reduced the probiem 1o the
following conjecture, using the theory of anti-blocking polyhedra:

Conjecture 3. Duplicating an arbitrary vertex of a perfect graph and joining the
obtained two vertices by an edge, the arising graph is perfect.

In §! we prove a theorem which contains Conjecture 3.

Berge has observed that the perfect graph conjecture has an equivalent in
hypergraph theory, interesting for its own sake too. The correspondence
between graphs and hypergraphs is simple and enables us to translate proofs
formulated in terms of graphs into proofs with hypergraphs, and conversely. In
§2 we deduce the hypergraph version of the perfect graph theorem from the
above-mentioned conjecture of Fulkerson; the proof is short and does not use
the theory of anti-blocking polyhedra. It could be formulated in terms of graphs
as well; however, the hypergraph version shows the idea more clearly. It should
be pointed out that thus the proof consists of two steps and the more difficult
second step was first carried out by Fulkerson.

In §3, we give a new proof of a related theorem of Berge. Finally, in §4 we give
some formulations of the results in terms of linear programming. Most of them
have been observed to be equivalent to the perfect graph theorem already
proved by Fulkerson.

Let G, H be two vertex-disjoint graphs and let x be a vertex of G. By
substituting H for x we mean deleting x and joining every vertex of H to those
vertices of G which have been adjacent with x.
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Theorem 1. Substituting perfect graphs for some vertices of a perfect graph the
obtained graph is also perfect.

Proof. We may assume that only one perfect graph H is substituted for a vertex
x of a perfect graph G. Let G’ be the resulting graph. It is enough to show that

x(G)=w(G), €)

since for the induced subgraphs of G’, which arise by the same construction from
perfect graphs, this follows similarly.

We use induction on k = @(G'). For k =1 the statement is obvious.

Assume k > 1. It is enough to find a stable set T of G’ meeting all k-element
cliques, since then coloring these vertices by the same color and the remaining
vertices by k — 1 other colors (which can be done by the induction hypothesis),
we obtain a k-coloring of G'.

Put m = w(G), n = w(H), and let p denote the maximum cardinality of a
clique of G containing x. Then, obviously,

k =max{m,n+p—1}

Consider an m-coloring of G and let K be the set of vertices having the same
color as x. Let, further, L be a set of independent vertices of H meeting every
n-element clique of H. Then T = L U (K \{x}) is a stable set in G'. Moreover, T
intersects every k-element clique of G'. Really, if C is a k-element clique of G’
and it meets H then, obviously, it contains an n-element clique of H and thus a
vertex of L. On the other hand, if C does not meet H, then C must be an
m-clement clique of G, and thus C contains a vertex of K\{x}. 0

As has been mentioned in the introduction, in view of Fulkerson’s results, the
perfect graph theorem already follows from Theorem 1. However, to make the
paper self-contained, we give a proof of the perfect graph conjecture (which
seems to be different from that of Fulkerson).

2.

A hypergraph is a non-empty finite collection of non-empty finite sets called
edges. The elements of edges are the vertices. Multiple edges are allowed, i.e.,
more (distinguished) edges may have the same set of vertices. The number of
edges with the same vertices is called the multiplicity of them. The number of
edges containing a given vertex is the degree of it. The maximum degree of
vertices of a hypergraph H will be denoted by 8(H).

A partial hypergraph of H is a hypergraph consisting of certain edges of H.
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The subhypergraph induced by a set X of vertices means the hypergraph
H|X={ENX|EEH ENX#§}.

A partial subhypergraph is a subhypergraph of a partial hypergraph (or,
equivalently, a partial hypergraph of a subhypergraph).

The chromatic number x (H) of a hypergraph H is the least number of colors
sufficient to color the vertices (so that every edge with more than one vertex has
at least two vertices with different colors). The chromatic index q(H) of H is the
least number of colors by which the edges can be colored so that edges with the
same color are disjoint.

Obviously,

q(H)= 8(H). L

Let a hypergraph be called normal if the equality holds in (4) for every partial
hypergraph of it.

A set T of vertices of H is called a transversal if it meets every edge of H;
r(H) is the minimum cardinality of transversals. Denoting by v(H) the
maximum number of pairwise disjoint edges of H, we obviously have

v(H)=< 7(H). (5

Let a hypergraph be called r-normal if the equality holds in (5) for every partial
hypergraph of it.

A hypergraph is said to have the Helly property if any collection of edges
whose intersection is empty contains two disjoint edges. It is easily seen that
normal and 7-normal hypergraphs have the Helly property.

Given a hypergraph H, we can consider its edge-graph G(H) defined as
follows: the vertices of G (H) are the edges of H and two edges of H are joined
iff they intersect. On the other hand, for a given graph G we can construct a
hypergraph H(G) by considering the maximal cliques of G (in the set-
theoretical sense) as vertices of H and, for any vertex x of G, the set of maximal
cliques containing x, as an edge of H {(G). It is easily shown that if G has no
multiple edges (which can be assumed throughout this paper) then

GH(G)=G. (6)

Furthermore, H(G) always has the Helly property.
It is easily seen that

X(GH) = q(H), «G(H))=v(H) ™
(G (H) s the complement of G(H)). Moreover, if H has the Helly property then

MG(H)=1(H), «(G(H))=23(H). @
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Hence by (6),

x(G)=q(H(G)), «(G)=3(H(G)),

x(G)=1(H(G), w(G)=»(H(G)), ©)
for any graph G. Equalities (7), (8) and (9) imply the following theorem:
Theorem 2. Let H be a hypergraph with the Helly property. H is normal iff G(H)

is perfect; G is perfect iff H(G) is normal. H is 7-normal iff G(H) is perfect; G is
perfect iff H(G) is T-normal.

As a corollary to Theorems 1 and 2 we have the following theorem:

Theorem 1'. Multiplying some edges of a normal hypergraph, the obtained
hypergraph is normal.

Theorem 2 implies that the perfect graph theorem is equivalent to the
following:

Theorem 3. A hypergraph is t-normal iff it is normal.

Proof. Parts “if”” and “only if” of this theorem are equivalent (by Theorem 2).
Thus it is enough to show that if H is normal then

T(H) = v(H),

since for the partial hypergraphs this follows similarly. We use induction on
n = 1(H). For n =0 the statement can be considered to be true.

It is enough to find a vertex x with the property that the partial hypergraph H'
consisting of the edges not containing x has v{H’) < »(H), since then H' has an
(n — 1)-clement transversal T and then T U{x} is an n-element transversal of
H', showing that

r(H)< n = v(H).

Assume indirectly that for any vertex x there is a system F, of n disjoint edges
not covering x. Let

H0= U Fx,

where the edges occurring in more F,’s are taken with multiplicity. H, arises
from H by removing and multiplying edges, hence by Theorem 1" it is also
normal, i.e.,

q(Ho) = 8(Ho).
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But obviously H, has n - m edges, where m is the number of vertices of H. Since
there are at most n disjoint edges in Ho, we have

q(Hg)?'— m.

On the other hand, a given vertex x is covered by at most one edge of F, (y=x)
and by no edge of F.. Hence

S(HD)“{‘ m _1;

a contradiction.

3

A subhypergraph of a normal hypergraph is not always normal as shown, e.g.,
by the hypergraph

{la, b, d}, b, c.d}.{a,c. d}};

here {a, b, c} spans a non-normal subhypergraph. Hypergraphs with the property
that every subhypergraph of them is normal are described in the following
theorem. A hypergraph is balanced if no odd circuit occurs among its partial
hypergraphs (an odd circuit is a hypergraph isomorphic with the hypergraph

{1,25,{2,3},...,{2n,20 + 1},{1,2n + 1}}).

Theorem 4. The following statemenis are equivalent:
(i) His balanced;
(ii) every subhypergraph of H has chromatic number 2;
(iii) every subhypergraph of H is normal.

Obviously, Theorem 3 gives more equivalent formulations of {iiii). The
theorem is actuaily due to Berge [3]. In what follows, we are going to give a new
proof for the non-trivial parts of it.

Proof of Theorem 4. (iii) = (i) being trivial, it is enough to show (i) = (ii) and
(i) = (iii).

(I) Assume that H is balanced, though it has subhypergraphs which are not
2-chromatic. Let H, be such a subhypergraph with minimum number of vertices.
Consider the graph G consisting of the two-element edges of Ho: every vertex of
H, is considered to be a vertex of G.

Now G is connected. Reaily, if V(G)= XUY, XNnY=0 X Y#0 andno
edge of G joins a vertex of X to a vertex of Y, then considering a 2-coloration of
Ho\ X and one of Hn\ Y (by the minimality of Hysuch 2-colorations exist) these
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form together a 2-coloration of H,, since every edge E of H, with { E|> 1 has at
least two points in one of X, Y, and then even in this part of it there are two
vertices with different colors.

Since H is balanced, G is obviously bipartite. Let G be colored by two colors.
Since H, cannot be colored by two colors, there is an edge E, with |E|> 1, of H,
having only vertices of the same color. Let x, y € E, x# y. Since G is connected,
there is a path P of G connecting x and y. We may assume that no further vertex
of E belongs to P. Then the subhypergraph spanned by the vertices of P
contains an odd circuit, a contradiction.

(II) Now let H be a hypergraph with property (ii); we show it has property
(iii). Obviously it is enough to show

r(H)=v(H).

Let 7(H) =t and consider a minimal partial subhypergraph H, of H with the
property t(Ha) = t. If we show that H, consists of independent edges, we are
ready. Suppose indirectly E,: E, € H,, x € E,N E,. By the minimality of H,,
there is a {t — 1)-element transversal T, of Ho)\{E}}, i=1,2. Put Q= T\N T,
R;=T\Q, §=R/U R,U{x}. Obviously, x& T;, hence [$1=2|R,|+1. Since
Hnl § is 2-chromatic by (ii), there are two disjoint subsets of § both meeting
every edge E of HOIS with [E[>1. One of them, say M, has at most
f:|S|}=|R:| elements.

Now M U Q is a transversal of H,. Indeed, if an edge E is not represented by
Q then it meets both R, and R, if E# E, and meets R, and {x} if E = E, ; thus,
|[ENS|=2, whence E is represented by M.

But  MUQ!<|R|+|Q|=t~1, a contradiction. []

We conclude this section with the remark that bipartite graphs are, obviously,
balanced (and thus normal). On the other hand, Theorem 4 shows that balanced
hypergraphs have chromatic number 2. Recently, Las Vergnas and Fournier
sharpened this statement and showed that normal hypergraphs have chromatic
number 2,

Let
Ayt A
A= : :
2 I ¢ A
be a ((, 1})-matrix, no row or column of which is the 0 vector, and consider the
optimization programs
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YAZEw
_y=0 (10)
miny -1
Ax =]
x=0
max w - x (an

where 1 denotes the vector

)

It is well-known that if x, y run through non-negative real vectors, (10) and (11)
have a common optimum. But now we are interested in integer vector solutions.

Let B be a (0, 1)-matrix such that

(i) any column u of B satisfies Au <1,

(ii) every maximal (0, 1}-vector with this property is a column of B.
Consider two further programs:

yBz=w

y=0

miny -1 (12)

Bx =1
x=0
max w ' X (13)

Theorem 5. Assume that the optimum of (10) (= the optimum of (11)) is an
integer for any (0, 1)-vector w. Then, for any non -negative integer vector w, each of
(10)-(13) has an integer optimum and an integer solution vector.

Remark. The greatest part of this theorem is formulated in Fulkerson [5] as a
consequence of the perfect graph conjecture and the theory of anti-blocking
polyhedra,

Proof of Theorem 5, (1) First we show that (11) has a solution vector with
integral entries for any (0, 1)-vector wy. For let xo be a solution of it with the
greatest possible number of (0's. Put

Xy
w(lz(wl,"-swk}a Xg = :
Xk

Obviously, x§ < w,. We show that x, is an integer vector.
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Assume indirectly 0 < x, <1, say; then w, = 1. Put
1 if x;#0andi>1,

0 otherwise,
and

w'=(wi,...,wi.

Let x' be a solution of (11) with w = w’, then
wx' s wox' < wexg
and

L

wx'= W’xo> WoXo— 1.

Hence, both w'x’ and wox, being integers,
w'x' = woXx' = wyxy,

i.e., x" is a solution of (11) with w = wj too, and has, obviously, more s than x,
has, a contradiction.

(2) Now we prove that also (10) has an integer solution vector for any
(0, 1)-vector w. Assume indirectly that there are (0, 1)-vectors w failing to have
this property and let w, be one with minimum number of 1’s. Let y, be a solution
of (10) with w = w,. Obviously, we may assume that yg < 1. Put

wo=(Wi,ooosWi), Yo=(yi,..., ), »#0,

say, and define a (0, 1)-vector w'= (wy,..., wi) by
w; if dy; =0,

0 otherwise.
We show first that y; is not a solution of (10), with w = w'. For let x' be a
solution of (11) with w = w’; we may assume x" < w'. Then
yool=yAx'=w'x’
or
yo(1 - Ax") =0,

but this is impossible since both y, and 1 — Ax' are non-negative and their first
k

entries are y, and =1-- Ziaaawi=1, i.e., the inner product is non-zero.
Thus, considering a solution y'=(yi,...,y") of (10) with w = w' we have
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yol<y-l

and these being integers,
y-lsy-1-1.

This implies w' # wo, i.e., by the minimality property of wo, y’ can be chosen to
be an integer vector. Let

Y=y ...y

then
yﬂA =w
since
r r
Z yiap = 2 yiagi =wi=w; if a; =0,
=i =1
2 Y?aﬁ?lz L7] if an?‘éo.
i=1
Since

yrl=sl+y 1=y,

y" is an integer vector solution of (10).
(3) Put

buy- b
B=| :
b.!l e bsk
Let H be a hypergraph on vertices 1,...,s; for any 1 <i <k it has an edge
E ={j;b; =1}.
Now H is normal. For consider a partial hypergraph H' of it; let
I f EeH,
w; =
0 otherwise,
Wo= (Wi, ..., wi).
Let xo, yo be integer solution vectors of (11) and (10), respectively. Since
AXQ = 1,

there is a column u of B with xo=<u by property (ii) of it. Then the vertex
corresponding to u has degree wou = wox, in H', i.e.,
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B (H') = wox.

On the other hand, associate a color with every 1 entry of y,. For a given edge
E;, consider a 1 <j < r with ya; ® 0 and give the color associated with y to E,.
If E; and E, have the same color, then there is a j with a; = a; =1, ie., no
column of B can have 1’s on both the ith and rth place by (i). Hence E,, E, are
disjoint, i.e., the coloring defined above is a good one, showing that

p{H Y= yu- | = waxy,

whence p(H')= 6(H").
(4) Let now wo=(w,,...,w) be a (0, 1)-vector. Consider the partial hyper-
graph H' consisting of those E;’s for which w, = 1. By Theorem 3,

r(H)=v(H) =,

i.e., there are v columns u,, ..., u; of B such that every row corresponding to an
edge of H' has a 1 in at least one of them. Let

L i j=f,..., k.
yi=

0 otherwise,
Yo=AYir.ooi ).
Then
yoBZw, yo=0, yo-l=u.

On the other hand, there are v rows b, ..., b, of B such that they correspond to
edges of H' and every column has at most one [ in them. Putting

1 ifl.:ih...-,in
Xi =
0 otherwise,

xl)=(-t|1-<'vx‘t)
we have
onél, XaZ=0, woxp=r,

showing that xo, ys are solution vectors of (12) and (13).

(®) Finally, let wo=(w\,...,w.) be an arbitrary non-negative integer vector.
We show that (10)-(13) have integer solution vectors. it is enough to deal with
(10) and (11). Let us multiply the edge E; of H by w;, i = 1,..., k: let H' denote
the arising hypergraph. Then

3(H')=p(H'),
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since by Theorem 1’ H' is normatl. Let j be a vertex with maximum valency in H'
and u, the corresponding column of B. Then

Ay <1, u =0,

and

wory; = 8{H"). (14)
On the other hand, let the edges of H' be colored by p = p(H") colors. This
means that there are p (0, I)-vectors a,..., a, such that a, +- - - +a, = wy and

Ax =1, x =0 implies ax <1 for any 1 </ < p. Hence there is a (0, 1)-vector y,
by part (2) of the proof such that

yvAza, =0, y-1=1.
Putting

y=Eypntty,
this vector satisfies

YAZw, y=0, y-l=p,
ie., by (14) the theorem is proved. O

Appendix. A characterization of perfect graphs
Let G be the complement of G. We prove the following theorem:

Theorem. A graph G is perfect if and only if
@(G(G)=|G'|
for every induced subgraph G' of G.

Proof. Part “only if” is trivial. To prove part “if” we use induction on |G |. Thus
we may assume that any proper induced subgraph of G, as well as its
complement, is perfect.

Let multiplication of a vertex x by h (h =0) mean substituting for it h
independent vertices, joined to the same set of vertices as x. This notion is
closely related to the notion of pluperfection, introduced by D. R. Fulkerson,

(I) As a first step of the proof we show that if Go arises from G by
multiplication of its vertices then G, satisfies
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Assume this is not the case and consider a G, failing to have this property and
with minimum number of vertices. Obviously, there is a vertex y of G which is
multiplied by h =2; let y,,...,y, be the corresponding vertices of G,. Then

@{Go— y)o(Go—y1) = | Gol ~ 1
by the minimality of G,; hence

@(Go)=(Go—y)=p, w(Go)=w(Go—y)=7r
and

|Gol = pr+1.

Put G = Go—{y:,..., y}. Then G, arises from G — y by multiplication of its
vertices, hence by [1, Theorem 1], G, is perfect. Thus, G, can be covered by
w(G)<w(Gy)=r disjoint cliques of G,; let Ci,...,C. be these cliques,
[Cil=]1Gl=--=C].

Obviously, k <r. Since |G,|=|Gy|~h =pr+1~h,

fC!]= T ‘—’|Cm.+xf=p-
Let G, be the subgraph of G, induced by C;U---U C-nviU{yd, then
[Gal=(r —h +1)p +1 <[ Gyl;
thus, by the minimality of G,,
w(Gw(G,)=|G,).
Since w(G2) < w(Go) = p, this implies
w(G)=r—~h+2.
Let F be a stable set of r—h+2 vertices of G, then [FNGl<1

(1<si<r—h+1), hence y, € F, This implies that F U {y,,..., y,} is stable in G,
On the other hand

,FU{y;,...,y;,H=r+] >(0((_;()),

a contradiction.

(I) We show that x(G)=w(G). It is enough to find a stable set F such that
w(G — F) < w(G)since then, by the induction hypothesis, G — F can be colored
by @(G)— 1 colors and, adding F as a further one, we obtain a u (G )-coloring of
G

Assume indirectly that G — F contains a w(G)-clique Cr for any stable set F
in G. Let, for x € G, h(x) denote the number of Ce’s containing x. Let G, arise
from G by multiplying each x by h(x).

Then, by Part I above,
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i3] (Go)&)(éu) = i Go] .
On the other hand, obviously

|Gol =3 hx)= 3 |Cr| =

where f denotes the number of all stable sets in G, and

w(Go) = w(G)=p,
m(C_;u)“—'mgx th(x)= max Z [FN Cpo{Smf_!x er 1=f-1,

a contradiction. [}
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