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Introduction

The Robba ring is an essential tool in the theory of p-adic differential equations, see [6],
and p-adic Galois representations. We aim to provide a fundamental and compact note
on the Robba ring, usually denoted by R, which is mostly studied in the framework
of p-adic theory. However, to the maximal general, we prefer the context of discrete
valuation fields and rings in this thesis. We work mostly with the note of P. Schneider
and several books for each part of the thesis. The thesis is structured as follows.

For starter, the basic concepts and main properties of discrete valuation rings are
summarized in Chapter 1, in which we explain how a discrete valuation function induces
a norm, namely a non-archimedean norm, which uniquely determines a topology on a
discrete valuation field, and be extendable on the finite extension fields as well as the
algebraic closure.

One of the most effective approaches is to consider the Robba ring as the union of
rings consisting of Laurent series with coefficients in a discrete valuation field over a
certain closed or open annulus. Those rings over closed annuli are thoroughly analyzed
by Newton polygons, similarly to polynomials with coefficients weighted by a valuation
function, and Gauss norms in terms of factorization and roots. Consequently, we learn
how the union conveys properties of rings of Laurent series with closed annuli as domains
to rings with open annuli as domains.

The main part of the thesis is Chapter 3, where the Robba ring and its sub-rings
are examined regarding ring structures, topology, and vector space norm. Once the
basic knowledge is presented, we take a concise glimpse of endomorphism on the Robba
ring as well as higher dimensional vector spaces over the Robba ring, where we want to
construct an automorphism on. All theorems in the thesis are proven based on notes
and books in the reference along with modifications to make the thesis itself a great
self-contained material. The only statement without proof is Nagata’s lemma, which
requires the theory of local ring, see details in [11], but only the lemma only plays an
insignificant role, then we avoid giving a full proof of the lemma to make the thesis more

coherent.



1 Discrete Valuation Rings

This beginning chapter is to introduce discrete valuation rings, which play an essential
part as a ring of coefficients in the main object. The main idea is to present fundamental
concepts of discrete valuation function and study its behavior on a certain ring, which
consequently induces a different absolute value function on the fraction field of the given
ring, see [1]. For instant, the p-adic absolute value acts on the p-adic numbers field Q,
as well as its extension has an important role and wide applications in various brands of

mathematics, see [2].

1.1 Discrete valuation functions

Definition 1.1. A discrete valuation function is defined on both fields and rings.

(1) Let K be a field. By a discrete valuation v on the field K, we mean a function v

from K* — Z satisfying

(i) v is surjective,

(ii) v(ab) = v(a) + v(b) Va,be K*,

(iii) v(a + b) > min{v(a),v(b)} Ya,b € K* with a + b # 0.
The subring {x € K; v(x) > 0} U{0} is called the valuation ring of the Discrete
Valuation Ring of v on the field K.

(2) An integral domain (i.e a nonzero commutative ring) R is called a Discrete Valua-
tion Ring (D.V.R.) if R is the valuation ring of a discrete valuation v on the field

of fractions of R.

The convention v(0) = 400 is used for the element 0, so the function v is well-defined
on the field K, in which the condition (i), (ii), and (iii) remain satisfied.

The two definitions are identical because the latter of the above definition is inter-
preted in the manner that: Let v is a function from an integral domain R to N, in which
the conditions (i), (ii), and (iii) are satisfied. One can extend the function v to a discrete

valuation on Frac(R)* by
v(=)=v(a) —v(b) Va,be R

That is a surjective homomorphism from the multiplicative group Frac(R)* to Z under

addition. If R = {z € K; v(z) > 0} follows, then it is so-called a discrete valuation ring.

Definition 1.2. For a discrete valuation ring R with respect to discrete valuation v, a

uniformizer of R is an element of valuation 1, denoted by 7.



Because of surjectivity, the uniformizer of a discrete valuation ring always exists,

which leads to the following properties to give a deeper perception of D.V.R.

Proposition 1.3. Given a discrete valuation ring R with respect to a discrete valuation

v, and let ™ be a uniformizer. Then
(i) An element t is a unit (i.e invertible) iff v(t) = 0.

(ii) Every nonzero element t of the field Frac(R) accepts the form t = 7" for some
unit u € R*, and some n € Z. In addition, the integer number n is independent
from 7w, and the element t € R iff n € N.

(iii) The ring R is a principal ideal ring, every ideal is generated by an element of the
form @™, which again is independent from w. In particular, R has a unique maximal
ideal (T).

(iv) For a,b € R with v(a) # v(b), then v(a + b) = min{v(a),v(b)}. Furthermore, let
(@p)neny C R and m = min{v(a,); n € N}, then ((an)nen) = (7).

Proof. If t is a unit, then ' € R and 0 = v(1) = v(t) + v(¢t7') > 0 with the range N
of v on R imply that v(t) = v(t7!) = 0. In reverse, if v(t) = 0, then ¢~! € Frac(R) and
v(t™!) = 0, by definition, it shows that t~! € R as required.

In (ii), let v(t) = n, then v(t7~") = 0, applying (i) to obtain the statement, and
the independence from 7 is claimed because changing 7 by another uniformizer does not
affect the valuation of v(tm™").

Let I be an arbitrary nonzero ideal in R, and let min{v(z); x € I} = n, then there
exists an element ¢ in [ such that v(t) = n, by (ii), t = 7"u, where u is a unit. Hence,
7" is an element of I, which leads to (7)) C I. In other hand, every element of I is of
at least valuation n, which means I C (7™). This proves (iii).

The last property is a direct consequence of the results (ii) and (iii). O
Corollary 1.4. For any a,b € K with v(a) # v(b), then v(a + b) = min{v(a),v(b)}.

Proof. Let u be an invertible emelemt, equivalently, v(u) = 0. Notice that for any
element ¢ of positive valuation, the sum u + v is invertible as well, because if it is not,
then u € (m), which is a contradiction. Combining that with property (ii) claims the

corollary. O]

Example 1.5. (1) An important example of valuation fields is the field of integer
numbers Q, when p is a fixed prime as well as a uniformizer. The discrete valuation
v is defined on Q by

Q\{0} — 2

t — n where t :p"% with pt ab



is called p-adic valuation on Q. We recall definition of localization. By this, we
mean a localization of a commutative ring R by a multiplicatively closed set S is

a new ring S~'R. Tt is clear that the localization of Z given by
{ab™'; a,b € Z and p{b}

is the D.V.R of Q with respect to the p-adic valuation. The example itself also
shows that not every integral ring quipped with a valuation function is a D.V.R,

in particular, the ring Z with respect to the p-adic valuation is not a D.V.R.

(1) Let K be an arbitrary field, and consider the field K ((7')) of the formal Laurent

series, then the function v given by

K({(T) —Z
400
> a,T" — min{n; a, # 0}

m=ng

is a discrete valuation, the D.V.R with respect to which is the ring of power series
K [[T]].

Note that there is more than one way to define a discrete valuation ring, but the
definition referring to discrete valuation function on fraction fields is seemingly the most
explicit. Other alternative definitions regard the other types of rings with several different
conditions such as Principal Ideal Rings (P.I.D), Unique Factorization Domains (U.F.D),
and Noetherian integral domains, see [3]. The connection of those algebra structures will

be explicitly described in the following theorem.

Theorem 1.6. The attributes listed below of a ring R are interchangeable:
(1) R is a D.V.R,
(2) R is a P.I.D with a unique non-zero mazximal ideal.
(3) R is a U.F.D with a unique irreducible element m up to unity.

(4) R is a Noetherian integral domain as well as a local ring, whose unique nonzero

maximal ideal is principal. Particularly, the Krull dimension of this local ring is 1.

Proof. Given a D.V.R R, we recall the proposition 1.3, property (iii) and (ii) imply (2)
and (3).

If (2) holds, then let (r) be the maximal ideal, which directly shows the element 7
is a unique irreducible up to unity, hence (3) follows.

In order to obtain the last statement from (3), we need to show that R is Noetherian,

equivalently, every ascending chain of ideals is of finite length. Indeed, let the nonzero

7



starting ideal be I, then by the proposition 1.3, there exists a non-negative number n
such that I = (7). Thus, it is clear that the longest ascending chain starting by [ is of
the length n, which is exactly

(™) ; (m" 1) ;Cé ; (7).

In addition, the spectrum of R is {0, (7)}.

In reverse, given (3), as 7 is the unique irreducible, every nonzero element of Frac(R)
is a multiple of a (either positive or non-negative) power of m with a unity independently
from 7. Thus, the function v : Frac(R)* — Z in the manner v(7"u) = n with u is a unit
is well-defined. It is straightforward to check the function v is a discrete valuation, and
R is the valuation ring of v. It is obvious that v meets all the conditions of a discrete
valuation. On other hand, let w be an element of R with valuation 0, then (u) # (m),
which means (u) = R, accordingly, u is invertible. Consequently, every element of non-
negative valuation is R.

Finally, suppose (4) is given, let ¢ be an arbitrary element of R, and 7 be the element
generating the unique nonzero maximal ideal. Hence, the local ring property implies
that either (t) is the whole ring or () C (7). Equivalently, either an element is invertible
or there exists another element ¢; in R such that ¢t = wt; = (t) C (¢;). One applies the
Noetherian chain condition to that result, property (ii) in the proposition 1.3 is claimed,
which results back to (2). O

1.2 Topology on Discrete Valuation Rings

The main role of an absolute value is to equip a "size' to elements of a given field,
by which we are able to measure distance of distinct points, as well as topology on it,
that regards the properties of the induced metric, namely convergence, open and closed
set, and completeness. In this section, we shall briefly study the topology of a discrete
valuation field K with a discrete valuation v, the discrete valuation ring R as defined in

the last section, see [4].

Definition 1.7. An absolute value || is called a non-archimedean absolute value if the

following condition holds
|z +y| < max{|z],[y|} Vz,y € K

Otherwise, it is archimedean.



Definition 1.8. Let |-|, : K — R be a function defined by

e’@) if g £0
0 ifx=20

|z], =

This function is called the absolute value associated to the discrete valuation v.

It is obvious to show that |-|, is a non-archimedean absolute value by using properties
of exponential function and discrete valuation. For simplicity, from now on, unless
explicitly stated otherwise the notation |-| implies the absolute value associated to the
given discrete valuation. Consequently, let define a metric by d(z,y) = |z — y|, then
the non-archimedean property is equivalent to a condition, so-called "strong triangle
inequality":

d(z,y) < max{d(z,z),d(y,z)} Vo,y,z € K

The metric (K, d) is an ultra-metric space that has several noticeable properties listed

in the following proposition.

Proposition 1.9. Let B(a,r) and B(a,r) be open and closed balls of radius r and center

a respectively.

(i) All triangles are isosceles.
(ii) Ewvery interior point of a ball is a center of that ball.
(iii) Ewvery point that is contained in a closed ball is also a center of that ball.
(iv) Ewvery open ball is closed and has empty boundary.
(v) Every closed ball of positive radius is also open and has empty boundary.

(vi) Any two open or closed with positive radius balls are either disjoint or contained

in one another.

Proof. (i) Let z,y and z be three arbitrary distinct points, and consider the strong
triangle inequality. If the equality holds, thus the triangle consisting of z,y and
z is isosceles. Otherwise, v(z — y) > v(z — 2) + v(y — z), which reveals that

vix —z)=v(y — 2z) = |v — 2| = |y — z| by making use of corollary 1.4.

(ii) Let b € B(a,r), and let ¢ be an arbitrary point in the ball B(a,r), one estimates

the distance between two points b and ¢
b—c| <max{|b—al,|c—al|} <r

so that ¢ € B(b,r), this show B(a,r) C B(b,r), and switching a and b makes the

two balls identical.



(iii) It is the same as the part (ii).

(iv) Let observe the complement of the open ball B(a,r)
B(a,r)={zr € K; |t —a| >}

For any element z of C' and 0 < s < r, the such number s exists because if r =0
then there is nothing to discuss. Let y € B(z,s), then [z —y| < s <r < |z —al.
By corollary 1.4, we obtain

ly —a| =max|z —y|, [z —a| >

so that B(z,s) C B¢(a,r), this proves the complement is open as well, thus, B(a, r)

is closed and has empty boundary.
(v) It is similar to (iv).

(vi) The statement is a corollary of (ii) and (iii).
[

Definition 1.10. Given a discrete valuation ring R, the maximal ideal is denoted by m,
and the field induced by the quotient ring R/m is called the Residue Field with notation
k.

In terms of topology, we can rewrite those definitions in the manner
 The discrete valuation ring R = B(0,1) = {z € K; |z| < 1}.

o The maximal ideal, also as known as the valuation ideal (r) = B(0,1) = {z €
K; |z| < 1}.

o The residue field k = B(0,1)\B(0,1) = {r € K; |z| = 1}.

Moreover, the absolute value induces the casual terms for consequence in the field K. In

particular, given a sequence (a,) CK and an element a in K. The convergence can

neN
be expressed both in languages of topology and valuation.

o (an),ey converges to a if every open ball of center a contains all but finitely many
elements of (a,),, oy, equivalently, lim,_|a, —a| = 0, equivalently, lim,,_, v(a, —

a) = +o0.

¢ (an),ey is a Cauchy sequence if for € > 0, there exists a positive integer N such
that for all m,n > N, |a,, — a,| < €, equivalently, for any C' > 0, there exists a
positive integer N such that for all m,n > N, v(a,, — a,) > C.

10



Definition 1.11. The discrete valuation field K is complete if the metric space with

distance function associated with the discrete valuation is complete.

Theorem 1.12. (Uniqueness of completeness) Let K be a discrete valuation field
with a discrete valuation v, there is exactly one complete discrete valuation field K up to
isometric isomorphism with respect to a discrete valuation V' such that, the K is dense

in K, and the restriction of V' on K* is v.

Proof. The uniqueness is obviously provided by the properties of Cauchy sequences and
the identity of the restriction function of a discrete valuation on a dense set K. The
remaining part is to prove there is a complete discrete valuation field, which can be
constructed as follows.

Let C be a subset of KN consisting of all Cauchy sequences over the field K. On C,
we equip component-wise multiplication and addition, with respect to which, the set C is
kindly closed. Moreover, (C,+,-) is a ring with additive identity element 0 = (0,0,...)
and multiplicative identity element 1 = (1,1,...). Therewith, we define an equivalence

relation

(an)neN ~ (bn)neN < lim (a, — b,) =0

n—oo
Thus, the quotient ring C/ ~ is a commutative ring. In addition, it is a field by following
the argument: for any nonzero equivalence class {(an)neN} , from some intermediate index,

components are nonzero, then there exists a sequence (by),,oy given by

al ifa, #0
, e -

0 ifa,=0

Thus

(@) nen* On)ners € [(0n = Dpers] = [(@)en] * [0n)nen] = [(n = 1))

Let use the notation K to represent the field C / ~,and let (A,), oy be a Cauchy sequence,
and A, = [(an,k)keN}, then it is clear that {(anm)neN}

limit of (Ay),cy as well. That means (k U ) is complete with respect to the absolute

is a Cauchy sequence, which is the

value associated to the valuation v/ given by v/ [(an)neN} = lim,, o v(ay)-

Finally, the inclusion

i K> K

T {(l‘n = z)neN]

is an injective homomorphism, and Im(i) = { [(xn = m)neN} ;T E K} is a dense subset of

11



K. That proves (K v ) is the unique complement of K up to isometric isomorphism. [J

Corollary 1.13. For any uniformizer m of K, the element [(mn = W)HGN} is a uniformizer
of the discrete valuation field f(, and the residue field is isomorphic to the residue field
of the original field K.

Proof. The first one follows from 1/ ([(xn = W)neND = 1. For the latter, the inclusion
i also induces an inclusion K/(m) — k/< [(xn = w)neN} > Meanwhile, since Im(i) is

dense in K , for every {(an)neN} of valuation 0, there exists an element a € k such that
v ([(an - a)neND > (), this shows that K/< [(xn = ﬂ)neN} > C K/{m). O

Example 1.14. A familiar example is the field of integer QQ is not complete with respect

to p-adic valuation, and its complement is the field of p-adic number Q,.

1.3 Expanding valuation to finite extension fields

Unless explicitly stated, otherwise, we assume that R is a complete D.V.R of a com-
plete discrete valuation field K. The goal is to provide an accurate description of finite
extension fields by ramification index and residue degree, that shall be introduced in

this section. For simplicity, the notation congruence a = b mod (7") accounts for
a—be (r").

Theorem 1.15. Let (m,),,o; be a fived sequence with property: for anyn € Z, v (m,) = n.
In addition, let A be a system of representative for the residue field. Then the followings

are clatmed.

(i) Every series Y. a, T, with coefficients in A is in K.

n>mq
(ii) Every element x € K accepts a uniquely determined representation which is a series

> apm,

n>mqo
with coefficients in A and v(x) = my.
In other words, K = R {H

Proof. (i) Note that the partial sums of the series S,, = >3], a,m, make a Cauchy

sequence, which converges to an element in K because of its completeness.

(ii) The uniqueness is trivial since any two elements, that share the same series shall
consequently have valuation of their difference is infinite, which implies the unity

element zero.

The remaining is the existence, which is provided as following: By definition, for

every unit, there exists exactly one element in A, that is congruent with the unit.

12



According to that, we utilize induction to show for any n € Z, the sequence

(S ) m>m, glven by

o xr
Umg = —— = Sing = UmyTmg
mo
T — Sm—l
Ay = = Sm = Om-1+ QT
Tm

is a Cauchy sequence. As a result of part (i), lim,, oo Sy = > n>mg UnTy, Which is
an element in K, and lim,, o Sy = 2. Hence, 2 = 3, 5., @nTy.
n

Definition 1.16. Let E/F be a finite extension field of a field F, and let [E: F] =
d € Z>,. A Norm Mapping Ng/p : £ — F is a function satisfying one of the following

conditions:

(i)

(iii)

Let a be an arbitrary element of E. Hence, the bijection ¢, : £ — E : x
ax is alternatively interpreted as a F-linear operator over the F-vector space of
dimension d. Therewith, let Ny, p(a) be the determinant of the matrix associated

to the operator (.

Let a be an arbitrary element of E, r be the degree of £ as an extension of the

field F(«), and the minimal polynomial of o over F' given by
fX)=X"+a, 1 X" ' +... +ay € F[X]

Then we define Ng/p(a) = (—1)""ag.

Let « be an arbitrary element of E, without loss of generality, we can assume E/F
is normal, because if it is not, we can define the map over the normal closure of F
instead. Then let define

NE/F(Oé) = H o(a).

oc€Aut(E/F)

Remark 1.17. Note that the "Norm mapping" appears to have the same name as "norm".

It needs to be highlighted that the function defined as above is not a norm. In particular,

the mapping is a surjective from a finite extension of a field onto itself, which surprisingly

possesses many interesting properties, that can be used to expand a discrete valuation as

well as its associated absolute value to any finite extension fields in the following method.

13



In order to make sense of this definition, the next proposition shall prove the connec-

tion of the three conditions
Proposition 1.18. The conditions (i), (ii), and (iii) are equivalent.

Proof. Notice that for any ¢ € Aut(E/F), o(a) is also a root of the polynomial f.
Meanwhile, every F-automorphism o on E/F is extended from some F-isomorphism
form F(a) to F(o(«)). In reverse, because E/F' is normal, thus every F-isomorphism
form F(a) to F(o(a)) is extended to exactly r F-automorphism on E/F. That makes
(=1)"ag = [yeaut(r/r) (@), equivalently, (ii),and (iii) are interchangeable.

Let {1,a,...,a" '} be a basis of the F-vector space F(a), and let {by,...,b.} be a
basis of F'(a)-vector space E. Thus, {a'b;; i =1,n — 1, j = 1,7} be a basis of F-vector
space E. By using a" = —(a, 1 X" '+ ...+ ag), the associated matrix of ¢, with

respect to that basis is given by Diag (A, ..., A), where A is a n X n matrix defined by

0 el e 0 )
e e —ay
i 0 1 —an_l_
Hence
det (Diag(A,...,A)) = (—1)"qg
That proves (i) and (ii) are equivalent as well. O

Corollary 1.19. The norm mapping is multiplicative, and let three fields L/E/F, then
NL/F = NE/F © NL/E-

Let L/K be a finite extension of K of degree d, and let use the notations Ry and kj,
be denoted the discrete valuation ring and the residue field of the field L, respectively.
However, in order to do those notations, we first need to claim whether L is a discrete

valuation field as well as the completeness.

Lemma 1.20. (Hensel’s lemma) Let R be the discrete valuation ring of K, and let

f(X) be a polynomial of order n with coefficients in R such that: there are polynomials
91(X) and hy(X), that are relatively prime, g1(X) is monic and f(X) = ¢g1(X)hi(X)
mod (7). Then there exist polynomials g(X) and h(X) with coefficients in R such that

o g(X) is monic, g(X) and h(X) are relatively prime,

e g(X)=q(X) mod (7) and h(X) = hy(X) mod (7),

14



Proof. Induction is an effective strategy to solve this problem, starting with g;(X) and
hi(X), we assume that the degree of g;(X) is m # n, then the degree of hy(X) does
not exceed n —m. We construct two sequences of polynomials (g, )nen and (b, )neny with

coefficients in R by strong induction such that. Assuming that we have successfully
defined ¢, (X) and h,(X) with

e ¢,(X) is a monic polynomial of degree m,

e go(X) and h,(X) are relatively prime,

* gnr1(X) = gn(X) mod (7"),hn11(X) = hp(X) mod (77) , and
© J(X) = ga(X)hn(X) mod (7).

It is clear that ¢1(X) and h;(X) are satisfied. We inductively assume the first n poly-

nomials have been successfully defined, and we construct the next terms in the manner
In+1(X) = gn(X) + 7" un(X) and hyy1(X) = hpy(X) + 70, (X)
in which we need to find the appropriate polynomials u(X) and v(X). Note that
i1 (X) 41 (X) = g0 (X) (X)) + 7" (0(X) g (X) + u(X) (X)) + 77" u(X )0 (X)

and the ideal (g,,(X), h,(X)) is a unity ideal of the polynomial ring R[X], then there
exist such u(X) and v(z) that

f(X) = gn(X)hn(X)

7-(—77,

= 0(X)gn(X) + u(X)hp(X) mod (m)

In addition, changing u(X) and v(X) by u(X) — t(X)g(X) and v(X + t(X)h(X)) does
not change the congruence condition, so that without loss of generality, we can choose
u(X) such that degree of g,,1 remains as the degree of g,(X), moreover, g, is monic.

Hence, by theorem 1.15, the sequences (g, )nen and (h,)n,en component-wise converge

to g(X) and h(X), respectively, with the properties are inherited. ]

In the proof, the completeness of K plays a key role. Apparently, it raises the question
that if the Hensel’s lemma is true over a field that is not discrete valuation. The answer is

yes', and the terminology "Henselian ring" is used to name such rings, over the fraction

field of which the Hensel’s lemma works.

Corollary 1.21. Let f(X) be a monic irreducible polynomial in K [X], then f(0) € R <
f(X) e R[X].

15



Proof. 1t is obvious that the first statement is a corollary of the latter.

In order to prove the latter from the first one, let m be the smallest non-negative
integer such that 7 f(X) € R[X]. If m = 0 then there is nothing to discuss. We assume
that 7 f(X) is a polynomial with the least valuation of coefficients is 0, i.e, a unit in
R. Then there exist a monic polynomial ¢g(X) with degree less than f(X), such that
f(X)=g(X)-1 mod (), to which the Hensel’lemma is applied to obtain a factorization
of f by two polynomials with coefficients in R and degrees less than the degree of f(X).
That is a contradiction to the irreduciblity of f(X). O

Theorem 1.22. L is a complete discrete valuation field. In addition, there is exactly one
discrete valuation vy, on L satisfying the restriction of vy over K is a constant multiple

of the discrete valuation on K.

Proof. We construct a discrete valuation on L as following. Let v, be a composition
function v o Nz, g form L* to Z. It is straightforward to check the conditions of the
definition 1.1 on V.

According to (i) of the definition 1.16, the norm mapping is multiplicative, that
instantly satisfies the condition (ii) of the definition 1.1. The condition (iii) is archived

as follow.

o If vy (x) is non-negative for an element x € L, then let f(X) be a minimal polyno-
mial of x over K. The definition 1.16 shows that

FOEREl = (—1)'Np g (x)

then vy (x) implies f(X) € R[X] as a result of the corollary 1.21. Thus, f(X —
1) € R[X] is the minimal polynomial of x + 1, and v(f(—1)) > 0 means that
vr(x+1) > 0.

e Let z € L with v(x) < 0. Then v(z~! + 1) > 0 by the last argument, combining

with the multiplicity of the norm mapping, we result
vi(z+1) =vp(x(1+27Y) = vp(a) + (1 + 271 > min{0, vy (2)}

That proves the condition (iii) of the definition 1.1 is true in the case one of elements is
unit, and another is of non-negative valuation. In addition, the multiplicity of the norm
mapping is conveyed to the function vy, then in every case, we can convert it into the
simple case as above.

For any z € K, Ny k(z) = (—x)%, then v;|gx = dv. Furthermore, because degrees
of minimal polynomials are divisors of d, then there are ¢ | d such that Im(v;) = ¢Z,
then we define )

I/L:*I/ALIL—>Z
C
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This function is surjective, then it is a discrete valuation on L, and vp|gx = %V. For the

d
completeness, set e;/x = —, and let consider L as a finite dimensional K-vector space,
c

with the absolute value .
7VL x

il = e s

Note that the restriction of this norm on K is the norm associated to the discrete
valuation v. Besides, let define another norm as a "max" column vector in the usual way,

which is

d
> aie; = max{|a;]; i € {1,...,d}}

i=1
where {e1,...,eq} is the standard basis. We apply two fundamental lemmas in Func-
tional Analysis to this setting, see [5].

Lemma 1.23. All norms over a certain vector space of finite dimension are equivalent.

Lemma 1.24. Every finite dimensional normed space over a complete field is a Banach

space.

As a result, K is complete then L is complete with respect to both defined absolute

value. O

Corollary 1.25. The same method constructs a valuation on the algebraic closure K

and the complement of K as well. In particular, the image of such a valuation is Q.
Definition 1.26. We divide the degree of an extension field as below:

+ The number ey x | [L : K] is called Ramification Index of L/K. A finite extension
is called Totally Ramifield if e;/x = [L: K]. In reverse, if e /g = 1 then the
extension field is called Unramifield.

[L: K]

€L/K

e The number is called Residue Degree, denoted by f k.

Theorem 1.27. For any extension fields M/L/K, the followings hold
(i) [kL k] :fL/K
(li) eM/K:eM/L-eL/K and fM/K:fM/L'fL/K-

Proof. 1t is trivial that k C k. In particular, let xy,...,x, be a k-linear independent
system of kg, then every set with {y; € L; y; € [x;] Vi € {1,...,n}} is a K-linear
independent in L. To prove it, let indirectly assume that there exists a such K-linear
dependent set {y;}, then there are {a;; i € {1,...,n}} C K such that at least one of

them is nonzero, and

Zaiyz- =0
i=1
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Without loss of generality, we can assume {a;; i € {1,...,n}} € R, and at least one of

them is a unit. Then we observe both side in mod (7), then we obtain

n
> ajx; =0
i=1

where at least one a; is nonzero. In other words, every k-linear independent system of
k; induces a K-linear independent in L. That means [k, : k] = f < [L: K].

Let 1,...,x is a system of representatives of k, and let consider the set {7%; i €
{1,...,er/k}}, then by evaluating the valuation vy, we can claim that the set is K-linear

independent. Consequently, we achieve a K-linear independent set

{IﬂjL; i€l,....fije{l,...,eyk}}

Thus, ey k - f < d. Meanwhile, theorem 1.15 show that for every x € L accepts a form

o
T = Z b T,
m=ng
In particular, we choose m,, = © - 7.¥m = j e /k +i, every unit b, is rewrite in the

k;-basis {z1,...,2s}, the result is of the form

erL/Kk f '
xr = Z szjcij
i=1 j=1
with ¢;j in K, which is straightforward to {@m}; i € 1,...,f;j € {1,... ,er/k}} is a
generating system, thus, ey g -f > d, combing with the above, we attain that f = f .
In addition, because every element of the D.V.R of L is the series starting at at least 0,
then the D.V.R of L is a R-free module of degree d as well.

The statement (i) is a direct corollary of the definition of ey /x and £ k. O

Theorem 1.28. Let K be the algebraically closure of K. In terms of fields and rings,
the followings hold.

« R=DB(0,1)={z € K; v(z) >0} is a (local) valuation ring with the valuation nu
satisfying all the laws of the definition 1.1 when replacing the range Z by Q.

o The mazimal ideal of R is Oz = B(0,1) = {z € K; v(x) > 0}.
o The residue field of K is k = R/O%, which is an algebraic closure of k.

Proof. Most of those are corollaries of extending the field K. The difficult one is proving
the algebraic closure of k is R/Og. For any element * € R/O%, there is an finite
extension L of K such that = € ky, then R/O is a sub-field of the algebraic closure of
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k. Moreover, it is easy to see that all algebraic of k is in R/O%. That provides what we
need. O

2 Laurent series on discrete valuation fields

The Laurent series is a well-known objective to study in terms of real or complex analysis.
Once we define an absolute value, we can examine the convergence of sequence or series
on a complete valued field. The goal of this section is to learn the behavior of Laurent
series on a field equipped with an absolute value associated with a discrete valuation,

see also [6] and [7].

2.1 Laurent series on closed annuli and Gauss norms

Unless explicitly stated, we use the notation K, R, v, ||, etc as above.
Definition 2.1. A Laurent series with coefficient in K is a formal series

F(X) =Y a,X".

neL

The Laurent series is said to be convergent at the point zq, if the sequence of partial
sum Sy = >N\ a,x8 is a Cauchy sequence, and the limit point is the value of F(z).
The set of all Laurent series is denoted by K [[X]].

Theorem 2.2. (Radii of convergence) Let F(X) =%, cza,X™ € K[[X]]. Then the

radii of convergence r1 and ro are given by formula

1
r = limsupla_,|"" and ry = - -
n—-+00 limsup,,_, , o |@n /"

The Laurent series F'(X) converges at every element of the annulus
Ay ={z € K; 11 <|z| <12}

In addition, for every points not in the closed annulus Ay, ,,) = {z € K; r1 < |z| <rs},
the Laurent series F'(X) diverges.
Proof. For any x € A, ,,), then there exist a positive integer Ny, for all n > N

Qp

Supn2N0{|an|}

A—n

SUPnzN0{|@—n|}

A—n

xn

<1 and < <1

|ana”| <

Combing with the non-archimedean property of the absolute value associated to a dis-

+o0 +o0o n

crete valuation, we obtain that the two power series %) a,x™ and > 72 a_,z™" con-

verge, so that the Laurent series F'(X) converges at the point x € A, ;).
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C
[r1,m2]

integer N; such that Ny > N and either |ayxy| > 1 or a_yz™ > 1, so that the Laurent

For any x € A and an arbitrary positive integer IV, there exist another positive

series does not converge at the point = in the positive or negative direction. O
Remark 2.3. Note that the non-archimedean property also converts the convergence

condition in the sense: a series ) i converges if and only if

i Jan] = 0.

In terms of valuation, it is equivalent to

lim v(a,) = +oc.
n—+o00

In addition, we can transform the radii of convergence as well.

|| > lim sup|a_,|"/" < v(z) < lim inf v(a—n)
n—-+o0o N—+00 n

1
, < v(x) > —liminf V(an>.
lim sup,, _, ;oo |@n|"/™ n—too  m

2] <

Given real numbers 0 < 0 < ¢, let denote the set of all [d, £]-convergent Laurent
series with coefficients in K by A, in which we equip component-wise addition and

multiplication as follow

(zanxn) (z bnxn) _y ( 3 b) X0

Lemma 2.4. Ay, is an integral domain with respect to the addition and multiplication.

Proof. The component-wise sum of any two elements in Aj;. is convergent in [0, €]
because of radii of convergence and non-archimedean property. Thereby, A, is a com-
mutative group with respect to the addition.

Let A(X) = X,cza, X" and B(X) = ¥,cz2 0, X" be two arbitrary Laurent series
converging in [d,¢]. The multiplication defined as above prominently satisfies the law of
associativity, two-side distribution and the unity elements 1 € K. The rest is to prove
the series 3 ,cz (Shti—n arb) X™ converges in [d,¢]. Let € K such that |z| € [4,¢],
then A(z) and B(z) converge, which is equivalent to

A ent = B o] = i Jane ™ = i foona™ =0

Hence, the set {|a,z"|, |b,2"™|; n € Z} is bounded. Therefrom, we obtain that

lim |akblx”:k+l| — n:k+l| =0

lim |abyx
n—+400 n——0oo
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That provide the convergence of the product series. O

Take 6 < ¢’ <&’ < ¢, then

Apa C A e
In particular,
A= [ Apy
pE[de]

For simplicity, we use A, instead of Ay, . Moreover, for any p € [0,¢], Aj; can be

viewed as a sub-space or sub-ring of the K-vector space as well as ring A,.

Definition 2.5. We define a function || - ||, : A, = Rx¢ by

n . n
|7§ZanX Hp = Iilea%danm .

This function is called a p-Gauss norm.

Proposition 2.6. The p-Gauss norm is a well-defined norm of the vector space A,. The

norm defines a complete metric on A,,.

Proof. 1t is clear the reflexive property and multiplication by scalar are satisfied. The
triangle inequality is an instant result of the non-archimedean property. Moreover, the
metric space induced by the p-Gauss norm on A, is an ultra-metric space as well.

For the multiplicity, let k,1 € Z be the smallest indices such that || ¥,cz a, X", =
lax|p* and || ez 0o X", = |bilp'. Thus,

v(agb) + (k +1)p = min{v(amb,) + (m +n)p}

In addition, for all m,n € Z such that m +n = k + [, it happens that either m < k or
n < I, which implies that v(a,, + b,) > v(ab;), according to property 1.3, the absolute

value of 3, ,,—r41 @mby is equal to the absolute value of aib;. Therefore, we obtain that

ne”Z ne”l

| o | o], =t = | (£ ) ()
ne ne

p

For the completion, let {F),(X)},en be a Cauchey sequence in A,. We write the coeffi-

cients of each F),
Fo(X) =Y o X’
€L

Thus, for any n € N, |a{™ — a{™| < ||F, — F,,||, which implies all the sequences (a\™)nen

7

are Cauchy sequences. Whence F,, — >,z lim,, al(-")X ‘€ A, because of the com-
pleteness of K. O
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Theorem 2.7. (The maximal principal) Let 0 # F(X) € A,, then
17X, = max{|F(X)[l; = € K; |2 = p}

Proof. Let ||[F(X)||, = a # 0, and let y be an arbitrary element of K such that |y| = p.

Fix F(X) =X ,cz a, X", then we consider a new Laurent series defined by

G(X)=> alay"X"
neZ
That has properties: G(X) € A; and |[|G(X)||; = 1. Thereby, it suffices to prove that
max{G(z); z € K; |z| = 1} = 1. In particular, ||G(X)||; = 1 means there is at least one
coefficient is a unit, by embedding the Laurent series to the residue field k, we obtain a

Laurent polynomial of finite degree. Let
G(X)=P(X) mod (Ox)

Hence, take x is not a root of P(X), then G(X) is a unit, then max{G(z); = € K; |z| =
1} > 1. In addition, |G(X)||; = 1, that means for any unit z, |a,2"| < 1, then by the
non-archimedean property, max{G(z); z € K; |z| =1} = 1. O

2.2 Newton polygons of Laurent series

One is familiar with Newton polygons of polynomials, which provides a geometric in-
terpretation of a polynomial in terms of its indices and valuation. In general, applying
Newton polygon method on Laurent series also results surprising properties similar to
polynomials, see details in [8], [9] and [10]. Our goal is to extend it to Laurent series, in
fact, there is a strong bond between the Gauss norms and Newton polygons, which is a
generalization of polynomials as well as power series. Therefore, in this section, we shall

state Newton polygons in the language of Gauss norms.

Definition 2.8. The Newton polygon of a Laurent series >,z a,X" is the boundary

of the lower convex hull of the set

{(n,v(a,)); n €Z; a, # 0}.

That consists of at most infinitely many segments of distinct slopes, the joint of two
consecutive segments is called a break. The part of segments with slopes retaining in

[log(6),log(e)] is called the Newton polygon with respect to the segment [4, €].

Definition 2.9. Let F(X) = 32,7 a,X"™ € A5, and the real number p € [4, €] is called
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a critical radius of F/(X) if there are two distinct indices n; < ny such that
IE O, = lan [p™ = [an, o™

Lemma 2.10. F' has at most finitely many critical radii in [0, €]

Proof. Let k and [ be indices such that
-k _ n l _ n
la_g|0~" = %128<|an|5 and |q e’ = rgggdan]e

For any p(§,¢) and n > [, then |a,|e" < |aj|e! = |an|p™ < |ai|p!. Similarly, we obtain
lan|p™ < |a_i|p~™* ¥n < —k. That implies that for any critical radius p € (4, ), there is
1

a pair of indices —k < ny < ny < [ such that, p = (M> "27"1  Hence, the number of

|an2|

critical radii is bounded. O

Fix F(X) and let 6 = py < p1 < ... < pm < pre1 = € be the sequence of all critical
radii of F(X), and let k and [ be the indices defined as in the previous proof.

Lemma 2.11. For any i € {0,...,k}, there is exactly an index n; such that

I1E (X, = |a;|p" Yp € (pi, pisa) -

Proof. Let Py = {p € (pi,pir1)}; lan|p” = max,ez{|a.|p"}. Because there exist such
indices k and [ that

lanlpn < max {lam|p™} ¥ & {~Fk,....1}
Thus, for all n < —k or n > [, P, = ). In addition, for any n such that P, # ()

P ={p € (pi,pir1)}; lanlp" = max {|a,|p"}

—k<m<l

Therefore, P,’s are open and distinct because p is not a critical radius. The fact that
the union of all the sets P,’s is the open interval (p;, p;+1) shows that there is only an
index n; € {—k,...,l} such that P,, = (p;, pit1) - O

Let observe the function ||F||, with p run all over the closed interval [, ]. In terms

of valuation, we can convert it to the form

Wy :[log(d),log(e)] = R
t = log (|| Fller) = max{nt — v(an)}
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That is a convex and piece-wise affine-linear functions (i.e, covered by finitely many
affine function of the form ax + b ). In other hand, let (7,v(a;)) and (j,v(a;)) be two

consecutive break of the Newton polygons, that means for all u # i,

v(a;) — v(a)

.)V(aj)—V(ai) o 2Ma) — v(ai) —
j—i

viay,) > via;) + (u—i T i

—v(a;) >u

—v(ay)

Then (i,v(a;)) is a break if and only if there exists a t € [log(d),log(e)] such that
Wg(t) = ni — v(a;). That means the Newton polygon with respect to the interval
[log(d),log(e)] has slopes is the breaks of W g(t), those are {log(p;); i € {1,...,k}, and
we define

n(F, p) = min{n; |, = ladlp"}

N(F, p) = max{n; || F[|, = |an|p"}

Then the breaks of the Newton polygon is {n(F, p); p is a critical radius}, and we have

N(F, p;) = n(F, p;i+1). In conclusion, we have the following theorem about the Newton

polygon.

Theorem 2.12. Let F(X) € A, then consider its Newton Polygon with respect to
the interval [6,€]. Let {p1,...,pr} be the set of all critical radii, then there are exactly k

interval with slopes in the interval (log(d),log(e)) at the breaks n(F, p;). In particular,
V<aN(pri)) — V(an(pri)) s
N(F, pi) —n(F, p;)

Theorem 2.13. Let F(X) and G(X) € A, then the Newton polygon of FG has the
set of slopes consists all slopes of F and G.

those slopes are log(p;) =

Proof. 1t suffices to prove that n(FG, p) = n(F, p) +n(G, p) and N(FG, p) = N(F, p) +
N(G, p), that can be easily check by the non-archimedean property. O]

Lemma 2.14. 0 # F(X) € Ajs is a unit if and only of n(F,0) = N(F,e).

Proof. If F(X) is a unit then
n(F, ) +n(F 1 6)=n(1,0) =0=N(l,6) = N(F,e) + N(F!,¢)

In other hand, n(F,§) < N(F,¢e) because of the convexity of Wg(t). Hence, n(F,d) =
N(F,e).

In converse, let m = n(F,0) = N(F,¢), then F(X) = aX™(1¢(X)), where a # 0 and
in K* and F(X) has no critical radius in [6, €], then max{||G||,; p € [d,e]} = b < 1,

hence, the series
“+oo
> GX)
=0
converges, which is inverse of 1 — G(X). Therefore, F'(X) is invertible. O
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2.3 Factorization of Laurent series

The Weierstrass preparation theorem is an important tool to determine the valuation
of roots of a certain power series with coefficients in a discrete valuation ring, see [8]
and [10]. Thereby, we divide a Laurent series into 'positive’ part, which is of all factors
with positive indices, and ’'negative’ part, which is the rest to apply the Weirestrass
preparation theorem. Besides, we construct the division with remainder over the integral

domain A5 under special condition.

Definition 2.15. A polynomial P(X) = ag + ... + a, X" € K [X] is called pure if its
Newton polygon has only one slope, equivalently, n(P, p) = 0 and N(P, p) = deg(P) for

some p.

Definition 2.16. A polynomial P(X) = ag + ... + a,X™ € K [X] is p-dominant or
p-extreme if N(P, p) =n or N(P, p) =n and n(P, p) = 0.

Lemma 2.17. P(X) =ap+...+a, X" € K [X] is p-dominant or p-extreme if and only

if the every root of F(X) has absolute value at most p or exactly p, respectively.

Proof. We factorize the polynomial P(X) = a,(X — ay)...(X — a,), where a; € K.
Then N(P, p) = Y7 N(X — a, p). Therefore,

N(F,p)=n< NX —a;,p)=1Vie{l,...,n}

That imples all |o;| < p. O

We present the two theorems to provide a perception about the division with remain-

der over Ajs.. It can be considered as a generalization of Washington’s theorem, see

9].

Theorem 2.18. (Dividing a power series by a polynomial) Let F(X) = Y120 a, X" €
A, and P(X) =by+ ... +b,X" € K [X] is a p-dominant. Then there exist uniquely a
power series G(X) € A, and a polynomial R(X) € K [X] of degree at most n — 1 such
that

F(X)=P(X)G(X)+ R(X)

In addition
||, = max{[| PG|, | Rl|,}

Proof. For uniqueness, let assume there are such power series and polynomials ()1 # (2
and Rl 7& R2 with le + Rl = QQP + R2 = p(Q1 - QQ) = Rl - Rg. Therefrom, we

evaluate the largest indices with the largest absolute value of both side.

n—12>N(Ry — Ry, p) = N(P(Q1 — Q2),p) = N(P,p) + N(Q1 — Qa,p) > 1
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That leads to a contradiction.
Once we have the form F' = PQ + R, if | R||, > ||PQ)||, then

£, = I1PGl, = max{|[ PG, [| &l }

because N(PQ,p) = N(P,p) + N(Q,p) > n > deg(R), and by the non-archimedean
property shows that for all d < n, the coefficient of degree d of both P(@) and R has
absolute value at most |PQ||,. If ||R|, > ||PQ||,, then according to property 1.3, we
achieve what we need.

The remaining part is existence, which can be prove by dividing each term a,, X™ by
the polynomial P to obtain the quotient polynomials (),,, and the remainder polynomials
R, of degree at most n — 1. In particular, |a,,|p™ = max{||PQmn||,, || Rml|,} holds for all

m. The completeness of A, with respect to || - ||, ensures the existence of
+o0 +oo
m=0 m=0

O

Theorem 2.19. (Dividing a Laurent series by a polynomial) Let F(X) =
Sonez an X" € Ajsel, p € [0,€] and P(X) =by+...+b, X" € K [X] is a p-extreme. Then
there exist uniquely a Laurent series G(X) € Ao and a polynomial R(X) € K [X] of

degree at most n — 1 such that

In addition
||, = max{[| PG|, | Rl|,}

Proof. The uniqueness is proved in the same way above using the inequality
deg(R1 — Ry) > N(Ry — Ry, p) — n(Ry — Ry, p)

The property || F||, = max{||PG]|,, || R||,} is obtained by proving N(PQ, p) —n(PQ, p) >
n, which can be easily checked.

We divide F(X) = FY(X) 4+ F~(X), where F*(X) = Y;506,X" and F~(X) =
Sicoai X' For every u € [p,e], we apply the theorem 2.18 to F™(X) with F™(X) €
A C A, and the p-dominant polynomial P(X) to obtain

FH(X) = P(X)Q:1(X) + R (X)
where Q1(X) is a power series in A, . In addition, F~=, Ry, P € A}, implies that
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Q1 € Aps as well.
Let define

Fy (X)=X"""F(X"1) be a power series in A1 51

and
P'(X)=X"P(X ') be a p~'-extreme of degree n
We similarly show that Fy (X) = P'(X)Q'(X) + R,(X), where Q'(X) is a power series
in Ap-15-1), and R5(X) is a polynomial of degree at most n — 1. Hence
X" (XT1) = X"P(XTHQ5(X) + Ry(X)
Substituting X by X!, we obtain
FT(X)=X1Q,(X 1)+ X" 'Ry(X )

Equivalently, there are a Laurent series Q2(X) with all non-negative coefficients omitted

a polynomial Ry(X) of degree at most n — 1 such that
F7(X) = P(X)Q2(X) + Ro(X)

Putting two parts of F'(X) provides as we need. O

Theorem 2.20. (A generalization of Weierstrass theorem) Let 0 # F(X) =
Yiez an X" € A5 with 0 < ¢, then there are uniquely determined polynomial P(X) €
K(X) of degree N(F,e) —n(F,6) and a unit Lauren series U(X)Aj; 4 such that F(X) =
P(X)U(X). In addiction, all roots of P(X) has absolute value in the interval [0, €].

Proof. For the uniqueness, we indirectly assume that there are polynomials P(X) and
P'(X), units Q(X) and Q'(X) satisfying P(X)Q(X) = P'(X)Q'(X), then it is easily
claimed, the polynomials P(X) and P’(X) has the same degree and roots over K. That
proves as we need. If F'(X) is a unit, then theorem is claimed because of lemma 2.14.
Let p is a critical radius and 1 < d = N(F, p) — n(F, p) and define
N(F.p)
P(X)=X "D 5 g, X"

n(F,p)

This is a p-extreme polynomial of degree d and ||F' — P||, < ||F|,. Making use of
theorem 2.18, there exist a uniquely determined polynomial R;(X) of degree at most
d — 1 and a Laurent series Q2(X) € A, such that

F(X) = P(X)Q1(X) + Ri(X)
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Therefrom, we recursively construct sequences of polynomials and Laurent series in the

Pt (X) = Pu(a) + Ru(X) and F(X) = Prst(X) Qi1 (X) + R (X).

In order to make this process works, we need to prove that P, (X) is a p-extreme poly-

nomial for all m. We inductively prove it by

| F— Pm”p = maX{HPmeHQm - 1”/)’ HRme}

and
|F' = Prall, £ max{||[F' = Pullp, | Bmll,} = | F' = Pall,

Hence, all the polynomial P,,’s are p-extreme. Moreover, |F' — P,,||, < ||F||, Ym, which

leads to

1Qm = UM Elly = [|Qm = ol Bl < I1E = Panll,

||F — Pm”p

Then for all m, the inequality ||Q,, — 1|, < 7]
P

= ¢ < 1 holds. We apply the
inequality of theorem 2.18

F(X) = Pa(X)Qm(X) + B (X) = Poa (X) Qi1 (X) + Bia (X)
= B (X) (@12 (X) = 1) = =P (X) (@12 (X) = @m (X)) = Binpa (X)
= | Bmllp - ¢ 2 [Bn(Qmir = @m) + Bl
= [[Bmllp - ¢ = max{| Pn(Qmr1 — Qm)llp, [ Fma |}
= [[Bullp -2 1Bl

The last inequality shows that R,, — 0 as m — 0. Consequently, the non-archimedean
property implies the convergence of {P,,},>0, let the limit polynomial is P*(X), which
is inherited the properties of P,,’s, namely, P(X) is a p-extreme polynomial of degree n
with coefficients in K and there exists uniquely determined Laurent series Q*(X) € A},
such that F(X) = P*(X)Q*(X).

We repeat the process on all finitely many critical radii of F'(X) to achieve a poly-
nomial P(X) of degree N(F,e) —n(F,0) and a Laurent series Q(X) € A, satisfying

In addition, N(Q, ) = n(Q, ¢) is obtained means that Q(X) is a unit. O
The theorem leads us directly to essential corollaries as follows.

Corollary 2.21. FEvery root of a Laurent series is algebraic.
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Corollary 2.22. If ) =0, we substitute Laurent series by power series, the same result

s acquired.

Corollary 2.23. When we substitute K by its discrete valuation ring R, theorem 2.20

and the corollary 2.22 remain true.

Remark 2.24. We can express the set of all zeros of a Laurent series in terms of Newton
polygon. For a given Laurent series over a closed interval, all zeros can be divided into
sets of zeros with the same valuation. In particular, a line segment of Newton polygon
has its width projecting to x-axis representing the number of zeros with the valuation of

inverse slope of the line segment.

Definition 2.25. The polynomial P(X) of F(X) as above is called the distinguished
polynomial of the Laurent series, denoted by € (F).

Corollary 2.26. (Division of two Laurent series) Let F(X) and G(X) be two
power series in A, then there are a uniquely determined polynomial R(X) of degree
less than deg(€'(G)) and a Laurent series Q(X) € Ajsq such that

F(X) = G(X)Q(X) + R(X).

Theorem 2.27. The integral domain Ags. is a principal ideal domain (P.1.D).

Proof. Notice that in A, the ideal generated by a Laurent series is generated by its

distinguished polynomial, which induces a bijection

The set of all ideals in Aj;) — The set of all ideals in K [X]
[ INK[X]

This bijection preserves inclusion and union, and since K [X] is a P.I.D, then so is A .
In details,
Ap) = K [X] ~.A[X5,€}.

Definition 2.28. We defined the Gauss-norm on A

- llse :A[é,a] — Ry
F(X) = max{|[F|l,; 6 <p<e}

Proposition 2.29. The ring Ajs is a complete K-algebra with respect to the Gauss

norm.
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Proof. The Gauss norm is a well-defined norm because it satisfies all the laws of a norm

over a vector space conveying from p-Gauss norm. The rest to to prove the inequality
[EGlse < [1FlscllGllse VE(X), G(X) € Apse-
Notice that

max{|[Fll,; 6 < p <e}=max{|[Fls [[Fls|Fll}
= [|FGllse = max{[|FG|s, | FGs]| Fllc} < max{|[Fls, [[Flls] £} max{[|Gls, [|F]]s]| Gl }
= [1FGlse < [FllsellGllse

2.4 The Laurent series on semi-open and open annuli

On a closed interval, we learn the properties of a Laurent series by studying the endpoints
of a interval. Let use the notation As.) and A, to denote the sets of all Laurent series

converging on [d,¢) and (4, ¢) respectively. In terms of inclusion, we describe the rings

o0

+
A= (1 Aper = () Ape
1

o<e’'<e i=

and

—+o00
Asey = [ Ape = DIA[&-,e)

0<d’<e
Where (g;),cy C (d,€) converges to €, and (d;),cy C (d,€) converges to . For simplicity,

let fix those two sequences.

Lemma 2.30. (Unit elements) Let F(X) =3,z a, X" € A5y, then F(X) is a unit

if and only if there exists a index ng with the following properties
|Gy |60 < |an|0™ and |an,|e™ < |an|e™ Vn # ng
Proof. Notice that

F(X) = Z an X" € Ajse) C Asen V6 < g <e

neEL

then F/(X) is a unit of A,y if and only if it is a unit of Ay Vo < ¢’ < e. By lemma
2.14, that implies
no=n(F,0)=N(F)Vi<e <e¢

Let € tend to € then we obtain what we need. O
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Remark 2.31. Note that we have the norm | - ||5., on the ring A, ), then we define
a topology on A5,y by taking the intersection of all topologies generated by the norms

| - llse,’s. Consequently, the completeness is conveyed as well. In this section, we use

this topology when referring to open and closed sets.

Corollary 2.32. Let F(X) = Y, cza, X" € Asq, then F(X) is a unit if and only if

there exists a index ng with the following properties
g [0 < an|0™ and |an,|e™ < |a,|e™ ¥n # ng

Proposition 2.33. Let p € [6,¢) and equip the p-Gauss norm on Ay, then the follow-

ings are achieved.

(i) The convergence with respect to the p-Gauss norm implies the coefficient-wise con-

vergence as well. The metric space induced by the p-Gauss norm is complete.
(ii) In the ring Ajse, every ideal is closed with respect to the p-Gauss norm.
(iii) In the ring Ajsey, every principal ideal is closed with respect to the p-Gauss norm.

Proof. The statement (i) is an instant corollary of the p-Gauss norm on Ap,. For
the latter, let I be an ideal generated by an element P(X), then for any Cauchy se-
quence { PF, },en, then by the multiplicative property of the p-Gauss norm, the sequence
{F, }nen is a Cauchy sequence as well, let the limit Laurent series is F', then PF € [ is
the limit of { PF, },en. O

Lemma 2.34. Let {f,}nen be a sequence of polynomials in K[X| with the properties
o {fultnen is pair-wise relatively prime,

o for any n € N, all roots of f, is of absolute value at most €,, where (e,)nen S @

strictly increasing to €.

Then there exist a power series F(X) € Ajp) whose the set of all zeros consists of all
roots of f,.

Proof. Without loss of generality, we can assume that f,’s are ¢,-extreme with its con-
stant coefficient 1. The main idea is to convert the sequence into another convergent
sequence, in which we show several special properties to easily determine all zeros of the

limit power series. The construction follows in the manner.

» Notice that f,,(X)isae, < e-extreme polynomial, hence, there exists a power series
LX) = 55 il X' € Ag,,y such that f,(X)f,'(X) = 1, then the constant

n

coefficient of f,71(X) is 1 as well. In particular, f,'(X) has its convergence of radii
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are 0 and ¢, that implies it diverges at all points of absolute value more than ¢,

thus, there exists an index m,, such that
m, = min{k; |c,.le" > 1}.

then Y/t cniX' € A[ﬁs), and we define

my—1

(X)) = fa(X) - D0 cniX”
i=0

then f!(X) has the same roots as f,(X) over the interval [0, ¢).

« We bound the p-Gauss norm of f/(X) —1 for p € [J,¢).

mn—1

1/2(X) =1, = || fu( Z Cni X' = ZcmX’ = [Ifn(X X’

Since it is clear that ||f,!]|., = 1, then

17,00 -1, < (£)"

n

for all 0 < p < &y since || fu(X)[l, = [l/2(0)]l, =

« Consider the sequence (my), ., |Ifitll, = 1 YO < pe, shows that v(c,r) >
klog(p) VO < p < &,, equivalently

v(cny) > klog(e,) Vn

Let N be an arbitrary positive integer, then there exists a positive integer Ny such
that |nlog(e,)] = |nlog(e)] ¥Yn > Ny, that means for all &k < N,

v(cnr) > klog(en) = v(cak) > klog(e) & \cn,klek <1

Therefore, m,, > N for all n > Ny, equivalently, lim,, .., m, = +oc.

e Let define

whose roots in the interval [0, ¢] are the roots of fi(X),..., fu(X). Fix p € [J,¢),
we have

|l gns1 — gull, < <€p> and lim m, = +o00

m—ro0
n

As a result, the {g,}nen is a Cauchy sequence with respect to the p-Gauss norm for all
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p € [d,¢), which implies the coefficient-wise convergence as well. Let F(X) be the limit
power series of the sequence of polynomial g,’s, then g, tends to F'(X) with respect to
all [|-||sz,. Whence, the completeness of Aps ., implies that FI(X) € Nyen Apen] = Apse)-
For any n € N, g,(X) | F(X). In particular, [T, f;(X) is the distinguished polynomial
of power series F'(X) with respect to the closed interval [d,e,]. That proves F'(X) is the

desired power series. O

Corollary 2.35. Let (x,,),,cy be the sequence of elements in K, and let its valuation form

a sequence (o) which is a strictly decreasing sequence of limit . Then there exists

neN’
a uniquely determined power series F(X) € K [[X]], that take all x,,’s and its Galois
conjugates as zeros. Moreover, every Laurent series with coefficients in K vanishing at

all points x,,’s is divisible by F(X).
Proof. Let f, be the minimal polynomial of x,, over K and apply the above lemma. [J

Theorem 2.36. (Weierstrass preparation theorem)

Let F(X) be a Laurent series in A, then there exist a uniquely determined power series
P(X) with || P||s = ||P|l- =1 and a unit U(X) € Ajsz) such that F(X) = P(X)U(X). In
terms of Newton polygon, all properties remain true except, the number of line segments

1s possibly infinite, and the limit of slopes is € in that case.
Proof. The theorem is a direct corollary of what we have presented. O
Theorem 2.37. Every closed ideal in A,y is a principal ideal.

Proof. Let I be an arbitrary closed ideal in As.). We denote the ideal generated by I
in the ring Ajs.,; by I,. Then, we obtain

Ic...cl,C...C

Because Ajs.,) is a P.ILD, let {f,}nen be the set of generating polynomials of {I,},en
respectively. Whence, we obtain f,_1 | f, Yn € N. Making use of lemma 2.34 show
that there exist a power series FI(X) € A, such that F(X) = f,(X)U,(X), where
U,(X) is a unit of Ap.,). The uniqueness of F'(X) also implies that every element of
Nnen In C Nnen Asen] = Apse) takes F/(X) as a divisor. That claims N,,¢y 1, is a principal
ideal of Aj;.) generated by F(X).

The above claim ensures that it suffices to prove I = N,cn In, in which we already
have I C Nyen I by definition. For any element G(X) € N,en L. Since I generates 1,,,
then assume G(X) = S0 T;(X)H;(X), where T;(X) € I and H;(X) € Ap.,j. For any

i€ {l,...,k}, we take an approximate partial sum of H;(X) in the manner

Hi(X) =Y ¢, X"

€7
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then there exists a positive integer M such that

Furthermore, we also have ¥ | ¢, X" € Aps,e), thus, T;(X) SM senX™ e I By the

non-archimedean property, we can construct a Lauren series G,,(X) € I such that

LOOH(X) - TU(X) 3 X"

i=—M

1
< J—
S,en n

1
|G = Gallse, <~ ¥neN

As a result of closeness of I, the ideal includes every element of ,cy I, which provides

what we need. O

Remark 2.38. We know that A5, is a P.I.D, so it is natural to raise the same question
about Aj;.). Unfortunately, it is not. The only thing we know is that every closed ideal
is a principal ideal and, reversely, every principal ideal is closed. The counter-example

below shall explain why A5, is not a P.I.D.

F
In the proof of lemma 2.34, we take F;,, = 0 7
i=1Jn
then every element of I take all roots of f,,, as zeros for every m large enough, which
shows that 1 ¢ I. However, the sequence {F,},en converges to 1, thus, the ideal I is

not a principal ideal.

Lemma 2.39. Let {g,(X)}nen be a sequence of polynomial with coefficient in K with

the following properties
e Foranyn €N, g,(X) is a a,-extreme polynomial
o (n)pen C [0,€), and lim,,_, o oy, = €.

Let {A,,(X)}nen be a sequence of Laurent series such that A,(X) € Asa, ¥n € N and
Gn(X) | A (X) — A (X) Ym > n.

Then there exists a power series G(X) € Apsey satisfying [T—; g:(X) | G(X)—An(X) Vn €
N.

Proof. Let fn(X) =T1I", g:(X) € K [X], and without loss of generality, we can assume
that the sequence (ay,), oy is strictly increasing to €. Consequently, for any m > n,
gm(X) € Aj,.1- Now, we modify the sequence {A4,(X)}qen to make it convergence to
our desired power series.

Notice that by adding to A, (X) a multiple of f,(X) then the initial property remains
true. Making use of dividing a Laurent series by a polynomial replaces all A, (X)’s by
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polynomials B, (X)’s. In detail, A,(X) = f.(X)Q(X) + B,(X). Then fixed an index n,
we have

BTL(X) - anl(X) = fnfl(X>U(X)

for some polynomial U(X) € K [X]. Let add f,(X)T(X) to B,(X) to obtain
B (X) + fu(X)T(X) = Bya(X) = fua(X) (U(X) + gn(X)T(X))

SinCe7 gTL(X) E Afjs»anflp

K [X] is a dense in the set of power series in Aj;,,_,] with respect to the norm || - {/5.q,_,,

then —U(X)g, '(X) is a power series in Ap,, ), and clearly

then it is possible to choose a polynomial 7'(X) such that

1BA(X) + o X)IT(X) ~ Boca (X5, <

Inductively processing on all polynomial B, (X)’s to obtain a new sequence of polyno-
mials {C,(X) }neny C K [X] with f,,(X) | Bo(X) — C(X) Vn € N and most importantly,

1
[Cosr = CalX) s <

Therefore, there exists the limit power series G(X) € Aps.) such that g,(X) | G(X) —
An(X) Vn € N. O

Corollary 2.40. If we take the sequence of fn(X) of distinguished polynomials of a
Laurent series F'(X), then we obtain G(X) — A,(X) € (F) C Ao, YV € N.

Theorem 2.41. Every finite generated ideal of A,y is a principal ideal.

Proof. 1t suffices to prove in the case there are exactly two generator F/(X) and G(X)
because once we have the results in that case, the induction shall complete the proofs.
Without loss of generality, we can assume that F/(X) and G(X) are both power series
according to the Weierstrass preparation theorem. By the above theorem, the closure
of (F,G) is (H) with H(X) is a power series in Aj;.). Therefore, (F,G) = (H) in all
Apse,)- As a result, for any n € N, there exist A,(X) and B,(X) € A}, such that

H(X) = F(X)A.(X) + G(X)B,(X)
Let F(X) = H(X)F'(X) and G(X) = H(X)G'(X), then
1= F'(X)An(X) 4+ G'(X)Bn(X)

Hence, A,,(X) — An(X) € G'Ajs.,) Ym > n. By lemma 2.39, we obtain a power series

35



A(X) € Ajs) such that
AX) = A (X) e G Ay, = 1 - FI(X)AX) € G'Aps
Equivalently, there exists some B(X) € Ajs.) satisfying
1=F(X)AX)+G(X)B(X) & (H) = (F,QG).

O

Corollary 2.42. The ring Ajs.y is a Bézout ring, i.e every finitely generated ideal is
principal. In particular, Age is a G.C.D domains, i.e every two elements F(X) and

G(X) has the greatest common divisor, which is a power series of all common zeros in

[0,€).

Definition 2.43. Let define a sub-ring of A

Aty = {FOO) = 3 00 X" € Asays Fno, an | = maxlan|e”

nez
Theorem 2.44. Afgfg) is a principal ideal domain.

Proof. 1t is clear that Afgg) is a ring, and every element F'(X) has finitely many critical

radii, which implies its distinguished polynomial is determined. In other words,

fﬁée - [ ](/4w5 )

The polynomial ring is a P.I.D, so is A[(;a ]

3 The Robba ring

3.1 The ring structure of the Robba ring

In this section, we will discuss the properties of the Robba ring, which is a union of

infinitely many Bézout rings

U Asy

0<o<1

It naturally questions what type of the Robba ring is what properties it possesses.
Definition 3.1. We define two main sub-rings of the Robba ring:

e The bounded Robba ring is the set of all bounded-coefficient element, defined as

= U "4[6 1y = { X) =) a, X" € R; {|an|}nez is bounded}

0<é<1 1E€EL
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o The ring consists of all elements with coefficients in R, defined as

R™ = {F(X) =Y a,X"€R; a, € RVn € Z}
i€Z
Note that
Rint C Rbd CR
and each of those ring has surprising properties, that are presented as following theorems.

Theorem 3.2. The ring R is a Bézout ring, i.e every finitely generated ideal is principal.

Proof. Let I be an ideal of R generated by finitely many elements Fi, ..., F,,, therefore,
there exists some 6 € (0, 1) such that F,..., F,, € Apq). Because Ap ;) is a Bézout ring,
then let F/(X) € Aj;1) be the unique generator of (Fi, ..., F,) C Ajqy. Let Q,...,Qm
be elements in R, then there is some ¢’ € (0, 1), such that Qq,...,Q € Ay 1).

If ' <0 = A1) C Ap,a), then we obtain

Y FQi € (F) C Apy
=1

If 0 <& = Apy C A1y, we can take F)'s the distinguished polynomial of power series
in [¢’, 1), which is a Bézout ring. Whence, there exists F' € A}y 1y, and

ZFin’ € (F) C Apsa
i=1

However, F’ | | then F is still the generator of the ideal (F},..., F,,) in R. ]

Corollary 3.3. Let Fy,..., F, € R, and for any i € {1,...,n}, let {x;x}ren be the set
of all zeros of Fy(X) in the interval (0,1), then its greatest common divisor is a power

series or a polynomial with the set of all zeros is

ﬂ {$i,k}keN-
i=1
Proof. 1t is directly from corollary 2.42. O]

In order to study the bounded Robba ring, we can look at the rings Afgl) ,where
9 € (0,1). It is obvious that the 1-Gauss norm is a norms on A[bgfl), therefore it induce

a topology on R as well.
Lemma 3.4. Fiz ¢ € (0,1), these followings are equivalent.

(1) F(X) = ez X" € A[571).
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(ii) The Newton polygon has finitely many slopes.

(iii) The Weierstrass works on F(X), and there exists its distinguished polynomial, that
captures all roots of F'(X) in the interval [0, 1).

(iv) There exist lim, . ||F||, and lim,,oc Wp(t).

Proof. The connection between the roots of F'(X) and its Newton polygons instantly
shows the equivalence of (ii) and (iii). Moreover, if (ii) holds, then F(X) accepts the
form

F(X) = P(X)U(X)

Where P(X) is a polynomial and U(X) is a unit, therefore n(F,1) = n(P,1)+n(U,1) <
+00, that implies (i). Conversely, if F/(X) € A1), then F'(X) has finitely many critical
radii, equivalently, (iii) holds. In addition, there exist ng, such that ||F||, = |a,,|p"™ for
all p near 1 enough. That provides (iv).

If (iv) holds, then there is a constant C' such that

sup  {|an|p"} < C = la,| < C Vn
p€(0,1);neN
Therefore, the set {v(a,)}nen has lower bound, but the value of v(a,) is integer, hence,

there exists ng such that |a,,| max,ecz|a,|, then (i) holds. O
Theorem 3.5. R* is a field, and R* = R*\{0}.

Proof. Tt is obvious that R is a ring with multiplicative identity element, so to prove
it 1 a field, we need to show that every element has its inverse. Indeed, let F'(X) be an
arbitrary element, and ¢ € (0, 1) such that F(X) € A¥,,, whence lemma 3.4 shows that
F(X) has finitely many roots in [§,1) let € € (0,1) such that the absolute values of all
roots is less than e, thus F(X) € Af |, C R,

For the latter, let G(X) be an invertible element of R, then there is some ¢’ € (0, 1),
such that G(X) € Aj;, ), therefore lemma 2.30 implies that G(X) € Al € RM. O

Corollary 3.6. R is a discrete valuation ring with the valuation function define by

A% (Z anX”) = min v(a,)

nEL neN

In addition, its non-archimedean absolute value that is associated to the valuation W is

the 1-Gauss norm and the discrete valuation ring of R is R'™, namely R¥ = R [ﬂ

Proof. 1t is obvious from what we have proved. O

However, we notice that the discrete valuation ring is complete. For an instant, we

look at the following example.
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Example 3.7. Let define a sequence of Laurent series ring { f,, }nen by

fu(X) = Zﬁtlog(n)JX—n
i=0
It is clear that ¢,(X) € R and the sequence converges to a Laurent series f(X) with

respect to the 1-Gauss norm.

+o0
f(X) = Z los(n)] xr—n
i=0
However, for any § € (0,1) and for any n large enough, nd > log(n). Whence, there is no
such § € (0,1) such that f(X) € Ap 1), equivalently, not in R* as well. The existence

of this example shows the incompleteness of the bounded Robba ring.

Notice that for every element g(X) = X, cz a, X", its coefficients are bounded and
v(ay,) tends to infinity as n — —oo as quick as nd for some 6 € (0,1), which is not
satisfied on f(X) in the previous example. The following theorem shall solve this matter

by defining all elements of completion of R.

Theorem 3.8. Let £ be the set off all Laurent series with coefficients in K satisfying
the conditions: there is a upper bound with respect to the 1-Gauss norm, equivalently, a
lower bound with respect to valuation, and as index tends to —oo, the valuation tends to

infinity. In addition, we use the notation £™ to denote the complement of R'™.

Proof. Tt is obvious that R* C &, and € is a field under addition and multiplication
defined on Laurent series. Recalling the above argument shows that the field £ contains
R and the bound of coefficients makes the discrete valuation W available on £. More-
over, let f(X) = Y ;cz a, X™ be an arbitrary element of £, then we set {f, }nen defined
by

“+oo
fo(X) =Y a X' e R™

The definition of £ guarantees that f,, — f with respect to the 1-Gauss norm. Therefore,
RY is dense in £. Hence, if £ is complete, then theorem 1.12 shall finish the proof.
Let {gn(X) = Y iez a,(fn) X*},.cz be an arbitrary Cauchy sequence in £. That means

for every € > 0, there exists an intermediate index N such that for all m,n > N
lgm — gulli <e = lal™ —a\”| < e Vk € Z

Thereby, we obtain infinitely many Cauchy sequences (aﬁj‘)) eN’s, the completeness of

the field K implies there is a Laurent series g(X) € K, which is the component-wise
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limit of {g, }nen. In addition,

lgn — gl = Iiléi%|a£") —ag| <eVn>N

Where a;’s are limits of the Cauchy sequences (a,(cn)> eN’s. Whence, the bound of (ax),c;,
n

is inherited form the bound of coefficients of g,,’'s. Moreover, the non-archimedean shows

that

|ax| < max{|ay” — ax], |ay”|} ¥n

Thus, for all € > 0, there exists an index N, such that
lag] < max{e, |a,(€n)|} Vn > N, = klim lag| < max{&,klim {|a,(€NE)]}} =¢
——00 -

Let ¢ tends to zero, we obtain that g(X) € £, which shows the completeness of £. [

Lemma 3.9. (Nagata’s lemma) Let L be a discrete valuation ring with mazimal ideal

m, then the four following conditions are equivalent:

(i) L is a Henselian ring.
(ii) Every integral ring extension of L is a local ring.

(iii) Fvery Nagata polynomial, which is of the form f(X) = X"+ a, X" ' +...+a €
L[X] satisfying that ag € m and ay ¢ m has a root in m.

(iv) Every monic polynomial g(X) = X™ + a, 1 X" '+ ... + a9 € L[X] such that
n1 ¢manda; EmVi=0,1...,n—2 has a root in a,_1 + m.
Theorem 3.10. R™ is a Henselian ring.

Proof. Let G(X) =T"+b, 1T" '+...4by € R™ [T] be a polynomial such that b, _; # 0
mod mand b, o =... =by =0 mod 7. According to Nagata’s lemma, we need to show
that there is a root in R™ congruent to b,_; mod 7. Making use of the transformation
(=bn_1) " G(=b,_1T), we can assume b,_; = —1. Notice that for any Z = 1 mod 7,
we have G(Z) =0 mod 7 and

G'(Z)=nZ"1—(n-1)Z2"?=1 modnr

Whence, we can recursively construct a sequence (), .y given by

G(x;)
G'(x;)

ry=1 and x4 =x; —
We inductively prove that

G(z;) =0 mod 7' and Tit1 =x; mod n
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Let assume it is true up to k, we have to prove for the index k£ 4 1. Indeed, we observe

G(xg)
G (k)

)= Glaw =) = Gl -

1 G(zy)

=0 mod 7"t
ok

G($k+1) = G(% -

Thus, G'(zx41) =1 mod 7 = 1 = 3 | 7. Therefore, z; — z € £ML

For any i € {0,...,n—2}, ||b;]l1 < 1, then by lemma 3.4, there exits §; € (0, 1) such that
b; € A‘[’gg?l) and ||b;]|, < 1 Vp € [61,1). Whence, we can inductively construct a sequence
01 < ...< 6 < 1such that

x; € AI[’giJ) and ||x;_p <1Vpe€ld,1)

in the manner: the first step is trivial, let assume that we already have the first i elements,
so G(z;),G'(x;) € Al[’gvl) and ||G(z;)||, <1and G'(z;) =1 mod 7 = ||G'(x;)||, = 1Vp €
[0;, 1). That show G’(z;) is a unit in Aﬁiﬂ,l) for some ;41 > 0;, then the non-archimedean
implies

G(x;)

G'(;)

Iisally < max {1zisallo, b<ivpe )
p

The upper bound exist because (7;),.y is a Cauchy sequence. Therefore, z; € Afgfl) and
|zill, < 1Vpe[d1),i e N. Moreover, fix p € [§,1), and let z; = 3¢z agi)Xj, we obtain

5 (0
1> flzils = ol (p)

Let © = Y jcza; X7, then lim;_,_la;|p’ = 0 by letting i — +o0. That means = €
A, Vp€e[d1) =z eR™ O

3.2 Semi-linear maps

Definition 3.11. Let K be a field and V be a K-vector space of finite dimension,
d = dimg V. Given a injective field homomorphism ¢ : K — K. A mapping on V is

called semi-linear (o-semi-linear) if it satisfies the condition
flavy + bvg) = o(a)f(v1) + o(b) f(v2) Va,b € K;v1,v9 € V.

Proposition 3.12. Fiz a K-basis {vq,...,vq}, with respect to which we denote the

associate matriz of f by Ay. Then we have an injective mapping

The set of all semi-linear — My(K)
fr= Ay

Notice that the homomorphism ¢ induces the map A — o(A) = (o(ai;)) on My(K)
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with the following properties:
« o(A+ B) = o(A) + o(B),

e 0(AB)=0(A)o(B),

e o(I)=1.
Proof. Given a matrix A = (a;;),,., € Ma(K), the associated semi-linear f is uniquely
determined .
flew + ...+ cqva) = DD o(cj)aijv;
i=1 j=1
O
Lemma 3.13. Let B is a transition matriz of the basic {v}, ... ,v,}, in particular
(v],...,v5) = (v1,...,vq) B
The associated matriz of f with respect to {v},...,v}} is B~*Aso(B).
Proof. We observe
d d d d
@) = FOQ_biyv) = > alby) Y anvr =Y Y ao(byy)vx
=1 =1 k=1 I=1k=1
Then we obtain
BA = Ao(B)
O

Definition 3.14. Let K be a field with characteristic p, which is a prime number. A

field homomorphism o is called Frobenius endomorphim if it is of the form

oK —- K

av a?

Where ¢ is a power of p.

Proposition 3.15. A Frobenius endomorphism is injective. If K is a finite field then

the Frobenius endomorphism is an automorphism.

Proof. We notice that ker(o) = {0} since a? = 0 if and only if @ = 0. Therefore, in the
case K is a finite field, then the bijectivity follows from the injectivity. O]
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3.3 Special endomorphism

Given a positive integer ¢, and a Laurent series u(X) = ¥,z c, X" € R™ such that
u=X? modm

Since u € R™, then there exist some &y € (0,1) such that u € Ajs, 1), whence [Jul|, =
p? ¥p € [do,1). We study the substitution map ¢ induced by u on various domains

p: F(X ZanX"HF Zan

neL ne”Z

Lemma 3.16. Let F(X) € A1y with 6 € [69,1), then F(u) € A[zsl/q,1)' In addition, for
all p € .»4[51/471). we have
E @) o = 11l

Proof. For all p € [51/‘1, 1)7
Jul, = " = Tim Jaallully = lim_Jan|o™ =0

Therefore, F'(u) € A[él/ql). On other hand, notice that

-1} <1

p

u € Aj ) = llu— e X, <leglp? = p* =

U
q
cqgX

Because ¢, is a unit in R, and

() = () (B () )

We have the latter sum is the sum of finite elements with the p Gauss norm 1, therefore,

the non-archemedean shows that the p-Gauss norm of the whole sum is at most 1. Hence,
q

to obtain

¢
we repeat the argument for -2

(%) -

Combining this with

u

<L = fJu = (g X)) ||, <lcglp™ Vn € Z
o

Zanu = Zan u" — (e, X" —i—Zan (e X"
nez nez nez
We have
| E(u)ll, =

Zan (cgX

nez
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Theorem 3.17. Let define ¢ on different domains, namely R, R*® and £.
o The mapping ¢ : R — R is an injective continuous ring homomorphism.

o The mapping ¢ : R" — R is an injective continuous field homomorphism. It
uniquely induces an endomorphism ¢* on £, whose restriction on R is ¢. Both

functions preserves the valuation W.

Proof. Lemma 3.16 shows a ring homomorphism from A[fi,l) — A[él/q’l), tending 0 — 1
provides a ring homomorphsim R — R. The property of Gauss norms implies that
ker(¢) = {0}, which shows the injectivity and continuous.

For the domain R%, it suffices to prove that for any § € [§y, 1), ¢ maps elements of
ARy into A¥ ) itself. Indeed, we tend § — 1 in the equality

[E @), = 1l

and apply lemma 3.4, we obtain the 1-Gauss norm is available on F'(u) as well, which

implies F'(u) € A’[’gl) € RY. The extension of ¢ is trivial because of its continuity. [

Definition 3.18. Let ¢ be a field endomorphism on K, that preserves the valuation W.

A ring homomorphism ¢ is called o-special if
¢: F(X)— o(F)(u)

for some v = X? mod 7 and 0 (3 ,cz an X") = > ez 0(an) X™.

Remark 3.19. Since o is a valuation preserving endomorphism, which implies the in-
jectivity, thus, ¢ is an injective endomorphism of all domains R, Ajs 1y, R™, Al[’gfl), Rt E
and £Mt.

Theorem 3.20. Let n be a positive integer, and let A be a matriz of size n X n in
M, (R™), then every o-special ¢ with q > 1 satisfies

(R\Rbd)” N (R\Rbd)"
v+ (Rbd)n — v — Ap(v) + (Rbd>n

is a group automorphism under addition.

Proof. We add several properties to the matrix A in the manner: Since u € R™ C R,

there exists a dy as defined above such that

u € A[f;o,l) = W, (t) = at Vt € [log(dy),0 = log(1)]
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For any integer m, the mapping F' — X™F is trivially a bijection on (R\Rbd)n, which

induces a commutative diagram

n

(R\R™)" v Ay (R\RY)

x| [

R\Rbd)n v—Ag(v) (R\Rbd)n

Where the matrix A is determined by
X (w—Ap(w)) = X ™ — Ap(X ™) = A = X" A

This follows because in R™ C R¥, v = ¢(X) = X9+ (Rbd). Hence, it suffices to prove
the theorem is true for A. For an entry F € R™ of A, there exists some § € [dg, 1)
such that F' € (Af;,))*. That implies Wp(t) = gt + v Vt € [0,0] with v = Wr(0) > 0,
therefore we obtain
Wix—mymp(t) = (m(a —1) + 8)t +v

Choosing m > m makes the p-Gauss norm of the corresponding entry of A at
most 1 for all p € [d,1]. Let move 0 closed to 1 and choose m in that sense so that we
can obtain the same property for all entry of the matrix A.

Injectivity: We shall show that the kernel is {0}, let v = (vy,...,v,) be a element of R
such that (wy,...,w,) = v — Ag(v) € R".Then ||Jw;,’s are bounded as the variable p
run over the interval [d,1). Similarly, ||¢(v;)||,’s are also bounded on the closed interval

[5, 5t/ q}, hence, let a constant C' be an upper bound. Making use of the equality

(Wi, wp) = (v1,. ., 00) — A(d(v1), ..., d(vn))
, all entries of A of the p-Gauss norm at most 1 and lemma 3.16, we obtain

max
ie{l,...,n}

| 1/ | a2
leill, < € Vp € [5,8'1) = max ull, < C ¥p € [5,67]

Notice that lim,_, 4. 6"/9" = 1, then induction provides that C is an upper bound of
{Jlvillo: l[vill,s p € [6, 1}, which means v € (R™)".

Surjectivity: Let v = (v1,...,v,) € (R)", then there exists a § € (0,1) such that
v; € Apay Vi € {1,...,n} as well as all entries of A. We inductively construct a

sequence (v(k))keN C (R)". For each component vi(k) of v®), we divide it into two parts

U7j(k)+ = Z;F:O(C)) ai; X7 and Uz(k)_ = Y0 akij X7, then v = Uz(k)Jr + Uz(k)_ = Yjez arij X7,
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and v**1) is defined recursively

o = A (v17)

Since M+ — <v§k)+7 . ’Uék)Jr) c (A[5,1))n, then v*+1) ¢ <A[51/q71)> , and

max [0l VT, < max oV, < max ol

1€{1,...,n} i€{l,...,n} i€{1,...,n}

< x-! (k < x-! (k)+ < i 1 (k)+
<ot max | low < p% max [IXT 0, < pt0 max o,

The latter happens because p? < p. Therefore, we obtain lim;_, HvikHH , = 0 for
all p € [0,1) and i € {1,...,n}. Then there exists w = (wy,...,w,) € Affm), whose

components are power series given by w; = 3729 Zk)+. Whence, it follows
(k)—
v—w+ Aqb Z v;

S Z( has zero coefficients for all terms of positive degree, and it converges because

max [l V7, < max oY), < p7t max [T, =0
1€{1,...,n} 1€{1,...,n} i€{1,...,n}
Hence, v — w + A¢(w) € .Alfgll/q ) CRM = v=w+ Ap(w) mod RY. =

Remark 3.21. When the reside field k is a field with characteristic p, the Frobenius-
special endomorphism is called power Frobenius lift, which also holds all the proved

properties.
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