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1 Introduction

In my thesis, I examine a well-applicable statistical model called Hidden Markov
Model (HMM) [[1,3,4]. Most applications of HMMs involve time series or signals;
i.e. data that have time dimension. In the most common case, HMMs are used
to infer an underlying hidden process that generates the observable data. The
model assumes that the (hidden) process is in a (hidden) state for some discrete
time units, generates data (that is specific to the state), then the process moves to
another state. Therefore the amount of time spent in a hidden state is crucial both
from theoretical and practical viewpoints. General HMM handles the duration
with a geometric distribution with a state-specific parameter. This makes the
model handy; the underlying process is a plain Markov chain.

A more advanced HMM would use a different family for modeling duration.
Different variants of HMMs emerged to solve this issue, these models fall
under the category of Hidden Semi-Markov Models [2,]5,|6]. HSMMs mostly
use categorical distribution on {1,..., D}, where D is the maximum duration
hyperparameter. HSMMs are applied in the following areas: protein structure
prediction, internet traffic modeling, speech synthesis, change-point/end-point
detection for semiconductor manufacturing, etc.

Categorical distribution is way more flexible, and even infinite-support
discrete distributions can be approximated well with categorical distributions
using a large D.

However, it seems like there is a gap between the simple geometric and
the very flexible categorical with hyperparameter D. What if one knows that
the duration distribution is negative binomial with known, fixed order N and
unknown parameter p? The geometric distribution is simply not flexible enough,
and the categorical distribution is not efficient at all: e.g. with N = 10 and
p = 0.1, choosing a D that is capable of representing the duration 95% of the

time results in D = 144. So, we learn D — 1 = 143 parameters instead of 1 and



the resulting distribution is neither negative binomial, nor (necessarily) truncated
negative binomial. Also, there is still a possibility that the truncation results in
significant errors either in learning or in inference.

In my thesis, I establish a new framework, Graphical-Duration Hidden Markov
Model (GD-HMM) that can be used with many distribution families. In the case of
infinite-support distributions, there is no need to represent them as fixed-support
categorical distributions. The motivation is to make the transition model part of
HMM as flexible as the observation model part while maintaining computational
efficiency.

In this framework, I model duration distributions with the distribution of the
first passage time (to the absorption state) on a Markov chain. Representing a
duration distribution with a graph (a Markov chain) is broad enough to include
geometric, negative binomial, categorical, and several other distributions.

I show how these graphs can be merged to form an HSMM with the desired
duration distributions and provide the appropriate Expectation-Maximization
(EM) learning variant.

Using the framework for the categorical distribution results in a model for
which the new EM gives back the state-of-the-art forward-backward computation
efficiency [6]. It can be also shown that this efficiency is optimal in some sense.

Finally, I present results from numerical experiments on the implemented
Graphical-Duration Hidden Markov Model. The results prove that the
implementation was successful, and observation accuracy can be increased by
using a GD-HMM instead of an HMM.



2 Hidden Markov Models

A Hidden Markov Model (HMM) can be viewed as a noisy observation
of a Markov chain. This model emerged in the 1960s, and now it has
important applications in signal processing, control theory, speech recognition,
and sequential bioinformatics. In the HMM framework, there is a hidden Markov
process that influences the observations, but we cannot observe it directly. Usually,
the inference for this hidden process is the task to solve, where the hidden process
is our real process of interest, such as a sequence of words in speech recognition
or specific DNA regions in the DNA sequence. An HMM has a transition model
and an observation model. The transition model controls the hidden process, at
each time step, we stochastically move to the next hidden state. The observation
model tells us how the observations are generated from a hidden state. Each
hidden state has a data-generating distribution, these distributions came from a
parametric family, such as Gaussians or Categorical distributions. The parametric
family should be selected in advance, based on prior knowledge or empirical data
distribution.

The transition model is a Markov chain, which can be viewed as a directed
graph. The structure of the graph can be chosen according to domain expert
knowledge. Building these expert thoughts correctly into the model makes it more
reasonable and robust.

The next step would be to choose a parametric family for duration distributions

by the experts and build this information into the model.

2.1 Structure

In my thesis, I deal with discrete-time, finite-state, categorical Hidden Markov
Models, but I refer to them as HMMs. The theorems and proofs are designed for
the categorical observation model, but the ideas apply to any other observation

model.



Definition 1. (Discrete-time, finite-state, categorical Hidden Markov Model)
Let (Z;) and (X,) be discrete-time stochastic processes with t > 1.
Let Z, - QQ — {1,..., M}, where {1, ..., M} is the state space.
Let X : Q — {1,..., L}, where {1, ..., L} is the observation space.
The pair (Z;, Xy) is a Hidden Markov Model if:
1. (Z;) is a Markov process (that cannot be observed directly),
2. VtVz, e {1,...,L}:
P(Xy=u4|Zs = 2,Vs > 1, Xy =2, Vs £ t) = P(Xy = 2| Zy = z).

We assume that the HMM is time-homogeneous (p(z; = j|z;-1 = 7) and
p(z¢|z; = i) are independent of t).

An HMM is a pair of a hidden process, a discrete z; € {1,..., M} Markov
chain in discrete time (¢t € {1,...,7'}), and an observation model p(z;|z;). The

joint distribution has the form

p(zur, mir) = p(21) [ [ pzlzo0) ] plal20)-

t=2 t=1

The initial distribution m; = p(z; = i) is a probability distribution on
{1,...,M}.

The transition model A;; = p(2 = j|z,—1 = 4) is independent of the time ¢
(time-homogeneous). A is an M x M matrix, also called the transition matrix.

The observation model represents discrete distributions, it is a matrix 3, where
By = p(xy = 1|z = i) forthe [ = 1,..., L categories and for the i = 1,..., M
hidden states.

In the next chapters, we will consider HMMs as in Definition[I| (21, ..., zp €
{1,...,M} and xq,...,20 € {1,...,L}). The HMM has parameters ¢ =
(m, A, B).



2.2 Algorithms

Given a predefined HMM with parameters § = (mw, A, B) and the sequence
of observed data zi.p, the most basic inference tasks are filtering (with the
forward algorithm), smoothing (with the forward-backward algorithm), and
Viterbi decoding.

In filtering, we want to compute (online) the (i) = p(z; = i|x1,) belief

state. The next forward dynamic programming algorithm shows the computation.

Algorithm 1: Forward algorithm
Input : Observation sequence 1.7,

HMM parameters 6 = (w, A, B)

Output: « values, log p(z1.7|0) log-likelihood
ar(i) = Bjgymfori=1,.... M
Zy = Zﬁl @;
ar(1) =ay(i)/Zy fori=1,..., M
fort=2,....,Tdo

at(i) = B, E]Ail Ajioy_q(j)fori=1,...,M

)

(i) = ay(i)/Zyfori=1,..., M
end
p(z17]0) = Zthl log Z,

Statement 1. (Forward algorithm)
The Forward algorithm returns the correct « values and logp(zy.7|0)
log-likelihood.

Proof. We prove this by induction. For ¢t = 1:

(i) = (o = il = P@lA =D =8) _ Bigm _ ai(i)
1(2) = p(z1 = ilz1) p(z1) p(z1)  p(x)

_ a1 (i) L
C ip(x|z = i)p(z =) 1(8)/Z1.




Now assume we know for ¢ — 1. Then:

CYt(i) = p(zt = i|$1:t) = p(zt = i‘xt7$1:t—1)

_ Pzt = 1,24, T141) - (e, 20 =4, 010-1) P(2e = 4, T1:0-1)  P(T1:0-1)

p(ﬂ%, xl:tfl) B p(zt = Zlvxlzt71> p(xlztfl) p(ﬂﬁt,xufl)

(el = i, 211 )p(z0 = il1a) ——
=p(xylze =1, 21.0-1)p(2 = t|l214-1) —————.
D (T¢|2t y L1:¢—1)P\ Rt 1:t—1 p(l’t|$1;t71)
For the term p(x|z; = i, 214 1):
p(l’t|2’t = iaxlztfl) = p($t|2’t = Z) = B’L’,:pt-

For the term p(z; = i|x1.41):
M

Pz = i|x1q) = ZP(Zt =i|2m1 = J, T14-1)P(2e—1 = J|@14-1)
=1

M
= Z Ajiar1(j)
j=1
For the term p(z|z1.4-1):

M
xt‘xlt 1 ZP $t|2t =1, T4 1)p(2t = i|$1:t71)

=1

M
=2_ali)
=1

Combining the terms:

(i) = Big, Z Ajice1(7) /) Ze = a4(i)/ Z;.

J=1

For the log-likelihood:

T
log p(z1.7|0) = log p(z1.1) Zlogp milr1a) = Y log Z;.
t=1



In smoothing, we want to compute (offline) the v;(i) = p(z; = i|xy.7) given
all the data and this can be done by the forward algorithm and the backward
algorithm. In the backward algorithm, we compute 5,(j) = p(xi1.7|2e = J)-
The backward algorithm is a backward DP, and then ~;(j) o ay(j)S:(j) can be
get.

In learning, besides filtering and smoothing, computing the two-slice
marginals & 111 (4, j) = p(z: = i, 2141 = j|z1.7) is also essential. This can be done
as & .141(4, ) o< (1) AijBes1 (7)p(@441]| 2641 = ) from the already computed «, /3

values.
Algorithm 2: Backward algorithm
Input : Observation sequence 1.7,

HMM parameters § = (7, A, B)
Output: [ values
pr(i)=1fori=1,..., M
fort=T—-1,...,1do
| Bi(i) = 30, Bir1 () By, Ay fori=1,..., M
end

Statement 2. (Backward algorithm) The backward algorithm returns the correct

[ values.

Proof. We prove the recursive formula. St is defined only for convenience.



Ift<T—-1:

M

Bi(i) = p(Teprr|z = 1) = ZP(%H = J, Ti41, Tegor|2t = 1)
j=1

P(Teror| 201 = 7, Tegr, 26 = O)P(241 = J, Tega |20 = 1)

<
Il
—

.

p(ll?t+2:T’Zt+1 = j>p<xt+1’2t+l = j)P(Zt+1 = j‘zt = Z)

M-

<.
Il
-

6t+1( ) 7 $t+1A R

.
||

Ift=T7-1:
M
Broa(i) = pleralzra = i) = Y pler = j,or|zr1 = i)
j=1

p(rr|zr = §)pler = jler—y = 1)

JﬂUT

>



Algorithm 3: v and £ computation

Input : « values, 3 values

Output: v values, & values
fort=1,...,7 do

¢ =2 imy culi)By(i)

(1) = o (2) (i) /ey fori = 1,..., M
end

fort=2,....,Tdo

€t—1,t = Zf\il Z]Ai1 Oétfl(i)Bj,xtﬂt(j)Aij

ét—l,t(iuj) = 04t-1(i)Bj,mtﬁt(j)Aij/et—l,t fori,j=1,..., M
end

Statement 3. (v and & computation)

The previous algorithm returns the correct v and £ values.

Proof. We start with ~.
Fort=1T"

vr(i) = pler = ilz1r) = ar(i) = ar(i)Br(i).
Fort < T

V(i) = p(z = i) =

1
N mp(%ﬂzﬂ% = 1)p(2 = ilz1:)
= B,

p($t+1:T|$1:t)

L (e =i, 2o
— P\ =1L T |1
p($t+1;T|$1;t) t t+1:.T|L1:t

For the constant p(x;41.7|21.4):

M M
p(l’tﬂzﬂxlzt) = ZP(Zt =1, $t+1:T|$1:t) = Zﬁt(’i)(%t(i)-
i=1 i=1



We proceed with the ¢ values. We use that ¢;_; = p(xy.7|r14-1). Then we have

&—14(i,7) = p(zi1 =4, 2 = jlorr)

1 . )
= mp(zt—l =1zt=7, xt:T|$1:t—1)
1 . ) )
= C—p(zt_l = i|T14-1)P(2e = J, Ter|2—1 = 1, T14-1)
t—1
1 . ) .
= —Oét—l(l)p(zt = ]wrt:T’Zt—l = Z)
Ct—1
1 ‘ . ) . )
= C—at—l(l)p(zt = ]|Zt—1 = @)p($t:T|2t =1, %t-1 = Z)
t—1
1 . .
= —ay_1 (1) Aijp(ze, Tpgrm |2 = J)
Ct—1
1 . . )
= C—at—l(Z)Aijp($t|Zt = J)p($t+1:T|IEt, Zt = ])
t—1
1 . .
= ——ay1(1) Aij Bj 2, 5i(5)-
Ct—1

For the constant p(x.7|z1.4—1) we have:

M M
Ct—1 = p(xt:T’xlztfl) = Z ZP(thl =1,z = jyxt:TIQJl:tfl)
i=1 j=1

Z o1 (i)Aiij,xt/Bt (j) = Ct—1,t-

1 j=1

M

1

O]

The time complexities of the previous algorithms are the following: both the
forward and backward algorithms take O(7T'M?) time, further computation of
7 requires O(T'M) time and further computation of ¢ requires O(T M?) time.
Therefore the complete computation of v and ¢ values takes O (T M?) time.

The time complexity can be substantially reduced if the graph of the (Z;)

Markov chain is sparse.

Definition 2. Let 0 = (w, A, B) an HMM. The number of edges in the HMM.:

E=1{(i,7) - Aij > 0}|.

10



For the I/ edge number, we have:

M M
E = Z degout(i) - Z degm(l)
=1 i=1

Now assume that we have a sparse HMM with £ < M? and for each i €
{1,..., M} we have Out(i) = {j : A;; > 0} and In(i) = {j : A;; > 0}.

Then, in the forward algorithm we can iterate over j € In(i) instead of j €
{1,..., M}. This leads to a time complexity of O(T 3> |In(i)|) = O(TE). In
the backward algorithm we can iterate over j € Out (i) and this leads to O(T'E)
time. The further computation of v remains O (7'M ), but the further computation
of £ can be reduced, because for A;; = 0, §_1+(i,j) = 0. Therefore we should
iterate over the set {(¢,j) : A;; > 0}, and the computation takes O(7T'E) time.

In summary, the complete computation of y and £ can be done in O(TE) time,
and this is significantly less than O(T'M?), if the HMM is sparse.

Another important computation is the search for the maximum probability
hidden state sequence that explains the data:
arg max p(z1.7| 21.7)-
Z1:T

This can be done with an offline dynamic programming algorithm also known
as Viterbi decoding. The Viterbi decoding is not presented here, it can be found
in [3,4].

11



3 EM learning

Learning in HMM means we want to learn the initial distribution p(z;), the

transition probabilities p(z;|z:—1), and the parameters of the observation model.
Because of the usually unobserved hidden process, we cannot maximize

directly the likelihood function, therefore an iterative approach called

Expectation-Maximization is applied.

3.1 EM learning in general

The idea of EM is the following. We usually want to maximize the log-likelihood

of the observed data:

1(0) = log p(x1.7]0) = log [ZP(%:T; 21.r|0)].

21:T
This is hard to optimize, therefore instead we maximize the complete data
log-likelihood:
ZC(0> = logp<x1:T7 Zl:T‘e)-

This cannot be computed, since z; are unknown. Define the expected complete

data log-likelihood as the following:

Q(@, en_l) = E[ZC<0)|x1!T7 gn_l} = EZl:t|$1:t76n71 [ZC(H)} = EZLTNP(Z1:T|$1:T,9”71) [ZC(Q)}

Here, the z; are replaced with their expected value conditioned on the data and the
previous parameter set.

The idea of the EM is that since we do not know the actual values of z,
starting from an initial guess of parameters, we can iteratively estimate z; with
probabilities from the parameters (and data), then estimate the parameters using
the z; estimates.

The condition is usually on the amount of gain in the () function or the number

of iterations.

12



Algorithm 4: Expectation-Maximization (EM) algorithm
Input : Observation sequence 1.7,

initial parameters 6°
Output: Parameters 6V
Until condition:
e E step: Compute Q(6; 0" !) or the expected sufficient statistics (for
parameter update)
* M step:
0" = arg gnax Q0; 0" 1)

The EM algorithm in general finds a local optimum (with certain assumptions)

by increasing the observed data log-likelihood at every EM step. [1,3]

Statement 4. (EM increases the observed data log-likelihood)
For the (0™) parameter series from the EM algorithm:

1(07+1) > 1(0m).

Proof. Denote X = xy.7, Z = z1.7. Denote the distribution ¢"(Z) = p(Z| X, 6™).

Let D denote the information divergence, and H the entropy function.
1(0) = log p(X10) = log p(X, Z|0) — log p(Z| X, 0)
ZZQ”( ) log p(X, Z|6) — Zq )log p(Z|X, )
Z]X 0)
¢"(%)
= Q(0;0") + D(¢"(2)[|p(Z]X,0)) + H(q"(Z)).

—Q(;0™) — Zq )log | q"(2)]

This is true for every 6. Now setting § = 6™:

1(0") = Q(0";0™) + D(¢"(2)|Ip(Z| X, 0™)) + H(q"(Z))
=Q(0";0") + H(q"(Z)).

13



By differentiating the two equations, we have:

1(0) = 1(0") = Q(6;0") — Q(0™;6") + D(¢"(2)[p(Z]X,0))

Q0;0") — Q0" 0™).

Y

Selecting
6"t = arg max Q(6, 0™)
0

shows that [(0"1) > [(6™). O

One of the best practices is to use multiple randomized initializations for the
EM algorithm and select the best parameters.

In some cases (e.g. with HMM) both the E-step and M-step have an analytical
solution. This can be also true with different parameter constraints: e.g. with

parameter tying, and re-parameterization.

3.2 EM learning for HMMs - Baum-Welch algorithm

Applying the EM algorithm for learning HMM parameters, the complete data
log-likelihood is simply the log of the joint:

T T
1e(0) = logp(z1]0) + > log p(z|z1-1,0) + > log p(wi|2, 6).
t=2 t=1

14



The auxiliary Q(¢; 0") function has the following form:

Q0;0") = Ezw(zl&ﬂ")[lc(e)]
Ez1~p(zl|£,9”)[1ng<zl|0)]+
T

+ 3 By zmpl(rmom l0g p(2| 2121, 0)] +

=2
T
+ Z EZth(Zt|£79n) [logp(mt|zt7 8)]
t=1
M
= Zlogm p(z =iz, 0")+
i=1
T M M
+ Z Z Z IOg Az’j . P(Zt—l = 7:7 Zr = j|£, 9n>+
=2 i=1 j=1
T M L
+D, D> log Bul(we = 1) - plz = iz, 0")
=1 i=1 I=1
M T M M
= logmy (i) + > ) > log Ay&l (i, 4)+
i=1 =2 i=1 j=1
T M L
+> > > log Byll(w; = 137 (i).
=1 i=1 I=1

The E step involves the computation of the expected sufficient statistics:

* (i) = plz = i|zrr, 07),

* &1 J) = p(2i1 = i, 20 = jlawr, O7).
Conditioning on #"” means computing the v and £ values on the HMM with
parameters 0". As we have already seen, the + and £ values can be computed
with dynamic programming algorithms.

The M step involves constrained optimization: we want to optimize in 7, A,
B, but we must ensure that:

* 7 is a probability distribution on {1, ..., M},

* Vi A, . is a probability distribution on {1, ..., M},

15



* Vi B, . is a probability distribution on {1, ..., L}.
We can optimize separately in m, A;. fori = 1,..., M, and B, for i =
1,..., M.

Statement S. (M step optimization as divergence minimization)
Let a; > 0 fori = 1,..., M. The probability distribution p on {1,..., M}

that maximizes
M
Z log p; - a;
i=1

isp; = a;/a, ifa = Zf\il a; > 0.

Proof. 1f a; = 0 Vi, then any p maximizes the term. Note that the following proof
returns correctly thata; =0 = p; = 0.
Define the probability distribution a with G; = %. Then

M M
arg maxz log p; - a; = arg maxz log p; - a;
p i=1 p i=1

M M
= arg max Z a; log p; — Z a; log a;
p .

=1 =1

= arg max —D(al|p).
p

We have —D(al|p) < 0 and equality holds if and only if p = a. O

16



For the 0" ! updated parameters:
M

" = arg maleog Ty (k) =

& i=1

T M
AZ:-H = argAInax Z Z log Ay& 1 4(7,7)

t=2 j=1

M T
= argAInaX Z log A;; ( Z ftnq,t(i? J>)
i j=1 t=2

=1l,...,

T L
Bt = arg max log Byll(xy = 1), ()

T
= argmax Y log Bll Z]I xy = 1)y)( )
Biv: = t=1

The results are quite intuitive:
o = A7(0),
* AZ'H x Zthz gtn—l,t(iaj)’
© Bt oo X W ()12 = 1).
These are all expected counts on the corresponding events. The EM learning
in the HMM framework is called the Baum-Welch algorithm

Statement 6. (Zero persistency in EM - transition probability)
If we initialize the EM algorithm with such 0° that has AY; = 0, then

‘v’n:A;‘j:O

Proof. Tt is enough to show that Aj; = 0.

17



From the computation of £, we know that if AY, = 0, then &, (7, j) = 0 for
t=2 ...T
But A o< 3o, €0, (i, j) = 0, which shows that A, = 0. O

Statement 7. (Zero persistency in EM - initial distribution)

If we initialize the EM algorithm with such 0° that has 79 = 0, then:
Vn :m' = 0.

Proof. It is enough to show that 77 = 0. From the computation of -y, we know
that if 70 = 0, then (i) = 0 and 7{(i) = 0. But 7} = (i) = 0. O

3.3 Complexity of the Baum-Welch algorithm

One iteration of the Baum-Welch algorithm involves an E-step and an M-step
computation for the HMM. Now assume that E is the edge number of the 6°
initialized HMM (F > M —1).

As we already know, the E-step is the computation of v and ¢ values and that
takes O(T'M?) time or O(TE) time in a sparse graph.

On the time complexity of the M-step: for the update of m we need O(M)
time. For the update of A, we need to update at M? or E places, and each takes
O(T) time.

For the matrix B, we have M x L parameters, for each of them, it takes O(T)
time to update. But for each [ € {1,..., L} we only need to sum over 7; = {¢ :
zy = U} By o< Y e V(7). Thus for each i € {1,..., M}, the complexity is
S°F L |Ty| = T, since Tj is a partition of the {1,..., 7} indices.

Hence the full time complexity of an M-step is O(M + TM? + TM) =
O(TM?*) or O(M +TE +TM) =O(TE).

Therefore one iteration of the Baum-Welch takes O(T'M?) time or O(TE)
time. As we have already seen, E does not increase with the Baum-Welch
algorithm. We conclude that the initial number of edges £ strongly affects the

time complexity of the Baum-Welch.

18



4 Graph representation of distributions

Let the notation p(v|u) for u,v (hidden) states denote the short form of the
time-independent p(z; = v|z_1 = u).

In general, one main setback of HMMs is that each hidden state ¢ has a
duration T; ~ Geo(p;). The geometric distribution corresponds to the most simple
graph (Figure [I): vertices are {r, v, s}, edges are {(r,v1), (vi, v1), (v1, s)} with
p(v1]r) = 1, p(v1|v1) = 1 — p and also p(s|vy) = p. The first arrival to the vertex
s (starting from r at index 0) signs the transition to another state. One can extend
the graph with p(s|s) = 1 to ensure a stochastic transition matrix and therefore
a Markov chain (but this does not alter the computation). Given this graph, the

probability that the first arrival to s is at step d + 1 is
P(inf{k: 2, =sy =d+1) = (1—p)*'p = Geo(p)(d)

for the (x), Markov chain starting from zy = r. The duration d > 1 refers to the
same logic as in graphical models, if we step into a state, we must spend at least 1

time-unit there (in discrete time).
l1—p
( : 1 p
Figure 1: Representation graph of Geo(p) distribution.

The generalization of the previous idea (representing duration distributions

with graphs) is possible.

4.1 Representation graphs

Formalizing the occurred concepts:
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Definition 3. (Duration distribution)
Let X : Q — N, be a random variable. Then T’ = px, the distribution of X

is a duration distribution.

Duration distributions are for example geometric distribution, categorical
distribution on {1,..., D}, and negative binomial distribution. A mixture of
duration distributions is also a duration distribution. The Poisson distribution is
not a duration distribution, but if we truncate it to [1,00) and normalize it (to
integrate to 1), we get a duration distribution (we will call it Poisson duration

distribution).

Definition 4. (Parametric family of duration distributions)
Let © be a parameter space. If for every 6 € ©: X (0) : Q@ — N, then {T'(0) :
0 € ©} = {px() : 0 € O} is a parametric family of duration distributions.

Parametric families of duration distributions are for example geometric
distributions with parameter p, categorical distributions on {1,..., D} with
parameters pq,...,pp, negative binomial distributions with parameters N, p,
negative binomial distributions of fixed order N with parameter p, Poisson
duration distributions with parameter .

One can think of learning a self-transition probability in the HMM framework
as learning p from the family of geometric distributions. That is, similarly to the
observation model, a family is given. So, if the duration comes from a geometric
family, it is easy to solve. But what if we know that the duration comes from
another family? Such as Cat({1,...,D})?

It will be shown that some duration distribution families can be represented
as graphs, and in the next chapter, it would be introduced that one can "merge"
these graphs to form a "two-layer" HMM with state durations from the desired
family. There may be many possible representations for a given family, therefore

we might measure the "efficiency" of those representations.
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Definition 5. (Representation graph)
A G(n) Markov chain is a representation graph if we have r, s nodes that:

1. 1 is the starting node with probability 1,

N

G(n) stays in r only at index 0,

“w

s is the ending node with probability 1,
p(s|r) = 0.

R

For a representation graph the following properties hold:

1. r,vy,...,v,, s are the nodes,

2. ris the starting node with probability 1,

3. G(n) stays in 7 only at index 0,

4. s is the ending node with probability 1 (P(inf{k : x; = s} < 00) = 1),

5. plr|r) = 0, p(slr) = 0, p(sls) = 1.

6. Vi: p(rlv;) =0,

7. 3i: p(s|v;) >0,

8. E(G) = E}iz(G)UE,,(G), where the probabilites in E;, are fixed Os or

1s, and the probabilities in £, are fully controlled by 7.

The indexing starts from O for a G(7) sample and the number of steps taken in
G(n) (or the duration) for a sample is d, if the first arrival to s is at d + 1.

We denote the distribution of duration from G(7) generated samples with
TG ().

If we denote two representation graphs with G(7;) and G(72) it means that
they have the same structure, only the probabilities on the non-fixed edges can
differ.

Formally, if Xy, X1, ... is the Markov chain G(n) with X, = r, then:
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The first example of the geometric distribution is a G(p) representation graph

with E, = {(r,v1)} and E,0 = {(v1,v1), (v1,s)}. As we already observed,
T(G(p)] = Geo(p).

Definition 6. (Properties of a representation graph)

Let G(n) be a representation graph. Then:

* ey = |{i: p(vs|r) # 0}| the number of incoming edges,

* cour = |{i: p(s|v;) Z O}| the number of outgoing edges,

» e =|{i,7 : p(vj|v;) # O}| the number of inner edges,

* n = |V(G)| — 2 the number of nodes,

* Vipn = {v1,...,v,} the set of inner nodes.
An edge (u,v) is p(v|u) # 0 in this definition, if (u,v) € Ey;,(G) with probability
1 orif (u,v) € Eprop(G).

The geometric distribution representation graph G/(p) has the following edge

numbers: e, = 1, e, = 1, e = 1. The number of nodes is n = 1.

Definition 7. (Graph representation of duration distribution)

Let T be a duration distribution. Let G(n) be a representation graph. G(n)
represents T if T = T|G(n)].

Definition 8. (Graph representation of duration distribution families)
Let T'(0) be a parametric family of duration distributions. Let {G(n) : n € H}

be a family of representation graphs based on the same structure.
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G represents T'(0) (the family) if there is a bijection between the parameters

VO In T(0) = T[G(n)],
Vn 30 T(G(n)] = T(0).

In our cases, the same ¢ can be used for parameterization, leading to V0 7'(0) =
T[(G(0)].

For example, the family of geometric distributions with parameter p can be
represented with the same graph structure as at the beginning of the chapter with
the 7 = p parameter.

The main question is how other distribution families can be represented with
graphs.

For example consider the representation graph G(p) (Figure [2) with nodes
r,v1, V9, 3, S and with the following non-zero probabilities:

* plulr) =1,

* p(vi]v1) = p(v2|ve) = p(vslvs) =1 —p,

* p(v2|vr) = p(vsvz) = p(slvs) = p.

Figure 2: Representation graph of NV B;(p) negative binomial distribution.

It is not hard to see that G represents the family of negative binomial

distributions of fixed order 3. [3[]

Statement 8. (Walk-based description)
Let Xy, Xy,... be the Markov chain of the G(n) representation graph. Let
Warr = {xo, 1, ..., Tg1 : o = 1,2q41 = S, x; # s Vi < d} denote the set of

r — s walks with length d + 1 (and without s as an inner point). Then:
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P(Xap1 = sft) = Z Hp(e).

weWg 41 e€Ew
Proof. The form of the Markov chain indicates that { X; # s} = {X; # sVi <

d}.

P(Xaqp1 = sft) = E P(Xo =20, ..., Xda41 = Tay1)
Z0,--,Td+1
TO=T,Tqt1=5
TqF#S
d+1

= Y ez

L0y Td+1  j=1
LO=T,Td+4+1=S

TqFS

= > e

weW 41 e€w

4.2 Representation of distribution families

The following duration distribution families have a graph representation:
geometric family with parameter p, negative binomial distributions of fixed order

N with parameter p, categorical distributions on {1,..., D} with parameters

P1,-.-,PD-

Statement 9. (Representation of geometric family)
The Geo(p) geometric family can be represented by a G(p) graph (Figure

with nodes r, vy, s and with the following non-zero probabilities:

s p(uifr) =1,
° P(U1|U1) =1-p
* p(s|v1) = p.

Proof. We know that Geo(p)(d) = (1 — p)?~!p for d > 1. Using the definition of
TiG(p)):
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T(G(p)|(d) = P(int{k : 2 = s} = d + 1)

:P(XOZTaXl:Ula-H’Xd:UlaXd—&—l:3)
d
:P(XOZT)'p<X1:/Ul‘XO:’I")'HP(XZ':’UﬂXi_l:Ul)'

1=2

. P(Xd—H = Sle = Ul)

p(vilr) - Hp vilvr) - p(slor)
=1-1-(1 —p)‘H p=(1-p"p.

There is a clear bijection between Geo(p) instances and G(p) instances; using

the same p. O

Statement 10. (Representation of negative binomial family of fixed order N )
The N By(p) negative binomial family can be represented by a G(p) graph
with nodes r,vy, ... ,vn, s and with the following non-zero probabilities:
. P(Ull?“) =1
p(vilv;)) =1 —pfori=1,...,N,
p(v;|vi— 1) for@zZ,...,N,
p(s

lun) =

Proof. (The representation graph of N By (p) is the same graph as in Figure
with IV inner nodes.)

We know that N By (p)(d) = (4-")(1 — p)4=~p" ford > N.

We prove the statement by induction.

For N = 1, this is the geometric distribution and the previous statement.

For N > 1, assume we know the statement for NV — 1. By separating on the

first arrival to vy, and using the induction step:
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TG(p)(d) = P(Xap1 = s ft)

There is a

d
= P(Xap = sft, X; = vy fi)

i

I
s

P(AX'z = UN ft)P(Xd+1 = s ft ‘ )(Z = UN ft)

I
'M&

i
=

NBn_1(p)(i — 1)Geo(p)(d —i+ 1)

Il
'M&

( ;V__QQ) (1=p) P (1= p)*'p

=

=(1—p)"="pN :iN ( ;;_22)

.

N S A

= (1—p)p" (;__11)

clear bijection between N By(p) instances and G(p) instances;

using the same p.

Statement 11. (Representation of categorical distributions on {1,...,D})
The Cat({1,...,D}) categorical family with parameters pi,...,pp can be
represented by a G(p1, . ..,pp) graph (Figure|3) with nodes r,v,...,vp,s and

with the following non-zero probabilities:

* p(ur|r) =1,

va|v1)

* p( = ppio_qford=2,...,D,
e p(vglvg_1) =1ford=3,...,D,
.

slvp) =1,
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* p(slvr) = p1.

Figure 3: Representation graph of Cat({1,..., D}) distribution.

Proof. We know that the C'at({1, ..., D}) distribution has py, ..., pp parameters
with 27 pg =1, pq > 0 and Cat({1,..., D})(d) = pa.
We will use the walk-based description:
P(Xap =sfty=Y_ []nle)
weW 41 e€w

For d = 1: Wy = {(r, vy, s)}, therefore P(X, = s ft) = p(vi|r)p(s|v1) = p1.
For2 <d < D: Wy ={(r,v1,vps2-4,--.,vp, S)}, therefore

D-1
P(Xgi1 = sft) = p(vr|r) - plupra-alvr) - [[  pvssalvy) - p(slvp)
j=D+2—d
= PD+2—(D+2-d) = Pd-
For d > D: Wy, = {), therefore P(X 4,1 = s ft) = 0. O

In the next chapter, we will see two more graph representations for
Cat{l,...,D}.
It is not hard to see that the mixture distributions can be represented if all the

individuals can be represented.
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Statement 12. (Representation of mixture distributions)

Let the family {T;(0;) : 0; € ©,} be represented by a graph G;(n;) fori = 1,2.
Then the family {pT1(01) + (1 — p)T2(62) : p € [0,1],60, € Oy,05 € Oz} can be
represented by a graph G(p,n1,n2) with nodes r, Vi, (G1), Vinn(G2), s and with
the following non-zero probabilities:

. P( i) = p P (vilr) for v € Vipn(G1),

p(7[r) = (1= p) - Pe(on) (VEIr) for v} € Vinn(Ga),
p(vilv}), p(s|v}) as in G1(6,),
p(v3|v?), p(s|v?) as in G2 (62).

Proof. It is enough to prove that

TG(p,m,m2)] = pT[G1(m)] + (1 = p)T[Ga(n2)].

We denote FPgp,, n,) With P for brevity.

T[G(p,m,n2)] = P(Xat1 = s ft)
= P( X411 = s ft|Xq € Vipn(Gh))P(X1 € Vinn(Gh))+
+ P(Xap1 = s 1t X1 € Vipn(G2)) P(X1 € Vinn(G2))
= pPa () (Xas1 = s ft) + (1 — p) Py ) (Xap1 = s ft)
= pT[Gi(m)] + (1 = p)T[G2(1n2)]

]

However, not every distribution family and not every distribution can be

represented.

Statement 13. (Non-representation of light-tailed distributions)
Let T' be a duration distribution with infinite support and with the following
property:

T
lim sup —+ (d) =0 Va>0.
d—00 Oé

Then there is no finite graph that can represent the distribution T
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Proof. Assume that G(n) represents 7.

If G(n) has no positive circle, then it can only represent a finite-support
distribution. (Because in this case, the nodes form a DAG, therefore a topological
order exists, and the maximum length of an rs walk is n(G(n)) + 1.)

Let dy be large enough (dy > n(G(n)) + 1), and consider the walk-based

description:

T(do) = P(Xaps1 = sft) = Y []nle)

WEW4y 41 e€w
Select a w € Wy, positive walk; there must be at least one circle in this
walk (otherwise it would not have length dj). Select a circle C' from the walk. We
denote the walk before C' with wg and the walk after C' with w;.
So w = wyCwy, and let ¢ = |C| be the length of C' (i.e. the number of edges).

Use the notation p,, = [],,, p(e) for any walk w, then we have:

T(dy) > [] ple)

= [ »te) [ 1) I] p(e)
ecwo eeC ecwy

= PuwoPcPuw; > 0.

Define the following series:
d=do+cj, j=0,1,...

Then for j > 0; the walk w? = woC?*twy is a positive, d;-length walk, so:
T(d;) > pwopjcﬂpw1 > 0.

Leta < pé/c, then:
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T(d)

ad

T(d;
> limsup¥
j—o0 I

1(d;)

do+cj

lim sup
d—o0

= lim sup
Jj—o0 (07
i+1
> Tim Puole Pun
T jooe adold
_ PwoPCPun lim (@)]

ado j—oo \ €

= OQ.

So the light-tailed property is violated, therefore no such G(n) representation
graph exists. L

Statement 14. (Non-representation of Poisson duration distributions)
Let T' be one member of the Poisson duration distribution family.

Then there is no finite graph that can represent the distribution T'.

Proof. We have T'(d) = C%,

therefore the previous statement applies. [

so 7' has infinite-support and 7' is light-tailed,
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5 Graphical-Duration Hidden Markov Model

5.1 Hidden Semi-Markov Models

One can construct HMM-like models that are aware of time, different options
can be found in the review of Yu [5]. The variants are usually called Hidden
Semi-Markov Model, Variable Duration Hidden Markov Model, or Explicit
Duration Hidden Markov Model.

Each solution in the review of Yu introduces new graphical models with
"counter states", and does not try to capture duration times inside the HMM
framework.

One solution from the review of Yu is the residential time HMM which
assumes that a state transition is either (i,1) — (j,7) for j # i or (i,7) —
(i, 7 — 1) where 7 is the residential time of state 7. [5, 0]

Yu and Kobayashi provided the forward-backward algorithm for the model,
a modification of the HMM forward-backward algorithm. The algorithm takes
O((M? + M D)T) steps, where T is the length of the observation sequence, M
is the number of hidden states, D is the maximum residential time (or maximum
duration, the maximum steps allowed to be in one state without transition).

Using the idea of representation graphs, a new aspect of the previous result
can be given, with a similar model and with a similar learning algorithm which
has the same computational complexity as in Yu & Kobayashi [6]].

Firstly a new, general definition of the Graphical-Duration Hidden Markov
Model (GD-HMM) should be established with the usage of representation graphs.

5.2 The GD-HMM

The GD-HMM is a simple HMM with parameter tyings and reparameterization.
The model builds up from a simple HMM structure and replaces the initial states

with the desired graphs, which represent the duration families.
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Consider the (7, A,60,) HMM model with M hidden states, where 7 is the
initial distribution, A is the transition matrix and 6, is the observation parameter
matrix. For simplicity, we assume that A;; = 0 for all <.

Let {T;(0;)} be a parametric family of duration distributions, represented with
the family {G;(n;)}.

For the graph G;, we use the following notations:

* D; = n(G,;) the number of (inner) nodes,

* r; = r(G,) starting node,

* s5; = s(G;) ending node,

e {i1,...,ip,} = Vinn(GY),

o ¢!, = e;(G;) the number of incoming edges,

e €' . = eou(G;) the number of outgoing edges,

s ¢' = ¢(G;) the number of inner edges.

The G;(n;) graph is still a Markov chain on nodes 7,11, ...,ip,,s; with

transition probabilities pe;, ;) (v|w) for u, v (hidden) states.

Definition 9. (GD-HMM)
Let (m, A, 0,) be an HMM model with M hidden states, and let T; be a duration
distribution, represented with G;(n;) Vi = 1,..., M.
The GD-HMM is a (7, A, 6,) HMM model.
Fori=1,..., M:
* hidden states: iq € Vipn(G;) ford=1,...,D;,

* transition probabilities
— A(i, i) = pa, (itliy) for k,1=1,...,D;,
— Alin, 1) = paiop (silin) Aijpe, @y Gilry) for k = 1,....D; for | =
1,...,Djforj #1,
e initial distribution 7(i,) = 7 (i), 7(ix) = 0fork =2,...,D;,
« observation model parameters 0,(iy) = 0,(i) for k =1,..., D;.

The parameters of the GD-HMM are (7, A, 6,, (01, ..., 1))
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Example (Figure [)): hidden states and transition probabilities of a GD-HMM
with 3 initial states (i, j and k) and categorical distributions with maximum
durations of D; = 3, D; = 3 and D, = 2. We use the representation graph of
the categorical distribution from Statement[I 1} The probabilities from the 7 states
are marked on the solid edges, while the other probabilities on the dashed edges

are not shown.

PG (Silin) A

Figure 4: Hidden states and transition probabilities of a GD-HMM.

If we want to build a GD-HMM from an HMM with A;; > 0, then in the

computation of A(iy, j;), we should work with 1?—;{ instead of A;;.
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Statement 15. (A is a transition matrix)

Z A(Zk, U) =

D;
:Z o (i1lik) +ZZpG () (83li8) =33 0 ()

=1 I1=1
J#

E
p

=1 — PGi(mi) (SZ|ZI<:) + DGi(n:) 31|Zk

a;(ny) (JtlT5)

7j=1
jF#i
=1

]

The GD-HMM has two layers of representation: a lower-level representation
with 7,4 states, which form a Markov chain, and a higher-level representation with
i <> {i1,...,ip,} super states, which correspond to the original hidden states.

The number of (non-zero) edges in a GD-HMM is:

E= Ze +ZZeoutej I(A;; > 0).

=1 j=1
JF

The number of (non-zero) edges in a dense GD-HMM (when the original
HMM is complete) is:

M
E= Z@’+ZZeom€m
=1 j=1
J#i
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The number of nodes is V' = Zf‘il D;. The number of parameters in a
GD-HMM can be upper-bounded by V' (initial distribution) + £ (real transitions)
+ V' L (observation parameters).

If we assume that all D; = D are equal, and ¢! = O(D), ¢!, = O(1) and
e!w = O(1), then the number of nodes is M D and the number of edges is

out

O(MD + M?), which results in a sparse graph if D > M.

Example 1. (HMM is a subclass of the GD-HMM)

Let (m, A, 0,) be an HMM with M hidden states. Let T; = Geo(1 — p;), and
Vi =1,..., M consider the representation graph G;(p;) with nodes r;, i1, s; and
the following non-zero probabilities:

* plialri) =1,

* p(irli1) = ps,

* p(silin) =1 —ps

The resulting GD-HMM is a (7, A, 0,) HMM model on the {1, ..., M} nodes
with:
i (1 —pi)Aij /(1 — Ay) ifj#i

Di ifj=1

This gives back the original HMM if p; = A;; Vi.
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6 Learning the parameters of the GD-HMM

In the previous section, a new HMM variant was presented, but because of its
special properties, we must go through the Baum-Welch algorithm to see what
steps need to be modified. As the general GD-HMM model has 7ny,..., 7
parameters, we have to specify the graph structures and the trainable parameters
before we examine a learning algorithm for the parameters.

We consider the representation for categorical distributions as in [TT Each
graph can have a different D; maximum duration. The following reasoning is
designed for the categorical emission distributions, but it can be easily extended
to other observation distributions.

Assume that the initialization is correct, i.e. we construct the ° GD-HMM
from a (7%, A°, BY) HMM with A% = 0 and from the G;(n?) categorical
representation graphs as in the definition. For the categorical family with
maximum duration D we have (py, ..., pp) parameters between the appropriate
i1), Py (sili1)) with
the usage of the simple p;(i;|ix) notation, which refers to the appropriate p; 4

states (as in the statement), so let ) = (p?(iali1),...,p}(ip,

parameter.

The initialized GD-HMM has E = 37 ¢t + 37 Zé\% el el I(AY > 0)
edges. We have already seen that £ does not increase during the EM.

As the model is still an HMM, the E-step (forward-backward algorithm)
including every related computation can be done as before: «, 3,7, £. The time
complexity is O(T'E) as we have already seen. The Viterbi decoding also can be
done as before.

However, the M-step must be changed, because of the parameter tyings for B
and parameter relation for A. Here, the reformulation of the M-step is presented,
firstly to general (7, ..., 7)) parameters, then to the categorical case.

The auxiliary function Q(#; 6") for a simple HMM on {1, ..., M} nodes has
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the following form:

M T M M
Q(6;0") Zlog T (i) + Y D > log A&l (i )+
t=2 i=1 j=1
T M L
S350 g Ballen = 1970
t=1 =1 =1
The GD-HMM has nodes {iy : k € {1,...,D;},i € {1,..., M}}:
M D T M D, M D )
Q(O:0") = 3D tog Tt (i) + D3> D > log Ay lin, i)+
i=1 k=1 =2 i=1 k=1 j=1 I=1

D;

T 1\; L
+ Z Z Zlog Bi (= 1)y} (i)

t=1 i=1 k=1 [=1

We need to rewrite the auxiliary function to a function of
(mr, A, B, (m,...,num)). Using the short notations p; = pa,m> {0k, J1) =
ST &8 14 (ik, 1), T = {t : &, = I}, we rewrite the function term by term.

Initial distribution:

7,

Z Z 1Og Ty, ’71 Zk Z 10g 7T171 Z1

=1 k=1
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Transition probabilities:

T M D; M Dj

Z Z Z Z Z log Aim]’zﬁ?—l,t@hﬁ) =

t=2 i=1 k=1 j=1 I=1
M D; D

Zzzlogpz Zl|'lk Zk,Zl)

=1 k=1

)

e

i J

NER

IOg Di Szlzk’ zypj(jl|rj))§(ikajl) =

i=1 k=1 j=1 I=1
j#i
M D; [ D M D
> [Zlngz ialir)€ (i, ir) + log pi(silin) (ZZf U, Ji ) (D
i=1 k=1 L i=1 =L =
M [ M D, D;
Z Zh%z%y(ZZf ks Jl ) (2)
i=1 _Z;:éi -1 =1
M [ D M D
> 1D logp;(ilry) (Zzgzm)] 3)
=1 Li=1 Sl k=1

Emission probabilities:

t=1 =1 k=1 I=1

M i 7

Z Zlongl(ZZH l’t—l’yt Zk))] —
z]\:/[l =1 lel

Z ZlogBil(ZZ%’L (23 )] =

=1 teT) k=1

M D, T

Z Zlongz(ZZH zy = 1)) Zk))]
i=1 k=1 t=1

We see that an analytical update is possible in the M-step because the ()
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function can be written as a sum of separately parameterized > ._; a; log p; terms,

iel
where (p; : @ € I) is a probability distribution and a; > 0 Vi € I are known and
fixed.

The update of 7 initial distribution: 7}"*

b=,
The update of B observation parameters is also simple. Use the following

notation for the statistics:

e

Then:

L
BZ:H = arg max Z log B

VR
T™s
=
—~
8
Il
g
+3
i
z
~~_

Bi: = =1 t=1
D T

o (YD Uan =)
k=1 t=1 S

which is simply the sum of the statistics from the corresponding lower-level

states.

6.1 M-step for transition parameters in categorical case

Finally, the update of A and (7, ...,n) is not always simple, it depends on the

representation graphs. For the categorical case, we need to examine each of the

(1), (2), and (3) terms from the transition probability part of the ()(6; ™) function.
The possible transitions in the categorical GD-HMM:

Vi#j i = Juip, = 1
\V/iiil—)ig,...,ilﬁ’iDi

Vi:ig —i3,...,ip,—1 — ip, (with fix probability of 1)
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So every other type of i;, — 7; is not possible because of the initialization and
therefore £(ix, j;) = 0 for them. Thus we can rewrite the terms eliminating the

&(ix, j1) = 0 terms wherever possible.

Term (1):

M D; [ D; M D]

S5 S g mGalin)ein. i) + log (sl (zzg i )]
1=1 k=1 L =1 ;1 =1

S

N
Il
—

M=
EM

M
Zlngz il k)€ ik, i) + log pi(silir) (Zf Uk J1 )]
7=1

L =1 =
;éz

i

>

log pu(iir )€, 1) + log pi(selin) (Zg i1, )

1=1 =2
J#Z
M D;—1
Z llogpz‘(ikﬂﬁk)f(ik,ik+1)+0 +
i=1 k=2
M
> |0+ log pi(silin,) (Z& iD,, 1 )]
=1
J#@
Term (2):
M [ M D; Dj
S St (33 clin )]
i=1 L j=1 k=1 1=1
J#i
M M
S|S0 a, (gm,mgupi,jl))]
i=1 L j=1
[
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Term (3):

M [ Dj M D,
S | S tomn il (- et )]
j=1 L 1=1 i=1 k=1
i#]
M [ Dj M
> [ S o) (3=t + i) -
j=1 L i=1 i=1
i#j
o
> | log p; (jlry) (Zﬁh,h +§(ZDZ:]1))]
j=1 L

Z#J
Lastly, the M-step is the argmax computation for the parameter vectors.
For the p/™'(-[ix) 2 < k < D; — 1), the pj*'(-]ip,) and the p*'(-|r;)
parameter vectors the optimization is trivial, since only one element has positive
n+1 (

statistics in each case, which leads to p"*! (i, 1]ix) = 1, pi*t*(silip,) = 1 and

p;”“l (j1|7;) = 1. These are the initial fixed s in the representation graph.

From Term (1), p;(-|i1):

D; M
PPt (fin) = argmax Y log pi(ir]ir)€(ir, i) + log pilsili) Y &(ir, 1)

piClin) 15 s
J#1

M

X <§(i17i2)7 cee af(ilv iDi)? Zé(hm]l))
=1
T

From Term (2), A;.:
A o (001 0) + €Gip i)
]:

Denote the normalizing constants with /N; and M; respectively'

N; = &(ir,i2) + ... +&(i1,p;) +Z§Zb]1
J#Z
M
M; = Zg(ilajl) +&(ip,, J1)-
—1
i
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+1

To finalize the M-step we can assign the new fl? - values to every non-fixed

(ix, J1) edge:

kyJl

irg; — Pi

N;

M e
Sz (i, 1) (i1, j1) + E(ip,, J1)

A = i (sin) A = 2 : :

AnJrl _ An+1 _ g(ilajl) +£<ZD27]1)
ij

ip;»J1

11,71

N; M;

M;

6.2 Time complexity of M-step

It is true in general (not just for categorical) that the time-complexity of the M-step

is O(TE):

« O(M + ¥, D;) for the initial distribution
» O(TE) for the transition probabilities (A;j, (11, ...,1m)):

1.

O(TE) for computing &(ix, 1) = Yoo, &1 4(ix, 1) values for

{(ix, jr) : A? . > 0}, the others are zeroes

. O(E) for computing $_j%, ZlD:jl &(ix, 51) coefficients for all (i, s;)
J#

exit edges: S0 el ST el I(A7; > 0) < E, because &(ix, ji) > 0

j=1 "in
implies that (i, s;) exit edge, A); > 0 and (;, j;) entry edge

. O(F) for computing ZkD;l ZlD:jl &(ix, Ji) coefficients for all {(z, ) :

A;; > 0}): similarly as previous

. O(FE) for computing Z%l S Pi (ix, 51) coefficients for all (r;, j;)
i#]

entry edges: similarly as previous

O(FE) for updating p; (7;|ix) and p;(s;|ix) parameters for all i;.: for each
i, we have ¢’ + ¢!, , non-zero edges in G;, YV ¢/ + ¢l , < E

O(E) for updating A;; parameters for all 7,5: S\, Z]]\il I(A4;; >
0) < E J#i

O(E) for updating p;(j;|r;) parameters for all j;: S22 e/ < E

j=1%in

8. O(FE) for assigning every non-zero (iy,5;) edge their new A, ; =
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pi(silix)Aijpj(ji|r;) probability and every (i,4;) edge their new
Ay, i, = pi(i]ix) probability
« O(T(M + Y, D)) for the emission probabilities (B;):
1. (T, D;) for summing up 7 values: 7, (i) = S0, 77 (ix)
2. O(TM) for updating B;; parameters: Zf\il 1L:1 log Bit 3 ye, 1e(2)
as in simple HMM (for all i: B;; needs |7;| additions)
3. O(T Ef‘il D;) for assigning the corresponding emission probabilities:
Bi,; = Bi
In summary, we have that the M-step can be done in O(7'E) time, such as in
the simple Baum-Welch algorithm, and therefore one EM iteration for GD-HMM

takes O(T'E) time.
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7 Efficiency of representation in GD-HMM

As we have already seen, the number of (non-zero) edges is the key measure of
the time complexity of the forward-backward algorithm (and EM algorithm) in
any HMM.

We advance the usefulness of the number of edges and define the efficiency of

representation.

Definition 10. (Representation efficiency of GD-HMM)

Let0 = (7, A, 0,) be an HMM and let T; be duration distributions represented
with graphs G;. The full efficiency of the representation is the number of edges in
the resulting GD-HMM_:

M
({G } {T} 9 § 61 + § E ezoutezn]l Al] > O)
=1 j=1
J#i

We would like to measure how efficient the representation of 7; is with G},
therefore we should create a simpler definition of efficiency that does not depend
on the # HMM. We can examine only the GD-HMMs from complete HMMs (Vi #
Jj A > 0).

Definition 11. (Representation efficiency function)

Let 0 be a complete HMM. Let T; be duration distributions represented with
graphs G;. The efficiency-function of representation is ¥ : N, — N defined by
the following:

M M

({G } {T} Ze + Zzeoutezn
=1 j5=1
J#i
Now we can measure the goodness of representations together. Next, we want

to measure the efficiency of individual representations. The motivation is that
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each 7; may come from the same family. To succeed, we assume that every 7;

is represented with G(7;) (the representation graphs have the same structure).

Definition 12. (Representation efficiency function of graphs)

Let {T'(0) : 6 € O} be a parametric family of duration distributions. Let G be
the representation graph of {T(0)}. The efficiency function of the representation
is the following:

EGA{TO)}H)(M) = Me(G) + M(M — 1)eo(G)eimn(G).
which is simply the previous definition for the case of G representing all 'T;.

Remember that the geometric distribution representation graph G(p) has the
following edge numbers: e;,, = 1, e, = 1, e = 1. Therefore the efficiency
function is E(G(p), Geo(p))(M) = M + M(M — 1) = M? which is the number
of edges in a complete HMM.

From the previous definition, it is clear that we want more efficient

representations for duration distribution families; i.e. representations with fewer

edges.
For example consider the family of categorical distributions on {1,..., D}
with parameters pq,...,pp. Here I present the construction of three different

graphs G1, G5, G, each of them represents the family, but with different
efficiency.

Graph G has D + 2 nodes and has the following non-zero probability
transitions:

* p(vg|r) = ppr1qford=1,... D,

* p(vglvg_r) =1ford=2,...,D,

* p(slvp) = 1.
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Figure 5: Gy representation graph for Cat({1, ..., D}) distribution.

The efficiency is M (D — 1) + M (M — 1)D. This representation comes from
Yu & Kobayashi [6].

Graph G5 has D + 2 nodes and has the following non-zero probability
transitions:

* plurlr) =1,

* p(vglv1) = ppro_aqford=2,...,D,
* p(vglvg_1) =1ford=3,...,D,
* p(slvp) =1,

(s

* pis |U1)

46



Figure 6: G, representation graph for Cat({1, ..., D}) distribution.

The efficiency is M (2D — 3) + M (M — 1)2. This is more efficient than G as
long as M > 2 and D > 2. This representation was presented in the statement of
categorical representation [11]

Graph Gshas2+1+2+...+ D = D(D — 1)/2 + 2 nodes (endowed with
double index) and has the following non-zero probability transitions:

* p(vga|r) =pgford=1,...,D,

* p(Vak|vgg—1) =1fork =2,...dford=1,...,D,

* p(s|vgg) =1ford=1,...,D.

Figure 7: G5 representation graph for Cat({1, ..., D}) distribution.
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The efficiency is M (D — 1)(D — 2)/2 + M (M — 1)D?. This is the worst of
the three representations.

The following statements tell us that the second representation is optimal.

Statement 16. (Optimal representation of categorical distributions)
Let {T'(0) : 0 € ©} be the family of categorical distributions on {1, ..., D},
with 0 = (p1,...,pp). The G graph represents this family. Then

E(G,{T(O)})(M) > M(D — 1) + M(M - 1).
Proof. Remember the walk-based description:

P(Xap =sfty=Y_ []nle)

weWgy41 e€w

Let pp > 0 and let G(n) represent T'(py, ..., pp). Then:

0 < pp = Pou)(Xpy = sft) = Z Hpn(e).

weEWp41 e€w

Notice that p(e) only depends on 7, because G is fixed. So we have at least
one D + 1-length w = (r,xy,...,2p,s) r — s walk with positive probability.

The x4, ..., xp nodes are all inner nodes.

I claim they are all different. Assume that 3¢ < j : x; = x;. In this case,
C = z; - - - x; is a positive circle. Denote the walk before C' with wy, and the walk
after C with w,. Let ¢ = |C| > 1 be the length of the circle. Then Vj > 1: w/ =
woC? 1wy is a positive walk with length D+1+jc. Thus T[G(n)](D+jc) > 0 Vj,
but T'(py,...,pp)(D + jc) = 0. Because G(n) represents 7', all nodes have to be
different.

We have D different inner nodes: x4, ...,xp. Using the positive walk w =

(r,x1,...,2p,$S): €in > 1, €0 > land e > D — 1. We have:
E(GAT(0)}) (M) = Me(G)+M(M—1)eou(G)em(G) > M(D—1)+M(M—1).
O
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Thus, the second representation has efficiency O(M D + M?) and the optimal
efficiency is also O(M D + M?). The time complexity of the forward-backward
algorithm (and one iteration of EM) is O(TE) in a sparse graph. Now E =
MD + M? < (MD)>? This leads to an O(T(MD + M?)) complexity using
the efficient representation for the categorical family. No better time complexity
can be achieved with a different representation and this complexity is the same as
in [|6]].
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8 Numerical experiments

In this section, I use the deduction of the M-step for the categorical GD-HMM
(Section 6) to implement the model. In the Python ecosystem, the hmmlearn
(https://github.com/hmmlearn/hmmlearn) package gives a fine,
modular implementation for different observation models; the version I used
(0.2.6) supports Gaussian, Gaussian Mixture Model and, Multinomial (more
precisely Categorical) distributions. It also has a BaseHMM class, enabling
the developers to implement their own HMM models for other observation
distribution families.

For all the next occurrences of Multinomial distribution, I refer to the
Categorical distribution, i.e. we are given a set of symbols: {1,..., L}, and at
each step, we are emitting only one symbol. Actually, the MultinomialHMM class
(from hmmlearn) is designed for the categorical observation model, but in some
fields (e.g. natural language processing) the name multinomial distribution is used
for the categorical distribution. (In version 0.2.8. a Categorical HMM class is used
for categorical observations and the MultinomialHMM has a parameter n_trials
to support multinomial distributions.)

As it turned out, the GD-HMM model is an HMM with special properties.
The calculations and algorithms for HMMs can be used in the building of the
GD-HMM model. More precisely, only the initialization and M-step procedures
should be changed (see Section 6).

For the experiments, I implemented a Multinomial CatGDHMM class by
subclassing the MultinomialHMM class and overwriting the _init and _do_mstep
methods. The class handles the Categorical Graphical-Duration Hidden Markov
Model for Multinomial (Categorical) observations (discussed throughout the
thesis) with the graph architecture discussed in Statement and Section 5.
For simplicity, the maximum duration parameter is the same for all super states
Vi:D=D,.
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8.1 Monotonically increasing log-likelihood of GD-HMM

As it was discussed in Section 3, the EM algorithm increases the observed data
log-likelihood [(0™) = log p(x1.7|0™). In Section 2, we have seen that with the
Forward algorithm we can compute the log-likelihood for a given parameter vector
(besides the « values). In the hmmlearn implementation, the fit method follows the
Baum-Welch algorithm, and the log-likelihood is computed as part of the Forward
algorithm.

I tested the implemented Multinomial CatGDHMM class with different model
initializations and training data. In each case, the log-likelihood of the model
increased monotonically, which proves that the M-step is developed correctly and

the model actually (statistically) fits the data.

8.2 Log-likelihood and AIC evaluation of GD-HMM

Definition 13. (Akaike Information Criterion - AIC)
For a statistical model with k parameters and | maximized log-likelihood, the

AIC score is the following:
AIC = 2k — 21,

The AIC score measures the goodness of fit for a statistical model (it contains
the log-likelihood) but penalizes the number of parameters. If the model has
too many parameters, it means that the model overfits, just as in other fields of
machine learning. A lower score of AIC means a better model.

In this experiment series, the log-likelihood (LL) and AIC scores of the
GD-HMM and a plain HMM were compared when both models were trained on
data generated from a GD-HMM.

The Markov models had only n_super_states = 2 (super states are 0 and
1) and n_symbols = 2 (symbols/observations are 0 and 1). In each experiment,

the following hyperparameters were chosen: max_duration (between 2 and 11),
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sample_size (between 1000 and 16000), and n_iter (between 100 and 800) for the

number of EM learning iterations.

An experiment had the following structure:

1.

Initialize a data generator GD-HMM with n_super_states, max_duration,
and random weights,
Generate X observation sequence with length of sample_size using the data
generator GD-HMM,

. Initialize 10 different GD-HMMs with n_super_states, max_duration, and

random weights. Train all 10 models for n_iter iterations, select the best
GD-HMM based on log-likelihood,

Initialize 10 different HMMs with n_super_states number of states and
random weights. Train all 10 models for n_iter iterations, select the best
HMM based on log-likelihood,

. Calculate the number of parameters, log-likelihood, and AIC score of both

the GD-HMM and HMM.

We would like to see that the GD-HMM fits the (GD-HMM generated) data
better than the HMM. This means that the log-likelihood is higher, and the AIC
score is smaller.

In the following table, one can see that GD-HMM is similar to HMM in

log-likelihood when random initialization for emission probabilities was used in

the data generator model. Because of the random initialization, the generated data

was possibly close to noise, therefore these results do not give insights into the
performance of GD-HMM.
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n_super_states max_duration n_symbols sample_size n_iter gdhmm_n_params hmm_n_params gdhmm_Il hmm_ll gdhmm_ll>hmm_ll gdhmm_aic hmm_aic gdhmm_aic < hmm_aic
2 2 2 1000 100 5 5 5374 -537.6 True 10848 10853 True
2 2 2 1000 200 5 5 6519 -652.3 True 13139 13145 True
2 2 2 2000 200 5 5 -13445  -1349.6 True 2699.0 27092 True
2 2 2 4000 200 5 5 25338 25336 False 5077.6 50772 False
2 2 2 4000 400 5 5 25693 25699 True 51487 51497 True
2 2 2 2000 800 5 5 -13813  -1385.6 True 27726 27813 True
2 3 2 1000 100 7 5 6917 -692.6 True 13974 13951 False
2 3 2 1000 200 7 5 676.1 6774 True 13662 13648 False
2 3 2 2000 200 7 5 <1270 -12212 True 24482 24523 True
2 3 2 2000 400 7 5 -13685 -13702 True 27510 27504 False
2 7 2 1000 100 15 5 6884  -688.2 False 14068 13865 False
2 7 2 2000 100 15 5 -1381.0 -13822 True 27919 27745 False
2 7 2 4000 100 15 5 27535 27538 True 5537.0  5517.6 False
2 7 2 8000 100 15 5 54925 -5496.6 True 110149  11003.2 False
2 7 2 16000 100 15 5 -11061.3 -110613 False 221526 221326 False

Table 1: Experiment with randomly initialized emission probabilities

However, when the emission probabilities were initialized as the symbols 0
and 1 are highly correlated with the hidden states 0 and 1 (p(z; = 0|z = 0) =

p(z: = 1]z = 1) = 0.9), then a significant advantage for GD-HMM emerged.

n_super_states max_duration n_symbols sample_size n_iter gdhmm_n_params hmm_n_params gdhmm_ll hmm_ll gdhmm_ll>hmm_Il gdhmm_aic hmm_aic gdhmm_aic < hmm_aic
2 7 2 1000 100 15 5 5778 6330 True 11855 12759 True
2 2 2 1000 100 5 5 -606.4  -618.1 True 1222.8 1246.2  True
2 2 2 1000 100 5 5 5526 6853 True 11151 13807 True
2 2 2 1000 100 5 5 5951 6554 True 1200.1 13207 True
2 5 2 1000 100 11 5 -621.1 -665.6 True 1264.2 13412 True
2 5 2 1000 100 11 5 -620.4  -666.1 True 1262.8 13422 True
2 5 2 1000 100 1 5 6466 -679.6 True 13152 13692 True
2 11 2 1000 100 23 5 -546.8  -599.2 True 1139.6 1208.4 True
2 11 2 1000 100 23 5 -577.2  -608.9 True 1200.4 1227.7 True
2 11 2 1000 100 23 5 5467 -594.6 True 11395 11992 True
2 11 2 1000 200 23 5 -5394 5814 True 11249 11727 True
2 11 2 1000 200 23 5 -561.6  -602.3 True 1169.1 1214.7  True
2 1 2 1000 200 23 5 5458 -5816 True 11375 11731 Tre
2 11 2 2000 200 23 5 -11083 -11904 True 22625 23907 True
2 11 2 2000 200 23 5 -1126.7 -1203.1 True 2299.3 2416.1 True
2 11 2 2000 200 23 5 -1100.2  -1178.6 True 2246.5 2367.2 True

Table 2: Experiment with correlated emission probabilities

8.3 Simulated manufacturing use case for GD-HMM

Consider the following simplified scenario of a manufacturing machine. The

machine can be in two (hidden) states DOWN and UP in each second, which

are the states of not producing and producing respectively. The movement of

the machine is measured in each second resulting in either a MOVING or NOT

MOVING observation. The hidden states are highly correlated with the movement



measurements: in the DOWN state, with the probability of 95% the machine is
NOT MOVING (so the probability of MOVING is 5% in DOWN), and in the UP
state, with the probability of 80% the machine is MOVING (so the probability of
NOT MOVING is 20% in UP).

Although the measurements do not give us precisely the hidden information
of the states, we know a prior that the machine works in a certain way: the DOWN
state lasts between 9 and 11 seconds and the UP state lasts between 4 and 6
seconds.

With this information in hand, one would prefer using the categorical
distribution for the duration. During the learning, the model can learn that in the
DOWN state the probabilities of staying in 9-11 seconds are positive, while the
others are close to zero (and similarly to the UP state).

The following figure shows the hidden machine states in blue (0-DOWN and
1-UP) and the movement observations in red (0-NOT MOVING and 1-MOVING)
in the first 400 seconds.

SRRy

Figure 8: Simulated manufacturing states and observations 1.

With movement observations of length 1000, a GD-HMM and an HMM were
trained. The GD-HMM has a max_duration = 15, and both models were trained
for 100 iterations. The resulting GD-HMM has 31 parameters, a log-likelihood of
-386, and an AIC score of 834. The HMM has 5 parameters, a log-likelihood of
-531, and an AIC score of 1071. The hidden states were inferred using the Viterbi
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decoding for both models. The GD-HMM fits the data better, and the following
figure shows this perfectly. The GD-HMM prediction of hidden states is in green,
the HMM prediction is in yellow.
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Figure 9: GD-HMM and HMM prediction of hidden states 1.

The GD-HMM gives back all the hidden UP/DOWN states only with 1-2
second differences in the starts or ends. At the same time, HMM does some
filtering but fails to recover the hidden states.

A stronger version of the previous experiment is presented next. The entropy in
observation generation was increased (e.g setting MOVING and NOT MOVING
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probabilities to 50% in the UP state) and the max_duration parameter was also
increased (to 30) for the trained GD-HMM (which is the equivalent of less prior
information or more parameters in model). In exchange, also the length of the
observation sequence has been increased, from 1000 to 4000.

The machine states and observations in this setting:

—— Machine (hidden) state
Movement obs

il

IR

Figure 10: Simulated manufacturing states and observations II.

In this case, the resulting GD-HMM has 61 parameters, a log-likelihood of
-1710, and an AIC score of 3543. The HMM has 5 parameters, a log-likelihood of
-1995, and an AIC score of 4000. With the increased observation length, both the
log-likelihood and AIC score shows that GD-HMM fits the data better. The figure
clearly shows that GD-HMM reveals the true location and width of UP states, and

HMM fails because it cannot learn the duration time.
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Figure 11: GD-HMM and HMM prediction of hidden states II.

The GD-HMM reveals all the UP states along the 4000 seconds, even the ones
where no MOVING observations were generated, which is a very powerful result
showing that the usage of duration information can compensate for the lack of

useful observation signals in Hidden Markov Models.
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9 Conclusion

Throughout the thesis, I established a new HMM framework, the
Graphical-Duration Hidden Markov Model, which is able to represent not
only geometric duration distributions, but many others. I identified a few duration
families that have a graph representation, and also provided a distribution
property that excludes all graph representations. I examined the EM learning of
the GD-HMM and deducted the analytical form of updates for the Categorical
(Duration Distribution) GD-HMM with categorical emissions. The resulting EM
variant has the same time complexity as the Baum-Welch’s: O(T'E). 1 showed
that a distribution can be represented with multiple different graphs, and provided
an optimal representation for the categorical distribution family. Finally, I gave
small proofs that the implemented GD-HMM outperforms the plain HMM if the
data has specific distribution.

The main motivation was to stretch the HMM framework in order to build
duration information into the model. Although other HSMM variants were
implemented in the past, I came up with a partially new, general framework which
is equivalent to the HMM framework, but can use duration information.

As the visual proofs in Section 8.3 show, the GD-HMM has great potential
over HMM, if one has the expert knowledge or information about the times
in the modelled process. The continuation of this work should be the usage of
GD-HMM for modelling a practical process, where the duration distributions are

not geometric.
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