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0 Abstract

Just as disease propagation in the real world, compartmental epidemiological models show great
diversity in their dynamics. Through the construction of epidemiological models, we can better
understand - and possibly predict - the dynamics and qualitative properties of different infectious
diseases. In general, one builds an ODE system based on different assumptions from the biological
and propagation properties of the disease and studies the qualitative properties of the constructed
system. In all of the above cases, the equations cannot be solved analytically (although in some
cases special solutions can be found), therefore numerical methods are used when one seeks their
approximate solutions (e.g. for forecasting). It is then of interest whether the discretised sys-
tem possesses the same qualitative behaviour as the continuous model. Since all compartmental
systems model the rate of change of different subpopulations or the density of the disease in the
environment, a good model should have the property that the solution remains non-negative for all
non-negative initial values. Such systems are called positive. It is therefore of interest whether a
numerical scheme preserves this property and, if so, for which step sizes. The number of equilibria
(and periodic orbits) and their stability properties, the positive invariance of a set, etc. are some

other properties that should be preserved by the discretisation.

Considering the classical linear methods, namely the Runge-Kutta and linear multistep meth-
ods, it is known that there is no second or higher order method which preserves the positivity for
all step-sizes and for all positive ODE systems. Thus, it is of interest to know the largest such
step-size for which positivity is preserved for a given method. We introduce the general theory of
the above, which is based on the so-called strong stability preservation, namely if we know that
the explicit Euler method preserves positivity for step-sizes 0 < At < Atpg then the positivity is
also preserved for other linear methods under step-sizes 0 < At < CAtpg where C depends only
on the scheme considered and not on the considered system, and possibly C = 0. We introduce the
different representations of the Runge-Kutta methods which can be used to find the C coefficients
and summarise the known results considering the order barriers, the conditions on the Butcher

tableau and possible extensions. We also do this for the linear multistep methods.

To study the sharpness of the C coefficients considering epidemiological compartmental ODE mod-
els, we introduce a simple vertical transmission model, which is conservative in the sense that
the total population is constant, and a more complex model which is considered to model the
COVID-19 disease. For the latter, the environment is also considered as a possible transmission
route (i.e. a susceptible individual may acquire the disease through the environment and not
directly from susceptible-infectious contacts) and includes a vaccinated subpopulation with im-
perfect vaccination, which means that vaccinated individuals can also become infected but with
different transmission rate. We first study the qualitative properties of these continuous models
and show that the second model exhibits backward bifurcation, i.e. for some parameter values a
stable disease-free equilibrium coexists with a stable and unstable endemic equilibria. From the
conditions, under whitch this occurs, it can be deduced that the existence of such backward bifur-
cation is independent of the parameters which determine the dynamics of the environment and its
disease propagation. For both models, we show that there is a positively invariant region, called the

biologically feasible region in the positive quadrant which also implies the positivity of the systems.

Having studied the behaviour of the continuous models, we are ready to investigate how some of its
basic qualitative properties change under different discretisations. Since the strong stability pre-
serving methods are based on the qualitative behaviour of the explicit Euler discretisation, we give

sufficient conditions for the preservation of the positively invariant region for the non-conservative



model. Considering the conservative model, we give sufficient and necessary conditions considering

its positivity and the linear stability of the different equilibria.

We construct numerical simulations to study the sharpness of the C coefficients considering the
maximal step-size for which different discretisations preserve positivity (and boundedness for the
non-conservative model). We find that the numerical results differ significantly from the theoreti-
cal results based on the strong stability preserving theory. Most notably, while the classical RK4
method has C = 0, for our specific models, the maximal step-sizes were 1.5 — 2.5 times larger than
for the explicit Euler method. Fortunately, for the conservative system it is also possible in some
cases to determine the initial values that lead to the smallest such step sizes for which positivity is
lost. These results can be partially explained by letting the internal stages to be negative, which
allows the step sizes to be larger due to the special structure of the vector field of the phase-space

outside but near to the positive quadrant.

We also introduce a family of (nonlinear) unconditionally positive and conservative schemes, called
modified-Patankar-Runge-Kutta schemes and summarise some of the recent developments consid-
ering these schemes. While we do not prove global stability under the discretisation for arbitrary

step-sizes, the bifurcation diagrams imply it.

In section 1 we introduce the basics of epidemiological modelling and in section 2 we introduce the
general theory of autonomous ordinary differential equations and some of the qualitative proper-
ties of the solutions, that we will consider later. In section 3, we introduce the Runge-Kutta and
linear multistep schemes and theory of their positivity preservation and also some other properties
that have been studied in the literature. We also introduce the modified-Patankar-Runge-Kutta
schemes, which are unconditionally positive for a class of systems. In section 4 we analyse two
continuous epidemiological models and in 5 we study how the systems under different schemes
preserve the various properties introduced in 3 and studied for the continuous models in section 4

through partly numerical experiments.

1 Epidemiological modelling

Epidemiological models can be categorized by their mathematical structures: deterministic or
stochastic. In deterministic models, one of the most used are the compartmental models, where
the dynamics of different compartments are modelled by ordinary differential equations. Different
compartments make it possible to 'heterogenise’ the population by its relationship to the disease,
age, space, vaccination or lack of it, etc. One of the first such model was constructed by A.
G. McKendrick and W. O. Kermack in 1927[1]. We will summarise the model in its time-since-
infection independent case, to show how one can build different compartmental models - based on
different assumptions. In the Kermack-Mckendrick epidemic model, the population is subdivided
into subpopulations/classes, namely, the susceptible, infected and recovered classes. Where a
person is considered to be in the susceptible class if he or she is not infected but can get infected
by contact with an infectious person. In the following model, the infected subpopulation consists
of the infected and infectious people, while the recovered subpopulation consists of people who
are neither infectious nor susceptible, i.e. can’t get infected. The number (or density) of each

subpopulation at time ¢ > 0 are denoted by S(t), I(t), R(t), respectively.



The dynamics evolve in time based on the following equations:

ds

= — _3]

dt IS

I

37:515_@] (1.1)
dR

— =al

a

with non-negative initial conditions S(0),I(0), R(0) and positive real parameters a and 8. One

can see that the model has the assumption that the total population N(t) := S(t) + I(t) + R(¢)

N(t)
t

given by the number of susceptible individuals infected in a unit of time. If we assume that the

remains constant (since = 0). The rate of the change in the susceptible population is

contact rate ¢ is proportional to the total population (i.e. ¢N), then an infected individual makes
cN % contacts with the susceptible subpopulation per unit of time, of which only a fraction, say
p € (0,1) result in disease transmission. Thus, from the entire infected subpopulation peST num-

ber of individuals become infected in a unit of time. So in the model (1.1) § = pc with the unit
1

number of people-unit of time

in the infected subpopulation changes by the newly infected and by people who recover from the

1
unit of time

and it is called the transmission rate constant. The number of people
virus by a constant recovery rate o which has the unit The infected individuals, who
recover leave the infected class and move to the recovered class without any time delay.

In general, most compartmental models are similar to the above model, and one can look at
it as its specific modification for the given infection. The most common modifications are

1. Other compartments are added to the model (e.g. exposed subpopulation, vaccinated sub-

population, vector population etc.) with their own dynamics and assumptions.

2. The population is not constant; changes in demographics (births, deaths from disease or other
causes, etc.) are embedded in the model. For some viruses, it’s also advantageous to subdivide
the population by age since the chance of recovery or transmission etc. can depend on age.
When age is considered as a continuous variable, the model ’changes’ into a partial differential
equation (PDE). These models are called age-structured epidemic models[2, Ch. 5].

3. The force of infection A(t) is different. The two most commonly used ones are mass action
A(t) = BS (as in the model above) and standard A\(t) = %, which is used when it is assumed
that the number of contacts cannot increase indefinitely (for example for sexually transmitted
diseases)[3]. Note that these two only differ when the population is not constant and there

are also other, possibly highly non-linear forces of infections [4, Ch. 3]

4. One can also consider the spatiality of the disease and the population. If the space is con-
sidered to be continuous, then one models it with PDEs. In the simplest case, the spatial
spread is modelled as diffusion and the PDE is of the reaction-diffusion type[3, Ch. 15].

5. For some diseases, the infectivity changes by the time-since-infection. In these cases, the
system is usually modelled as an integro-differential equation. But in general, not only the
infectious class, but other classes can be structured by the duration of residence in that class.

These models are called class-age structured epidemic models[3, Ch. 13].

For all cases, one can define stationary solutions, which does not depend on time. These are
called the equilibrium points of the system. The two most common equilibria are the disease-free
equilibrium (DFE) and the endemic equilibrium. The first is characterised by that the disease is

not present while, for the second, the disease is persistent.



An important question is when - w.r.t the parameters - are these equilibria are (asymptotically)
stable in the sense that other, time-dependent solutions whether approach the equilibria or not.
In the next subsection, we will introduce a well known method which can be used to analyse the
stability of the DFE.

1.1 The Basic reproduction number

In epidemiological modelling, one of the most important measure of a disease model is the basic
reproduction number, usually denoted by Rg. It denotes the number of secondary infections pro-
duced by an infected individual in a completely susceptible population. Therefore, it is a threshold
parameter for the invasion of a disease organism into the population and in general coincides with
the threshold condition for the stability of the disease-free equilibrium][3][5].

One can compute Ry for a compartmental ODE system by the next generation approach|[5]. First,

the system is rewritten as

yi=gi(z,y) j=1,...,d—k (1.3)
where #; is the derivative with respect to time ¢ of the function z;(t), and (x1,...,2%) are the

disease compartments, while y;, j = 1, d—k are the non-disease compartments. F;(z, y) represents
the rate of new infection in compartment ¢, while V;(x,y) incorporates the remaining transitional
terms. There are some epidemiologically meaningful (and not strict) assumptions on the functions
F={F}_, V=W g={g}F, which we wont all state, but can be found in [5, pg. 161].
One important assumption on g is that the disease-free system

y=y9(0,y) (1.4)

has a unique equilibrium &, = (0, yo) such that the solutions of this disease-free system approach

it as t — oco. Another assumption is that
Fi(0,y) =Vi(0,y) =0 Vi=1,...,k,Vy >0 (1.5)

which means that there is no change in the infectious classes when the infection is not present
i.e. all infections are secondary. The Jacobi matrices of the subsystems F and V at the disease
free equilibrium & are denoted as F' and V. Linearizing the system (1.2)-(1.3) at the DFE gives
& = (F — V)z, since the infected compartments x are decoupled from the remaining equations,
because for every pair (i,7) by (1.5):

0F;(0,y0) _ 9V;(0,yo)

=0.
Jy; y;

Then the next generation matriz is K := FV ! and its spectral radius denotes the basic repro-

duction number: p(K) = Ry.

The question is how Ry related to the stability of the DFE? In [5], it was proved that the matrix
F — V has all eigenvalues with negative real part (which implies local stability) if and only if
p(FV~1) < 1 and has an eigenvalue with positive real part if and only if p(FV~1) > 1. This gives
the correspondence between the local stability of the system (1.2)-(1.3) and R by the assumptions
on (1.4).



Later, we will use the above approach to interpret and calculate the basic reproduction number
for a non-conservative model. For another model, we will calculate Rg by the ’Jacobi approach’,
i.e. directly from the stability of the linearized system, which will be reduced to a single condition,
but it can be easily checked that the above approach would give the same results.

2 (General theory of ODEs, considered qualitative proper-
ties

We first introduce the general theory of ordinary differential equations and some of their properties,
namely the stability, positive invariance, positivity and mass-preservation. The following is mostly
based on [4],[6] and [7].

For this, consider the following dynamical system defined by the general autonomous ODE:

i = f(u) (2.1)

where U is a region (i.e. open and connected subset) of R? and f : U — R a continuous function.
When an initial value u(tg) = ug is also given, we call the above an initial value problem (IVP).
We call u(t), where u : I — U a solution of the above IVP if

1. I C R is non-empty open interval containing ¢ = ¢
2. wu is differentiable with continuous derivative in I
3. 4(t) = f(u(t)) (Ytel)

4. u(0) = ug

Note that if u(t) is a solution with initial value u(tyg) = ug, then u(t — tg) is a solution with
initial value to = 0, thus the solutions of (2.1) with initial values u(0) = ug completely defines the
solutions of (2.1) with more general initial values u(tg) = ug. It is clear that if the above system
models a biological process, then it is a basic requirement, that the solution with some initial value
u(0) = ug exists and unique. This holds if f is locally Lipschitz continuous for all ug € D, which
means that for all ug € D there exist L, > 0 constants such that

1f(ur) = f(u)|| < Lllur —uell,  (Vur,uz € {u € Ul|lu—uol <}

The above conditions from an epidemiological modelling viewpoint is not strict and it can be
proved with the fundamental theorem of calculus that if f € C'(D), then f is Locally Lipschitz in

every point of D. From now on, we will always assume that f € C*(D) for (2.1).

Until now, we only considered solutions which are locally defined on some I, but in general,
we want to extend - or show that it can be extended - for all ¢ € R or for at least R*. This is not
always possible, but it can be shown that the only way it can be violated is if the solution ’blows
up’ in finite time, i.e. there exists some T < oo such that limyp+ [|u(t)]| = oo or 3T~ < o0
such that lim, - ||u(t)|| = co. This gives us a way to guarantee the global existence of a solution,
namely if there exists some region 2 C D such that every solution that start in € stays in Q for
both backward and forward in time, then the solution cannot blow up, therefore exist V¢ € R.
Such regions are called invariant (w.r.t. f in (2.1)). The same logic can be used to guarantee a
solution ’only’ for all ¢ € (—a,o0), or in t € (0c0,a), (a > 0) when § is respectively positively or

negatively invariant.



We now turn our interest to the qualitative properties of different solutions of (2.1). We will
only talk about such properties which are general interest for epidemiological models. We start
with the simplest solutions which does not change in time, therefore they are called stationary
points or equilibria (with the plural form equilibrium). The equilibrium points of the system can
be found by solving f(u*) = 0, then u(t) = u* is clearly a solution for (2.1) and it is globally defined
since it stays bounded. To study the solutions near the equilibrium, the concept of stability is of

great importance.

Definition 2.1. An equilibrium point u* € U of (2.1) is said to be (locally) stable if for any e > 0
there exists § > 0 such that for any initial values ug with ||ug — u*|| < § the solutions exist for all
t>0 and ||u(t) —u*|| < eVt >0. The equilibrium points are called unstable if it is not stable and
(locally) asymptotically stable if it is stable and in addition there exist some v > 0 such that for all
lluo — u*|| <7, holds that tlgglo |lu(t) — uw*|| = 0.

To study the stability of the equilibria, one considers the solutions which are sufficiently close to
it (so they can be viewed as a perturbation of the stationary solution). For this, suppose that u(t)

is a solution with initial value ug, then y(t) = u(t) — u* is a solution and for sufficiently smooth f:

y(t) = u(t) = flu(t)) = f() + f/(uy(t) +r(yt) = f/(w)yt) + r(y(t)) (2.2)

by Taylor expansion, where f’(p) is the Jacobian of f at p € R? and r is the residue. For small
enough y, the linear part dominates, so we obtain the approximate linear system:

() = f(w)y(t) (2.3)

The following theorem tells us what can we infer from the linearized system (3.32) considering the
stability of the equilibrium of the nonlinear system (2.1):

Theorem 2.1. Suppose that f'(u*) is hyperbolic i.e. it does not have any eigenvalues in the

mmaginary axis, then

1. If all the eigenvalues of f'(u*) has negative real parts, then u* is locally asymptotically stable

equilibrium of (2.1).
2. If f'(u*) has an eigenvalue with positive real part, then u* is an unstable equilibrium of (2.1).

Note that we have excluded the cases where f’(u*) have one or more eigenvalues in the imaginary
axis, because in this case additional analysis is required with the higher order terms of the Taylor
expansion. We also point out that the above theorem only gives us local results, i.e. asymptotic
stability in some region U C U. Since we use these for biological models, where the solutions on
the negative orthants and some other, generally unbounded solutions are not of interest; we call an
equilibria globally asymptotically stable (GAS), when U = Q, where € is the so-called biologically

feasible region.

The above theorem can be proved by constructing a so-called Lyapunov function, which can also be
used for specific models, where one can also find the asymptotic stability region of the equilibrium.
For simplicity, we only define Lyapunov functions for equilibria v* = (0,...,0)T.

Definition 2.2. Let U C R a region such that 0 € U, V € Cl(U,R). Then V', is said to be a
Lyapunov function for the equilibria u* =0 of (2.1), if

1.UCU

2. V(0) =0



3. (positive definiteness) V(z) >0, (Vze U —{0})
4. V(u):=VV(u)- fu) <0, (YueU—{0})

It can be proved, that if a Lyapunov function can be found for (2.1), which is translated such that
the equilibrium u* is at 0, then u* is stable. Moreover, if in (4.), we have strict inequality (’<’),
then 0 is asymptotically stable, while if > 0’, then unstable. We don’t give formal proof, but
geometrically (4.) for the solutions u(t) of (2.1) is:

V(u(t)) = VV(u(t)) - f(u(t) = [lF (®)I [ VV (u(t))] cos(6) < 0

where 6 is the angle between VV (u(t)) and f(u(t)) at given ¢. So the orbit of u(t) at a given ¢ is
crossing the level curve of V' from the outside to the inside, since the angle is obtuse. Similarly, it
is tangential or cross from the inside to the outside if we have relations = 0 and > 0, respectively.
It is clear if U is ’large enough’, then one can possibly use the Lyapunov function to show GAS of

the single equilibrium in €.

In some cases, one can show asymptotic stability even when the relation for (4.) is not strict

by the LaSalle Invariance Principle

Theorem 2.2 (LaSalle Invariance Principle[s]). Let V be a Lyapunov function of (2.1) in U C U
which is continuous on the closure of U, denoted by U. Let E be the set where the solutions are

tangential to the level curves of V, i.e.
E:={zcU|V(z)=0}

and let M denote the largest invariant subset of the solutions in E. Suppose that any solutions with
initial point ug € U are bounded and remain for all future time in U. Then every solution starting

in U approaches M as t — co.

It is clear, that if M consist of a single point «*, then under the above theorem u* is GAS (in U).

In epidemiological modelling, when the ODE represents the rate of change of the different sub-
populations, the solution represents the number of a given subpopulation or the density evolving
in time. In this case, it is clear that the solutions with initial conditions in the positive quadrant

should remain there (since negative population or density is biologically incomprehensible):

Definition 2.3 (Positivity of ODE/IVP). We say that the ODE/IVP (2.1) is positive if whenever
U>3wug >0, then U > u(t) >0, Vt > 0 (where the relation is considered coordinate-wise). We
denote the set of positive functions by P.

Note that altough it is called positivity, we require non-negativity of the solutions and this is a
special case of positive invariance. To prove whether f € P, one has to check whether the solutions
are reflected back at the boundary.

Theorem 2.3. [[9] Thm.7.1.] Suppose that f in (2.1) is continuous and locally Lipschitz. Then
f€Pifand only if Yo € RY, Vi {i,...,m}: v >0, v; =0 implies that fi(v) > 0.

Proof. The necessity of the condition follows by considering the solution w(t) with initial value
v; = 0, then ;(0) < 0, so for the solution w;(t) < 0 for ¢ € (0,#;) for some ¢; € RT.

For the sufficiency, not that the conditions imply that for the solutions u(t) > 0 with w;(t) = 0 it
holds that @;(t) > 0. We need that ;(t) > & > 0, then the solution gets reflected back from the
boundary of the positive orthant. Consider the perturbed system

Flu) = flu) + Ie



which is positive i.e. f € P by the above argument. By the Lipschitz condition, it holds that
the unperturbed solution will be arbitrary-well approximated by the perturbed solution if we let
e —0. [

In some epidemiological models we can assume that the population does not change over time.
This is usually the case for diseases where the dynamics happen fast. Models with this property

are called conservative or mass-preserving.

Definition 2.4. We call an autonomous system (2.1) conservative if for arbitrary initial value
u(0) € U C RY, eTu(t) = eTu(0) V¢ > 0, where e := (1,...,1) € R%

Remark 2.1. Conservativity is equivalent with €T f(u) = 0, Yu € RY, since it implies that for the
solutions we have eTu(t) = 0, then integrating both sides we get the condition of conservativity.

The other way follows from differentiation.

3 Considered numerical methods and some of their proper-
ties

The discretisation of the different continuous epidemiological models are inevitable if we want to
solve them numerically. Then it is of interest whether the discretised model posses the same qual-

itative behaviour as the continuous model.

In general, numerical k-step methods with fixed step size for autonomous ODEs generate a discrete
map

(I)f,At : (un,...,un,kJrl) = Up41 (31)

where ug, u1, ..., ux initial values are given and u,, approximates u(t,) = u(Atn), where At is the
fixed step-size. (3.1) is sometimes called the numerical flow. There exist a number of different
numerical methods, from which two are the well-known Runge-Kutta (RK) schemes and the linear
multistep methods.

Since we are interested in the preservation of different qualitative behaviour under the discreti-
sations, we first define these properties for maps. The positivity of a numerical method can be
defined in the logical way

Definition 3.1. Let there be given a numerical method (3.1), a set of functions F C P and a
real number 0 < H < oco. We call the method positive on F with threshold H if the numerical
approzimation (3.1) are non-negative whenever f € F, ug € Ri with step size 0 < At < H. If
H = oo, then we call the method unconditionally positive, otherwise conditionally positive.

Note that for multistep methods, one can talk about a multistep method being positive with suit-

able starting procedure or with any starting procedure.

Considering the conservativity preservation of a numerical method, the definition is

Definition 3.2. We call a numerical method (3.1) conservative if for arbitrary conservative system

f (see 2.4) it holds that for (Un41,1, -+, Un+t1,d) = PprAt(Un,. . Un—ky1): 2?21 (Un+1’i_un,i) =0
for arbitrary u, = u(ty), ..., Un—g+1 = U(tp—r41), where t,, := Atn.

It is clear that under the condition e f(u) = 0, Vu € RY LMM preserves conservativity using the
consistency condition, while RK methods preserves conservativity for the numerical solution and

for the stage values also.



The question considering the equilibria and its stability under discretisation by a numerical scheme

will be considered in subsection 3.5.

3.1 Runge-Kutta methods

Runge-Kutta methods are special - usually higher order - one-step methods. The general form of

a m-stage Runge-Kutta method for an autonomous ODE is:

k; :f(un—l—AtZaijk‘j), (i: 1,...,m) (3.23)
j=1
Up+1 = Up + At Z bik; (32b)
i=1
where from the consistency conditions we have bTe = 1, where e := (1,...,1)T € R®*. We define

bT == {b;}72,, A= {a;; };’fj:l. ki-s are the approximation of the derivatives at the stages t,, + Atc;,
where {¢;}[2; = ¢ := Ae. If A is a lower triangular matrix with zero diagonal values, we call the
method explicit, because the i-th stage can be explicitly calculated from the stages 1,...,7 — 1.
Otherwise the method is called implicit and one has to use some other numerical method to solve the
equation at each step. All Runge-Kutta methods are mass-preserving/conservative, which follows

directly from remark 2.1. One can write the RK methods in an equivalent but different formulation,

when the stage values approximate the solution - not the derivative - at ¢, + Atc;, i=1...,m:
u® :un+AtZaijf(u(j)), (i=1,...,m) (3.3a)
j=1
Unt1 = tp + At Y b f(u) (3.3b)
i=1
where u(¥, i = 1,...,m are the stage values. The simplest RK method is the one stage, first order

explicit Euler method
Upt1 = Up + Atf(un)
which has the Butcher tableau
c ‘ A 0 ‘
R

One generally used fourth order, explicit four stage method is the classical RKJ method, which
has the Butcher tableau

0
12 | 1/2
c| A
o= 12|00 p

1 o o 1
|16 1/3 1/3 1/6

It can be seen, that the above scheme is explicit. The RK4 method in the second formulation is:
uD =,
u® =u, + At% Fu®)
u® =u, + At% Fu®) (3.4)
u® = u, + Atf(u®)

Upt1 = Up + At[%f(u(l)) + %f(u(z)) + éf(u(‘g)) + éf(u(‘l))]



3.2 Strong stability preserving (SSP) Runge-Kutta Methods

In this subsection, we introduce the strong stability preserving Runge-Kutta methods (SSP RK
methods) and their special property. Later, the connection with the classical RK methods and the

general questions considering consistency, convergence etc. will be investigated.

To introduce the idea of the SSP RK methods, we define an (explicit) m stage method in the

following form:

u® = u,
i—1
u® = Z (aiju(J) + Atﬂijf(u(”)>, (i=1,...,m) (3.5)
j=0
Un+1 = ul™
where (9, i =1,...,m are the stage values and ouj, Bijs 1,J = 1,...,m are given constants.

For example, a three-stage method is

Now, suppose that we require from our numerical solution that
Junsall < luall, (vn=0,1,2,...) (3.6)

where ||.|| is some not yet specified norm. One can guarantee this, by assuming that we have this

property for the explicit Euler method under some step-size condition:
lu+ Atf(u)] < [lull, (Vue€RY VAt < Atpg). (3.7)

Note that (3.7) states that the property (3.6) holds for the explicit Euler method under small
enough step-sizes, where Atrp € RT is the largest such step-size for which it holds. Then we
can guarantee (3.6) for (3.5) if «yj,B;; are non-negative and Z] by =1 under the step-size
restriction At I%?X ST; < Atpg, i.e. At <C(a,B)Atpg, where C(a, 3) =

1—1 ﬁ
oy (4 + 8022 1) )|
§=0
1—1
<D o
j=0
i—1
< 3 agluall = flunl
j=0

Specifically, (3.8) for i = m we have ||uy11]] < ||un||, which is the desired property (3.6).

Il =

ul) + Atfﬁf(um)“ (3.8)
]

These methods are called strong stability preserving Runge-Kutta methods and their coefficients
C(a, B) are called the apparent SSP coefficients. The strong stability adjective comes from the
property (3.6), which implies the absolute stability for linear (stable) problems. The strength of
these methods comes from the fact that we have not fixed the norm ||.||, so this preservation holds

for arbitrary norms and since we have only used it for (3.8), it is easy to see that it also holds

10



for arbitrary seminorms and convex functionals. A popular application of these methods is for
the semidiscretisation of nonlinear convection PDEs with discontinuous initial values. In this case,
the discontinuous initial data can give rise to unwanted oscillations for the numerical solutions; in
this case the used seminorm is the total variation, which is defined as for a vector v := {v;}}_; as
[lv]| == TV (v) == Z;-L:2 |v; —vj—1]. One can avoid spatial oscillations by considering this norm
in (3.6) and (3.7)[10][11]. Such methods with the above property are sometimes also called Total
Variation Diminishing. Two other property preservations we will use and can be considered in
the context of strong stability preservation are the positivity and boundedness preservation. For
the positivity, instead of (3.6) one considers the largest time-step Atpp for which positivity is

preserved for the explicit Euler method:
u+Atf(u) >0 (Vu€RL VAL < Atpg) (3.9)
and for the preservation of the boundedness property in ||.||; norm:
u-+Atf(u)|; <M (Yu € QC R VAL < Atpp) (3.10)

where € is some region in R?. Note that in both cases, we reduce the initial values to a region of
vectors. It can be easily seen that the above proof’ (3.8) works for these too (with different Atpgs,
which we suppress in the notation). It is clear, that one can also consider both (3.9) and (3.10) with
the smaller time-step restriction for the explicit Euler method and one can also consider (3.6) and
(3.10) for only one coordinate (i.e. if we denote u = {u'};—1, 4, then |u},| < |uf, | and |ul,| < M).
The adjective 'Runge-Kutta’ is used because - as we will see in the next subsection - the above-
mentioned methods are Runge-Kutta methods but in a different form, where 23;11 o =1,1 =
1,...sis used for the consistency condition. The SSP coefficient C(ex, 3) has the adjective "appar-

ent’, because the representation (3.5) is not unique. For example, one can rewrite
agu = (ag; — )u + cu™ = (az; — c)ut + c(a0u® + At f(u?),
where ¢ € R arbitrary, so
u® = (g + cano)u'® 4+ At(Bao + ¢B10) f (D) + (az1 — e)u™ + Aty f(uD).

It is clear that in this case C(a, 3) possibly changes, and/or the new ag; could become negative.
For these reasons, the important task is to find the largest such coefficient between the different

representations which we will denote as

C:= Cla,
max (o, B)

where the maximum is over the different possible representations. C is called the SSP coefficient.
To find, the SSP coefficients, we introduce other formulations for the SSP RK methods.
3.2.1 Different representations of SSP RK methods and the SSP coefficient

The general SSP method, which incorporates both explicit and implicit methods written in its
modified Shu-Osher form is:

m
u = vu, + Z (aij + Atﬁijf(u(j))>, (t=1,...,m+1) (3.11a)

j=1
Unyy = ul™ Y (3.11b)

11



with the assumption

vit Y =1, (i=12...,m+1) (3.12)
j=1

The difference between (3.5) and the above is that the summation goes from 1 to m, so the method
can be implicit. Also, the u,, terms are explicitly there and the stages are indexed from one. One
can prove (similarly as for the explicit case), that if the property (3.6) is preserved for the explicit
Euler method under the step-size restriction At < Atgg, then it is preserved by the above method
when the step-size satisfies

where
min %% if all 54, i, v; are non-negative
Cla,B) =4 = ™ Y
0 otherwise

QXij

and if 8;; = 0, for some 4, j then 5L = +00. To show that these methods are Runge-Kutta methods
ij

in different representations, first we have to rewrite (3.11a) in vector notations. For this we define
the matrices &, 8 € RmT1xm+l 49 {d}%ﬁ;ll’m = ;; and similarly {B}:”f:llm = (ij where the yet
undefined last columns has zero entries. Because the considered ODE systems are not necessarily

one dimensional, we define:

Y= (ugl), u?’, el u§m+1), uél), . ,uémﬂ))T
Ymt1 = (ugmﬂ), udm ,ufimH))T

v=IQv

a=I®da

B=I1xp

where [ is the d dimensional identity matrix and the symbol ® denotes the Kronecker product:

annB  apB - a1pnB

a1 B axpB --- a,B
A® B := ]

anlB angB s annB

where A € R™*™ and the size of B is arbitrary but fixed. Note that y depends on n, but we omit

this from the notation. Using the above defined notations, we can rewrite (3.11a)-(3.11b) as

y = vu, + ay + AtBf(y) (3.14)

Un+1 = Ym+1-

If I — o is invertible, then we can rewrite (3.14) as

y=(I—a) vu, + At(I —a) ' Bf(y)
= eu, + At(I —a) ' Bf(y)

where we have used that (I — ) 'v = e (i.e. (3.12)). We will denote

Bo:=(I—-a)'B. (3.15)

A Runga-Kutta methods in vector notation with
I
A ®A 0
I®bl 0

12



is
Yy = eu, + AtAf(y)
0, in the case if I — v is invertible, then the SSP method is equivalent with the Runge Kutta

method A = By. To exclude the cases when I — « is singular, we define

Definition 3.3. A method is said to be zero-well defined if for the IVP u = 0 with initial value

u(0) = ug the method has a unique solution.

Now, if we assume that the method is zero-well defined, then (3.14) for the IVP 4 = 0; u(0) = ug is
(I-a)y = vu,. Since (I —a) v = e (i.e. (3.12)), then I —« is invertible under the assumption of
zero-well definiteness by contradiction. Note that Runge-Kutta methods are all zero-well-defined
since for the IVP in the definition we have y = euw,. It should be noted here that in the liter-
ature, assumption (3.12) is generally called ’consistency assumption’, but despite its name, it is
not sufficient for the consistency of its RK representation. This can be easily seen from the Taylor

expansion.

It is clear that the Butcher-form of the method can be considered as a unique representation
of the method but the SSP coefficient is not apparent. To find the SSP coefficient, one uses a third
representation, called Canonical Shu-Osher form. For this, consider a particular representation of
the method in its modified Shu-Osher for which it holds that

Q5

61']'

i.e. a, =rB3,, where we use the indices ., to show that it depends on r. In this case, (3.14) is

=const =1 (Yi,j) (3.16)

Y = Vplly + (y + %f(y)) (3.17)

This is the so-called Canonical Shu-Osher form. To see which Runge-Kutta methods can be
represented in this form with a given r we have to write down the relationship between 3y and

(ar, Br):
(I - Tﬁr)/gr = ;60 — IBT = IBO(I + TﬁO)_l

- o, = ’I“,@()(I + Tﬂo)_l (318)
v,=I-a)e = v,.=I+ rﬁo)_le

if (I +rBp) is non-singular. We have used (3.15), (3.16) and that the method is consistent. It is
clear that in this case we have

C(ara /67') =T

In summary, to calculate the SSP coefficient for a given RK method, we have to check whether for
a given r > 0 it holds that

a,, v, >0 and (I +rBp) is nonsingular (3.19)

where 3, > 0 is omitted because of (3.16) and &, 3;, v, are defined as in (3.18). The > relations
meant elementwise. It turned out that such r-s for which (3.19) hold are closed sets in the form
[0, 7maz] and the largest such 7 (1,44 ) is the SSP coefficient for the given RK method[12, Thm. 3.2.].
The importance of the former is that one can use bisection to approximate the value 7,4, = C for

a given RK method.
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It should be noted that the conditions (3.19) are written in numerous but equivalent forms in the
literature. One of the reason is that instead of using the Shu-Osher form, one can give conditions for
the contractivity preservation of different test equations by the positivity of the coefficients in their
Taylor expansions at given points (the test problems are the scalar problems @ = Au, & = A(t)u, and
the vectorial linear problems @ = L(t)u, where L(t) is a square matrix). This theory was developed
by Kraaijevanger where he defined the radius of absolute monotonicity of an RK method[13]. For
detailed comparison of the two theories see [14]. We point out that the SSP methods not only
preserve the positivity of the steps, but also of the internal stages (3.3a) of the RK method[14].

3.2.2 Necessity, bounds, sharpness of the SSP coefficient

It is of clear importance whether there exists a p-th order, s stage RK method with positive SSP
coefficient. Clearly, for both explicit and implicit methods, one has an upper bound based on
the general Runge-Kutta theory. To get an idea what the conditions (3.19) imply on the Butcher

coeflicients, the following can be stated and proved:

Proposition 3.1 ([12]). Any Runge-Kutta method with positive SSP coefficient C > 0 has A > 0,
b>0.

Proof. Given an RK method (A,b) we can rewrite it in its Canonical Shu-Osher form (3.17) for
all r € [0, C], i.e. the conditions (3.19) holds, from which 3, > 0 is

Bo(I+1Bo)~" >0,
using this for r = 0, we get the above conditions since By = A. O

For DJ-irreducible methods' b > 0 [12, Pg. 65]. Using this and additional relationship between
stage orders and order, one can show that for explicit methods with C > 0 we have p < 4. It
was also shown that for implicit methods, one has the order condition p < 6 from A > 0. The
proofs can be found in [13] (Thm. 8.5., 8.6., 8.7.). Note that we did not give any conditions on the
number of stages, so the fourth order 4 stage methods have special interest. It can be shown, that
the classical RK4 method is the only (DJ irreducible) method with A > 0, b > 0[13, Thm. 9.6.].
Unfortunately, this method has C = 0. To see this, note that if C > 0, then one can choose small
enough 7 > 0 such that r < C and the Neumann series of (I +rBg)~"! exists (since for the existence
of the Neumann series for a matrix, one ’only’ needs that its spectral radius is strictly smaller than

one and taking the spectral radius and multiplying a matrix by a real scalar commutes). Then:

Br=PBo(I+71B) ' =By —rB5+...>0

Because By > 0, one cannot have non-zero elements for 32, where By does have, which clearly
implies that the same property is necessary for the RK coefficients A. This does not hold for a
classical RK4 method because multiplying a lower triangular matrix with itself ”shift down diag-

onally” the non-zero elements by one.

Another question, which arises, is the maximal SSP coefficient what a given order method can
possess. For low order - 1st,2nd - explicit methods, one can construct arbitrary large (integer) C

by considering more stages. For first order methods, it is clear that

IRK methods, for which the unnecessary stages which does not contribute to / does not influence explicitly or
implicitly the last stage u(™*1) = u, 1 are omitted.
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m
is an m-th stage method with C=m. If One would consider the same scheme with smaller off-
diagonal elements in ﬁ, then the RK method would lose consistency [15]. For second order meth-
ods with s stages, the maximal attainable C is s — 1 [15]. To compare two same order methods
with different number of stages, one defines the efficient SSP coefficient Cory = % (i.e. more
function evaluations are penalized). It was shown that for explicit methods C.yy < 1, while for
implicit methods Ceyy < 2 [12]. We also point out that the computational cost of solving nonlinear
equations for implicit methods is not ’incorporated’ into C. s and is generally more than twice the

computation for explicit methods; for this reason, implicit methods are less used.

As we have stated in (3.13) the condition
0 < At < CAtpg (3.20)

for a fixed SSP RK method holds for arbitrary convex functionals ||.|| and functions f. We have also
seen that it is generally strict in the sense that C.ss is small, so another important question is the
sharpness/necessity of the condition for different function classes and norms. One can construct
a function f and show that for some norm the condition (3.20) is necessary [12, Thm. 3.3.], but
it is clear that if one considers specific function classes, then the conditions can be weakened. For
example, if the considered function class is {f € C|f(u) > ¢ > 0; u > 0}, then arbitrary explicit

RK method is unconditionally positive.

One popular way to expand the family of Runge-Kutta methods with non-zero SSP coefficient
is by letting the values of 3 to be negative in (3.5) and in (3.11a). In this case one also requires
that for some f we have the forward Euler condition (3.7) with *backward stepping’:

lu—Atf(w)] < llull, (VueR? At < Atpg). (3.21)

Clearly in this case the derivation of strong stability preservation in (3.8) holds if for the negative

fBi; values we use the condition (3.21). Then the apparent SSP coefficient is:
. Qg

min 5,

Cla, %)= " 7%
0 otherwise

if all a5, v; are non-negative

Where the .* represents that we let negative 3;; values with the function f . Because we still want
our approximation to converge to the solution of the continuous problem, we have to choose f in
a meaningful way. For hyperbolic PDEs, if we choose f similarly as f but with opposite winding
(for the semi/spatial-discretisation), then both f and f will approximate the original PDE. By
allowing this, one can get positive SSP coefficients for (some) methods with negative elements in
B. This is the case for some four stage fourth order methods. For example, the classical RK4
method can be written as
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It can be easily checked that C(a, 3*) = %, but this representation (a,3*) is not unique. The
above considered theory breaks down; namely, one cannot rewrite the RK4 method in the Canonical
Shu-Osher form (3.17). Therefore, the same question arises as before: is the above representation
optimal? (i.e. is C(e,3*) maximal over the different representations?). Fortunately, it turns
out that one can study these methods (with negative 3;;-s) in a similar way as for positive 3;;-s
considered above, by studying, the RK method under some perturbation. For the concrete theory,
see [11]. The two problems with this is that the computational cost is more, because of the function
evaluations of f and it is not clear how to construct f for ODEs which are not semi-discretisations
of hyperbolic PDEs. The former was partially answered in [16] by using additive Runge-Kutta
and additive SSP Runge-Kutta methods in an unconventional way. We leave out the details, but
the result is that if f = —f, then the method with negative /3;; values preserve positivity under
a different step-size restriction which depends in a non-linear way on the considered method, and

on the maximal step-sizes for which f and f preserves its positivity.

3.3 SSP linear multistep methods

The general form of a k-step linear multistep method (LMM) for an autonomous ODE is:
Up + Q1Up—1 4+ ot = At(Bofr + Bifu1+ -+ Brfu-k), n=kk+1,... (3.22)

where f,_ := f(un—x), where At is the constant step size and uy is the approximation of u(Atk).
Unlike for the RK methods, the consistency conditions of the LMM methods can easily be found
from the Taylor expansions, which are Z?:o a; = 0and Z?:o joy —1—2520 B8;=0, where oy = 1. All
linear multistep methods are mass-preserving/conservative, which follows directly from remark 2.1.

One can use the idea of considering convex combinations of forward Euler steps -introduced above
for Runge-Kutta methods - for linear multistep methods to get positivity preservation: suppose
that for a given f under the discretisation of the explicit Euler method is conditionally positive i.e.

0<u+Atf(u), VueR], VAt < Atpg. (3.23)

Then an explicit LMM can be rewritten as:

k

Un = ( — Uy + BjAtf(unj))

j=1
k
= Z —Qy (Un_j + chtf(un_j))
j=1
where ¢; 1= 7(5 L. The positivity holds for arbitrary starting procedures if a; < 0, §; > 0 and
CjAt < AtFE, ] = 1, .. .,k i.e.

At <CAtpg, C:= min e I
j=1,...k —f;

where C is the SSP-coefficient of the LMM. Clearly, the SSP LMM representation is unique (cg = 1

fixed). Similarly for SSP RK methods, this gives severe restrictions for consistent (zero stable)
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methods; it was shown in [12] that the maximal attainable order is strictly smaller than the number

of steps:

Theorem 3.1 (Conditions for the order of SSP LMM, [12]). For p > 2, there is no p step,
order p SSP explicit linear multistep method - considering arbitrary starting procedure - with all

non-negative B; coefficients.

This can be seen for second order methods, where from the order conditions we have

ap=86-2 ap=1-¢, 51224-17 5222—1

where for zero-stable methods ¢ is arbitrary in the interval (0,2]. Under the SSP conditions
a; <0, B; >0, ={1,2}, we get that £ = 2, but in this case C := min{%, 0} = 0, so there exist no
second order 2-step LMM with positive SSP coefficient. In [11] and later in [17] the monotonicity
and positivity preservation was analysed in the case if one fixes the starting procedure. They
showed that the above theorem does not hold. To see this suppose we use the explicit Euler

method as the starting procedure, i.e.
uy = ug + Atf(uop). (3.24)
By introducing a constant 6, and adding and subtracting fu,,_1, we get:
Up = —(a1 — Oup—1 + B1ALf (un—1) + Oun—1 — atn_o + B2 ALf (Up—2).
Using the method to rewrite fu,_; and adding and subtracting u,,_» we get:
Un, = — (a1 — O)un_1 + B1ALf (up—1) — (a2 + a1 + 0F)uy_o + (B2 + 0B1) At f (un—2)+
+ 60%u,_o + O(—aty—3 + BaAtf(un—3)).

Similarly adding and subtracting 67w, for j = {3,...,n—3} and using the explicit Euler starting
procedure (3.24):

Up =— (01 + O)up—1 + B1ALf (Un—1)
n—1

+ 30772 ( = ag — By — 0%)unj — (Ba + 081 At f(un ;) (3.25)

+0"72((0 — az)uo + (0 + Ba) f (uo)).

If @ > 0 and all the coefficients are positive in (3.25), then positivity preservations holds under the
step-size condition 0 < At < C(0)Atpg, where

C(6) := min {A(@),B(@)@(&)}
-—mm{—al—e (L-0)(6 —as) e—az}
' Bi T Ba+0B1 O+

where we have used that @1 = —1 — ay. For 0 < £ < 2, A(0),B(6),C(#) are monotonic
decreasing functions of . The minimal 6 such that the coefficients in (3.25) are positive is
Omin = max{as, —%, —B2} = —f2. Then the optimal C(0) is

m@ax C(Q) = min {A(Qmm), B(emin)v C(szn)}



From the considered two-step methods the SSP coefficient is maximal, when £ = % and it is C = %
In this case the boundedness property (3.10) also holds, since the coefficients in (3.25) add up to
1 (6@ = —p2). In the literature, this method is called extrapolated BDF2 method:

Up = gunfl - %un72 + At(;lf(unl) - ;f(U’NQ>> . (326)

Considering the barriers of SSP LMM methods, it can be shown that these methods does not suffer
from order barriers - unlike RK SSP methods - so there exist an SSP LMM method with C > 0.
In the case of arbitrary starting procedures there is a barrier considering C. ¢, namely for explicit
methods C.ry < 1, while for implicit methods Cery < 2[12]. We point out that we had the same
conditions for SSP RK methods.

3.4 Modified Patankar-Runge-Kutta methods

A popular family of methods which possess unconditional positivity and conservativity for a large
class of systems are the Modified-Patankar-Runge-Kutta (MPRK) methods. These methods are
based on the so-called Patankar-trick introduced in [18], but modified in the way that not only the
source term is changed. These methods can be used for positive and fully conservative production-

destruction systems.

Definition 3.4. We call an ODE production-destruction system (PDS) if it can be represented in

the following form:
d

;= ) pij(u) - Zdi,j(U% (i=1,....d) (3.27)

j=1 j=1
where d; j,p; ;- RT — Ry U{0} are functions such that d; j(u) = p;;(u) > 0; Vi,j =1,....d; Vu €
RY. The PDS is positive if Vug := u(0) > 0 initial value, the solution positive u(t) > 0, (V¢ > 0)

and fully conservative if p;; =d;; =0,i=1,...,d.

In the case of chemical reactions u;(t) is the concentration of the i-th constituent, p; ;(u) is the
rate at which the j-th constituent transforms into the i-th component, while d;;(u) is the rate at
which the i-th constituent transforms into the j-th component. The first order MPRK method -

originally introduced in [19] - called the modified-Patankar-Euler scheme has the following form:
4 U U
n+1,7 n+1,t .

One can see that the method is the explicit-Euler method modified by step dependent weights in
the form of ul’f# These weights make the method semi-implicit, which means that the method
.

can be rewritten in the matrix-vector product form

Aty = uy, where (3.29a)
d
d:
aii:1+AtZM, i=1,....d (3.29b)
k+1 un,i
aij = —Atpii’j(u”>7 hj=1...,di#] (3.29¢)
Un,j
where we have used that the original system is fully conservative (i.e. p;; = 0,7 = 1,...,d).
Because the matrix A := {aij}‘ij:l does not depend on any of the coordinates of u,41, it can

be solved by any system of linear equations solver. To see that the MPE possess the desired

properties, we state the following
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Theorem 3.2 ([19]). The modified-Patankar-Euler scheme (3.28) used for fully conservative and

positive PDS (3.27) is unconditionally positive and fully conservative.
Proof. 1t is fully conservative since

d d d
Z (un+17i - umi) = Atz (sz,] un Un41,5 Zd o un_H. z)
=1

=1

where we have used that p; ; = d; ;.

To show the positivity, first note that the off-diagonal elements (3.29¢) in the matrix A are nega-
tive, while the diagonal elements (3.29b) are strictly positive. It is sufficient to show that A is a
nonsingular M matrix, because then A~! > 0. Then since A~! is also nonsingular and non-negative
at least one element in each row has to be positive then for u, > 0, u, # 0 we have up,4+1 > 0,

Up+1 Z 0. Now we will show that A is a nonsingular M-matrix. Note that A is strictly diagonally

dominant since for arbitrary ¢ € {1,...,d}:
(u peau d d
k,
|a”|71+AtZ ”d Atz iltn) _ = Y (~aki)= > lakil
i k=1 ™t k=1,k+i k=1,k+i

Since A is strictly diagonally dominant and with g := e = (1,...,1)* € R? we have Ag > 0

(elementwise), then the matrix A is an M-matrix by definition. O
A second-order modified-Patankar-Runga scheme was introduced in [19], which was later general-
ized in [20] in the following way:
y(l) = Un
@ d 0 y( ) " y(z)
1)\ 73 1)y Yi
Yi = Ung T Ataz (ng )ﬁ —di;(y") (1)>
j=1 yz
d 1 1 u
N\ (D e (y? n+1,j
Un+1,i = Un,i —l—AtZ [( 2a)ng(y ) + 2apw(y )) (y(Q))é(y(l))l_é
j=1 J J

1 1 U ;
_ V(0O - g (P ntl.i
((1 2a)dw(y )+ QOzd”(y )> (y§2))i(y£1))l_€1¥:|
where ¢ = 1,...,d. The above scheme is called MPRK22(«) method, where oo > % The name
comes from the result such that all second order two stage RK methods has the following Butcher-

tableau

o
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Notice that for o = 1 there is a simplification to

y(l) = Un

U

(2) y<2) y@)
Y;" = un, + At (pij(y(l))j(l) + dj (y(l)) Z(1)>
i Y; Yi

<
Il
—

d
1 1 Up41.i
Yj

Jj=1

1 1 U .
Ly L @) Yt
( 543 (y™) + 5 dij(y )) (y@))]

Similarly, the following holds

Theorem 3.3 ([20]). The MPRK22(«) scheme used for fully conservative and positive PDS (3.27)
is second order, unconditionally positive and fully conservative with unconditionally positive and

fully conservative stage values.

We won’t reproduce the proof, because the positivity and conservativity is identical with the proof
used for the MPE scheme, while we omit the proof of the consistency order by its length. In [21]
third order MPRK methods were introduced. These methods are based on the 3 stage third-order
explicit RK methods. Interestingly, similarly for SSP theory, to ensure the positivity of the meth-
ods, a necessary condition is that A > 0 and S > 0. The derived MPRK methods are called
MPRK43(a, 8) schemes, because one needs to solve an additional linear system.

These methods are widely used for ODE models of chemical reactions, where the positivity and
conservativity of the constituents hold by the principles of law of conservation of mass. They
can be also used for diffusion-convection-reaction systems, where one, after semi-discretisation and
splitting uses one of the MPRK method for the reaction part. Such systems can be found for ex-
ample in geobiochemical marine modelling[19]. Apart from the preservation properties, the scheme
can be applied to stiff systems too[19]. Numerous numerical schemes have been modified by the
Patankar-trick - the explicit scheme is weighted by some implicit stage - to get unconditionally pos-
itive and conservative schemes. In [22] two stage second order RK SSP methods in their Shu-Osher
representation (3.5) were modified in such way. The main advantage of this scheme is that one can
easily modify it for the semi-discretisation of convection-reaction systems, where the positivity of
the convection part is preserved under the assumption that it is preserved for the explicit Euler
method (instead of using splitting and solving the two part separately). By this, the positivity of
the semi-discretised system is ’only’ conditionally preserved, but the reaction can be stiff. In [23]
third order SSP MPRK schemes were introduced.

3.4.1 Stability questions, problematic behaviours

The absolute stability of the MPRK methods has been recently studied in [24] and in [25]. The
reason is that the usual Dahlquist test equation 4 = Au cannot be used because it is not conservative
and even for linear systems, the resulting iteration u,4+1 = g(u,) is nonlinear. For these reasons,
the following test equation was considered: © = Au where the matrix A € R9*? has the following

properties:

e The matrix A is a Metzler matrix (i.e. the off-diagonal elements are positive), to ensure the

positivity of the continuous system (see theorem 2.3).

e The matrix A possesses at least one linear invariants i.e. there exists m1,...,n; € R? — {0}

such that ntA = 0, to ensure that n;-u(t) = n;-u(0). Note that the conservativity is a linear
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invariant with n = e. Also note that this implies that nq,...,n; are (left) eigenvectors of

the eigenvalue A = 0.

e All non-zero eigenvalues of A has negative real part and the eigenvalues with zero real part
have Jordan block size 1, to ensure the (Lyapunov) stability of the system.

We will denote the generated map by g : R? — R? (i.e. u,+1 = g(u,)). By the nonlinear nature
of the generated map g and since the linearization of g around the steady state is non-hyperbolic,
center manifold theory was used. It was shown [25, Thm. 2.9], that despite its non-hyperbolic
nature, the stability is determined by the eigenvalues of the linearized map, namely the stability
is preserved if the eigenvalues which are not one, are smaller than one. This works, since after
affine transformation (one of) the central manifold is locally the zero function, which simplifies the
reduced system considerably. It was also shown that since MPRK preserves all linear invariants

the stability in the above case is asymptotically stable in the subspace defined by the invariants.

Two problematic behaviour of the MPRK schemes were discussed in the literature. One is that
in some cases, MPRK scheme can give rise to spurious oscillatory behaviour even for linear sys-
tems[26]. This is not specific to MPRK schemes; it is well known that linear schemes can give
rise to spurious oscillatory behaviour also. In [26],[27] that for two dimensional systems the non-
oscillatory behaviour can be guaranteed for small enough step-sizes depending on the scheme. The
other problematic behaviour is the order reduction for initial values close to 0, which was analysed

for linear models in [20].

3.5 Regularity of numerical methods, stability of equilibria

Another question considering the dynamics under the discretisation by different numerical methods
is whether the continuous model has the same equilibria as the discrete map (3.1). We will see
that this is not the case for many linear methods. We denote the set of the equilibria of (2.1) and
of (3.1) as F and Fj,, respectively. (FA, = {u* € R" : ®pas(u*,...,u*) =u*}). The question
was first studied in [28].

For LMMs, if we suppose that v* € F},, then by consistency we have that ) a, = 0and ) by # 0,
so f(u*) = 0i.e. ux € F. On the other hand, ux = u* € F implies @ a¢(u*, ..., u*) = u* by con-
sistency. In conclusion, for (consistent) linear multistep methods F = F3, for all At > 0. It is also
clear that an irregular RK method as a starting procedure of an LMM does not alter the equilibria.

For Runge-Kutta methods, if u* € F, then ®¢ a¢(u*) = u* holds with the choice k; = 0 for all ¢ =
1,...,s. So F C FX, holds by the supposed uniqueness of the solution. Hairer et al. gave condi-
tions on the RK methods for F = FJ, and they named these methods regular[29]. They showed
that for regular (s-stage) methods one can construct an s — 1 stage RK method which preserves the
regularity (Thm. 3.). From the exact construction, it follows easily that the only explicit regular
method is the explicit-Euler. This construction also gives an algorithm to determine the regularity
of any RK method. For methods of order p > 2, they also showed that a necessary condition for
regularity is that the trace of the matrix A is % (this is also sufficient for s = 2) and there is no
regular A-stable method with order larger than 4 (Thm. 7.,11.). One advantage of the implicit
RK methods, that is the order compared to the number of stages is large, does not hold for regular

methods because:

Theorem 3.4 ([29], Barriers of regular RK methods). The order p of a reqular s stage RK method
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satisfies

p<s+2 ifsiseven
p<s+1 ifsisodd

It should be noted that regularity does not imply the non-existence of spurious periodic solutions, a
well-known example for the latter is the period-doubling behaviour of the explicit-Euler discretised
logistic equation[30]. The full characterization for LMM for the existence of spurious 2-cycles are
known, but in general these conditions are strict, so one puts some condition on the function f to
get less strict conditions[31]. This shows the well-known fact that one has to choose a preferred
numerical method (partly) in a problem-driven way. We also want to point out, that conditional

properties are sufficient, since the stability is also conditional for most of the methods.

To obtain similar dynamics for the numerical maps, it is also required that the asymptotic be-
haviour of the equilibria of (3.1) is the same as that of the equilibria of the continuous model. This
holds for the limit At — 0 by convergence, but might not hold for arbitrary At > 0.

For discrete maps, one can define the stability of an equilibrium as it was done in the contin-
uous case (def. 2.1) with straightforward alteration. For simplicity we define it for a general
scheme in the form

Upt1 = Up + AtFar(uy)

The explicit Euler method and the RK method is in this form. Note that in this case u* is an
equilibrium if and only if Fa:(u*) = 0. To find the stability of an equilibrium, one uses a similar
technique as in (2.2)-(3.32) for the continuous system. Namely, we perturb the fixed point u* of

the discrete map y,, = u,, — u*, which has a Taylor expansion at the equilibrium «*
Yntl = Up — U + AtFAt(yn + U*) =Yn + AtFAt/(U*)yn + r(yn)

Where we have used that Fat(u*) = 0 and Fa; is sufficiently smooth. For small enough y,,, the
linear part dominates, so we obtain the approximate linear system:

Yn4+1 = (]— + AtFIAt(u*))yn (332)

It is clear that for one dimensional systems, the linearised system has an asymptotic stable equi-
librium if |(1 + AtFA,(u*))| < 1 and unstable if it is strictly larger than one. Similarly, for d
dimensional systems, it is asymptotically stable if all eigenvalues of 1 + AtF,(u*) are inside the
unit disk, while unstable if there is an eigenvalue has strictly larger modulus than one. Note that,
we excluded that case, when an eigenvalue lie on the unit circle. In this case the equilibrium of the
nonlinear system is called non-hyperbolic, and we have to consider the larger order terms of the
Taylor expansion. It is clear that for the explicit Euler method Fa; = f, so if A is an eigenvalue
of f'(u*), then 1+ Atf'(u*) is an eigenvalue for the method.

From the absolute stability theory it is clear that the preservation of equilibria is a step-size and
problem dependent question. The existence of irregular RK methods motivates and complicates
this question, even in the case if the spurious equilibrium is unstable, because it may happen that
this unstable equilibrium has an unstable manifold which connects to infinity, so the boundedness
property of the solutions of the IVP can get lost[31].
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4 Epidemiological models

In the following two subsections, we will introduce and analyse two epidemiological compartmental
models. The first is a more simple model, where the total population is constant, while this does
not hold for the second model.

4.1 conservative model

Vertical transmission occurs when a newborn (or unborn) is infected via its parents, while horizontal
transmission is when a person is infected by physical contacts or through droplets etc. Diseases
where vertical transmission can occur are AIDS, Hepatitis B, herpes simplex virus, Keystone
virus etc. It should be noted that one can define vertical and horizontal transmission for animal
and plant diseases similarly. The following model is an extension of the Kermack-McKendrick
model (1.1). To incorporate the possibility of vertical transmission, one has to consider a model
with demography/changing population. The population is considered to be asexual or it is only
the female subpopulation. The immunity is considered to be non-permanent and a fraction of
the newborn population gets vaccinated (or every newborn gets vaccinated but the vaccine is
imperfect). It is also assumed that the vaccine does not create immunity in those born of infected

parents and there is no death by the disease. Under these assumptions, the model is

d

d—f =—kSI+(1—m)b(S+R)+pb'I —rS+¢R (4.1a)
% =kST +qb'I —r'T —ol (4.1b)
dR

Fri vl —rR+mb(S+ R) — ¢R (4.1c)

where S, I, R denotes the susceptible, infected and recovered subpopulation, respectively. The
above model was introduced in [2] and should be considered as some test model, since there are
better - though more complex - models for the above mentioned diseases. A flowchart can be found

in 1. The parameters are strictly positive and they denote the following:

Parameters
b Birth rate of uninfected individuals
v Birth rate of infected individuals
r Death rate of uninfected individuals
7! Death rate of infected individuals
v Recovery rate
® Rate of immunity loss
q € (0,1) | Rate of vertical transmission g +p =1
m € (0,1) | Fraction born vaccinated (or vaccine effectiveness)

23



births

-m). oq\b
(1I-m)-b M *

R

A
1 t I
mb \ mb births

births

Figure 1: Flowchart of the conservative epidemiological model (4.1a):(4.1c)

We will denote the total population at time ¢t > 0 as N(¢). If b = b’ and r = 7/, then the population
remains constant, we will assume this with N = Ny = 1 from so on, but the calculations can be

easily carried out to other or arbitrary Ng. We can rewrite the system in the following reduced

form:
as /
E:*kSI+(1*m)b(NQ*I)+pr*TS+QD(NQ*I*S) (4.2a)
% =kSI+qb'T —r'I — vl (4.2b)

We denote the biologically feasible region for the above system as Q* = {(s,4) € R? |0 < s,i < 1},
which is positively invariant since the positivity follows from theorem 2.3 and the boundedness
from the constant population. The solutions with initial values from 2* exists for all ¢ > 0 by the
positive invariance of Q* and by the system (4.2a)-(4.2b) being in C! by its polynomial structure.
The Disease-free equilibrium can be calculated by letting LHS in (4.2a)-(4.2b) be zero and I = 0:

50 = (50710) = <(1_<pnjzl;ﬂpao>

while the endemic equilibrium can be calculated by letting LHS in (4.2a)-(4.2b) be zero:

pb +v (1 —m)b+ o)k (b+<p)(pb'+v)>
ko (0 + (1 —m)b+ov)k

&= (Ss, I.) = (
The Jacobian of (4.2a)-(4.1b) at the disease free equilibrium & is

—r—¢@ —kSo—(1—-m)b+pb —¢p
0 kSo —pb' — v
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Thus the system is asymptotically stable if the eigenvalues are negative i.e.

—r—p<0 and (4.4)
kSo —pb' —v <0 (4.5)

where the first condition always holds and the second condition is equivalent with

(I—-m)b+¢

Ro:= k(so +b)(pb’ +v)

where Ry is called the Basic Reproduction Number. From (4.3), we can see that this is equivalent
with that there is no infected subpopulation (since I, < 0), while when Ry > 1, then there is an
equilibria in the positive orthant (I, > 0).

The proof of the global stability of £, can be found in [4]. We simplified the proof to omit
the graph-based arguments (Lemma 2.2.(a)).

Theorem 4.1. The endemic equilibrium (4.3) of the system (4.1a)-(4.1¢c) is GAS (within Q*).

Proof. One can rewrite the system (4.2a)-(4.2b) as:
2= F(z) :=diag(z)(e + Az) + Bz +¢ (4.6)

where z = (S, 1) and

A_<0 _k>;B_<O (m—l)b—l—pb’—go);e_(—(b—gp)>;c_<(1—m)b+g@>
E 0 0 0 —(v—pb') 0

and denote b(z) := Bz + ¢. Let £, = z* > 0 (element-wise), so F(z*) = 0 = diag(z*)(e + Az*) +
Bz* + c. After rearranging to e, we get that

e=—Az" — diag(1/z")b(z")
After the substitution of e to the ODE 4.6:
z = diag(z) (A + diag(l/z*)B) (z — 2z¥) — diag(z — z*)diag(1/z")b(2). (4.7

We define the Lyapunov function

d
2
where w; > 0,i=1,...,d are real constants. So V(z*) = 0 and V maps from the strictly positive

quadrant to Rt (see fig 2). Differentiating V' alongside the solution of (4.7) we have

(2 — 27)? (4.9)

where A := A + diag(1/2*)B and W := diag(wy, . ..,wq) strictly positive matrix. Now, if we can
choose W such that AW is antisymmetric, then (4.9) simplifies to

V(s = - S e

22
i=1 v

i
N 0 k[(m—1)b—p—1]
A= pb'to (4.10)
k 0

Since in our case

25



where @12 < 0 since all parameters are positive and m € (0,1]. Thus we can choose W :=
diag(1, —1/a12) > 0 to make AW antisymmetric.

If we assume that b(z) > 0 - which holds in our specific case - then V(z) < 0 i.e. z* is stable
Q*. To show that the stability is asymptotic in ©* thus z* is GAS, we use the LaSalle invariance
principle (Thm. (2.2)). For this, — denote F := {z € Q|V(z) = 0}, and the largest invariant
subset of E by M. We show that M is the singleton {z*}. Since b; > 0, we must have z; = 27 for
the solution which are in M, which implies that 2; = 0. Using this for the equation (4.7), we get
that for the solutions in M, it must hold that @12(z2 — 23) = 0, and since ai2 # 0, it implies that
we also must have zo = z3. In other words M = {2*}, and the global asymptotic stability follows
by the LaSalle invariance principle (Thm. (2.2)) since the solutions starting in Q* stay there by
the positive invariance of the set, which implies that they are also bounded. O

f i | [ ] 1
V(S 1) 1 j >V =const
® (S5.1) s / ’ | — One solution
Solutions 9 g gl K, - 1 S, L)

=}
[=}
w
o
o
[N}
<o
~
[=]
(3]
[=]
o

Figure 2: Left: The Lyapunov function (4.8) for some specific values and the phase portrait. Right:
The contours of the Lyapunov function, its gradient and the vector field specified by the system
(4.1a)-(4.1c). From the figure, it can be seen that the angle between the gradient of V' and the
vector field f is always obtuse implying V (z(t)) < 0

4.2 Non-conservative model

In 2020, Yang and Wang proposed the following model to investigate the early days of the epi-
demic of COVID-19 in Wuhan, China, with incorporation of the possibility that the environment
is a possible transmission route (besides the infected people)[32]. The reason for including the
environmental reservoir as a possible transmission route was that officials received a positive result
when they collected samples from the Huanan Seafood Market area. In addition, some studies
suggest that the virus can survive on different surfaces such as metal, glass, and plastic for up to
9 days[33][34]. By fitting the outbreak data to the proposed model, they found that the environ-
mental reservoir had a significant contribution to the overall infection risk[32]. We have modified
their proposed model to include a class with infected but not infectious subpopulation. We have
also included a class with imperfect vaccination, which means that vaccinated people can become

infected also. We have made the following assumptions:
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1.A1 There is always an infected but non-infectious phase.

1.A2 Vaccination is imperfect w.r.t infectious individuals and the environment, but in general for

the vaccinated subpopulation to become infected at a lower rate.
1.A3 The imperfection of the vaccine is the same against infected people and the environment.
1.A4 A vaccinated person can lose immunity.

Our proposed model:

d

dff =A—B1SI—BySV +¥C + R — (x +p)S (4.11a)
dE

’ = B1ST + By SV + pB1CI + ppyCV — (a+ p)E (4.11b)
dI

%:aEf(v+w+u)I (4.11¢)
d

B sl (uto)R (4.11d)
dC

o = XS = pBICL = pByCV — (¥ + p)C (4.11e)
av

o v (4.11f)

where S(t), E(t), I(t), R(t), C(t) are the number of susceptible, exposed (infected but not yet
infectious), infected (infectious), recovered, and vaccinated at time instance ¢, respectively. V
represents the environmental reservoir and is integrated to the model to include the possibility
that a susceptible individual may acquire the disease through the environment and not directly by
susceptible-infectious contacts. Note that there are no space variables, so the virus concentration
in the environment is assumed to be homogeneous (e.g. possibly a city). A flowchart can be
seen in 5. All the parameters are non-negative and their "meaning” can be seen in the table. By
assumption [1.A2] p € (0,1).

Parameters

A Population influx

1 Natural death rate

w Disease induced death rate

1/a | Mean incubation period

v Recovery rate

1/6 | Mean-time spent in the recovered class

Br Transmission rate by infected individual

By Transmission rate by the environmental reservoir
1 — p | Vaccine effectiveness
Vaccination rate of the susceptible class

X

v Rate of the vaccination loss

& Rate of the exposed individuals contributing the virus to the environment
o

Rate of (natural and artificial) removal of the virus from the environment
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Figure 3: Flowchart of the non-conservative epidemiological model (4.11a)-(4.11f)

The disease free equilibrium (DFE) can be obtained by setting all the derivatives in (4.11a)-(4.11f)

to 0 and also E, I,V equal to zero (i.e. no infections in the population):

AT+ p) 0 Ax O)
(T +x+p)" 77T (W X+ )
For the endemic equilibrium when p # 1, we get a quadratic function for I, When p = 0, the

g() = (S(),EQ,](),RQ,C(), VO) = ( (4.12)

function reduces to a linear function.

We will compute Ry for the system by the next generation approach introduced in 1.1: The
infection components for the model (4.11a)-(4.11f) are E,I,V. Rewriting the model as:

jf'i:fi(x7y)_vi(m7y) Z:1a273
Ui =9i(@,y) =12
where (]“177;2"]:3) = (E7[7V)? (ylay27y3) = (S’R7C) where

(4.13)

BpSI + By SV + pBrSI + pBy SV (@ +pwE
F = 0 V=|-ab+(y+w+pl
0 —£I+oV
The Jacobi matrices of the subsystems F and V at the disease free equilibrium (0, 9) = (0, 0,0, Sp, Ro, Co)
0 BrSo+ pBrCo  PvSo+ pBvCo L B ath 0 0
0 0 0 0 <
Then, the next generation matrix is K = FV !, which is an upper triangular matrix, so its spectral
radius is
o afrSo apBrCo Bv Sofa pBy Cola
p(K) =Ro =
(a+p)y+wt+p) (e+tp)y+wtp)  (a+p)y+wtp)o  (a+p)(y+wtp)o
=R+ RE+ Ry +Re. (4.14)

It is important to check whether Ry can indeed be interpreted as some secondary infection. In our
case it can be interpreted as the expected number of secondary infections produced in compartment

E by an infected individual originally in compartment E:
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e R is the number of the secondary infections in the susceptible subpopulation of the initially

exposed individual in his/her infectious stage, as the ratio —9— is the proportion of individuals

a+pu
that progress from E to I and one infectious individual causes wif fiu

the susceptible subpopulation through his/her infectious stage. Similarly, Ry is the number

secondary infections in

of the secondary infections in the vaccinated subpopulation of the initially exposed individual

in his/her infectious stage.

e R3+R{ is the secondary infections by the environment from the initially exposed individual.

R3 is the fraction of initially exposed individuals that progress to V through I (QL‘HL - +§ +u)
causing By .Sy number of new infections in % time. Similarly, R4 can be interpreted for the

vaccinated subpopulation.

Note that by setting £ = 0, the environmental disease-route disappears.

We will show that there exist a positively invariant biologically feasible invariant set:
+ A §A 6
Q=S EI,RCVeERT:S+E+T+R+C< — V< 2—0 CRY

H W

We will show this through the positivity and boundedness of the solutions.

Theorem 4.2 (The proposed epidemic model positive). The system (4.11a)-(4.11f) is positive in
the sense of (2.3).

Proof. Because the system (4.11a)-(4.11f) is clearly in C* since it has a polynomial structure,
following theorem 2.3 the positivity is equivalent with the condition that the sign of the derivatives
at the boundary points are non-negative (i.e. the solutions are reflected from the boundary), that
is: fi(u1,...,wi—1,0,%41,...,uq) >0, Vi€ {1,...,d}. By this, the positivity of (4.11a)-(4.11f)
follows since the parameter values are non-negative. For example, for E:

BrSI+ By SV + pBiCI + pByCV >0 (¥ S,I,R,C,V € [0,00))
0

Theorem 4.3 () is positively invariant). The system (4.11a)-(4.11f) is positively invariant on €0,

that is, with initial conditions in Q the solutions stays in 0 for arbitrary t > 0.

Proof. Let N(t) denote the total population at an arbitrary time instance t: N(¢) := S(t) +
E(t) + I(t) + R(t) + C(t), which by assumption N(0) < % and from the system (4.11a)-(4.11f)
N'(t) = A — pN(t) — wI(t). By multiplying both sides by e#!, we get that

(N(t)e") = (A — wI(t))e!"

After integration from 0 to t:
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where we have used the non-negativity of I(¢) and the parameter w. Similarly, for V(¢):

V'(t) + oV (t) = £I(1)
(e”V(t ))’ = e7'¢I(t)
70'15 7o't —ot —ot 5 A ot
V(t)=V(0)e 5 s)ds <V(0)e 7" +e g;(e -1)
A
— —ot < gi
e 7t (V(0) — U,u) ou_o,u
where besides the non-negativity of I, we also used its boundedness property. O

Note that since 2 is positively invariant, the solutions of the system with initial values in {2 exist
for all ¢ > 0 (see section 2).

We also want to obtain stability conditions on the disease free equilibrium and the endemic equi-
librium(s). Van den Driessche et al. showed that the endemic equilibrium is asymptotically stable
under some assumptions on F,V and g in (4.13)[5]. Most of these assumptions are not strict and
follows from the logic of endemic modelling. These conditions hold for our model, except assump-
tion A4, but that only used to show that V is an M-matrix, which holds (and can be checked

directly by calculating V=1). In conclusion, we can state the following theorem for our model:

Theorem 4.4 (Stability of the DFE). If Ry < 1, then the DFE &y for the system (4.11a)-(4.11f)
is locally asymptotically stable, while for Rg > 1 it is unstable.

To get stability on the endemic equilibria, we use the following theorem from [35]:

Theorem 4.5 (Condition on backward bifurcation[35]). Consider the system of ODEs with pa-
rameter ¢:

di; = f(z;¢), f:R" xR —=R" feC?*R"xR),

where 0 is an equilibrium for the system for all ¢. Assume that

CCS-A1 Denote A:= D, f(0,0) = (af’ (0,0)). Assume that zero is a simple eigenvalue of A, and all
the other eigenvalues have negatwe real part.

CCS-A2 The matrixz A for the eigenvalue 0 has a non-negative right eigenvector w and left eigenvector
.

Let

82
kaw vy g; (0,0)

kz]
E Usz

Then the local dynamics of the system is fully determined by the signs of a and b, specifically:

00)

case i. a >0, b > 0. When ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable, and there exists
a positive unstable equilibrium; when 0 < ¢ << 1, 0 is unstable and there exists a negative

and locally asymptotically stable equilibrium,

case @i . a < 0,b < 0. When ¢ < 0 with |¢| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally
asymptotically stable, and there exists a positive unstable equilibrium;
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case ©i. a > 0,b < 0. When ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a locally asymptotically
stable negative equilibrium; when 0 < ¢ < 1, 0 is stable, and a positive unstable equilibrium

appears;

case w. a < 0, b > 0. When ¢ changes from negative to positive, 0 changes its stability from stable
to unstable. Correspondingly, a negative unstable equilibrium becomes positive and locally

asymptotically stable.

This theorem is based on center manifold theory. From the assumptions, one can conclude that the
center manifold is one-dimensional. After decomposing the center manifold into parts in the center

and stable eigenspaces, the 'part’ in the center eigenspace ¢(t) can be approximated locally by
de(t) _

dt
occurs at Rg = 1. For forward bifurcation, the DFE and the endemic equilibrium changes their

%02 + bopc. By the above theorem one can check whether forward or backward bifurcation

stability, this is the case tv. While in the case of backward bifurcation, there is an interval for Ry,
where a stable and unstable endemic equilibria coexist with a stable DFE. In the above theorem,

this is case 1.
Theorem 4.6. The system (4.11a)-(4.11f) exhibits forward bifurcation at Ry = 1 if
&y (a+p)(y+p+w)(p+ ¥+ p(x +2p)

>
(64 n) a(p+ ¥+ xp)
otherwise it exhibits backward bifurcation at Rg = 1.

, (4.15)

Proof. We will use the above theorem for the DFE &y, with the parameter ¢ := A. A* is the

critical value obtained from Ry = 1:

op(a+p)(y +w+p) (¥ +x +p)
(¥ + p+ px)(oBr +€Bv)

The matrix of the linearized system at (€, A*) is

A=

—(x+n) 0 —B1S5 0 v —Bv S5
0 —(a + mu) BISS + pB[CS 0 ﬂvSS + pﬁvC’a‘
e 0 « —-(v+w+p) 0 0 0
o 0 0 v —(p+96) 0 0
X 0 —pBiC; 0 —(¥+p) —pBv C§
0 0 ¢ 0 0 —o
where S§ = A;S’(i’;) and C} = Hﬁ;ﬁﬂ.

The matrix A has a simple zero eigenvalue, what can be checked directly. The remaining eigenval-
ues cannot be easily calculated, but we only need to check their signs. This can be done by using
the Hurwitz criterion (using the characteristic polynomial of the reduced system, i.e. without the 0
root). To check the signs of the determinant of the minor matrices of the Hurwitz matrix, I wrote
a simple (symbolic) MATLAB code. From the results, we can conclude that the other eigenvalues

have negative real parts.

One left eigenvector for the 0 eigenvalue is

B a+p ,6’1,(a+u)(7+w+u))
0T (O’ b 00 a(Bv& + Bro)

which has non-negative entries. After some algebraic manipulation, we get that one right eigen-

vector for the 0 eigenvalue is:

T
w <p(a+u)(v+u+W) U+p ytwtgn o X ‘ 5)
a(p+ ¥+ xp) px+p+9)7 a7 pA 0 px e+ ) w

31



where _(atp)Ortptw)(pt+¥Y+px+p) oy

a a(p+ ¥+ xp) S+ p
This vector has non-negative components that corresponds to zero entries in the DFE, which is
sufficient[35].

By taking into account the zero entries of the right eigenvector and the second derivative of f:

0f2 .
avaA(5°’A )
_ W+ p+px
= (vow3By + vawePr) O+ U+ )

S ¥+ pu+ px
plx + ¥+ p)

df2 .
8]8A(€0’A ) + vaws

b= VW3

= (Bv + 5)

>0

and

dfs
Eo, A*) + wswe 8CJ;V (o, A*)>

. P
Eo, A*) + w5w38081(

. 0f2
€0, A7) + wiws 5

S
0S01
= 2uq(wy + ws)(wsBr + wePy ).

a = 2’02 <w1w3

from which we can conclude that backward bifurcation occurs if and only if

oy _(atpOtptw)p+¥+plx +2u))
(6 + p) pe(p+ ¥ + xp)

i.e. a> 0. O

Note that from (4.15) we can conclude that the parameters £, 0 and the transmission rate Sy,
which directly determine the dynamics of the environmental reservoir, does not have any influence

on the type of the bifurcation.

5 Numerical Experiments

In this section, we investigate how the explicit Euler discretisation alters the qualitative proper-
ties, namely the positivity and the stability of the equilibria for the two epidemiological models
introduced in section 4. We have performed numerical experiments to see how these results change
when we use higher order SSP or modified-Patankar-Runge-Kutta methods.

We used the two stage second order SSPRK(2,2) method:
ut) = u, + Atf(uy,)

1 1 1
Un+1 = §Un + iu(l) + iAtf(u(l))

(which has C = 1 and C.yy = 1), the second order extrapolated BDF2 linear multistep method
introduced in (3.26), the classical RK4 method introduced in (3.4) (which has C = 0, as we have
seen). For the conservative model, we have also used the M PRK?22(1) method and to analyse the
SSP methods, we have also used the explicit Euler method. Note that the SSPRK(2,2) method is
the explicit trapezoidal rule with Butcher tableau
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from Runge-Kutta theory. While at first glance it may sound preferable to also use the SSP MPRK
methods for the non-conservative case, this would be problematic since these methods preserve the

'mass’ with the convection part [22, Thm. 2.2].

5.1 Conservative model case

Due to the low dimensionality of the conservative model, the explicit Euler discretisation can be
extensively analysed. To study the positivity under the explicit Euler discretisation, we rewrite

the system (4.1a)-(4.1c) in the so-called Graph-Laplacian form [30]
o= A(u)u (5.1)
where A : R — R%*? with the properties
1. a;j(u) >0fori,j=1,...,d;4 # j, while a;;(u) <O0fori=1,...,d; Vu>0.
2. The column-sums add to zero i.e. Yu > 0: Z?Zl a;j(u) =0;Vj=1,...,d
The system (4.1a)-(4.1c) in the graph Laplacian form with v = (5,1, R) is

—kI —r+(1—m)b pb’ ©+ (1 —m)b
A= kI —v — pbf 0 (5.2)
mb v —p+bm—1)

Now, considering the positivity of the discretisation, one can state the following

Proposition 5.1. The explicit Euler discretised system is positively invariant in Q if

At < mi 1 L L
min
- k+bm’v+pb o+b1—m)

Proof. Suppose that (s,,in,7,) € £, we want to prove that (S,41,%n41,7n+1) € . It is clear,
that the Explicit Euler method is conservative, so one has to prove only the positivity. Using the

graph-Laplacian (5.2) form of the system, the explicit Euler discretisation reads
Upt1 = Up + AtA(uy)u, = (I + AtA(uy))u,

since u, > 0, it is sufficient that all elements of A(u,,) are positive. By the properties of A(u,,),

the off-diagonal elements are positive for any step-size, for aj;(u,), we require
1> —At(—ki, — mb).

since in the model r=b. If —At(—ki,,—mb) < 0, then it holds for arbitrary At. If —At(—ki,—mb) >
0, then for the positivity we require that

1

N
(—Fin —mb)

One can ensure this by choosing At such that m > At since the explicit Euler method preserves
conservativity unconditionally i.e. i, < 1;Vn € N. This ’technique’ can be used to the other

diagonal elements in a straightforward way to get the other conditions. O

Note that the second and third value in 5.1 is sharp, in the sense that if we use any step size for
which, the condition does not hold, then there exist ug € Ri, for which the numerical solutions

‘steps out’ from Ri, i.e. the positive orthant is not positively invariant.
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To see this, let us choose At such that (v+pb’)At = 1+¢, where e > 0. Then clearly the condition

in the theorem does not hold. The first step for the infectious compartment is

1= ’io(l — At(v —I—pb/)) + Atkigsg

o (1+€)k’50 .
— ( £+ v +pb’ 10-

If we suppose that ig # 0, then 4y is negative if

e v+pb
S0 < . 5.3
S 11e &k (53)
Since lim._,q 1L+e =0, it is sharp for so = 0 with iy, 7o arbitrary.
For the third condition, if we choose the step-size as At = —++5— and use the conservativ-

@+b(1—m)
ity property ro = 1 — sg — i, we get that ry is negative if

1+e¢ v 1+¢ mb
; 4
<€+ 5 go+b(1m)>lo+(€+ € <p+b(1m)>80<g (5-4)

which is sharp for ig = s =0,r9 =1 — 59 —ip = 1.

Considering its stability, the following can be showed
Proposition 5.2. The explicit Euler discretised system of (4.1a)-(4.1c)

1. has two, and no more equilibria, which coincides with the equilibria (DFE and EE) of the
continuous system. The DFE is positive if and only if Rog > 1 while the EFE is always positive.

2. The DFE equilibrium is conditionally locally asymptotically stable with step sizes At < Hq,
if Ro < 1 where

H —min{ 2 }
L r+¢" (pV +v)(1 = Ro)
and unstable if At > Hy or Ry > 1.

3. The endemic equilibria is locally asymptotically stable with step sizes At < Ha, if Rg > 1
where

H1—min{At< 1 4(p+ (1 —m)b+v) }

e+ 1 —m)b+v (e+b)pd +v)(Ro— 1)+ (r+v)(p+ (1 —m)b+v)
and unstable if Ry > 1.

Proof. As it was shown in 3.5, the explicit Euler method preserves the equilibria of the contin-
uous method and no spurious equilibria emerges independently of the step-size. So we are done
with the first half of the proof. To show the second half, following the theory introduces in the
subsection 3.5, if ) is an eigenvalue of the linearized system at equilibrium point u*, then 1+ At
is an eigenvalue for the linearized system of the Euler method u + Atf(u). To have asymptotic
stability for the discretised system, it is sufficient that |1+ AtA| < 1 for all the eigenvalues of f/(u*).

The eigenvalues of the considered system at the DFE are (4.4)-(4.5). The first eigenvalue im-
plies that for the asymptotic stability of the DFE, one must have

2

At < .
r+ @

Considering the second eigenvalue, it is asymptotically stable if

|1+ At(kSo — (pb' +v))| <1
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which is equivalent with
14+ At(pd' +v)(Ro — 1) < 1.

Hence, the other necessary conditions for the asymptotic stability are Ryg < 1 and

2
M= iRy )

and if Ry > 1 then the linearized system is unstable. Considering the endemic equilibria, the

linearized system is

Sn b) (pb’ +v)(Ro— Sn
) (1 ARl ) —At(o+ (L-mb+ )\ [

tnt1 - At (o+b) (pb’+v)(Ro—1) 1 in
Trg1 p+(1—m)b+v T

Since the eigenvalues of the above matrix does not simplify, we use the Schur-Cohn conditions,
which states that a second order polynomial p(A) = A\? + Xa; + Aag has its eigenvalues inside the
unit disk in the complex plane if and only if |a1]| < 1+ a2 < 2 [37, Thm. 4.5], which for the above
matrix is

[trace(A)| < 1+ det(A) < 2.

Considering the case 1 — det(A) > 0, it is

(e +b)(pt +v)(Ro — 1)(1 — At(eo + (1 — m)b+v)

—l< (r+ )@+ (1—m)b+v)

)

which holds if Rg > 1 and )

e+ (1—m)b+v
The condition 1 — ¢r(A) + det(A) > 0 is equivalent with Ry > 1, while the condition 1 + tr(A) +
det(A) > 0 is equivalent with

At <

(o +b)(pb" +v)(Ro — 1)

p(At) :=4 — 2A¢t( ot (= mpb+o

+1r+¢) + At (p+b)(pb +v)(Ro—1) >0

The roots of the above polynomial can be calculated and one can give a sharp condition. A sufficient
condition can be given by linear approximation of the polynomial at At = 0, where p(0) = 4. The
root of the linear approximant will be smaller than the root of the polynomial if Ry > 1 since in
that case the polynomial is monotonically decreasing at At = 0 and convex. The condition reads

s 4(p+ (1 —m)b+v)

(p+ )@Y +v)(Ro— 1)+ (r+¢)(p+ (1 —m)b+v)

At <
O

We point out that the explicit Euler discretisation also preserves the geometric property of the
DFE that, it is a stable node (since both eigenvalues are real) with reversed orientation when
det(1 4 Atf'(u*)) < 0. For the definitions of the above, see [7]. We can compare the conditions
for the positivity from prop. 5.1 with the conditions for the stability for the DFE from 5.2 since

they are sharp. Since
2

Ro—1
is equivalent with Ry < 3 when Ry < 1, so it always holds for Ry < 1. This implies that in the
% > m the positivity breaks down first, then the local stability of the DFE, when we
increase the step-size for the explicit Euler method.

>1

case
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We have done extensive numerical calculations to see for which step-sizes the solution of the problem
becomes negative. In order to cover the entire biologically feasible region €2, we solved the problem
with the different schemes for initial values in the triangle with resolution 0.01 and at the boundary
with resolution 0.001 and at the neighbouring points, where the explicit Euler method first (w.r.t.
At) 'steps’ into one of the negative quadrants with resolution 10~!4. Thus we have approximately
found the ’system-dependent SSP coefficients C’ (i.e. the smallest step size for which the numerical
solution for a particular numerical scheme loses its positivity divided by the smallest step size for
which the numerical solution for the explicit Euler method loses its positivity) for 4 realisations of
(4.1a)-(4.1c). Two systems have Ry < 1, while two have Ry > 1. The results can be seen in figure
4, where the different colours are the different systems (i.e. different specific parameters), while the
values are the first time-step instances where the numerical solution was negative weighted by the
first instance where the approximation with the explicit Euler became negative. In all cases, the
positivity conditions of proposition 5.1 were sharp. We emphasise that different colours represent
different specific systems (i.e. different specific parameters for the model). We excluded the MPRK

method from the numerical simulation as it is unconditionally positive.

RK4® e @ @
® from SSP theory
® system1
Ext-BDF2 - ® e O ® system?2
system 3
® system4
SSPRK22 - [ ] ) o
1 Il 1 Il 1 Il 1 Il
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
C

Figure 4: Numerically found ’system dependent SSP coefficients’ (i.e. the coefficient C in the figure
is the smallest step size for which the numerical solution loses its positivity for a given numerical
scheme divided by the smallest step size for which the numerical solution loses its positivity for the
explicit Euler method). The four systems are four different realisations of the model (4.1a)-(4.1c),

i.e. the parameters are specified, and listed in the table 1.

From figure 4 and table 1, it is clear that the maximal step-sizes, for which positivity is preserved
are significantly larger than the values what one would get from the SSP theory, and in all cases the
largest is for the classical RK4 method, which has the smallest theoretical SSP coefficient, namely 0.
It is also clear, that for the extrapolated-BDF2 method, one could not expect a coefficient greater
than 1 for any system, since the explicit Euler starting procedure is used to preserve positivity.
The numerical simulations also showed that the positivity conditions of proposition 5.1 are not
only sufficient, but also necessary, and the first instances, where the positivity is lost are sqg = 0, ig
arbitrary when the positivity condition is ﬁpy and sg = 79 = 0 when the positivity condition is

(see (5.3) and (5.4)). From the table, it also follows, that the condition At—— is not

1
@+b(1—m) k+bm
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H System 1. | System 2. | System 3. | System 4.

p 0.7 0.4 0.7 0.6
b 1 3 1 3
b’ 1 5 1 3
v 2 1 2 2
k 2 2 6 5
m 0.3 0.2 0.3 0.2
) 5 0.1 5 2.2
Ro 0.7037 0.5376 2.1111 1.1640
ﬁpb, 0.3704 0.3333 0.3704 0.2632
ihm 0.4348 0.3846 0.1587 0.1786
m 0.1754 0.4 0.1754 0.2174
explicit Euler At 0.1755 0.3334 0.1754 0.2174
SSPRK22 At 0.2412 0.4652 0.2412 0.2545
Ext-BDF2 At 0.1755 0.3334 0.1754 0.1909
RK4 At 0.3792 0.6483 0.3708 0.3969

Table 1: Specific parameter values and numerically found positivity conditions of the four system
which were considered in the numerical simulation. The positivity conditions (see prop. 5.1) for
the explicit Euler method are highlighted in bold.

neccesary. Interestingly, for the larger order methods, the first instances where positivity is lost are
in some cases different from the explicit Euler case. Namely, for the SSPRK2 method, these first
instances are at sy = 0, ig = 1 for all the systems. For the Ext-BDF2 method, the fourth system
while for the RK4 method the first and the second system differ (with sg = 0, ig = 1). The larger
coefficients can be partially explained by the fact, that we did not require positivity preservation
for the internal stages of the Runge-Kutta methods. The theory introduced in [14] and summarised
at the end of the subsection 3.2.2, namely, one can guarantee non-zero step-size restriction for the
positivity preservation for the classical RK4 method. This can be done if for the continuous model

it holds that its explicit Euler discretisation also preserves positivity for backward steps
0<u+ f(u) =u— f(u), Vu>0,VAt < Atpg-

where Atpg« is the largest step-size for which it holds. This does not explain our results, since at
the boundary ip = 0 ¢; is strictly positive in (4.6), which implies (with the continuity of the vector
field) that Atpg« = 0. Note that this is the general case for epidemiological models of the form
(4.6). In [11] the logistic equation @ = u(u — 1) was considered, which has a stable equilibrium at
u=0.

If we also require the positivity of the internal stages, then the SSPRK(2,2) has the same values as
the explicit Euler, since that is its internal stage. For the classical RK4 method, the smallest such
step-sizes when one of the internal stages loses its positivity can be found in the table 2. For all
considered systems, the step sizes are still larger than for the explicit Euler method. Note that in

this case it cannot be larger than twice the explicit Euler’s, since the second stage is u., +At% fuy).
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H System 1. | System 2. | System 3. | System 4.

RK4
+ internal stages At

0.2249 0.4393 0.2081 0.2545

Table 2: Numerically found positivity conditions for the classical RK4 method when we also require
the positivity preservation of the internal stages. The parameters of the four systems considered

in the numerical simulation can be found in the table 1.

We also checked the trajectories of the numerical solutions with specific initial values for which
the positivity first breaks down. In all cases the positivity was lost, but the long term behaviour
of the continuous model was preserved, except for the two systems with Rg > 1 for the RK4

discretisation. In these cases, the positivity and the local stability were lost at the same time.

The conservative model (4.1a)-(4.1c) in the PDS formulation (3.27) with (uy,us,us) = (5,1, R),
which is used for the MPRK method is

p12 = pb'I p23 =0
P13 = ((p + b)R P31 = mb(S’ + R)
po1 = kST p3a =vl

and d; ; = pj, 4, € {1,2,3}. To address the issue of order reduction, we have compared the
numerical solutions with a very accurate numerical solution obtained with Matlab’s ode45 method -
which is based on the Dormand-Prince embedded RK method - with minimal tolerances (Abstol =
10714, Reltol = 10713). Note that embedded RK methods give values at t points where the
consistency error is small enough, and not at any t points, therefore their values cannot be compared
with the approximate solutions of the other methods in a straightforward way. This problem can
be solved using Matlab’s "deval” function, which works by using a third RK method (alongside the
embedded method) called the dense output RK method. From this, an interpolating polynomial
can be constructed based on the end points and some intermediate points, which for the Dormand-
Prince method gives a fifth order approximation at any inner points[38]. We have not found
order-reduction for our model, considering solutions with initial values near the boundary. A case

can be seen in figure 5.
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Figure 5: Order of the different method by comparing the numerical solutions with a very accurate
method.

It is clear that to have a good numerical approximation of the continuous model, we expect not
only local, but global asymptotic stability as in the continuous model. While we have not proved
global stability for the discretisations - for sufficiently small step sizes - it can be ’checked’ by
numerical simulations. To do this, we solved the system numerically using the various methods
with numerous initial conditions from the feasible region. More precisely, with resolution 0.01 for
large enough times to obtain the long-term behaviour of the solutions. By this procedure, one
can find the asymptotically stable solutions - equilibria, periodic orbits - of the system and it
also shows whether the system exhibits chaotic behaviour or whether the solutions may become
unbounded and diverge. We have done this procedure for different values of Ry and plotted
the long-term numerical solutions of the infectious subpopulation, obtaining so-called bifurcation
diagrams. For the explicit methods, for sufficiently small step-sizes, all the solutions converged to
the DFE equilibrium for Ry < 1 and to the endemic equilibrium for Ry > 1. For large step-sizes,
the numerical solutions diverged to +oo. For the explicit Euler method, the global convergence
and divergence coincide with the conditions of proposition 5.2 for the DFE. or the MPRK method,
the long term behaviour of the numerical solutions 'mimics’ the continuous model for arbitrarily
large step sizes. This can be seen on 6 with At = 10. Note that the stability of the equilibria
locally follows from the unconditional absolute stability of the method, but not globally.
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Figure 6: Numerical bifurcation diagram of the MPRK22(1) scheme with the same parameters as

in system 1 in table 1, but with varied parameter k.

5.2 Non-conservative system

By discretising the system (4.11a)-(4.11f) by the explicit Euler method, we get the following (dis-
crete) model:

Sn+1 = Sn + At [A — Br$nin — Bvsnvn + Yep, + 0r, — (X + u)sn] (5.6a)
ent1 = €n + At[Brsnin + By sntn + pBrcnin + pBycnvn — (@ + pey] (5.6b)
bng1 = in + Atae, — (74w + p)iy] (5.6¢)
Tng1 = Tn + At[yin — (n+ 6)ry) (5.6d)
Cnt1 = Cpn + At[xSn — pBrcnin — pBvcnvn — (¥ + p)cy | (5.6e)
Unt1 = Un + At[Eiy — vy ] (5.6f)

The positivity and boundedness of the above method can be guaranteed by the following sufficient
condition:

Theorem 5.1. The explicit-Euler discretisation of the system (4.11a)-(4.11f) is conditionally pos-
itive with step-size At < H, where

1 1 1 1 1 1
Hmin{ }

Qo Oy W bt 2B+ By E) Ut pB (B + Bv )

Proof. For the positivity, we will need some boundedness, so in general we will show that if
(Sny €nsin, Tny Cns Un) € Q then (Spa1,€na1,@nt1, Tntls Cntl, Unt1) € Q. Denote n, := s, + e, +
in +7n+ Cn, then ny1 = ny + At(A — pny, — wiy,) < (1= Atu)n, + AtA, which is smaller or equal
than % if At < % Similarly, if At < %, then v, < %

For the positivity, we will use the same logic as in [39]. For the first variable, we want to show
that s,41 € [0, %] From the explicit-Euler discretisation:

Sp41 = Sn + At(A - ﬁ]snin - ﬂvsnvn + lI/Cn + 6rn - (X + /J')Sn)

The positivity holds if and only if

S > —AL(A — Br8pin — By snvn + Ve + 0 — (X + 1)sn). (5.7)
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If
_(A - ﬂ]snzn - Bvsnvn + \I/Cn + 6rn - (X + /’(‘)Sn) S 0

then the inequality (5.7) holds for any step size. If
—At(A — BrS$nin — BvSnvn + Ven + 01y — (X + 11)Spn) > 0

then the positivity holds for step sizes

At < —A + BrSnin + By Sntn til\lfcn —0ry + (X + 1)sn) (5-8)
From the inequality:
1 B Sn
X+ +Br+BvHE  sulx+m)+ (Br+Bv)hs,
< on (5.9)

—A + ﬂ[snln + BVsnvn + (X + ,U)Sn - \IJCn - 5Tn

< 1
So for any At < T BBy DA

For €,,41,%n+1;"n+1, Cnt1, Unt+1 the proof can be carried out similarly, but one gets simpler sufficient

the inequality (5.7) holds, i.e. $p4+1 > 0.

conditions for At because of the sign of the terms. O

Note that (5.9) is sufficient but not necessary condition, the non-negativity for s,, is fully determined
by the condition (5.8) and one can get similar conditions for the other coordinates. Considering
the local stability of the equilibria under the explicit Euler discretisation, sufficient and necessary
conditions cannot be easily given since for this we have to determine the eigenvalues of 6 x 6 matrix
which is equivalent with finding the roots of a 6th degree polynomial. Considering only sufficient
conditions, Gershgorin circle theorem can be used in general [40], but this was not done in this

thesis.

In order to study the sharpness of the above results and the sharpness of the SSP coefficients
from the SSP theory introduced in section 3, we performed a similar numerical procedure as for
the conservative model. Namely, we solved the system with numerous initial conditions in the
feasible region to find the smallest such step-size At for which the positivity or the boundedness of
the solution does not hold. Since the system is 6 dimensional, solving it for initial conditions with
resolution 0.01 (which are then rescaled to be in the feasible region) would require numerically solv-
ing 10'2 initial value problems, which is not feasible, so we choose 1000 points from the grid with
resolution 0.01 from the feasible region, and another 1000 from near the boundary. We have done
this for two systems with given parameters®. The results can be found in table 3. The results are
similar to those for the conservative model, namely, if we calculate the smallest step size for which
the numerical solution loses its positivity or boundedness for a specific numerical scheme divided
by the smallest step size for which the numerical solution loses its positivity or boundedness for
the explicit Euler method, then for all schemes and systems, they are significantly larger than the
theoretical SSP coefficients and largest for the classical RK4 method when we require the positive
invariance of 2 only for the steps and not for the internal stages. From table 3 it is also clear that
the sufficient conditions of proposition 5.1 for the explicit Euler method are not sharp. It should
be emphasised that since we have not been able to cover the whole feasible region, and since we
have not been able to specify the initial value(s) for which the positivity or the boundedness first
breaks down, unlike for the conservative case, these results can be questioned.

2For both systems By =4, By =3, u=2,a=1,w=1,vy=01,¢(=1,0=1,p=09, 9 =1, x =0.1, 6§ = 3.
For the first system A = 1.2487, for the second system A = 3.6058.
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H System 1. | System 2.

licit Bl -
exp lf:l,t uler p051t1v1t.y’ 0.1442 0.0679
condition from proposition
explicit Euler At 0.210 0.124
SSPRK22 At 0.251 0.338
Ext-BDF2 At 0.251 0.124
RK4 At 0.375 0.356
K4

) R 0.250 0.161

+ inner stages At

Table 3: Numerically found positivity conditions of the two systems which were considered in the
numerical simulation. The sufficient positivity conditions (see prop. 5.1) for the explicit Euler are

also shown in the second row.

6 Summary, Conclusions

Through the construction of epidemiological models, we can better understand - and possibly pre-
dict - the dynamics and qualitative properties of different infectious diseases. As these systems
cannot generally be solved analytically, various numerical methods are used to obtain the approxi-
mate solutions that are of interest, for example, for forecasting. It is well-known that discretisations
by different numerical schemes can alter the qualitative properties of the ODE system, therefore it
is of interest when and for which schemes these qualitative properties are not changed. One such
evident and well-studied property is the positivity (non-negativity) of the compartments/coordi-

nates when the initial conditions are also non-negative.

Considering the classical linear methods, namely Runge-Kutta and linear multistep methods, it is
known that there is no second or higher order method that preserves positivity for all step sizes
and for all positive ODE systems. It is therefore of interest to find the largest such step-size for
which the positivity is preserved for a given method. The positivity preservation of these classical
methods can be studied through SSP theory, but this general theory gives strict sufficient step-size
conditions, since it preserves not only the positivity, but arbitrary convex functionals, and not for
a specific ODE, but for arbitrary ODEs. Hence, it is of interest how sharp these step-sizes are and

what are the necessary conditions for preserving positivity under different schemes.

In view of the above, we analysed how sharp the step-sizes are for two different epidemic models.
While for we were able to give sufficient, and for one of the models necessary conditions for preserv-
ing positivity (and boundedness) under the explicit Euler discretisation, considering higher order
methods, we found the smallest such step-sizes through numerical simulations. We found that the
theoretical SSP coefficients are significantly smaller than the smallest such step-size for which the
positivity is preserved for all considered methods. In particular, while the classical RK4 method
has C = 0, for our specific models, the maximal step-sizes were 1.5 — 2.5 times larger than for the
explicit Euler method. These results can be partially explained by the negative internal stages, but
even when we required positivity preservation from the internal stages, the maximal step-sizes were
larger than for the explicit Euler method. It is a possible future direction to give formal proofs of
the results found through numerical simulations. Another possible future direction is to study the
influence of the conservativity or the Graph-Laplacian form on the positivity preservation since the
proof of proposition 5.1 cannot be carried out for Runge-Kutta methods with more stages, since

these discretisations do not preserve the Graph-Laplacian structure.
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We have also constructed a new epidemiological method to study the spread of the SARS-CoV-2
virus. This model incorporates the propagation of the virus through the environment and the
vaccination of the population with an imperfect vaccine. We showed that the model exhibits back-
ward bifurcation, i.e. for some parameter values a stable disease-free equilibrium coexists with an
unstable endemic equilibrium. We also showed that this is independent of the dynamics of the

environment and its disease spread.

We also introduced a family of (nonlinear) unconditionally positive and conservative schemes,
called modified-Patankar-Runge-Kutta schemes and summarised some of the recent developments
considering these schemes. While we did not prove global stability under the discretisation for
arbitrary step-sizes, the bifurcation diagrams possibly imply it. Although we have not given the
specific running times of the different schemes, it is clear that the MPRK schemes require the most
time and the most computational power, since one has to solve two linear algebraic systems in
each time step. It depends on the application and the specific circumstances, whether the MPRK
method should be used instead of linear explicit methods for non-stiff systems, like the one we
had. While we solved them directly, the positivity is also preserved under the Jacobi iterative
method[19]. Since these systems are relatively new and have only recently been systematically
analysed, there are numerous open questions regarding their dynamics. Some of these are the
existence of spurious k-periodic solutions, the existence of spurious equilibria, or the preservation

of quasi-monotonic structure/monotonicity, which was analysed for the Runge-Kutta methods in

[41].
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