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Introduction

Rényi’s parking problem concerns the following random process: given an interval of length x,
we repeatedly place intervals, or “cars” of unit length with position chosen uniformly from the
remaining space until no more cars can fit. The higher dimensional analogue, where, for instance,
balls or cubes are placed instead of intervals, has various practical applications, such as in the
kinetic theory of liquids, or the packing density of solid objects in a container.

The one-dimensional problem was first investigated by Reényi [19], who proved that if the
expected number of cars is M (x), then there is a constant C' ~ 0, 7476 such that M (z)/x — C

as r — oo. He also gave the analytic formula

o0 t )
C= / exp (—2/ 1-e” du> dt,
0 0 u

and additionally proved that M(z) = Cx 4+ C — 1+ O(z™") for all n. This was later improved
by Dvoretzky and Robbins [6] to

= crre-1vo((2)7)

These results are presented in Chapter 1. Dvoretzky and Robbins also proved that the number
of cars is asymptotically normal, furthermore, they gave an estimate for the variance. The
asymptotic normality was independently proved by Mannion [11].

Palasti [17] conjectured that in the two-dimensional case, when unit squares are placed in an
x X y rectangle, the expected number of squares M (x,y) has the asymptotic M (z,y) ~ C%xy
as x,y — oo, where C is the one-dimensional parking constant. This conjecture is still open,
however, numerical results [4] suggest that it is false.

Several variants of the parking problem have been a topic of research. An iterated version of
Rényi’s problem is discussed in [10]. One-dimensional variants where the intervals have random
length bounded from below were investigated in [1, 14, 15]. A review of some results about
the continuous problem can be found in [20]. A discrete version of the problem has also been
considered. Page [16] showed that if there are n points in a row and in each attempt, a pair of
adjacent points is chosen uniformly out of the remaining points, then after this process terminates,
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the expected ratio of chosen points tends to 1 —e™“ as n — oco. Some other discrete models were

studied in [2, 5, 7, 18].



In this thesis, we consider a variant of the parking problem where intervals of random length
are placed. In this model, we make infinitely many attempts placing compact intervals in some
bounded open interval U. In each attempt, we pick a starting point of the interval I uniformly
in U, then we independently choose the (possibly zero) length of I from some fixed distribution
po- If the interval I obtained this way is contained in U and disjoint from all the previously
placed intervals, then it is placed down, otherwise, we do nothing in that attempt. It is easy
to see that when pg is a Dirac measure on a positive real number, this model is equivalent to
Rényi’s original problem.

The main goal of Chapter 2 is to answer the following question proposed by M. Abért:
Question. For what distributions pg do the placed intervals exhaust U in Lebesgue measure?

It is relatively easy to see that if 19((0,7)) = 0 for some r > 0, then U is almost never
exhausted. We will see that this is the case also when po({0}) > 0. Somewhat surprisingly, it
turns out that except for these two cases, the Lebesgue measure of U is exhausted no matter

what pg is. More precisely, the following zero-one law is true:

Theorem 1. If either po({0}) > 0 or po((0,7r)) =0 for some r > 0, then the uncovered part of
U has positive Lebesgue measure almost surely. Otherwise, the uncovered part has zero Lebesgue

measure almost surely.

Instead of looking at the one-dimensional case, we will focus on a higher dimensional gener-
alization, from which the one-dimensional variant follows as a special case. In this generalized
model, U is taken to be an open set of finite Lebesgue measure in the Euclidean space R?. Instead
of the length distribution pg, we take a measure p on the space of compact sets containing the
origin (more precisely, we take p to be a Borel measure on the space of compact sets equipped
with the Hausdorff metric). In each attempt, we proceed as follows: we choose a set X with dis-
tribution p and independently choose a point Y € U uniformly. Then we take the set Z = X +Y
and place it down if it is contained in U and disjoint from all the previously placed sets. Note
that by the assumption that p is concentrated on sets containing the origin, it is always true
that Y € Z.

We will see that if the family of sets that u is concentrated on satisfies the conditions defined
in Section 2.2, then U is exhausted almost surely. In particular, the following special case of the

main theorem is true:

Theorem 2. Suppose that i is concentrated on a family of compact sets that contains finitely
many sets up to similarity, each of which has positive Lebesgue measure. If there is anr > 0 such
that 1 a.e. set has diameter at least r, then the placed sets almost never exhaust U in Lebesgue

measure. Otherwise, U is exhausted almost surely.

For example, if we place compact balls with positive radius chosen from some fixed distribu-

tion, then U is exhausted if and only if the radius is unbounded from below. We will also see



that if the radius is zero with positive probability, then U is not exhausted. More generally, we

will show the following theorem:
Theorem 3. Suppose that u({{0}}) > 0. Then U is almost never exhausted in Lebesgue measure.

It is clear that in the one-dimensional case, combining Theorems 2 and 3 yields Theorem 1.

A further generalization of these results will be proved. Instead of choosing the translation
uniformly, it will be chosen from some probability distribution v concentrated on U. This allows
us to pick a random point from R as well. We will see that if v and the Lebesgue measure on
U are absolutely continuous with respect to each other and A\(U) < oo, then Theorems 2 and 3
still hold. Furthermore, in the case A(U) = oo, Theorem 2 holds with the additional assumption
that each set is the union of convex sets with non-empty interiors, or there is a uniform bound
on the diameters. We do not know whether Theorem 3 holds when A\(U) = oc.

The main idea of the proof is that instead of trying to determine the probability that a given
point z is covered, we can show that the Lebesgue density of the union of placed sets is positive
at z. If we take a ball B(x,r), then we can look at the first set Z that intersects this ball. If the
diameter of Z is large compared to r, then the conditions in Section 2.2 imply that either the
measure in a neighborhood is bounded from below, or x is contained in some set of arbitrarily
small measure. If the diameter of Z is small compared to r, then a lower bound can be given for
the conditional probability that Z is not too small. A Borel-Cantelli argument shows that if the
diameter can be arbitrarily small, then Z is infinitely often not too small, giving a lower bound
on the density using the condition on Z.

In Chapter 3, we return to the one-dimensional case with the goal of determining the Hausdorff
dimension of the uncovered part of the unit interval U. During the parking process, each time
an interval is placed, it splits a maximal uncovered interval into two pieces. If the length of
an interval can be arbitrarily small, then this gives a binary tree structure analogous to the
Cantor set. Using a theorem of Mauldin and Williams [12] about a certain type of random
recursive construction, we will first determine the Hausdorff dimension when F(t) = t* for some
a > 0, where F' is the cumulative distribution function of the interval length. We will see
that the Hausdorfl dimension of the complement is s(a) almost surely for some 0 < s(a) < 1.
Furthermore, s(«) can be expressed in terms of the beta function: it is the unique solution of
the implicit equation

2(a+1)B(a+1,s(a) +1) = 1.

The main result in Chapter 3 is a condition for determining the Hausdorff dimension in the

general case. We will show the following theorem:

Theorem 4. Let F(t) be the cumulative distribution function of the interval length. Assume
that F(t) > 0 fort > 0. If there is an € > 0 such that F(t)/t* is increasing (resp. decreasing)
on (0,¢), then the Hausdorff dimension of the complement at most (resp. at least) s(«) almost

surely.



The proof of this theorem is based on constructing a coupling with the case F(¢) = t* and

using the result from [12] to derive the bounds. Finally, we will construct an example where the
complement has Hausdorff dimension 0 almost surely and another example where the complement
has Hausdorff dimension 1, but zero Lebesgue measure almost surely.
Previous results. When the intervals can be arbitrarily small, this model was first studied by
Coffman, Mallows and Poonen [9] in the case when pg is uniform. Generalizing their results,
Baryshnikov and Gnedin [3] investigated the case when the cumulative distribution function of
to is F(t) = t* for a > 0. They showed that for § > 0, the expected sum of Sth powers of
the gap lengths after N attempts is asymptotically ¢(3)N((@)=8)/(@+1) for some constant ¢(f),
where s(«) is the solution of the equation above. Substituting 8 = 1, it follows from this result
that the intervals placed exhaust U in Lebesgue measure almost surely. The main contribution
of this thesis is solving the problem of exhaustion for every distribution po in one dimension and
generalizing the result to higher dimensions. However, unlike [3], our proof does not give explicit
estimates for the Lebesgue measure. The method of our proof is also completely different, as the
proofs in [3, 9] are based on solving a recursive integral equation similar to that used in Rényi’s
original proof.

The equation for the Hausdorfl dimension s(«) was also obtained in [3]. The dimension in
the case & = 1 was computed in [12], though their model was not directly related to the parking
problem. The contribution of this thesis to the problem of determining the Hausdorff dimension
is the condition in Theorem 4. While the previous results are directly applicable only to F'(t) = t*
due to the requirement of stochastic self-similarity, this theorem can be used for many choices of
F. Our proof depends crucially on the previous result by constructing a coupling with the case
F(t) =t°.



Notations

U(z,y) uniform distribution on the interval (z,y)
I(z)  gamma function
B(z,y) beta function
[x] ceiling function
N set of natural numbers {0,1,2,...}
K(R?)  non-empty compact subsets of R?
B(z,r) open ball of radius r centered in x
|A| cardinality of set A
XA indicator function of set A
int A interior of set A
0A boundary of set A
A closure of set A
diam A  diameter of set A
A* finite sequences made from A
A Lebesgue measure
suppr  support of measure v
o(F)  o-algebra generated by F
Fla restriction of the o-algebra to A € F
(X|F) conditional distribution of X given F
o] length of sequence o
Oln initial segment of length n
o < p o is an initial segment of p
o < p o is a strict initial segment of p
dimg A Hausdorff dimension of A
H5(A)  s-dimensional Hausdorff measure of A

H3(A)  s-dimensional Hausdorff premeasure of A



1. The one-dimensional parking problem

1.1 The parking constant

We will present Rényi’s [19] derivation for the parking constant in the one-dimensional case.
None of the results in this section are new.

Given an = > 0, we consider the following problem on the interval (0,x):

Definition 1.1.1. Let {Y;}52, bei.i.d. variables with distribution U (0, ). We define the interval
I; = [Y;,Y; + 1]. The index set S C {1,2,...} is defined recursively: ¢ € S if Y; < x — 1 and for
all j <isuchthat je S, ;NI =0.

Note that it does not matter whether the intervals are defined as open or closed, since the
probability that any two endpoints coincide is zero.

Let v, be the distribution of |S| when the interval has length z. One of the main questions
first investigated by Rényi is determining the expected number of intervals M (z) = E(v,). He
proved the following theorem about M:

Theorem 1.1.2 (Rényi). There is a constant C such that M(x)/z — C as © — oo. The

constant C' can be expressed as

) t )
c :/ exp <—2/ 1-c du) dt ~ 0.7476.
0 0 u

Before we begin the proof, notice that M (z) =0for 0 < z < 1. Also, M(z) =1forl <z < 2,

since Y; < x with positive probability and at most one interval can fit.

Lemma 1.1.3. Ifx >0 and x # 1, then aM'(z + 1)+ M(x + 1) = 2M(x) + 1.

Proof. Consider the parking process on the interval (0, z41). Since the attempts are independent,
we may assume that 1 € S. Conditioning on this event, Y is uniform in (0, z). If ¢ = Y7, then I
splits the interval (0, z + 1) into intervals the intervals (0,¢) and (¢4 1,z +1). It is easy to check
that given t, [{i € S|Y; C (0,t)}| has the same distribution as v, and similarly, the number of

intervals in (¢ + 1,2 + 1) has distribution v;_,. Therefore,
M(z+1) =E(vpi1) = E(E(S][t) = 1+ E(E( [t) + E(vp—¢ | 1)) =

:1+l/w(M(t)+M(x—t))dt:1+g/wM(t)dt.
T Jo T Jo



Multiplying by x, we obtain
M (x+1) :2/ M(t)dt + . (1.1.1)
0

This integral equation implies that M is continuous on the interval (1,00). By the fundamental
theorem of calculus, [, M is differentiable on (1,00), so M is differentiable on (2, 00). It is also
clear that M(z) = 1 for 1 < z < 2, hence M is also differentiable on (1,2). The statement
follows by differentiating Eq. (1.1.1). O

For s > 0, the Laplace transform of M is defined as
@(s) :/ M (x)e™** dz. (1.1.2)
0
The convergence of this integral is clear, since 0 < M (z) < z for every = > 0.

Lemma 1.1.4. lim,_,q+ s2¢(s) = C.

Proof. Let w(s) = e®p(s). Since M(z) =0 for 0 < x < 1, it is clear that
(o) o0
/ M(z+1)e * dx = / M(z)e™ @V doe = e*p(s) = w(s). (1.1.3)
0 0

It follows from Lemma 1.1.3 that M'(z + 1) = O(1). Therefore, [~ xM'(z + 1)e~**dux is

continuous as a function of s. Consequently,

/Ow oM (z+1)e dz — d% (/O /OOO oM (z+1)e" da dt) _
. d% (/Ooo /0 oM/ (z + 1)e~o dtda:) _
= —js(/ooo M’(:c+1)e—“dx> = (1.1.4)
= f% ([M(a: + e ™ s /OOo M(z+1)e ™** dx) =
= L 14 sep(s)) = —w(s) — sl (s).

ds

Taking the Laplace transform of the equation in Lemma 1.1.3, we obtain
/ aM'(z +1)e ™ dx + / M(z+1)e " dx = 2/ M(z)e ™ dx + / e " dx
0 0 0 0
Substituting Eqgs. (1.1.2) to (1.1.4), we get the equation

—uls) — 5w/ (5) + w(s) = 2005 +

hence,

sw'(s) +2w(s)e ® = —

é. (1.1.5)



We will solve this differential equation using variation of constants. First, we find a particular

solution of the homogeneous equation:

sw((s) + 2we(s)e™* =0

(og wa(5)) = 22083 — -2
log wp(s) = 2/00 %du

wo(s) = exp (2 / h % du)

Now let w(s) = ¢(s)wp(s). Substituting into Eq. (1.1.5), we get the equation

Sc’(s)wo(S) + SC(S)(U/O(S) + 2w06_5) _ _%
sc(s)wo(s) = —%
< dt
c(s)=A —I—/S Puo(D)’

The convergence of this integral is easy to see, since wg > 1. It follows that the general solution

for w is of the form

w(s) = Awo(s) + /DO wo(s) dt

t2wo (t)

for some constant A. Since M(z) < z, we can see that

o re—Ts s o e~ TS 1
OSw(s)Ses/ re T dy = {— ] +/ dr = —,
0 =0 0

S

hence lim,_ o, w(s) = 0. It is also clear that lims_, wo(s) = € = 1. Therefore,

. . ©dt
Jmw(s) =A+Tm [ 2D

:147

consequently, A = 0.

An easy calculation shows that
oo 2 oo 2 t _—u
9 B s“wo(s) , s e B
s“w(s) 7/5 (D) dt = /S t2€Xp<2 i udu) dt =
[e%S) t e U
:/ exp(2[logu]2=s +2/ " du> =
o0 t 1 )
:/ exp<—2/ ue du) dt.
5.2

Since s2p(s) = e~ *s?w(s), it remains to show that s*w(s) — C as s — 07. We will assume that
s < 1. Note that if u > 1, then

1—e™ 1—e!
>

>3
Uu - U — bu

10



which yields the bound

t - t
1—e™ 3

exp(—Z/ ¢ du) < exp (—2/ — du) = ¢ 0/5logt — 4=6/5
s U 1 du

for ¢ > 1. On the other hand, the integrand of the outer integral is clearly bounded from above by

1. Since min(l, =6/ 5) is integrable on (0, c0), we can apply the dominated convergence theorem:

tl_ —u

s—0t s—0t u

~ [ o [ ) Yar =
o oo Xp>s) XL s u “ N
oo t _ —Uu
:/ exp(?/ 1-¢ du> dt = C.
0 0 U

This calculation also shows that the constant C' is finite. O

(o)
lim s*w(s) = lim X{t>s)} €XP (—2/ du) dt =
0 s

To finish the proof, Rényi used the following variant of the Hardy-Littlewood Tauberian

theorem:

Theorem 1.1.5 ([8, Theorem 108|). Suppose that o : (0,00) — R is increasing and for some
8 >0 and C,

s—0t

lim sﬁ/ e da(z) =C.
0

Then
lim alz) _ ¢
woo 2f T(B+1)

where I' is the gamma function.

By Lemma 1.1.4, applying this theorem to a(x) = fow M(t)dt and 8 = 2 yields
1 T
lim 7/ My = <.
T—00 I 0 2
Using Eq. (1.1.1), we can conclude that
M M 1 2 [7
fm M@)o, MEHD 2 e = c
r—00 I T—00 T z—o00 % Jq

In the next section, an elementary way of finishing the proof will also be shown.

1.2 Estimate of the expectation

In this section, an estimate for M (x) due to Dvoretzky and Robbins [6] is proved. While they
also gave estimates for higher moments of v,,, a simplified version of their proof is presented here,

giving only the estimate for M (z).

11



Theorem 1.2.1 ([6, Theorem 3]). There exists a constant C1 such that

% z—3/2
M(x):C1x+C1—1+O(<> )
x

Proof. Let f(z) = M(x)+ 1. It follows from Eq. (1.1.1) that for > 0,

flz+1) / F(t) (1.2.1)

For x <y, this implies that

Fly+1) = /f Yt + 2 /f x+1)+§/:f(t)dt. (1.2.2)

Notice that the function  — x4 1 is also a solution of Eq. (1.2.1). A similar calculation shows
that

T 2 (Y
y+2:§(x+2)+§ (t+1)dt. (1.2.3)
Let ; ;
I, = inf f() Sy = sup M
r<t<z+1t + 1 r<t<z+1 t+1

For 0 < x,y, it follows from Egs. (1.2.2) and (1.2.3) that

Fy+1) - Liy+2) - i(f(w)—Iw(x+1))+;/y(f(t)—lw(tJrl))dtZ0+0=0,

hence
fly+1) o I.(y +2)

m = = I$7
r<y<z+1 Yy -+ 2 z<y<z+1 Y+ 2

[.ac+1 =

and similarly, S, < Sy41.
Furthermore, for 0 < z <y < x + 2,

_rZy 2 [ _
fu+ )= fat 1) =L@+ [jwd= o)
as x — 00, since f(z) = O(x). Consequently,

fly+1) flz+1) _ fly+1D) - flz+1) 1 Ly _ 51
y+2  z+2 y+2 +f(x+1)<_ >O(>'

Therefore, S, — I, = o(1). Furthermore, for z <y <z +1, I, — I, = o(1) and S; — S, = o(1).
As a result, the limit C7 = lim,_, oo [, = lim,_, o S, exists.

Let f*(x) = f(z) — C1(xz + 1) and fix an integer n > 2. Note that I, < Cy < S, hence f*
takes on both non-negative and non-positive values on the interval [n,n + 1]. The continuity of
f on (1,00) implies that for some n <y <n-+1, f*(y) = 0. Clearly, f* also satisfies Eq. (1.2.1)
and consequently Eq. (1.2.2), which shows that for n <a <n+1,

Fesy=trws; [ roa=7 [ ros

12



Let T, = sup,<,<,+1 |f*(@)]. The previous equation implies that

9 n+1 2
Tn+1 S 7/ Tn S *Tn
YJn n

By induction,

for n > 2. Hence, by Stirling’s formula,

2" 2n(n — 1) 2mn?2 2\ " 3/?
T, <> "= p o2 )0~ .
! M Oﬂmmww) O<n>

As the function z — (2¢/z)*~3/? is decreasing for large z, we can conclude that

. 9¢ \ [#1-3/2 9e\ 73/
|f@ﬂ<ﬂw4=OQﬂ> :0<x> |

Expanding the definitions of f* and f, we obtain the estimate to be proved.
Finally, we will prove that C; = C, giving an alternative proof for M (x)/x — C.
Corollary 1.2.2. lim,_,o+ s%¢(s) = C;.

Proof. First, notice that
0o e~ 5Ty e~ 5T o0
52/ e dr = s {— + ] =1
0 s

By Theorem 1.2.1, M (z) = Cix + O(1), hence,

s2p(s) = 52/ e M(x)dr =C1 4+ O(1) 52/ e~ dx =C1+ O(s).
0 0

13



2. The parking problem with random sets

Assume that u is a Borel probability measure on the space of non-empty compact sets K(R?)
with the topology induced by the Hausdorff metric. We will additionally assume that 0 € X for
pa.e. set X. Furthermore, let U C R? be a non-empty open set and let v be a Borel probability

measure on U. The parking process is defined analogously to the one-dimensional case:

Definition 2.0.1. Let {X;}2°; and {Y;}$2; be independent sequences of i.i.d. variables, where
X; ~ pand Y; ~ v. We define the set Z; = X; +Y;. The index set S C {1,2,...} is defined
recursively: ¢ € S if Z; C U and for all j < ¢ such that j € S, Z; N Z; = (). Finally, let
A=Ucs Zi-

The measurability of Z; is clear, since the map K(R?) x R? — K(R%),(X,Y) — X +Y is
continuous. It is also easy to check that the set {(Z, Z") € K(RY) x K(R?) | Z N Z' = 0} is open,
implying the measurability of the event {i € S} for every i.

2.1 Singleton sets with positive probability

We will first show that if Z; is a singleton set with positive probability, then \(U \ A) > 0 almost

surely.

Proposition 2.1.1. The maps Z +— N(Z) and Z — v(Z) with domain K(R?) are Borel measur-
able.

Proof. Tt is enough to prove upper semi-continuity of the maps. Let Z € K(R?) such that
AZ) < t for some t. Since Z is closed, clearly Z = (\,_, Z1/n, where Z, is the open 1/n-
neighborhood of Z. The compactness of Z implies that Z,, is bounded, therefore A\(Z,) is
finite. By measure continuity, there is an n such that A\(Z;,,,) < t. Suppose that du(Z, Z’) < 1/n
for some Z', where dy denotes the Hausdorff metric. Then Z’ C Z /,, hence A(Z') < A\(Zy,,,) < t.
This proves the upper semi-continuity.

For v, the proof is the same, except that the measure continuity follows from the finiteness
of v. O

Lemma 2.1.2. Assume that pn({{0}}) = po > 0. Let Fp, = 0(X1,..., X, Y1,...,Y) and

suppose that F, is given. Let A, = Z;, clearly Ay, is Fp-measurable. Also, let X ~ u

i<m,i€S

14



and Y ~ v be independent variables and let Z =X +Y. If v(Ap) < 1, then

P(u(Z)>0,Z C U\ Ap)
po(1 —v(An))

Proof. Let i > m. We will first give an upper bound on P(i € S| F,,,, X;,Ys).

Suppose that m < j < 4 is such that X; = {0} and Y; € Z,. If j € S, then Y; € Z; N Z;.
Otherwise, there is a k < j for which Y; € Zj, hence Y; € Z;NZj,. In both cases ¢ ¢ S. Therefore,
a necessary condition for ¢ € S is that there is no m < j < i such that X; = {0} and Y; € Z;.

P(A) =1]Fn) <

Another necessary condition is that Z; C U \ A,,. It follows from the independence that

P(i € S| Fm, Xi,Yi) <
]P((?ﬂm<j<i:Xj ={0}AY; €7Z;),Z; CU\ Ap | Fin, Xi,Y3) =

—1
IT (0 =Px; ={0},Y; € Zi| X0, V) - Xqz.cvnan =

m=j+1

(1=pov(Z:)) " "Xzicv\an}-

It is easy to see that the conditional distribution of Z; given F,, is the same as that of Z.

Therefore,
E(r(A\ An) | Fn) =E( Y Xpiesyu(Z0) | Fu) =
1=m-+1
= Y E(xuesyv(Z) | Fm) =
i=m—+1
= Z E(P(i € S| Fm, Xi,Y:) v(Z;) | Fin) <
i=m-+1
< Z (1 =pov(Z)) ™ "Xizicnany¥(Zi) | Fm) =
1=m-+1
Z E((1 - po V(Z))Fde{ZgU\Am}V(Z)) =
i=m—+1
= E( > (1-po V(Z))i_m_lX{ZgU\Am}V(Z))-
i=m-+1

If v(Z) = 0, then every term of the sum is zero. Otherwise,

= . i—m—1 _ v(Z) _ i
i:;i_l(l Po V(Z)) V(Z) - Do V(Z) - pO.

Consequently,

E(/(A\ An) | Fn) < E<X{u(z)>o,ZCU\Am}) _ P(v(Z)>0,Z C U\Am).
- Do Do
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Finally, we can apply Markov’s inequality:

P(r(A) =1|Fn) =PW(A\ An) =1—v(Ay) | Fn) <
E(w(A\ Ap) [ Fm) _ P(n(2)>0,ZC U\ Ap)
a 1- V(Am) h po(l — V(Am))

O

Theorem 2.1.3. Suppose that u({{0}}) > 0, v < X and A(U) < oo. Then A(U\ A) > 0 almost

surely.

Proof. Fix an € > 0. If A(U \ A) = 0, then there exists a minimal k such that A\(U \ A;) < ¢
We will show that

BT\ A) = 0|k =m) < TO=AX) <€)
Po
for every m.

Since A, is a compact subset of the open set U, it follows that U \ A,, is a non-empty open
set, therefore A(U \ A4,,) > 0. If v(A,,) = 1, then for every i > m, Y; € A,, almost surely,
which implies that ¢ ¢ S. Consequently, A = A,, and (U \ A) = A\(U \ A4,,) > 0. Hence, it is
enough to consider the case when v(4,,) < 1. Note that {k = m}, {v(A4,,) < 1} € F,. Further

conditioning on F,,, then applying Lemma 2.1.2, we obtain

P(v(A) =1|k=m,v(Ay) <1,Fn) <

_PW(2)>0,Z2C U\ An)
- po(1—v(Am)) -
_PO<A2) SMUNAR).Y €U\ An) _
- po(1—v(Am)) B
PO < AX)<e,YeU\Ay)

po(1 —v(An)) a

(

(
PO<ANX)<e)P(Y eU\A,)
po(1 —v(4n)) B
(0<)\(X)<5)

Po

As this inequality is true for all m, it follows from measure continuity that

POW\ 4) =) < TSI SD =

Remark. When v is uniform on U, we obtain Theorem 3 as a special case.

Generally, it is not true that v(A4) < 1 almost surely. For example, if suppv C U is compact,
then p can be chosen such that suppr C Z; C U with positive probability. This clearly implies
that P(v(A) =1) > 0.
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2.2 The density and neighborhood conditions

Definition 2.2.1. A family of compact sets D satisfies the density condition if there is an ¢ > 0
such that for every X € D, every x € X and 0 < r < diam X,

MX N B(z,r)) > erd,
where B(z,r) is the open ball of radius r centered around z.

It is easy to check that if Dy, ..., D, satisfy the density condition, then so does D1 U---UD,,.
It is also clear that the definition is invariant under similarities.

An example of a family satisfying the density condition are the rectangular boxes
Br = {szl[o,ai] |a1,...,ad >0; Vi, j:a; < Kaj}.
for some K > 1.
Definition 2.2.2. A shape is an equivalence class of IC(R?) modulo the similarities of R,

Proposition 2.2.3. Let D C K(R%) be a family containing finitely many shapes, each of which
is the union of finitely many convex sets with non-empty interiors. Then D satisfies the density

condition.

Proof. We will first consider the case when D = {C?} for some convex compact set C with non-
empty interior. Choose a ball B(z,79) C C with g > 0. Suppose that y € C and 0 < r < diam C.
Let ¢t = r/(diam C + 7o) € (0,1). It follows from the convexity assumption that

By +t(z —y),tro) = (1 = t)y + tB(x, ) € C.
It is also clear from |z — y| < diam C that y + t(x — y) € B(y,tdiam C), therefore
B(y + t(x —y),tro) C B(y,tdiam C + trg) = B(y,r).

Hence,

AC N B(y, 1)) = MB(y + t(x — y), tro)) = rA (B (0, <11ar112+m>) .

This means that the condition holds for € = )\(B (O, dlarnrig}'—i-ro))
Now let D = {X} for X = C; U...C,, where each C; is convex and has non-empty interior.
We know that for every C;, there is an €; > 0 that satisfies the condition. Let
. (diam C; ) d
€= min & .

1<i<n diam X

Let y € X and 0 < r < diam X. Then there is an ¢ such that y € C;. It follows from the density
condition for {C;} that

diam C; r diam C} ¢ d
> . > el —— >
)\(XﬂB(y,r))_)\<C’10B<y,rdia X))_sl( Toam X ) >er?,
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therefore { X} also satisfies the density condition.

Now assume that for Xi,..., X, € K(R?), each {X;} satisfies the density condition with ;.
It is easy to check that the condition holds for D = {X4,..., X, } with ¢ = min;<;<, ¢. Finally,
since the definition is invariant under similarity, the same ¢ works if each set in D is similar to
some X;. O

Definition 2.2.4. The family V' C K(R?) satisfies the neighborhood condition if following two
properties hold:

(1) There is an R > 0 such that for every X € N, diam X < R.
(2) For every ¢ > 0, there is an 7 > 0 such that for every X € N,
M{z e R0 < d(x, X) < ndiam X}) < dA(X),
where d(z, X) denotes the Euclidean distance between z and X.

Remark. If N satisfies Condition (2), then for some constant ¢ > 0, the inequality diam(X) <
cA(X)Y? holds for every X € N. Therefore, if \(U) < oo, then the diameter of a set X € A that
can possibly fit in U is automatically bounded. It follows that if i is concentrated on A/, then
N can be replaced by a family that also satisfies Condition (1). Hence, Condition (1) matters
only in the case A(U) = oo.

Proposition 2.2.5. Let N' C K(R?) be family such that supycy diam X < oco. If N con-
tains finitely many shapes, each of which has positive Lebesque measure, then N satisfies the

neighborhood condition.

Proof. Tt is easy to check that Condition (2) is invariant under similarity. This implies that it
suffices to consider the case when A is finite.
Let § > 0 and X € N. Note that

ﬂ{x\o <d(z,X) < diam X/I} = 0.
=1

Since X is bounded, the set {z|0 < d(z,X) < diam X/I} is also bounded, so its Lebesgue
measure is finite. By measure continuity and the assumption that A(X) > 0, there is an Ix
such that {z|0 < d(z,X) < diam X/lx} < dA(X). Finally, it easy to check that for n =
minxepn 1/lx, the condition holds. O

Theorem 2.2.6. Suppose that D satisfies the density condition, N satisfies the neighborhood
condition and u(DUN) = 1. If there is an v > 0 such that p({X |0 < diam X < r}) =0, then
MU\ A) > 0 almost surely.

Proof. By the neighborhood condition, there is an 1 > 0 such that for every X € N,

M{z € RY|0 < d(z, X) < ndiam X}) < \(X).
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Note that 0 € X and diam X > r for p a.e. X. Consequently,
AB0,7r)) < X{z € R0 < d(z, X) < ndiam X}) < A\(X) 4+ AM(X) = 2A(X).

Therefore, A(X) > 1/2 - A\(B(0,nr)).

If S =0, then clearly A(A) = 0. Otherwise, let m = min S and choose an = € 0Z,,. Since
Zm C U is closed, it follows that A\(B(x,1) N U \ Z,,) > 0. Suppose for contradiction that
MU\ A) =0. Let Ay = U;<pics Zi- It follows from measure continuity that there is a k > m
such that B

AB(z,1+R)NU\ Ap) < min(%)\(B(O,nr)), erd, A(B(z,1) N U \ Zm)),

where € and R are the constants from Definitions 2.2.1 and 2.2.4. We may assume that R > r.

It is easy to check that
ABx,1)NUNA\ Zm) = AXB(z,1)NU\ Z,) = A(B(z, 1) NU \ Ag) > 0,

in particular, B(z,1) N U N A \ Z,, is non-empty. Since Z,, and Ay \ Z,, are both closed, the
connectedness of B(x,1) implies that B(x,1) NU ¢ Ay. It follows that B(z,1)NU \ Ay is a
non-empty open set, hence it has positive measure.

It is enough to show that B(x,1)N A\ Ay is countable, which implies that B(z,1)NU \ A has
positive measure. If diam Z; = 0 for some i, then Z; is a singleton, so such sets contribute only
countably many points. Suppose for contradiction that Z; € D U N is such that diam Z; > r,
Z; CU\ Ay and Z; N B(x,1) # . Choose ay € Z; N B(x,1). If Z; € D, then

AZ; N B(z,1+ R)) > A(Z; N Bly,r)) > er® > \(B(z,1+ R)NU\ Ay) > \N(Zi N B(z, 1 + R)),

a contradiction. If Z; € N, then diam Z; < R, which implies that Z; C B(y, R) C B(z,1+ R),

therefore,

AZi N B(z,1+ R)) = N(Z;) > =A(B(0,7r)) > A(B(z,1+ R) N U\ A,) > A(Z; N B(z,1+ R)),

N =

which is also a contradiction. O

2.3 Proof of the main theorem

We will use the notation F(t) = p({X | diam X < t}). The goal of this section is to prove the
following theorem:

Theorem 2.3.1. Suppose that D satisfies the density condition, N satisfies the neighborhood
condition and (D UN) = 1. If F(t) > 0 for every t > 0, p({{0}}) = 0 and v < X, then
v(A) =1 almost surely.

Remark. In general, it is not true that A(A) = 1 almost surely. For example, if U contains a ball
B(z,2r) such that v(B(x,2r)) = 0 and p({X | diam X < r}) = 1, then AN B(z,r) = 0 almost

surely.

19



In the whole section, we will assume that F(t) > 0 for every ¢ > 0 and v < .

Let f be the density function of v and let L C U be the set of Lebesgue points of f in U
where f > 0. By Lebesgue’s differentiation theorem, A a.e. 2 € R? is a Lebesgue point of f. It
follows that

= [ swae= [ i@ oe =0

U\L
therefore p(L) = 1.

Lemma 2.3.2. For every x € L and r > 0 such that B(x,r) C U, there exists a k € S almost
surely such that Z, N B(x,2r) # (.

Proof. We will first prove that there is an ¢ such that Z; C B(z,r) almost surely. Since Z; are
iid., it is enough to show that P(Z; C B(z,r)) > 0. We can see that if diam X; < r/2 and
Y; € B(z,r/2), then Z; C B(xz,r). Therefore,

P(Z; C B(z,r)) > P(diam X; < r/2,Y; € B(z,7/2)) =

= F(r/2)v(B(x,7/2)) =2 5 F(r/2) f(x) M(B(z,7/2)) > 0.

N |

If Z; C B(z,r), then either i € S or there is a j < ¢ such that j € S and Z; N Z; # (), which
implies that Z; N B(xz,r) # (. In both cases the needed k exists. O

Fix an « € L. By the definition of L, there is an g > 0 such that B(z,r9) C U and for every

r <Tro,
f(z) _ v(Bla.r)
2 7 ANB(z,r))

For an integer n > 1, let r,, = ro/2".

< 2f(x).

To avoid difficulties later around measurability, we will choose g = 1/, where [ is the smallest

positive integer such that B(z,79) C U and for every n > 1,

f(x) _v(B(x,ry))
> = NB(z,rm)

<2f(x).
Forn > 1, let
kn = min{k € S| Z, N B(x,2r,) # 0}.

Note that k, exists almost surely by Lemma 2.3.2. Furthermore, let d,, = 1 if diam Zy,, > r, /2,

otherwise let d,, = 0.

Lemma 2.3.3. For everyi > 1,

1 F(Ti—i-l)
;= o, di_1) > — .
]P)(dz 1 I d17 7d1 1) = 4. 3d (1 F("’z) )

Proof. Clearly, the sequence {k,} is monotonic. Set kg = 0. It is easy to see that there is a

unique pair (m, j) such that m >1,¢> j > 0and k; = k;—1 = --- = kj1 = m > k;. Therefore,
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it is enough to prove the inequality by further conditioning on m and j. From now on, we will
consider m and j to be fixed.
We can further condition on F = o(Xy,... X;n—1,Y1,...,Ym_1). It is easy to check that for

i < m, the event {i € S} is in F. It follows that given k; < m, the variables kq,...,k; are
F |{;€j<m}—measurauble7 hence dy,...,d; are also F \{kj<m}—measurable. Therefore,
P(dz = 1|d1a---7di—17 m, j? ‘7:) =
:]P)(di = 1|k1 Zki_l =-.-.- :kj+1 =m>kj, d17~-~,dz‘—17 .7:) =
:]P)(dl = 1|k1 :ki,1 = :ijrl :m>kj, dj+1,...,di,1,]:) =

:]P)(dz = 1|ki =m, kj+1 >m > kj7 dj+1,...,di,1, ]:)

If diam Z,,, > 7;, then d; = 1, so we can further condition on diam Z,, < r;. Since k; 1 =
k; = m, this implies that dj;1 = --- = d;—1 = 0. Consequently,
P(dl =1 ‘ kil =m, k‘j+1 >m > k?j, dial’an < T, dj+1, - 7di—17 ]:) =
=P(diam Z,, > r;/2|m € S, Z,, N B(x,2r;) # 0, diam Z,,, <1y, kjy1 > m > k;, F) =

P(m € S, Zpn N B(x,2r;) #0, ri/2 < diam Z,,, < r; | kjp1 >m > kj, F)
P(m € S, Z,, N B(z,2r;) # 0, diam Z,,, < r; | kj41 > m > k;j, F).

We will now give bounds for both the numerator and the denominator. For the numerator, notice
that since k; > kjy1 > m, Z; N B(z,2r;) = () for every | < m. It follows that if Z,, C B(x,2r;),
then m € S. A sufficient condition for Z,, C B(z,2r;) is that diam X,,, < r; and Y,,, € B(x,r;).
It is easy to see that {k;4+1 > m > k;} € F. Since X,,,Y,, and F are independent, we obtain
P(m € S, Z,, N B(x,2r;) #0, r;/2 < diam Z,,, < r; | kjp1 >m >k, F) >
> P(Y,, € B(z,r;), r;/2 < diam X, <r;|kjy1 >m > k;, F) >
> P(Y,, € B(z,7;)) P(r;/2 < diam X,,, < ;) >

v(B(z,r:))(F(ri) — F(ri/2)) > %f(w)A(B(%W))(F(H) = F(ri/2)).

For the denominator, it is easy to check that if diam Z,,, < r; and Z,, N B(z,2r;) # (, then
Y., € B(x,3r;). Using the independence again,

v

P(m € S, Z,, N B(x,2r;) # 0, diam Z,, < r; | kjy1 > m > k;, F) <
P(Y,, € B(z,3r;), diam X,,, <r; | kjp1 >m>k;, F) =
=P(Y,, € B(z,3r;)) P(diam X,,, < r;) =
(B(w,3ri))F(r;) < 2f(@)MB(x,3r:))F(r:) = 2 3 f(2)A(B(w,7:)) F (r:).

Combining the inequalities yields the bound

| /\

v

P(d=1|k’=m, k]‘+1 Zm>k‘j, dj+1 =---=d;_1 =0, ]:) >
o Y2 f@AB,r)(F(ri) = F(ri/2)) 1 F(ri) = F(ri/2) 1 (1 _ F(?‘i/Z))
- 2-34f(x)\(B(x, 1)) 4.3d F(ry) 4.3d F(ry) )
This concludes the proof. O
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Lemma 2.3.4. Suppose that 0 < x, <1 for every n > 1. Then [~ x, =0 for if and only if
S omeq (1= ,) = 0.

Proof. Let log0 = —o0, this extends the logarithm function continuously to [0, 00). Assume that
Hzozl Zn = 0. If x, < 1/2 for infinitely many n, then the sum is clearly infinite. Since x,, > 0
for all n, finitely many factors do not affect convergence of the product to zero. Therefore, we
may assume that z,, > 1/2 for all n. By concavity of logarithm, logz,, > —2log2- (1 — z;,) for
all n. It follows that

—oo0 = log ﬁ Ty = ilogmn > —2log?2 i(l — Iy),
n=1 n=1 n=1

which implies that > > (1 — z,) = oo.

For the other direction, we can use the inequality log z,, < =, — 1:

log ﬁ T, = ilogmn < i(mn —1)=—c0.
n=1 n=1 n=1

Lemma 2.3.5. Suppose that ({{0}}) = 0. Then limsup,,_,., d, = 1 almost surely.

Proof. Tt is enough to prove that for every j, P(Vn > j : d,, = 0) = 0. It follows from Lemma 2.3.3
that

i—00
s TP 00, = 00—
n=j
=[[Pdn=0ldj=-- =d,1=0) <
n=j

(-5 (-557)

By Lemma 2.3.4, it is enough to prove that

I

or equivalently,

Applying the other direction of Lemma 2.3.4, it suffices to show that

0 T ECne) _ 77 Flasn) _ o Flrign) _ p({X | diam X :0})’
ny Flra) imee it F(rn) imee F(ry) F(ry)
which is clear from the assumption p({{0}}) = 0. O
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Remark. The proof of Lemma 2.3.5 is essentially the same as that of the second Borel-Cantelli

lemma, except that instead of independence, we have bounds on the conditional probabilities.
Lemma 2.3.6. It is almost surely true that for p a.e. x, limsupd,(z) = 1.

Proof. Tt follows from Fubini’s theorem and Lemma 2.3.5 that

E(u({z | lim sup do(z) # 1})) = E( [ Xtimawa o du) ~ [ Blimsupd, () £ 1) dv =0,

therefore, v({x | limsup d, (x) # 1}) = 0 almost surely.

However, to use Fubini’s theorem, we must check that the integrand is measurable. Let
Q= (IC(]Rd) X ]Rd)N be the probability space. It suffices to show that the map d,, : QxR? — {0, 1}
is measurable.

For fixed ro = 1/I, the condition B(x,rq) C U is closed. For every n, the set

(o] 5 = B

< 2f(z)}

is measurable, since f is measurable and so is v(B(z,1,)) = [ X{B(z,r)}f dA. Since [ was chosen
to be minimal, the measurability of ry follows easily.
Finally, for fixed ro, n and m, the condition Z,, N B(x,2r,) # 0 is open and the map

Zp — diam Z,,, is continuous, implying the measurability of d,,. O

Proof (Theorem 2.3.1). Tt is clear that X; € DUN for all ¢ almost surely. By Lemma 2.3.6, it is
almost surely true that for v a.e. z, limsupd,(x) = 1. We will show that these two conditions
imply that v(A) = 1.

Let

d(z) = limsup MAN Bz, )
rsot - AB(x,7))

By Lebesgue’s density theorem, d(x) = xa(x) for A a.e. z. By the assumption that v < A, this
implies that d(x) = xa(x) for v a.e. z. Hence, it is enough to show that for v a.e. z, z € A or
d(z) > 0.

Fix a y € R? and also fix a 6 > 0. By the neighborhood condition, there is an 1 with the
property that for every ¢ such that X; € NV,

M{z € R0 < d(z, Z;) < ndiam Z;}) < 6A(Z;).
We may assume that n < 1. Let

Ns =By, 1)n |J {zeR*0<d(z,Z) < ndiam Z;}
i€S, XieN
We will now show that if z € U N B(y,1) and limsupd,(x) = 1, then either z € AU N;s or
d(x) > 0. Suppose that x € U N B(y,1) and d,(x) = 1 for some n. Since k, € S, clearly
Z, CA.

n —
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First, consider the case X}, € D. Choose a point z € Z;, N B(x,2r;). Let € be the constant

from the density condition. Since diam Zj, > r,/2, we can use the density condition:
NZy, N B(2,74/2)) = N Xk, N B(z — Yi,,7/2)) > e(rn/2)"

As B(z,r,/2) C B(x,4r,) C B(x,4r,/n), we obtain the bound

MAN B(x,4r, /7)) S M Zy, N B(z,1,/2)) €
AB(z,4rn/n))  — (ra/2)*NB(x,8/1)) ~ MB(x,8/n))
Now assume that Xi, € N. If d(z, Zx,) = 0, then z € A. If 0 < d(z, Zi,,) < ndiam Zj, , then
x € Ns. Otherwise, ndiam Zy,, < d(x, Zy,) < 2r,, therefore diam Z,, < 2r,/n. This implies
that Zy, C B(x,2r, + 2ry,/n) C B(x,4r,/n). We know from d,,(z) = 1 that diam Z_, > r,/2,
hence ndiam Zj, > nry,/2. By the neighborhood condition,

Y

N B(z,mr,/2)) < X{z € R0 < d(z, Z;) < ndiam Z;}) < (14 6)A(Z:).

Consequently,
NAN B(o,dr/m) _ 1 A(Z,) 2
A(B(z,4rn/n)) 84 A(B(z,nrn/2)) — 841 +0)

Note that in both cases, we obtained a lower bound that does not depend on n. Since d,, =1

>

for infinitely many n and r,, — 0, we can conclude that if © ¢ AU Ny, then d(z) > 0.

For v a.e. z, limsupd,(z) = 1 by Lemma 2.3.6. It follows that for v a.e. € B(y, 1), either
d(xz) >0 or z € AU Ns. This is true for every § > 0, so for v a.e. x € B(y, 1), either d(x) > 0
or z € AU, Niji. Assuming that v((,2; N1;;) = 0, this implies that for v a.e. z € B(y, 1),
d(z) > 0 or x € A, then we are done, since R? can be covered by countably balls of the form
B(y,1). By the assumption v < A, it suffices to prove that )\(ﬂloil N1/z) =0.

The neighborhood condition implies that there is an R such that diam Z; = diam X; < R
whenever X; € N. For every x € Ng, there is an ¢ € S such that X; € N and d(z, Z;) <
ndiam Z; < diam Z; < R. Clearly, Z; C B(z,2R) C B(y,2R + 1). Combined with the disjoint-
ness of the sets {Z; |7 € S}, this implies that

A(Na)<A< U {xeRd|0<d(x,Zi)<ndiamZZ-})<

i€S, X;eN
Z;CB(z,2R+1)

< Y AMzeR!0<d(x, Z) < ndiam Z;}) <
i€S, X;eEN
Z;CB(x,2R+1)
< ) 0AZ) <ONB(x,2R+1)).

i€S, X;eN
Z;CB(z,2R+1)

Therefore, A(Ns) — 0 if § — 0. O

Combining Theorems 2.1.3, 2.2.6 and 2.3.1, we obtain the following zero-one law:
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Theorem 2.3.7. Suppose that A(U) < oo, v < X and ANy < v. Also, assume that for some
D,N C K(RY), D satisfies the density condition, N satisfies the neighborhood condition and
w(DUN) = 1. If either u({{0}}) > 0 or there is anr > 0 such that u({X |0 < diam X < r}) =0,
then P(A(U \ A) =0) = 0. Otherwise, P(AN(U \ A) =0) =1.

Remark. When v is uniform, we can set D = 0 and by Proposition 2.2.5 we can choose N to be
a family containing finitely many shapes with positive Lebesgue measure. This gives Theorem 2
as a special case.

The zero-one law fails for P(A(U \ A) = 0) when the condition \|y < v is omitted. For
example, consider the case when d > 2, U = B(0,2) and v is uniform on B(0,2)\ B(0,1). If p is
chosen such that the sets Z; are either balls or spherical shells of the form B(z, 2r)\ B(x,r) (with
bounded radii), then it follows from Proposition 2.2.5 that the neighborhood condition is satisfied
(furthermore, an easy calculation shows that the density condition also holds for this family).
The measure x can be chosen so that with positive probability, Z; = B(z,2r)\ B(xz,r) C U and
B(z,7) C B(0,1) C B(x,2r) for some = and r. Since all Z; are connected, after placing Zi,
no set in S can intersect B(z,r), since it is separated from the support of v by Z;. Therefore,
A(U\ A) > 0 in this case. On the other hand, p can be chosen such that, additionally, B(0,1) C
Z1 C B(0,2) with positive probability. After placing such Z, it follows from Theorem 2.3.1 that
v(A) = 1 almost surely, which implies that A\(U \ A) = 0. As a result, P(A(U \ A) =0) ¢ {0,1}
for this construction.

A similar construction shows that without the condition A|y < v, the zero-one law fails also
for P(v(A) = 1), which is possibly different from P(A(U \ A) = 0) in this case. Let U = B(0,2)
and let v be uniform on B(0,1). If we allow balls, spherical shells, plus singleton sets with
positive probability, then p can be chosen such that v(Z;) = 1 with positive probability. We can
choose p such that additionally, there is a positive probability that B(0, 1) covers the hole in the
spherical shell Z; C U. After placing such Z;, v(A) < 1 by Theorem 2.1.3.
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3. Hausdorff dimension of the complement

We will consider a special case of the problem whend = 1, U = (0,1) and v = A|y. We will further
assume that p is the distribution of the interval [0, 2], where x has some distribution pg defined on
[0,00). Clearly, & has cumulative distribution function F'(t) = uo([0,¢)) = p({X | diam X < t}).

The goal of this section is to give conditions for determining the Hausdorff dimension of the
set U \ A. Using the notation F(07) = lim;_,g+ F(t) = po({0}), note that if F(0T) > 0 or
F(g) = 0 for some € > 0, then by Theorems 2.1.3 and 2.2.6, A\(U \ A) > 0 almost surely, hence
dimy (U \ A) = 1. For the whole chapter, we will assume that F'(07) = 0 and F'(¢) > 0 for every
e > 0.

3.1 The binary tree of intervals

Let j € {1,2,...} and let I be a maximal interval of (0,1) \ U, ;cs Zi- Rather than working
with the sequence {Z;}, it is more convenient to consider the first interval in S contained in
I. This first interval splits I into two smaller intervals, allowing us to define a binary tree of

intervals.
Definition 3.1.1. Let o € {0,1}*. We define the index i, and the open interval I, recursively:
I@ = (0’ 1)
ie =min{i| Z; C I,}
Io-() = (mf IU, min Zz,,)

I,y = (max Z;_,sup I,)

Note that by Lemma 2.3.2, the assumption that F'(¢) — F/(0T) > 0 for every e implies that i,
exists almost surely. It is easy to check that the intervals {Z;, },ec0,13+ are disjoint, in particular,

the indices {i¢},ef0,13+ are all distinct.
Proposition 3.1.2. S = {i, |o € {0,1}*}.

Proof. We will prove by induction on k that k € S <> k € {i, |0 € {0,1}*}.
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Suppose for contradiction that k& € S, but k # i, for every 0. We will define a sequence
b1,ba,... € {0,1} recursively such that Z C Ipp,. p, for all @ > 0. By the definition of S,
Zr € (0,1) = Iy. Assume that by, ...,b; are already defined for some ¢ > 0. By the minimality

of ip,,...b,, it follows that iy, , < k. There cannot be equality here by the assumption, so the

b

induction hypothesis implies that 45, s, € S. Since k is also in S, this means that Z;, , NZ; = 0.

Note that Zj is connected, consequently, Zx C Ip, . p,p,,, for some b;11 € {0,1}. This way, we

it1
have defined a sequence {b;}5°, satisfying iy, s, < k for all 4. This is a contradiction, since the
indices 4y, ... p, are all distinct.

Now assume that k ¢ S, but i, = k for some 0. Then Z; C I, C (0,1), so by the definition of
S, there is a j < k such that j € S and Z;NZ;, # 0. By the induction hypothesis, j = i, for some
p € {0,1}*. Note that i, # i, (therefore, o # p), so the disjointness implies that Z; N Z;, = 0.

Hence, 0 # Zy, N Z; = Z;, N Z;, = 0, a contradiction. O

For o,p € {0,1}*, we will use the notation o < p to denote that o is an initial segment of p
and similarly, o < p when ¢ is a strict initial segment of p.
For p € {0,1}*, let [, = diam I, and z, = diam Z;,. We define the o-algebra

Jp = U({lv}’yépv {Z’y}’y<p)'

It is clear from the definitions that [, = [,0 + 2z, +{,1. Since [, is F,-measurable, it follows easily
that
fpo = O'(]:p, lpo, Zp) = O’(J—"p, lpl, Zp) = .Fpl.

Definition 3.1.3. For ¢t > 0, let X ~ po and Y ~ U(0,t) be independent variables. We define

L; as the conditional distribution
Li~(X|X+Y <)

Lemma 3.1.4. Let 0 € {0,1}*. Given F,, z, has distribution L. If we additionally know z,,

then 0 < z,0 < l, — 2z, is uniformly distributed. Formally,

(20 | Fo) ~ Lu,
(loo | For20) ~ U(0, 1y — 25).

Proof. Tt suffices to prove the statement when further conditioning on i, = k for each k, since
i, has countably many possible values. Let X; = [0,2;] and G = o(21,..., 251, Y1,..., Yi—1).
For every p < o, it follows from the minimality of i, that i, < i, = k. It is easy to check that
this implies that o(F,, {ic = k})|i,=x} € 0(G,{ic = k})|1i, =k}, furthermore, inf I, and sup I,
are both o(G, {ic = k})|{;,—r}-measurable. Also, assuming i, = k, we can see that z, = x;, and

loo = Yy — inf I;. Therefore, it is enough to show that

(21| Goic = k) ~ L,
(Yk - ianc, |g,’ig = k,:L'k) ~ U(O,lg — l’k)
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Let y =Y —inf I,. Since Z; C I, if and only if inf I, < Yy <Y + zr < supl,, clearly i, = k
if and only if i, > k,0 < y < I, and x + y < l,. Notice that {i, > k} € G. This means that it
suffices to show that

(2:]G, 0 <y <lo, tp+y <lo) ~ Ly

o

<y|g70<y<laa xk+y<la7wk)NU(07lU_xk)'

Since G, xj and Yy are independent, it follows that given G and 0 < y < l,, =, and y are
independent variables with distributions z ~ po and y ~ U(0,l,). The statement about the
conditional distribution of z; now reduces to the definition of L;. For the conditional distribution

of y, the conditional independence of x; and y implies that
(y|g, O0<y<ly, zp+y<ls, ajk) ~ (y|$k, lo, O<y<laka) NU(OalU*xk)'
O

Lemma 3.1.5. Let (X, M, p) be a probability space and let Ay, As,--- € X be a sequence of
i.i.d. wvariables with distribution p. Suppose that P € M satisfies 0 < p(P) < 1. Partition the
sequence {A;} into two subsequences {Ago)} and {A;l)} as follows: if A; € S, then it is put in
{A§O)}, otherwise, it is put in {Agl)}. Then {Ago)} and {AED} are independent (almost surely)

infinite sequences of i.i.d. variables.

Proof. 1t is clear that if 0 < p(P) < 1, then A; € P and A; ¢ P both occur infinitely often
almost surely.

By the uniqueness of the product measure, it suffices to prove that for every sequence of sets

(0) Wy ; ; (b) :
{E;”} and {E;} in M and every n, the variables {£;"} are independent for b € {0,1} and
7 < n. We will prove that

0 1
p(E N P) o p(E\ P)

P(vj <n.be{0,1}: AP e EY) = T p(P) 1:[ p(X\P)

j<n

Setting all except one of the Ei(b) to X, we get that ]P’(AEO) € Ei(o)) = p(Ei(O) N P)/p(P) and
]P’(Agl) € Ei(l)) = p(EZ(l) \ P)/p(X \ P), from which the independence is clear.

Let i;o) be the jth smallest ¢ such that A; € P and similarly, let i;l) be the jth smallest i
such that A; & P. It is clear that the values i) are all distinct and A;b) = Ai;m. Since the

j
vector (igo), .. ,iﬁ{”, igl), ce, z’S)) has countably many possible values, it is enough to prove the
equality above after conditioning on a particular value of this vector. Conditioning on this vector

gives information only on which Agb) are is P, hence they are conditionally independent (but no
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longer identically distributed). Therefore,

P(Vj <nbe{0,1}: AP e BO iV, il0 iV i) =
= H P(Ai§.°) S Ej(.o) | Ai§~0> € P) . H P(Ai;m S EJ(»l) |Ai§.1) ¢ P) =

j<n j<n
(0) (1)
) LRI V)
i<n i<n p
which completes the proof. O

Lemma 3.1.6. Let 0 € {0,1}*. Given Fyo, the subtrees {loop}peqo,13+ and {lo1p}pef0,13+ are

mdependent.

Proof. Let X! = X;y;, and Y/ = Y;4,;,. We will first show that given F,q, the pairs (X/,Y/)

for ¢ > 1 are i.i.d.. We can prove this by further conditioning on i, = k for some k. Let
G=o0(X1,...,Xp,Y1,...,Yy). It is clear that o(Fso0,{ic = k})|{i, =k} € Gl{i, =k} Since G and
{(Xi,Y:) }i>k are independent, it follows that given F,o and i, = k, {(X/,Y/)}i>1 is a sequence
of i.i.d. variables with distribution g x v. Since this is true for every k and the distribution
of the sequence does not depend on k, we can conclude that the distribution is the same when
conditioning only on Fyy.

It is easy to see that inf I, and sup I, are both Fyo-measurable. Let Z! = X/ +Y/ = Z;1; .
We can apply Lemma 3.1.5 to the sequence {Z!} with P ={Z|Z C I,¢}, since we have seen in
the proof of Lemma 2.3.2 that Z; C 1,9 and Z; C I,; both have positive probability. We get
a partition of {Z!} into independent subsequences {Z(O)} and {Z(l)} such that Z(O) € P and

](1) ¢ P for every j. It follows from the minimality of i, that {l50,},cf0,1}+ 18 determmed by
{ZJ(0 } and {l51,}pefo,13+ is determined by {ZJ( )} (since I,o N Iy1 = ). The independence of

the subsequences implies that {l,0p}pe(0,13+ and {ls1,}pef0,1}+ are also independent. O

Theorem 3.1.7. Let {Us }oeq0,13+ and {Vs}oeqo,13+ be independent sequences of i.i.d. variables
uniform on (0,1). We define the variables I, and z.. for o € {0,1}* recursively:

=1 A =FL V), Le=Usll, =), ly=(1-Un) —2),

where FL_tl(p) = inf{z| Fr,(z) > p} is the generalized inverse of the cumulative distribution
function Fp (z) =P(Ly < x). Then {ls}ocqo,1y+ and {I,}scq0,13+ have the same distribution.

Proof. Denote by |p| the length of p € {0,1}*. It suffices to prove that for every o and n and
every tree of borel sets {E,},c(0,1}+, there is a Borel measurable function f(t) such that for

every X = {r,},<o and y = {y }, <o,

flzg) = P(V|p| Snilop € Eop ’ {lh <o =%, {2y }y<o = Y) =
= ]P)(V|P| <n: l:Tp € Eop | {lfy}wéﬂ =X, {ny}’y<0 = y)'
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Since Iy = I = 1, setting o = () and x¢ = 1, we get {I,}|pj<n ~ {I},}|p|<n for all n, which implies

that {l,} ~ {I,}.
We will use induction on n. The case n = 0 is trivial since both conditional probabilities are

X{z,€E,}"
Assume that n > 1. For b € {0,1}, the induction hypothesis implies that there is a Borel

measurable function f;(¢) such that
fb(t) = P(V|p| <n: lobp € Eo’bp | {lw}wgcn {Z"/}"/<0'710'b =1, ZO’) =
= P(V|p| <n: l:)'bp € EUbP | {l;}vﬁm {Z/y}“/<0’lz/;b =1, Zé_)
It follows from Lemmas 3.1.4 and 3.1.6 that
P(Vlp| < n:lop € Eop | L o ) e

_ IE(IP’(V|p| < lyy € Eqgp| Fro) \fg) -

= X{laeEU}E(P(WM <n: lgop S Egop ’f00>P(V‘p‘ <n: lo‘lp S E,ﬂp | .7:(71) ‘]:U) =

= X e E(folloo) f1(lo1) | Fo) =

= X{IGEEU}E(E(fo(lao)fl(lal) | For 20)

1
= XUUGEU}E(/@ fo (u(lg - zn))fl((l —u)(ly — zg)) du

F) =

")
= X{l,eE,} Bz, (/01 fo(u(le = 2)) f1((1 —u)(lo — 2)) du).

We will now do a similar calculation for {I;,}. It is well-known that for fixed ¢, F 1(V,) has

/

distribution L;. Consequently, given I/

2, has distribution Ly, . Since {I/} <, and {2/} <,

depend only on {(U,,V,)},<o, the independence implies that
P(V|p| sn: l;p € Eop ‘ {lfy}’YSU’ {ny}'v<0) =
=E(P(vlpl < il € Eop | I rsos {2 o U, 24)
= X es  E(follh0) f1(151) [ {I <o {7 r<o) =
= Xques  E(fo(Us (I, — 20)) f1 (1 = Us) (U, — 21)) [ {l }y<o: {7 r<o) =

= X{,eE,} Benr,, (/01 fo(u(ll, = 2)) f1((1 —u)(l, — 2)) du).

{li/}"fﬁfﬁ {ny}'y<a> =

Therefore,
1
fi) = XiteE,} Eznr, (/ fo (u(t — z))fl((l —u)(t— z)) du)
0
satisfies the condition. O

Note that the tree {l,} completely determines the set A. From now on, we can assume by
Theorem 3.1.7 that I, =1/ and z, = z_.
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3.2 Random recursive constructions

We will now determine the Hausdorff dimension in the special case when F(t) = t* for some
a > 0. The main result used in the proof is the following theorem by Mauldin and Williams [12]

about a random recursive construction:

Definition 3.2.1. Let J C R be a non-empty compact set with the property J = intJ. A
family of random compact sets J = {J, }sen-, is called a construction if it satisfies the following

properties:
(1) Jy = J and for every o € N*, J, C R? is either empty or similar to .J.
(2) For every o € N*, the sets Jyq, Jo1,... are subsets of J, with pairwise disjoint interiors.

(3) If J, # 0, let T,; = diam J,;/ diam J, and 7, = (T0, o1, - . . ) with the convention diam () =

0. Then the vectors 7, are i.i.d..
Theorem 3.2.2 ([12, Theorem 1.1]). Let J be a construction. Define the set

K:ﬁ U 7.

n=0ceN"
IFE(|{i|T; # 0}]) > 1, then P(K # 0) > 0. Furthermore, if K # 0, then almost surely
dimg K =min{s > 0|E(> ;2 T5) <1} > 0.

To use this theorem, we will take J = [0,1], J, = I, for 0 € {0,1}* and J, = () for
o € N*\ {0,1}*. It is trivial that (1) and (2) are satisfied by this family.

Using Proposition 3.1.2; we can see that

vva=v\ U z.=v\J U zz,,m@\ U z) n u
oe{0,1}* n=0|o|<n n=0 lo|<n n=00€{0,1}"
It follows immediately that U \ A C K. We can easily see that
K\Nw\AHcl) U U \)=U U oL,
n=0o0e{0,1}" n=00e{0,1}"

which is countable. Since countably many points do not affect the Hausdorff dimension, this
shows that dimy(U \ A) = dimyg K.

Theorem 3.2.3. Suppose that F(t) =t* for 0 <t <1 and some fized @ > 0. Let s = s(a) > 0

be the unique solution of the equation
20a+1)Bla+1,s+1) =1,

where B is the beta function. Then dimy(U \ A) = s almost surely.
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Proof. We will first check that the distribution L;/t does not depend on 0 < ¢ < 1. Let X ~ pg
and Y ~ U(0,t) be independent. For 0 < u < 1, we can see that

tu
t— t-dF
(Lot <u) = P(X < tu| X +V < t) = DX StV + X <t) _Jo =)/t dF@)

PX +Y <) Jot —a)/t-dF(z)
fotu ala+1)(t —z)zvtdx - totl fou ala+1)(1 = z)z° 1t da -
- f(f ala+1)(t —x)z—tde B [(a+ 1)tz — azetl]l -

_ /u afa+ 1)(1 - 2)e da,
0

which does not depend on ¢t. Hence, FL_ (v)/t = F} /t( v) depends only on v. Furthermore, the

previous calculation shows that the density function of L;/t is

froi(@) =ala+1)(1—z)z* "

The next step is to show that Property (3) holds in this case, or equivalently, the vectors

() = (05 am-%))

are i.i.d.. This is clear, since z,/l, = FL_L1 (V5)/l, depends only on V, and the vectors (Uy, V)
are i.i.d..

We will now calculate ]E((lgo/lg)s + (lgl/lg)s). Using the formula for the density function,

// (1= ) - afa+1)(1 — 2)2° dude =

:2aa+1)/(1 m)9+1 a1 gy _
s+1 0

) 1)B 2
_ 20(a+ )+(10~8+ ) _2(a+1)Blat1,s+1).
S

we get

=
N
7 N\
e
N~
w
+
7 N
R
N~~~
[V,
~_
||

It is trivial that 0 € K, so K # (). Theorem 3.2.2 implies that dimyg K is almost surely the
minimal s such that 2(a+ 1)B(a+ 1,5+ 1) < 1. Note that the beta function is continuous and
strictly decreasing in its second argument and furthermore, 2(c + 1)B(a+ 1, 1) = 2. This shows
that s > 0 is the unique solution of the equation 2(a + 1)B(aw + 1,5+ 1) = 1. O

Proposition 3.2.4. The function s(a) is a continuous, strictly decreasing bijection from (0, 00)

0 (0,1).

Proof. Let ®(a,s) = 2(a+ 1)B(a+1,s+ 1) for 0 < a and 0 < s < 1. It follows from the
properties of the beta function that ®(«,s) = 2sB(« + 2,s). This shows that ® is continuous
and strictly decreasing in both variables. Suppose that 0 < a < 5. We can see that

P(a,s(a)) =1=2(8,s(8)) > ®(a, 5(8)),
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which implies that s(«) > s(8). Hence, s(a) is strictly decreasing.

We have seen earlier that s(a) > 0 for every o > 0. A simple calculation shows that
®(a,1) = 2/(a + 2) < 1, therefore, s(a) < 1 for every a > 0. It remains to check that s(a) is
a surjection onto (0, 1), since combined with monotonicity, this implies that s(«) is continuous.
Let 0 < s < 1. We can check that ®(0,s) = 2/(s +1) > 1 and limy 0o P(ar,s) = 0. By
the intermediate value theorem, there is an o > 0 such that ®(«,s) = 1, which implies that
s(a) = s. O

Corollary 3.2.5. For every 0 < s < 1, there exists a po such that dimp(U \ A) = s almost

surely.

Proof. By Proposition 3.2.4, there is an « such that s(a) = s. It follows from Theorem 3.2.3
that if F(t) =t* for 0 <t <1, then dimy(U \ A) = s(a) = s almost surely. O

3.3 Bounds for the Hausdorff dimension

The goal of this section is to prove Theorem 4. The main idea is to define a coupling with the

t® case, then use the result from the previous section to obtain a bound.

Lemma 3.3.1. It is almost surely true that

lim max [, =0.
n—o00 oce{0,1}n

Proof. It is clear that l,0 < l,U, and ly0 < l,(1—U,). Since U, and 1—U, both have distribution
U(0,1), it follows from the independence that if |o| = n, then
1
=3
Fix an € > 0. It easily follows from Markov’s inequality that

ez T ez
oce{0,1}n

E(l7) < (EU(0,1)%)"

3ng2’

Since this bound is exponentially small, the Borel-Cantelli lemma implies that for large enough

n, MaXge (0,1} lo < €. As this is true for every € > 0, the statement follows. O

Lemma 3.3.2. Suppose that F and G are two cumulative distribution functions on [0,00) that
are positive on the interval (0,00). Let Lf' and L be the corresponding distributions for jg ~ F
and po ~ G, respectively. If there is an € > 0 such that F/G is increasing on (0,¢), then for
every 0 <u <t <e, P(LF <u) <P(L§ < u).

Proof. Let X ~ F and Y ~ U(0,t) be independent. It is clear from the definition of L; that
PX <u,X+Y <t) %fot]P’(X<u,X<t—a?)dx

PLY <w) = PX +Y <) B %fOtIP’(X<x)dx N
B f(f F(min(u,t — z)) dz _ fg F(min(u,z)) dm.
fot F(t—x)dx fg F(z)dz
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Taking reciprocals, we obtain the formula

L F@de [y (F(minu,2)) + Xuen (F(@) - F(w)) de
P(L{ <u)  [¥ F(min(u,z)) dx fot F(min(u, z)) d
[H(F(z) - F(u))dz

fot F(min(u,z))dz

A similar formula holds for LE. Therefore, it suffices to show that

Ju(F () = Fw)do _ [1(G() - G(w) de
fg F(min(u,z))dz f; G(min(u, z)) dx

Let ¢ = F(u)/G(u). The monotonicity of F/G implies that F(z) < ¢G(z) for z < w and
F(z) > ¢G(z) for z > u. Consequently,

Ju(F(@) = Fu)do_ [(cG(r) = cGu) dr _ [(G(x) — G(w) da-

fot F(min(u,z))dx fot c¢G(min(u, z)) dx fot G(min(u, x)) dx

O

Theorem 3.3.3. Let a > 0. If there is an € > 0 such that F(t)/t* is increasing on (0,¢), then
dimyg (U \ A) < s(a) almost surely.

Proof. Let G(t) =t for 0 <t < 1. Define the variables I, and Z, recursively by the formulae

lp =1, Zo =F; 2 (Vo), loo = Uy(ly — 2,), Iy = (1= Uy)(ly — o).
lo

Note that lN(, is the diameter of J, in the case pg ~ G. By Lemma 3.3.1, [, > ¢ occurs finitely
many times, so there is a ¢ > 1 such that for every o € {0,1}* and b € {0,1}, if I, > ¢, then
lov/ Iy < c.

We will prove by induction on o that [, < cl, for every o € {0,1}*. This is clearly true for
o = 0. Now assume that I, < cl, for some 0. We have to prove that l,, < ¢l for b € {0,1}.
If I, > &, then we are done by the choice of ¢. Otherwise, it follows from Lemma 3.3.2 that
FL{”; < FLg. We have seen in the proof of Theorem 3.2.3 that F;tcl(Vg)/t depends only on V,,

therefore,
o P (o) Fg (Vo) Fre(Ve)
o _ > [

By the induction hypothesis,

loo = Uy (ly — 25) = Uyly (1 - 7”) <U,l, (1 - ’ZZC’) < cU,l, (1 - ’f") = .

A similar calculation shows that [, < cl~01.

We will finish the argument based on the proof of [12, Theorem 1.3]. We have seen in the
proof of Theorem 3.2.3 that the vectors (Iy0/ly,ls1/ls) are independent and s = s(a) satis-
fies the equation E((ls0/ls)* + (Ir1/ls)*) = 1. Let S, = 2oe{o1}n I5. Tt follows from the
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previous equation that {Ss,}72, is a positive martingale, therefore it converges almost surely.
Consequently, there is an M > 0 such that Ss, < M for every n.

Fix a 6 > 0. By Lemma 3.3.1, I, < ¢ whenever n = |o| is large enough. Note that
K C UJE{O,I}” J, hence,

H3(K)< > (damJ,)* = > I5<ct Y
0e{0,1

7s s s
=58, ., <M.
oce{0,1}n oce{0,1}n n

}

Taking the limit § — 0, this implies that H*(K) < ¢*M < oo, therefore dimyg K < s. O
Corollary 3.3.4. There exists a pup such that dimy (U \ A) = 0 almost surely.

Proof. Let F(t) = t1°8(1/Y) for 0 < ¢t < 1. For every a > 0, we can see that

e )

It is easy to check that this function is increasing on the interval (0,e~%). By Theorem 3.3.3,
dimg (U \ A) < s(«) almost surely. Since this is true for every o > 0, we can conclude from
Proposition 3.2.4 that dimy(U \ A) = 0 almost surely. O

Before we begin the proof of the lower bound, we need the following lemma. The proof is
based on ideas by Moran [13, Theorem III].

Lemma 3.3.5. Let {J,}oen- be a family of compact sets in R? satisfying properties (1) and (2)
of Definition 3.2.1. We will additionally assume that limy_, max,eyx diam J, = 0 and there
is an € > 0 such that for every o € N* and i € N, if J,; # 0, then diam J,; > ediam J,.
Let K = (-, U, enn Jo and suppose that H*(K) < oo for some s > 0. Then there exists a ¢
such that for every § > 0, there is a set X C N* such that 0 < diam J, < § for every o € X,

K CUyes Jo and 3, os (diam J,)* < c.

Proof. Fix an M > H*(K). By the definition of the Hausdorfl metric, there are sets Cy,Cs, ...
such that diam C; < min(d,diam Jy) for every i, K C [J;2, C; and Y i, (diam C;)* < M. By

slightly enlarging the sets, we may assume that 0 < diam C; for every i. For each i, let

¥ = {0 e N*\ {0} ’ J,NC; # 0, diam J, < diam C;, diam J,, > diamC’i},

[lo]—1

where 0|, denotes the initial segment of length p.

We will first show that C; N K C Uaezi Jy. Let v+ € C; N K. Choose a k such that
max,cyr diam J, < diam C;. By the definition of K, there is a o such that |o| = k and « € J,.
There is a minimal 0 < j < k such that diam J,|, < diam C;. Clearly, z € J, C J;|,, so it follows
from the minimality of j that o|; € X,.

Next, we will give an upper bound on |3;|. Note that by Property (2), if neither ¢ nor o’
is an initial segment of the other, then the interiors of J, and J, are disjoint. It is also clear

that if 0 < o/, then at most one of o and ¢’ can be in ;. Therefore, the sets {int J,},ex,
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are disjoint. Fix an @ € Cj, clearly C; C B(x,diam C;). It follows from the definition of ¥;
that J, C B(z,2diamC;) every o € ¥;. We can also see that if 0 € ¥;, then diamJ, >

e diam oo = e diam C;. Therefore,
AB(z,2diam C;) > A | it d, | = 3 At ) = Y diam J )\(mt Jp) >
’ Y= 7 7 diam Jy -
ocEY; oeY; oEeY;
e diam C} d
> 8l S ) A(int Jp).
> | Z|< diam Jy ) A(int Jp)
Since A(int Jp) > 0, we obtain the bound
A B(z,2diam C;)) B A(B(0,2))

Xl < - - : = - . .
12l < (e diam C;/ diam Jy)?\(int Jy)  (g/ diam Jy)?A(int Jp)
This bound does not depend on either ¢ or i, hence there is a constant N such that |3;| < N for
every i.

It remains to show that ¥ = (i, ¥, satisfies the condition. Clearly, diam J, < § for every
o € Y. Also,

o0

K:U(KﬂOi)QG U -=U 7

i=locex; ceY

Finally,

]
=
&
B
&
i
M

(diam J,)* <> N(diam C;)* < NM.
=1

O

We will need an additional lemma about a modified version of the construction in the case
F(t) = t*. This lemma, though not stated separately, was proved more generally as part of the
proof of [12, Theorem 3.6].

Lemma 3.3.6. Let 0 < a, 0 < s’ < s(a) and 0 < n < 1. Define I, as in the proof of
Theorem 3.3.3 (with G(t) = t*). For some n > 0, define the construction J = {jJ}UE{O,l}*

recursively:

Jy = 10,1]
Foo = [min J,, min J, + ly0] if J, # 0 and ly0/ly > 1/n
0 otherwise
Joi = [max J, — l,1,max J,] if J, # 0 and ly1/l, > 1/n

0 otherwise

Let K = Mieo Uj, ene- If n is large enough, then P(K = 0) < n, furthermore, if K # 0, then

dimyg K > s almost surely.
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Proof. We will first check that J is indeed a construction. Property (1) is obvious. Property (2)
is also clear, since l~go + l~c,1 = l~c, —Zs < l~c,. Finally, Property (3) follows from the independence
of the vectors (lNUO/ZN(T, l~c,1/l~0).

We have seen that the vectors (l;o/l;, igl/[o) are identically distributed. Since Iy and I,

are positive, it follows from measure continuity that there exists an ng such that

Iy 1, no n+1
Let ®(t) = E((Is0/ls)! + (Io1/5)") and

P (t) = E(X{Zgo/iaz1/n}(l~00/l~o)t + X{Zgl/[UZI/n}(ial/iU)t)'

It is clear that @ is strictly decreasing, therefore, ®(s') > ®(s) = 1. Since I,y > 0, it follows
from the bounded convergence theorem that ®,, — ® pointwise, in particular, there exists an n
such that ®,,(s") > 1 for n > ny. From now on, we will assume that n > max(ng,n1). We can
see that

E(I{b € {0, 1} [Jp # 0}) = E(x(,0/, 21/m) + X(i,0/, 21/m}) = Pnls) > 1.
It follows from Theorem 3.2.2 that P(K = ()) < 1, furthermore, if K # (), then ®,, (dimy K) < 1.
Since ®,, is decreasing, this implies that dimy K > s'.
It is easy to check that

F=AUZL=U N U

k=0 o €Nk b€{0,1} k=0 c€Nk

Note that given J, and Jy, # 0, the set ﬂ?;o Ugent o has, the same distribution as K’, trans-
formed by the similarity that takes Jy = [0, 1] to J,. Let C; = P(X{Zao/[azl/n}+X{[ol/i021/7’i} = z)
for ¢ € {0,1,2}, clearly Cy + C; + Cy = 1. It follows from the independence that p = P(K = ()
satisfies the equation p = 1(p), where ¥(x) = Cy + C1z + Coz?. Since n > ng, the choice of ng
implies that Cy > 1/(n+ 1). Consequently,

1/1(77):00+C’177+02772§00+01+Cg772:1—02(1—772)<1—(1—77):77.

Notice that ¥ (p) = p, ¥(n) < n and (1) = 1. Since p < 1 and v is strictly convex, this implies
that p < 7 < 1, hence P(K = ) < 7. O

Theorem 3.3.7. Let o > 0. If there is an € > 0 such that F(x)/t* is decreasing on (0,¢), then
dimyg (U \ A) > s(«) almost surely.

Proof. Fix 0 < 8’ < s = s(a) and 0 < p < 1. We will show that P(dimyg K < s’) < 27. Taking
the limits n — 0, then s’ — s, it follows that dimy (U \ A) = dimyg K > s almost surely.
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It follows from Lemma 3.3.1 that there is an n > 0 almost surely such that l,, > 1/n whenever

l, > . By measure continuity, for large enough n,
1
P(ao— e {0,1},b € {0,1} : 1y, > e, 1,y < f) <.
n

By Lemma 3.3.6, if n is large enough, then P(K = () < 5, furthermore, if K # (), then dimy K >

s’. Consequently,
~ 1
P(dimHK <s'V (aa € {0,1},b € {0,1} : 1y > &, 1oy < n)) <.

It remains to prove that if dimy K > s" and [y > 1/n whenever I, > ¢, then dimy K > §'.
First, assume that I, < ¢ for some o. It follows from Lemma 3.3.2 that FLf‘; > FLlC,;,’ where
G(t) = t* (note that the inequality is reversed compared to Theorem 3.3.3). Like in the proof of
Theorem 3.3.3, this implies that

i

F AV, Frv, FdVe)

F G
Ze T LE L

_ < lo _ lo ~o
lO’ lo’ B lo’ ZU ZO' ’

We will check that for every o € {0,1}* and b € {0,1}, if I,y > l,/n, then I,y > I,/n.
This is clear if I, > 1/n. If 5, < 1/n, then by the assumption, I, < e, which implies that
2 /lo < 20./l~(,. Therefore,

o _y(1-Z)sp,(1-22)=l0s1
lo lo l, I, —n

and a similar calculation shows that ,1/l, > 1/n.

Next, we will prove by induction on o that l, < nl,. This is clearly true for o = (). Assume
that I, < nl,, we need to prove that lop < nlyp. If 1, > e, then we are done by the assumption
that lyp > 1/n. Otherwise, z,/l, < Za/ig, hence,

lno = Uy(ly — 39) = Uyl (1 - ’ZZC’) <U,l, (1 - 7”) < nU,l, (1 - ’f") — nlyo,

and similarly, l,1 < nly1.
Define the set
R Jy if Jy, #0
P #

(0 otherwise,

and let K = MNieo Ugent J,. Tt is immediately clear that K C K. If J,; # 0, then I /1, > 1/n,
so diam jgb/ diam J, > 1/n. Hence, {jg} satisfies the conditions of Lemma 3.3.5. Suppose for
contradiction that dimg K < . Tt follows that #* (K) = 0. Fix a § > 0. By Lemma 3.3.5, there
isaX C {0,1}* such that 0 < diam J, < & for every o € X, K C Uses J, and > (diam J,)* <
¢, where ¢ does not depend on 4.

We will show that K C Usex Jy. Let z € K. By the definition of K, there is a sequence

00,01, -+ € {0,1}* such that |o;| = i and = € J,, for every i. Since Z, > 0 almost surely

oex
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for every p, this sequence is unique, hence og < o7 < .... By compactness, there exists a
Yy € ﬂ;ﬁo j(,i € K, as the sets jgi are nested and non-empty. Choose a o € X such that y € J,.
It is easy to see that z, > 0 almost surely for every p, which implies that the sets {.J,} )=, are
disjoint. Therefore, o = 0|,|, consequently, z € Jy.

We know that I, < nl, for every o. Therefore, ly <nl, < nd for every o € X. It follows that

E) <Y <Y g <

ceX oEX

Taking the limit & — 0 yields the bound H* (K) < ¢, since ¢ does not depend on §. This
implies that dimyg K < ', contradicting the assumption that dimyg K > s’. This shows that
dimg K > ¢'. O

Corollary 3.3.8. There exists a pg for which A(U\ A) = 0 and dimyg(U \ A) = 1 almost surely.

Proof. Let

1 . _
F(t) = e (75 Tf 0<t<el
1 ife™! <t.

Clearly, F(07) =0, so A(U \ A) = 0 almost surely by Theorem 2.3.1.
Let o > 0. A simple calculation shows that

g ZOY = (a1og: “logrog 1) =24 L1 L __
e ) = \vloeg mloeloe ) = gy~ ¢ oty )

which is negative if ¢ < e~'/. Tt follows from Theorem 3.3.7 that dimy (U \ A) > s(a) almost
surely. By Proposition 3.2.4, this implies that dimy (U \ A) = 1 almost surely. O

Remark. It is easy to construct distributions for which the conditions of Theorems 3.3.3 and 3.3.7
do not hold. However, for many “natural” continuous distributions, it is true that for every a > 0,
F(t)/t* is monotonic in a neighborhood of zero. In this case, we can use Theorems 3.3.3 and 3.3.7

combined with the continuity of s(a) to find the s such that dimy(U \ A) = s almost surely.
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