
Eötvös Loránd University

Faculty of Science

Seifert surfaces of alternating knots
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Preface

What is a knot? Intuitively we can think of it as a knotted piece of string, made of rubber,

with the ends glued together. We do not distinguish between a knot and its deformations.

But how can we tell whether two knots are the deformations of the same knot or not?

Oftentimes, we cannot.

There are some properties called knot invariants that can help us tell knots apart.

These properties of a knot never change, no matter how we deform the knot. So if a knot

invariant differs on two knots, then those two knots cannot be the same.

In Chapter 1 we discuss the basic concepts of knot theory mainly based on [1] and [5].

In Chapter 2 and 3 we introduce surfaces and then more specifically Seifert surfaces. The

trivial knot is the only knot that arises as the boundary of an embedded disc. Seifert’s

theorem provides us with an algorithm, however, showing that every knot arises as the

boundary of an embedded surface. It is hence natural to use the complexity (i.e. genus)

of such a surface to measure how complicated a knot is. In the Appendix at the end of

the thesis we collected a number of knots together with their Seifert surfaces obtained by

applying Seifert’s algorithm to them.

After the necessary preparations, we can finally present our main theorem, regarding

the connection between an alternating knot and its Seifert surfaces.

Alternating knots are a certain set of knots which are the simplest in a sense. The main

theorem of this thesis claims that Seifert’s algorithm gives us a Seifert surface of minimal

genus when applied to an alternating knot.

The theorem was proven by Richard H. Cowell and Kunio Murasugi independently in

1958, with the use of Alexander polynomials. The proof we present in this thesis roughly

follows the proof published by David Gabai in 1986 [3]. The Master’s thesis of Rasmus

Hedegaard [4] helped us a lot in re-enacting Gabai’s proof. Both [3] and [4] give a proof for

the theorem, however, we have found a case that neither of them discusses. We conclude

the thesis by providing a proof that covers all cases.
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Chapter 1

Introduction to knot theory

1.1 Knots

Definition 1.1.1. A knot K is an equivalence class of continuous embeddings k : S1 ! S3

where k1 � k2 if there exists an orientation preserving homeomorphism from (S3; im(k1))

to (S3; im(k2)).

Remark 1.1.2. Knots can be visualized by K = im(k) � S3. (Figure 1.1.1)

(a) The unknot. (b) The �gure-8-knot.

Figure 1.1.1: Examples of knots.

Definition 1.1.3. An oriented knot is a knot together with a choice of orientation.

Remark 1.1.4. Oriented knots can be visualized by K = im(k) � S3 and small arrows to

indicate the orientation. Figure 1.1.2 shows a visualization of the oriented trefoil knot.

Definition 1.1.5. A knot K1 is said to be equivalent to a knot K2 if K1 and K2 represent

the same equivalence class of continuous embeddings k : S1 ! S3 as defined in Definition

1.1.1. We define the equivalence of oriented knots analogously.

Remark 1.1.6. We could also define knots to be in R3. As it makes no difference whether

we use S3 or R3, we will use them interchangeably.
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Figure 1.1.2: The oriented trefoil knot.

The de�nition of knots does not exclude so calledwild knots for which an example is

shown in Figure 1.1.3. In order to avoid these kinds of knots, we will de�netame knots.

Tame knots can be de�ned in the following three equivalent ways:

De�nition 1.1.7. If a knot K 1 is equivalent to a knotK 2 whose image inS3 is the union

of a �nite number of line segments, we say thatK 1 is a tame knot.

De�nition 1.1.8. A knot K is a tame knot, if for every p 2 K there exists an open

neighbourhoodUp of p such that (Up; Up \ K ) is homeomorphic to (R3; R).

De�nition 1.1.9. A knot K is a tame knot if it is equivalent to a C1 embedding ofS1

into S3.

Figure 1.1.3: A wild knot.

Although it is not complicated to see the equivalence of these three de�nitions, we will

not prove it. From now on we will only work with tame knots and we will refer to them

simply as knots.

De�nition 1.1.10 (Connected sum of two knots). Suppose thatK 1 and K 2 are two

oriented knots in S3 that are separated by an embeddedS2. Form the connected sum

K 1# K 2 of K 1 and K 2 as follows. First choose an oriented rectangular discR with

boundary @Rcomposed of four oriented arcsf e1; e2; e3; e4g such that K 1 \ R = � e1 � K 1

and K 2 \ R = � e3 � K 2, and the separating sphere intersectsR in a single arc and
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Figure 1.1.4: Connected sum of two knots.

intersectse2 and e4 in a single point each. Then de�neK 1# K 2 as

K 1# K 2 = ( K 1 n e1) [ e2 [ e4 [ (K 2 n e3):

The resulting knot does not depend on the chosen bandR. [6]

De�nition 1.1.11. We say that a knot K is a prime knot if for any decomposition ofK

as a connected sum of two knots, exactly one of the factors is the unknot.

De�nition 1.1.12. We call the image of a knotK � R3 under a linear mapp: R3 ! R2

a projection of the knot.

De�nition 1.1.13. We say that a projection of a knot is aregular knot projection if the

following two things apply:

(1) no three points of the knot project to the same point,

(2) if a point in the projection is the image of two points in the knot, the images of the

two strands of the knot containing the two points intersect each other transversally.

Transversality means that at an intersection point the two tangent vectors of the

projection are linearly independent. Figure 1.1.5 shows a transversal intersection on the

left and a non-transversal intersection on the right, which we wish to avoid.

Figure 1.1.5: A transversal and a non-transversal intersection.

Claim 1.1.14. For every knotK there exists a regular projection ofK .

We do not prove this claim.
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De�nition 1.1.15. Take a regular projection of a knotK . If two points of K map to

the same point in this projection, we call the image of these two points acrossing point

of the projection.

Take a crossing point of a regular projection. If we only look at the projection, we no

longer know how the preimage of the crossing point (which is composed of two points)

was positioned in the knot, which one was above the other one. To avoid losing this

information, we slightly modify the regular projection in small neighbourhoods of the

crossing points by "breaking" one of the lines corresponding to the strands of the knot.

We do this in a way that the modi�ed projection represents which strand is above the

other in the knot as shown in Figure 1.1.6.

Figure 1.1.6: Modifying the projection in a small neighbourhood of a crossing point.

De�nition 1.1.16. The diagram D of a knot K is a regular projection ofK modi�ed as

described in the previous paragraph. The small neighbourhoods of the crossing points we

modi�ed are called thecrossingsof the diagram.

Figure 1.1.1 shows two knot diagrams, one with 0 and one with 4 crossings.

De�nition 1.1.17. Let K be the set of knots. Aknot invariant is a map I from K to

any other structure (often N). This implies that for any knot K 1, if K 1 is equivalent to a

knot K 2 then I (K 1) = I (K 2).

The knot invariant which we will discuss the most in this thesis is the genus of a knot

K , g(K ). We will de�ne this in Chapter 3. Until then, here are some examples of knot

invariants.

De�nition 1.1.18. The crossing number is a knot invariant cr : K ! N. Given all

diagrams of a knotK , cr(K ) is the number of crossings in a diagram with the minimal

amount of crossings.

De�nition 1.1.19. We de�ne the stick numbers(K ) of a knot K to be the least amount

of line segments needed to form an image ofK as their union. This is an invariant of the

knot.

7



Some other examples of knot invariants, which we will not discuss are 3-colourability,

the unknotting number, the bridge number and the Alexander polynomial.

For a brief moment think of the knot as a loop of a string on a table. It is evident that

we can move around the string without changing the knot, but we cannot cut open and

glue the ends back togerher. Moving the string around, however, can change the diagram

and the number of crossings in the diagram of the knot. It would only seem appropriate

to have something in knot theory that describes this "moving around" of the string.

De�nition 1.1.20. The Reidemeister movesprovide us ways to change the relations

between the crossings of a diagram of a knot by changing the diagram itself. There are

three Reidemeister moves:

(1) untwisting or twisting a strand of the knot thus reducing or increasing the number

of crossings by one (Figure 1.1.7),

(2) removing or adding two crossings as shown in Figure 1.1.8,

(3) moving a strand of the knot from one side of a crossing to the other (Figure 1.1.9).

or

Figure 1.1.7: The �rst Reidmeister move.

or

Figure 1.1.8: The second Reidmeister move.

Claim 1.1.21 (Reidemeister). Two knots K 1 and K 2 are equivalent if and only if there

exists a series of Reidemeister moves and planar isotopies such that after applying them

to a diagram ofK 1 we obtain a diagram ofK 2.
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or

Figure 1.1.9: The third Reidmeister move.

1.2 Links

De�nition 1.2.1. A link is a �nite, ordered collection of knots that do not intersect each

other. Or equivalently, a continuous embeddingl : S1 t : : : t S1 ! S3. Each knot K i is

said to be acomponentof the link.

De�nition 1.2.2. An oriented link is a link together with a choice of orientation on each

component of the link.

(a) The unlink. (b) Hopf link. (c) Borromean rings.

Figure 1.2.1: Examples of links.

The disjoint union of two unknots, shown in Figure 1.2.1a is called the unlink. Other

basic examples of links are the Hopf link (Figure 1.2.1b) and the Borromean rings (Figure

1.2.1c). The disjoint union ofn unknots (Figure 1.2.2) is called then-component unlink.

Figure 1.2.2: n-component unlink
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De�nition 1.2.3. We say that a link L = f K 1; K 2; : : : ; K mg is equivalent to a link

L0 = f K 0
1; K 0

2; : : : ; K 0
ng if

(1) m = n,

(2) there exists an orientation-preserving homeomorphism' : R3 ! R3, such that

' (K 1) = K 0
1; ' (K 2) = K 0

2; : : : ; ' (K m ) = K 0
n .

De�nition 1.2.4. A diagram of a link is said to bealternating if it has crossings that

alternate between over and under as one travels around the components of the link in a

�xed direction. An alternating link is a link that has an alternating diagram.

For example, the diagrams shown in Figures 1.1.1 and 1.2.1 are all alternating diagrams.
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Chapter 2

Surfaces

2.1 Closed surfaces

De�nition 2.1.1. A topological spaceX is asurfaceif it is a two-manifold, meaning that

it is a T2 and M 2 space in which every point has an open neighbourhood homeomorphic

to an open subset ofR2.

Some important examples for surfaces are the 2-sphere (Figure 2.1.1a), the torus

(Figure 2.1.1b), the real projective plane (Figure 2.1.1c) and the Klein bottle (Figure

2.1.1d). Boy's surface is an immersion of the real projective plane into a 3-dimensional

space. More about this construction can be found in [2].

(a) S2 (b) T2 (c) Boy's surface (RP2) (d) Klein bottle

Figure 2.1.1: Examples of surfaces.

De�nition 2.1.2. A closed surfaceis a surface which is compact.

Take a �nite collection of pairwise disjoint triangles (together with their interiors) in

the plane such that all of their sides are the same length. Now form a topological space

S in the following way: Every side in a triangle is identi�ed with exactly one other side

in another triangle. This de�nes a graphG with the corners of the triangles as vertices
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and the sides as edges. It is easy to see thatS is compact. If S is a closed surface, we say

that G is a triangulation of S and S is a triangulated surface.

Figure 2.1.2: A triangulation of S2 and T2.

Theorem 2.1.3. Every closed surfaceS is homeomorphic to a triangulated surface.

We will not prove this theorem as it falls outside of the scope of this thesis. However,

a proof can be found in [7]. This essentially means that every closed surface has a

triangulation.

Figure 2.1.2 shows a triangulation of the 2-sphere and a triangulation of the torus.

We can talk about the orientability of closed surfaces. Intuitively, we call a closed

surface orientable if it has two sides. Now we will de�ne this more precisely.

The orientation of a triangle is de�ned by an orientation of the boundary of the triangle

as shown in Figure 2.1.3.

Figure 2.1.3: Orientation of a triangle.

De�nition 2.1.4. A closed surfaceS is orientable if there exists a triangulation G of S

such that the triangles inG can be oriented as follows. For each edge inG the orientations

of the two neighbouring triangles are opposite on the edge as shown in Figure 2.1.4. An

orientable surface has exactly two orientations. Anoriented surface is an orientable surface

together with a choice of orientation.
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Figure 2.1.4: Edge in triangulation.

De�nition 2.1.5. Take a triangulation of a closed surface and letV , E and F be the

number of vertices, edges and faces in this triangulation. We de�ne theEuler characteristic

of the triangulation to be V � E + F .

Claim 2.1.6. If we take two di�erent triangulations of the same surface, the Euler

characteristics of these two triangulations will be equal.

We will not prove this. However, from this follows that the Euler characteristic only

depends on the surface, not on which triangulation we use so from now on we will only

talk about the Euler characteristic of a surface. We will denote the Euler characteristic

of the surfaceS by � (S).

In Figure 2.1.2 we see two examples of triangulations of surfaces. On the left side we

see a triangulation ofS2 with 6 vertices, 12 edges and 8 faces, from which� (S2) = 2

follows. On the right side we see a triangulation ofT 2 with 4 vertices, 12 edges and 8

faces, which determines� (T2) to be 0.

Claim 2.1.7. Let S and T be closed surfaces. IfS �= T then � (S) = � (T).

This follows from the de�nition.

De�nition 2.1.8 (Connected sum of closed surfaces). Let S and T be closed surfaces.

Now take Sn �D and T n �D and let ' be a homeomorphism between@(Sn �D) and @(Sn �D).

Such homeomoprhism exists as these are both homeomorphic toS1. The connected sum

of S and T is the closed surface

S# T = (( S n �D) t (T n �D))=�

wheret � ' (t) for every t 2 @(S n �D).

Figure 2.1.5 depicts the connected sum of two tori.
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Figure 2.1.5: T2# T2

Claim 2.1.9. If S and T are closed surfaces then� (S# T) = � (S) + � (T) � 2.

Proof. Since a disc and a triangle are homeomorphic, we can constructS# T by cutting

out a triangle from a triangulation of each surface and gluing the two together along the

triangles' boundaries, so that the vertices of the cut out triangle onS fall onto the vertices

of the cut out triangle on T. Now take the triangulation of S# T we get as the union of

the triangulations of S and T we took in the �rst place. Since we glued 6 vertices pairwise

together, VS# T = VS + VT � 3. Similarly, ES# T = ES + ET � 3. As for the faces, we cut

out one from each of the triangulations ofS and T, so FS# T = FS + FT � 2. From these

follows that

� (S# T) = VS + VT � 3 � (ES + ET � 3) + FS + FT � 2 = � (S) + � (T) � 2:

2.2 Classi�cation of closed surfaces

Example 2.2.1. The connected sum ofg tori is an orientable surface called thegenusg

surface � g. We call g the genusof � g.

Figure 2.2.1: Standard triangulation of a genusg surface.
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Claim 2.2.2. � (� g) = 2 � 2g.

Proof. This follows from either Claim 2.1.9 and induction byg or the triangulation of � g

shown in Figure 2.2.1.

Example 2.2.3. The connected sum ofk real projective planes is a non-orientable surface

Nk . The Klein bottle (Figure 2.1.1d) is the connected sum of two real projective planes.

Claim 2.2.4. � (Nk) = 2 � k.

Proof. This follows from either Claim 2.1.9 and induction byk or the triangulation of Nk

shown in Figure 2.2.2.

Figure 2.2.2: Standard triangulation of Nk = RP2# : : : # RP2.

Theorem 2.2.5. Every connected closed surface is homeomorphic to either a genusg

surface or the connected sum of some real projective planes.

We do not prove this theorem.

Corollary 2.2.6. From Theorem 2.2.5 and Examples 2.2.1 and 2.2.3 follows that for

every connected surfaceS and T, S �= T if and only if either bothS and T are orientable

or both are non-orientable and� (S) = � (T).

Remark 2.2.7. As the Euler characteristic of a connected closed orientable surface of genus

g is 2� 2g, the higher the Euler characteristic, the lower the genus.
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Chapter 3

Seifert surfaces

3.1 Surfaces with boundary

De�nition 3.1.1. A topological spaceX is called asurface with boundaryif it is a T2

and M 2 space in which every point has an open neighbourhood homeomorphic to an open

subset of the closed half-plane.

De�nition 3.1.2. Let S be a surface with boundary. We say that@S� S is the boundary

of S if p 2 @Sif and only if every homeomorphsim between an open neighbourhood ofp

and an open set of the closed upper half planep is mapped to the liney = 0.

Figure 3.1.1: Torus with one boundary component.

Claim 3.1.3. If S is a compact surface with boundary then@Sis a compact 1-dimensional

manifold.

Claim 3.1.4. If M is a compact 1-dimensional manifold, thenM �= S1 t : : : t S1.

Remark 3.1.5. We can de�ne a triangulation (thus the orientability and the Euler

characteristic) of a compact surfaceS with boundary as we did for closed surfaces, with

the addition that @Smust be covered with edges and vertices of the triangulation.
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Proposition 3.1.6. Let S and T be compact connected surfaces with boundary.S and T

are homeomorphic if and only if the following three things apply:

(1) either both S and T are orientable or both are non-orientable,

(2) � (S) = � (T),

(3) S and T have the same number of boundary components.

Proof. It is easy to see that ifS �= T then the three things listed apply.

Now for each boundary component ofS take a disc which is bounded by said boundary

component and is disjoint fromS and all the other discs we have chosen so far. LetŜ be

the surface we obtain by gluing these open discs toS along the boundary components of

S. We obtain the surfaceT̂ for T analogously.

It is easy to see that� (Ŝ) = � (S)+ l wherel is the number of boundary components of

S. Evidently, � (T̂ ) = � (T) + l, hence� (Ŝ) = � (T̂ ). By Corollary 2.2.6 the result follows.

If S is an orientable surface with boundary then an orientation ofS induces an

orientation on @Sby assigning the orientation of the edges that cover@Sin a triangulation

of S to @Sas shown in Figure 3.1.2.

Figure 3.1.2: Orientation of the boundary of a surfaceS.

Remark 3.1.7. Vice versa, if the boundary of an orientable surface is oriented, it gives us

an orientation of the surface in the following way: take a triangulation of the surface and

let the orientation of the boundary determine the orientation of the triangles around the

boundary, thus determining the orientation of every triangle in the triangulation.

From now on we will only work with orientable surfaces with boundary.
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3.2 Seifert surfaces

De�nition 3.2.1. Let K be a knot. A Seifert surfacefor K is an embeddingi : S ! R3,

whereS is a connected oriented surface with boundary, such thati ( �S) � R3nK , i (@S) = K

and the orientation of K coincides with the induced orientation of@S.

Figure 3.2.1: A Seifert surface for the trefoil knot.

In Figure 3.2.1 we take a Seifert surface for the trefoil knot and show that it is actually

a torus with a one component boundary. It is fairly easy to see that the boundary of

the surface in the �rst picture is the trefoil knot. We slowly isotope this into the surface

shown in the second to last picture by moving it around in the 3-dimensional space. In

the last step, we cut the surface open along the two lines marked with arrows, untwist

both of the bands two times and then glue the ends back together so that the arrows are

pointing in the right directions. We can do this as these two surfaces are homeomorphic.

What we obtain after this procedure is the torus with one boundary component.

De�nition 3.2.2. Let L be a link. A Seifert surfacefor L is an embeddingi : S ! R3,

where S is an oriented surface with boundary, such thati ( �S) � R3 n L, i (@S) = L, the

orientation of L coincides with the induced orientation of@Sand there are no disjoint

closed surfaces inS.

Remark 3.2.3. In this de�nition we allow S to be composed of multiple connected

components, except for disjoint closed 2-spheres.
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