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2 Introduction

2.1 Motivation and history

The problem of optimal mass transportation was introduced by Monge at the end of the 18th cen-
tury and then further improved by Kantorovich in the 1940s. Around the 1980s, analysts started
to work in the field of optimal transport (abbreviated OT) more significantly, and since then it has
evolved into an ever-growing area of research in analysis. Among the diverse application areas
of optimal transport we should highlight the solutions of partial differential equations, geometry,
stochastic analysis and various topics in mathematical physics, especially in fluid mechanics. Fur-
thermore, the optimal transportation of information plays an important role in the mathematical
theory of artificial intelligence, machine learning and image processing, so the recent rapid devel-
opment of these areas attracts even more attention to OT [16]. Obviously the nature of the problem
also implies application opportunities in Economics, since the transport cost minimization problem
can be efficiently adapted to real life transportation problems.

Quantum optimal transport problems (abbreviated QOT), i.e., the classical optimal transport
problems formulated using the framework of quantum mechanics are also of growing interest in
the last decades. The non-commutativity of the quantities used in the quantum formulation usually
makes the questions more difficult, thereby the solutions require a different approach. QOT is a
widely applicable area as well, particularly in quantum information theory, but it can be used for
quantum walks, quantum automata and quantum games, too [10].

The purpose of my thesis is to provide a brief introduction to both the theory of classical
transport and the mathematical framework used in quantum mechanics, then, by fusing these two
areas, to briefly describe different approaches to quantum optimal transport problems. Among
these approaches, we are going to deal with the quantum channel formulation by De Palma and

Trevisan [6] in more detail.



2.2 The classical optimal transport problem

Assume that we have some bakeries located in a country which produce a given quantity of bread
every day. We also know how much bread a town needs per day to feed its population and we have
a function which describes the cost of transporting a unit mass of bread from bakery x to town y.
Our aim is to create a plan for transporting the bread from bakeries to towns so that the total cost
of the transportation is minimal.

The classical optimal transport problem was first formulated mathematically by the French
mathematician Gaspard Monge in 1781 in the following way [13]. We define the problem using
the notations from Topics in Optimal Transportation by Cédric Villani [20].

We are given two measure spaces (X, %, ) and (Y, <%, V) on the Polish spaces (separable,
complete metric spaces) X and Y such that u(X) = v(Y) < oo. Without loss of generality we can
assume that (X) = v(Y) = 1, therefore u and v are both probability measures. The measure y
describes the initial distribution of products on the set X and v describes the required distribution
of products after the transportation. Moreover the cost function ¢(x,y) : X XY — Ry U{+4oo} isa
measurable function which describes the cost of transporting one unit of the product from location
x to location y.

Monge formulated the problem in the way that we cannot split the mass of products, i.e. we
have to transport all the products from location x to the same location. In this case a transportation
plan can be given by a measurable map 7 : X — Y, where we transport the mass from location x to

location T (x).

Definition 2.1 (Pushforward of a measure). If T : X — X is a map and (X, </, L) is a measure
space, for A C X we denote (T#u)[A] := u[T~'(A)] = u[x € X : T(x) € A] and call it the pushfor-
ward of W by T.

It is obvious that among the measurable maps 7 : X — Y the ones which describe a transporta-
tion from p to v are exactly those for which v = o771,

The total cost of the transportation given by the transport map 7 is the following integral:

1T) = /X (6, T(x))dp ().
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Optimal transport plans can be found by minimizing on the set of all maps 7" which meet the
above described conditions.

The problem remained unsolved for a long time and some further modification of the conditions
was needed to create a more tangible formulation of the problem.

The most conspicuous issue with Monge’s formulation is that such a map 7 which meets the
conditions does not always exist. Indeed, let us consider X =Y = [—1,1] with Dirac-masses:
=20,V = %5_1 + %51. All the mass from x = 0 must be transported into the same point, so no
transfer map will have image v.

It took more than 150 years until a Russian mathematician Leonid Vitalyevich Kantorovich
suggested a relaxed version of the optimal transport problem [11]. The starting point is similar, we
are again given two probability distributions: ¢ and v on the sets X and Y. The set of probability
measures on the set X is denoted as Prob(X). However, now instead of transfer maps we consider

transference plans, which are probability measures on the product space X x Y.

Definition 2.2 (Transference plan). A transference plan between the probability measures |l €

Prob(X) and v € Prob(Y) is a probability measure ® € Prob(X X Y) such that

[ dnlx.y) = dux) and [ dn(x.y) = av(y)
Y X
or in other words w|A X Y| = u[A] and n[X x B| = V[B] for all measurable subsets A C X,B CY.

This definition describes a & with marginals y and v, so it meets our expected condition that

the total mass transported from location x is dt(x) and the total mass transported to location y is

dv(y).

In this case the transport cost corresponding to a given probability measure 7 is

I[a] = /X eleydn(x.y).

Let II(i,v) denote the set of transference plans from p to v. Using these notations Kan-

torovich’s optimal transport problem is formulated as finding

inf / Y)dr(x,y) ).
nellllzu,v)( XxYC(x y> 7'C(x y))
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One of the most important aspects in which Kantorovich’s problem differs from Monge’s is that

now mass from a given location can be split. The set II(i, v) is always nonempty, since 4 ® v €

I(u,v).

The Kantorovich problem with a specific class of cost functions admits a dual formulation.

Definition 2.3 (Lower semi-continuous function). A function f : X — R U {—co, 4o} is lower

semi-continuous at xo € X if liminf, ., f(x) > f(xo).

Theorem 2.4 (Kantorovich duality, Theorem 1.3. in[20]). Let X, Y be Polish spaces, 1 € Prob(X),v €
Prob(Y) and let ¢ : X XY — R4 U{+eo} be a lower semi-continuous function.
If @ ={(9,y) € L'(du) x L'(dv) : 9(x) + y(y) < c(x,y) for (@ v)-every (x,y)} and
J(@,y) = [y pdu + [y wdv, then
(1)
inf I|m| =supJ(Q,Vy).
inf 1= sup (0. )

(ii) infry(y ) I[7] = ming ) I[7], i.e. the infimum is attained.

In the case of X =Y and the cost function being a distance (proper metric), that is c(x,y) =

d(x,y), the cost of the optimal transport

Wi(u,v):= inf ( d(x,y)dﬂ?(x,y))
well(u,v) X xX

is a distance between probability distributions over X called the Wasserstein distance of order

1. Similarly we can define the Wasserstein distance of order p for all p > 1 values as

1/p
W)= inf ([ dlyrdn(ey))
mell(u,v) \JXxX

2.3 Prerequisites from linear algebra

The formulation of quantum mechanics is based on linear algebra, but physicists tend to use dif-

ferent notations than linear algebra textbooks for mathematicians, so let us start this chapter by



reviewing the most important algebraic concepts and notations. Most of our notations and defini-
tons are the same as in [14], which is considered a fundamental book in quantum information
theory.

In quantum mechanics we usually consider a finite- or infinite-dimensional complex vector
space V as the starting point of our calculations. In 1939, Paul Dirac proposed the use of the so-
called bra-ket notation, which has since become a standard notation used in quantum mechanics.
In this system vectors are denoted as |@) and we call this object a ket.

On the vector space V we define an inner product (, ), which is a mapping V x V — C satisfying

the following properties:

(i) conjugate symmetry: (|@),|y)) = ([w),[9)),
(i) linearity in the second argument: (|§),z1-|@)+z2-|W)) =z1-(1E),]9)) +z2- (IE),|v)),
(iii) positive definiteness: (|@),|@)) > 0 for all |@) and (|@),|@)) > 0 for all |@) # 0.

From the first and second properties it is easy to show that the inner product is conjugate linear
in its first argument. The standard inner product on C" is defined as (v,w) := Y | V;-w;.

The standard bra-ket notation for the inner product is (¢|y) := (|@),|y)).

Definition 2.5 (Hilbert space). A Hilbert space is a linear space equipped with an inner product,

which is complete with respect to the norm induced by the inner product.

It can be shown that every finite-dimensional inner product space is a Hilbert space. From now
on in this section we consider the case dimV < oo,

The dual of the vector | @) is denoted as (¢

, and we call it a bra. This dual is a linear functional
(@| : V — C which maps each |y) € V to (¢|y) € C.

AT is the transpose of the matrix A, A* is the entry-wise complex conjugate and A™ = (AT)* is
the adjoint or Hermitian conjugate.

Besides vectors, the other most important objects are linear operators. The map A:V — W is

a linear operator from the vector space V' to another vector space W if
A (Zzi|(pi>> = ZziA(l(p,->) forall zj,...,z» € Cand |@y),...,|@n) €V.
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Instead of A(|@)) we often use the shorter notation A |@). Some frequently used linear operators
are the identity operator /, which maps all vectors to themselves, and the zero operator 0, which
maps all vectors to the zero vector.

For the composition of two linear operators we use the notation (BA)(|@)) := B(A|@)), i.e. the
operators act on the vectors from right to left.

If the dimensions of the vector spaces V and W are dim V = n,dim W = m, then the linear
operators A : V — W can be represented by complex m X n matrices if we fix a basis |v{),...,|v,)

inV, abasis [wy),...,|w,) in W and we define the matrix A € C"™*" so that
m
Alvj) =} Aijlwi).
i=1

The Pauli matrices are four 2 x 2 complex matrices, which frequently occur in quantum me-
chanics, especially in quantum computing, where they represent the Pauli gates in quantum cir-

cuits. These four matrices are:

1 0 0 1 0 —i 1 O
I=0p= , X=0]=0xy= Y=0=0,= ,L=03=0;=
0 1 1 0 i 0 0 —1
The Pauli matrices form a basis of the 2 x 2 Hermitian (A = AT) matrices over the real numbers,

they also form a basis of all 2 x 2 complex matrices over the complex numbers, they are unitary

(U* = U~") and have trace 0 (except for op).
Definition 2.6 (Orthogonality). The vectors |@) and |y) are orthogonal if (¢|y) = 0.

The norm of a vector |@) is || |@) || := 1/ (@|@). Unit vectors are vectors with norm 1. A set of
vectors {; }ics is orthonormal if
1,ifi=j
(pilpj) = 6 =
0, otherwise .
With the Gram—Schmidt procedure the existence of an orthonormal basis in every finite-dimensional
vector space can be shown. In our calculations we always choose orthonormal bases for the matrix

representation of the linear operators and if the operator maps the vector space to itself, we use



the same orthonormal basis for the domain and the codomain. This convention makes defining
the inner product of two vectors more convenient. Indeed, if |¢;);.; is an orthonormal basis in the
vector space V and for the vectors |y),|§) € V we have [y) = Y;c; Wi|@:) and |§) = ¥, 6 |0)).
then
(ylg) = (wa 90). Y. & !fpj>> =) vidilole) =) vi&io, =) v
i€l Jel ijel ijel il

So the vectors |@) of the vector space V can be represented as row vectors and the duals (¢| of
the vectors as row vectors with coordinates conjugate to the vector |Q).

The bra-ket notation also makes it possible to define the outer product of vectors in an insightful

way.

Definition 2.7 (Outer product of vectors). If |@) € V,|y) € W, then let |y) (¢|: V — W be the

linear operator defined as

(lw) (@) (18)) := [w) (9lS) = (@IS) - [w) .

The linear combination of such operators is defined similarly, i.e. Y,z |w;) (@] is a linear
operator, which maps the vector |£) to ¥; z; | ;) (@] &).

The outer product notation can be used to write the identity operator in a different form:

Theorem 2.8 (Completeness relation for orthonormal vectors). If the vector space V has an or-

thonormal basis (|i))icy, then Y ; |i) (i| = Iy.

Proof. (|i))ier is an orthonormal basis, hence every vector |@) € V can be written as |@) =Y ; ¢; |i).

We have seen before, that for orthonormal bases (@|y) = Y.; ¢ y;, hence @; = (i|@), so

(ZM (il> ) =Y 1) (ilo) = Y oili) = |o)
O

We can represent an arbitrary linear operator A : V. — W using the completeness relation. Sup-

posing (|¢;))ies is an orthonormal basis in V and (|y;)) je; is an orthonormal basis in W, we have

Iy =Y |i) (@i and Iy = ¥ |w;) (yjl.

A=IwAly = Y v (ylAle) (il = ) (wilAle) |w)) (@il

il jeJ il jeJ
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Definition 2.9 (Eigenvector, eigenvalue). The vector |v) is an eigenvector of the linear operator

AV =V with eigenvalue A € Cif Alv) = A |v).

Definition 2.10 (Diagonal representation). A linear operator A acting on 'V is diagonalizable if

there exists an orthonormal set (|i))icy of its eigenvectors such that A =Y ; A; |i) (i.

If A is a bounded linear operator on a Hilbert space .7 (in this finite-dimensional case ev-
ery linear operator is bounded), the Riesz representation theorem states that there exists a unique
bounded linear operator denoted as A™ such that (|@),A |y)) = (AT |@),|y)) for all |@),|y) € V.

We call the operator A' the adjoint or the Hermitian conjugate of A.
Definition 2.11 (Hermitian operator). An operator A is Hermitian or self-adjoint if AT = A.
Theorem 2.12. All eigenvalues of a Hermitian operator are real.

Proof. If A= A" is a Hermitian operator with an eigenvector |v) and a corresponding eigenvalue
A, then by the properties of the complex inner product we have

A () = W|Av) = (v|Av) = (ATv|v) = (Av|v) = (Av|v) = A (v|v), and the eigenvector |v) is
nonzero, hence by the positive definiteness of the inner product we have (v|v) > 0, therefore A = A

,s0 A €R.

Definition 2.13 (Projector). Let V be a vector space with a subspace W, dimV = n, with an
orthonormal basis |1),...,|n) and dim W = k with the basis |1),...,|k), which is obviously or-
thonormal as well.

P:= Zf-‘:l i) (i| is called the projector operator into the subspace W.

It is important to emphasize that this definition is independent of the choice of the orthonormal
basis. It can be shown that P is Hermitian and its orthogonal complement Q := I — P is a projector
onto the subspace of V spanned by [k+ 1) ,...,|n). Now we define some operator classes and look

through their most important properties.

Definition 2.14 (Normal operator). An operator A is normal if it commutes with its Hermitian

conjugate, i.e. AAT = ATA.
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One of the most frequently used results in operator theory is the following.

Theorem 2.15 (Spectral decomposition theorem). An operator A :V — V is diagonal with respect

to an orthonormal basis of V if and only if it is normal.

It can also be shown that a normal matrix is Hermitian if and only if all of its eigenvalues are
real. Using the spectral decomposition theorem we can create operator functions from a given
function f: C — C, for example we can take the n-th root or the exponential of a normal operator.

If A is a normal operator with A = Y ,c; A;|@;) (¢;| spectral decomposition, we define f(A) as

f(A) = Lier £ (M) | @) (@il.

Theorem 2.16 (Pauli matrix exponentials). If ¥ € R3, ||¥|| = 1 and t € R, then exp(itV- &) =

cos(t)] +isin(t)V- G, where V-6 = Zizl VjOj.

Definition 2.17 (Unitary operator). An operator U acting on a finite dimensional vector space V

is unitary if UUT = Iy or equivalently UTU = Iy.

Theorem 2.18 (Properties of unitary operators [19]). Let 5 be a finite dimensional Hilbert space

and U : 7€ — F€ be a bounded linear operator. The following properties are equivalent:
(i) U is an isometry: ||Ux|| = ||x|| for all x € 7,
(ii) U preserves the inner product: (Ux|Uy) = (x|y) for all x,y € I,
(iii) U is unitary.

This result implies that if (|¢;))ic; is an orthonormal basis and U is unitary, then the set of
the vectors|y;) := U | ;) is also orthonormal and U = ¥,/ | ;) (@;]. It can also be shown that the
operator defined with the two orthonormal bases (|¢;))ic; and (|W;))icr as A := Y7 |Wi) (@] is

unitary.

Definition 2.19 (Positive operator). An operator A : V — V is positive if (|@),A|@)) > 0 for all
|@) € V. If the stricter condition (|@) ,A|@)) > 0 holds for all |@) # 0, then the operator is positive
definite.

12



Theorem 2.20 (Square root of positive operator [19]). Let 77 be a complex Hilbert space and let
A € B(H) be a positive operator. There exists a unique positive operator B € () such that
B> =A.

Definition 2.21. We call the positive operator B the positive square root of the positive operator A

if B> = A. The positive square root is denoted as A2 or VA.

We continue by defining the tensor product of Hilbert spaces, which is an essential tool used
in the description of composite quantum systems. If V and W are Hilbert spaces with dim V =
n,dim W = m, then their tensor product space is an mn-dimensional Hilbert space denoted as
V @ W. The elements of the tensor product space are linear combinations of elements of the form

|@) @ |y), where |@) € V,|y) € W. If the space V has an orthonormal basis (|i))"_, and the space

m

W has an orthonormal basis(|;)) s

()i @ 1)1

The tensor product has to satisfy the following properties:

then by definition the space V @ W has an orthonormal basis

* () ®[8)) = (z|ly) ®[8) = |y)®(z|E)) forz € C,|y) € V,|E) € W,
s (1) +v2)) @18) = ly1) ®[E) +|ya) @ (&) for [y1),|yr) € V,[E) € W,

* )@ (18) +182) = [v) ©181) + |v) ©[&) for [w) € V,[61),|82) € W.

Linear operators on the tensor product space can be defined in the following way. LetA:V —V
and B: W — W be linear operators, then let AQB: VW — V ®W be an operator defined
as (A®B)(|ly)®1&)) :=A|y) ®B|&E) for |y) € V,|E) € W. If we extend this definition for all
elements of V. ® W linearly, we get the linear operator A ® B.

With the help of the inner product on V and W, we can also define an inner product on V @ W

(ZZ:’!@:‘>®!é%ZWj\\l/j)@\Cj)) = ZZTW1<¢i\Wj> (&il&)) -

We represent the tensor product in a fixed basis by the Kronecker product.

13



The Kronecker product of the A € C'*/ and B € C**! matrices is a C**// matrix

alle a17jB
ARB=
amB Cl,‘JB
For example
56 56 5 6 10 12
I- 2.

I 2 . 56 7 8 7 8 7 8 14 16
3 4 7 8 3 56 4 56 15 18 20 24
7 8 7 8 21 24 28 32

The Kronecker product is bilinear and associative, however it is not commutative.

Claim 1 (Mixed product property). If the AC and BD matrix products exist, then
(A®B)(C®D) = (AC)® (BD).

The mixed product property has the important consequence that for A € C™*/ and B € CK*/ the
equality AQ B= ([;® B)(A®I;) = (A®I)(I; ® B) holds.

Definition 2.22 (Trace of matrix). The trace of a matrix A is tr(A) =Y ; Aii.

It can be easily shown that the trace has the cyclic property, i.e. tr(AB) = tr(BA), and it is
complex linear, i.e. tr(A+ B) = tr(A) +tr(B), tr(zA) = z- tr(A).

Two matrices A and B are similar if there exists an invertible matrix P such that B = PAP~!,
which means that A and B represent the same linear map in two different bases. The cyclic property
of the trace implies that tr(B) = tr(PAP~!) = tr(AP~'P) = tr(A), therefore the trace of an operator
is well-defined as the trace of one of its matrix representations.

For operators in infinite-dimensional spaces we need another definition of the trace.

Definition 2.23 (Separable Hilbert space). The Hilbert space ¢ is separable if it contains a count-
able dense subset. This condition can be shown to be equivalent with containing a countable

orthonormal basis.
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Definition 2.24 (Trace of operator). If 7 is a separable Hilbert space with an orthonormal basis

(|ox)) iy and A - € — H is a positive bounded linear operator, then the trace of A is defined as
tr(A) = L1 (A19k) | 9x)) = il (@l r)-

As in the finite-dimensional case, the trace is also independent of the choice of basis in the
countably infinite-dimensional case. It is well-known that for an arbitrary linear operator A the

operator |A| := VATA is a positive semidefinite operator.

Definition 2.25 (Trace-class operator). A bounded linear operator A : 7€ — F€ is trace-class if
tr(|A|) = tr(VATA) < oo,
The trace-norm of a trace-class operator A is ||A||1 := tr(|A|) . The set of trace-class operators

on A is denoted as T\ ().

Definition 2.26 (Hilbert—Schmidt inner product). Let 57 be a Hilbert space. The set of linear
operators Ly ={A: A — I, A is linear} forms a complex vector space. This vector space can
be equipped with the inner product (A,B) := tr(A"B), under which it becomes a Hilbert space.

This inner product is called the Hilbert—Schmidt or trace inner product.

Definition 2.27 (Trace norm). The trace norm of a matrix A is defined as ||A||; = tr(VATA).

2.4 Foundation of quantum mechanics

After summarizing the most important concepts of linear algebra, let us continue with an overview
of the fundamental principles and definitions of quantum mechanics.

Quantum mechanics is a mathematical framework used to describe physical systems where
classical mechanics fails, such systems on the microscopic scale. A complete introduction to the
quantum mechanical formalism would far exceed the scope of this thesis, so we will focus on

presenting the basic principles and the concepts that will be applied later.

Postulate 2.28 (1. State space). To any isolated physical system (it may not exchange matter or
energy with its surroundings) we can associate a complex Hilbert space called the state space of

the system. The state of the system is described by a state vector, a unit vector in the state space.
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The simplest quantum mechanical system is the qubit, which is a system with a two-dimensional
Hilbert space. The elements of the standard orthonormal basis called the computational basis are
usually denoted as |0) = (1,0) and |1) = (0,1). The state vectors of the phase space are of the
form |y) = 20|0) +z1 |1), where z1,z> € C and |y) is a unit vector, i.e. |z1]* 4 |z2]* = 1.

In general, we call ), z; | y;) the superposition of the states |y;), where the state |y;) has ampli-

tude z;.

Postulate 2.29 (2. Evolution). The time evolution of an isolated quantum system can be described

by a unitary operator U, i.e. if |y;) denotes the state of the system at time 7, then |y;,) = U |y,).

As we have already mentioned before, the Pauli matrices are unitary. The Pauli matrix X is

also called the bit flip matrix, because it maps |0) to |1) and vice versa:

The Pauli matrix Z is usually referred to as the phase flip channel, because it fixes the |0) state
and maps |1) to — |1).
The second postulate has another form, which describes the evolution of the system in contin-

uous time with a differential equation called the Schrodinger equation:

_d|y)
lh—dt

where 7 is a constant called the reduced Planck constant, |y) is the state of the system and H is a

=Hly),

Hermitian operator called the Hamiltonian of the system.
The operator H is Hermitian and hence normal, so it has a spectral decomposition H =Y  E |E) (E
where the vectors |E) are normalized. We call the states |E) the energy eigenstates or stationary
states with energy E. The lowest energy that is the smallest eigenvalue of H is called the ground
state energy and its corresponding state is the ground state.
We get a Cauchy-type differential equation, which we can easily solve formally, however com-
puting the exact value of y/(¢) often leads to difficult problems depending on the complexity of the

Hamiltonian H.
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iho,y(t) = Hy(r)
v(0) =w

The solution has the form y/(¢) = e it Y.
Now let us consider the Schrodinger equation of a free particle (the Hamiltonian does not

contain a potential term, only a kinetic term) in one dimension, which has the form
n o,
iha[llf(l,X) = —%ax W(Lx).

We use the method of variable separation, so we are looking for a solution of the form y(z,x) =
f(t)g(x) and we assume that y(x,) # 0.

The Schrodinger equation becomes

72
inf(1)g(x) = =3 —-&" (x)f(1)-

If we divide both sides by y(z,x), then we can observe that the left side only depends on the
variable ¢ and the right side only depends on the variable x, which means that they can be equal for
all # and x values only if both sides are equal to a constant, which will be denoted as E.

S0 P
fo)  2mg(x)

We can solve the two ordinary differential equations separately. The first equation is
f@)
f()
which has the solution f(¢) = f(0) e,

ih

—E & 1) =" ()

The second equation is

n g (x) " 2mE
_ —FE _ =
2m g(x) <~ g (x) hz g('x)7

which is a second order linear homogenous ordinary differential equation with constant coeffi-

cients.
Introducing the notation k := , /Z;Z”—ZE, the solution is g(x) = Ae’™ 4 Be=**. (We can derive it

from the characteristic equation 7> + k> = 0 = r = ik and the fact that if the roots are o =+ if3,

then the solutions have the form e**(c; cos(Bx) + c; sin(Bx)).)
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We have obtained that the general form of the solution is
l//(t,x) _ e—%Et (Aeikx _|_B€—il<x)7

where the coefficients A, B can be determined from the boundary condition y(0,x) = yp(x).

We successfuly described the evolution of a particular isolated quantum system, however when
we observe a quantum mechanical system, our measuring devices interact with the system, which
causes changes in the initial system, so it is no longer an isolated system.

The third postulate defines measurement in quantum mechanical systems.

Postulate 2.30 (3. Quantum measurement). A quantum measurement is a set of linear operators
{M,, } mey called measurement operators. J is the set of possible outcomes of the measurement.

The probability of the outcome m € J in the measurement of a system in state |y) is given by

p(m) = (WM Myl ).
If the outcome is m, then the state of the system collapses into

Muly) —— Muly)
VwiMim,y) VP

Of course we must require that the sum of the probabilities of the possible outcomes is 1, i.e.

Y p(m) =Y (w|M}My|y) = 1.

meJ meJ

Claim 2 (Completeness equation). The condition ), M;Mm = I called the completeness equa-

tion is equivalent to the condition that ¥,,,c; (W|M, M,,|w) = 1 for all states |y).

Proof. If ¥,,c; M M,, = I, then for any state |y) we have
Yomes (WIMEMon|W) = (Y| Lmes MiMn|w) = (Wlily) = 1.

On the other hand, ¥,,c; M, M,, is positive and hence normal, so it has a spectral decompo-
sition. The condition ¥,,c; (W|M} M,,|w) = 1 for all states implies that all the eigenvalues of
Y ues MM, are 1, therefore ¥,,c; M M, =1I. [l
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To understand this concept let us consider a simple example, the measurement of a qubit in
the computational basis. We have a state vector |y) = o |0) + 8 |1) where ||? + |B|> = 1 and a

quantum measurement consisting of two measurement operators,

1 0
My = |0) (0] = and My = [1) (1| =

00 0 1
s 1 0 1 0 10 + 00 00 00
0 00 00 0 1 0 1 0 1

so applying the above formulae for the measurement outcomes we get

=
=
Il
/N
I
|
N——
(S,
(@)
o
(@)
R

= lafandp(1) = (a B) | = |BP.

—
=

The state after the measurement becomes

p(0) lal \o o) \p/) e

if the outcome was 0 and

S
<

b 00 o _BU)
p(1) 1Bl\o 1) \p) IBl

if the outcome was 1.

An important question is whether certain quantum states are distinguishable with the help of
quantum measurement. By distinctiveness of a set of quantum states we mean that there exists
a quantum measurement such that if we measure an arbitrary state from our set, then we can
determine the measured state from the outcome of the measurement with zero error probability.

When the given set of states (|y;));cs is orthonormal, they are distinguishable with the
measurement M = U;ej{M;} U{My}, where M; = |y;) (y;| for i € J and for the completeness
equation My = I —Y ;7 |y;) (yil|. Indeed, for each i € J we have

pli) = (wil M M: i) = ol (1w (il [wa) (wil) [wi) = (wilwe)® = 1,
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i.e. for the state | ;) the outcome of the measurement is i with probability 1, so we can distinguish
the states by applying this measurement.
However, it can be proved that two non-orthogonal quantum states cannot be distinguished

with any measurement. Frequently used measurements are the so-called projective measurements.

Definition 2.31 (Projective measurement). A projective measurement (or von Neumann measure-
ment) is a Hermitian operator A, which has a spectral decomposition A =Y ;c; AiP,, where each P,

is a projector operator onto the eigenspace of the operator M with eigenvalue A;.

Projective measurements are special cases of quantum measurements if we choose the set of
measurement operators {M,, } ,cs so that each M,, is a projector and they are pairwise orthogonal,
1.e. Mmle2 = 5m1,m2Mm1.

The possible measurement outcomes are the eigenvalues of A and the probability of each out-
come when measuring on a system being in the state |y) is given by
p(A) = (y ]PiTPi|w> = (y|P|y), because by definition the projector operators P; are Hermitian

(P, =P])and P? =P,

Ply) _ _PBly)
p(i)  (VIRw)"

The expected value E(A) of the projective measurement A on a system being in state |y) can be

If the measurement outcome is A;, the state collapses into

computed as
Ay =Ey(A) =} Lip(k) =} Ai(ylRly) = (y| (Zm) w) = (wlAly).
ieJ ieJ ieJ

A common notation for the expected value of a measurement is (M) := E(M), and the standard
deviation of the measurement outcomes is defined as A(M) := 1/ (M2) — (M)?, which corresponds
to the standard deviation commonly used in probability theory.

In quantum mechanics we call self-adjoint operators observables. The possible outcomes of
the measurement described by an observable are its eigenvalues, which are all real.

When investigating the statistics of a measurement, i.e. the probabilities of the different out-

comes, it is useful to introduce some new concepts called global and relative phases.

Definition 2.32 (Global phase factor). The state |y) is equal to the state '® |y) up to the global

phase factor, where ¥ € R.
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States that are equal up to the global phase factor are physically indistinguishable, because for

an arbitrary measurement the respective outcome probabilities are all equal:
(€ [y))" = (wle ™ and py(m) = (y|M;Mu|w) = (yle™ " M}Mue' |y) = poio, (m).

Definition 2.33 (Relative phase factor). Two states |y) and |&) in a given basis differ by a rel-
ative phase if for each basis element |m) there exists a O, € R such that for the corresponding

coordinates ,, and &, the equality W,, = ¢"°n&,, holds.

The next postulate tells us how we can describe composite quantum systems which consist of

smaller systems.

Postulate 2.34 (4. Composite systems). The Hilbert space of a composite quantum physical sys-

tem is the tensor product of the Hilbert spaces of its component systems.

If |x) is a state in the system A and |y) is a state in the system B, then their tensor product
|x) ® |y) is a state in the composite system AB. However, not all elements can be expressed in such
a form. To see this, let us consider the two qubit state space, which has the computational basis
{]00),]01),|10),|11)} defined as
00) = |0) ®[0) = (1,0,0,0)7, |01) = |0) ® [1) = (0,1,0,0)”,

110) =[1)®|0) = (0,0,1,0)7, [11) = 1) ®|1) = (0,0,0,1)T.

Now we show that the state |y) = % (|00) + |11)) cannot be expressed as the tensor product of
two single-qubit states.

Let us indirectly suppose that |y) = |x) ® |y), where |x) = a|0) + B [1),]y) = ¥|0) + J|1),
>+ (B> =1,y +[8]> = 1.

oy 1/v/2
o Y od 0
) @ y) = ® = = =|w).
B 6 By 0
ps) \1/v2

This means that oy = L\[? Bé = %, o6 = 0,8y =0, which is a contradiction.
States of a composite system that cannot be expressed as the tensor product of states of the

components are called entangled states. The phenomenon of the quantum entanglement plays a
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fundamental role in several application areas of quantum information, for example in superdense
coding and quantum teleportation [14, page 96].

So far we have summarized the most important concepts of quantum mechanics, and now we
continue by describing an alternative approach using density operators instead of state vectors,
which makes a wider range of applications possible. The main difference of this approach from
the previous one is that now we do not know the current state of the observed system with certainty.
Instead, we only have a set {p;, |y;) }ics called an ensemble of quantum states. We interpret this

ensemble as for each i € J the system is in the state |y;) with probability p;.

Definition 2.35 (Density operator). For a given ensemble of states {p;,|W;)} the density operator
is defined as p = Lic; pi |Wi) (Wil -

With the help of the density operator we can describe the evolution of a quantum system.
According to the second postulate the evolution is described by a unitary operator U, and if the
system was in state |y;) with probability p;, then after the action of the evolution operator it will be
in state U |y;) with probability p;. Therefore the evolution takes the operator p =Y, pi | ;) (v
to Yies iU W) (Wil UT = UpU™.

Definition 2.36 (Pure and mixed states). A quantum system is in a pure state p if its density
operator has rank 1, i.e. p = |y)(y|. If the system is not in a pure state, we call its state a

mixed state.

The density operator p is said to be the mixture of states p; with probabilities p; if p =) ; pip;.
We defined the density operator with the help of an ensemble of state vectors and probabilities, but
our aim is to provide a description of quantum mechanics which does not rely on state vectors at

all. The following theorem is a characterisation of density operators, which points in this direction.

Theorem 2.37. For an operator p there exists an ensemble {p;,|y;)} if and only if tr(p) = 1 and

p is a positive operator.
We can distinguish pure states from mixed states with the following observation.

Theorem 2.38. For any density operator p we have tr(p?) < 1 and equality holds if and only if p

is a pure state.
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Proof. p is a positive operator, so it has a spectral decomposition p =Y, p;|¢) (i| in an orthonormal
basis. The positivity of p implies that p; > O for all i and we also know from the trace condition
for density operators that 1 = tr(p) = tr (¥; pi |i) (i|) = X tr(pi|i) (i]) = ¥; pi- Now we know that
0< p; <1 foralli.

Using the orthonormality of the basis we get

pzzp-p:<2pz )(Zm J|> Zp,p, (i) (jl = szp, (18 = L prlib il

sotr(p?) =tr (L pi i) (i) = Lipju(li) (i) = Lipf Lipi < 1,
and equality holds if and only if pi = p; for all i, which means that all states have probability 1 or

0, therefore p is a pure state. [

The following theorem tells us about what sets of states generate the same density operator,

which is important in quantum information.

Theorem 2.39 (Unitary freedom for density operators). The ensembles {p;,|yi)} and {q;,|E;)}

generate the same density operator p, i.e. p =Y, p;|W:) (Wi| = ¥ ;q;1E;) (§;| if and only if there
exists a unitary matrix U = (u;j) such that for all i, j, the equality \/p;|W;) = ¥ uij\/q;|&;) holds.

The statement of the theorem remains valid even if the two sets of states have different car-
dinalities, as the smaller set can be extended by adding states with corresponding probabilities
Zero.

The introduction of the Bloch sphere provides a useful tool for a more precise understanding
of the qubit state space. The Bloch sphere gives us a geometric interpretation of qubit states and
graphically illustrates some quantum operations, for example certain quantum channels, which we
will describe later in details.

A state vector in the qubit phase space has the form |y) = a|0) + 1),
where |a|> +|B|> = 1. From the normalizing condition we can rewrite it as
ly) = e (cos( ) 10) +€® sm( )[1)), where 7,9, ¢ € R.

States equal up to the global phase factor are indistinguishable, sowe can ignore the coefficient /¥
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and describe the qubit states with only two real parameters ¥ and ¢, as

|w) = cos (g) |0) + €'? sin (g) |1), where ¢ € [0,27] and ¢ € [0, 7].

With this notation the quantum states can be visualized on the surface of the unit sphere in R>

called the Bloch sphere [2].

The Bloch sphere representation can be generalized for mixed states, too.

Theorem 2.40 (Bloch sphere representation for mixed states). If p € C? is a density matrix, then

it can be written in the form p = ”2"6, where 7 € R3, |7]| < 1, ox, 0y, 0; are the Pauli matrices

and7-0 =r|-Ox+ry-0y+13-0;

Proof. We know that the four Pauli matrices form a basis of the 2 x 2 complex matrices over the

C2*2 can be written in the form

complex numbers and hence any p €
p = 21l + 220, + 230y, + 240, where z1,22,23,24 € C.
Density operators are positive and hence Hermitian and Pauli matrices are also Hermitian, so
pJr = p =711 +720, +730), +240;. The coefficients of a vector in a basis are unique, so z; = z; for
all j € {1,2,3,4}, i.e. the coefficients are real.
The trace of a density operator is 1 and the trace is linear, so
I =tr(p) =tr(z1/ +2200x + 230y + 240;) = zitr(l) =221 = 21 = %

2 2

Calculating p? using that I” = 62 = = 62 =1, 6,0y = — 0,0y, 0,0; = — 0,0y, 6,0, = — 0,0y,
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we get

2
1
p2 = (§I+Z26X+Z3Gy —|—Z4GZ)

Lo 20 20 2
= ZI +250; +2305 +240; + 2205 + 230y + 240, +

+ 2223050y + 22230y Oy + 22240x 07 + 22240, Ox + 23240y O; + 2324070y,

1
= (4_1 —i—z% -I-Z% +zﬁ) I+ 2,0y + 230y + 240;.

Now we can calculate the trace of the operator p? and use the previously proven fact that

(p?) < 1 for any density operator p:

r(p?) =2-(3+53+53+73) <1 e3+3+5<;9/3+3+5 <3

Sop= % (I 4 z20x+ 230y +240;), where

Il = /2e2) + 22+ 2u)? =2 /Z+ 3+ 2 <1

It is also not difficult to see that p is a pure state if and only if ||7|| = 1.
Investigating composite quantum systems often requires describing the state of certain subsys-
tems, which makes it necessary to define the so-called reduced density operator. For this definition

we also need the definition of the partial trace of an operator.

Definition 2.41 (Partial trace [9]). Let 51 and ¢ be two Hilbert spaces with orthonormal bases
(lyi))i C 74 and (|&;)); C . Then (|y;,€)))ij = (|wi) ®|&;))ij is an orthonormal basis in
4 ® H. For a linear operator A=Y j 1 1A jk,

Vi, &) (Wi, &| on J6 @ 5 the partial trace of

A over JA is a linear operator on 76 defined as

mﬁw:z<zmM0m»@m

gl \ i
and the partial trace of A over 3¢ is a linear operator on ¢ defined as

rmlAl =Y (ZAi,j,k,j) (W) (Wil -

ik \ J
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It can be proved that the partial traces do not depend on the choice of the bases.
Claim 3. Forany X € Z(4),Y € X(43),A € L (F4® 75):
() e (X L) A] =ty [X-wplA]].
(i) e [(Ln ®Y)A] =ty [Y -trpA]] .

Proof. We only prove (i), the case (ii) is similar.

U (X ®Lg)A]

=Y (Wi® (X Lg)Alyi® ;) =) (wilX - (|AIE) lvi)

ij i,j

=Y (wilX Y (GHAIE)) [wi) = Y (WilX -t Al i) = tro [X - trs[A]].

1

]

Definition 2.42 (Reduced density operator [15]). If we have two systems described by the Hilbert
spaces 76 and 7 and the density operator of the composite system is P13, then the reduced
density operator for system €1 is p1 := tr y; [p12] and the reduced density operator for system 5

is P2 = " 5 [plz].

To understand these definitions, let us take an example. One of the Bell states on the two-qubit

system is defined as |®T) = \% (|00) + |11)), and hence its density operator is

1 001
1 110 0 0 O
p = %) (@] = 3 (100) +[11)) (00| + (11]) = 5
0 00O
1 0 01

If p; is the reduced density operator for the first qubit, then we have that Agp o0 = Ay,1,1,1 =

bty

Apo1,1 =A1100= % and the other coordinates are all zero, hence
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pr=1t2(p) =YY A ik W) (Wil = A0,00010) (O] + A1 11,1 (1) (1]
ik

10
01

| =

1
=510} 0]+ 1) (1]) =

In the case of an n-particle quantum system, which is described by the tensor product ®?_, 77
of n Hilbert spaces we can also take the partial trace corresponding to the i-th system as
tryz[A] € £ (®j¢;), and for any I C {1,...,n} subset of indices the corresponding reduced
density operator is p; = trgy 1\ /[P]-

The most frequently used example is the n-qubit system, which is the tensor product of the
qubit Hilbert spaces .7 = C? . Each of the subsystems has the previously defined basis {|0),[1)}

and the computational basis of the n-qubit system is defined as {|x) } ,c(0,1}» C (C2)en,
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3 Quantum mechanical approach to optimal transport

3.1 Different approaches to the transport problem

Now that we have introduced the basic concepts of both optimal transport theory and quantum
mechanics, we can continue by connecting these two areas. For making it easier to notice the
similarities between the classical and the quantum formalism, we make a table which compares
these two. In quantum mechanical context .Z’(7#) denotes the set of linear operators A : 7 — 2,
O () stands for the set of observables (linear self-adjoint operators), .7 (.7) denotes the set of

density operators (self-adjoint, positive, unit trace linear operators) and &7 () stands for the set

of pure states p = |y) (y].

state of the system

on set X

concept classical notation quantum notation
underlying set XY Hilbert space ¢
elements of the set X,y @) € H
. Ae L)
complex-valued functions f:X—C
linear operator
adjoint fr A*
absolute value Fik A*A
real-valued functions fX—=R A € O0(5¢) observable
) ) Ae0(H),A>0
non-negative functions f:X —10,00)
positive observable
expectation Jx f(x)du(x) tr[pA]
p probability measure p €S (H)

density operator (state)

extremal states

Dirac measure:0y : X — R,

Oy(x) = Oy =1,y

pure state: |@) (@],
where (@|@) =1

composite systems

Cartesian product X x Y

tensor product 74 ® 4
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The following two statements illustrate the analogy between marginal distributions in classical

optimal transport and partial traces in quantum optimal transport.

Claim 4. A probability measure 7 € Prob(X x Y) has first marginal (7); = u and second marginal

(m), = v if and only if

/] untey) = | fedut)
XxY

and

/[ stiane = [ s0avo)

XxXY

for all f € 6,(X), g € 6,(Y) continuous, bounded functions.

Claim 5. A linear operator A € (4] ® %) has partial traces tr 4 [A] = A and tr 4 [A] = A if
and only if

tr%l@%[(X ®I<%02>A] =1 [X -Al]
and
tl‘jﬁ(gjfz[(ljfl ®Y)A] = tr%[Y -Az]
for all linear operators X € .Z(.74),Y € L (753).
Various distances can be defined between probability distributions, many of which also have

quantum analogues. For example, let us consider the total variation distance defined on a countable

probability space X between probability measures ( and Vv as

|l = Vl[zv := sup [u(A) — v(A)].
ACX
Theorem 3.1 ([17]). If X is a finite or countable probability space, then
11 = Vll7v == supacx [W(A) = V(A)] = 5 Toex [1(x) = V(x)]-

Proof. B:={xe€X:u(x)>v(x)}. Foran arbitrary A C X we have u(A) = u(ANB)+ u(A\B) and
V(A) = v(ANB) + v(A\B) and from the definition of the set B we know that u(A\B) < v(A\B),
hence u(A) —v(A) < u(ANB)—v(ANB) < u(B) — v(B). This yields supyx U(A) — V(A) =
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i (B) — v(B). For symmetry reasons, we similarly obtain that

H(A)=v(A) = u(ANB°) = v(ANB) = u(B) — v(B) and hence sup, - x V(A) — u(A) = v(B) —
1 (B°).

Both measures are probability measures, so i(B) + u(B) = v(B)+ v(B‘) =1, so u(B) — v(B) =
V(B) — i (BY), therefore sup,cy |11(4) — v(4)| = u(B) — v(B) and also |1 (B) — v(B)| = | (B) —
v(BY)| = %er x | (x) — v(x)|. Putting these two equations together we get the statement of the

theorem. O]

In the case of the quantum analogues of the classical distances, we define the distance between

quantum states on separable Hilbert spaces instead of between probability measures.

Theorem 3.2. ||Al|; = tr(VATA) = Y|,

, where A; are the eigenvalues (with multiplicity) of the

matrix A.

The quantum counterpart of the total variation distance is the trace distance defined as

Du(p,0) = 50/ (p = 0)'(p ) = 5llp — ]l

Theorem 3.3 (Unitary invariance). The trace norm of a matrix (and hence the total variation

distance) is unitarily invariant, i.e. for any unitary matrix U and arbitrary matrix A the equality

|lUAUt||; = ||A|ly holds.

Proof. ||A||1 = ¥|A;j|, where A; are the eigenvalues of A, so it is sufficient to show that UAU " and
A have the same eigenvalues. Supposing A [v) = A |v) for a vector |v) # 0, we have (UAUT) (U |v)) =
UA|v) =UA|v) = A(U |v)), so A is also an eigenvalue of UAU . Similarly, if (UAUT) [v) = A |v),
then AUT |[v) = UTA |v) = AU |v), so A has eigenvalue A. O

3.2 Quantum channels

The quantum analogues of the Markov operators are quantum channels. Let us take a closer look
at these objects. For understanding Markov operators, we need the definition of a special type of

mapping between measurable spaces.
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Definition 3.4 (Markov kernel). Let (X,</) and (Y, %) be measurable spaces. ¥ is a Markov
kernel with source (X, <) and target (Y, R), if it is a mapping K : 2 x X — [0, 1] with the following

two properties:
e for all By € B the function x — k(By,x) is </ -measurable,
e forall xo € X the function B — k(B,xo) is a probability measure on (Y, ).

An insightful example of a Markov kernel can be provided by reformulating a Markov process
on a countable space X. If X =Y and & = & = &(X) and K is a Markov chain, then the o-
additivity of measures ensures that we only have to define k on the singleton sets {y} € Y for each
x € X, because k(B,x) = Y.,cp K({y},x) forallx € X and B € #. Taking k({y},x) := P(y, x), where
P(y,x) is the transition probability from state x to state y we obtain a Markov kernel, furthermore,

for each Markov kernel we get a proper (possibly infinite) transition matrix for a Markov process.

Definition 3.5 (Markov operator). Let (X,%7) be a measurable space and let V be the set of real
measurable functions f: (X, /) — (R, 2(R)). The linear operator P on the set V is a Markov

operator if the following properties hold:
* P maps bounded functions to bounded functions,
* P(1) =1, where 1 is the constant 1 function,
* for each f > 0 function Pf > 0, i.e. it conserves positivity.

If certain topological properties hold for the measurable space, then each Markov operator P
can be written in the form (Pf)(x) = [y f(v)k(x,dy), where k(x,A) is a Markov kernel [7]. We
call this integral form the kernel representation of the Markov operator P.

Now we can move on to the definiton of a quantum channel, but before that we need the
definition of a completely positive operator, which is a stronger condition for an operator than

positivity.

Definition 3.6 (Completely positive operator). If .7 and .7 are Hilbert spaces and ¢ : B(.77) —
B(t) is a linear map, then it induces the map idy ® ¢ : CP* @ B(A4) — C*k @ B(4),
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where the domain of the map can be interpreted as k X k matrices with elements in B(.71) and ¢
transforms each of the matrix elements a;j into ¢ (a;;).

¢ is said to be k-positive if id;, @ ¢ is a positive map and completely positive if it is k-positive
forallk e Z..

Definition 3.7 (Quantum channel). Let 541 and .7 be Hilbert spaces and ® : 7\ (74) — T1(5)

an operator. P is a quantum channel if it is
* linear,
* trace preserving, i.e. tr|{®(A)| = tr[A] for all A € 71 (4),
* completely positive.

This definition explains why quantum channels are often abbreviated as CPTP (completely
positive, trace preserving) maps.

The following theorem was proved by Choi in 1975 [4] and independently from his work
applied for quantum mechanics by Kraus in 1971 [12]. Let (74, 7%) denote the set of bounded

linear operators from 7] to J%3.

Theorem 3.8 (Choi—Kraus factorisation theorem [1]). If 74 and .76 are finite-dimensional Hilbert

spaces, then for a linear map ® : B(7) — B(4) these two conditions are equivalent:
1. ® is completely positive,

2. there exists N € N and operators {K;}Y_, C B(IA, #5) such that
®(A) =YV, KAK, forall A € 4.

As a corollary of this theorem, we can provide a characterisation of quantum channels.

Theorem 3.9 (Characterisation of quantum channels in the finite-dimensional case). If 771 and
S are finite-dimensional Hilbert spaces, then for a linear map ® : B(7) — B(H5) these two

conditions are equivalent:

1. @ is a quantum channel,
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2. there exists N € N and operators {K;}\_, C B(IA, 5) such that
D(A) = 25\1:1 KiAKiT forall A € 74, and Zé\’:l KI.TK,- =14.

Definition 3.10 (Adjoint of quantum channel). If ® : £ (J4) — ZL(H5) is a quantum channel
with Kraus representation ®(A) = fV: | K,'AKiT and ):fi | K;Ki = 1,4, then its adjoint

&7 L(H5) — L (FA) with respect to the Hilbert—Schmidt inner product is given as

®f(A) =YV | K] AK;.

As D (1,5) =YV K 15K =YV | K K; =14 forall A € £ (5), the adjoint is unital.
To grasp how quantum channels work, let us take a look at some standard examples on qubit states,

i.e. C>*? density operators.

Example 3.11 (Identity channel). The identity channel on qubit state acts as ®(p) = p, and its
1 0

0 1

Kraus representation is given by only one Kraus operator, K| =
Indeed, ®(p) = KlpKf = p and K1K1T =1

Example 3.12 (Depolarizing channel). The depolarizing channel maps the quantum state into
itself with probability 1 — p and into the completely mixed state % with probability p. In general
the completely mixed state is the state proportional to the identity matrix and it describes maximal
randomness as it is the uniform distribution over all the orthonormal basis states. The depolarizing
channel models the noise in the quantum system, because with nonzero probability the initial state
is replaced by some uniform noise.

The formula for the depolarizing channel is ®(p) = (1 —p)p + %I.

Taking the Bloch representation of a quantum state p = % (I+7-0) and using the identities

XXX =X, XYX=-YXZX=-Z,YXY =-X,YYY=Y,YZY = —Z,7ZXZ = —-X,ZYZ = —Y,
Z77 = Z, we obtain

(

XpX =3 (I+nX—nY—r2)

N[ —

YpY (I—rX+nrY —rZ)

ZpZ

TI-rX—nY+r2),

\
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and therefore summing up these equations we get }‘ (p+XpX+YpY +ZpZ) = %

Substituting this into the initial equation yields

1 3
P(p)=1-plp+p (Z (p +XpX+YpY+ZpZ)) = (1 - Zp) p +§(XpX+YpY+ZpZ).

So one possible choice of the Kraus operators is

3
Ki=1/1- TpI,Kz - gX,IQ - gy,m —

Given a quantum mechanical system described by a self-adjoint time independent Hamiltionian

Z.

NS

H, we can define a unitary quantum channel via the time evolution of the system.

For proving this we need a lemma about the properties of the adjoint.

Lemma 3.13 (Adjoint of matrix exponential). For any operator A, we have (eA)T =t

Proof. By definition, ef = Y= (AT — 14444 4.
Well-known properties of the adjoint are (AB)" = B'AT,(A+B)" = AT + BT (cA)" = c*A".
Using the first one it is easy to see that (A”)" = (A---A)T = (A")", and therefore

© AN i 00 n\ T 00 n\t 00 T\n
A A A
(eA)T: ( E —n') = E (—n‘) :nz_o(n!) = E_O(n') :eAT.

n=0

Now we can prove the following theorem.

Theorem 3.14 (Quantum channel of Hamiltonian). If H is a self-adjoint, time independent Hamil-
tonian and U (t) = e~ then for the operator @ : R x . () — . (H’) we have that ®(t,p) =
®,(p) =U(t)p(0)U'(t) is a quantum channel for all t € R.

Proof. Using the characterisation theorem for quantum channels we only have to show that U is a
unitary bounded operator.

Applying the previous lemma we get (U(r))" = (e )T = ¢(~H! )" = ¢iH't = i1 and therefore
U@t)'U(@t)=ele M =1,50U'U =1

Every unitary operator has norm 1 and hence is bounded.
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We also provide a counterexample to show that not all linear, trace preserving maps

b L(H) — L(H) are quantum channels.

Definition 3.15 (Transpose). With standard braket notation, for any operator A € L (), its

transpose is a map AT € L (%) such that AT ((y|) := (y|A, ie. @(Ax) = (AT¢)(x) for all

@ € I, x € J. It is easy to check that for finite matrices this definition coincides with the usual

matrix transpose definition.

For C"™*" matrices the transpose & is a linear, trace preserving map, however it is not com-

pletely positive. To see that, it is sufficient to show that idy ® P is not a positive map.

1 0/]0 1 1 0/]0 O
] 0 0[]0 O 0 0|1 O
(i RP)| ——F— | = | ——F—
0 0/]0 O 0 1[0 0
1 0/]0 1 0 0[O0 1
1 0/{0 1
0/0 O
It is sufficient to see that A = | —————— | is positive semidefinite and
0 0/]0 O
1 0/]0 1
1 0/]0 O
0 0|1 O [
B=|— 1s not.
0 1]0 0
0 0(0 1

On one hand,

(a,b,c,d)A(a,b,c,d)” = (a,b,c,d)(a+d,0,0,a+d)" =a*>+ad+da+d*> = (a+d)* >0,
on the other hand, (a,b,c,d)B(a,b,c,d)” = (a,b,c,d)(a,c,b,d)T = a®>+2bc+d?, so for the vector
(a,b,c,d) = (0,1,—1,0) we have (0,1,—1,0)B(0,1,—1,0)" = -2 < 0.

Important types of quantum channels on single-qubit systems are the flip channels, which can
be described with the help of the Pauli matrices and which play an important role for instance in

quantum error correction.
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Definition 3.16 (Bit flip channel). The bit flip channel is defined as ®(p) = (1 —p)p + pXpX, so
its Kraus representation is Ky = \/1— pl, K, = /PX. The name bit flip originates from the fact
that it flips the states |0) and |1) with probability p.

Indeed, X |0) = |1) and X |1) = |0).

Definition 3.17 (Phase flip channel). The phase flip channel is defined as ®(p) = (1—p)p + pZpZ,
so its Kraus representation is Ky = /1 — pl,K, = \/pZ. The name of the channel is phase flip

because it switches the phase of the state |1) with probability p.
Indeed, Z10) = 10),Z|1) = —|1).

Definition 3.18 (Bit-phase flip channel). The bit-phase flip channel is defined as ®(p) = (1 —
p)p +pYpY, so its Kraus representation is Ky = \/1— pl,K, = /pY. The bit-flip channel is the
combination of the previous two channels because Y = iXZ, so it flips both the basis states and

their phases.

Indeed, Y |0) = iXZ|0) = iX |0) = i|1) and Y |1) = iXZ|1) = iX (—|1)) = —i|0).

3.3 Optimal transport with quantum channels

In classical optimal transport theory, the transference plans 7 can be viewed as Markov kernels,
because the mapping B — 7(xo, B) describes the amount transported from x to B C Y, and hence
defines a probability measure on Y for all xy € X.

In quantum optimal transport theory, quantum channels play the roles of Markov kernels: the
complete positivity of quantum channels corresponds to the nonnegativity of probability measures

and the trace-preserving property corresponds to the normalization condition 7(X xY) = 1.

Definition 3.19 (Quantum optimal transport plan). A quantum optimal transport plan ® from a
state p € .S (FA) to a state ® € . (5) is a quantum channel from F,(74) to T () such that
P(p) = .

The following important theorem claims that any state on a Hilbert space can be represented as

a partial trace of a pure state on a larger Hilbert space.
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Theorem 3.20 (Purification of a state). Let 77 be a finite-dimensional Hilbert space. For any

p € L (H) there is a quantum system ¥ and a pure state |y) (y| € S (H @ K') such that
o lly) (wll = p-

Proof. Every state p € () can be written as p = Y, p;|y;) (wi| where (|y;)); C 5 is an
orthonormal set, p; > 0,Y; p; = 1. By choosing Z" = 77" and
W) ==Y /Pi|Wi) @ (W] € @ we have
%) (%] = X, P (v) @ (wil) (W] @ ). and hence
tre [[¥) (P[] = X pi [wi) (wil = p.
O

The vector |¥) we constructed in the proof is called the canonical purification of the state p
and is denoted as ||@)).

The density operator associated to a quantum optimal transport plan ® from p to o is
Mo = (PR 1y ) (W) (¥]) € S (H @), where |¥) = [|p)). From this definition we obtain

try (7o) = pT and trp+[map] = P(p) = ©.

Definition 3.21 (Quantum coupling). A quantum coupling between the states p,c € ./ () is a
state T € . (@ A7) such that try[1t] = pT and tryp[7t] = 6. The set of quantum couplings

between p and G is denoted as C(p,0).

The cost operator is given via a set of observables & = {Aj,...,A,}. In this thesis, we focus

exclusively on quadratic costs, which are defined as
n
Co=Y (A1 —IRAT).
j=1
The quantum Wasserstein distance is defined analogously to the classical optimal transport
case.

Definition 3.22 (Quantum Wasserstein distance[8]). The quantum Wasserstein distance corre-

sponding to the cost operator generated by the set of observables <f is

DY(p,0)= inf (tryenr[7Cy)).
neC(p,o)
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4 Quantum Wasserstein isometries

4.1 Summary of known results

As in the case of basic quantum mechanical concepts, it is again convenient to create a table which
compares the definitions of the classical and the quantum formulation of the transport problem. In
the classical formulation we take the case X =Y. The following pairs of concepts are equivalents of
each other in the two formulations: probability measures and density operators, marginal measures
and partial traces of density operators, integrals and traces. The correspondence between more

subtle concepts is described in the table below.

concept classical notation quantum notation
c(x,y) = d*(x,y), where foran o = {Ay,...,A,} setof
quadratic
d(x,y)isa observables the generated cost is
transport cost
metric on X x X CM:Z’}:I(AjGQIT—I@AJT.)Z
set of transference plans
Iy, v): set of couplings
T:XxX—10,1] C(p,o0):
transport plans
probability measure with ne S (AH QA" :
T[A x X] = u(A) and tryp+ 7] = o, trpp[n] = pT
n[X x B] = v(B)
with the given set .o/
drati
duadtatic Wi (u,v) = of observables:
Wasserstein )
inf (fXdez(xvy)dn(xvy)) sz%(p76) =
distance rell(u,v)

inf  (trpg [7Cy])
neC(p,o)

An important difference between the classical and the quantum Wasserstein distance is that
while the classical Wasserstein distance is a proper metric, the quantum Wasserstein distance is

not. In fact, the distance of a state of itself can be greater than zero. In order to avoid this problem,
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the Wasserstein divergence was introduced.

Definition 4.1 (Wasserstein divergence). The Wasserstein divergence generated by a set </ of

observables is defined as

doy(p,0) = \/ny(p,c) - %(Dif(p,p) +D?,(0,0)).

Now it is trivial that for all states p the divergence is d.,(p,p) = 0. Moreover, it was recently
proved that under certain further conditions it is a proper metric [3]. We have some results about the
isometries in the special case C2. A we have seen before, the state p € .#(C?) can be represented

as p = 3(I +x0y + yoy + 20, where l;p = (x,y,z) € R, HZ’pH < 1 is the Bloch vector of p.
Claim 6. For a state p € .#(C?) we have Bp = (tr(oxp),tr(oyp),tr(o;p)).

Proof. The set {I,0y,0y,0:} is orthonormal and hence oyp = 10y(I +x0y + Y0y + 20;) = 3xI,

therefore tr(oyp) = tr(%xl ) = x. From similar calculations we get tr(oyp) =yand tr(o,p) =z. O

Let us consider the cost operator Cyy,, generated by the set of Pauli matrices </ = {0, 0,0},
which is referred to as “symmetric”, because it is constructed using all three matrices in a symmet-

ric manner.

—4

0
0
Claim 7. Cyy, =
8
0

S O oo O

0
0
—4 4
Proof. By definition, Cy = (0: @1 — 1@ 6! )2+ (0, @ 1" —1® 0] )+ (o: 1" —1® 0] )%

Computing the three terms of the sum we obtain the matrix above. 0

Let us introduce the following notations: for &7 = {0oy, 0y, 0;} the corresponding Wasserstein
distance is D2,,,(p,&) = D?,(p, &) and the Wasserstein divergence is dyym(p, &) = dor(p,&). The

sym

set of pure states is 221 (C?) := {p € Z(C?) : p = |y) (y],|y) € C?}.
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Definition 4.2 (Wasserstein isometry). A map ®: .7 () — /() is an isometry of the quantum
Wasserstein divergence d s corresponding to the cost operator C oy, if d .7 (®(p),®(E)) =ds(p,&)
forall p,& € S ().

Similarly, ® is an isometry of the quantum Wasserstein distance corresponding to Cy, if

Dy (®(p), ®(8)) =D (p,5) forall p,§ € S (H).

According to Theorem 2.18., in the space of bounded linear operators on a finite-dimensional
Hilbert space . unitary operators are exactly those which preserve the inner product, i.e. for
all x,y € % we have (Ux|Uy) = (x|y). This definition gives meaning to the introduction of anti-

unitary operators in the following way.

Definition 4.3 (Anti-unitary operator). On a finite-dimensional Hilbert space € the bounded

linear operator U is anti-unitary if for all x,y € 7€ we have (Ux|Uy) = (x|y) = (y|x).

The following theorem by Richdrd Simon and Déniel Virosztek gives a characterisation of

isometries of the quantum Wasserstein divergence dgy, [18].

Theorem 4.4. (i) Let @ : /(C?) — #(C?) be an isometry of dsym such that ® maps pure
states to pure states. Then ® is a conjugation by a unitary or anti-unitary operator, i.e.

®(p)=UpU" forall p € .#(C?), where U is a unitary or an anti-unitary operator on C.

(i1) Unitary and anti-unitary conjugations are dgyy-isometries which map pure states to pure

states.

Now let us consider the cost operator C, generated by the singleton set &7 = {0, }.

00
4 0
Claim 8. C, =
0 4
0 0

o o o o
S o o o
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Proof.

, - 10 10 10 10
C.=(o®I' —I®o; )" = ® —
0 -1 0 1 0 1 0 —1
2 2

10 0 O 1 0 0 O 00 0 O 00 0O
01 0 O 0O -1 0 O 02 0 O 0400
00 -1 O 0O 0 1 O 00 -2 0 0 040
00 0 -1 0O 0 0 —1 00 0 O 0 00O

]

With D, denoting the Wasserstein distance corresponding to the cost operator C, and b, denot-
ing the Bloch vector of the state p € .#(C?), we have the following equivalent conditions in the

qubit state space [18].

Theorem 4.5. Let @ : .7 (C?) — .7 (C?) be a map. The following two conditions are equivalent.

(1) D is a quantum Wasserstein isometry with respect to the Wasserstein distance D;.

(i) For all p € .7 (C?) states bo(p)| = [bp

, and either (bgp))3 = (bp)3 for all states or

(bcb(p))3 = —(bp)3 for all states.

4.2 New results

The aim of current research is to generalise the previous results to other quantum systems and to

other cost generating sets of operators.

Theorem 4.6. Let 7 be a finite-dimensional Hilbert space with dim 77 = n and let
A=A € O(H) be an observable.

() Let ®:.7(H) — S () be defined as D(p) = e'pApe~ite4,
where ty € R for all p € /() and p — tp is an arbitrary map from .7 () to R.
Then ® is a quantum Wasserstein isometry, i.e. for all states p,® € . (.7) we have

D?,(@(p). @(0)) = D3, (p. ).
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(i) If®: S (H) — S (H) is a Dyyy-isometry and both the largest and the smallest eigenvalues

of the operator A have multiplicity 1, then

(a) Either tr|®(p)(A? —2MA)] = trp[p (A% —2MA)] for all p € (),
where Aq is the largest eigenvalue of A, or
tr [ ®(p)(A% = 22,A)] + A2 = trp[p (A2 —24A)] + A2 for all p € S (H),
where A1 is the largest and A, is the smallest eigenvalue of A.

(b) Moreover, ¥; i (Aj — &)*[ (@1 / ()| @k} [* = Lk (Aj — M)* [ (@] /Pl o) 2

where Ai are the eigenvalues of A with the corresponding eigenvectors @y.

’

Proof. (i): The Wasserstein distance induced by A is

2 _ . T T\2
D{A}(pvw) - nEér(l[f,a)) (trjf@)%*[n(A@I —I®A ) ]) )

S0 T € .S (H QR A%, tr <[] = @, tr 5 [m] = pT.
Let us use the notation  := te, s :=t, Us (x) = ™4,

hence ®(p) = Ua(s)pU, (5), ®(®) = Ua(t)oU, (1).

Any coupling 7 € .7 (¢ ® %) has the form 7 = Y, o ® B, where o, By € L ().
Ua(t,s) :=Ux(t) ® (UX (s))7 is a unitary operator on J# ® J#*.

We are going to show that if & € C(p, ), then UA(I,S)TCUAT(Z,S) €C(P(p), P(w)).
Indeed,

tr o [Ua(t,5) U} (1, 5)]

=Lt [(Ua0)® (U16) e B U0 2 UF ()
= Einr [(Ua 0t 0) = (U]) B Uf )]
= Y Us(0) e} (1)t [(Uf ()T BTUZ (5)]

k

0 (;ak.w (GO A <s>]> Ui
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Using the cyclic property of the trace we have

s [(US(5)TBIUL ()] =t [BIUT ()] (9))7] = tre BT, and hence
UA(1) (; -ty | (U] ()T B UT <s>]) Ui ()
= Ux(t) (Z outr e+ By ]) UL (1)
k

= Ua(1)trpe Ui ()

Zak®BkT
3

= Ua(1)tr e+ (1)U (1)
= Up(t) U] (1) = D(w).

We could show with similar computation that
o [Ua(t,9)7U ] (1,9)] = (Ua(5)pU (5))" = B(p)".
The operator Uy (¢, s) is invertible and therefore with the same reasing we can show that if U4 (¢, s) U X (t,5) €
C(®(p),P(w)), then m € C(p,w).
Now we only need to show that 7w and U, (z, s) nUX(t,s) generate the same transport cost. The
trace is linear, so it is sufficient to check this for couplings 7 = a ® B, where «, 8 € £ (7).
The operator ¢4 commutes with both A and I and therefore U (1,5)(A@ 1T — 1@ AT) = (e ®
ENNYARIT —TAT) = (AT — I®AT)UZ (t,s). Using this and the cyclic property of the

trace we have
o [(UA(t,s)nt (t,5)) (AT —1®AT)2}
_ T T\27 1t
=W pe.r+ UA(Z‘,S)TL'(A®I I®A ) UA<[,S)
— [Uj(t,s)UA(t,s)n(A ®IT—I®AT)2]
=t g [RART —T®AT)?].

(ii): (a): First let us consider the case when one of the states p,® € () is pure. In this

case the only coupling is the trivial coupling 7 = @ @ p’.
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D%A}(paw)
= ten (@2pT) AR —T0AT)]
=t e [(O2p)(A*RIT —2A0AT +1 (AT)?]
=t ypen |OA*@PT] =2t o [0ARPTAT] +tr e [0 pT (AT)?].

Using tr» [p] = tr» [®] = 1 and the identity

o [X QY] =tryp [X]-tryp [YT] = tryp [X] - tr e [Y], we have

e |OA*@PT] =2t pe - [0ARPTAT] +trpe e [0 @ pT (AT)?]
=1r [(OAZ} oy [p] = 2tr e [0A] - trp [pA] +trp (0] - trp [pAz}

=1{r [O)Aﬂ =2ty [WA] - trp [PA] + tr [pAz] .

Any self-adjoint operator A can be written in the form A = ):;?:1 Ajp;j, where A; > --- > A, are the
eigenvalues of A with corresponding eigenvectors |@;) and eigenprojections p; = |@;) (@;|.

Using the fact that

trp [P1A] = tr e [|@1) (@1]A] = trp [(@1] A|@1)] = (@1|Al@1) = A

and
tre [1A%] = tre [|@1) (91| A%] = tor [(@1]| A% |@1)] = (@1]A%@1) = A7,

we have that for an arbitrary p € . ():

D%A} (p1,P)
=t [PA%] =2t [PA] -t [p1A] + trp [p1A°]
=t [pA%] = 2Mitr e [PA] + AL
Rearranging the terms we obtain tr» [p(A% —20,A)] = D% 4} (p1,p) — A%, and with similar com-
putations we get tr - [p (A2 —22,A)] = D%A} (pn,P) — A2.
Using the decomposition A = }}_, Ajl@;) (@;| and the fact that
I'=Yj 119;) {9;| we obtain
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AIT —10AT)?

- (;A o ) 8 (k_flrwkwpk\)T— (;\w w) 8 (k_ilm(m mﬂ

2

2
=1 Y Y Ailon (oo (o) ()" = Y Y Al (@il @ (lo) () >

i=1k=1 j=1k=

~

1
2

rx

With {;};_, denoting the dual basis of {¢;}_; we have

I M:

(A — ) [9;) (@] @ (|px) (i) )

2
(ZZA — ) |9)) <p,|®<|qok><<pk|>>

j=1k=1
. 2
(Z (A — M) |(PJ®(Pk><(PJ®(Pk’>
Jk=1

= X Gy R 1000 (050
We can write A with the eigenprojections p; = [¢;) (¢;| as A =Y"_, 4;p;, therefore
Al —1AT = Y (A 10000 (900l = Y (b~ Ao,
k=1 k=1

From this decomposition we can see that the operator norm of (A ® 17 —I®AT)? is its largest
eigenvalue (4 —A,)? ie. |[[(ARIT —I®AT)?||. = (A1 — A,)%. By definition, for any 7 € C(p, ®)
we have ||7T||1 = trpe e [TT] = trplte e 7)) = trp[o] = 1.

We can apply the Holder inequality [tr(XY)| < ||X]|; - [|Y || for X =7, Y = (ARIT —IRAT)?
to get

wlmAR T —12ATY) < ||l - [[AS T —[@AT||lo = (b — )

Therefore D% A}(p, ®) < (A — A,)? and for p = p1, ® = p, the equality holds, because

D%A}(pl,pn):tl‘ n®p1 Z A‘ A‘k ]®pl{) :()Ln_)vl)z-
J.k=1
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For the following calculations we use that A; and A, are eigenvalues with multiplicity one. We
want to show that D%A}(p, ®) = (A; — A,)? can only hold if {p,®} = {p1, p.}.
Indeed,

D%A}(p7 CO)
<tper [(@2p") AT —10AT)]

n

= Y A=) *ten [(02p7)(pj®p})]

~.
[y

(A} — M) * e [0p;@pT i |

~.
—_

(A} — ) *trp [0p;] - trop [P pil

~
—_

A

(M = An)te e [@p;] -t [P ]

~
—_

IN

I
= T T T

_A'n)za

where the last inequality holds because the terms tr [a)p j} -tr [ p px] form a convex combination
of the values (A; — A;)?. Combining this with our assumption that A; and ,, have multiplicity one,
equality can only hold if all the terms tr» [®p;] - tr 5 [p pi] are zero except when {j,k} = {1,n}.

In that case, ® = ap; + (1 — a)py,p = Bp1+ (1 —B)p, and
(A = 2)2aB + (= A1 = B)+ (A — )21 = 0B + (A — A)2(1 — @) (1 — B) =

= (A= X)*(a+ B —2aB) = (A — An)*(a = B)* = (A1 — An)?,

and therefore either ® = p; and p = p, or ® = p,, and p = py.

As a corollary, if ® is a quantum Wasserstein isometry, then either ®(p;) = p; and ®(p,) = pn
or ®(p1) = pn and ®(ps) = p1.

If CI)(PI) = p1 and q)(pn) = pn, then D%A} (Plap) = D%A} (CI)(pl),(I)(p)) = D%A}(Plaq)(p)) for
all states p € .7 (%), and therefore

1 [B(p) (A2 — 24 )] = Dy, (p1,®(p)) — A = D2 (p1.p) — A7 = tr 1 [p(A —21A)]
If If ®(p;) = p, and ®(p,) = p1, then
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e [D(p) (A* — 24,A)] + A,

= D{ay (P, ®(P)) = D4y (D(p1), ®(p)) = Diay (P1,P)
= try[p (A —21,1A)] + A2

(b): For an arbitrary state p € .(¢) according to Corollary 1 in [5] the equality

Di4y(p.p) = ttres [I[VP) (WPl (AT —10AT)?]

holds.
Using the definition of canonical purification, the cyclic property of the trace and the identity

X®YT||Z)) = ||XZY)), we have

e [[VP) (VP (A@TT —10AT)?]

= e [IIVP) (VPN (A2 @1")] +tresr [IVP)) (VPII (1@ (AT))]
—2tt e [|IVP) (VP (AR AT)]
=t [t [[1VP)) (VP I]A%] + o [t [[|V/P)) ((v/PI1] (AT)?]
—2((vpllAA" |lvp))
=ty [PA’] + e [pT (AT)] = 2((V/PlAgripA))
=t [pA%] 150 [T (AT ] = 211 [ (V/P) A V/PA]
= trp [PA®] +tryy [pA%] = 2tr,0 [(/PA)?].

We obtained that for all p € /() the equality D, (p,p) = 2 (tr,r [pA%] —tr,r [(/PA)?])

holds.

Decomposing the state p as

n

=Y (oilplo) (o) (ol = Y. (@ilp|on) 0 © ¢
J.k=1 J.k=1
and its square root ,/p as

n

VB= Y (@lvaledlen @l = Y (@1vPle) oo @

Jj.k=1 Jj.k=1
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and putting our results together we have

D%A} (pvp)
=t e[|V (VP (AT —1®AT)]
= e [(VPIARITT —10AT)?(|\/p))]

<<Z (@0i1VPlor) 0 @ ¢ ]

Z (A‘l _Am)z |(pl ® (pm) <(Pl ® ¢m|

i (orlvV/Plos) <pr®¢s>>

Jk=1 I,m=1 rs=1
Z Z Z (@iIvVP10) (0r1v/Plos) (A — An)* ({9 @ G| |0 @ Pun) ) ({01 @ Bl | @r @ B))
Jk=11m s=1
— Y Y Y @IVRI00 (0 VBI00) (At— A 851 S G-
Jk=11m=1rs=1
(A= X)2 (i v/Plow) |-
jk=1

We know that D{A}( (p),®(p)) = D%A}(p,p), and computing D%A}(Cb(p),tb(p)) similarly
yields

Y (A=) <P,|\/5!<pk>!2=2(?t — )@V P(p) | @x) |
k=

Jik=1 Jik=1
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