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Summary

Summary

The asymmetric 2-component forests of a connected graph (with respect to a weight
function on the vertices) form the bases of a matroid. We characterize those graphs which
are mapped into graphic matroids by every weight function and those functions which
map every graph into graphic matroids (we refer to these as universal graphs and weight
functions). As a byproduct we characterize those matroids whose truncation is graphic.
We characterise the graphic maps of some special types of graphs. Furthermore, we show
that the general weight function is the only weight function that only maps universal
graphs into graphic matroids and there exists a non-universal weight function for a graph
that maps it into a graphic matroid if and only if it is not 3-vertex connected.

I gave a talk about the contents of Chapter 2 at the 13th Hungarian-Japanese
Symposium on Discrete Mathematics and Its Applications with Dr. Andras Recski, the

contents of Chapter 3 and 4 cannot be found in literature to my knowledge.



Chapter 1

Introduction

1.1 Key concepts and notations

Let S be a finite set and F' a collection of subsets of S. M = (S, F) is called a matroid

if it satisfies the following properties:

L. DeF

2. f XeFandY C X thenY € F

3. If X, Y € F, |X| > |Y] then there exists an x € X \ Y such that Y U {z} € F

The elements of F' are called the independent sets of M. A maximal independent subset of
S is called a base, all bases have the same cardinality by the 3rd property. r : P(S) — N,
r(A) = max{|X| : X € A, X € F} is the rank function of M. A C S is called a
closed set, it Vo € S\ A r(AU{z}) = r(A) + 1. The closure o(X) of X is defined as
o(X)={z e S:r(XU{z}) =r(X)} Clearly, r(c(X)) = r(X) since Ax € o(X)\ X
such that (X U{z}) > r(X). CC Sisacircuitif C ¢ Fbut VX CC X e F.x € S'is
called a loop if {x} ¢ F, the elements of X C S are parallel if r(X) = 1 and no element
of X is a loop. My = (51, F1) and My = (S, Fy) are isomorphic if 3® : S; — Sy bijection
such that VX C S X € F| & ®(X) € Fy, this will be denoted as M; ~ M,.

Let G = (V, E) be an arbitrary graph and F' C P(FE) be the collection of its circuit-free
subgraphs. M (G) = (E, F') is a matroid, it is called the cycle matroid of G |9 Proposition
1.1.7]. The bases of M(G) are the spanning forests of GG, the circuits, parallel edges and
loops of M (@) are exactly the circuits, parallel edges and loops of G, respectively.

Let M = (S, F) be a matroid with the rank function r and let X C S. Let F' C
PS\X): VY C(S\X) YeF &Y e€F.Then M\ X = (5S\ X, F') is a matroid, it is
called the deletion of X from M |2 7.3]. Furthermore, R(Y) = r(Y UX)—r(X) is the rank
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function of a matroid on the set S\ X[2 Theorem 7.3.1]. This is called the contraction of
X from M, the resulting matroid is denoted with M/X.

Matroids resulting from a sequence of deletions and contractions from M are called the
minors of M. If N is a minor of M then 3A, B C S, AN B = () so that N = (M \ A)/B
[2 Statement 7.3.3].

Let 0 < k < r(M) be an integer. M}, is the matroid with the independent sets of M with
cardinality k as it’s bases [8|. This is called the truncation of M at k. In later sections,
truncation always reduces the rank of a matroid by 1.

Let G = (Wi, Ey), Gy = (Va, Ey) be arbitrary graphs. ® : E; — E, bijection is a
2-isomorphism if VX C Fj is a circuit in G; if and only if ®(X) is a circuit in Gs.
M(G,) ~ M(Gs) < G, and G are 2-isomorphic |2 , Exercise 7.1.1]

Let My = (Sy, F1), My = (S,, F») be matroids with S;NSy = (0. Let Mi@® M, = (S1USs, F),
where for any X C (S US;) X € Fif and only if (X N Sy) € Fy and (X N Sy) € F.
Then M; & My = (51 U Sy, F) is a matroid |9 1 Exercise 7], it is called the direct sum
of My and M. Let Gy = (Vi, Ey), Gy = (V,, Es) be arbitrary vertex disjoint graphs
and let G be a graph obtained by identifying a vertex of G; with one of G5. Clearly,
M(G) ~ M(G1) & M(G2), we shall refer to this as the direct sum of graphs in later
sections.

Let My = (S1,F1), My = (S, F3) be matroids and ¢ : S; — Sy be a bijection. If
VX € F, ¢'(X) is independent in M; then ¢ is called a weak map, M; and M, are in
weak map relation if such a function exists (M; — M,). If VY C S, closed set ¢~ 1(Y) is
a closed set of M; then ¢ is called a strong map, M; and M, are in strong map relation
if such a function exists (M; = M).

Let M = (S, F) be a matroid and B the collection of its bases. Then {X : S\ X € B} is
the set of the bases of a matroid M’ = (S, F’) |2 Theorem 7.2.4], this is called the dual of
M. The circuits of of M’ are called the cut sets of of M, a cut set clearly intersects every
base. The cut sets with cadinality of one ae called coloops. The matroids on an n element
underlying sets with the k£ element subsets as their bases are called unifom matroids,
denoted U, . Let k,I,m be integers, 1 < I,m < k and [ +m > k. Let S = S U 5, is
a partition such, that |S1| > [ and |Sz| > m. Then Y € F if and only if |[Y N S| < [,
Y N S3] < m and |Y]| < k for all subsets Y of S. The matroid M (S, F) is called the

biuniform matroid of rank k and subranks [, m (3, 4].
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1.2 S(G,w)

Let G = (V, E) be a connected graph with n vertices (n > 2) and let w be a non-
identically zero weight function assigning real numbers to the vertices of G satisfying
Y wey W(v) = 0. A circuit-free subgraph of n — 2 edges (that is, a 2-component forest)
is called symmetric if Y w(v) = 0 holds for both components separately, and it is called
asymmetric otherwise. The asymmetric 2-component forests form the bases of a matroid
S(G,w), see [1]. This matroid is related to the cycle matroid M (G) of the G by the strong
map relation. We give alternate proofs to these two statements in Theorem 1 and 2. In

later sections, all graphs will be assumed to be connected.

Theorem 1. Let G = (V,E) and w : V — R be a non-identically zero weight function

satisfying Y, o, w(v) = 0. Then the asymmetric 2-component forests form the bases of a

matroid S(G,w).

Proof. Let By, B, C E be asymmetric forests, U, W C V the vertices of the two compo-
nents of By, e € By arbitrary. B; — e is a 3-component forest, we may assume that the
vertex sets of the components are Uy, Uy, W, where Uy, Uy C U. If By has an edge between
U, and U,, by adding it to B; — e we obtain a 2-component asymmetric forest with the
same components as Bj. If there is no such edge and for only one of U; and U, exists
an edge between it and W, by adding such an edge to B; — e we obtain a 2-component
forest with the same components as B,. If da edge between U; and W and b between U,
and W, but there is no edge between U; and U; in By, and By — e + a is not an asym-
metric 2-component forest then et w(f) # 0, therefore By — e + b is an asymmetric

2-component forest. [

Theorem 2. Let G = (V, E) then M(G) and S(G,w) are in strong map relation.

Proof. Let r be the rank function of M(G) and R the rank function of S(G,w). r(X) =
maz{|TNX| : T is a spanning tree in G}, R(X) = maz{|BNX| : B is an asymmetric
2-component forest in G}|. Let X C FE be connected (we can consider its components
otherwise). The induced subgraph of X in G has the same rank as r(X) since its rank is
one less then the number of its vertices. Similarly, if we add an edge not in the induced
subgraph to X its r rank increases, therefore the subgraphs of G with induced subgraphs
as their components are the closed sets of M(G). Let Y C E be arbitrary, let A be the

intersection of Y and a base in S(G,w) with maximal cardinality, let W be the set of
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vertices covered by the edges of A. We suppose that Y is connected, since we can apply
the following proof to its connected components otherwise. If A is a tree then the induced
subgraph of W, therefore the induced subgraph of Y, has the same rank R(Y). If A is not
a tree, then no B C E base in S(G,w) contains |[W|—1 edges in Y, therefore neither does
any base contain |[W|—1 edges in the induced subgraph of W, since if its intersection with
Y is replaced by A, it would remain a base. Clearly, if Y is not an induced subgraph in
G then it is neither a closed set in S(G, w). We obtained, that the closed sets of S(G,w)

are closed sets of M (G) as well, therefore they are in strong map relation. [

Remark 1. Let A be the vertex-edge incidence matrix of G with an arbitrary orientation
of its edges. By adding a new column w of the weights A’ = (A|w), then My, \ {w} =
M(G) and My,/{w} = S(G,w) where My, is the matroid represented by A’, see [1].
Clearly, the ¢ : Map, \ {w} = Maj,/{w}, Ve edge ¢(e) = e identity is a strong map.

Figure 1 illustrates this construction in a special case where every matroid happens
to be graphic, here the edges are denoted by letters and the numbers next to the vertices

are the vertex-weights. The same notation will be used in later figures.

Remark 2. Let G = (V,E), w : V — R be a non-identically zero weight function
satisfying > ., w(v) = 0. If e, f € E are parallel edges then at most one of them can be
in a 2-component forest, making them parallel in S(G,w). If e € E is a loop then it is not
contained in any 2-component forests, making it a loop in S(G,w). By deleting all loops
of G and all but one edge from each set of parallel edges we obtain G’. S(G, w) is graphic
if and only if S(G’, w) is graphic, since deleting all but one of the parallel edges in G and
deleting edges that are loops in G we obtain S(G’,w), similarly in S(G,w) by adding the
parallel edges of G to S(G,w) with parallel extension and adding the loops of G as loops
we obtain S(G,w). Clearly, S(G,w) is graphic if and only if S(G’, w) is, therefore we may

restrict ourselves to simple graphs.

Suppose that G has a bridge e (that is, G — e is disconnected). e is called balanced if
> w(v) = 0 holds for both components of G — e separately.

Remark 3. Let e € E be a balanced bridge in G = (V, E). Then any T'C E \ {e} which
is independent in S(G,w) has at least 3 components, therefore r(T') < r(S(G,w)) — 1. e
is contained in all bases, therefore it is a coloop in S(G,w). In later sections, such edges

should always be added to S(G,w) as coloops.

These observations are illustrated in Figure 2.
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Chapter 2

Universal functions and graphs |7]

2.1 Special cases

This M(G) = S(G,w) construction described in the previous section has two impor-
tant special cases.

1. If w(a) = 1,w(b) = —1, where {a,b} is an edge of G and w(p) = 0 for all other
vertices if any, then S(G,w) is just the contraction of this edge in M (G), keeping the edge
as a loop.

2. If w is generic, that is, all the weights are "general variables" (algebraically inde-
pendent transcendentals over the field of rational numbers) apart from the single relation
> w(v) =0, then S(G,w) is the truncation of M(G).

The contraction of an edge clearly always preserves the graphicness of the matroid,
while the truncation almost never does (see Theorem 5 below). Hence, the problem "de-
cide, for a given G and a given w, whether S(G,w) is graphic" seems to be interesting,.

This problem is clearly solvable in polynomial time: There exists a polynomial-time
algorithm to determine whether a matroid M is graphic, provided that M is given by an
independence oracle [6]. In our problem the matroid is given by a base oracle which is
usually weaker than the independence oracle, however, the two oracles are equivalent if a
base is given.

However, a direct approach is also interesting since the above "algorithmic" solution
does not give us any information about the structure of the graph G or about the prop-
erties of the function w.

In Sections 2.3 and 2.4, we study two special cases: Which are the universal graphs,

which lead to graphic S(G,w) for every w (Section 2.3), and which are the universal
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weight functions, which lead to graphic S(G,w) for every G (Section 2.4)7 As a byprod-
uct, we characterize those (not necessarily graphic) matroids whose truncation is graphic

(Theorem 5).

2.2 The U, }, matroids

Recall that the rank £ uniform matroid on the n-element underlying set is graphic if
and only if k£ equals 0,1,7 — 1 or n, and if they are not graphic, then they are non-binary,

see |2 Exercise 9.1.7].

Definition 1. Let n > k and let X be a fixed p-element subset of the n-element underlying
set with p > 0. Consider those k-element subsets of the underlying set only, which do not
contain fully this set X. These subsets are the bases of another matroid denoted by U, .
One can easily verify the base axioms: The equicardinality is trivial and for the exchange
property let By, By be two bases and = € By — By. If By — {z} contains at most p — 2
elements of X then any element in By — B; can be added to By — {z} to obtain a new
base. If By — {z} contains p — 1 elements of X then the remaining element cannot be the
only element in By — B; (since By does not contain X ), hence another element can be
added to By — {z} to obtain a new base.

An alternative way of proving that the definition of U, ;, leads to a matroid is to
observe that this construction is a special case of the biuniform matroids, which can be
obtained as the truncation of partitional matroids [5].

Clearly, n must be larger than k and p. Furthermore, if £ < p then U, 1, = U, 1, hence

the U, i, matroids can be considered as the generalisations of the uniform matroids.

Theorem 3. Letn >k > p > 0. The U, 1, matroid is graphic if and only if one of the

following cases is true:
1. k=1 and then clearly p =1
2. k=n—2andp=1or2
3. k=n—1land1<p<k
In all the remaining cases U, , is non-binary.

Proof. One can directly verify that all these cases yield graphic matroids. In Case 1 we

obtain a loop and a single edge with multiplicity n — 1. In Case 2 start with a circuit
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having n — 1 edges and then either add a loop (p = 1) or replace one of the edges by two
parallel edges (p = 2). Finally, in Case 3 we have a circuit of length p and n — p bridges.

In all the other cases we show that the matroid is non-binary.

Case 1. Let p=1,2 <k <n—2and n > 5. If we delete the element in X we obtain
a minor U, .

Case 2. Let 2 < p <k <n-—2andn > 5. Observe that if £ > p and x is not in X
then U, ;p,/{x} = Us—1k-1,- Applying this observation several times we obtain a minor
of form U, i with 2 <k <n — 2. Now deleting an element in X leads to U,,_1 .

Case 3. Let 2 < p <k =mn—2and n > 5. We either have U; 33 or, using the same
observation as in the previous case we obtain U;;_o; o where t > 5. In both cases, we

contract an element not in X and obtain U;_; ;—3 which is non-binary if ¢t > 5. [

2.3 Characterization of the universal graphs

Recall that a graph G is called universal if S(G,w) is graphic for every weight function

w.

Theorem 4. A connected simple graph with at least 2 vertices is universal if and only if

it is either an arbitrary tree, or a circuit of length 3.

Proof. If G is a tree then S(G,w) is graphic: Take a circuit formed by the unbalanced
edges and add the balanced edges (if any) as bridges. Similarly, in case of a circuit of
length 3 either none of the vertex weights is zero, hence S(G,w) is Uz or exactly one of
the vertex weights is zero, and then S(G,w) is the direct sum of a loop and a circuit of
length 2.

On the other hand, suppose at first that G has a circuit C with edge set {e1, es, ..., ex}
where k > 4. C' — e; is independent and can be extended to a tree T of G. If we apply
a generic weight function w then 7" will be a circuit in S(G,w) and the same holds for
(T'U{e1})—{e;} for every i = 2,3, ..., k. Delete the complement of the set T'U {e;} from
S(G,w) and then contract the edges of T'— C'. Clearly, the resulting minor is Uy j_» on
C' which is nongraphic if k > 4.

Finally, suppose that G has length 3 circuits only, but it has at least four edges. Let C'
be a circuit with edge set {ej, e, €3} and let f be a further edge. The set C" = C' — ey + f
is independent and can be extended to a tree T" of G. If we apply a generic weight function

w then T will be a circuit in S(G,w) and the same holds for (T"U{e;})—{e;} for i = 2 or
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3. Delete the complement of the set 7'U {e;} from S(G,w) and then contract the edges

of T'— C — f. Clearly, the resulting minor is Uy » which is nongraphic. U

In fact, if £ > 3 then Uy ;o and Uy o are not just nongraphic, they can be represented
over fields of cardinality at least £ — 1 only. Hence a slightly stronger statement is also

true:

Corollary 1. Let GG be a simple connected graph with at least 4 vertices, different from a
tree, and let k& denote the length of its longest circuit. Applying a generic weight function
w the matroid S(G,w) is nonbinary and, if k is at least four, then it cannot be represented

over fields of cardinality less than k — 1.

Observe that the proof of Theorem 4 is valid for any (not necessarily graphic) matroid.

Hence we obtain the following statement:

Theorem 5. Let M be a simple matroid (that is, circuits of length 1 or 2 are excluded)

on the underlying set of size at least four. Then

1. if M is the free matroid then its truncation is graphic,

2. otherwise its truncation is nonbinary and if the length k of the longest circuit of
M s at least four then the truncated matroid cannot be represented over fields of

cardinality less than k — 1.

2.4 Characterization of the universal weight functions

A nonempty subset X of vertices is called primitive (with respect to a given weight
function w) if Y w(v) = 0 holds for X but does not hold for any proper subset of X.
Clearly, there exists at least one such subset of size at least two since w is not identically
zero, and if (but not only if) the weight function is generic then the whole vertex set is
the only primitive.

Recall that a weight function w is called universal if S(G,w) is graphic for every graph
G.

Observe that a weight function is universal for every graph with two or three vertices:
we can restrict ourselves to simple graphs, hence the number of edges is at most three

and the smallest nongraphic matroid is on the four-element underlying set.

10
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Theorem 6. If the number of vertices of the graph is at least four then a weight function
w is universal if and only if there exist two vertices x,y with w(z) = —w(y) # 0, and

w(z) = 0 for all the other vertices z.

Proof. 1f w satisfies these properties then a 2-component forest of a graph G is asymmetric
if and only if x and y are contained in distinct components. Hence S(G,w) is the cycle
matroid of the graph obtained from G by identifying x and y (and keeping the resulting
loop if x and y were adjacent in G).

Suppose now that w does not satisfy these properties. Then either there is a primitive
set X of size p greater than 2 or there are several primitive sets of size 2. In both cases
we construct a graph G so that S(G,w) is non-binary.

Case 1. If p > 2 then let the vertices of G corresponding to X form a circuit C' of
length p and all the other vertices (if any) are of degree one, joined to a vertex vy of C.

Consider these remaining n — p vertices (if any). Some of them may have weight zero.
Let t denote the number of these vertices and let s =n—p—t. Clearly, s # 1 and if p = 3
then s +t > 0.

If ¢ > 0 then the edges incident to these vertices are balanced bridges (Remark 3),
hence they become coloops in S(G,w). Since the coloops play no role in the graphicness
or nongraphicness of a matroid, we may disregard these edges. Therefore we may suppose
that t = 0 and s = n — p. Observe that the sum of the weights of these s vertices is zero.

The cycle matroid of G has rank n — 1, hence the rank of S(G,w) is n — 2. The
spanning trees of G' can be obtained by deleting an edge e; from C. A 2-component forest
F is obtained if we delete another edge e; from the graph.

If e5 does not belong to C' then one of the components of F' is one of the s vertices of
degree one. Since the weight of this vertex was non-zero, I’ is asymmetric.

If e5 belongs to C' then C' — e; — ey consists of two arcs (one of them may be a
single vertex). The sum of the weights within these arcs is non-zero, because X was a
primitive set. Since the sum of the weight of the further vertices incident to vy is zero, F
is asymmetric in this case as well.

Hence we can conclude that S(G,w) is a U, ;,—2, matroid. This is just Uy, ,—o if p = n,
which is nongraphic if n > 3. Since we disregarded the vertices with 0 weights n = 3 is
possible, in this case let X = {v1,v9,v3} and vy a vertex with 0 weight. If G is the graph in
Figure 3a then by deleting {(vy, v2), (v1,v3)} and contracting the ¢ — 1 bridges we obtain
an Uyo minor. p = n — 1 is not possible since s # 1. If 2 < p < n — 1 then U, ,_2, is

nongraphic, see Theorem 3.

11
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Case 2. Suppose that there are at least two primitive sets of size 2. Without loss of
generality we may suppose that w(v,) = —w(vy) = a # 0 and w(vs) = —w(vy) = B # 0.

If || # | 5] then let G be the graph shown at Figure 3b, where, as in the proof of Case
1, s and t denote the number of those further vertices, where the weight is # 0 and 0,
respectively. As before, we may suppose that ¢ = 0. Then S(G,w) = Usys9+53 which is
nonbinary by Theorem 3.

If |a| = | 5] then let G be the graph shown at Figure 3¢ and suppose that ¢ = 0,s > 0.
Recall that s # 1. Now S(G,w) is not equal to Uyisoys3 like in case of Figure 3b (if,
say, w(vy) = w(vz) then deleting (vq,v3) and (ve,v4) does not lead to a base) but if we
contract all but one of the bridges, we obtain Us 3 3 which is nonbinary by Theorem 3.

Finally, if |a| = || but s = 0 then let G be the graph shown at Figure 3d. All the
edge-pairs are bases of S(G, w) except {(v1,v4), (v2,v3)}. Deleting one of these two edges

we obtain Uy s which is clearly nonbinary. [

12
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Chapter 3

Characterisation of the graphic maps of

some special graphs

3.1 A circuit

Definition 2. Let C' = (V| E) be a circuit, w : V — R be a non-identically zero weight
function satisfying ., w(v) = 0. We define a relation on the graph’s edges as follows:
Ve,f € E:e~ fifand only if Y w(v) = 0 for the components of C'—e — f. This relation
is obviously reflexive and symmetric. Let e, f, g € E be distinct, e ~ f, f ~ g. Thene ~ g
follows, since the set of vertices of one of the components of C' — e — ¢ is the union of
the set of the vertices of one of the components of C' — e — f and one of C' — f — g. I at
least two of the edges are the same we get e ~ ¢ by the first two properties. Therefore we
obtain that this relation is an equivalence relation. We define the equivalence classes of C'
with respect to w as the equivalence classes of this relation. C' has at least two equivalence

classes since w is not identically 0.

Theorem 7. Let C' and w have the above properties. S(C,w) is graphic if and only if
there are at most 3 equivalence classes on the edges of C with respect to w, and S(C,w)

1s mon-binary otherwise.

Proof. Let C have k > 1 equivalence classes. Let us contract all but one edge of each
equivalence class. X is the set of the contracted edges, e, f € E'\ X be arbitrary, let r
denote the rank function of S(C,w) and R be the rank function after the contraction.
r(X)=r(F)—k+2,since E\ {e, f} is a base containing X. By definition, R(F \ (X U
{e, f}) =r(E\{e, f}) —r(X) =r(E)—r(E)+k—2=Fk—2 Similarly R(E'\ X) =
r(E) —r(X) = k — 2. Observe that S(C,w)/X =~ Uy 2, since all the subsets of £\ X

14
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with cardinality k& — 2 are bases, therefore S(C,w) is non-binary if k£ > 3. Throughout,
[e] denotes the equivalence class containing e, then S(C,w) is isomorphic to the cycle

matroid of Figure 4b if £ = 3, and to the cycle matroid of Figure 4b if £ =2. O

le] /] 9] c 0

Figure 4a Figure 4b

3.2 A circuit and a forest

Let G = (V, E) be the union of a forest and a circuit C, with each tree in the forest
having an intersection of a single vertex with the circuit, and let w be as before. Let us
define a new weight function w’ on the vertices of C as follows: w'(v) = w(v) if v does not
belong to any of the trees in G. On the other hand, if v € F', where F' is one of the trees
of the forest, then let w'(v) = > . w(u). We denote the set of the equivalence classes
of C' with respect to w’ with A. We extend the relation to the unbalanced edges of the
forest: f € G—C, e € G then f ~e < e € G— C (and unbalanced), it clearly remains

an equivalence relation. We denote the set of the new equivalence classes with A’.

Theorem 8. For G and w with the above properties S(G,w) is graphic if and only if

|A’| <3, and it is non-binary otherwise.

Proof. Just like in the previous theorem, we can obtain the bases by removing two edges
from distinct equivalence classes, therefore we can use exactly the same proof. Figure 5

shows the map, the equivalence classes are as in Figure 4a [J

Corollary 2. Let w be a weight function on a set V' of vertices with the usual properties.
If V is not a primitive set, then there exists a non universal graph G = (V| F), such that

S(G,w) is graphic.

15



3. Characterisation of the graphic maps of some special graphs

Figure 5

Proof. V.= ViU...UV, V; i € {1,...,k} are disjoint primitive sets. We construct G in
the following way: For each ¢ let E; be the edge set of a path on the vertices of V;,
and let E = |J E;. Let us choose an arbitrary end vertex V; from the path FE; and let
V = {v1,...,ux}. Let C be circuit formed by the vertices of V and let G = (V, E U C).
Then G is graphic by Theorem 8, it is isomorphic to the cycle matroid of C' & C’, where
(' is a circuit containing the edges of F.

If the complement of each primitive set is also primitive, then £ = 2 and the constructed
graph is universal, since it is a path with a single edge of multiplicity 2. Otherwise, there
exists a decomposition with k£ > 3. Performing the above construction with respect to
this decomposition, G will not be universal. If V' = V; U V5 where V;, V5 are primitive, by
partitioning 1/ into two disjoint subsets and performing the same graph construction as
in the previous case with the resulting 3 subsets of V', there resulting graph’s circuit will

have 2 equivalence classes, making it graphic by Theorem 8. [

3.3 A f-graph
Lemma 1. Suppose that S(G,w) is graphic and e is not a coloop in S(G,w) Then
S(G,w)\{e} =~ S(G —e,w)

Proof. Let B C E, s(G,w) denotes the set of graph representations of S(G,w), H €
s(G,w). E\ Bisabasein S(G—e,w) < G— B —eis a 2-component asymmetrical forest
in G < E\(BU{e})isabasein S(G,w) < E\ (BU{e}) is a tree in H. Therefore, the
bases of S(G — e, w) and the trees of H — e are exactly the same. [

16



3. Characterisation of the graphic maps of some special graphs

Lemma 1 is illustrated by Figure 6 below.

—1 _1
b b
1 — 1 1 —_ 1e 1
b/ a a
—1 -1
! / / /
al b “ b a b a b
~—~> = T T
c c

Figure 6

Next, we give a simple algorithm to determine the equivalence classes of a circuit with

respect to a weight function.

Algorithm 1. Let e be an arbitrary edge of C, and A = {e}. We determine the elements
of the equivalence class [e] by going around the circuit in a fixed direction, summing up
the weights of the vertices. Whenever the sum is 0, we add the next edge to A. When
we reach e, then A = [e]. We repeat this with a new starting edge not in a previously

determined equivalence class until none remains.

Lemma 2. A circuit C' = (V, E) has two equivalence classes with respect to a weight
function w with the usual requirements if and only if the weights of the vertices are wy,
—wgy and 0, where wy # 0, and the closest vertex with nonzero weight in each direction

to a vertex with the weight of w; # 0 have the weight of —wj.

Proof. <= This direction is quite clear from the above Algorithm 1.
= Suppose that the closest vertex tou € V', w(u) # 0 with nonzero weight in a direction is
v, w(v) # —w(u). Then the edges just before u, just after v and an arbitrary edge between

u and v in the wv direction belong to different equivalence classes, a contradiction. [J

Corollary 3. Since multiplying all weights with a € R, a # 0 doesn’t change S(G,w),

we may assume that wy = 1, therefore the nonzero weights are +1 alternately.

Let G be a #-graph, w with the usual properties. GG is the union of 3 disjoint paths P,

P, P3; between two points .We will not consider these two points to be part of the paths.

17



3. Characterisation of the graphic maps of some special graphs

Theorem 9. S(G,w) is graphic if and only if Fi € {1,2,3}: w|p, =0 and G — P; has 2

equivalence classes.

Proof. First we prove that if S(G,w) is graphic then 3 € {1,2,3} that w|p, = 0.
Suppose that S(G,w) is graphic and Vi € {1,2,3} Jv; € P, that w(v;) # 0. Then Je € P,
that e isn’t a coloop in S(G,w), because by removing the two incident edges of a vertex
with non-zero weight, and an arbitrary edge from the remaining two paths we obtain a
base of S(G,w) (clearly there are at least two such edges).

Let e, f € Py not be coloops. S(G —e,w) and S(G — f,w) are graphic by Lemma 1. From
Theorem 7 we obtain that there must be at most two equivalence classes on C' := G — P,
and by Lemma 2 we may assume that w’, constructed as in Section 3.2, is +1 with

alternating sign where w is not 0. We examine three cases: ) | .- w(v) < 0,> o w(v) >0
and Y ~w(v) =0

1. Let us fix a direction of P;. The first and last edges of P, are not coloops, because
by deleting both and an arbitrary edge of P, or P3 we obtain a base of S(G,w). Let
v be a vertex with different w’ weights depending on whether we delete the first or
last edge of Pp, there are exactly two such vertices because ) .p w(v) > 0. Let
us examine one of these vertices and the closest vertices of P, and P; with weights
other than 0. If these vertices satisfy the condition of Lemma 2 with one of the
deletions, then it follows that they don’t satisfy it with the other deletion, therefore

at least one of S(G' — e, w) and S(G — f,w) are not graphic, a contradiction.
2. Exactly like Case 1.

3. Let us fix a direction of P;. The first edge and the edge just after the first vertex
with nonzero weight are not coloops similar to the edges in Case 1, depending on
which one we delete it changes w’, and we arrive at a contradiction similar to Case

1.

Next, we show that after deleting an edge from a P; path with no nonzero weights,
there can be at most 2 equivalence classes on G — P;.
Suppose there are 3 edges from different equivalence classes on G — P;, while S(G,w) is
graphic. Clearly, by deleting the two edges of a vertex with nonzero weight in P, and an
arbitrary edge from G — P, we obtain a base, therefore S(G,w) has no coloops. After
deleting an e € P, edge, S(G — e,w) = S(G,w) \ {e} is also graphic by Lemma 1. By

Theorem 7 we obtain that there can be at most 2 equivalence classes on G — P;. Similarly

18



3. Characterisation of the graphic maps of some special graphs

with G — P3. Then w|(c—py)nc-pr)np = 0, since if Jv € (G — P) N (G — P5)) \ Pr:
w(v) = x # 0 then G — P; has two equivalence classes, because the nonzero weights are
+x alternately on G — P; as well. We may assume that the nonzero weights on G — P, are
+1 in alternating order without loss of generality, G — P3 has weights of 0, +y. From this
assumption and from w|(G-p,)nc—py))\p, = 0 it follows, that |y| = 1, because depending
on which edge of P, we remove, the weights of the two vertices in ((G—P)N(G—P3))\ P,
in G — P, are either 0 or £y. Since the number of equivalence classes on G — P, is at least
3, the weights of the closest vertices to at least one of the vertices in w|((G—p,)n(G—pry))\p, I
both directions have the same sign. After deleting the edge just after one of these vertices,
the resulting graph has at least 3 equivalence classes by Lemma 2, hence not graphic by
Theorem 7, a contradiction. On the other hand, if w satisfies the conditions of Theorem
3.3, then S(G,w) is isomorphic to the matroid of the graph in Figure 7, where7 [a]; are

the edges of the equivalence class [a] on P;. O

Figure 7

3.4 A 6O-graph and a forest

Let G = (V, E) be the union of a forest and a §-graph H = (V' E’), with each tree
in the forest having an intersection of a single vertex with H, w, w' as before. H =

P, U P,U P; U {u,v} as in Section 9. w is not identically 0 on G \ H, neither is w’ on H.

Theorem 10. S(G,w) is graphic if and only if 3i € {1,2,3}: w|p, =0 and H — P; has

at most 2 equivalence classes.
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3. Characterisation of the graphic maps of some special graphs

Proof. If w' = 0, then S(G,w) is isomorphic to the cycle matroid of H & C' @ P, where
C' is a circuit containing the unbalanced edges of the trees, P is a path containing the
balanced edges of the trees, therefore S(G,w) is graphic.

If 3v € H : w'(v) # 0, suppose that S(G,w) is graphic. By deleting the two edges of a
vertex with nonzero w’ weight in H and an arbitrary edge from the remaining circuit we
obtain a base, therefore S(G, w) has no coloops in H. Then Ve € H S(G —e,w) is graphic
by Lemma 1, therefore Vi H — P; has at most 2 equivalence classes by Theorem 7.

Ji € {1, 2,3} that w|p, = 0 exactly like in Theorem 9.

S(G,w) is isomorphic to the cycle matroid of the graph in Figure 8 if G’ and w satisfy
the conditions. Without loss of generality, we may assume that w|p, = 0. Let [a]; and [a]y
denote the edges of equivalence class [a] belonging to P; and P respectively. the notation
for [b] is similar. [¢] is the edges of P, [d] are the unbalanced tree edges (this can obviously
be included as an equivalence class). Any balanced edges must be added as bridges to the

graph. [J

Figure 8

3.5 Commuting function

Let C = (V,E) be a circuit, w : V" — R be a non-identically zero weight function
satisfying > -, w(v) = 0, P a path with w|p = 0. All edges of P are in the same
equivalence class, therefore they are part of the same path in S(C,w). By replacing P
with a single edge e we obtain C’. We can observe that VG’ € s(C"pbmn,w) by replacing
e with P in G we obtain G € s(C,w). In this section, we will define a function by

generalizing this observation.
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3. Characterisation of the graphic maps of some special graphs

Definition 3. Let G = (V, E), G1 = (Vi, Ey), Gy = (Va, Es), V = ViUV, ViNV, = {u, v},
E|q, is connected, E = E1 U Ey, By N Ey =0, whny, =0, Gs = (V3, E3), a,b € V3 fixed.
With these conditions we define f(G,G1,G3) as follows: we identify « and v with a and
bin Gy U Gs, W|g, = w|a,, W|e,\g, = 0 is the new weight function. This can be done
in two different ways, usually resulting in two different graphs, but the resulting graphs
are 2-isomorphic, therefore we may designate arbitrarily one such function as f. We can
observe that f(f(G,G1,G3),G3,Gy) = G, making f(_,G1,G3) = f~Y(_,G3,Gy) on the
equivalence classes of the set of graphs with respect to 2-isomorphism.

Let S(G, w) be graphic. We will denote an arbitrary graph in s(G, w) as S(G, w).

Theorem 11. Suppose that S(f(G,G1,G3),w’) and S(G,w) are graphic, then
f‘l(S’(f(G, G1,G3),w'),Gs,Gy) and S'(G,w) are 2-isomorphic.

Proof. We will show that the spanning trees of f~'(S(f(G,G1,Gs),w'),Gs,Gy) and
S(G,w) are exactly the same.
B is a base of S(G,w) < B is a tree in S(G,w) if and only if one the following two cases

holds:

1. Blg, is a tree and B|g, is a 3-component forest with u and v being in distinct

components, »_ w on the component not containing u and v is not 0

2. B|g, is a two-component forest with  and v being in distinct components and B|q,

is a 2-component asymmetric forest

B is a base of S(f(G,G1,Gs),w') < B is a tree in S(f(G,G1,Gs),w') if and only if

one the following two cases holds:

1. Blg, is a tree and B|g, is a 3-component forest with u and v being in distinct

components, »_ w on the component not containing u and v is not 0

2. B|g, is a two-component forest with « and v being in distinct components and B|q,

is a 2-component asymmetric forest

Clearly, after substituting G; in place of G5 in S (f(G,G1,G3),w") the conditions for
a subset of the edges to be a spanning tree in the resulting graph will be exactly the same

as in the case of S (G,w). We obtained that the diagram in Figure 11 is commutative.

[l
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3. Characterisation of the graphic maps of some special graphs

Ie. S(G,w) S(G,w)
° 2

(G, G, Gs) —— S(f(G,G1,G),w') —— S(f(G, Gy, Gs),w') — f(S(f(G,G1,Gs),w'),Gs,Gy)

Figure 9

We can observe that the parallel edges part of Remark 2 for graphs with graphic maps

is a special case of Theorem 11.

Corollary 4. Suppose  that  S(f(G,Gy,G3),w’) is  graphic,  then
FUS(f(G,Gy,Gs),w'),Gs,Gy) is a graph representation of S(G,w) = S(G,w) is
graphic.

Figure 10 shows an example for how this function can be used for obtaining a graph

representation of S(G,w).

Remark 4. Jw weight function on the vertices of G = (V| F) such that a subgraph of
GG containing at least 1 vertex can be substituted with an edge using f if and only if G is

not 3-connected.

Proof. If f can be used on G with the weight function w, then G can be divided into
subgraphs such that one of the subgraphs has at most two vertices which have neighbours
in the other subgraph. By deleting these vertices the graph G falls into at least two
components making G not 3-connected (the resulting graph minus the substituted edge
and it’s complement are suitable choices).

If G is not 3-connected, G falls apart into at least 2 components by the removal of at
most 2 vertices. If G is 2-connected and w is identically 0 one of the components (let
W denote the vertices of this component). Then W and all edges of its elements can be
substituted with an edge by f. If G is not 2-connected then Jv that G —wv is not connected.
Vu € V' \ {v} the induced subgraph of the complement of the component of u and an uv
edge is a suitable substitution and w is identically 0 on the component of u excluding u.
For every u the number of vertices remains the same after the substitution if and only if
G is a star with v having the degree |V| — 1. In this case Vu, z € V\{v} ({u,z},{(u, 2)})
is a suitable substitution Vz that w|y\(u.3 =0 O
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3. Characterisation of the graphic maps of some special graphs

(&1

1 C3 0
by S 2
—1 Co G2 C3 ay bl
2N\ Xy >
1(G,Gray | a0 FUS(F(F(G, Gy a2), Go, 0),w"), G) = S(f(G, Gy, a), w)

S(f(f(G,Gh,as),Ga, ), w")

by ay
-1
a9 bl az
1
f(f(G7 le aQ)v G27 C)
Figure 10

3.6 Ky

G = (V,E) = Ky, let {P;}%_, be the paths among the 4 vertices with degree 4, where

P; contains the two 4-degree vertices as well.

Theorem 12. S(G,w) is graphic if and only if Fi : w|c_p,

most 3 equivalence classes.

Proof. There are no coloops in E.

Suppose that S(G,w) is graphic. If Jv € V with degree 2

23
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3. Characterisation of the graphic maps of some special graphs

assume without loss of generality that v € P;.
Let u € G — P, with w(u) # 0. After deleting one of the two edges of v, by Theorem 10
we obtain that the resulting graph has an identically 0 path and two equivalence classes
on GG — P; with the resulting w’. By deleting the other edge we arrive at a contradiction
by Lemma 2 similar to the proof of Theorem 9.

Suppose that only the 4-degree vertices have nonzero weight:
1. If all 4-degree points have nonzero weights, by deleting an edge we arrive at a con-
tradiction by Lemma 1 and Theorem 9, since the resulting 6#-graph has no path with
identically 0 weights.
2. If three of the 4-degree vertices have nonzero weights, by deleting an edge we arrive at
a contradiction by Lemma 1 and Theorem 9, since the resulting #-graph has 3 equivalence
classes.
3. If only two of the 4-degree points have nonzero weights then w is the universal weight
function, making S(G,w) graphic. This is also a special case of w|g_p, = 0. If w|g_p, =0,
by Corollary 4 and Theorem 7 S(G,w) is graphic if and only if f(G,G — P;,e) has 3

equivalence classes. [

3.7 Direct sum of f-graphs, circuits and trees

Theorem 13. G = @2:1 Hi@@;n:l C;e@;_, Fi, where H; are 0-graphs, C; are circuits
and Fy are trees. If wy. and w’CJ_, simalarly constructed as in Section 3.2, have at most 2

equivalence classes on H; and C; for every i,j, then S(G,w) is graphic.

Proof. We will show that the cycle matroid of the graph GinF igure 11 is isomorphic to
S(G,w) (The two "paths’ of the image of the circuits and 6-graphs are the two equivalence
classes. The path between the two 'paths’ in case of the #-graphs is a path with only 0
weights, dividing the equivalence classes as in the original paths). If there are components
in {H;, C;, F},} where the weights w’ are identically zero, we add them with direct sum to
the graph, clearly the asymmetric forests in G contain the same edges as the trees of the
graph we obtained. We will assume in the proof that there are no such components.

Let B be a tree in G. Then Vg € {H;,C;, Fx} Bl, is a forest, furthermore it is a tree in all
but one of the components, and it is a 2-component forest in the remaining one, denoted
with G'. There are 3 cases:

If G’ is a tree, then the missing edge of the tree is an unbalanced one.
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3. Characterisation of the graphic maps of some special graphs

If G’ is a circuit, then two edges from different equivalence classes are missing since B is
a tree

If G' is a 6-graph with wg,| Py, = 0, then two edges from different equivalence classes
from Pg o and Pgr 3 are missing, whichever other edge is missing ¢ clearly asymmetric.
Let B be a 2-component asymmetric forest in G. Just like the other direction Vg €
{H,;,C;, F},} B|, is a forest, furthermore, it is a tree in all but one of the components,
and it is a 2-component forest in the remaining one, denoted with G’. B is asymmetric
therefore B|¢ is also a 2-component asymmetric forest with weights wg,,. Hence in B¢

is a two component forest and B is a tree. [

unbalanced edges

balanced edges

Figure 11

Figure 12 shows an example for Theorem 13.
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3. Characterisation of the graphic maps of some special graphs

j17j27j37j47j5

Figure 12
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Chapter 4

Graphs with non-universal graphic

maps

4.1 Characterization of graphs with graphic maps with
respect to a non-universal weight function

Theorem 14. If G is 3-connected then for any three vertices of G there exists a subgraph
K < G: K =2 Ky, so that not all of the three vertices are on one path.

Proof. Let {a,b,c} C V arbitrary. There are at least 3 vertex disjoint paths connecting
a and b by Menger’s theorem, by selecting 2 of these paths we obtain a circuit C' with
a,b € Vl]g. If ¢ ¢ C, let us add vertex ¢ and edges at, bt, ct to G. Then G+ is 3-connected,
since by deleting ¢t and another vertex u € V we obtain G — u, which is connected. By
deleting u,v € V the resulting graph is connected in G — u — v since G is 3-connected,
t has at least one neighbour in G + ¢t — v — v, making G 4+t — u — v connected. There
are 3 vertex disjoint ¢t paths in G + t by Menger’s theorem, two of them containing a
and b respectively, by changing one of the a, b paths of C' to these 2 paths we obtain C’
containing a, b, c.

If there is a Hamiltonian cycle C' in GG, then de = uwv € E connecting the two components
of C' — a — b since G is 3-connected. Similarly, f € F connects the two components of
C —u —v. Observe that C + e+ f = K, and a, b are not in one path.

If there is no Hamiltonian cycle in G, let a,b,c¢ € C be a circuit. There is a path P;
between the two components of C' — a — b, we may assume that the path only intersects

these components in u and v, respectively. There is a path P, between the two components
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4. Graphs with non-universal graphic maps

of C'—u—w. If we add P, and P, from one of the components to its first intersection with
P; to C (the entire path if P, N P, = (}), we obtain K = K, and a and b are not in one
path of K.

O

Theorem 15. Let G = (V, E) be 3-connected, annd w be a non-universal weight function

on V. Then S(G,w) is not graphic.

Proof. Suppose that S(G,w) is graphic. Let us arbitrarily choose 3 vertices with nonzero
weights (u, v, w), these are vertices of K < G, K = K,. Deleting edges until all circuits
are contained by K, with the resulting G’ graph S(G’,w) is graphic by Lemma 1. Let us
contract all edges in G’ — K in S(G’,w), the resulting matroid M is graphic, since it is
a minor of a graphic matroid. Observe that M is isomorphic to S(K,w') where w’ is the
restricted weight function in G’ similarly as in Section 3.2. S(K,w') is graphic if and only
if w’ is universal by Theorem 12. Since there are at least three vertices with nonzero w
weights, there exists a vertex in G’ — K with nonzero w weight. Let us delete an arbitrary
unbalanced tree edge e from G’. There are at least two paths (edges) between the two
components of G’ — e in G — e since G is 3-vertex connected, therefore 3-edge connected
as well. Let f and g be two such edges. Let w; and w, be the restricted weight functions
on K in G' —e+ f and G’ — e+ g, respectively. Then S(K, wy) and S(G, w,) are graphic
similarly to S(K,w"). We can observe that if we delete the component not containing K
from G’ — e, then the restricted weight function has exactly three vertices with nonzero
weights, each of them have the opposite weight to the sum of weights on the deleted

component, which is a contradiction since the sum of all weights is 0. [

Remark 5. Let the connected graph G not be 2-connected and v € V' such that G — v
is not connected. Let x,y be arbitrary vertices of the two components of G — v and let
w:V = R ww) =—-2, w(zr) = w(y) =1 and all other weights be 0. Then S(G,w) is
graphic.

Proof. By applying Theorem 11 twice, we obtain that by identifying z and y in G we
obtain a graph with a cycle matroid isomorphic to S(G,w). O

Figures 13 and 14 show 2-connected graphs with non-universal weight functions which
are mapped into graphic matroids but the maps cannot be directly derived from the

theorems so far (they can be obtained by applying Lemma 1 repeatedly). Observe that by
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4. Graphs with non-universal graphic maps

—1
a1 b1
1 1
'
—1

Figure 13

deleting everything on one side of the vertices with -1 weights the results are subgraphs
of the maps, the 1-weight vertices have the same image with both possible deletions. We

will use this general idea for the next theorem.

Theorem 16. G = (V, E) is 2-connected but not 3-connected. Let u,v € V be such, that
G —u — v is not connected, let x,y be arbitrary vertices of two components of G —u — v.
Letw:V = R, w(u) =wk) = -1, wz) =w(y) =1, w\{uvzy = 0. Then S(G,w) is
graphic.

Proof. Let Vi, V5 C V be the set of vertices of the components of G—u—v containing x and

y, any other components can be substituted with either parallel uv edges or bridges, these
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4. Graphs with non-universal graphic maps

Figure 14

will not affect the graphicness of the construction as we can substitute these components
back into the constructed graph representation. Let V| = Vi U{u, v}, V5 = VoU{u, v}, and
let G1, G be the subgraph induced by V/, VJ, respectively. We obtain G’ by identifying u
in G; with v in G, v in G; with w in Gy, and = with y in G; U G5 (this construction is
illustrated by Figure 15). We will show that S(G,w) is isomorphic to the cycle matroid
of G'.

Let B be an asymmetric 2-component forest in G. If x and y are in different components
then B is clearly a tree in G’. If x and y are in the same component then exactly one
of the above two vertices, u and v, is in this component. If we only identify the u and v

vertices of G| and G, then B will have two components in the resulting graph, thereby
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4. Graphs with non-universal graphic maps

making B a tree after identifying x and .
If B is a tree in ', then it is clearly a 2-component forest in G. Suppose B is not

asymmetric, then there are two cases:

1. If u,v,z,y are all in one component in G, then they are vertices of a single tree in

B, after identifying the vertices B contains a circuit in G'.

2. If u, x are in one component which does not contain v, y in G, then by only identifying
the v and v vertices of G} and GY%, B will have an xy path in the resulting graph.

After identifying « and y as well, B contains a circuit.

SPRCD

Figure 15

From Theorem 15, Remark 5 and Theorem 16 the following theorem follows:

Theorem 17. For a connected graph G there exists a w non universal weight function

with the usual properties such that S(G,w) is graphic if and only if G is not 3-connected.
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Appendix

Appendix

The following Python script, written using GPT-40, determines whether the asym-
metric 2-component forests of graph A and the spanning trees of graph B are the same
for a bijection of the edges. The code checks whether the images of the bases of S(A, w)
are bases in M(B) and the reverse direction, it returns an example base if its image is
not included. However, this code may take several minutes to run even with graphs the

size of the ones in Figure 12. The graphs in Figure 14 are the example input.

import networkx as nx

from itertools import combinations

12, 40, va’),
(?27, 24>, *b?),
(’3>, 4>, ey,
(’22, 23>, »d”),
17, 237, ver),
(712, 220, 0£7),
Co’, 24, ’g?),
(207, 217, *h?),
(207, 237, *i?),
(a2, 67, 23%),
(’57, ’67, ’k?),
(’3>, 757, 1),
(’4>, °77, ‘m?),
(’67, °7’, ’n’),
(57, 277, Jo7),
(32, °77, ’p?)

weights_A = {

Y023 g
’1°: 0,
’22:. 0,
’372: -1,
40 -1,
’62: 1,
’6’: 0,
’7: 0
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33 }

34

35 #

36 edges_B
37 goie
38 (22
39 (@ISE
40 (22
41 (1>
42 (1>
43 (IR
44 (@IOR
45 (IR
46 (@ISR
47 (°0°
48 (°0°
49 (EISE
50 (@IS
51 (QIOR
52 (4
53 ]

54

55 #

56 bijection

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

7a7:
‘b
g
)d):
)e):
Jf):
Jg):
)h?:
717:
7j7:
Ik
210 .
‘m?
)n7:
707:

Jp):

"
B,
e,
D,
g
E
e,
H
I,
30,
K
Lo,
M
N
g0,
’p>

YA,
’B’),
ICED
’D’),
P1B2) ¢
JERDI
°G?),
"H?),
’17),
D
’K?),
%) ¢
M),
'N?),
°@2) .
1P

Input Bijection A B -----------
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74 inverse_bijection = {v: k for k, v in bijection.items ()}
75

76 # o —-——-—-———- Build Graphs -----------

77 def build_graph_with_labels (edges):

78 G = nx.MultiGraph ()

79 for u, v, label in edges:

80 G.add_edge(u, v, key=label, label=label)
81 return G

82

83 G_LA = build_graph_with_labels (edges_A)

s4¢ G_B = build_graph_with_labels (edges_B)

85

86 TSI LIGIIEE  INI@GEILENSE coccoooooos

s7 def weight_sum(component, weights):

88 return sum(weights[node] for node in component)
89

90 def list_valid_2component_forests (G, weights):

91 forests = []

92 nodes = 1list(G.nodes)

93 all_edges = 1list (G.edges(keys=True))

94 for k in range(len(nodes) - 1):

95 for subset in combinations(all_edges, k):

96 H = nx.MultiGraph ()

97 H.add_nodes_from(G.nodes)

98 for u, v, key in subset:

99 H.add_edge(u, v, key=key, label=G[u][v][key]l[’label’])

100 if nx.is_forest (H) and nx.number_connected_components(H) ==
2:

101 comps = list(nx.connected_components (H))

102 if all(weight_sum(comp, weights) != 0 for comp in comps)

103 labels = {G[ul[v][keyl[’label’] for u, v, key in

subset}
104 forests.append (labels)
105 return forests

107 def list_spanning_trees (G):

108 spanning_trees = []

109 nodes = 1list(G.nodes)

110 all_edges = 1list(G.edges(keys=True))

111 for subset in combinations(all_edges, len(nodes) - 1):
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112 H = nx.MultiGraph ()

113 H.add_nodes_from(G.nodes)

114 for u, v, key in subset:

115 H.add_edge(u, v, key=key, label=G[u][v][key]l[’label’])
116 if nx.is_connected(H) and nx.is_tree(H):

117 labels = {G[ul[v][keyl[’label’] for u, v, key in subset}
118 spanning_trees.append(labels)

119 return spanning_trees

120

121 def verify_bijection(forests, trees, bijection):

122 tree_sets = [frozenset(t) for t in trees]

123 for forest in forests:

124 mapped = frozenset(bijection[label] for label in forest)
125 if mapped not in tree_sets:

126 return False, forest, mapped

127 return True, None, None

128

129 def verify_inverse_bijection(trees, forests, inv_bijection):

130 forest_sets = [frozenset(f) for f in forests]

131 for tree in trees:

132 try:

133 mapped = frozenset(inv_bijection[label] for label in tree)

134 except KeyError:

135 return False, tree, None # Edge label not found in inverse
map

136 if mapped not in forest_sets:

137 return False, tree, mapped

138 return True, None, None

139

140 # -—---------- Main Execution -----------

141 forests = list_valid_2component_forests(G_A, weights_A)

142 trees = list_spanning_trees (G_B)

143

144 okl, bad_forest, mapped_setl = verify_bijection(forests, trees,

bijection)
145 0k2, bad_tree, mapped_set2 = verify_inverse_bijection(trees, forests,
inverse_bijection)

146

147 # - - - - - - Qutput -----------
148 print ("Verifying Bijection A B:\n")
149 1f ok1:
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159

160
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print ("All forests in A correctly map to spanning trees in B.")
else:

print ("Forest in A failed to map:")

print ("Forest in A:", sorted(bad_forest))

print ("Mapped set in B:", sorted(mapped_setl))

print ("\nVerifying Inverse Bijection B A:\n")
if ok2:

print ("All trees in B correctly map back to forests in A.")
else:

print ("Tree in B failed to map back:")

print ("Tree in B:", sorted(bad_tree))

print ("Mapped set in A:", sorted(mapped_set2))

# Final conclusion
if okl and ok2:

print ("\n Bijection is valid in both directions.")
else:

print ("\n Bijection is NOT valid in both directions.")
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Alulirott Richlik Bence Gyo6rgy nyilatkozom, hogy szakdolgozatom elkészitése soran az

alabb felsorolt feladatok elvégzésére a megadott MI alapt eszkozoket alkalmaztam:

Feladat

Felhasznalt eszkoz

Felhasznalas helye

Megjegyzés

Python koéd generdlas

GPT-40
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A felsoroltakon tul méas MI alapu eszkézt nem hasznaltam.
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