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1 Introduction

A very natural question in dynamics is the following: given a topological
group G that acts continuously on a compact space X, when can we find a fixed
point of this action? Let us pose an even more stronger question, when is is
it true that every action of a group G on any compact space X has a fixed
point? Such groups are called extremely amenable groups. In [3] this question
was solved for a wild variety of groups, namely for the Polish non-Archimedean
groups.

It turns out that Polish non-Archimedean groups can be realized as the
automorphism groups of countable ultrahomogeneous structures and every such
structure can be realized as a so-called Fraisse limit of a Fraisse class.

The first part of the thesis will introduce the reader in the world of Fraisse
limits and we give some examples of Fraisse limits.

The second part of the thesis gives the proof the Kechris, Pestov, Todorcevic
correspondence that roughly states that an automorphism group of a Fraisse
limit is extremely amenable if and only if the Fraisse class it satisfies some
Ramsey property.



2 Preliminaries

Notation 2.1. For groups A and B, if A is a subgroup of B we write A < B

Notation 2.2. Suppose G is a group and H < G. Then G acts on the left-cosets
of H in the usual way, that is g.hH = ghH for all g,h € G.

Notation 2.3. The symmetric group on some set X will be denoted by Sx.

Notation 2.4. The action of a group G on a set X is denoted by G ~ X.
Furthermore, the action of an element g € G on an element x € X will be
written as: a(g,z) = g.x.

Definition 2.5. If G is a group acting on a set X, then G also acts on X™
diagonally as follows: g.(x1,...,xn) = (g.21,...,9.2n). We refer to this action
as the diagonal action of G on X".

Notation 2.6. Consider the group Sx for some countable set X, and suppose
F C X. The pointwise stabilizer of F' in Sx will be denoted by

Hipy={9€ Sx|gx=x forallxz € F},
and the setwise stabilizer of F' in Sx will be denoted by
Hp={geSx|gF=F}.
Specifically, if F = {x} we write
H,={g€Sx|gz=uz}

Notation 2.7. Similarly, suppose G < Sx for some countable set X and sup-
pose F' C X. The pointwise stabilizer of F' in G will be denoted by

Grpy={9€G|gr=2x foralxcF},
and the setwise stabilizer of F' in G will be denoted by
Gr={9eG|gF=F}
Specifically, if F = {x} we write
G,={9€G|gx=ux}
Notation 2.8. Using the previous two statements, we can write

G(F):H(F)QG
Gr=HprNG
G, =H,NG

Notation 2.9. If X is a topological space and G C X, then the closure of G in
X is denoted by G.



Notation 2.10. Suppose A and B are L-structures. If A is a substructure of
B we will write A < B.

Notation 2.11. We denote graphs in the usual way, for a graph G = (Vg, Eq),
the set of vertices of G is Vg, and the set of edges of G is Eg.

We will assume that the reader is familiar with the following theorems. The
interested reader can find the proofs of these theorems in [1], [4]:

Theorem 2.12. The product of countably many separarable topological spaces
s separable.

Theorem 2.13. The product of countably many completely metrizable topolog-
ical spaces is complete metrizable.

Theorem 2.14. Tychonoff’s theorem, which states that the product of compact
topological spaces is compact.

Theorem 2.15. If a topological space X is compact and Hausdorff, then X is
normal.

Theorem 2.16. (Uryhson’s lemma) If X is a normal, then any two disjoint
closed subset Z1, Zo C X can be separated by a continuous function, that is, there
exists a continuous function f: X — [0,1] such that f|z, =0 and f|z, = 1.

Definition 2.17. A topological space X is said to be Polish, if it is separable
and completely metrizable.

Definition 2.18. A topological space X satisfies the countable chain condition
if the are at most countably many disjoint open sets in X.

Theorem 2.19. A Polish space always satisfies the countable chain condition.

Theorem 2.20. If a topological space X is Polish, then a subspace Y of X is
Polish if and only if Y is Gs.

Theorem 2.21. The group S, is a topological group with the pointwise con-
vergence topology, where basic open sets are of the form gH gy, for g € S, and
F € w finite, i.e., the left-cosets of pointwise stabilizers of finite subsets of w.

Theorem 2.22. The group S, is a G5 subspace of the Polish space w®, therefore
S,, is Polish.

Theorem 2.23. A subgroup H of a Polish group G is Polish if and only if the
subgroup H is closed in G.

Theorem 2.24. A homomorphism ¢ between topological groups G and H is
continuous if and only if ¢ is continuous at 1¢g.



3 Automorphism groups of countable structures

Lemma 3.1. Suppose X is a countable set and consider the topological group
Sx. Let F be some subset of X™ for some n € w. Then the setwise stabilizer
of F' is closed in Sx. Written formally:

Hrp={9€Sx|g9F=F}
18 a closed set in Sx.

Proof. Fix an arbitrary F' C X" for some n. The complement of Hr is HY =
{9eSx |gF L ForgF2F} Let Ai={g9g€ Sx | gF € F} and let g € A.
This means there is some x € F, such that g.o ¢ F. The set gH, is a basic open
neighborhood of g. for all ¢’ € gH, g/z = g« ¢ F, therefore ¢'F ¢ F. This
shows that A is open. Similarly, we can show that B:={g € Sx | ¢.Y 2 Y} is
open, and Hg = AU B is also open, so Hp is closed. O

Lemma 3.2. Suppose X is a countable set and G < Sx, then the closure of G
is the set of all elements in Sx that fix all G-orbits on X™ for all n. Written
formally:

G ={g€ Sx|V¥n g0 =0 for all G-orbits O on X"} (1)

Proof. Let G’ be the group on the right-hand side of (1). The set G’ is the
intersection of the sets Hp = {g € Sx | g.O = O} for all G-orbits O on X™ for
all n. By Lemma 3.1, All of these sets are closed, therefore their intersection
is closed. This means G’ is a closed set which clearly contains G, so it must
contain G.

On the other hand, suppose ¢ € G’, and B is an open neighborhood of g.
We need to show that BN G # (). We can find a basic open neighborhood of
g of the form gH gy with gHpy C B, where F' C X is finite, and Hpy = {g €
Sx | g.x = x for every x € F'}. Enumerate F as a tuple z in XI¥I. Since g fixes
all G-orbits, on all X™ for all n, g.z is in the same G-orbit as x. This means
there is some h € G for which g.oz = h.z, therefore h € gHpy C B. It follows
that g € G and G O G’, so we have G = G'. O

We are now ready to prove the following theorem, which characterizes closed
subgroups of S,,. Notice that the following theorem combines the fields of group
theory, first-order logic, and topology.

Theorem 3.3. Let G be a topological group, then the following are equivalent:
(1) G is isomorphic (as a topological group) to a closed subgroup of S,,,
(2) G is of the form Aut(A), where A is a countable structure,

(3) G is a non-Archimedean and Polish group.



Proof. (1) = (2): We need to find a structure A, with some language £, such
that G = Aut(A). Let the universe of A be w. We construct the language £
using the orbits of G on w™ for all n, adding a different n-ary relation symbol for
every orbit: for n > 1 let k,, be the number of G-orbits on w™, let (O, )1<i<k,
denote the G-orbits on w™, and let (R, ;)i1<i<k, be n-ary relation symbols. We
want R, ; to be interpreted as which orbit the tuple (ki, k2, ..., k,) € w™ belongs
to, that is, R;;‘,i = O0,,; C w". This gives us a structure A, which is usually
referred to as the canonical structure of G. Now we must show G = Aut(A).
The set Aut(A) is the set of permutations of w that preserve every relation in
L, which is the set of permutations of w that fix all G-orbits on w™ for all n. By
Lemma 3.2, we have Aut(A) = G and since G is closed Aut(A) =G = G.

(2) = (1): First, suppose G is finite. By Cayley’s theorem, G is isomorphic
to a subgroup of S¢ and therefore G is isomorphic to a subgroup of S,,. Since
G is finite and S, is Hausdorff, G is closed, so we are done. Now, assume G is
infinite. Clearly A must be countably infinite, so we can say that the universe
of A is w. The set Aut(A) is the set of permutations of w which preserve all
relations and functions of A. For a relation R4 C w” with arity n to be preserved
by a permutation g is means that

(a1,...,apn) € RA iff (g.a1,...,9.a,) € RA.

This means g preserves R4 if and only if g stabilizes the set R4. For a
function f4 with arity n, we can consider the relation Ry C w"t! for which
fA(a1,...,an) = apy1 iff (a1,...,a,41) € Ry. An element g preserves f4 if
and only if it stabilizes the set Ry. Therefore Aut(A) is the set of permutations
of w, which stabilize certain subsets of w™ for various n. By Lemma 3.1, this is
a closed subgroup.

(1) = (3): The group S,, is Polish, and is a closed subgroup of S,,, therefore
G is Polish. If F'is a finite subset of w, then G () is a subgroup and an open
neighborhood of the identity 1. Therefore {G(p,) | Fi = {0,1,...,i}, i € w} is
a system of subgroups which forms an open neighborhood basis at the identity,
thus G is non-Archimedean.

(3) = (1): Since G is non-Archimedean, we can find a system of subgroups
which forms an open neighborhood basis at the identity 1. We may suppose
this basis is of the form {N; | i € w}, where N; 2 N;; for all i. The group G is
separable, so it satisfies the countable chain condition. It follows that |G : N;|
is countable for all 7, therefore the set

H:={gN;|geG,icw}
is countable. We would like to show that G is isomorphic, as a topological
group, to a subgroup of Sg. Consider the function

(;5 :G— Sy
¢(9)(hN;) = hgN;.
For any g € G the image ¢(g) is an element of Sy, because multiplication by g
from the right is an automorphism of G, therefore for a fixed N;, the function



@(g) is a permutation of {hAN; | h € G}. We can also see that ¢ is a group
homomorphism, since

¢(gh)(kN;) = kghN; = ¢(h)(kgN;) = ¢(g)p(h)(kN;).

Suppose g,h € G, g # h. This means g~ 'h # 1g, so there is some i such that
g 'h ¢ N;. For any k € G, we have

githi 7é N; = hN; 75 gN; = khN; 7é ngNi
= ¢(h)(kN;) # 6(g9)(EN:) = 6(h) # ¢(9),

thus ¢ is injective.

To show that ¢ is continuous it is enough to show it is continuous at 1q.
Suppose Vn € w g, € G and g, — 1g. We must show that ¢(g,) — ¢(1g) =
lg,. Let B be an open neighborhood of 15,. We can find a basic open set
B’ C B of the foorm B’ = {h € Sy | h.x = x for all z in F'}, the pointwise

k
stabilizer of F', where F' = {h1Ny,,...,hN;, } € H finite. Let M = () Ny,
j=1

which is an open neighborhood of 1. Therefore only finitely many g, ¢ M,
which means there are only finitely many n for which ¢(g,)(M) # M. Every
other ¢(g,) fixes M, and therefore fixes F pointwise, thus ¢(g,) — lg,-

We will show that ¢~ is continuous in a similar way. Suppose ¢(g,) — 1s,
and B is an open neighborhood of 1. There is some ¢ € w such that N; C B.
Let B = {h € Sy | hN; = N;}, which is a basic open neighborhood of 1g,,,
therefore there are only finitely many n for which ¢(g,) ¢ B’. Thus there are
only finitely many n for which ¢(g,,)(N;) # N;, which means only finitely many
gn & Ni, so ¢~ is continuous.

This shows that ¢ : G — ¢(G) is a topological group isomorphism with
¢(G) < Sy. Since H is countable, Sy is isomorphic to a subgroup of S,
therefore G is isomorphic to a subgroup of S,,. Furthermore, since GG is Polish,
¢(G) is a Polish subgroup of S, therefore ¢(G) is closed. O

Mentioned in the previous proof, we now define the notion of a canonical
structure.

Definition 3.4. Suppose G < S, is closed. The canonical structure of G,
denoted by Ag, is the structure with universe w and language

L={Ro | O is a G-orbit on W™ for somen=1,2,...},

where RSG =0 CR" foralln =1,2,... and all G-orbits O on w™. As seen
in the proof of Theorem 3.3 (1) = (2), G = Aut(Ag).

Theorem 3.5. Suppose G < S, is closed and Ag is the canonical structure of
G. If we have finitely generated substructures A C Ag and B C Ag and an
isomorphism f : A — B, then f extends to an automorphism g : Aq — Ag,
meaning gla = f.



Proof. Notice that since L is a relational language, the structure generated by
a subset H C Ag is H. List the elements of A and B as A = {a1,...,a,} and
B = {by,...,b,}. We can assume that f(ar) = by, for all 1 < k < n. Since f is
an isomorphism, f preserves relations, therefore

(a1,...,a,) € RAS <= (f(a1), ..., f(an)) € RA®

for every G-orbit O on w” for all n. This means (ai,...,a,) and (b1,...,by)
are in the same G-orbit, so there exists some g € G for which g.a; = by for all
1 < k < n. This means g extends f, and clearly g is an automorphism, since
G = Aut(Ag). U
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4 Fraissé limits
We define the nice property that appeared in Theorem 3.5.

Definition 4.1. An L-structure M is said to be ultrahomogeneous, if for any
two finitely generated substructures A, B < M with an isomorphism ¢ : A — B,
there exists an automorphism v € Aut(M) which is an extension of ¢.

Remark. With this definition, the canonical structure Ag of some closed G <
S, is said to be ultrahomogeneous.

Definition 4.2. For an L-structure M, we denote by Age(M) the class of L-
structures isomorphic to a finitely generated substructure of M .

Definition 4.3. (Eztension Property, EP) Suppose M is an L-structure. We
say that M has the Extension Property if for any finitely generated A < M and
an embedding f : A — B with B € Age(M), there is an embedding g : B — M
for which g(f(a)) = a for all a in A.

An equivalent definition is the following: Suppose M is an L-structure. We
say that M has the Extension Property if for any A, B € Age(M) with A < B
and an embedding f : A — M, there is an embedding g : B — M which extends

f.

Lemma 4.4. If M is a countable ultrahomogeneous structure, then M has the
FExtension Property.

Proof. Suppose A < M is finitely generated and f : A — B is an embedding
with B € Age(M). First, suppose B < M. Since f is an embedding, f :
A — f(A) is an isomorphism between finitely generated substructures of M.
By ultrahomogeneity of M, this extends to an automorphism A : M — M.
Therefore g = h=!|g : B — M is an embedding with g(f(a)) = a for all a in A.

Now, for an arbitrary B € Age(M) we can find a finitely generated B=<M
and an isomorphism ¢ : B — B. the function f =¢of: A — B is an
embedding, therefore, by the previous argument, there exists an embedding
g : B — M with g(f(a)) = a for all a € A. This gives us an embedding
god: B — M with (go¢)(f(a)) = g(f(a)) = a for all a € A, which proves that
M satisfies EP. O

Lemma 4.5. Suppose M and H are countable structures with the Extension
Property where Age(M) = Age(H), and suppose f : My — Hy is an isomor-
phism between the finitely generated substructures Mo < M and Hy = H. Then
there is an isomorphism g : M — H, which is an extension of f.

Proof. Suppose we have M, H, f, My, Hy as above. We will construct an iso-
morphism ® : M — H using a back-and-forth argument. We will construct
a sequence of partial isomorphisms (®)ge, by induction on k, where each
partial isomorphism extends the previous one. First, we list the elements of
M and H so we have M = {mg,mq,...} and H = {ho,h1,...}. Suppose
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®y : My — Hj is an isomorphism with M < M, H, = H both finitely gener-
ated, {mo,.. ,Mpe— 1}CMk and {ho,.. hk 1}CHk

If my € Mk, then let Mk = Mk and Hk = Hk and CI)k = (I)k If mi ¢ Mk,
then let M) r be the structure generated by My, U {my}, which is clearly finitely
generated. The function @, Ly H, — Mk is an embedding. By the Extension
Property, there is an embeddlng d, : My — H with @(@k(h)) = h for all
h € Hy, therefore @ is an extension of ®j. The range of @ is clear/lz finitely
generated, and will be denoted by Hj. We achieved that my € dom(®y)

We do a similar step to get Pg41 ina way such that hy € ran(CI)kH) If hy €
Hk, then let Mk+1 = Mk and Hk+1 = Hk and (I)kJrl = (I)k If hk ¢ .H}C7 then
let Hy4+1 be the structure generated by H, & U {h}, which is finitely generated.
The function @ : Mk — Hjyp is an embeddmg By the Extension Property,
there is an ernbeddmg U 2 Hppr — M with \Il(tIDk( )) = m for all m € My,
therefore U~ is an extension of <I>k The range of W is finitely generated, and
will be denoted by My1. Now we let @41 = -1, My 41 — Hpyq. This means
®j41 is an isomorphism between M1 and Hy41, where My and Hyyq are
both finitely generated, {myg,...,mip} € M and {ho,...,ht} C H, and Pp41
extends ®. This proves the induction step.

For the base case, we let ®q := f, since f : My — Hj is an isomorphism with
My = M and Hy < H both finitely generated, and we have no restriction on the

domain and range of f. In the sequence of functions ®q, ®,... each function
extends the previous one, so the union is well-defined and we let ® := |J .
kew

Clearly ® is an isomorphism, dom(®) must include all elements of M, and
ran(®) must include all elements of H, therefore ® : M — H is an isomorphism
that extends f. O

Corollary 4.6. As a special case of the previous lemma, suppose M = H is a
countable structure with the Extension Property. The lemma states that given
finitely generated substructures My =< M and My < M and an isomorphism
f: My — Ms, we can extend f to an automorphism g : M — M, therefore M
18 ultrahomogeneous. This fact, along with Lemma 4.4 gives us the following
corollary:

Corollary 4.7. For a countable structure M, the following are equivalent:
(1) M is ultrahomogeneous,
(2) M has the Extension Property.

Definition 4.8. A Fraissé class/amalgamation class is a nonempty class KC of
finitely generated, countable L-structures of countably many isomorphism types,
for which the following are true:

1. (Isomorphism Property, IP) K is closed under isomorphisms,

2. (Hereditary Property, HP) K is closed under finitely generated substruc-
tures,
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3. (Joint Embedding Property, JEP) For any Ay, As € K, there exists some
B € K and embeddings f1 : Ay — B and fy : Ay — B,

4. (Amalgamation Property, AP) For any A, B1,Bs € K and embeddings
fi:A— By and fo : A — Bs, there exists some C € K and embeddings
g1 : B1 = C and g2 : By — C such that g1(f1(a)) = g2(f2(a)) for all
a € A

We will now state the famous theorem of Fraissé.
Theorem 4.9. We state the following:

(1) If M is an ultrahomogeneous countable structure, then Age(M) is a Fraissé
class,

(2) If K is a Fraissé class, then there is an ultrahomogeneous countable struc-
ture M for which Age(M) = K,

(3) If K is a Fraissé class, and M is a countable structure with the Extension
property where Age(M) = K, then M is determined up to isomorphism.

Corollary 4.10. This means that for a Fraissé class K, there exists an ultraho-
mogeneous countable structure M for which Age(M) = K, and M is determined
up to isomorphism. We call this structure M the Fraissé limit of IC.

Proof. (1) Since M is countable, it has countably many finitely generated sub-
structures, therefore Age(M) contains countably many isomorphism types. By
the definition of Age(M) it is easy to see that Age(M) consists of finitely gen-
erated structures, and satisfies IP and HP.

To prove that Age(M) satisfies JEP suppose A, B € Age(M). Our goal is
to find a structure C' € Age(M) and embeddings fa : A — C amd fp: B — C.
Since A, B € Age(M), the structure A is isomorphic to some substructure A <
M, generated by some finite set {ai,...,ax} C M. Similarly, B is isomorphic
to B <M generated by some finite set {b1,...,b} C M. Therefore, let ¢4 :
A— Aand ¢p: B — B be isomorphisms. Let C be the structure generated by
the finite set {a1,...,ax,b1,...,bi} € M. Clearly C' € Age(M) and fa = id|; :
A Cisan embedding and fp = id|5 : B — Cis an embedding. Therefore
faoga:A— Cand fpo¢p: B— C are embeddings, thus Age(M) satisfies
JEP.

To prove that Age(M) satisfies AP suppose Ag, A1, Ay € Age(M) and f; :
Ayp — Ay and fy : Ag — A, are embeddings. Our goal is to find a structure
C € Age(M) and embeddings ¢ : Ay — C and g5 : Ay — C with ¢1(f1(a)) =
92(f2(a)) for all a € Ay.

First, assume Ag, A1, Ay < M. Since f; is an embedding, f1 : Ag — f1(4o)
is an isomorphism between finitely generated substructures of M. By ultraho-
mogeneity of M, this extends to an automorphism hy : M — M. Similarly, we
can extend fo to an automorphism hy : M — M. Let C := Ay Uhy o h;l(Ag),
which is a finitely generated substructure of M. Let g := ida, : A4 = C
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and go := hy o h;l : Ay — C, which are embeddings. For all a € Ay we have
g20 fa(a) = h1ohy' o fo(a) = hy(a) = fi(a) = g1 o fi(a).

Now suppose we have Ag, A1, Ay € Age(M) arbitrary. There exist finitely
generated 21\5,;1\1,;1\2 = M, and isomorphisms ¢o : Ag — ;15, ¢ AL = ;1\1,
¢2 : Ay — Ay. We can construct embeddings f; = ¢y 0 fio ¢! : Ag — A; and
1?2 = ¢o0f qual : ;15 — //1\2 By the previous case, we know there is some C' < M
and embeddings ¢; : ;1\1 — C and g : 21\2 — C with g o fl(a) =gy o fQ(a)
for all @ € ;1?). Let hy == g10¢1 : Ay — C and hy := gy o ¢po : Ay — C,
which are embeddings. For all a € Ay we have hy o fa(a) = g2 0 ¢2 0 fa(a) =
G200 fr0¢5  odo(a) = gao fro¢o(a) = g1 o frogo(a) = hio fi(a), therefore
Age(M) satisfies AP.

(2) For the construction of M, which will be the Fraissé limit of K, we will
use a standard bookkeeping argument. First, we will construct a sequence of
structures (Ag)gew for which the following are true:

(a) Ay € Kforall k € w,

)
(b) Ap = Agyq for all k € w,
(¢) Every A € K can be embedded into some Ay,
(d) Suppose A, B € K, and we have embeddings f; : A - A, and fo: A - B

for some n € w. Then there is some m € w with m > n and an embedding
g: B — A, with fi(a) = g(f2(a)) for all a € A.

Since K has countably many isomorphism types, we can pick a structure from
each isomorphism type and list them, so we let T := {T},T5,...} be the set
of representatives of the isomorphism types. We will construct the sequence
(Ak)kew by induction on k. For the base case, Ay := Tp.

Suppose we have Ap € K for some odd number £k € w. By the Joint
Embedding Property of IC, there is a structure 11;;:1 € K and embeddings
fi: Ay — A/;Crl and fo @ Tigyry2 — A/k; Formally, this does not mean
Ay < A/k:l, but notice that since A, can be embedded into A/k:1 we can build
a structure isomorphic to A/k:1 by adding elements to the universe of Aj and
defining the relations and functions on these new elements according to A/k-:l
This gives us a structure Ap, i for which Ay < Agyq, and T(;41)/2 can be
embedded into Agyq.

Given A, B € K, there are only countably many ways to embed A into B,
since A is finitely generated and an embedding is already determined by the
images of the generating elements. This means that there are only countably
many 6-tuples of the form (A,n,B, f,C,g), where A,B,C € T, n € w, f :
A — B is an embedding, and g : A — C is an embedding. We can construct
a countable sequence S = (A;,n;, Bi, fi, Ci, gi)icw in which every such 6-tuple
appears infinitely many times.

Now suppose we have A, € K for an even number k£ € w. Take the
ith element of the sequence S where i = k/2 + 1, and denote it by S; =

14



(A;,ni, Bi, fi,Ciy g:). If k < n; then we simply let Agyq := Ag. If k > n;, but
A, does not have isomorphism type C, then we let A1y := Ay also. If k > n;
and there is an isomorphism ¢ : C — A,,,, then we let g, := ¢pog; : A — A,,,
which is an embedding. We will construct Ai1 in a way such that it satisfies
property (d) for the structures A; and B; and the embeddings f; : A; — B; and

gi + A; — A,,,. By the Amalgamation Property of K there is some A/k:l € K and
embeddings hy : A, — Agy1 and hg @ B; — Agyq with hi(gi(a)) = ha(fi(a))
for alla € A;. Again, formally we do not have Ay, < Ax11, but by the same argu-

ment as before we can construct Ay, 1 isomorphic to Agy1, for which Ay < Agy1
and hy @ A, = Apt1 is the identity. This gives us a structure Apy; with
A = Ag41 and an embedding ho : B — Agqq with gi(a) = ha(fi(a)) for all
a € A;, which is what we wanted.

We have now constructed the sequence of structures (Ag)recw and we want
to prove this sequence satisfies properties (a)-(d). Clearly we have A € K and
Ap = Agqq for all k € w. Suppose we have an arbitrary A € K with isomorphism
type T, for some n € w. By our construction, T;, can be embedded into As,,
therefore A can also be embedded into As,,, which means our sequence satisfies
property (c).

Suppose we have A, B € K, and embeddings f; : A - A, and fo : A — B for
some n € w. We let C := A,,, and we suppose A, B, C' have isomorphism types
T;,, Ty, Ti. respectively. During our construction, we encountered the 6-tuple
(Tia,m, Tip, f5, Tic, f1) infinitely many times, where f{ = f1 and f3 = f2 up to
isomorphism. This means we encountered the 6-tuple (T;,,n,T;,, f5, Tic, f1)
on some step number k, where k is an even number £k € w and £k > n. We
constructed Apy1 in a way such that there exists an embedding ¢’ : B — Api1
with f{(a) = ¢'(f5(a)) for all a € A. Formally, we do not have an embedding
g: B — Ajy1, but up to isomorphism ¢’ : B — Ay satisfies f1(a) = g(f2(a))
for all @ € A, so our sequence satisfies property (d).

Since A = Ak for all k£ € w, the union is well-defined and we let M :=

\J Ak, which is clearly countable. To show that Age(M) = K, suppose A € K.
kcw

We know A can be embedded into some A < M with an embedding f : A — Ay.
Since A is finitely generated, f(A) is also finitely generated. This means that A
is isomorphic to a finitely generated substructure of M, therefore A € Age(M),
proving K is a subset of Age(M).

On the other hand, suppose A € Age(M). The structure A is isomorphic to
some finitely generated B < M. The finitely many elements that generate B
must all appear in some Ay, therefore B is a finitely generated substructure of
some Ay € K. This means A is isomorphic to a finitely generated substructure
of an element of K, and since K satisfies HP and IP, A € K. This proves Age(M)
is a subset of K, so we have Age(M) = K.

To show that M is ultrahomogeneous, we will show that it has the Extension
Property. Suppose A < M is finitely generated and f; : A — B is an embedding
for some B € Age(M). The finitely many elements that generate A all appear in
some Ay, so we have A < Aj. In other words, the identity fo = id|a : A — Ay is
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an embedding. Clearly A € Age(M), and since Age(M) = K, we have A, B € K.
By property (d), for some m > n there exists an embedding g : B — A,, with
9(f1(a)) = fa(a) = a for all a € A, which proves that M satisfies EP. Therefore,
by Corollary 4.7, M is ultrahomogeneous, thus we have successfully constructed
the Fraissé limit of K.

(3) Suppose M and H are both countable structures with the Extension
Property and Age(M) = Age(H) = K. We want to show that M is isomorphic
to H. Let My < M be the structure generated by the empty set in M, which is
clearly finitely generated. Since My € Age(M) = Age(H), there is an isomor-
phism f : My — Hj for some finitely generated Hy < H. By Lemma 4.5 there
is an extension of f which is an isomorphism g : M — H. This proves that M

and H are isomorphic and that M is determined up to isomorphism.
O

4.1 Examples
4.1.1 The set of rationals with the standard ordering

One of the most basic examples of a Fraissé limit is the Fraissé limit of the class
of finite ordered sets.

Theorem 4.11. We state the following:
(1) The class of finite ordered sets, denoted by I, is a Fraissé class,

(2) The Fraissé limit of K is the set of rational numbers with the standard
ordering, denoted by (Q, <).

Proof. (1): Clearly every structure in K is countable and finitely generated, and
IC satisfies IP and HP. The class KC contains only countably many isomorphism
types, since for every finite n, there exists a unique ordered set on n elements,
up to isomorphism. For any two finite ordered sets, the one with smaller or
equal size can be embedded into the other one, thus K satisfies JEP.

To prove that C satisfies AP, suppose we have finite ordered sets A, B, C' and
embeddings f; : A — B and fy : A — C. We need to find a finite ordered set D
and embeddings g; : B — D and go : C — D, for which ¢1(f1(a)) = g2(f2(a))
for all a € A. We can assume that A < B and A < C, the functions fi; and fo
are the identity, and the universe of B and the universe of C' intersect precisely
in the universe of A. Let D be B U C, and let the functions g; : B — D and
92 : C = D be the identity. Say A = {a1,...,a,}, then the n elements of A
define n + 1 intervals of the forms:

{z <ar}, {ar <z < agy1}, {an <z},

some of which may be empty. We define the ordering on D the following way:
two elements of the set B C D will have the same relation as they had in the
structure B, and two elements of the set C C D will have the same relation as
they had in the structure C'. If an element of the set B C D and an element of
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the set C C D are in different intervals, the one in the ”lower” interval will be
defined to be smaller. If an element of the set B C D and an element of the set
C C D are in the same interval, the element from B will always be defined to be
smaller. This gives us an ordering on the set D for which g;, g are embeddings
and g1(f1(a)) = g2(f2(a)) for all a € A because f1, fa, g1, g2 are all the identity.
This proves that IC satisfies AP, thus K is a Fraissé class.

LS.
S

(2): Since (Q, <) is a relational structure, the structure generated by a finite
subset F' C Q is simply F. It is easy to see that any structure isomorphic to a
finite substructure of (Q, <) is a finite ordered set, and that every finite ordered
set is isomorphic to a finite substructure of (Q, <), therefore Age((Q, <)) = K.

To show that (Q, <) is ultrahomogeneous, suppose we have two finite sub-
structures {p1,...,pn} = Q and {q1,...,¢n} = Q which are isomorphic. We
can assume p; < ...p, and ¢; < --- < q,. We must find an automorphism
of (Q, <), in other words, an order-preserving function f : Q — Q, for which
f(p;) = qi for i = 1,...,n. This is an easy task, as we can define f(p;) := ¢; for
i =1,...,n and linearly interpolate everywhere else.

Since (Q, <) is countable, ultrahomogeneous, and Age((Q, <)) = K, it fol-
lows from Theorem 4.9 (3) that (Q, <) is the Fraissé limit of K, up to isomor-
phism. U

It is important to mention here that countability is crucial in determining
the Fraissé limit up to isomorphism, since the real numbers with the stan-
dard ordering, denoted by (R, <), is also an ultrahomogeneous structure with
Age((R, <)) = K, but (R, <) is clearly not isomorphic to (Q, <).

4.1.2 The random graph

The Random graph is a well-known infinite graph with multiple equivalent def-
initions. The following theorem gives us three equivalent definitions, combining
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the fields of first-order logic, graph theory, and probability theory.
Theorem 4.12. We state the following:

(1) The class of finite graphs, denoted by IKC, is a Fraissé class. We will let G
be the Fraissé limit of IC,

(2) Suppose H is a graph with Vi = w with the property that for any two sets
A Cw and B C w with AN B = (), there is some v € w where v ¢ AU B
and v is connected to all vertices in A, and v is not connected to any
vertices in B. Then H is isomorphic to G,

(3) Suppose we create a graph R with Vg = w by connecting every pair of
vertices with probability 1/2 independently. Then R has the property in
(2) with probability 1, and therefore R is isomorphic to G with probability
1.

Proof. (1): Similarly to the class of finite ordered sets, every structure in K is
countable and finitely generated, K contains only countably many isomorphism
types, and K satisfies IP and HP. For any two graphs A and B, which we can
assume to be disjoint, A and B can be embedded into the disjoint union of A
and B by the identity function, therefore K satisfies JEP.

We will prove that K satisfies AP similarly to how we proved that the class
of finite ordered sets satisfies AP. Suppose we have finite graphs A = (Vy4, E4),
B = (Vp,Ep), C = (Vg, Ec) and embeddings f; : A — B and fy: A — C. We
need to find a finite graph D and embeddings g; : B — D and ¢go : C — D,
for which g1(fi(a)) = g2(f2(a)) for all a € A. We can assume that A < B
and A < C, the functions f; and fo are the identity, and Vg N Vo = V4. The
universe of the structure D will be Vp := Vp U Vi, the edges of D will be
Ep = Ep U E¢ and the embeddings g1 : B — D and g : C' — D will be the
identity. Clearly D is a finite graph and we have g1(f1(a)) = g2(f2(a)) for all
a € V4 since f1, fa, 91, g2 are all the identity. This proves I satisfies AP, thus
KC is a Fraissé class.

(2): Suppose that H is a graph on w with the property in (2), and G is the
Fraissé limit of K as above. We would like to show that H is isomorphic to G.
Since H is clearly countable, by Theorem 4.9 (3), it is enough to show that H
has the Extension Property and Age(H) = K.

Since the language of H is relational, the structure generated by a finite
subset F' C H is simply F. To prove that H has the Extension Property, suppose
we have A, B € Age(H) with A < B and an embedding fy, : A — Hy < H.
Clearly A and B are both finite graphs, so we will let V4 = {a1,...,an,} and
Ve = {a1,...,am,b1,...,b,}. We must find an embedding g : B — H that
extends fy and we will do so by induction on n. Suppose we have an isomorphism
fr : Ax — Hjp between the graphs Ay and Hj for some 1 < k < n, where
Va, = VaU{by,...,br} and Vg, = {h1,...,hpmyir}. We define the set of
vertices in Ay, which are connected to bi41, and the set of vertices in Ay which
are not connected to by41 as follows:

AV = {v e Ay | (v,brs1) € Ep} and AP = {v € Ay | (v,bx11) ¢ E}.
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Notice that Ag) and Agf) are disjoint, and since fj is an isomorphism, f (Algl))
and f (A](f)) are disjoint as well. By the property in (2), we can find a vertex
hm+tk+1 € w = Vi, which is connected to all vertices in fi (AS)) and not con-

nected to any vertices in f;c(A,(f)). This gives us an isomorphism fx41 : Agy1 —
Hyyq, where Va, = VaU{by,...,bpq1} and Vi, = {h1,..., hpyryr} and
Ok+1(ak+1) = hmaks1. The isomorphism fr11 extends f, so this proves the
induction step. Therefore we can find an isomorphism f, : B — H, which
extends fp, so H satisfies EP.

To show that Age(H) = K, it is easy to see that every finite substructure
of H is a finite graph, so we have Age(H) C K. Now suppose A € K is a finite
graph. Pick any two points a € A and h € H. The function f : {a} — {h}
between the one-vertex graphs {a} and {h} is clearly an isomorphism. By the
Extension Property, we can extend f to an isomorphism ¢g : A — Hy, for some
finite subgraph Hy of H. This shows I C Age(H), so we have Age(H) = K.
By Theorem 4.9 (3), the graphs H and G are isomorphic.

(3): We want to prove that the graph R has the property in (2) with prob-
ability 1. Suppose we have finite sets A C w and B C w with AN B = (),
|A] = n, |B| = m, and some vertex v ¢ AU B. Denote the event that v is
connected to all vertices in A and no vertices in B by Q4 p,. Since every pair
of vertices is connected with probability 1/2 independently, the probability of
Qapw is P(Qa o) = (1/2)"(1/2)™ = 2-(n+m) ~ (. Therefore, the comple-
ment of Q4 p,, has probability P(QY 5,) =1 —27("+™) < 1. For every v # v/
with v,v" ¢ AU B, the events Qa g, and Q4 g, are independent, thus the
probability that the event Q 4,5, does not occur for any v ¢ AU B is

P( () Q)= JI P@Sp,) = lim(1-270m) =0,

v¢ AUB v AUB

Therefore, there is a vertex v ¢ AU B, which is connected to all vertices in A
and not connected to any vertices in B with probability 1. This is true for all
finite subsets A C w and B C w with AN B = @, so we have shown that R
satisfies the property in (2) with probability 1. O
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5 Extreme amenability - Kechris, Pestov, Todor-
cevic

5.1 The KPT correspondence

In this section we will be following section 4. of Kechris, Pestov, Todorcevic [3]

Definition 5.1. Suppose G is a Hausdorff topological group and X is a compact
Hausdorff space. A G-flow is a continuous action of G on X. For simplicity of
notation, we will say X is a G-flow, instead of saying G ~ X is a G-flow.

Remark. For the rest of this section, we will always assume that G is Hausdorff.

Definition 5.2. A topological group G is said to be extremely amenable if every
G-flow has a fixed point, in other words, if X is a compact Hausdorff space and
X is a G-flow, there is some x € X for which g.x = x for all g € G.

Lemma 5.3. Suppose G is a topological group, and X is a G-flow, then the
following are equivalent:

(1) The G-flow X has a fized point,

(2) For everyn =1,2,..., continuous function f : X — R", e > 0, and finite
F C G, there is some x € X such that |f(x)— f(g.2)| < e for everyg € F,
where | | is the Euclidean norm.

Proof. (1) = (2): Clearly, if x € X is a fixed point, x = g for every g € G,
therefore |f(z) — f(g.z)| = 0 for every function f.
(2) = (1): First, for fixed n, f,e, F as in (2), we define the set

Hicp:={rvec X||f(x)— f(gx)] <eforevery gec F} C X.

Notice that if F' = {g}, the function ' : X — R", where f'(z) = |f(x)— f(g.2)|,
is continuous. Therefore, Hy . (41 is the preimage of the closed set {z € R" |
|z| < e}, s0 Hy gy is closed. The set Hy. r is the intersection of Hy . (4 for
all f € F, where F is finite, thus Hy. r is closed as well. Since X is compact,
Hy . p is also compact. We would like to show that the intersection of Hy .
for all f,e, F' is nonempty. By a compactness argument, it is enough to show
that the intesection of finitely many {Hy, ., r }1<i<n is nonempty. Suppose
fi : R — R™ then we let

=1, fn) : R — RMtT+mn
e i=min(e1,...,en)
Fr.=FU---UF,.
n
By our assumption, Hy . ps is nonempty, therefore (| Hy, ., r, # 0. This
i=1

shows that the intersection of Hy . r for all f,e, F' is nonzzmpty. But notice that

an element z € (| Hj. p must be a fixed point.
feF
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If  was not a fixed point, there would be some g € G with g.x # z. Since X
is compact and Hausdorff, X is T;. By Urysohn’s lemma there is a continuous
function f : X — R with f(z) = 0 and f(g.z) = 1. This means, for F' = {g}
and 0 < € < 1, the set Hy . p is empty, since |f(z) — f(g.z)] = 1 > ¢, which
would be a contradiction. O

We will now prove the following technical lemma, as we will need it for the
proof of Theorem 5.5.

Lemma 5.4. Suppose G is something, X is a G-flow, and f : X — R™ for
somen € w. Then there is an open neighborhood V of the identity 1¢, such that
for every v € V and every x € X we have |f(z) — f(v.x)| < e, where | | refers
to the Euclidian norm.

Proof. First, fix some x € X. Since f is continuous, we can find some W,
neighborhood of x, for which |f(z) — f(w)| < €/2 for all w € W,. Since the
action a : G x X — X is continuous, we can find an open neighborhood U, of
x and an open neighborhood V,, of 15 such that a(V, x U,) C W,. This means
that for every v € V,, and every y € U, we have |f(x) — f(v.y)| < e/2. Now we
will use a compactness argument. Since X is compact it can be written as the
union of U, for finitely many z, so we say X = U Ug,. Welet V = ﬂ Vass

=1
which is a neighborhood of 1¢. For any v € V and x € X where x € Uy, for

some x;, we have

[f (@) = flo)] < [f() = fl@a)| + [f(2i) — flox)| <e/2+e/2 =,
because z,x; € Uy, and v € V C V;, so we are done. O
Theorem 5.5. Suppose G < S, is closed, then the following are equivalent:

(1) The group G is extremely amenable,

(2) For any open subgroup V' < G, any k-coloring ¢ : G/V — {1,...,k} of
the left-cosets of V', and any finite set of left-cosets A C G/V, there is an
element g € G, for which g.A is monochromatic. In other words, there is
a color 1 < i < k for which c(g.a) =i for every a € A, where G acts on
G/V in the usual way g.hV = ghV'.

Proof. (1) = (2): Suppose we have V,c, A as above. Consider the set C' =
{1,..., k}G/V of k-colorings of the left-cosets of V. The space C' is the product of
Hausdorff spaces, so C' is Hausdorff. Furthermore, by Tychonoff’s theorem, the
space C' is compact (with respect to the natural topology), as it is the product
of compact spaces. Consider the action (g.p)(z) = p((g~!).2) for g € G, p € C,
and x € G/V, which is associative since

g.(h.p)(x) = (h.p)((g~").x) = p((h ") (g™ ").2) = (gh).p(x),

where h € G. This gives us that C is a G-flow, and the closed subset X := G.c C
C' is also a G-flow. Since G is extremely amenable, we can find a fixed point
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¢* € X. The coloring ¢* must be constant, since c*(z) = g.c*(z) = ¢*((97}).2)
for all ¢ € G, and G acts transitively on G/V, so we have ¢*(z) = ¢ for all
x € G/V. Since A is finite and ¢* € G.c we can find some g € G for which
(971).c|la = c¢*|a. Therefore, c(g.a) = c*(a) =i for all a € A, so we are done.

(2) = (1): Let X be a G-flow, we want to show that X has a fixed point.
By Lemma 5.3, it is enough to show that if we have n € w, f : X — R"
continuous, € > 0, and F' C G finite, then there exists an z € X for which
|f(z) = f(g.x)] < e for all ¢ € F. Using Lemma 5.4, we can find an open
neighborhood V' of the identity 1g, for which Vv € V', Vx € X, Ve > 0 we have
|f(z)— f(v.x)] <e/3. Recall Theorem 3.3, which gives us that there is a system
of subgroups which form an open neighborhood basis at the identity 14, since
G must be non-Archimedean. This means there is an open subgroup V C V',
for which Vo € V,Vz € X, Ve > 0: |f(z) — f(v.z)| <e/3 holds.

We will partition the set f(X) C R™ into finitely many subsets Ay, ..., Ax C
R™ of diameter at most /3. For a fixed 2’ € X, let

U ={9geG| flga)e A}, and V; :=VU; ={Vue G/V |ueU}.

k
Since |J V; = G/V we can define a coloring on all of G/V. , we can find a

i=1
k-coloring c of the left-cosets of V such that ¢=1(i) C V; for all 1 <i < k. Let
F be the finite set F U {1g}. Tt is easy to see that property (2) is equivalent
to the analogous statement for the space of right-cosets of V', where G acts in
the usual way g.Vh = Vhg=!. For V, ¢, FV C V/G, we can use this statement
about right—coseAts to get that thereAis acolorl1 <i<k angl some g € G such
that ¢((g7!).VF) = i for all a € F. This means that VFg C V;, and since
1g € V, we have that ﬁg CcV. R

Now we will show that z := ga’ works, so we fix some h € F, and we want

to show that |f(z) — f(hz)| < e for all h € F. Since hg C V; = VU, we can
write hg = vju; for some v} € V. Since V is a subgroup, (v})™! =v; € V, so
we have vihg = u; € U;. Therefore,

f(uihga') € A; = f(vihz) € A;.
Since v; € V, we have

|f(vrha) — f(hz)| < /3,

so f(hz) is in the /3-neighborhood of A;.
Similarly to before, since 1¢ € F, we can write g = vhu, for some vj € V.
Since V is a subgroup, (v5)™! = vy € V, so we have vag = u; € U;. Therefore,

f(vaga’) € A; = f(voz) € A,

Since v1 € V, we have
|f(vaz) = f(2)] < /3,
so f(x) is in the £/3-neighborhood of A4;.
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Finally, since both f(hz) and f(x) are in the ¢/3-neighborhood of A;, we
have
|f(z) — f(hx)| <e/3+¢€/3+¢/3=c¢,

so we are done. O

Remark. By the proof of (2) = (1) above, it is easy to see that we can restrict
V' to be from any given system of subgroups which from a neighborhood basis
at 1g. In particular, we can restrict V to be of the form G(py, the pointwise
stabilizer of some finite ' € w, since the system of subgroups {G(py | F C w is
finite} forms a neighborhood basis at 1. Furthermore, we can restrict F to be
from any cofinal (under inclusion) set of finite subsets of w.

Definition 5.6. Suppose G < S,,. A G-type o is the G-orbit of some F' C w,
where F' is finite and nonempty, formally 0 = G.F

Notation 5.7. Suppose G < S, and o and p are G-types. We write p < o if
there is some F € o and some F' € p for which F' C F.

Equivalently, we write p < o if every F' C p is a subset of some F C 0.
Equivalently, we write p < o if every F' C o has some subset F' C p.

Consider a language £ = {(R;)ie1, (fj)jes}- We will denote the space of all
L-structres with universe w by X-. Given that the relation R; has arity n; for
all i € I, and the function f; has arity m; for all j € J, we have

Xe=]]2" x [[e"

i€l jeJ

If £ is a relational language, then J = (), therefore X is compact, since it is
the product of compact spaces. The group S, acts canonically on X, in the
following way: Given A € X, we let g.A be the the structure B € X, such
that

(a1,...,an,) € RP = ((¢7Y).a1,...,(g7" ) .an,) € RA,

ij(a17 cee 7amj) = ng((gilfalv RN (gil)'a’m]‘)v

which means g : A — B is an isomorphism. This action of S, on X is called
the logic action, and we will quickly show why it is continuous:

It is enough to show that the logic action a : S, X Xy — X, is continuous
in (1, A) for some L-structure A. Fix a neighborhood W of A in X;. We must
find an open set in S,, x X whose image lies entirely within W. We can find a
smaller, basic open neighborhood U of A, of the form

U={BeX;|F e RE < F,cR;, where F; is a tuple and i € I finite},

i.e., the set of structures in X, which act the same as A on a finite collection
of k-tuples for various k. Then, we can let F{y be the set of all numbers that
appear in these tuples. This gives us an open neighborhood of 1, namely H ),
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the pointwise stabilizer of Fy. From here it is easy to see that H(p) x U is an
open set in S, x X for which a(Hp,) x U) = U, therefore a is continuous.

This means that if £ is relational, the space X is a G-flow for any G < S,,.
Now, consider that our language £ consists of a single binary relation symbol
L = {<}. We will denote by LO C X, the subspace of linear orderings on w,
where < is interpreted as a linear order. Clearly LO is S,-invariant.

To see that LO is compact, it is enough to show that it is closed. Suppose A
is an L-structure with A ¢ LO. This means < is not a linear order, therefore
it is either not irreflexive, not transitive, or it does not satisfy trichotomy. Then
it is easy to see that there must be finitely subset of w where A already fails
to be a linear order. This means A has an open neighborhood in which every
structure fails to be a linear order, thus the complement of LO is open.

Therefore, LO is subflow of X for any G < S,,. This gives us the following
definition:

Definition 5.8. Let G be a subgroup of S.,. We say that G preserves an ordering,
if the G-flow LO has a fized point, where LO 1is the space of linear orderings on

w. In other words, G preserves an ordering if there is a linear order <* on w,

for which a <*b <= g.a <* g.b for all g € G.

Theorem 5.9. Suppose G < S, is closed. Then the following are equivalent:
(1) G is extremely amenable,

(2) (a) For any F C w, where F is finite and nonempty, we have Gy = G,
and (b) For any two G-types o,p with p < o, and a k-coloring ¢ : p —
{1,...,k}, there is some F € o and a color 1 <i <k for which ¢(F') =i
forall " CF, F' € p,

(3) (¢) G preserves an ordering, and (b) as in (2) above.

Proof. (3) = (2): Clearly, it is enough to prove that (c¢) implies (a). Suppose G
preserves an ordering <*, and suppose we have a nonempty finite set F' C w. List
the elements of F'as F' = {x1,...,x,}, and we can assume that 1 <* --- <* x,,.
Since G preserves <*, we have g.x; <* --- <* g.x,, for all g € G. Then, clearly,
if some g € G stabilizes F setwise, it must also stabilize F' pointwise, since it
has the preserve the <*-order of the elements, therefore Gr = F(p).

(1) = (3): Since G is extremely amenable, the G-flow LO has a fixed point. By
definition, this means that G preserves an ordering, so we have shown (c).

To prove (b), suppose we have o,p, and ¢ : p — {1,...,,k} as in (2). We
must find some F € o for which ¢(F') = i for every F' C F, F' € p. Say p
is of the form p = G.Fp, and consider the open subgroup V = G(p,). Since
(c) implies (a), V = G(g,) = Gr,, this gives us that c is a k-coloring of G/V/,
as the elements of p correspond to left-cosets of V' = G'p,. Consider the finite
set A ={F, € p| F} C F*} for some F* € . We can apply Theorem 5.5
to V,e, A, therefore there is some g € G with ¢(g.a) = i for all a € A. Now
we let F'= g F* € 0. For any F/ C F, F' € p, we have (¢~ !).F’ C F* and
(g7Y).F" € p, so (g7 1).F" € A, therefore c(g.(g71).F') = ¢(F') = i, thus we
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have shown (b).

(2) = (1): We will show (2) of Theorem 5.5, for V' of the form Gy, where F' C w
is finite. Consider the G-type p = G.F. Since V = G(r) = GF, the left-cosets
of V' can be identified with elements of p. Fix a k-coloring ¢ : p — {1,...,k}
and some finite A C p. Now we let | JA = Fp, and 0 = G.Fy. By the property
(b) there is some 1 < ¢ < k and some F* € o such that ¢(F’) = i for every
F' C F* F' € p. If we write F* = ¢g.F, for some g € G, we have ¢(g.F') = i
for all ' € A, since g.F' C F* and g.F’ € p, so we have shown (2) of Theorem
5.5. O

For ease of notation, we introduce the following:

Notation 5.10. Suppose G < S, and o, p are G-types with o < p. For F € o
we write

() -tresiren

Notation 5.11. Suppose G < S, and o, p, T are G-types with p < o < 1. For
k=2,3,..., we write
7= (o),

if for every F € T and k-coloring c : (I;) —{1,...,k}, there is some F' C F,

/
F' € o for which (Fp) is monochromatic, in other words c(Fy) = i for all

Fy C F', Fy € p. Note that this is equivalent to saying there is some F € T with
this property.

Definition 5.12. Suppose G < S,,. We say G has the Ramsey Property, if for
all G-types o and p with o < p, and every k = 2,3, ..., there is a G-type T with
o <7 for which T — (o).

Theorem 5.13. Suppose G < S, closed. Then the following are equivalent:
(1) G is extremely amenable,
(2) G preserves an ordering and G has the Ramsey Property.

Proof. (1) = (2): We have proven before that if G is extremely amenable, then
it preserves an ordering, so we must show that G has the Ramsey Property. It
can be shown that, by induction, we can restrict k to be 2 in Definition 5.12. By
contradiction, assume that there are G-types o and p with p < ¢ for which does
not exist a G-type 7 with 0 < 7 and 7 — (0)%. First, we will fix some I}, € 0.
By our assumption, for every finite set E with Fc E, there must be some coloring

CE <f> — {1,2}, for which there is no monochromatic set F' € f . For

some finite F' C w, let Cr be the collection of sets Cp := {E Cw | F C E}. The
set C:={CFp | F C w finite} is a centered family of sets, since for any finitely
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many Cp,, the set |J F; is contained in the intersection (| Cp,. Therefore C
i= i=1

can be extended to an ultrafilter U on the index set I of finite nonempty subsets

of w. The ultrafilter U will help us define a coloring in the following way: for
some D € p, either

(ECw|DUF,CE, ep(D)=1} €U,
or
{ECw|DUFy,CE, cg(D)=2}€cU.

Naturally, we let ¢(D) =1 <= {ECw|DUF, CE, cg(D) =1} € U, which
gives us a 2-coloring ¢ : p — {1,2}. By Theorem 5.9 (b), there is some F € o,

which is monochromatic on (i) with color i. For some D € (1;), we know
that ¢(D) =i,sowelet Ap ={FCw| DUFCE, cg(D)=i=c¢(D)} eU.
Since (i) is finite, the set

N

(3

is not empty, so we can pick some element of it, say E. Then we can see

that Fy C F, and for every D € (i), we have cg(D) = ¢(D) = i, therefore

Fe o) monochromatic for c¢g, so we have arrived at a contradiction.

(2) = (1): Since G preserves an ordering, by Theorem 5.9 it is enough to
show that G satisfies (b) of (2) in Theorem 5.9. Clearly, since G has the Ramsey
Property, this is true. U

Remark. Suppose G < S,,. A set T of G-types is said to be cofinal if for any
G-type p, there is some o € T with p < 0.

It can be shown that the previous theorem still holds if in Definition 5.12 we
restrict the G-types to by in a given cofinal set of G-types.

We define the two pieces of notation in Notation 5.10 and Notation 5.11, as
well as the Ramsey Property, for classes of L-structures:

Notation 5.14. Suppose K is a class of L-structures and we have A, B € K
with A <X B. We write

<ﬁ> ={C e K| C =< B and C is isomorphic to A}

Notation 5.15. Suppose K is a class of L-structures and we have A, B,C € K
with A= B<XC. Fork=2,3,..., we write

C — (B)i
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if for every k-coloring c : (i) — {1,...,k}, there is some B’ € (g) for
/
which B) is monochromatic, in other words c¢(A’) = i for all A’ X B', A’

A

isomorphic to A.

Definition 5.16. Suppose K is a class of L-structures. We say K has the
Ramsey Property, if for any two structures A, B € K with A < B, and every
k=2,3..., there is some C € K with B < C for which C — (B)i..

The pieces of notation in Notation 5.14 and Notation 5.15, and consequently
the Ramsey Property, are most interesting when /C is a hereditary class of finite
structures. In particular, when K is a Fraissé class consisting of locally finite
structures.

Definition 5.17. Suppose L is a language with a binary relation symbol <.
An order structure for L, is an L-structure in which the relation symbol < is
interpreted as a linear ordering.

If K is a class of L-structures, we say K is an order class if every structure in K
1s an order structure. In particular, if IC is a Fraissé class, and every structure
in K is an order structure, we say IC is a Fraissé order class.

We now state the key theorem of Kechris, Pestoc, and Todorcevic:
Theorem 5.18. Suppose G < S, is closed. The following are equivalent:
(1) G is extremely amenable,

(2) G is of the form G = Aut(M), where M is the Fraissé limit of a Fraissé
order class with the Ramsey Property, and M is locally finite.

Proof. (1) = (2): Let Ag be the canonical structure of G, which is ultrahomo-
geneous by Theorem 3.5. Since G is extremely amenable, G preserves a linear
order <* on w. Let £ be the language we get by adding a binary relation symbol
< to the language on Ag. We will expand the structure Ag by intepreting < as
<*, and we will denote the resulting L-structure by A. Since G preserves <*,
we can see that Aut(A) = G and that A is still ultrahomogeneous. Since the
language of A is relational, A is locally finite, thefore Age(A) is a locally finite
Fraissé order class. Since A is ultrahomogeneous, a G-type of A is precisely the
set of all substructures of A isomorphic to some Ay < A, as an isomorphism
between Ay € Age(A) and A; € Age(A) extends to an automorphism g € G.
It is easy to see that G having the Ramsey Property is equivalent to Age(A)
having the Ramsey Property, so we are done by Theorem 5.13.

(2) = (1): Since A is the Fraissé limits of a locally finite Fraissé order class, A
is a locally finite order structure. This means that G preserves an ordering, since
A is an order structure, and the G-types of finite substructures of A are cofinal
in all the G-types, since A is locally finite. the G-type of a finite substructure
of Ag < A is the set of all substructures of A isomorphic to Ag. Similarly to
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before, by Theorem 5.13, G has the Ramsey Property, and since G preserves an
ordering, GG is extremely amenable. O

We can rephrase the previous theorem in the following way:

Theorem 5.19. Suppose K is a locally finite Fraissé order class and M is the
Fraissé limit of IC. Then the following are equivalent:

(1) Aut(M) is extremely amenable,
(2) K has the Ramsey Property.

5.2 The extreme amenability of Aut(Q, <)

Using Theorem 5.19, we can show that Aut(Q, <) is extremely amenable. By
Theorem 4.12, we know that (Q, <) is the Fraissé limit of the Fraissé class
of finite linear orderings. This class is clearly an order class and all of its
elements are locally finite, so we just have to show is that the class of finite
ordered sets satisfies the Ramsey Property. This is exactly the statement of the
finite Ramsey theorem [5, Corollary 1.3, so we have proven that Aut(Q, <) is
extremely amenable.
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Alulirott Kozari Dominik nyilatkozom, hogy szakdolgozatom elkészitése soran
nem hasznaltam MI alapt eszkozt. (ez angol legyen vagy magyar?)
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