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Introduction

Modern control theory, as a separate branch of mathematics came into existence after the
Second World War, when they tried to optimize certain physical or chemical processes
in time by changing the state variables or exerting an external force on the system. Its
�elds of application include aviation, trajectory optimization, spacecraft guidance and
control of power plants and �uid �ows. Since these motions are governed by di�erential
equations, the �elds of convex optimization and PDE theory merge together in quite a
natural way, where di�erential equations model the dynamics of particular motions and
optimal control theory provides the framework for �nding the optimal parameters.

Throughout this thesis, we consider optimal control problems governed by stationary
convection-di�usion-reaction equations and analyze their well-posedness and optimality
conditions. After the theoretical analysis, we adapt a numerical method for solving these
problems. We analyze its rate of convergence with test problems and then we apply it to
problems motivated by more realistic applications.

In the �rst chapter, we lay down the main analytical tools required for the subsequent
chapters, mainly from real and functional analysis. Then we prove a fundamental theo-
rem that addresses the question under what conditions the convection-di�usion equation
admits a unique solution.

After that, the main focus is on the central topic of this thesis, namely optimization.
In chapter 2, we �rst formulate the quadratic Hilbert space optimization problem in a
general setting and establish existence and uniqueness under suitable assumptions, thus
showing that the problem is well-posed. Next, we specify the governing partial di�erential
equations and parameters of the optimal control problem that we are interested in. We
also derive the necessary and su�cient conditions for optimality in variational form, and
later rewrite them by introducing the adjoint equation. Finally, we introduce the two main
classes of control problems considered in later sections, distinguished by the structure of
the optimal control: the bang-bang and the distributed case.

Our further objective is to adapt the gradient descent method for computing the optimal
solution of such problems and test its performance. Hence, in chapter 3, we provide a
general procedure for constructing test problems, which will allow us to measure the rate
of convergence.

This is followed by the introduction of the conditioned gradient method in chapter 4, and
its application to our PDE governed optimization problem.

Lastly in chapter 5, we apply the developed numerical method both to the constructed
test problems and to other problems whose solutions are not known in advance. We
present the numerical results, examine the order of convergence, and investigate whether
the numerically observed behavior is consistent with the theoretical expectations. Finally,
we show the numerical solution of a physical model with more realistic parameters.
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1 Weak solution of elliptic boundary value problems

The aim of this chapter is to lay down the necessary tools including de�nitions and key
theorems in the study of elliptic PDEs. We begin by specifying the geometric setting
of the boundary, then recall some standard results from analysis. We then proceed to
the functional-analytic framework, which includes Lp and Sobolev spaces, bilinear forms
and the Lax�Milgram lemma, which states the conditions under which the variational
problem admits a unique solution. These are then used to show the well-posedness of the
convection-di�usion equation.

1.1 Theoretical background of PDEs

For the well-posedness of elliptic boundary value problems, we need to have regularity
assumptions on the domain.

De�nition 1.1. [3, Chapter 4] We say that a bounded domain 
 � R n (n � 2) has a
Lipschitz boundary (or simply: 
 is a Lipschitz domain) if for every point p 2 @
 there
exists a neighborhood Up of p and new Cartesian coordinates y1; : : : ; yn such that:

(a) In the new coordinate system, Up is a box:

Up = f(y 1; : : : ; yn ) 2 R n : �a j < y j < a j ; 1 � j � ng;

where aj > 0 for j = 1; : : : ; n.

(b) There exists a Lipschitz continuous function f de�ned on

U0
p = f(y 1; : : : ; yn�1 ) 2 R n�1 : �a j < y j < a j ; 1 � j � n � 1g

such that
jf (y 1; : : : ; yn�1 )j �

an

2
8(y1; : : : ; yn�1 ) 2 U 0

p;

and moreover


 \ U p = f(y 1; : : : ; yn ) 2 Up : yn < f(y 1; : : : ; yn�1 )g;

@
 \ U p = f(y 1; : : : ; yn ) 2 Up : yn = f(y 1; : : : ; yn�1 )g:

Figure 1: Example of a domain with Lipschitz boundary. [3]
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On bounded Lipschitz domains, the following two fundamental theorems hold:

Theorem 1.2 (Gauss�Ostrogradsky theorem). [3, Chapter 4] Let 
 � R n be a
bounded Lipschitz domain and F = (F1; : : : ; Fn ) : 
 ! R n , where Fj 2 C 1(
) for each
j = 1; : : : ; n. Then Z



div F =

Z

@

F � � d�; (1)

where � denotes the outward unit normal vector on @
 and d� denotes the surface measure
on @
.

Theorem 1.3 (Green's theorem). [3, Chapter 8] Suppose that u 2 C 2(
), v 2 C 1(
)
and p 2 C1(
), where 
 � R n is a bounded Lipschitz domain. Then

Z



� div(pru) v =

Z



pru � rv �

Z

@

p @� u v d�; (2)

where @� u = ru � �:

Proof. We use the Gauss�Ostrogradsky theorem with

F (x) := p(x) v(x) ru(x) (x 2 
);

for which

div F =
nX

j=1

@j Fj =
nX

j=1

@j (pv@j u) =
nX

j=1

�
v @j (p @j u) + p @j u @j v

�
=

= v
nX

j=1

@j (p @j u) + p
nX

j=1

@j u @j v = v div(pru) + p ru � rv:

Substituting into (1) we get:
Z




�
v div(pru) + pru � rv

�
dx =

Z

@

p v ru � � d� =

Z

@

p v @� u d�:

By rearranging the terms the proof is �nished.

Now we introduce the Lp and Sobolev spaces along with the corresponding notions and
theorems.

De�nition 1.4. Let 
 � R n be a nonempty, bounded, Lebesgue measurable set. For
1 � p < 1 we denote by L p(
) the linear space of (the equivalence classes of) Lebesgue
measurable functions y such that

Z



jy(x)j p dx < 1:

This space is equipped with the norm

kykL p (
) =
� Z



jy(x)j p dx

� 1=p

:
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De�nition 1.5. For p = 1 the norm is de�ned by

kykL 1 (
) = ess sup
x2


jy(x)j := inf
jF j=0
F �


 

sup
x2
nF

jy(x)j

!

:

De�nition 1.6. Let X be a vector space endowed with the norms k � k 1 and k � k2. The
two norms are called equivalent if there exist constants M � m > 0 such that

mkxk1 � kxk 2 � Mkxk 1; 8x 2 X:

Theorem 1.7 (Riesz�Fischer). The space L p(
), equipped with the norm de�ned above,
is a Banach space.

De�nition 1.8. We denote by C k
0 (
), k 2 N [ f0; 1g the set of all k-times continuously

di�erentiable functions with compact support in 
.

De�nition 1.9. We say that u 2 H 1(
) if u 2 L 2(
) and there exist functions g1; g2; :::; gn 2
L2(
) such that Z



u@i ' = �

Z



gi ' (3)

for every ' 2 C 1
0 (
) and i = 1; 2; :::; n. The function ' 2 C 1

0 (
) is referred to as a test
function.

Note. The function g i is called the i-th weak derivative of u. With the concept of weak
derivatives, we no longer require a function to be classically di�erentiable (or continuous).
If 
 is bounded, then u 2 L 2(
) implies u 2 L 1(
), hence the integrals above are well-
de�ned. Whenever the classical derivative exists, it coincides with the weak derivative.

Theorem 1.10. H 1(
) is a separable Hilbert space equipped with the inner product

hu; viH 1 (
) :=
Z



u v +

Z



ru � rv: (4)

The induced norm is given by

kukH 1 (
) =
� Z



juj 2 +

Z



jruj 2

� 1=2

: (5)

Theorem 1.11 (Trace theorem). [2, Chapter 12] Let 
 � R n be a nonempty, bounded
and open set with boundary @
. Then there exists a uniquely determined continuous, linear
operator


 : H 1(
) ! L 2(@
)

such that

u = u

�
�
@


:

Note. In Sobolev spaces we work with equivalence classes, more precisely u; v 2 L2(
)
are considered the same if they only di�er on a set that has a measure of 0. Since the
boundary @
 has a measure of 0, changing the values of a function on @
 does not change
its class in H1(
). Therefore it is not meaningful to say that u is 0 on the boundary. On
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smooth functions u 2 C1 (
), 
u simply returns the classical boundary values u
�
�
@


. For
a bounded Lipschitz domain 
, the space C1 (
) is dense in H 1(
), meaning that for
any u 2 H 1(
), we can choose a sequence (uk)k2N � C 1 (
) such that u k ! u in H 1(
).
Then the corresponding boundary values uk

�
�
@


form a Cauchy sequence in L2(@
) and
converge to some g 2 L2(@
). The trace 
u is de�ned using the limit lim

k!1
uk

�
�
@


. For a

more detailed treatment of the trace theorem, see [7].

De�nition 1.12. We denote by H 1
0 (
) the kernel of the trace operator


 : H 1(
) ! L 2(@
):

H 1
0 (
) := f u 2 H 1(
) : 
u = 0 on @
 g:

Theorem 1.13 (Poincaré�Friedrichs inequality). Let 
 be a bounded Lipschitz do-
main. Then there exists a constant c that depends only on the domain 
 such that

kukL 2 (
) � ckruk L 2 (
) ; 8u 2 H 1
0 (
): (6)

A norm has already been de�ned on H1(
), however there is an equivalent norm in H1
0 (
),

which is easier to use in calculations by its simpler form:

kukH 1
0 (
) :=

� Z



jruj 2

� 1=2

:

It is straightforward to show that these are indeed equivalent by using (6):

1 �
Z



jruj 2

| {z }
m2 �kuk 2

H 1
0 (
)

�
Z



juj 2 +

Z



jruj 2

| {z }
kuk 2

H 1(
)

� (c 2 + 1) �
Z



jruj 2

| {z }
M 2 �kuk 2

H 1
0 (
)

; 8u 2 H 1
0 (
):

1.2 Well-posedness of the convection�di�usion equation

In this section we formulate the nonsymmetric convection-di�usion equation with an ad-
ditional reaction term, and we specify the conditions on its coe�cients required for its
well-posedness. We then de�ne the weak formulation of the boundary value problem and
prove, using arguments from [5], the existence and uniqueness of the weak solution under
these assumptions.

We begin by recalling from [6] an important de�nition and a theorem that provide the
functional-analytic core of the proof.

De�nition 1.14. Let B : H � H ! R be a mapping. We say that

1. B is bilinear if it is linear in both variables.

2. B is symmetric if B(x; y) = B(y; x) for all x; y 2 H.

3. B is bounded if there exists M > 0 such that

jB(x; y)j � M kxk kyk; 8x; y 2 H:
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4. B is coercive if there exists m > 0 such that

B(x; x) � m kxk 2; 8x 2 H:

Theorem 1.15 (Lax�Milgram lemma, coercive version). Let H be a real Hilbert
space and let B : H �H ! R be a bounded, coercive bilinear form. Then for every bounded
linear functional ' : H ! R there exists a unique u 2 H such that

B(u; v) = '(v); 8v 2 H:

Let 
 � R n be a bounded domain with Lipschitz boundary. Consider the following non-
symmetric stationary boundary value problem with homogeneous Dirichlet boundary con-
dition: 8

<

:

Lu := � div(pru) + w � ru + qu = f;

u
�
�
@


= 0:
(7)

We require the following conditions:
(

p 2 L 1 (
); 9m > 0 : p(x) � m > 0 (a.e. x 2 
);

w 2 C 1(
; R n ); q � 1
2 div w � 0; q 2 L 1 (
):

(8)

Note. The conditions q � 0; div w = 0 are su�cient, but q � 1
2 div w � 0 is more general.

Assume that the boundary value problem admits a classical, smooth solution. To derive
the weak formulation we multiply the equation by a test function v 2 C1

0(
) and integrate
over 
. Applying Green's formula (2), the integral on the boundary vanishes due to the
fact that v = 0 on @
, thus the second-order di�erential operator is reduced to a �rst-
order one. We now employ a standard density argument as follows: Since C1

0 (
) is dense
in H 1

0 (
) and both the bilinear form B(u; v) =
R




�
pru � rv + (w � ru) v + quv

�
and

the functional '(v) =
R


 fv are continuous in H1
0 (
), (equivalently bounded, which is

proven below) we construct a sequence vk 2 C 1
0 (
) such that v k ! v in H 1

0 (
), where
v 2 H 1

0 (
). Note that the equality B(u; v k) = '(v k) holds for every k 2 N, moreover, by
continuity we have B(u; vk) ! B(u; v) and '(v k) ! '(v) as k ! 1, so we deduce that
B(u; v) = '(v) in H 1

0 (
) too.

De�nition 1.16. We say that u 2 H 1
0 (
) is a weak solution of the boundary value

problem, if
Z




�
pru � rv + (w � ru) v + quv

�
=

Z



fv; 8v 2 H 1

0 (
): (9)

Theorem 1.17. If the conditions (8) are satis�ed, then for any f 2 L 2(
), the boundary
value problem (7) admits a unique weak solution u� 2 H 1

0 (
).

Proof. De�ne
B : H 1

0 (
) � H 1
0 (
) ! R

to be the following bilinear form:

B(u; v) =
Z




�
pru � rv + (w � ru) v + quv

�
:
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The bilinearity follows from the linearity of the gradient, the inner product and the in-
tegral. The goal is to show that B is bounded and coercive, so that we could apply the
Lax-Milgram lemma 1.15, which then yields the desired result.

jB(u; v)j =

�
�
�
�

Z



pru � rv + (w � ru) v + quv

�
�
�
� �

Z



jpru � rvj

| {z }
I 1

+
Z



j(w � ru) vj

| {z }
I 2

+
Z



jquvj

| {z }
I 3

:

Here we gave an upper bound by taking the absolute value inside the integral and then
we applied the triangle inequality to the integrand. We will handle the terms I1; I 2; I 3

separately. If each of them is bounded, then their sum is bounded as well.

I 1 =
Z



jpj jru � rvj � kpk L 1

Z



jru � rvj � kpk L 1

Z



jruj jrvj � kpk L 1 kukH 1

0
kvkH 1

0
:

Firstly, we used the assumption that p 2 L1 (
), then we applied the Cauchy�Schwarz
inequality in Rn and in L2. Lastly, we used the fact that kruk L 2 = kuk H 1

0
by de�nition.

I 2 =
Z



jw � ruj jvj �

Z



jwj jruj jvj � kwk L 1

Z



jruj jvj � kwk L 1 kukH 1

0
kvkL 2 �

� ckwk L 1 kukH 1
0

kvkH 1
0
:

Similarly, we used the following: Cauchy�Schwarz inequality in Rn , the fact that jwj 2
L1 (
) implied by the condition w 2 C 1(
; R n ), Cauchy-Schwarz inequality in L2, and
�nally the Poincaré�Friedrichs inequality.

I 3 =
Z



jquvj � kqk L 1

Z



juvj � kqk L 1

Z



jujjvj � kqk L 1 kukL 2 kvkL 2 �

� c 2kqkL 1 kukH 1
0
kvkH 1

0
;

where we used the same tools as before. As a consequence,

jB(u; v)j �
�
kpkL 1 + c kwk L 1 + c2kqkL 1

�
kukH 1

0
kvkH 1

0
; 8 u; v 2 H 1

0 (
):

Now we shall prove that the bilinear form is coercive. For that matter, we will make use
of the assumption q � 1

2 div(w) � 0 , 2q � div(w).

0 =
Z

@

(wu 2) � � d� =

Z



div(wu 2) =

Z



(div(w))u 2 + 2(w � ru)u �

Z



2qu2 + 2(w � ru)u: (10)

The �rst equality holds, because u vanishes on the boundary. The second one follows from
the Gauss�Ostrogradsky theorem 1.2. The third equality is obtained by a straightforward
computation:

div(wu 2) =
nX

i=1

@i (w i u2) =
nX

i=1

(@i w i )u2 + w i (@i u2) =
nX

i=1

(@i w i )u2 + w i (@i u)2u =

= div(w)u 2 + 2(w � ru)u:

Therefore,

B(u; u) =
Z




�
pru � ru + (w � ru) u + qu 2

�
�

Z



pjruj 2 � mkuk 2

H 1
0
; 8u 2 H 1

0 (
):

Here we used the bilinear form given at the beginning of the proof, then the estimate
(10), and �nally the assumption p � m > 0.

Let f 2 L 2(
) be �xed, and ' : H 1
0 (
) ! R; '(v) :=

R

 fv = hf; vi L 2 : Then

8



(i) ' is linear by the linearity of the inner product.

(ii) ' is bounded: j'(v)j = jhf; vi L 2 j � kfk L 2 kvkL 2 �
�
ckfk L 2

�
kvkH 1

0
; 8v 2 H 1

0 (
):

Thus, by the Lax�Milgram lemma 1.15, 9! u� 2 H 1
0 (
) satisfying (9).

2 Optimal control problems

In this chapter we study optimal control problems �rst in a general setting, and then
speci�cally those problems that are governed by such elliptic di�erential equations as
described in the previous chapter. We introduce the general framework: the assumptions,
the set of admissible controls (constraints) and the objective functional to be minimized
with respect to the control variable. Before formulating the optimal control problem and
proving its own existence and uniqueness theorem, we need to get familiar with some
concepts. Most results of this chapter are adapted from the book [1].

2.1 Weak Convergence and Compactness

In this section, we introduce the notions and recall the theorems required in the proof of
the well-posedness of optimal control problems. For a more complete description, see also
Appendix A and B about the Hahn�Banach theorems and re�exive Banach spaces.

De�nition 2.1. Let U be a real Banach space. We say that a sequence fung1
n=1 � U

converges weakly to some u 2 U if

lim
n!1

f (u n ) = f (u); 8f 2 U � ;

where U� denotes the space of all continuous linear functionals on fU; k � kUg.

For weak convergence we use the symbol *, so whenever un converges to u weakly, we
just write u n * u as n ! 1.

Note. Strong convergence (convergence with respect to the norm) implies weak conver-
gence. It is easy to see since we have the norm of a functional de�ned as kfkU � = sup

x6=0

jf (x)j
kxk U

,

from which it follows that jf (x)j � kfk U � kxkU ; 8x 2 U.
By choosing x := un � u we have jf (u n � u)j � kfk U� kun � uk U| {z }

!0

.

As a consequence of the Riesz representation theorem B.1, whenever we work in a Hilbert
space, weak convergence is equivalent to convergence with respect to the inner product:
lim

n!1
hv; un i = hv; ui.

De�nition 2.2. Let U and V denote real Banach spaces. A mapping F : U ! V is said to
be weakly sequentially continuous if the following holds: whenever a sequence fung1

n=1 � U
converges weakly in U to some u 2 U, its image fF (un )g1

n=1 � V converges weakly to
F (u) in V ; that is,

un * u =) F (u n ) * F (u) as n ! 1:

A useful class of examples is given by continuous linear operators A : U ! V .

9



De�nition 2.3. Let M be a subset of a real Banach space U. We say that M is weakly
sequentially closed if the limit of every weakly convergent sequence fung1

n=1 � M lies in
M. We say that M is weakly sequentially relatively compact if every sequence fung1

n=1 � M
contains a weakly convergent subsequence; if, in addition, M is weakly sequentially closed,
then M is said to be weakly sequentially compact.

Theorem 2.4. [1, Chapter 2] Every bounded subset of a re�exive Banach space is weakly
sequentially relatively compact.

De�nition 2.5. A subset C of a real Banach space U is said to be convex if for any pair
u; v 2 C and any � 2 [0; 1] the convex combination �u + (1 � �)v 2 C as well.

De�nition 2.6. A functional f : C ! R is said to be convex if

f (�u + (1 � �)v) � �f (u) + (1 � �)f (v); 8� 2 [0; 1]; 8u; v 2 C:

The functional is said to be strictly convex if the above inequality holds with < instead
of � for u 6= v and � 2 (0; 1).

Theorem 2.7 (Mazur). [4, Chapter 4] Let X be a normed space and C be a convex set
in X. Then C is weakly closed if and only if C is norm-closed.

Theorem 2.8. Every convex and closed subset of a Banach space is weakly sequentially
closed. If the space is re�exive and the set is in addition bounded, then it is weakly se-
quentially compact.

The �rst statement of Theorem 2.8 is an immediate consequence of Mazur 's theorem 2.7,
while the second part follows from Theorem 2.4. A proof of Mazur 's theorem can be found
in [4].

Theorem 2.9. [4, Chapter 2] Every continuous and convex functional f : U ! R on a
Banach space U is weakly lower semicontinuous; that is, for any sequence fung1

n=1 � U
such that un * u as n ! 1 we have

lim inf
n!1

f (u n ) � f (u):

2.2 Existence and Uniqueness of Optimal Controls

We now introduce the quadratic cost functional that will be minimized throughout this
section. The underlying spaces, norms and linear operator S will be speci�ed shortly.

f (u) :=
1
2

kSu � y dk2
H +

�
2

kuk2
U :

Lemma 2.10. The functional f is convex.

Proof. Let u; v 2 U and � 2 [0; 1] be arbitrary. The following identity holds

k�a + (1 � �)bk 2 = �kak 2 + (1 � �)kbk 2 � �(1 � �)ka � bk 2;

which implies
k�a + (1 � �)bk 2 � �kak 2 + (1 � �)kbk 2:
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The above-mentioned identity follows simply by expanding the squared norms on both
sides in terms of the inner product. Since S is linear, we have

S(�u + (1 � �)v) � y d = �(Su � y d) + (1 � �)(Sv � y d):

Therefore,

kS(�u + (1 � �)v) � y dk2
H � �kSu � y dk2

H + (1 � �)kSv � y dk2
H :

Similarly,
k�u + (1 � �)vk 2

U � �kuk 2
U + (1 � �)kvk 2

U :

Since � � 0, combining these two estimates gives

f(�u + (1 � �)v) =
1
2

kS(�u + (1 � �)v) � y dk2
H +

�
2

k�u + (1 � �)vk 2
U

� �
�

1
2

kSu � y dk2
H +

�
2

kuk2
U

�
+ (1 � �)

�
1
2

kSv � y dk2
H +

�
2

kvk2
U

�

= �f (u) + (1 � �)f (v):

Hence f is convex.

After these preliminary results, we state the theorem about the existence of optimal
controls.

Theorem 2.11. Let fU; k � k Ug and fH; k � k H g denote real Hilbert spaces, and let a
nonempty, closed, bounded, and convex set Uad � U, as well as some yd 2 H and constant
� � 0 be given. Moreover, let S : U ! H be a continuous linear operator. Then the
quadratic Hilbert space optimization problem

min
u2U ad

f (u) = min
u2U ad

�
1
2

kSu � y dk2
H +

�
2

kuk2
U

�

admits an optimal solutionu 2 Uad.

Proof. Since f(u) =
1
2

kSu � y dk2
H

| {z }
�0

+
�
2

kuk2
U

| {z }
�0

� 0, there exists the in�mum

j := inf
u2U ad

f (u) 2 R:

By the de�nition of the in�mum, there is a sequence fung1
n=1 � U ad such that f (u n ) ! j as

n ! 1. Due to U being a Hilbert space, U is re�exive by B.4, hence by virtue of theorem
2.8 its bounded, closed and convex subset Uad is weakly sequentially compact. Thus, some
subsequence of fung1

n=1 denoted by funk g1
k=1 converges weakly to someu 2 Uad. Using

the previously introduced notation:

unk * u as k ! 1:

By continuity of S, the functional f is continuous. This can be seen by noting that the
functional f is obtained by composing continuous mappings and taking their sum, hence
f is continuous. The convexity of f has already been shown in Lemma 2.10.
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The continuity and convexity of f imply by Theorem 2.9 that f is weakly lower semicon-
tinuous. Consequently,

f ( u) � lim inf
k!1

f (u nk ) = j:

Sinceu 2 Uad, we must have that f (u) = j, and u is therefore an optimal control.

Proposition 2.12. If � > 0 or S is injective, then the functional f is strictly convex.

Proof. Recall the de�nition of strict convexity 2.6. Moreover, note that the sum of a
convex and a strictly convex function is strictly convex.
First, we investigate the case when � > 0: We show that g(u) := �

2kuk2
U is strictly convex,

where Dg = U. Let 0 < � < 1 and u; v 2 U be given, where u 6= v.

g(�u + (1 � �)v) =
�
2

k�u + (1 � �)vk 2
U =

�
2

h�u + (1 � �)v; �u + (1 � �)vi U =

=
�
2

� 2kuk2
U +

�
2

(1 � �) 2kvk2
U +

�
2

2�(1 � �)hu; vi U =

= �
�
2

kuk2
U +(� 2 � �)

�
2

kuk2
U +(1��)

�
2

kvk2
U +[(1��) 2 �(1��)]

�
2

kvk2
U +��(1��)hu; vi U =

= �g(u) � �(1 � �)
�
2

kuk2
U + (1 � �)g(v) � �(1 � �)

�
2

kvk2
U + ��(1 � �)hu; vi U =

= �g(u) + (1 � �)g(v) +
�
2

�(1 � �)
�

� kuk 2
U � kvk 2

U + 2hu; viU
�

| {z }
�hu�v; u�vi U =�ku�vk 2

U

=

= �g(u) + (1 � �)g(v) �
�
2

�(1 � �)ku � vk 2
U

| {z }
>0

< �g(u) + (1 � �)g(v):

In case of � = 0, the injectivity of the operator S provides the strict convexity of the
functional g(u) := 1

2kSu � y 
 k2
H :

g(�u + (1 � �)v) =
1
2

kS(�u + (1 � �)v) � y 
 k2
H =

1
2

k�Su + (1 � �)Sv) � y 
 k2
H =

=
1
2

k� (Su � y 
 )
| {z }

=:~u

+(1 � �)
�
Sv � y 


�

| {z }
=:~v

k2
H =

1
2

k�~u + (1 � �)~vk 2
H <

<|{z}
By the previous result

�
1
2

k~uk2
H + (1 � �)

1
2

k~vk2
H = �g(u) + (1 � �)g(v):

Strict convexity requires ~u 6= ~v, which holds, since u 6= v and S is injective. Indeed, u 6= v
implies Su 6= Sv as well as ~u = Su � y
 6= Sv � y
 = ~v.
Therefore, f is strictly convex: if � > 0; then the term �

2 kuk2
U is strictly convex, while

1
2 kSu�y dk2

H is convex, meanwhile if � = 0 and S is injective, then1
2 kSu�y dk2

H is strictly
convex. In both cases, the sum is strictly convex.

We proved that there exists an optimal controlu. Its uniqueness is straightforward to be
veri�ed by the strict convexity of f .

12



Proposition 2.13. If the functional f is strictly convex, then the optimal control is
unique.

Proof. Suppose, by contradiction, that there exist controls u1 6= u2 such that
f (u 1) = f (u 2) = min

u2U ad

f (u), meaning that f (u 1) � f (u) and f(u 2) � f (u); 8u 2 U ad.

Then by the strict convexity of f :

f (�u 1 + (1 � �)u 2) < � f (u 1)
| {z }
=f(u 2 )

+(1 � �)f (u 2) = f (u 2):

Since u1; u2 2 Uad, where Uad denotes a convex set, u� := [�u 1 + (1 � �)u 2] 2 Uad, for
which we have established that f (u� ) < f (u 2) = min

u2U ad

f (u):

Now that the existence and uniqueness theory has been established, the following section
provides a precise formulation of the PDE�constrained optimal control problem that will
be in the focus of our analysis.

2.3 PDE-governed optimal control

In the chapter where we dealt with the convection-di�usion equation, we used u for the
function that satis�es the equation. In optimal control theory, however, u usually denotes
the control variable since it originates from the Russian word: upravlenie. Therefore, given
a control u, we denote the corresponding solution by y from now on. Thus, the boundary
value problem is given by:

8
<

:

Ly := � div(pry) + w � ry + qy = �u;

y
�
�
@


= 0:

Assumptions 1. Let 
 � R n denote a bounded Lipschitz domain, and we assume that
we are given � � 0; y 
 2 L 2(
); � 2 L 1 (
); u a; ub 2 L 2(
) such that u a(x) � u b(x)
almost everywhere.

The function y
 represents the desired state to be achieved (or approximated). The cur-
rent state is represented by y. In accordance with our convention, u denotes the control
function.

Note. If � 2 L 1 (
) and u 2 L 2(
), then �u 2 L 2(
):

k�uk 2
L 2 (
) =

Z



� 2u2 � k�k 2

L 1 (
)

Z



u2 = k�k 2

L 1 (
) kuk2
L 2 (
) < 1:

De�nition 2.14. The set of admissible controls is de�ned by

Uad := fu 2 L 2(
) : u a(x) � u(x) � u b(x) for almost every x 2 
g:

Theorem 2.15. [1, Chapter 2] If u n 2 L 2(
) and ku nkL 2 (
) ! 0, then there exists a
subsequence of fung1

n=1 that converges to zero almost everywhere in 
.
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Proposition 2.16. The set of admissible controls Uad is nonempty, closed, bounded and
convex.

Proof.

(i) Nonempty: Trivially u a; ub 2 Uad:

(ii) Closed: Let un 2 Uad and un ! u in L 2(
). This means that ku n � uk L 2 (
) ! 0 as
n ! 1. By applying Theorem 2.15 to the sequence u n �u, there exists a subsequence
unk of un that converges to u almost everywhere in 
. Since ua(x) � u nk (x) � u b(x)
holds for 8k 2 N and almost every x 2 
, taking the limit as k ! 1 we obtain
that u a(x) � u(x) � u b(x) almost everywhere in 
.

(iii) Bounded: Let ua � u � u b a.e., then

juj � maxfju aj; jubjg � ju aj + ju bj

) kuk L 2 � kju aj + ju bjkL 2 � ku akL 2 + ku bkL 2 < 1:

(iv) Convex: Let u1; u2 2 Uad and � 2 [0; 1].

�u a � �u 1 � �u b; (1 � �)u a � (1 � �)u 2 � (1 � �)u b a.e. in 
:

Adding these inequalities yields

ua � �u 1 + (1 � �)u 2 � u b a.e. in 
:

Thanks to Theorem 1.17, 8u 2 Uad 9!y 2 H 1
0 (
) weak solution. We denote this depen-

dence by y = y(u). Thus, the mapping u 7! y(u) assigns to each control u the solution of
the partial di�erential equation. The space Y := H1

0 (
) is called the state space, since it
contains the admissible states, in particular,

y(u) 2 Y for every u 2 Uad:

De�nition 2.17. We call a control �u 2 U ad optimal and �y := y(�u) the associated optimal
state if

f (�u) � f (u); 8 u 2 U ad: (11)

De�nition 2.18. The mapping G : L 2(
) ! H 1
0 (
), u 7! y(u), is called the control-to-

state operator.

Proposition 2.19. The control-to-state operator G is linear and bounded.

Proof.

(i) Linear: The weak formulation of the governing PDE in the optimal control problem
is given by

B(y; v) =
Z




�
pry � rv + (w � ry) v + qyv

�
=

Z



�uv =: ' u(v); 8v 2 H 1

0 (
):

We need to see if the following holds: G(c1u1 + c2u2) ?= c1G(u1) + c 2G(u2).
We know that:

B(y(c1u1 + c2u2); v) = ' (c1u1+c 2u2 )(v); 8v 2 H 1
0 (
);
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where y(c1u1 + c2u2) denotes the state associated with the control c1u1 + c2u2.

By bilinearity of B and the linearity of ', it follows that for all v 2 H 1
0 (
),

B(c1y(u1) + c 2y(u2); v) = c 1B(y(u 1); v) + c 2B(y(u 2); v)

= c1' u1 (v) + c 2' u2 (v)

= ' (c1u1+c 2u2 )(v):

Hence c1y(u1) + c 2y(u2) satis�es the same variational problem as y(c1u1 + c2u2). By
uniqueness of the state, we conclude that

G(c1u1 + c2u2) = y(c 1u1 + c2u2) = c 1y(u1) + c 2y(u2) = c 1G(u1) + c 2G(u2):

(ii) Bounded:

mkyk2
H 1

0
� B(y; y) =

Z



�uy �

�
�
�
�

Z



�uy

�
�
�
� �

Z



j�uyj � k�k L 1

Z



jujjyj �

� k�k L 1 kukL 2 kykL 2 � ck�k L 1 kukL 2 kykH 1
0
:

The �rst inequality follows from the de�nition of coercivity, whereas the last one is
due to (6).

Dividing by mkykH 1
0 (
) (if y 6= 0) yields

kG(u)kH 1
0 (
) �

c
m

k�k L 1

| {z }
:=M

kukL 2 :

Recall the objective functional we minimize is given by

f(u) :=
1
2

ky � y 
 k2
L 2 +

�
2

kuk2
L 2 :

This functional is strictly convex under the assumptions of Proposition 2.12. Since that
result was proved for arbitrary real Hilbert spaces, it applies in particular to L2 = U = H.

Considering the quadratic cost functional, it involves the L2-norm, thus, it is practical
to have the functions in the same space. However, the control-to-state operator maps to
H 1

0 (
). This motivates the introduction of an operator that addresses this inconvenience.

De�nition 2.20. Let E : H 1
0 (
) ! L 2(
) denote the embedding operator that assigns

to each function y 2 H1
0 (
) the same function in L 2(
).

Proposition 2.21. The embedding operator E is linear and bounded.

Proof.

(i) Linear: For arbitrary y 1; y2 2 H 1
0 (
); �; � 2 R :

E(�y 1 + �y 2) = �y 1 + �y 2; as a function in L2(
):

�E(y 1) + �E(y 2) = �y 1 + �y 2; as a function in L2(
):

Thus E(�y 1 + �y 2) = �E(y 1) + �E(y 2).
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(ii) Bounded: kEykL 2 = kyk L 2 � ckyk H 1
0
, where the last inequality follows from the

Poincaré�Friedrichs inequality (6).

Consequently, the composition of G with the embedding E yields the mapping S:

S := E � G; S : L 2(
) ! L 2(
); u 7! y(u):

Operator S is the one appearing in the cost functional from now on. It will also enable
us to introduce the adjoint operator in the same space. This operator is linear due to the
fact that it is the composition of linear operators. Its boundedness can be shown by a
short calculation:

kSukL 2 = kE(G(u))k L 2 � kEkkGuk H 1
0

� kEk
|{z}

M 1

kGk
|{z}

M 2

kukL 2 ; 8u 2 L 2(
):

Based on the framework established in this section, the problem can be stated in the
following form:

8
>>>>><

>>>>>:

Ly := � div(pry) + w � ry + qy = �u;

y
�
�
@


= 0;

ua(x) � u(x) � u b(x) for almost every x 2 
;

u ! min
�

1
2ky � y 
 k2

L 2 + �
2kuk2

L 2

�
:

(12)

This can be written in a concise form as

min
u2U ad

f (u) := min
u2U ad

�
1
2

kSu � y 
 k2
L 2 (
) +

�
2

kuk2
L 2 (
)

�
:

Note that this compact expression encodes the entire optimal control problem. It speci�es
the cost functional to be minimized, the control-to-state operator S representing the
underlying elliptic PDE together with its boundary conditions, and the admissible set
Uad over which the minimization is performed.

Theorem 2.22. Suppose that Assumption 1 and conditions (8) are satis�ed. Then the
optimal control problem (12) has at least one optimal controlu. Furthermore, if � > 0 or
� 6= 0 almost everywhere in 
, then the solution is unique.

Proof. We need to verify the conditions under which Theorem 2.11 grants the existence of
an optimal control. In this case, U = H = L 2(
), y d = y 
 and S = E � G. By Proposition
2.16, the set Uad is nonempty, closed, bounded and convex. According to Theorem 2.11,
at least one optimal solution exists. To prove uniqueness, we investigate the following
cases. If � > 0 then the solution is unique by Propositions 2.12 and 2.13. In case � = 0,
we have � 6= 0 almost everywhere in 
. Proving the injectivity of S, and then invoking
Propositions 2.12 and 2.13, �nishes the proof. Thus, we show that � 6= 0 a.e. implies that
S is injective. Suppose that Su = 0, equivalently y = 0. Then the left side of the PDE is
the constant 0, as well as the right side: �u. Since � 6= 0 a.e., then u must be 0 (a.e.). We
proved that Su = 0 ) u = 0. Let v; w 2 L 2(
) with Sv = Sw. Rearranging the terms
and applying the linearity of S we get: Sv � Sw = S (v � w)

| {z }
:=u

= 0, therefore v � w = 0,

hence v = w.
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2.4 Di�erentiability in Banach spaces

To derive the optimality conditions that the optimal control u needs to satisfy, we need to
extend the idea of the directional derivative to Banach spaces. The optimality conditions
will be used later in the numerical sections, as they indicate how close our approximation
is to the actual solution. This motivates the introduction of the Gâteaux derivative. By
convention, let U denote a nonempty and open subset of U, while F denotes a mapping
U ! V .

De�nition 2.23. Let u 2 U and v 2 U be given. If the limit

@vF(u) := lim
"!0

F(u + "v) � F (u)
"

exists in V , then it is called the directional derivative of F at u in the direction v. If this
limit exists for all v 2 U, then the mapping v ! @vF(u) is called the �rst variation of F
at u.

Note. Provided that the �rst variation exists, in one dimension there are essentially
only two directions in which one can compute a directional derivative. In two or more
dimensions, however, there are in�nitely many possible directions. If a direction v is
given, then �nding the Gâteaux derivative reduces to computing an ordinary directional
derivative.

De�nition 2.24. Suppose that the �rst variation @ vF(u) at u 2 U exists, and suppose
there exists a continuous linear operator A : U ! V such that

@vF(u) = Av; 8v 2 U: (13)

Then F is said to be Gâteaux di�erentiable at u, and A is referred to as the Gâteaux
derivative of F at u. We write A = F 0(u).

Having established the necessary de�nitions, let us calculate the Gâteaux derivative of f .

@vf (u) = lim
"!0

1
"

[f (u + "v) � f (u)] =

= lim
"!0

1
"

h� 1
2

kS(u + "v) � y 
 k2
L 2 +

�
2

ku + "vk 2
L 2

�
�

� 1
2

kSu � y 
 k2
L 2 +

�
2

kuk2
L 2

� i
=

= lim
"!0

1
"

h� 1
2

hS(u + "v) � y 
 ; S(u + "v) � y 
 i L 2 +
�
2

hu + "v; u + "vi L 2

�
�

�
� 1

2
hSu � y 
 ; Su � y 
 i L 2 +

�
2

hu; uiL 2

� i
:

In our optimal control problem we work in Hilbert spaces, thus the space is equipped with
an inner product. After expanding the inner products by their linearity and eliminating
the same terms occurring with opposite signs, we obtain the following:

@vf (u) = lim
"!0

1
"

h
"hSu; SviL 2 +

1
2

"2hSv; SviL 2 � "hSv; y 
 i L 2 + �"hu; vi L 2 +
�
2

"2hv; viL 2

i
=

= hSu; SviL 2 � hSv; y 
 i L 2 + �hu; vi L 2 = hSu � y 
 ; SviL 2 + �hu; vi L 2 =
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= hS� (Su � y 
 ); vi L 2 + �hu; vi L 2 = hS� (Su � y 
 ) + �u; vi L 2 :

Fix u 2 L 2(
) and de�ne the mapping A u : L2(
) ! R by

Au(v) := hS � (Su � y 
 ) + �u; vi L 2 :

The functional Au is linear by the linearity of the inner product and continuous due to
its boundedness: jAu(v)j � kS � (Su � y 
 ) + �uk L 2 kvkL 2 . Thus

@vf (u) = A u(v);

where Au : v ! hS � (Su � y 
 ) + �u; vi L 2 is the Gâteaux derivative.

Note. By de�nition of the Gâteaux derivative, for F : U ! V we may write

@vF(u) = F 0(u)
| {z }

A u

v; 8v 2 U:

In particular, for functionals f : U ! R we write f 0(u)v, where f 0(u) 2 U � . If U = H
where H denotes a real Hilbert space, then f0(u) 2 H � , thus by the Riesz representation
theorem B.1 there exists a unique rf (u) 2 H such that f 0(u)v = hrf (u); vi H ; 8v 2 H.
We refer to rf (u) as the gradient of f at u. In case of our functional, the gradient of f
is S� (Su � y 
 ) + �u.

2.5 Variational characterization of optimality

Lemma 2.25. Let C denote a nonempty convex subset of a real Banach space U, and let
the real-valued mapping f be Gâteaux di�erentiable in an open subset of U containing C.
If u 2 C is a solution to the problem

min
u2C

f (u);

then it solves the variational inequality

f 0(u)(u � u) � 0 8u 2 C: (14)

Moreover, if u 2 C satis�es the variational inequality (14) and f is convex, thenu is a
solution to the minimization problem min

u2C
f (u).

Note. The term f 0(u)(u � u) refers to the Gâteaux derivative of f in the direction of
(u � u).

Proof. Let u 2 C be arbitrary. Due to the convexity of C, u + t(u � u) 2 C as well for
any t 2 (0; 1]. Since u is optimal, f ( u + t(u � u)) � f ( u). Rearranging the terms and
dividing by t we obtain:

1
t

h
f ( u + t(u � u)) � f ( u)

i
� 0; 8t 2 (0; 1]:

Taking the limit of the left side as t ! 0 yields f 0(u)(u � u) � 0.
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Now assume thatu solves the variational inequality. By the convexity of f , the following
holds:

f 0(u)(u � u) � f (u) � f ( u); 8u 2 C: (15)

It is straightforward to verify its validity:

f ( u + t(u � u)) = f ((1 � t) u + tu) � (1 � t)f ( u) + tf (u) = f( u) + t(f (u) � f ( u))

)
1
t

h
f ( u + t(u � u)) � f ( u)

i
� f (u) � f ( u):

Taking the limit as t ! 0 we get (15). Combining the fact that u satis�es the variational
inequality with the result (15) we arrive at

0 � f 0(u)(u � u) � f (u) � f ( u);

which implies
f ( u) � f (u):

Since u was arbitrary, the desired result follows.

Turning back to the general setting, we characterize the optimization problem with the
variational inequality in the following theorem.

Theorem 2.26. Let the real Hilbert spaces U and H, a nonempty convex set Uad � U,
some yd 2 H, and a constant � � 0 be given. De�ne S : U ! H to be a continuous linear
operator. Then u 2 Uad is a solution to the minimization problem

min
u2U ad

f (u) := min
u2U ad

�
1
2

kSu � y 
 k2
H +

�
2

kuk2
U

�
(16)

if and only if u solves the variational inequality

hS� (Su � y 
 ) + � u; u � ui U � 0; 8u 2 U ad: (17)

Proof. The gradient of the functional (16) is: rf ( u) = S � (Su�y 
 )+� u. As explained in
a previous note, thanks to Riesz's theorem, the variational inequality can be rewritten as
f 0(u)(u � u) = hrf ( u); (u � u)i U � 0. By applying Lemma 2.25, the proof is �nished.

Note. Intuitively, what (17) tells us is that the �rst-order change of the cost functional
in any direction within Uad is nonnegative. Thus moving away fromu can only leave the
value of the cost functional unchanged or increase it.

2.6 Adjoint operator and optimality system

Consider the state equation
8
<

:

� div(pry) + w � ry + qy = �u;

y
�
�
@


= 0:
(18)
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and the corresponding adjoint equation:
8
<

:

� div(pr~y) � w � r~y + (q � div w)~y = z;

~y
�
�
@


= 0:
(19)

Taking the weak formulation of (18) with ~y 2 H1
0 (
) and (19) with y 2 H 1

0 (
) we obtain
Z




�
pry � r~y + (w � ry) ~y + qy~y

�
=

Z



�u~y;

Z




�
pr~y � ry � (w � r~y) y + (q � div w)~yy

�
=

Z



zy:

(20)

Proposition 2.27. The following identity holds:
R


 (w�r~y) y = �
R


 (w�ry) ~y�
R


 div(w)y~y;
8y; ~y 2 H 1

0 (
).

Proof. We start o� by proving the following useful identity:

div(wy~y) =
nX

i=1

@i (w i y~y) =
nX

i=1

�
(@i w i )y~y + w i (@i y)~y + w i (@i ~y)y

�
=

= div(w)y~y + (w � ry)~y + (w � r~y)y:

Rearranging the terms and integrating over 
 we obtain:
Z



(w � r~y)y =

Z



div

�
w y ~y

�
�

Z



(w � ry) ~y �

Z



div(w)y~y:

The �rst integrand on the right hand side vanishes after applying the Gauss�Ostrogradsky
theorem 1.2 due to y and ~y being 0 on the boundary. Hence, we have

Z



(w � r~y) y = �

Z



(w � ry) ~y �

Z



div(w)y~y:

Note. When div w = 0, only the sign of the convection term changes in the adjoint
equation.

Observe that by applying Proposition 2.27 to the system (20), the left hand side of the
two equations coincide, thus the following holds:

Z



�u~y =

Z



zy:

Lemma 2.28. The adjoint operator S � : L2(
) ! L 2(
) is given by

S� z := �~y;

where ~y 2 H1
0 (
) is the weak solution of the boundary value problem

8
<

:

� div(pr~y) � w � r~y + (q � div(w))~y = z;

~y
�
�
@


= 0:
(21)
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Proof.
hSu; ziL 2 =

Z



(Su)
| {z }

y

z =
Z



zy =

Z



(�~y)u = hu; �~y

|{z}
:=S � z

i L 2 :

Note. From now on, we use the notation q̂ := q � div w for the sake of convenience.

Since z has not been speci�ed yet, we have one degree of freedom. In the next de�nition
we make a clever choice of z and explain why it is useful for us.

De�nition 2.29. The weak solution ~y 2 H 1
0 (
) to the adjoint equation

8
<

:

� div(pr~y) � w � r~y + q̂~y = y � y 
 ;

~y
�
�
@


= 0;
(22)

is called the adjoint state associated withy.

By Lemma 2.28 we have the following relation for the adjoint operator S� z = �~y. Substi-
tuting z = y � y 
 and rewriting y = S u we obtain

S� z = S � (S u � y 
 ) = �~y: (23)

We now invoke the variational inequality of the objective functional:

hS� (Su � y 
 ) + � u; u � ui L 2 � 0; 8u 2 U ad;

and observe that by substituting (23), we obtain

h�~y + � u; u � ui L 2 � 0:

A direct consequence of the variational inequality (17) is the following theorem.

Theorem 2.30. Suppose that u is a solution to the optimal control problem (12) and let
y denote the associated state. Then the adjoint equation (22) has a unique weak solution
~y that satis�es the variational inequality

h�~y + � u; u � ui L 2 � 0; 8u 2 U ad: (24)

The reverse of the statement holds as well: Any controlu, which together with its associated
state y = y( u) and weak solution ~y satis�es the variational inequality (24), is optimal.

Based on the results above, the optimal control problem (12) can be reformulated. A
control u, the associated optimal state y and the adjoint state ~y is an optimal solution
to the problem (12) if and only if the triplet (u; y; ~y) satis�es the following optimality
system:

8
<

:

� div(pry) + w � ry + qy = �u;

y
�
�
@


= 0;

8
<

:

� div(pr~y) � w � r~y + q̂~y = y � y 
 ;

~y
�
�
@


= 0;

u 2 Uad;

h�~y + �u; v � ui L 2 (
) � 0; 8v 2 U ad:

(25)

21



2.7 Pointwise optimality conditions

We begin by rewriting the condition stated in (24) using the de�nition of the L2 inner
product, as follows:

Z



(�~y + � u)(u � u) � 0; 8u 2 U ad (26)

)
Z



(�~y + � u)u �

Z



(�~y + � u)u; 8u 2 Uad

)
Z



(�~y + � u)u = min

u2U ad

Z



(�~y + � u)u: (27)

Note that if we somehow knew the expression in the brackets, we would have an equivalent
linear optimization problem. Based on the above observation, we deduce the following
lemma.

Lemma 2.31. A necessary and su�cient condition for the variational inequality (24) to
be satis�ed is that for almost every x 2 
;

u(x) =

8
><

>:

ua(x) if �(x)~y(x) + � u(x) > 0;

2 [ua(x); u b(x)] if �(x)~y(x) + � u(x) = 0;

ub(x) if �(x)~y(x) + � u(x) < 0:

(28)

Moreover, there is an equivalent condition given by the pointwise variational inequality in
R:

(�(x)~y(x) + � u(x))(v � u(x)) � 0; 8v 2 [u a(x); u b(x)]; for almost every x 2 
: (29)

Proof. For a proof, see [1, Chapter 2].

Note. By taking a close look at (27) we can intuitively understand what (28) tells us. In
order to minimize the expression

R

 (�~y + � u)u we distinguish three separate cases. If the

expression in the brackets is positive, then choosing the lowest function for u within the
bounds minimizes the integrand. In case of having a negative value inside the brackets, the
choice of ub(x) handles the problem. Whenever �~y+�u = 0, any u 2 Uad works. Regarding
(29) we already have a similar result in an integral form (26). The only di�erence is that
in Lemma 2.31 we obtain a pointwise condition.

Theorem 2.32. A control �u 2 U ad is optimal for (12) if and only if it satis�es, together
with the adjoint state ~y from (22), one of the following two minimum conditions for almost
all x 2 
:

the weak minimum principle

min
v2[u a (x); u b(x)]

�
(�(x)~y(x) + ��u(x)) v

	
= (�(x)~y(x) + ��u(x)) �u(x);

or the minimum principle

min
v2[u a (x); u b(x)]

�
�(x)~y(x) v +

�
2

v2

�
= �(x)~y(x) �u(x) +

�
2

�u(x) 2; (30)

where v is a real number.
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Proof. The weak minimum principle can be shown quite easily by rearranging the terms
of (29), thus getting

(�(x)~y(x) + � u(x)) u(x) � (�(x)~y(x) + � u(x))v; 8v 2 [u a(x); u b(x)]:

Proving the minimum principle is not too di�cult either. Let x be �xed. De�ne the
following function g : R ! R:

g(v) := �(x)~y(x)v +
�
2

v2:

Observe that g is convex since g00(v) = � � 0. A real number v is the solution to the
quadratic optimization problem,

min
v2[u a (x); u b(x)]

�(x)~y(x)v +
�
2

v2; (31)

if and only if it satis�es the variational inequality

g0(v)(v � v) � 0; 8v 2 [u a(x); u b(x)]

m

(�(x)~y(x) + � v)(v � v) � 0; 8v 2 [u a(x); u b(x)]:

We know that u is an optimal solution, hence by Lemma 2.31 it satis�es

(�(x)~y(x) + � u(x))(v � u(x)) � 0:

Thus by choosingv := u, the proof is �nished.

Separating cases according to whether � = 0 or � > 0 allows us to further investigate the
pointwise condition. By setting � = 0, (28) becomes

u =

(
ua(x) if �(x)~y(x) > 0;

ub(x) if �(x)~y(x) < 0:
(32)

Whenever �(x)~y(x) = 0, no additional information is provided regarding u. We can only
deduce thatu 2 [ua(x); u b(x)]. If �(x)~y 6= 0 for almost every x 2 
, then u is referred to as
the bang-bang control due to its behavior. Depending upon the sign of �(x) := �(x)~y(x),
u attains its values only on the boundary.

Figure 2: Bang-bang control.
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Considering the case when � > 0, let us examine when �~y + �u = 0 in Lemma 2.31.
Previously, we considered it meaningless, since we could not extract any information from
it, except that u is obviously within the bounds. However, the former equation leads to
u(x) = � 1

� �(x)~y(x). This observation serves as an appetizer for the following theorem.

Theorem 2.33. If � > 0, then u is an optimal control to the problem (12) if and only if
it satis�es, together with the associated adjoint state ~y, the projection formula

u(x) = P [ua (x); u b(x)]

�
�

1
�

�(x) ~y(x)
�

; for almost every x 2 
; (33)

where for the real numbers a � b, P[a; b] denotes the projection of R onto [a; b], i.e.

P[a; b](u) := minfb; maxfa; ugg: (34)

Proof. According to the minimum principle 2.32, u is optimal i� u is a solution to the
quadratic minimization problem

min
v2[u a (x); u b(x)]

�
�(x)~y(x) v +

�
2

v2

�
:

Apart from the constraint v 2 [u a(x); u b(x)], this problem can be solved via taking the
derivative of the expression and setting it to 0. Since it is convex, it attains a global
minimum. After di�erentiation we get

�(x)~y(x) + �v = 0 , v = �
1
�

�(x)~y(x):

What's left is to modify the formula above for v so that the constraint is taken into
account. The projection formula (34) proposes a solution to this problem.

Figure 3: Projection.
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3 Construction of test problems

In the following chapter we introduce a numerical method for solving the optimality
system. In order to verify its e�ciency, it is natural to apply the method to a problem
whose exact analytic solution is known. It is not as easy of a task as it may seem, especially
in case of partial di�erential equations. In this chapter, therefore, we provide a detailed
procedure to construct such examples. We introduce a correction term, denoted by e
 ,
which will be a useful tool in constructing test problems.

8
<

:

� div(pry) + w � ry + qy = �u + e 
 ;

y
�
�
@


= 0:

Before proceeding any further, we need to verify that the theory developed previously
remains consistent with the modi�ed PDE.

Proposition 3.1. The correction term e 
 changes only the state equation, while the
adjoint equation and the optimality conditions remain unchanged.

Proof. Let
Ly = � div(pry) + w � ry + qy:

Then the modi�ed state equation (e
 included) can be written as
8
<

:

Lye = �u + e 
 ;

ye

�
�
@


= 0:
(35)

Due to the linearity of the operator L, we may decompose the right-hand side into two
terms: �u and e
 , and correspondingly split the solution as ye = y + ŷ where y and ŷ
solve (

Ly = �u;

y
�
�
@


= 0;

(
Lŷ = e 
 ;

ŷ
�
�
@


= 0:

Indeed, by linearity of L,

Lye = L(y + ŷ) = Ly + Lŷ = �u + e 
 :

Recall the mapping S : u 7! y(u) associated with the original state equation. We could
de�ne a new mapping S
 : u ! y e, where ye is the solution to (35). Observe that S
 u =
ye = y + ŷ = Su + ŷ, thus S 
 (�u 1 + �u 2) = S(�u 1 + �u 2) + ŷ = �Su 1 + �Su 2 + ŷ,
which shows that S
 is an a�ne linear operator. Hence, in the usual sense, no adjoint
operator is associated directly with S
 . Nevertheless, the functional can still be written
in the standard form:

f (u) =
1
2

k S
 u|{z}
Su+ŷ

�y 
 k2
L 2 (
) +

�
2

kuk2
L 2 (
) =

1
2

kSu � (y 
 � ŷ)k 2
L 2 (
) +

�
2

kuk2
L 2 (
) :

Therefore, by introducing the modi�ed desired state ŷ
 = y 
 � ŷ, we obtain

f (u) =
1
2

kSu � ŷ 
 k2
L 2 (
) +

�
2

kuk2
L 2 (
) ;
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which is of the conventional form. The assumptions of Theorem 2.11 are satis�ed, hence
the modi�ed minimization problem admits at least one optimal solution. If, in addition,
the functional is strictly convex, then this optimal solution is unique. We build up the
same framework as previously, but this time we consider the modi�ed functional. The
system of PDEs looks almost exactly the same, except that we encode the modi�ed state
in the adjoint equation.

8
<

:

� div(pry) + w � ry + qy = �u;

y
�
�
@


= 0:

8
<

:

� div(pr~y) � w � r~y + q̂~y = y � ŷ 
 ;

~y
�
�
@


= 0:

It follows that the variational inequality remains unchanged as well, since we still work
with the original operator S, for which the adjoint operator is well-de�ned, while the e�ect
of the correction term is absorbed into the modi�ed desired state.

3.1 Bang-bang control

In order to create an appropriate test problem, �rst we need to make the necessary
simpli�cations. Let 
 = (0; 1) 2, p = " 2 R + , � � 1, w = (�; 0) with � 2 R, u a(x) = �1;
ub(x) = 1 and of course � = 0. Recall that the triplet ( u; y; ~y) is optimal, i� it satis�es
the optimality system:

8
<

:

�"� y + (�; 0) � r y + qy = u + e 
 ;

y
�
�
@


= 0;

8
<

:

�"�~y � (�; 0) � r~y + q̂~y = y � y 
 ;

~y
�
�
@


= 0;

u 2 Uad;

u =

(
ua(x); if ~y(x) > 0;

ub(x); if ~y(x) < 0:

Note. In this example, div w = 0, so q̂ = q.

Since � = 0, the functional we want to minimize is

f (u) =
1
2

kSu + ŷ � y 
 k2
L 2 :

Now, let us outline the plan we are going to follow to construct a test problem:

Step 1. First, we de�ne ~y such that it vanishes on the boundary.

Step 2. Next, by (28) we determine u.

Step 3. Then, by considering the boundary condition, we construct a functiony.

Step 4. Afterwards, we calculate the correction term e
 so that the PDE is satis�ed.

Step 5. Finally, the desired state y
 in the adjoint equation can be expressed.

Naturally, when encountering such a problem, y
 would be given, since it represents the
state we aim to achieve or approximate as closely as possible. When it comes to creating
a test problem, we follow a reversed order. Proceeding according to the steps explained
above ensures that the PDEs and the boundary conditions are satis�ed, and the resulting
control is optimal. This subsection provides two illustrative examples, a trigonometric and
a polynomial one.
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(i) Trigonometric example

Step 1. We �rst set ~y(x 1; x2) := sin (2�x 1) sin (2�x 2), which satis�es the boundary con-
dition ~y

�
�
@


= 0.

Step 2. By invoking (28), the attainable optimal control u can be determined as follows

u(x) =

(
ua(x) if ~y(x) > 0;

ub(x) if ~y(x) < 0;
(36)

where ua = �1 and u b = +1. Thus we have u = �sign(~y). The function ~y de�ned above
and the corresponding bang-bang controlu are illustrated below.

(a) The function ~y. (b) Bang-bang control u.

Step 3. Next, let y(x1; x2) := sin(�x 1) sin(�x 2). Note that this choice satis�es the con-
straint y

�
�
@


= 0.

Step 4. The correction term can be expressed from the state equation in the form:

e
 = �"� y
| {z }

I 1

+ (�; 0) � r y
| {z }

I 2

+qy � u:

I 1 = �"� y = �"(@ 2
1y + @2

2y) = �"(�� 2 sin (�x 1) sin (�x 2) � � 2 sin (�x 1) sin (�x 2)) =

= "2� 2 sin (�x 1) sin (�x 2):

I 2 = (�; 0) � r y = �@1 sin(�x 1) sin(�x 2) = �� cos(�x 1) sin(�x 2):

e
 = (2"� 2 + q) sin(�x 1) sin(�x 2) + �� cos(�x 1) sin(�x 2) � u: (37)

Step 5. Similarly, the desired state can be written as follows:

y
 = y + "�~y
|{z}

I 1

+ (�; 0) � r~y
| {z }

I 2

�q~y:

I 1 = "�~y = �8"� 2 sin(2�x 1) sin(2�x 2):

I 2 = (�; 0) � r~y = 2�� cos(2�x 1) sin(2�x 2):

y
 = sin(�x 1) sin(�x 2) � (8"� 2 + q) sin(2�x 1) sin(2�x 2) + 2�� cos(2�x 1) sin(2�x 2): (38)
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(ii) Polynomial example

Step 1. This time let ~y(x 1; x2) := 60x 1(x1 � 1)x 2(x2 � 1)(x 1 + x 2 � 1).

Step 2. By virtue of (28), we obtain u = �sign(~y).

(a) The function ~y. (b) Bang-bang control u.

Step 3. To satisfy the boundary condition, we sety := x 1(x1 � 1)x 2(x2 � 1).

Step 4. Calculating the correction term:

e
 = �"� y
| {z }

I 1

+ (�; 0) � r y
| {z }

I 2

+qy � u:

I 1 = �"� y = �"(@ 2
1y + @2

2y) = �"(2x 2(x2 � 1) + 2x 1(x1 � 1)):

I 2 = (�; 0) � r y = �(2x 1 � 1)x 2(x2 � 1):

e
 = �"(2x 2(x2 � 1) + 2x 1(x1 � 1)) + �x 2(2x1 � 1)(x 2 � 1) + qx 1(x1 � 1)x 2(x2 � 1) � u:

Step 5. As for the desired state:

y
 = y + "�~y
|{z}

I 1

+ (�; 0) � r~y
| {z }

I 2

�q~y:

I 1 = "�~y = 120"(x 2(x2 � 1)(3x 1 + x 2 � 2) + x 1(x1 � 1)(3x 2 + x 1 � 2)):

I 2 = (�; 0) � r~y = 60�x 2(x2 � 1)(3x 2
1 + 2x 1x2 � 4x 1 � x 2 + 1):

y
 = x 1(x1 � 1)x 2(x2 � 1) + 120"
�

x2(x2 � 1)(3x 1 + x 2 � 2) + x 1(x1 � 1)(3x 2 + x 1 � 2)
�

+

+ 60� x 2(x2 � 1)
�
3x2

1 + 2x 1x2 � 4x 1 � x 2 + 1
�

� 60q x 1(x1 � 1)x 2(x2 � 1)(x 1 + x 2 � 1):
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3.2 Distributed control

We set the same requirements as in the bang-bang control examples, except that this time
� > 0, u a = � 1

2 , and ub = 1
2 . Thus the objective functional we do have is:

f (u) =
1
2

kSu + ŷ � y 
 k2
L 2 +

�
2

kuk2
L 2 :

In this case, the triplet (u; y; ~y) is optimal, i� it satis�es the optimality system:
8
<

:

�"� y + (�; 0) � r y + qy = u + e 
 ;

y
�
�
@


= 0;

8
<

:

�"�~y � (�; 0) � r~y + q̂~y = y � y 
 ;

~y
�
�
@


= 0;

u 2 Uad;

u(x) = P [ua (x); u b(x)]

�
� 1

� ~y(x)
	

:

For the sake of simplicity, let � = 1.

(i) Trigonometric example

Step 1. De�ne ~y(x 1; x2) := � sin(2�x 1) sin(2�x 2), which satis�es ~y
�
�
@


= 0.

Step 2. Then we have u(x) = P [� 1
2 ; 1

2 ] fsin(2�x 1) sin(2�x 2)g.

In the �gure below, we illustrate that u is obtained by projecting the function values
outside of

�
� 1

2 ; 1
2

�
onto the planes z = � 1

2 . The points colored red represent the values
exceeding the bounds, thus the ones that need to be projected.

Figure 6: The optimal control u.

Step 3. Let y = sin(�x 1) sin(�x 2).

Step 4. Using (37), we obtain:

e
 = (2"� 2 + q) sin(�x 1) sin(�x 2) + �� cos(�x 1) sin(�x 2) � u:

Step 5. Similarly, adapting (38), we get:

y
 = sin(�x 1) sin(�x 2) + (8"� 2 + q) sin(2�x 1) sin(2�x 2) � 2�� cos(2�x 1) sin(2�x 2):
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4 The conditioned gradient method

In this chapter, we introduce the conditioned gradient method and explain its general
mechanism, as well as its application to our PDE-constrained optimization problem.

4.1 Setup and algorithm

Consider the optimization problem:

min
u2U ad

f (u);

where U is a Hilbert space, f : U ! R is Gâteaux di�erentiable and Uad � U is a non-
empty, bounded, closed and convex subset. Suppose that we have already made some
iterations and determined u1; :::; un , meaning that the best approximation we do have so
far is un .

The algorithm:

(i) Computing the new direction of descent.

Let vn 2 Uad be a solution to the problem

f 0(un )vn = min
v2U ad

f 0(un )v , f 0(un )(vn � u n ) = min
v2U ad

f 0(un )(v � u n ): (39)

This minimization problem admits a solution due to the space we work in and the condi-
tions on Uad. Now we investigate the two separate cases that could occur.

a) f 0(un )(vn � u n ) � 0.
If this inequality holds, then we have found the optimal control un , thus the algorithm
terminates. The following short proof shows the validity of the former statement:

f 0(un )(vn � u n ) = f 0(un )vn � f 0(un )un � 0: = + f 0(un )un

f 0(un )un � f 0(un )vn = min
v2U ad

f 0(un )v � f 0(un )~v; 8~v 2 Uad

) 0 � f 0(un )(~v � u n ); 8~v 2 Uad:

b) f 0(un )(vn � u n ) < 0.
In this case, we have a direction of descent.

(ii) Maximizing the descent: step size control.

We want to determine sn 2 (0; 1] with which we solve the following optimization problem:

f (u n + s n (vn � u n )) = min
s2(0; 1]

f (u n + s(v n � u n )):

Under the requirement that sn 2 (0; 1]; we ensure that we stay in Uad since

un + s n (vn � u n ) = (1 � s n ) un|{z}
2U ad

+s n vn|{z}
2U ad

2 Uad;

due to Uad being a convex subset. Then let un+1 := u n + s n (vn � u n ), and start all over
again by calculating the new descent direction. This is one iteration. In case of convex
sets, the sequence ff (un )g1

n=0 converges in a strictly monotonically decreasing manner.
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4.2 Application to the optimal control problem

Recall the objective functional

f (u) =
1
2

kSu � y 
 k2
L 2 (
) +

�
2

kuk2
L 2 (
) ; u 2 Uad:

As we have established, the Riesz representation theorem B.1 allows us to rewrite the
Gâteaux derivative in terms of an inner product. Combining the previous observation
with the equality stated in (23), we arrive at

f 0(un )v = h�~y n + �u n ; vi L 2 (
) =
Z



(�~y n + �u n )v;

where ~yn denotes the solution of the adjoint equation

� div(pr~y n ) � w � r~y n + q̂~yn = Su n � y 
 ; ~yn

�
�
@


= 0:

Hence, the gradient method can be stated as follows:

I: Let u 0 2 Uad arbitrary. For instance, we could choose u0 = u a, u0 = u b or their
convex combination, such as12(ua + u b) 2 Uad.

II: Assume that u 1; u2; :::; un are already known.

III: We solve the following equation for yn 2 H 1
0 (
):

8
<

:

� div(pry n ) + w � ry n + qyn = �u n ;

yn

�
�
@


= 0:

IV: We �nd ~y n 2 H 1
0 (
) such that the following holds:
8
<

:

� div(pr~y n ) � w � r~y n + q̂~yn = y n � y 
 ;

~yn

�
�
@


= 0:

V: Following (39), de�ne

vn := argmin
v2U ad

Z



(�~y n + �u n )v = argmin

v2U ad

hrf (u n ); vi L 2 (
) :

VI: If v n = u n occurred, then un would be optimal. To verify this statement, observe
that if this was the case, then un would be a solution to the minimizing problem, meaning
that

hrf; u n i L 2 � hrf; vi L 2 , 0 � hrf; v � u n i L 2 = f 0(un )(v � u n ); 8v 2 Uad;

which is the �rst-order optimality condition.
Otherwise, if vn 6= un , then we do have a direction of descent, since vn was chosen such
that hrf; vi L 2 is minimal, thus hrf; v n i L 2 � hrf; u n i L 2 ) hrf; v n � u n i L 2 � 0:

Since it is unlikely to happen in practice that un = v n , it is advised to set a stopping
criterion. One could terminate the algorithm when the inequality below is satis�ed:

f 0(un )(vn � u n ) � �TOL GM ;
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where TOLGM is a small positive number. This basically means that no greater improve-
ment than TOLGM can be achieved.

VII: Calculate s n := argmin s2(0; 1] f (u n + s(v n � u n )).

VIII: Set u n+1 := u n + s n (vn � u n ).

Note. When there is a correction term e
 , it is easy to adapt this algorithm.

Note. Step V is straightforward with the following choice of vn :

vn (x) :=

8
><

>:

ua(x) if �u n (x) + �(x)~y n (x) � 0;
1
2(ua + u b)(x) if �u n (x) + �(x)~y n (x) = 0;

ub(x) if �u n (x) + �(x)~y n (x) < 0:

Proposition 4.1. In step VII, s n := P [0; 1](s�
n ), where

s�
n =

�hSu n � y 
 ; Svn � Su n i L 2 � �hu n ; vn � u n i L 2

kSvn � Su nk2
L 2 + �kv n � u nk2

L 2

:

Proof.

g(s) := f (u n + s(v n � u n )) =
1
2

k S(un + s(v n � u n ))
| {z }

Sun +s(Sv n �Su n )

�y 
 k2
L 2 +

�
2

kun + s(v n � u n )k2
L 2 =

=
1
2

kSun � y 
 k2
L 2 +

s2

2
kSvn � Su nk2

L 2 + shSun � y 
 ; Svn � Su n i L 2 +

+
�
2

kunk2
L 2 + s 2 �

2
kvn � u nk2

L 2 + �shu n ; vn � u n i L 2 :

In order to rewrite the functional above, we expanded the squared norms as follows:

ka + sbk2 = kak 2 + 2sha; bi + s2kbk2; s 2 R;

with the choices of a := Sun � y 
 ; b := Svn � Su n for the �rst squared norm, and
a = u n ; b = vn � u n for the second.

Regrouping the terms in g(s) yields

g(s) =
�

1
2

kSvn � Su nk2
L 2 +

�
2

kvn � u nk2
L 2

�
s2+

+ (hSun � y 
 ; Svn � Su n i L 2 + �hu n ; vn � u n i L 2 ) s+

+
�

1
2

kSun � y 
 k2
L 2 +

�
2

kunk2
L 2

�
:

Thus, g(s) is a quadratic function of the form g(s) = g2s2 +g1s+g0: The global minimum
of g is attained at

s�
n = �

g1

2g2
=

�hSu n � y 
 ; Svn � Su n i L 2 � �hu n ; vn � u n i L 2

kSvn � Su nk2
L 2 + �kv n � u nk2

L 2

:

Considering the criterion that s 2 (0; 1], the true minimum is obtained by

sn := P [0; 1](s�
n ):
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5 Numerical results

We've come to the part in which we implement the algorithm introduced in the previous
chapter. We apply it both to constructed test problems, for which the optimal control
is known, and to problems whose exact solutions are unknown. In case of the worked-
out test examples, we measure the errors in L1(
) and L 2(
) norms and examine how
these errors change under mesh re�nement. We then compute the corresponding orders of
convergence and check whether they are consistent with the convergence theorem stated
later in this chapter. For the problems with unknown exact solutions, we depict the �nal
control function given by the algorithm, the associated state, and the adjoint function.
We conclude the tests with a meteorological problem having realistic coe�cients.

Before presenting the individual test problems, we state the numerical setup that all of
them have in common.

1. The implementation was carried out in Python using FEniCSx [9].

2. The state and adjoint equations are discretized by the �nite element method, then
the resulting systems of linear equations are solved by the GCR method with the
symmetric part of the matrix as preconditioner.

3. In all examples, a uniform equidistant triangulation of the domain is used with �rst
order linear Courant elements.

4. In all computations, both the tolerance of the linear solver TOLGCR and the stopping
criterion TOL GM were set to 10�10 .

5.1 Bang-bang control

We now turn to the bang-bang test problems constructed in chapter 3. The table below
presents the results obtained by applying the algorithm to the �rst test problem, whose
optimal control has a 2 � 2 chessboard structure. In the bang-bang tests we used the
parameters � = 1; q = 1; " = 1; u a = �1; u b = 1; � = 0: We denote the mesh size by the
letter N, representing the number of elements in the uniform triangulation horizontally and
vertically. Since the solution is known, L1(
) and L 2(
) errors are computed and displayed
below. Furthermore EOC stands for experimental order of convergence, calculated by the

following formula: EOC(N) = log2

�
eN

e2N

�
, where eN is the error corresponding to the mesh

having N subdivisions. Let the numerical solution be denoted by uh.

N 5 10 20 40 80 160 320

kuh � ukL 2 (
) 0:632 0:400 0:200 0:100 0:0500 0:0250 0:0125

EOC � 0:661 1:000 1:000 1:000 1:000 1:000

kuh � ukL 1 (
) 0:200 0:0800 0:0200 0:00500 0:00125 0:000312 7:81e�5

EOC � 1:322 2:000 2:000 2:000 2:000 2:000

Table 1: Numerical errors and corresponding orders of convergence for the trigonometric
bang-bang example.
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Based on these numerical results, we observe a �rst-order convergence in the L2(
) and
second-order convergence in the L1(
) norm.

(a) Control u h . (b) State yh .

Figure 7: The color map of the obtained control and state with mesh size 40 � 40.

The same analysis is carried out in the case of the second, triangular bang-bang example.

N 5 10 20 40 80 160 320

kuh � ukL 2 (
) 0:600 0:412 0:245 0:152 0:0994 0:0478 0:0231

EOC � 0:541 0:751 0:688 0:613 1:055 1:052

kuh � ukL 1 (
) 0:280 0:130 0:0500 0:0219 0:0102 0:00301 0:000919

EOC � 1:107 1:379 1:193 1:104 1:756 1:713

Table 2: Numerical errors and corresponding orders of convergence for the polynomial
bang-bang example.

The behavior of the convergence seems a bit less clear in this case. Although the errors
decrease under mesh re�nement, the EOC values do not yet stabilize around a speci�c
value.

(a) Control u h . (b) State yh .

Figure 8: The color map of the obtained control and state with mesh size 40 � 40.
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5.2 Distributed control

Having discussed the bang-bang examples, we now consider the distributed test problem
involving projections. In contrast to the bang-bang case, the control is no longer restricted
to the extreme values of the admissible set. As before, a table is provided below, containing
the numerical errors and the corresponding orders of convergence for di�erent values of
�. In the distributed control tests we used � = 1; q = 1; " = 1; u a = � 1

2 ; ub = 1
2 .

N 5 10 20 40 80 160 320

kuh � �uk �=0:5
L 2 (
) 0:0761 0:0312 0:0104 0:00267 0:000692 0:000169 4:16e�5

EOC � 1:288 1:580 1:965 1:947 2:035 2:022

kuh � �uk �=0:5
L 1 (
) 0:0304 0:0117 0:00452 0:00114 0:000299 6:86e�5 1:62e�5

EOC � 1:379 1:372 1:991 1:928 2:122 2:084

kuh � �uk �=1
L 2 (
) 0:0802 0:0231 0:00735 0:00193 0:000478 0:000112 2:48e�5

EOC � 1:798 1:650 1:926 2:016 2:101 2:169

kuh � �uk �=1
L 1 (
) 0:0476 0:0128 0:00457 0:00121 0:000291 6:51e�5 1:27e�5

EOC � 1:899 1:481 1:923 2:050 2:162 2:352

kuh � �uk �=2
L 2 (
) 0:0637 0:0241 0:00672 0:00173 0:000435 0:000109 2:73e�5

EOC � 1:403 1:841 1:960 1:990 1:997 1:998

kuh � �uk �=2
L 1 (
) 0:0490 0:0195 0:00550 0:00142 0:000358 8:96e�5 2:24e�5

EOC � 1:330 1:823 1:955 1:988 1:997 1:999

Table 3: Numerical errors and corresponding orders of convergence for di�erent values of
� for the distributed test problem.

One can conclude from the table that regardless of the value of �, in all three cases the
order of convergence approached or even exceeded two.

(a) � = 0:5. (b) � = 1. (c) � = 2.

Figure 9: The control un for di�erent values of �.

Note that as � ! 0, the control appears to approach a bang-bang control. The reason be-
hind this phenomenon could be explained by the projection formula:u = P [ua ; ub]

�
� 1

� � ~y
	

(33). As � gets closer and closer to 0, the factor1� blows up, causing the term � 1
� �~y to

exceed the admissible bounds. Consequently, only the sign of the adjoint state matters.
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5.3 Error analysis

Based on the recent book Numerical Analysis for Elliptic Optimal Control Problems [10],
we can formulate theoretical expectations regarding the L1(
)-error in the bang-bang case
and L2(
)-error in the distributed case. We use Corollary 6.3.6 as the main result of this
section for the L1(
)-error, but beforehand we need to familiarize ourselves with some
notations and parameters.

The parameter � appearing in the estimate is the same regularization parameter as in
our cost functional. In the bang-bang case we have � = 0, and therefore we consider this
particular case. We also have the following assumption stating that there exists a � 2 (0; 1]
and c > 0 such that for all " > 0 the following holds: jfx 2 
 : j~y(x)j < "gj � c" � . In
the Numerical Examples and Discussions section of the book it is determined that � = 1.
Due to having a similar setup in this thesis, we do assume that the same holds in our
bang-bang examples.

Furthermore, the Hölder exponent 
, a regularity parameter appearing in elliptic regular-
ity results, can be chosen as 0 < 
 < min(

 ; 1 � n

p ), where 
 
 2 (0; 1), n = 2 and p > n.
The parameter 

 is determined explicitly by the geometry of the domain. In [10, Chap-
ter 2], the book �rst de�nes ! 
 = max

v2V(
)
! v, where V(
) is the set of all vertices and !v

is the interior angle at v. The corresponding critical exponent is determined by �
 = �
! 


,
which equals 2 in our case, since we worked on rectangular domains. For two-dimensional
domains, 

 is given by 
 
 = � 
 � 1 if � 
 < 2, and 
 
 = 1 if � 
 � 2.

Theorem 5.1. Let y 
 2 L p(
) with some p > 2, and let

0 < 
 < min
�


 
 ; 1 �
n
p

�
:

With the conditions above, the following holds for some constant c that depends on the
domain 
:

kuh � �uk L 1 (
) � c (� + h 1+
 j ln hj) � :

Plugging in the above-mentioned exact values for the variables we get

kuh � �uk L 1 (
) � c (h 1+
 j ln hj); for all 0 < 
 < 1;

which is an almost second-order convergence with a logarithmic correction.

In the distributed case, one expects kuh � �uk L 2 (
) � ch 2, that is, second order convergence.

Although the estimate is proved in the literature for elliptic optimal control problems of
Poisson type, it still provides a useful theoretical benchmark for the expected L1(
)-error
behavior in the present convection-di�usion setting. In our numerical tests for bang-bang
control problems, the heuristically observed order of convergence exceeded 1, which is
in agreement with the above theorem. Note that even without the logarithmic factor,
one cannot generally expect perfectly quadratic convergence. However, some problems
may exhibit a more regular behavior than others and therefore attain a higher order of
convergence, as observed in our �rst bang-bang test example, see Table 1, where second-
order convergence was achieved. In the distributed case, as seen in Table 3, the observed
orders of convergence �uctuate around 2, indicating a second-order convergence in L2.

36



5.4 Further numerical experiments

So far we have tested our theory on test problems with known solutions, which enabled us
to measure the errors directly. However, in practical applications, the exact solution is not
available. The error analysis we made previously was a positive con�rmation on the whole
method that we built up throughout the thesis, hence we assume that it is reliable enough
to be applied to problems whose exact solution is unknown. Therefore, we proceed with
a problem of such kind and observe whether the numerical behavior is still in accordance
with our theoretical expectations. We consider the standard problem

8
>>>>>><

>>>>>>:

�"�y + w � ry + qy = �u;

y
�
�
@


= 0;

ua(x) � u(x) � u b(x) for almost every x 2 
;

u ! min
�

1
2ky � y 
 k2

L 2 (
) + �
2kuk2

L 2 (
)

�
;

(40)

with the following parameters
8
<

:


 = (�1; 1) 2; " = 0:1; q = 0; w = (w 1; w2); � = 0:1;

y
 = 1; � = 1; u a(x1; x2) = 0; u b(x1; x2) = 3:5e�4(x 2
1+x 2

2 ) :

The reason for these seemingly speci�c choices of parameters is that we do not want
to complicate the problem unnecessarily and with these values we gain some interesting
results. For instance, a small value of � was chosen in order to allow for a more decisive
control, since the cost functional then penalizes large control values less severely. The
motivation behind the choice y
 = 1 is to provide a clearly visible target state that
is easy to interpret and compare with the optimal state computed by the algorithm.
Setting ua = 0 is also meaningful, since in many applications the control represents the
intensity of some physical action, such as injection, heating, or the in�uence of a �ow,
and therefore negative values may not be physically relevant. Thus, the value 0 indicates
that no in�uence is applied in a given region.

We now illustrate the numerical solutions of the test problem with three separate vector
�elds. First, the computed control, state, and adjoint state obtained by the algorithm are
displayed in three dimensions. To provide a clearer qualitative picture of their character-
istics, we show the corresponding two dimensional color maps as well, then make some
observations.

Figure 10: The upper bound ub.

37




	Introduction
	Weak solution of elliptic boundary value problems
	Theoretical background of PDEs
	Well-posedness of the convection–diffusion equation

	Optimal control problems
	Weak Convergence and Compactness
	Existence and Uniqueness of Optimal Controls
	PDE-governed optimal control
	Differentiability in Banach spaces
	Variational characterization of optimality
	Adjoint operator and optimality system
	Pointwise optimality conditions

	Construction of test problems
	Bang-bang control
	Distributed control

	The conditioned gradient method
	Setup and algorithm
	Application to the optimal control problem

	Numerical results
	Bang-bang control
	Distributed control
	Error analysis
	Further numerical experiments
	A physical model

	Appendix
	Hahn–Banach theorems
	Reflexive Banach spaces
	References

