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Abstract

This thesis deals with the analytic side of Hodge theory on a compact differentiable
Riemannian manifold. Our starting point is the theory of elliptic differential operators on
vector bundles. We begin with Sobolev spaces of sections, then treat differential operators
together with their adjoints and principal symbols, and then take a short detour through
pseudodifferential operators and parametrices. Once this machinery is in place, we can
prove the analytic results we need later on: the Fredholm property, elliptic regularity, and
existence and uniqueness for elliptic equations.

We then prove the Hodge decomposition and the Hodge theorem, first for self-adjoint
elliptic operators and afterwards for elliptic complexes. The general theory is applied to
the de Rham complex on a compact oriented Riemannian manifold, where the abstract
results become the classical ones: every de Rham cohomology class has a unique harmonic
representative, so the cohomology of the manifold can be studied through the kernel of
the Laplace-Beltrami operator.

We treat the de Rham case in some detail. We introduce the Hodge x-operator, the
codifferential and the Laplace-Beltrami operator, and check that the de Rham complex
is indeed an elliptic complex in the sense developed earlier. This gives the classical Hodge
decomposition of differential forms and the identification of de Rham cohomology with
spaces of harmonic forms.

At the end we show briefly how these ideas appear in geometry and physics, for
instance in Maxwell’s equations, where source-free fields turn out to be harmonic forms.
The aim of the thesis is to present the analytic tools behind Hodge theory in a reasonably
self-contained way, and to show how the general elliptic theory becomes concrete in the

de Rham setting.
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Chapter 1
Introduction

Roughly speaking, Hodge theory is a way of studying topological properties of manifolds
with tools from analysis. In this thesis we develop the analytic tools needed for a compact
differentiable Riemannian manifold X together with differentiable vector bundles over it,
and the same viewpoint then extends from a single bundle to an elliptic complex over X.

The two main results we are heading for are the Hodge decomposition and the Hodge
theorem. Classically the theory of de Rham and Hodge is set up for the bundle of dif-
ferential k-forms on a compact oriented Riemannian manifold. What we present here is
the more abstract version, where the bundle of k-forms is replaced by an arbitrary dif-
ferentiable vector bundle, and the de Rham complex by a general elliptic complex. In
this setting the Hodge decomposition gives an orthogonal decomposition of the space of
smooth sections of such a bundle: each section is uniquely a sum of a harmonic, an exact,
and a coexact part. The Hodge theorem then says that the space of harmonic sections
of the k-th bundle, for the Laplacian built out of the operators of the complex, is iso-
morphic to the k-th cohomology group of the complex. Specializing back to the de Rham
complex recovers the classical statement: every de Rham cohomology class has a unique
harmonic representative, which gives an analytic handle on the topological properties of
the manifold.

1.1 Background and motivation

Hodge theory sits somewhere between geometry, topology and analysis. It grew out of the
work of Georges de Rham and W. V. D. Hodge. De Rham showed that one can use differ-

ential forms to build cohomology groups, and that these groups already carry topological
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information about a smooth manifold. Hodge brought in the analytic side of things: on a
compact Riemannian manifold one looks at harmonic forms, the forms killed by the Lapla-
cian. What makes the theory work is that these two things line up, and every cohomology
class turns out to have exactly one harmonic representative.

Historically this came up first for differential forms on compact oriented Riemannian
manifolds, but the same idea carries much further. One can write down analogous state-
ments for vector bundles, and more generally for elliptic complexes. This is the angle we

take here: build the elliptic analytic tools first, and then read off Hodge theory from them.

1.2 QOutline of the thesis

We begin with the basic notions we will need from algebra and geometry. After that
comes the main chapter, on elliptic operator theory. This is where Hodge theory, in its
more general form, comes from, on a compact differentiable Riemannian manifold.

We first introduce Sobolev spaces of sections of a bundle. The idea is to use local
trivializations together with the usual Sobolev norms on R", and then complete the smooth
sections with respect to the resulting norm. Next we define differential operators between
bundles. Again this is done through local descriptions on R", once we have chosen charts
and trivializations. We then look at a few of their basic properties, mostly the existence
and uniqueness of formal adjoints.

After that we introduce the principal symbol of a differential operator. Locally it is just
what is left when we keep only the highest-order part. The symbol is useful for several
reasons: it lets us classify differential operators, and in particular it lets us single out
the elliptic ones as those whose principal symbol is invertible in every nonzero cotangent
direction. The symbol map also sits inside an exact sequence, and the symbol of an adjoint
is the adjoint of the symbol.

Then we say a little about pseudodifferential operators. These are mostly a technical
device and not really the main object of the thesis, so we only collect the facts we actually
use: canonical pseudodifferential operators on R”, and their counterparts on manifolds
and bundles. The reason we bring them in at all is that an elliptic differential operator
usually has no inverse among the differential operators. Once we allow pseudodifferential
operators, an elliptic operator does have a parametrix, that is, an inverse up to a smoothing
term, and the symbol calculus still works. The upshot is that every elliptic operator has

a parametrix.



From here a number of results follow. The Sobolev extension of an elliptic operator is
Fredholm, elliptic regularity holds, and we get existence and uniqueness for the equations
we care about, once we impose orthogonality to the appropriate kernel. Putting these
together gives the Hodge decomposition and the Hodge theorem for self-adjoint elliptic
operators.

In the last part of the chapter we pass from a single operator to elliptic complexes. The
earlier results carry over without much trouble and give the general Hodge theorem for
elliptic complexes. Finally we apply all of this to the de Rham complex on a compact ori-
ented Riemannian manifold, where the abstract theory turns into the classical statement

about differential forms and harmonic representatives of cohomology classes.



Chapter 2

Preliminaries

2.1 Basic notions

Definition 2.1.1. An alternating k-linear map is a k-linear map K : V¥ — W such that

for every permutation o € & and every vy,...,v; € V we have
K(vi,...,0) =sgn(0) K (vo(1)s - - -, Vor))-

Definition 2.1.2. The k-th exterior power of V is a vector space A*V together with a
k-linear map

/\k:Vk—>AkV, (Ul,...,vk)+—>vl/\---/\vk,

such that for every alternating k-linear map K: V¥ — W there exists a unique linear

map L: A*V — W for which the diagram

Nk

vk > APV

N

w

is commutative. An element vy A --- A v, € APV is called a k-vector.

Proposition 2.1.3. If e1,..., e, is a basis of V, then the set
{61-1/\---/\6% 1<y <<zk§n}

is a basis of A*V. So
dim(A*V) = (Z)



The direct sum
dimV

AV = P AV
k=0
becomes a graded associative algebra with multiplication determined by

(Ul/\---/\vk)/\(vk+1/\---/\vk+g):vl/\---/\vk+g.

Definition 2.1.4. The ezterior algebra of V is the graded associative algebra (A*V, A).
Definition 2.1.5. A sequence of linear maps between vector spaces

A; A1
Vita ?

is called ezact at Vi, if
1m(AZ) = keI'(Ai+1).

The sequence is called exact if it is exact at every term. In particular, a short sequence
A B
0O —U—V —=W-—0

is exact if and only if A is injective, B is surjective, and im(A) = ker(B).
Definition 2.1.6. A continuous map 7: F — X between Hausdorff spaces is called a
real vector bundle of rank r if:

e For each p € X, the fibre E, := 7~ !(p) is an r-dimensional R-vector space.

e For every p € X there exist an open neighbourhood U of p and a homeomorphism
h:n ' (U) = U xR"
such that h(E,) C {p} x R" for all p € U, and the map
Wi E, 2 {p} x R” 22 R

is an R-linear isomorphism. The pair (U, h) is called a local trivialization.

Definition 2.1.7. A smooth section of a vector bundle 7: F — M is a smooth map
s: M — E such that mo s =idy,.
Remark 2.1.8. So a section just picks out, for each p € M, an element of the fibre £,

and smoothness means that in any local trivialization this choice depends smoothly on p.

Definition 2.1.9. A differential k-form on M is a smooth section of A*T*M. The set of
all differential k-forms on M is denoted by QF(M).
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Remark 2.1.10. In local coordinates (z',... z"), any differential k-form on M has a

unique expression in the form

w = Z Wi i dzt A - A da.
1< << <n
Remark 2.1.11. Properties of the wedge product. For w € QF(M) and € QY(M),
the wedge product
A QF(M) x QYM) — QFF(M)
satisfies:
o bilinearity:
(wW+wW)An=wAn+uw An, wAm+n)=wAn+wAn,
e graded commutativity:
wAn=(=1"nAw,
e associativity:
(wWAN)ANO=wA (nA8b).

Definition 2.1.12. The space of differential forms on M is the graded vector space

dim M

(M) = €p QF(M).

For f € Q°(M) = C°°(M), its differential df is the differential 1-form df € Q'(M). So
we get a linear map

d: QUM) — QY (M),  fr—s df.

If (z!,...,2") is a local chart on M, the 1-forms dx', ..., dz" denote the basis of T*M

dual to the coordinate vector fields 0y, ...,d,. In local coordinates,
df = (0:f)da’.
i=1

The exterior derivative extends this differential of functions to general k-forms.
Definition 2.1.13. Let
w= Z Wiyooiy AT A -+ A da’™ € QF(M).
1<t << <n
The exterior derivative of w is the (k + 1)-form

dw = Z dwi,..;, N dzt A« Adx't = Z 0i(Wiy iy, dzt Adzt A - A dxte.

1<i1 <<, <n 1,11 < <lp



Remark 2.1.14. The exterior derivative does not depend on the chosen local coordinates.

It is the unique degree-1 map

d: QF (M) — Q*(M)

such that
o for f € Q°(M), the value df is the usual differential of f,
e dod=0,

e for every w € QF(M) and n € QY(M),
dwAn) =dwAn+ (—1)Fw Adn.

Definition 2.1.15. Pullback of differential forms. Given a smooth map F': M — N, the
pullback is the graded map
F*: QF(N) = QF(M)

defined on decomposable forms by
F¥(fdz" A+ ANdz™) = (fo F)d(z" o F) A -+ Ad(z™ o F).

Remark 2.1.16. Properties of the pullback. For all w,n € Q*(N):

e compatibility with the wedge product:
F*(wAn)=FwAFn,
o commutation with the exterior derivative:

F*(dw) = d(F*w).



Chapter 3

Elliptic Operator Theory

3.1 Sobolev spaces

Let X be a compact smooth manifold equipped with a strictly positive smooth measure

i. In local coordinates we may write
dp = p(x)dat-- - da™,
where p is a positive smooth function. Such a measure always exists; for example, if
9= 3 gy(a) do' ® do?
is a Riemannian metric on X, then one may take
p(x) = det(gy(«))"*.

Let £ — X be a smooth real vector bundle with a fixed Riemannian metric (-, -)g.

We write &£,(X, E) for the space of C* sections of E, and
E(X,E) =& (X, E).
Since X is compact, every smooth section automatically has compact support, so
D(X,E)=E&E(X,E).
Together, the bundle metric and the measure give us the L? inner product

() = /X @) n(@)pdn, & e EXE),
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with associated norm
1€llo = (&,

Its completion is the Hilbert space
WX, E) = L*(X,E).

To define the higher Sobolev norms we work locally and then patch the pieces together.

Definition 3.1.1. A finite trivializing cover of E — X is a finite open cover {U;} ¥,

together with smooth bundle isomorphisms

TZ'IEUZ.;UZ'XRT.

Definition 3.1.2. A partition of unity subordinate to {U;} is a family of smooth functions
{wi}f\il such that

N
0<4; <1, supp ¢; C U, Z%’El-
=1

On a compact smooth manifold such covers and partitions of unity always exist.
Fix a finite trivializing cover {U;}Y, together with a subordinate partition of unity

{%}f\;l Choose local coordinates
;i U; = (72 c R”.
Combining 7; with ¢; gives bundle charts
0; = (g xid) o7;: Ely, = U; x R".
Then each section ¢ € £(X, E) produces, on U;, an R"-valued function
i (i) € EDT,

which extends by zero to a compactly supported smooth function on R”.

Definition 3.1.3. Let s € R and let f € D(R",R"). Its Fourier transform is defined

componentwise by

~

fio) = @m) [ e pa) de

The Sobolev norm of order s on R™ is
1£13 e = i [FO)F(L +10]%)° db.
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For s € Zs, this norm is equivalent on D(R™,R") to

1/2

> [ Dt as

laf<s

So at least for integer s > 0 the Sobolev norm is just measuring the L2-size of all derivatives

up to order s.

Definition 3.1.4. For £ € £(X, E) and s € R define

N
[THEDS
i=1

The Sobolev space W#(X, E) is the completion of £(X, E') with respect to this norm.

L) .

The norm || - [|s does depend on the chosen atlas, trivializations and partition of unity,
but only up to equivalence. So W*(X, E) is well defined as a topological vector space, and
in fact as a Hilbert space. For s = 0 it agrees with L*(X, E) up to an equivalent Hilbert
norm.

For s > 0 we have the continuous inclusions
D WEX,E) D WYX, E) D -
For negative indices Sobolev spaces are defined by duality:
WX, E) = (W(X,E))", s>0.

Via the L? pairing these are the usual distributional Sobolev spaces.

We now state the two basic facts that we will use over and over again.

Proposition 3.1.5 (Sobolev). Let n = dimg X. If
s> |n/2] +k+1

for some k € Z>g, then
WX, E) C &(X, B),

and the inclusion is continuous.

Proposition 3.1.6 (Rellich). If t < s, then the natural inclusion
W*(X,E) — WYX, E)
is compact.
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Remark 3.1.7. Sobolev’s theorem says that enough weak regularity already forces actual
smoothness, and Rellich says that if we are willing to give up a little regularity, bounded
sets become precompact. These two facts are the source of all the compactness in the

elliptic theory below.
Definition 3.1.8. Let

L:E(X,FE)— E(X,F)
be an R-linear map. An R-linear map

S: E(X,F) — E(X, E)

is called an adjoint of L if

(L& n) = (€,5m)
forall ¢ € £(X, E) and n € £(X, F). If such an operator exists, it is unique and is denoted
by L*.

3.2 Differential operators

Let X be a smooth manifold, and let £ — X and F' — X be smooth real vector bundles
of ranks r and s.

Locally a differential operator between bundles is nothing but an ordinary linear partial
differential operator between vector-valued functions, so let us first recall the Euclidean
model.

Let U C R be open. For a multi-index
a=(ay,...,a,) €Z5,
we write

ol
8(1;1)‘11 .. a(wn)an ’

Definition 3.2.1. A linear partial differential operator on U from R-valued functions

ol =on 4 o, D=

to R*-valued functions is an R-linear map

LgU)" — [EU)P

for which there exist an integer k£ > 0 and smooth coefficient functions af; € &£ ((7 ) such

that
ZZ zg Daf] ) izl,...,s.

J=1 |a|<k
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Definition 3.2.2. An R-linear map
L: (X, E) — E(X,F)

is called a differential operator if for every p € X there exist
e an open neighbourhood U C X of p,
e a coordinate map
¢: U= U CR",
e local trivializations

5. Ely — U xR, mp: Fly = U x R®,

such that, in these coordinates and trivializations, L is represented by a linear partial

differential operator on U.

Remark 3.2.3. In other words, once we pick local coordinates and local frames, a dif-

ferential operator becomes a finite sum of derivatives with smooth coefficients.

A differential operator is said to be of order k if in every local representation only

derivatives of order at most k appear. We write
Diff,(E, F)

for the vector space of differential operators of order at most k.
From now on we assume that X is compact and that the Sobolev spaces on E and F

are defined as above.

Definition 3.2.4. For k € Z, let OP,(E, F') be the vector space of all R-linear maps
T:E(X,E) — EX,F)
such that for every integer s there exists a continuous extension
Ty: WX, E) — W X, F).

So OPy(E, F) is the Sobolev version of “operators of order k”: its elements lose at most

k derivatives.

Proposition 3.2.5 (Adjoints in OFy). Let L € OP,(E, F'). Then the adjoint L* exists,
belongs to OP,(F, ), and for every integer s one has

(L*)s = (Zk—S)*: WX, F) — Ws_k(Xv E).

12



Proof. Fix s € Z. Since L € OP,(E, F), the Sobolev extension L, ,: W (X, E) —
W=5(X, F) is continuous. Taking Hilbert-space adjoints and using (W ~*(X, F))* = W*(X, F)
together with (W*=*(X, E))* = W**(X, F), we obtain a continuous map

(Lp_s): WX, F) — WX, E).
For smooth ¢ and 7, we have
(L& m) = (Li-s&,m) = (& (Li-s)™n),

so (Lj_s)* is an adjoint of L and therefore agrees with L* on smooth sections. Thus
(L*), = (Lx_s)*, and in particular L* € OP,(F, E). O

Proposition 3.2.6.
Diffy(E, F) C OPy(E, F).

Proof sketch. Locally we have L = Z\a|§k Ay (z)D?*, with smooth matrix-valued coefhi-

cients. On R", differentiation lowers Sobolev order as

HDast—la\,R” < CaHst,R"'

Multiplication by a fixed smooth function is continuous on compactly supported pieces,
so each term A,(z)D® extends continuously as W* — W#~lel ¢ Ws=F_ A partition-

of-unity argument patches the local estimates together and gives continuous extensions
L,: Wé(X,E) — W**(X, F) for all integers s. O

We now turn to the principal symbol, which records the highest-order part of a differ-
ential operator.
Let
T(X):=T*X\ {0}, mx: T(X)—= X

be the cotangent bundle with the zero section removed. If £ — X is a vector bundle,
then the pullback bundle 7% F — T"(X) has fibre

(7 E)@,0) = Ea-
Definition 3.2.7. For k € Z, let
Smbly(E, F) := {c € Hom(rx E, 7%\ F) : o(z, pf) = p*o(x,0) for all p > 0} .
Elements of this space are called k-symbols.

13



Definition 3.2.8. Let L € Diffy(£, F'). In local coordinates and local trivializations,

write

L= Au(x)D".

lal <k

Its principal symbol is the element
defined locally by

or(L)(x,0) = > Ag(x)0%, 0% =07 00m
la|=k

This is independent of the chosen coordinates and trivializations.

Remark 3.2.9. The principal symbol is the top-order part of the operator: what is left

once all lower-order terms are thrown away.

Proposition 3.2.10. The symbol map fits into an exact sequence
0 — Diff,_,(E, F) — Diffy(E, F) 2% Smbl,(E, F).

Proof. Exactness at Diff,_;(E, F') is clear. For the kernel statement it is enough to work

locally. In coordinates and trivializations,

L= Au@)D*  on(L)(z,0) = Aulz)6".

la|<k la|=k

So o;(L) = 0 exactly when every term of order k vanishes, that is, exactly when L has
order at most k£ — 1. O

Remark 3.2.11. If
L, € lefk(E, F), Ly € lefm(F, G),

then
LQ @) Ll € Dlﬁk+m(E, G), O'ker(LQ o) Ll) = O'm(LQ) e} Uk(Ll)-

So the principal symbol behaves under composition just as the top-order part should.

Example 3.2.12 (The exterior derivative). Identify
QP(X) =E(X,APT*X).

14



Then
d: E(X, NPT*X) — E(X, A\PTIT*X)

is a differential operator of order 1, and
o1(d)(z,0)e =0 Ne.
So for each (z,0) € T'(X), we get the symbol sequence

0 —s AOT*X o1(d)(z,0 o1(d)(z,0) o1(d)(z,0)

Ly AT X - s APTEX — 0,
and this sequence is exact.

Proof. Fix 6 # 0 and choose w € T,X with (w) = 1. Let ¢, denote contraction by w.

For every form n we have
tw(0 A1) + 0 A (ewn) = 1.

This homotopy identity gives ker(6A) = im(6A) in every degree, so the symbol sequence

1s exact. ]

Proposition 3.2.13. Let L € Diffy(E, F'). Then the adjoint L* exists,
L* € Diffy(F, E),

and
on(L)(z,0) = ox(L)(z,0)",

where the adjoint on the right is taken with respect to the fibre metrics.

Proof sketch. In local coordinates we have L = Z\a|§k Ay (z)D?*, with smooth matrix-
valued coefficients. For compactly supported sections, integration by parts moves deriva-

tives from the first slot to the second and produces a differential operator L* satisfying

(LE,n) = (&, L™n).

The top-order part comes only from moving the derivatives themselves, so the order is
still k£, and the leading coefficient matrices get replaced by their fibre adjoints. This is
exactly the symbol formula. O
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3.3 Pseudodifferential operators

An elliptic differential operator is almost never invertible by another differential operator;
its inverse, even an approximate one, is usually nonlocal. Pseudodifferential operators
are the right enlargement of the differential operator class for us: big enough to contain
parametrices, but still rigid enough that a symbol calculus keeps working.

Everything in this section is still real. The Fourier transform uses the complex expo-

nential, but the geometric objects and the operators themselves stay real.

Symbols on open sets in R”

Let U C R™ be open. For multi-indices «, 3 write

58 Rl g olel
T Q(at)B - (g b 000 - 0fon

Definition 3.3.1. Let m € Z. A smooth function

pe U xR")

is called a symbol of order m on U, written p € S™(U), if for every compact set K C U

and all multi-indices «, 8 there exists a constant C,gx > 0 such that
0205p(2.0)| < Capc(1 4 0)" ' (2 € K, 9 € RY).

We write S§*(U) € S™(U) for the subspace of symbols with compact z-support.

Remark 3.3.2. The simplest examples are the polynomial symbols of differential op-
erators. The point of the definition is that differentiating in 6 lowers the order, while

differentiating in x does not.
Definition 3.3.3. Let p € S™(U). Whenever the limit exists, define the principal part of
p by

om(p)(z,0) := lim p(z, M)

A—00 A™ ’

(2,0) € U x (R™\ {0}).

Canonical pseudodifferential operators on R"

Definition 3.3.4. Let p € S*(U) and let f € D(U), extended by zero to R™. The

canonical pseudodifferential operator associated to p is
L(p): D) — EWU),  L(p)f(z) = / pla, 0)F(0)e ) db.

16



Remark 3.3.5. If p(x,0) is polynomial in €, then L(p) is just the corresponding differen-
tial operator. So pseudodifferential operators really are an extension of differential ones,

where the dependence on frequency is allowed to be more general.

Pseudodifferential operators on manifolds and bundles

Let X be a smooth manifold.
Definition 3.3.6. An R-linear map

L: D(X) — E(X)

is called a pseudodifferential operator of order m if for every coordinate chart U C X and

every relatively compact open set
UeU
there exists a symbol p € SJ"(U) such that

(LA = (L(p)f)|v for all f € D(U").
We write
PDiff"(X)
for the space of such operators.

Definition 3.3.7. Let £ — X and ' — X be smooth real vector bundles. An R-linear
map

L: D(X,E) — E(X, F)

is called a pseudodifferential operator of order m from FE to F' if, in every local coordinate
chart and local trivializations of F and F', it is represented over each relatively compact

subchart by a matrix
[L(pij) ], pig € Sg"(U).

We denote the space of these operators by

PDiff"(E,F),  PDiff(E,F) := ) PDifi"(E, F).

meEZ

Proposition 3.3.8 (Compatibility with Sobolev order). If X is compact and
L € PDiff"(E, F),

then
LeOP,(E,F).

17



The principal symbol and the exact sequence

The principal symbol of a pseudodifferential operator is obtained by taking the principal

symbols of its local representatives. This gives a global homogeneous symbol on 7"(X).
Proposition 3.3.9. For each m € Z there is a canonical map

om: PDIff"(E, F') — Smbl,,(E, F),
defined locally by

om([L(pij)]) = [om(pis) ]-
Theorem 3.3.10 (Exact sequence for the symbol map). For each m € Z the sequence
0 — K™(E,F) — PDiff™(E, F) 2% Smbl,,(E, F) — 0
is exact, where
K™(E,F) = ker(opn,).

If X is compact, then
K"™(E,F)COP,_1(E,F).

Remark 3.3.11. The part that makes the whole calculus useful is that o, is surjective:

every homogeneous symbol is actually the leading part of some pseudodifferential operator.

Composition and adjoints

Theorem 3.3.12. Let F, F,G be vector bundles over a compact smooth manifold X.

o If
Q € PDIff"(E,F), P ¢ PDIff*(F.G),

then
Po(Q € PDiff""*(E,G), Oris(Po Q) =04(P)oo,.(Q).

o If
P € PDiff"™"(E, F),

then the adjoint P* exists,
P* € PDiff"™(F, E),

and
Um(P*> = Um<P)*v

where the adjoint on the right is taken fibrewise.

18



Remark 3.3.13. For later use, any operator in OP_;(E, F') will be called a smoothing
operator. On a compact manifold such an operator improves regularity, and that alone

already forces compactness on fixed Sobolev levels.

Elliptic operators and parametrices

From now on let X be compact, and let £ — X and F' — X be smooth real vector bundles
equipped with Riemannian metrics. We also fix a strictly positive smooth measure on X.
We write

WH(E) = W*X,E), W*(F):=WX,F).

Definition 3.3.14. A symbol
o € Smbl,,(E, F)

is called elliptic if for every (z,6) € T"(X) the linear map
o(x,0): E, — F,

is an isomorphism.

Definition 3.3.15. An operator
L € PDiff™(E, F)

is called elliptic if its principal symbol o, (L) is elliptic.
Remark 3.3.16. So ellipticity is really the statement that at high frequency the operator

looks invertible. The parametrix theorem below turns this symbolic invertibility into an

actual inverse, up to smoothing errors.

Definition 3.3.17. Let
L € PDiff(E, F).

An operator
P € PDiff(F, E)

is called a parametriz for L if
LoP—1Ir€OP_(FF), PolL—1Ipe€eOP4(EE).
Theorem 3.3.18 (Existence of a parametrix). Let
L € PDiftf"™"(E, F)
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be elliptic. Then there exists
P € PDiff ™™ (F, FE)

such that
LoP—1Ire€OP_(FF), PolL—1Ipe€eOP(EE).

Proof. Set s := o,(L) € Smbl,,(E, F'). Since L is elliptic, every s(z,0): E, — F, is an

isomorphism, so we can define s7'(x,0) := s(z,0)~'. Homogeneity of s implies that s—!

is homogeneous of degree —m, and so s~! € Smbl_,,(F, E). By exactness of the symbol
sequence there exists P € PDiff ""(F, E) with o_,,(P) = s~!. Then

oo(LoP)=0,(L)oo_,(P)=s0s"' = I,

so LoP —1Ir € KYF,F) C OP_{(F,F). The same way, Po L — Ip € K°(E,E) C
OP_(E,E). So P is a parametrix for L. O

Proposition 3.3.19. Let
SeOP(E,E).

Then for every integer s the extension
Ss: WH(E) — WH(E)
is compact.

Proof. Since S € OP_,(E, E), we have a continuous map Ss: W#*(E) — W**(E). Com-
posing with the compact Rellich inclusion W**(E) — W*(E), we get a compact operator
Ws(E) — W5(E). O

Definition 3.3.20. A bounded operator between Banach spaces is called Fredholm if it

has finite-dimensional kernel and cokernel.

Proposition 3.3.21 (Fredholm criterion). Let B; and By be Banach spaces, and let
T: B — Bs, R: By — B
be bounded linear maps. If
RoT —Ip, and ToR—1Ip,

are compact, then T is Fredholm.
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Theorem 3.3.22 (Fredholm property of elliptic operators). Let
L € PDiff™(E, F)
be elliptic. Then for every integer s the Sobolev extension
Ly: W E) — W™(F)
is Fredholm.
Proof. Let P be a parametrix for L. Then
PoL—-IpeOP(EFE), LoP—1IreOP(FF).

Passing to Sobolev extensions and using Proposition 3.3.19, we get compact operators
Ps_yno L — Iysg) and Lo Py, — Iyys—m(p). Now we can apply the Fredholm criterion
with T = L, and R = P,_,,. m

We now go back to elliptic differential operators and their solution theory. Let
L € Diff,,(E, F)
be elliptic, and let
L* € Diff,,,(F, F)

denote its adjoint with respect to the L? inner products.
Write
Hp :=ker(L) C E(X, E),

and let
Hi = {neW'E): (&n) =0 forall £ € H,}.

Theorem 3.3.23 (Elliptic regularity). Let
L € Diff,,(E, F)
be elliptic. If
£ e W3(E) and L& =n

for some smooth section
ne&X,F),

then
Ee (X, E).
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Proof. Let P be a parametrix for L, so that Po L — Iy = S for some S € OP_{(E, E).
Applying this identity to £ gives £ = P(L§) — SE. Now LE = n is smooth, so P(LE)
is smooth too, while S¢ € W*T!(E) because S gains one Sobolev derivative. Therefore
¢ € Wet(E). Repeating the same argument gives & € W*H(E) for every £ > 1, and

Sobolev’s theorem then tells us ¢ is smooth. O]
Theorem 3.3.24 (Finiteness theorem). Let
L € Diff,,,(E, F)

be elliptic, and let
Hy, = ker(Ly: W*(E) — W ™(F)).
Then for every integer s:

(a)
Hr, C E(X, E), Hr, =Hr;

(b)
dimH;, < oo,  dim(W* ™(F)/L,(W*(E))) < <.

Proof. Differential operators are in particular pseudodifferential operators of the same
order, so Theorem 3.3.22 applies to L, which gives that H, is finite-dimensional. If
& € Hy, then L,§ = 0, and the right-hand side is smooth; by Theorem 3.3.23, £ is smooth
as well. So Hy, C E(X, E). The reverse inclusion is immediate, hence H;, = H. This
gives both the equality and the finite-dimensionality of Hj; finite-dimensionality of the
cokernel is already part of the Fredholm property. O

Proposition 3.3.25. A differential operator
L € Diff,,(E, F)
is elliptic if and only if its adjoint
L* € Diff,,,(F, F)
is elliptic.
Proof. By the symbol formula for adjoints,
om(L*)(x,0) = o (L)(x,0)".

In finite dimensions, a linear map is invertible if and only if its adjoint is invertible. So

om(L) is pointwise invertible on 77(X) exactly when o,,(L*) is. O
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Theorem 3.3.26 (Existence for the inhomogeneous equation). Let
L € Diff,,(E, F)

be elliptic, and let
neHLNEX,F).

Then there exists a unique smooth section

§€&(X,E)
such that
LE=n
and
ELHy.

Proof. Consider L,,: W™(E) — WF). By Theorem 3.3.22 its image is closed. For
bounded operators between Hilbert spaces we have im(L,,) = ker(L? )*. By Proposi-
tion 3.2.5, L = (L*)o. Since L* is itself elliptic, applying Theorem 3.3.24 to L* yields
ker(L?,) = Hp~. Therefore im(L,,) = H7t., so there is some & € W™(E) with L,,& = .
By elliptic regularity, this £ is smooth.

For uniqueness, if & and & are two smooth solutions both orthogonal to Hp, then

L(& —&)=0,80& —& € Hp. But also § — & € Hf, so & — & =0. O

Remark 3.3.27. This is just the elliptic Fredholm alternative in concrete form: solvabil-
ity of L& = n is controlled by orthogonality to the adjoint kernel, and the only source of

nonuniqueness is the kernel of L.

Theorem 3.3.28 (Decomposition for self-adjoint elliptic operators). Let
L € Diff,(E, E)
be self-adjoint and elliptic. Then there exist linear maps
II,: E&(X,F) — E(X,E), Gr: E(X,FE) — E(X,E),

such that:

(a)
I (E(X,E)) =Hy, dim H, < oo;
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LOGL+HL:GLOL+HL:]E;

(c)
E(X,E) =M, & L(E(X, E)),

and this decomposition is orthogonal with respect to the L? inner product.

The operator I, is the orthogonal projection onto Hy, and G, is called the Green

operator of L.

Proof. By Theorem 3.3.24, H, = ker(L) is finite-dimensional, hence closed in W°(E). Let
[: WO(E) — H1 be the orthogonal projection. Since L is self-adjoint, Theorem 3.3.26
shows that

Lo WE)NH: — Hi

is bijective. Its inverse Go: Hy — W™(FE) N Hi is continuous by the Banach open map-
ping theorem. We extend Gy to all of W°(E) by setting Go(n) = 0 for n € Hy. Then
Go: WOE) — WOY(E) is bounded and satisfies L o Gy = I — Il.

If n € £(X, E), then L(Gon) =n —1IIyn € £(X, E), so elliptic regularity tells us that
Gon € E(X, E). Therefore Gy restricts to Gp: E(X, F) — E(X, F), and we already have
LoGp+ 11 = Ig.

For the other identity, take £ € £(X, E) and write £ = I € +&,, with £, € Hi. Since
L(TIL€) =0, we get LE = L&, . By construction G, is the inverse of L on Hz, hence

GL(LE) = Gr(L&) =& =& - L&

Therefore G o L + 11, = IE.
Finally, £ = 1.6+ L(GLE) gives E(X,E) = Hp+ L(E(X,E)). If n e H NL(E(X, E)),
say n = L(, then for every 7 € H we have

(n,7) = (L, 7) = (¢, LT) = 0.

Son € Hr NHi = {0}. The sum is direct, and the same computation shows that it is
orthogonal. O

Remark 3.3.29. The Green operator is sharper than a parametrix. A parametrix only
inverts L up to a smoothing error, whereas the Green operator inverts L exactly on the

orthogonal complement of the finite-dimensional harmonic space.

24



3.4 Elliptic complexes

We now pass from a single elliptic operator to a finite chain of operators. This is the
natural setting for de Rham theory, and later for Hodge theory: the geometric content is
carried not by one map alone, but by the way several maps fit together.

Let X be a compact smooth manifold, and let
Ey— X, E1 =X, ..., Eny— X

be smooth real vector bundles. Fix an integer £ > 1, and assume we are given differential

operators of order k
L,: E&(X,E) — E(X,Epq), qg=0,...,N —1.

Definition 3.4.1. The sequence

Ly

0 — E(X, By) 2% £(X, Ey) C N (X, Ex) — 0

~

is called a complex if

LyoLs 1 =0, qg=1,...,N —1.
Definition 3.4.2. The complex is called an elliptic complez if for every (z,0) € T'(X)
the symbol sequence

ok (Lo)(z,0) ok (L1)(z,0) C ok(Ln—1)(z,0)

0— EO,ac El,ac % EN,I — 0

is exact.

Remark 3.4.3. This is the right notion of ellipticity for complexes. In a genuine complex
the individual operators L, are usually not elliptic on their own; what is elliptic is the
whole symbol sequence.

Definition 3.4.4. The g-th cohomology group of the complex is

ker(Lq: E(X,E,) — E(X, Eq+1))

im(Ly_1: E(X, E;q) = E(X,Ey))

HYE) :=
We also write
ZY(E) :=ker(L,), BY(E) :=im(L,1),

so that
HYE)=Z%FE)/BYE).

We adopt the standard conventions

L, =0, Ly =0.
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Choose Riemannian metrics on the bundles £, and fix a strictly positive smooth

measure dp on X. Then for £,n € (X, E,) we have the L? inner product

€y = [ (€@ nta)s, dn
and so we get the Hilbert space
WYX, E,) = L*(X, E,).
From the adjoint theory developed earlier, each L, has an adjoint
Ly E(X, Eg1) — E(X, Ey).
For each degree ¢ =0, ..., N we define the ¢-th Laplacian by
Ayi=LiLy+ Ly 1Ly 2 E(X, Ey) — E(X, Ey).

This operator is self-adjoint by construction, and it has order 2k, being a sum of

compositions of operators of order k. The key fact is that A, is elliptic.
Fix (z,0) € T'(X) and write

A= o0y(L,)(2,0): Epw — Egi1a, B :=0,(Ly1)(x,0): Eye10p — Eya.

Then
oo (Ag)(z,0) = A*A+ BB”.

For any v € E,, we have
((A*A+ BB*)v,v) = || Av|* + || B*v|)*.

So if
(A*A+ BB*)v =0,

then
Av =0 and B*v = 0.

By exactness of the symbol sequence,
Av=0 = v €ker(4)=1im(B),
so v = Bw for some w € E,_; ;. Then
0 = B*v = B*Buw,
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and so

0 = (B*Bw,w) = (Bw, Bw) = ||Bw|?
which forces v = Bw = 0. Therefore o9;,(A,)(x, ) is injective, hence (in finite dimensions)
an isomorphism. So A, is indeed elliptic.

Remark 3.4.5. This also explains why the individual L, are usually not elliptic: in a
nontrivial complex, exactness forces their symbols to have nontrivial kernel and image, so
the differential cannot be pointwise invertible. The Laplacian is exactly the operator that

packages all this exactness of the symbol sequence into a single elliptic map.

It is convenient to put all degrees into one bundle. Set

E=FE, tXE=FXE) WI(XE=EPW(XE,)

If
=8 + - +&, n="mn +--+nn,
with &,,n, € £(X, E,), define

(57 77) = Z(ftp nq)q;

q=0
so that sections of different degree are orthogonal.
Now define operators on £(X, E) by

N N
LE=> L&,  L¢:=> L&,
q=0 q=0
still with the conventions L_; = Ly = 0. Then
L?=0, (L*)?=0,

and the total Laplacian is
A:=LL"+L"L.

Its restriction to £(X, E,) is exactly A,.
For each ¢ let
HIU(E) = ker(A,) C E(X, E,)

be the space of harmonic sections in degree ¢, and set

H(E) :=ker(A) = @S HUE).
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Let
II,: £(X, E,) = HY(E)

be the orthogonal projection, and write

Since each A, is self-adjoint and elliptic, by Theorem 3.3.28 we have a Green operator
G, E(X,E,) — E(X,E,)

for A,. The total Green operator is then

N
G = @Gq.
q=0
Then
AGH+II=GA+1I=1
on £(X,E).

Proposition 3.4.6. Let £ € £(X,E). Then
AE=0 <= L&=0and L*¢=0.

So
LIl =T1IL=L"TI =1IL* = 0.

Proof. If L& = 0 and L*¢ = 0, then clearly A = (LL* + L*L) = 0. For the converse, if
A& = 0, then

0= (A& &) = (LL*¢,&) + (L*LE, &) = | L7¢||* + || Lg]?,

so we must have L& = 0 and L*¢ = 0.
Now let £ € E(X,E). Since II€ € ker(A), the first part gives LI = 0 and L*II¢ = 0,
so LIT = 0 and L*II = 0. To see IIL = 0, take {,n € £(X,E). Since II is an orthogonal

projection, it is self-adjoint, and so
(T1LE, n) = (L&, 1n) = (&, L*1In) = 0.
So IILE = 0 for every &, hence IIL = 0. The proof of IIL* = 0 goes the same way. ]
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Theorem 3.4.7 (Hodge theorem for an elliptic complex). Let

L1 LN

0— E(X, Ey) =% E(X, Fy) 25 -« 25 8(X, Ey) — 0

be an elliptic complex. Then for each ¢ =0,..., N:
(a) the space H?(F) is finite-dimensional;

(b) there is an orthogonal decomposition
E(X, Eq) =HI(E) & Ly (8(Xv Eq—1)> b L; (g(X, Eq-i-l));

(c) the map
HI(E) — HY(E),  §— ],

is an isomorphism.

Proof. Since each A, is self-adjoint and elliptic, Theorem 3.3.28 applied to A, tells us
that H?(E) = ker(A,) is finite-dimensional. This proves (a).

For (b), let £ € (X, E,). From A,G, +1I, = I we get { = I1,¢€ + A,G,¢. Expanding
A

Q>

§ =1+ LyL,Gyé + Ly 1Ly (GE,

or more explicitly

5 - qu + Lq—l(LZ—leg) + LZ(Lquf) :
~ — N
EHI(E) €im(Lq—1) €im(Ly)

So
E(X, Ey) = HI(E) +im(Ly_1) + im(L7).

The sum is orthogonal: by Proposition 3.4.6, every £ € H(FE) satisfies L{ = 0 and L*¢ = 0,
hence

HI(E) Lim(L,—1), HI(E) Lim(Ly).
Moreover, if { = L, 1¢ € im(L,—1) and n = L;7 € im(L}), then
(57 7]) = (LQ71C7 LZT> = (Lqu71C7 7-) = 07

since the sequence is a complex. So the decomposition really is orthogonal.
For (c), define
o: ZUFE) — HUE), Q&) :=11,€.
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If £ € HY(E), then by Proposition 3.4.6 L, & = 0, so £ € Z9(E) and ®(§) = II,§ = &
Hence @ is surjective.
It remains to identify the kernel of ®. Let £ € Z9(E) and assume ®(§) = 0, i.e.
11,6 = 0. Using (b),
§=Lg 1Ly, 1Go€+ LyLGy€.

Since € € Z9(E), we have L, = 0. Furthermore LG = GL on the total space, so in degree
q, LyGy§ = Gy1Ly§ = 0. Therefore Lj L,G,§ = 0, and so

§=Lg1L; 1Ge€ € im(Ly1) = BY(E).

Hence ker(®) C BY(E).

For the other direction, if £ € BY(E), then £ = L,_( for some ¢ € £(X, E,—1). Since
Proposition 3.4.6 gives IIL = 0, we get ®(¢) = II,(L,—1¢) = 0. So BY(E) C ker(®), hence
ker(®) = BY(E).

By the first isomorphism theorem, Z9(E)/ ker(®) = im(®). Since ker(®) = BI(E) and
im(®) = HY(E), we get

HY(E) = Z*(E)/BI(E) = H(E),
which is exactly the desired isomorphism. O]

Remark 3.4.8. The real content of the theorem is that cohomology can be represented
by an honest finite-dimensional space of sections. Once a metric is fixed, every cohomology

class has a unique harmonic representative.
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Chapter 4

The de Rham case

Probably the most important example of Hodge theory, and historically the first one, is
the de Rham complex. Here the abstract machinery becomes very concrete. The setup
is as follows. We take a compact, oriented, boundaryless Riemannian manifold X. The

bundles of the elliptic complex are
AT X,

the smooth sections are the differential k-forms
(X)),
and the differential operator between consecutive bundles is the exterior derivative
d: QF(X) = QFH(X).

The de Rham complex is a special case of an elliptic complex, which we prove below.
To define the Laplacian we first need the adjoint of d, and for that we need the Hodge

*x-operator.

4.1 The Hodge *x-operator

Let V be a d-dimensional oriented real vector space with an inner product (-,-), and let
A*V be its exterior algebra. For each degree p, the space APV inherits an inner product

from the one on V, given by

(V1 A= Ay, wyp A== Awy) = det((v;, wy)),
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extended uniquely by bilinearity to all of APV

If eq,...,e4 is a positive orthonormal basis of V', then the elements
e, N+ Nej, 1 <4 <--- < < d,

form an orthonormal basis of APV

The Hodge *-operator is the linear map
x: APV — APV (0< p<d)

defined on basis elements by

*(61'1 /\--~/\eip) = €j /\‘~~/\ejd7p,

where 41,...,1,, and ji,..., j4—p are complementary multiindices such that
eil/\---/\eip/\ejl/\---/\ejd_p =e1 N+ Neg.

We then extend x linearly to all of APV,

Equivalently, * is characterized by the condition
a A x8 = (a, ) vol, a, 5 € NPV,

where
vol :=e; A -+~ ANey
is the volume element coming from the chosen orientation.

Remark 4.1.1. Intuitively, * sends a p-vector to the complementary (d — p)-vector one

needs to fill out the whole oriented volume.

This is easy to see: the construction does not depend on which positive orthonormal
basis of V' we choose, since any two such bases differ by an orthogonal transformation of
determinant 1.

In particular,

(1) =eg A+ Aeg, x(eg Ao Neg) = 1.

A few basic properties of the x-operator are collected below.

Proposition 4.1.2. 1)
sk = (—1)PU4=P APV APV
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2)
(v, w) = x(v A *xw) = x(w A *v), v,w e APV.
3)
a A xf = {(a, ) vol, a, e APV.
4) Let vq,...,v4 be an arbitrary positive basis of V. Then
1

W= et o)

Proof. (Sketch). For (1), one checks the formula on basis elements: applying * twice gives

v A A vg.

the original basis vector, and the sign comes from the transpositions needed to restore
the order. For (2), it is enough to check on orthonormal basis elements of APV If v # w,
both sides are zero; if v = w, then v A xv = vol, so applying * gives 1.

For (3), write a = ZII\:p arer and 3 = le\:p brer. Then

a x5 = Z arbr vol = (a, ) vol.

[I|=p

For (4), if ey, ..., eq is a positive orthonormal basis, then
Vi A ANug = y/det((v;,v;)) er A=+ Aeg,

which gives the formula. m

Let X now be an oriented Riemannian manifold of dimension d. Since X is oriented,
each tangent space T, X, and hence each cotangent space 777X, carries a chosen orienta-
tion. The Riemannian metric induces an inner product on each 777X as follows.

Let € X. The metric
g T X xT, X - R

defines a linear map
be: ToX = TFX,  be(X) = X" = g.(X, ).
Since g, is nondegenerate, b, is an isomorphism. We denote its inverse by
o =b 1 THX — T, X.
So for every a € T* X there is a unique vector of € T, X with
a = g.(af, ).
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We define an inner product on 77 X by
(0 Bgs = a0, B), . feETIX.
Equivalently, if & = X” and 5 = Y?, then
<0475>g; = gz(X, Y)-

So the metric g on T'X induces a metric g* on T*X.
This inner product then extends in the usual way to each exterior power APT7¥X: on

decomposable elements one sets

{ar Ao Aoy, B A+ A 6p>g; = det({a, Bj)g:),

and extends by bilinearity:.
So at each point x € X we get a Hodge *-operator

. AP(TFX) — AP(TFX),
and these fit together smoothly into an operator
x: P(X) — QUP(X).

Remark 4.1.3. Pointwise, * turns a p-form into the complementary (d — p)-form that

fills out the local volume.

If the metric is given locally by

g= Zgij de' @ da?,
,J

then the induced inner product on 7% X corresponds to the inverse matrix
(97) = (gi) 7"

By Proposition 4.1.2 4), in local positively oriented coordinates

(1) = \/det(gy;) dx* A -+ A da®.

This is called the volume form of the metric, denoted

In particular,



Remark 4.1.4. A short reminder on integration: the integral of differential forms is built
from the usual integration on R?. If w € Q4(X) is a compactly supported top-degree form

and (U, ¢) is a positively oriented chart, then on U we can write
w= fde* A Ada?,

and define its local integral by

/w::/ foop tdat-- dx?.
U e(U)

By the change-of-variables formula this does not depend on the chosen positively oriented
chart. For a general compactly supported d-form one picks a partition of unity subordinate
to an oriented atlas and adds up the local integrals. This gives a well-defined integral of
compactly supported top forms on an oriented manifold. If X is compact, then every

smooth d-form is automatically compactly supported, hence integrable.

For a, 3 € QP(X) we define the L?-inner product by
(o, B) 2 = (o, B) := / (a, B) vol, = / a A xf,
X X
where the second equality is Proposition 4.1.2 3). The induced norm is
iz = [l := (e, @)'/2.
As in Chapter 3, we can also consider the Sobolev spaces
We(X, APT*X),

that is, the Sobolev spaces of differential p-forms. They are defined exactly as before: pick
local trivializations of APT*X, pass to RV-valued functions on R? in local coordinates,
give these the usual Sobolev norms, and patch the local pieces together with a partition of

unity. The L%inner product above then extends to the corresponding L?-space of forms.

4.2 The Laplace—Beltrami operator

From now on X is compact, so we no longer need to restrict to compactly supported
forms. With the inner product and the Hodge x-operator at hand, we can define the

codifferential.
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Definition 4.2.1. The codifferential
d*: P(X) — P (X)
is the operator formally adjoint to d with respect to (-,-). This means

(de, B) = (v, d*F)

for all « € P~1(X) and 8 € QP(X).
Remark 4.2.2. If d measures the exact part of a form, then d* is its natural counterpart

for the L?-inner product, picking up the coexact part.

Proposition 4.2.3. On QP(X), the codifferential is
d* = (_1>d(p+1)+1 xdx .

Proof. For a € QP71(X) and 8 € QP(X), Stokes’ theorem gives

o:/Xd(aA*ﬁ):/Xda/\*ﬁﬂ—l)f’—l/oz/\d(*ﬁ)

X

= / da A\ x + (—1)p’1(—1)(p’1)(d’p“) / a A x(xd x 3)
X X
= (da, B) + (=)D (q, xd % f3).
Thus (da, B) = (—1)™ P+, xd x ), so d* = (—1)4PFDFL  dx, O

Now that we have the differential operator between the bundles together with its formal

adjoint, we can define the Laplacian for the de Rham complex, exactly as in Chapter 3.

Definition 4.2.4. The Laplace—Beltrami operator on QP(X) is
A = dd* + d"d: P(X) — QP(X).

For the theory of Chapter 3 to apply, we need to know that A is formally self-adjoint
and elliptic. We will check shortly that the de Rham complex is elliptic, after which all

the decomposition and isomorphism theorems of the abstract theory apply here.

Proposition 4.2.5. A is (formally) self-adjoint, i.e.
(Aa, B) = (o, AB)
for all a, 5 € QP(X).
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Proof.

(A, B) = ((dd* + d*d)a, B) = (dd*a, B) + (d*da, B)
= (d*a, d*B) + (da, dB) = (a, dd*B) + (a, d*dB) = (v, AB).

Remark 4.2.6. The same property holds as in Chapter 3:
Aa=0 <= da=0and da=0.
Proposition 4.2.7. A commutes with %, i.e. *xA = Ax
Proof. Using the formula for d*, one checks on QP(X) that
xd* = (—1)Pdx, xd = (—1)PTd* x.
Therefore, for a € QP(X),

*Aa = xdd* o + *d*do
= (-1)!d* * d*a + (—=1)""'d * da
=ddva+dd" *a=Ax*qa.

Lemma 4.2.8. The principal symbol of d: QP(X) — QPT(X) is

o1 (d)(x, &) = EN: NPTFX — APPITFX (z,€) € T'(X).
1

Proof. Pick local coordinates (z!,...,z%) near x, and let e = Z“‘:p ardx’ be a local

p-form. Then

d
de = Z da; A dz' = Z Zﬁj(af) da? A da’.

1= 11=p =1
So locally we can write d = ijl e(da?) 9, where e(da?)(n) := dz? An. Then for § =

o (d)(z, &) = Zgj e(da?) = ¢ (Z 3 d:ﬁ) = £(8),

and so o1(d)(z,&)e =& Ne. O
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Proposition 4.2.9. A is elliptic.

Proof. We already know d € Diff; (APT* X, AP*1T* X)), and d* = (—1)*PTD+Lxdx. Since * is
a bundle isomorphism, it is a zero-order differential operator, hence d* € Diff; (APT* X, AP~1T*X).
Therefore A = dd* + d*d € Diffo(APT* X, APT*X).

Fix (z,€) € T'(X). By Lemma 4.2.8, 01(d)(x,£) = A as a map APTFX — APHITIX.
By Proposition 3.2.13, oy(d*)(z,&) = o1(d)(z,£)* = (EA)*. Let & € T, X be the metric
dual of &, so that (¢,n) = n(&*) for all n € T7X. Then (EA)* = 1g, since for any 7 €
APITX and e € APTFX,

(€ Am,e) = (n,igee).

Using the composition rule for symbols,
02(A)(x,€) = (EN)tet + 1ex(EN).
For every e € APT* X,
tg(ENe) +ENge =E(E)e = ¢
So oa(A)(, §) = || idarrs x. Since € # 0, this is an isomorphism, and so A is elliptic. [

Remark 4.2.10. Of course, once we know the de Rham complex is elliptic, ellipticity of
the Laplace-Beltrami operator already follows from the general argument in Chapter 3

for elliptic complexes. Indeed, for fixed (z,&) € T'(X) the symbol sequence
AP X D ArTe X D AP X

is exact, and Chapter 3 shows that exactness of this sequence forces the corresponding

symbol Laplacian
(EA)T(EN) + (EN)(EN)”
to be an isomorphism, which is exactly the principal symbol of A. We included the direct

computation above only to make the de Rham case explicit.

4.3 The Hodge Theorem on the de Rham Complex

The de Rham complex is the cochain complex of differential forms on our smooth, com-

pact, boundaryless Riemannian manifold X:
0— QX)L (X)L L lx) —o.
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This is a complex in the sense of Definition 3.4.1, since
dod=0.

It is also an elliptic complex in the sense of Definition 3.4.2. Indeed, by Lemma 4.2.8,
for each (z,&) € T'(X) the symbol sequence is

0 — AT X L AT X S8 S AITE Y s 0,

It remains to check that this sequence is exact.
Fix (z,&) € T'(X), so £ # 0. Choose v € T, X with

and let ¢, denote contraction by v. For every av € APT¥ X we then have

w(ENa)+EN (L) = o

If now
a € ker(oq(d)(z,€)),
then
ENa=0,
and so
a=EN (La).
This gives

ker (o1 (d)(,€)) C im(oy(d)(z,€)).

The reverse inclusion is clear: for any 5 we have

ENENB)=0.

So
ker (o (d)(x,€)) = im(o1(d)(x,£))
in every degree, hence the symbol sequence is exact, and the de Rham complex really is
an elliptic complex.
We denote the kernel of A on p-forms by H?(X) = H? := {w € QP(X) : Aw = 0}, as

in Chapter 3, and elements of H? are called harmonic p-forms.
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We also denote the g-th de Rham cohomology group by

ker(d: Q9(X) — QI X))

) = = a1 () = (X))

and we write Z7 = ker(d: QI(X) — QITY(X)) for the closed p-forms, and BY :=
im(d: Q91(X) — Q4(X)) for the exact p-forms, so that

HY = Z%/BY,

Roughly speaking, de Rham cohomology measures which closed forms cannot be writ-
ten globally as exact forms. Since d o d = 0, every exact form is automatically closed; the
converse need not hold. And this failure is not a local matter: locally, closed forms are
always exact. What cohomology really sees is the global obstruction, and that is why it
carries topological information about the manifold. Concretely, it detects nontrivial cy-
cles (loops, surfaces, and their higher-dimensional analogues): a closed form can fail to be
exact precisely because it has nonzero periods over such cycles.

We can now state the two main theorems for the de Rham complex, whose proofs were

already given in Chapter 3.
Theorem 4.3.1. Hodge Decomposition Theorem. For each integer p with 0 < p < d, H?

is finite-dimensional, and we have the following orthogonal direct sum decompositions
of the space QP(X):

P(X)=AQ(X)) @ HP
=dd (WP (X)) & d*d(Q(X)) & HP
=d(Q"H(X)) @ d" (X)) & H.
So the equation Aw = 7 has a solution w € QP(X) if and only if the p-form 7 is orthogonal
to the space of harmonic p-forms.

Theorem 4.3.2. Hodge Isomorphism Theorem.
HI= HI(X) Vg=1,---,d

Meaning that each de Rham cohomology class on a compact oriented Riemannian manifold

X contains a unique harmonic representative.

In the de Rham setting the general theory takes a particularly concrete shape. By

definition H?(X) is a quotient of closed forms by exact forms, so a priori no class has a
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preferred representative. Hodge theory changes this: once a Riemannian metric is fixed,
every class contains a unique harmonic representative. So the geometry of X does not
change the cohomology itself, but it singles out a canonical form inside each cohomology
class. Together with the de Rham theorem, this means that topological information about
the manifold can be read off from the kernel of the Laplacian. That is what makes the
de Rham case so useful: an abstract quotient space gets replaced by a concrete finite-

dimensional space of differential forms.
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Chapter 5
Examples

The point of this final chapter is to make the de Rham case of Hodge theory more concrete,
through three examples.

The first starts from an explicit closed 2-form on R?\ {0}. It shows how a cohomology
class can be detected by a period, and how the Hodge theorem then replaces that class
by its unique harmonic representative on the compact manifold S2.

The second is the flat torus 7. Here the metric is simple enough that the Hodge star,
the codifferential, the harmonic forms and the Hodge decomposition can all be computed
by hand.

The third shows how Hodge theory can be used in physics, in particular in electromag-

netism.

5.1 Flux, cohomology, and the sphere

Counsider the 2-form
1
n= F (z1dws A das + o dog A doy + x3dry A das)
x

on R*\ {0}. Up to a constant this is the flux form of the radial field of a point charge
sitting at the origin.

A direct computation gives
dn =10 on R*\ {0}.

So 7 is closed away from the origin. The point is that it is still not exact, and the obstruc-

tion is detected by its flux through a sphere around the missing point.

42



Let S% C R? be the sphere of radius R centred at the origin. If 0 < R; < Ry, put
A={z eR®: R <|z| < Ry}.

Then
0A = 512%2 L (—512%1).

Since dn = 0 on A, Stokes’ theorem gives

/ n—/ n:/dn:().
S3, 3, A

So the total flux through a sphere around the origin does not depend on the radius.

To compute this flux it is enough to restrict n to the unit sphere S? = S2. Let
12 8% — R\ {0}

be the inclusion, and set
a = 1'n € Q*(S?).

If v € S? and u,v € 1,52, then
az(u,v) = det(x, u,v).

On the unit sphere the vector x is the outward unit normal, so this is exactly the oriented
area form,

a = volgz,

/ a:/ volgz = 4.
52 52

In particular « is not exact. If we had o = df3, then Stokes’ theorem on the closed

[ = [Lar=0

contradicting the computation above. So « defines a nontrivial cohomology class

and therefore

manifold S? would give

[a] € H*(S?).

Now equip S? with the round metric. Since S? is compact, oriented and Riemannian,
the Hodge theorem applies, and the class [o] € H?(S?) contains a unique harmonic

representative.
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e @@V | o [a=racoi®) poiod [ 0=
S2

dn = 0 a = volg [a] # 0

A

represents

Hodge theorem

he s |
h = volg J‘

Figure 5.1: Structure of the flux example. The closed form 7 restricts to the area form
on 52, its nonzero period gives a nontrivial cohomology class, and the Hodge theorem

identifies the unique harmonic representative.

We can identify this representative explicitly. On an oriented Riemannian surface every

2-form has the form
f VOISQ

for a unique smooth function f, and such a form is harmonic if and only if f is constant.
Thus
H?(S?) = Rvolg.

So the harmonic representative of [« must be
h = cvolge

for some constant c. Since h and « are cohomologous, their integrals over S? agree:

/ h :/ o = 4m.
52 52
/ volgz = 4m,
52

h = V0152.

But

so ¢ = 1, and therefore

So this example shows the Hodge theorem very concretely:
[a] € H*(S?) — volge € H?(S?).

The cohomology class is first detected by a period, and then Hodge theory picks out its

canonical harmonic representative.
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5.2 The flat torus
Let us look at the flat torus
T° =R?*/7.
Write (z, %) for the standard coordinates on R?, taken modulo Z?, and equip 72 with the

flat metric

g = dz* + dy*.

We orient T2 by
volrz = dx A dy.

Then the Hodge star acts as
x1 = dx A dy, xdr = dy, xdy = —du, x(dx A dy) = 1.
The two basic cycles are the horizontal and vertical loops
() = (t,0), () =(0,4), 0<t<L

The globally defined 1-forms dx and dy satisfy

/d:vzl, /dy:O,
Yx Yz
/da::O, /dyzl.
gt gt

Yy Yy

So dx and dy are dual, in a natural sense, to the two fundamental directions of the torus.

and

7% =101/~

Yy /dmzl, /dy:()
Yz Yz
Ve
/dx:(), /dyzl
Y Ty

Y

HY(T?) = span{dz, dy}

S J

Figure 5.2: The flat torus as a square with opposite sides identified. The harmonic 1-forms

dx and dy are dual to the two basic cycles.

Now let us compute the harmonic forms explicitly.
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We start with functions. If f € C*°(T?), then

df = fodx+ f,dy.

Using the formula for x above,

*df = fa: dy - fy d(L’,

and so

dxdf = (faz + fyy) dx A dy.

On functions A = d*d, and d* = — * d* on 1-forms in dimension 2, so

Af = _(fmc + fyy)'

If Af =0, then integration by parts on the compact manifold 72 gives

0=(Af f) = lldf|I*,

hence df = 0, so f is constant. Thus

HO(T?) = R.
Now let
w=Pdr+Qdy € Q' (T?).
Then
dw = (Qy — P,) dz A dy.
Also

xw= Pdy — Qdx,

S0
d+xw= (P, + Q) dz Ady,

and therefore
d'w=—xdxw=—(P,+Q,).

By the general identity

Aw=0 <= dw=0 and d'w=0,
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a harmonic 1-form must satisfy
Q. — P, =0, P, +Q,=0.
These two equations imply
P+ Py =0,  Quu+Qy=0.
Indeed, from P, = @), and P, = —Q, we get
Pra + By = —(Qy)s + (Qz)y =0,

and likewise for Q. Since T2 is compact, the same integration by parts argument as above

shows that P and () must be constant. Hence
HY(T?) = span{dz, dy}.
Finally, every 2-form has the form
T=Fdx Ady.
It is automatically closed, and
d*T=—xdx71=—xdF.
So 7 is harmonic iff dF = 0, i.e. F' is constant. Therefore
HA(T?) = R (dx A dy).
So by the Hodge isomorphism theorem,
HOT) 2R, Hi(T?) = spanf{de,dy},  Hig(T?) = R (dv A dy).

In other words, on the flat torus the cohomology classes are represented by the explicit
harmonic forms
1, dx, dy, dx N dy.

We can also describe the Hodge decomposition of 1-forms directly. Since every 2-form

has the form gdx A dy, we have
d*(gdz N dy) = — x dg,
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and so the Hodge decomposition for 1-forms reads
QY T?) = dQ°(T?) @ d*Q*(T?) @ HY (T?),

or more explicitly

w=df —xdg+ adzr + bdy.

Here df is the exact part, — x dg the coexact part, and a dx + bdy the harmonic part.

The harmonic projection is especially simple to write down. If
w = Pdx+ Qdy,

then, since dr and dy are orthonormal harmonic 1-forms and Vol(T?) = 1, the harmonic

[Myw = (/ onsz) dx + ( Qvosz) dy.
T2 T2

So the harmonic part is just the average coefficient of dxr and the average coefficient of
dy.

For instance, let

part of w is

1 1
f= Py sin(2mz), 9=5- sin(27x).

Then
df = cos(2mz) dx,

and
d*(gdx N dy) = — x dg = — cos(2mz) dy.

So the 1-form
w = (2 + cos(2mx)) dx + (—1 — cos(2mx)) dy

has the explicit Hodge decomposition

w=df +d*(gdx ANdy) + 2dx — dy,

with harmonic part
2dx — dy.

If w is closed, then the coexact part drops out of its cohomology class. More precisely,

the Hodge theorem says a closed 1-form has the form
w=df +adx+ bdy,
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and its unique harmonic representative is
adr + bdy.

The constants a and b are the periods along the two basic cycles:

a:/w, b:/w.
Yx Y

Y

So the flat torus is a completely explicit model of the general theory. The kernel of
the Laplacian is
HY(T?) = span{dx, dy},

and every 1-form splits uniquely into an exact, a coexact and a harmonic part:
w=df —x*dg+adr+bdy.

The harmonic term is exactly the part that represents the de Rham cohomology class.

5.3 A schematic physical example: Maxwell’s equations

Finally we explain, in a schematic way, how the language of differential forms and Hodge
theory shows up in one of the simplest gauge-theoretic examples, namely Maxwell’s equa-
tions. The example should be read as a compact Riemannian model of the usual physical
theory. Actual spacetime in physics is Lorentzian and usually noncompact, but here we
stay in the setting of compact oriented Riemannian manifolds.

From elementary vector calculus we know that the electromagnetic field is described
by an electric field F and a magnetic field B. A charged particle of charge ¢ and velocity
v feels the Lorentz force

q(E+v x B).

The electric field is the part of the electromagnetic field that already acts on a stationary
charge, while the magnetic field is the part that acts on moving charges. In vacuum,

meaning no charges and no currents, Maxwell’s equations are

0B
-B=0 E+—=0
\Y% , V x +(‘3t ,

and OE
V-E=0, VxB—-—=0.

ot
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This formulation depends heavily on splitting spacetime into time and three-dimensional
space. Differential forms give a coordinate-free way to combine F and B into a single
geometric object.

The electromagnetic field strength is a 2-form
F e Q*(M)

on spacetime. This is natural for two related reasons. First, magnetic flux is measured
through surfaces, and 2-forms are exactly the objects that can be integrated over oriented
surfaces. Second, from the gauge-theoretic viewpoint the electromagnetic field is a curva-
ture, and curvature is naturally a 2-form: it measures the infinitesimal holonomy around
small loops, or equivalently around small oriented 2-dimensional surface pieces.

Locally, if spacetime is written as R, x Y, one can decompose the electromagnetic
2-form schematically as

F=dtNFE+ B,

where E now appears as a spatial 1-form and B as a spatial 2-form. The time-space part
of F' carries the electric field and the space-space part the magnetic field, so the single
2-form F' packages the usual electric and magnetic fields into one invariant object.

The more geometric formulation is the following. Electromagnetism is a U(1)-gauge
theory. Instead of starting from a globally defined 1-form potential, one starts with a
principal U(1)-bundle

P— M

or equivalently with a Hermitian complex line bundle. A connection on this bundle tells
us how to compare phases of charged fields at nearby points. After choosing a local

trivialization, the connection is represented by a 1-form
AeQYU)

on an open set U C M. This local 1-form is the electromagnetic potential.
The potential A is not gauge-invariant. Changing the local trivialization changes A by

a gauge transformation, locally of the form
A A+dy
up to the usual sign convention. The curvature
Fy=dA,
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on the other hand, does not change under this transformation, since d?>y = 0. More
precisely, F4 is a globally defined 2-form on M, and it is the physical electromagnetic
field strength. So the potential is a gauge-dependent description, but the curvature is the
gauge-invariant field.

For U(1) the curvature formula is especially simple, because U(1) is abelian. For a

general gauge group one has

Fp=dA+ANA,

but in the abelian U(1)-case the second term drops out, and locally
Fy =dA.

This is the simplest instance of the general curvature construction in gauge theory.

In differential-form notation the source-free Maxwell equations are
dF'y =0, dxFy = 0.
Equivalently, in Riemannian notation,
dF, =0, d"Fy=0.

The first equation is the abelian Bianchi identity, expressing that F4 is a curvature: locally
it is just
dFy = d(dA) = 0.

The second is the actual vacuum field equation. It uses the Hodge star, so it depends on
the metric, and this is why the energy of a field depends on lengths, angles and volume.
Now we move to the setting of this thesis. Let X be a compact oriented Riemannian

4-manifold, and consider a source-free U(1)-field on X. Its curvature is a 2-form
Fy € Q*(X),
and the vacuum Maxwell equations become
dFy =0, d'Fy =0.

So F4 is a harmonic 2-form:
Fy € H*(X).
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Conversely, every harmonic 2-form satisfies the source-free Maxwell equations. So in this

compact Riemannian model we have
{vacuum Maxwell fields} = H*(X).

By the Hodge theorem,
H2(X) = H25(X).

So the space of source-free Maxwell fields is finite-dimensional and is controlled by the
second de Rham cohomology of X. In particular, every cohomology class in Hig(X) has
a unique harmonic representative, and this representative is exactly the corresponding
vacuum field in the Riemannian Maxwell model.

The Hodge decomposition makes this even more explicit. For 2-forms one has the

orthogonal decomposition
Q*(X) = HA(X) @ d(X) @ d*QP(X).
So an arbitrary 2-form splits into a harmonic, an exact and a coexact part. The equations
dF =0, d'F =0

force exactly the exact and coexact contributions to vanish, leaving only the harmonic
component. In this sense the Maxwell equations project the field strength onto its Hodge-
theoretic part.

There is also an energetic interpretation. The Riemannian Maxwell functional is

1 1
S(F) = 5/XFA «F = §||F||§2.

Inside a fixed de Rham cohomology class, the harmonic representative is the unique rep-
resentative of minimal L?-norm. So in this compact Riemannian source-free model, the
Maxwell equation picks out the energy-minimizing field strength in each cohomology class.

One should be a little careful about writing F' = dA globally. If A were a globally
defined 1-form on X, then F' = dA would be exact, and on a compact manifold without
boundary an exact harmonic form must be zero. So nonzero harmonic Maxwell fields go
together either with nontrivial cohomology classes or, geometrically, with connections that
are only described locally by potentials. This is one reason why the connection viewpoint

is more natural than treating the electromagnetic potential as just a global 1-form.
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In dimension four there is one further special feature. The Hodge star maps 2-forms

to 2-forms,

£ 2(X) — Q*(X),

and one has the decomposition
Q*(X) =02 (X) @ Q2 (X)
into self-dual and anti-self-dual 2-forms. If F' is closed and self-dual, then
dFF =0 = d«F=dF =0,

so F' automatically satisfies the source-free Maxwell equations, and the same is true, with
the obvious sign change, for anti-self-dual closed forms. This is one of the basic links
between Hodge theory, four-dimensional geometry and gauge theory.

Finally, Maxwell theory can be viewed as the abelian U(1)-case of Yang-Mills theory.

For a general Lie group the curvature is no longer just dA but
Fo=dA+ANA,
and the vacuum field equation becomes the Yang—Mills equation
dyFa=0.

So the example above is the simplest model in which the main geometric objects of gauge
theory already appear: a connection, its curvature, the Bianchi identity, the Hodge star,

and the harmonicity equation.

Remark 5.3.1. For an actual U(1)-bundle there is a further topological integrality con-
dition. Up to the conventional factor of 27 and, depending on conventions, a factor of 7,
the curvature class determines the first Chern class:

c1(P) = {Q} € H*(X;7Z).

2T

This refinement is not needed for the basic Hodge-theoretic point, but it explains why
nontrivial U(1)-bundles naturally give closed curvature forms that need not be globally

exact.
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Conclusion

In this thesis we built up the basic analytic framework behind Hodge theory on a compact
differentiable Riemannian manifold. Starting from Sobolev spaces, differential operators,
symbols, pseudodifferential operators and elliptic regularity, we arrived at the Hodge de-
composition and the Hodge theorem, first for elliptic operators, then for elliptic complexes,
and finally for the de Rham complex. In the de Rham case the general theory becomes
especially concrete: a cohomology class, which by definition is a quotient of closed forms
by exact forms, gets represented by a unique harmonic form.

This is the main point of Hodge theory. On the one hand de Rham cohomology is
topological in nature; on the other hand harmonic forms are defined through the metric
and the Laplacian, so they come from analysis and geometry. The Hodge theorem says that
on a compact oriented Riemannian manifold these two pictures match up perfectly, and
in this way topological information can be studied through elliptic differential equations.

There are several natural directions in which the theory can be pushed further. One
is the complex case. On a complex manifold one replaces the de Rham complex by the 0-
complex, and the corresponding cohomology gives Dolbeault theory. On Kéhler manifolds
the picture gets much richer: the de Rham, Dolbeault and Laplace theories interact, and
one obtains finer decompositions and symmetries. This is one of the main reasons why
Hodge theory plays such an important role in complex geometry.

There is also a more algebraic side. In algebraic geometry, Hodge theory is related to
sheaf cohomology, coherent cohomology and, in a more advanced framework, to schemes
and algebraic de Rham cohomology. From this point of view one studies not only dif-
ferential forms on manifolds, but also how cohomological invariants behave in algebraic
families, and how analytic and algebraic descriptions of a space compare. This goes far
beyond the classical de Rham setting, but the basic idea is the same: cohomology is made
more concrete by introducing distinguished representatives and extra structure.

Another important direction is the noncompact case. Compactness was used through-
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out this thesis in an essential way: it is behind the Fredholm property, the finite-dimensionality
of the harmonic spaces, and the clean form of the Hodge decomposition. On noncompact
manifolds one usually has to impose extra conditions, such as growth or decay at infinity,
compact support, boundary conditions, or L?-integrability. This leads to variants such as
cohomology with compact support, L2-cohomology, and Hodge theory in weighted Sobolev
spaces. The statements become more delicate, but the same general principle remains.

This is also where the theory becomes useful in physics. As we saw briefly in the
Maxwell example, differential forms give a natural language for field equations, and har-
monic forms describe source-free fields. In gauge theory one goes further and studies
connections and their curvatures. For a connection A, the curvature F4 is a 2-form with
values in the relevant Lie algebra, and the Yang-Mills equations are conditions on this
curvature. In dimension 4, the Hodge *-operator acts on 2-forms in a very special way
and splits them into self-dual and anti-self-dual parts. This leads to the theory of in-
stantons: an SU(2)-instanton is, roughly speaking, an SU(2)-connection whose curvature
is self-dual (or anti-self-dual, depending on convention). Such connections automatically
solve the Yang-Mills equations, and they play a central role both in geometry and in
mathematical physics.

So although this thesis stayed in the compact differentiable Riemannian setting, the
ideas developed here are really only the beginning of a much larger picture. Hodge the-
ory sits at a meeting point of analysis, geometry, topology, complex geometry, algebraic
geometry and physics. The classical de Rham theory already shows the basic mechanism

very clearly, and from there many deeper directions open up.
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