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Introduction

The study of neurobiology began to develop rapidly at the beginning of the twentieth
century. One of the pioneering researchers of the field was Santiago Ramón y Cajal [7],
whose investigations provided some of the first detailed descriptions of neurons, the fun-
damental building blocks of the brain. Since then, neuroscience has undergone significant
development. Modern research has identified numerous brain regions and their associ-
ated functions on the macroscopic level, leading to a much deeper understanding of the
organization and operation of the nervous system [10].

In this thesis, we focus primarily on neurons and the dynamical behavior of neural net-
works. In Chapter 1, we introduce the fundamental biological and mathematical concepts
required for the later investigations. We discuss the structure of neurons, the connections
between them, and the basic principles of neuronal signal transmission. Furthermore, we
present mathematical neuron models based on differential equations and introduce the
simulation environment used throughout this work, the NEural Simulation Tool (NEST)
[9]. Particular attention is given to the leaky integrate-and-fire neuron model with α-
shaped postsynaptic currents, which serves as the basis for the simulations performed in
this thesis.

In Chapter 2, we investigate neural networks consisting of two interconnected neurons.
The main focus is on how synaptic weights influence the resulting firing behavior and under
what conditions continuous firing or more complex spike patterns emerge. In particular,
we analyze the appearance of double spike patterns and study the relationship between
synaptic strength and the stability of the generated firing sequences.

Finally, in Chapter 3, we extend the analysis to neural networks composed of three
neurons with different connectivity structures. We investigate how variations in network
architecture affect the resulting spike patterns and temporal dynamics of the system.
Special emphasis is placed on the emergence of periodic firing sequences and on the role
of symmetry and connectivity in determining the long-term behavior of the network.
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Chapter 1

Neuron modelling

In this chapter, we introduce the fundamental concepts of neuroscience, with a partic-
ular focus on neurons as the basic building blocks of the brain. We describe the main
components of an idealized neuron and discuss how its properties can be represented
mathematically. Furthermore, we present the simulation environment used throughout
this thesis, the NEural Simulation Tool (NEST), and introduce the specific neuron model
employed in our investigations, including its implementation in NEST.

1.1 Biological background

This section is based on the corresponding chapter of the book in [11]. Neurons are
the fundamental processing units of the central nervous system. In the brain, neurons
are organized into networks that perform specific functions, while these networks are
themselves interconnected to form larger and more complex systems. A small portion of
such a network is shown in Figure 1.1, which reproduces a drawing by Ramón y Cajal,
one of the pioneers of neuroscience at the turn of the twentieth century. [7] Figure 1.1
shows several neurons with triangular or circular cell bodies and long wire-like extensions.
This image provides only a small glimpse into the complexity of neuronal networks in
the cortex. In reality, a single cubic millimeter of cortical tissue contains more than 104

cell bodies and several kilometers of ’wires’. Although different regions of the brain may
exhibit distinct connectivity patterns, neurons remain the fundamental building blocks
throughout the nervous system.

The cortex contains not only neurons but also a large number of supporting cells,
known as glial cells. These cells play essential roles in energy supply, maintenance, and
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structural stabilization of brain tissue. Although glial cells are a crucial component of the
nervous system, they are generally not considered part of neuronal information processing
and therefore will not be discussed further in this thesis. In addition, there exist several
specialized neuron types that do not generate action potentials. Since the focus of this
thesis is on spiking neural networks, only spiking neurons will be considered.

Figure 1.1: The reproduction of a drawing by Ramón y Cajal depicts a group of neurons
in the mammalian cortex observed under a microscope. Only a subset of the neurons
present in the tissue is visible, since the staining technique used by Cajal does not reveal
every neuron. The dendrites extend laterally and upward from the cell body and can
be identified by their rough, highly branched appearance. In contrast, the axons extend
predominantly downward, with a few lateral branches, and can be distinguished by their
thinner and smoother structure.

1.1.1 Structure of a spiking neuron

A spiking neuron can be divided into three main parts: dendrites, soma and axon. A
schematic representation can be seen in Figure 1.2. In simple terms, the dendrites are the
’input device’ that collect incoming signals from other neurons and forward it to the soma.
Soma is the ’central processing unit’ that performs a processing step, which is nonlinear:
if the total input arriving at the soma exceeds a threshold, then an output signal will
be generated, which we will call spike emission. Then the axon the ’output device’ will
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deliver the output signal to other neurons.

Figure 1.2: Signal transmission from presynaptic neuron j to postsynaptic neuron i, where
the synapse is indicated by the dashed circle. The axonal branches in the lower-right corner
extend to other neurons. Figure reproduced from Figure 1.2 in [11].

1.1.2 Action potentials

A neuronal signal consists of a short electrical pulse that can be observed by placing a
fine electrode on, or near, the soma or axon of a neuron (Figure 1.2). This pulse, known
as an action potential or spike, typically has an amplitude of approximately 100mV and
a duration of about 1–2ms. A postsynaptic neuron usually receives only a fraction of
this signal, typically between 1 and 10mV, depending on the properties of the synapse
connecting the presynaptic and postsynaptic neurons.

The shape of an action potential remains essentially unchanged as it propagates along
the axon. A sequence of action potentials emitted by a single neuron is referred to as
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a spike train, that is, a series of events occurring at regular or irregular intervals, as
illustrated in Figure 1.3. Individual spikes generated by a given neuron type are generally
very similar in shape. Consequently, the waveform of the action potential itself is not
considered to carry information; rather, information is encoded in the number and timing
of the spikes.

Figure 1.3: Membrane potential recordings of the firing neuron aligned on the time of
maximum voltage. It’s showing little variability of the action potential shape. Data is
from this source. [8]

Action potentials are typically well separated within a spike train. Even under very
strong stimulation, it is impossible to excite a second spike during, or immediately after,
the generation of the first one. The minimum time interval between two consecutive spikes
is known as the absolute refractory period of the neuron. This period is followed by a phase
of relative refractoriness, during which the generation of an additional action potential is
more difficult, but still possible if the input is sufficiently strong.

1.1.3 Membrane potential and postsynaptic potentials

The effect of a spike on a postsynaptic neuron can be recorded using an intracellular
electrode, which measures the potential difference V (t) between the interior of the cell
and its surroundings. This potential difference is known as the membrane potential. In the
absence of external input, the membrane potential remains at a constant value denoted
by Vrest. Depending on the change induced in the membrane potential, synapses can be
classified into two categories. A synapse is called excitatory if it causes a positive change in
the membrane potential, whereas it is called inhibitory if the induced change is negative.

Using the notation introduced in Figure 1.2, let Vi(t) denote the membrane potential
of neuron i. Before the arrival of an input spike, Vi(t) = Vrest. Suppose that at time t = 0

the presynaptic neuron j emits a spike. For t > 0, the electrode records the response of
neuron i,
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Vi(t)− Vrest =: ϵij(t). (1.1)

The quantity on the right-hand side in Equation (1.1) is called the postsynaptic po-
tential (PSP). If the voltage difference Vi(t)− Vrest is positive, the response is referred to
as an excitatory postsynaptic potential (EPSP). Conversely, if the voltage difference is
negative, the response is called an inhibitory postsynaptic potential (IPSP).

A neuron receiving EPSPs emits a spike when the cumulative effect of these postsy-
naptic potentials increases the membrane potential sufficiently to reach a critical value
known as the spike threshold, denoted by Vth.

1.2 Integrate-and-Fire models

This section is based on the corresponding chapter in [12]. Neuronal dynamics can be
viewed as the combination of two fundamental mechanisms. The first is an integration
process that summarizes incoming inputs, while the second is a spike-generation mech-
anism that triggers action potentials when the membrane potential exceeds a critical
threshold, as discussed in Section 1.1. This critical voltage is called the spike threshold
and is denoted by Vth. Whenever the membrane potential V (t) reaches Vth from below,
the neuron emits a spike. The time at which this threshold crossing occurs is called the
firing time and is denoted by tf .

This model is based on the observation that action potentials generated by a given neu-
ron type have approximately the same shape. Consequently, the waveform itself does not
carry information; rather, information is encoded in the presence or absence of spikes and
in their timing. For this reason, action potentials can be represented as events occurring
at specific points in time.

Neuron models that describe action potentials as discrete events are known as Integrate-
and-Fire models. Such models do not attempt to reproduce the detailed shape of an action
potential. Instead, their dynamics are defined by two essential components: an equation
describing the evolution of the membrane potential V (t) and a mechanism for spike gen-
eration.
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1.2.1 Evolution of the membrane potential

Let V (t) denote the membrane potential of a neuron at time t. In the absence of input, the
membrane potential remains at its resting value Vrest. When an external current I(t) is
injected into the neuron, or when the neuron receives synaptic input from other neurons,
the membrane potential is displaced from its resting state.

To derive an equation relating the membrane potential deviation V (t) − Vrest to the
input current I(t), we use basic principles from electrical circuit theory. If a current I(t)

is injected into the neuron, the additional electrical charge q =
∫
I(t′) dt′ must be stored

somewhere. This charge accumulates on the cell membrane (Figure 1.4), causing it to
behave like a capacitor with capacitance Cm. Since the membrane is not a perfect insulator,
the stored charge gradually leaks through it over time. Consequently, the membrane can
also be characterized by a finite leak resistance R.

The basic electrical circuit underlying the leaky integrate-and-fire model consists of a
capacitor Cm connected in parallel with a resistor R, driven by an input current I(t), as
shown in Figure 1.4.

(a) Membrane schematic figure (b) Voltage and current plots

Figure 1.4: (a) Schematic representation of the electrical properties of the neuronal mem-
brane. (b) Evolution of the membrane potential in response to a step current injection.
Figure reproduced from Fig. 1.6 in [12].
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In order to analyze the circuit, we use the law of current conservation and split the
driving current into two components,

I(t) = IR + IC . (1.2)

The first component is the resistive current IR which passes through the linear resistor
R. It can be calculated from Ohm’s law as IR = VR/R where VR = V (t) − Vrest is the
voltage across the resistor. The second component IC charges the capacitor Cm. From the
definiton of the capacity as Cm = q/V (where q is the charge and V the voltage), we find
a capacitive current IC = dq

dt
= Cm

dV
dt

. Thus

I(t) =
V (t)− Vrest

R
+ Cm

dV

dt
. (1.3)

We multiply this by R and introduce the time constant τm = RCm of the ’leaky
integrator’. This yields the standard form

τm
dV

dt
= −[V (t)− Vrest] +RI(t) . (1.4)

We refer to V as the membrane potential and to τm as the membrane time constant
of the neuron.

1.2.2 Firing threshold

Firing time refers to the moment when a given neuron emits an action potential tf . The
firing time tf in the leaky integrate-and-fire model is defined by a theshold criterion

tf : V (tf ) = Vth . (1.5)

The form of the spike is not described explicitly. Rather, the firing time is noted and
immediately after tf the potential is reset to a new value Vreset < Vth,

lim
δ→0;δ>0

V (tf + δ) = Vrest . (1.6)

For t > tf the dynamics is again given by Equation (1.4) until the next threshold
crossing occurs.
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1.3 The neuron model in NEST

This section is based on the NEST documentation [5]. Throughout this thesis, we use the
leaky integrate-and-fire model with α-shaped postsynaptic currents. This model employs
a hard threshold mechanism, meaning that a spike is emitted immediately once the mem-
brane potential reaches the threshold value. Following spike emission, the neuron enters
a fixed refractory period during which the membrane potential remains constant. The
model does not incorporate any adaptation mechanisms, and synaptic interactions are
represented by α-shaped postsynaptic currents.

1.3.1 NEural Simulation Tool (NEST)

The NEural Simulation Tool (NEST) [9] is an open-source simulation software devel-
oped for the study of networks of spiking neurons. It provides an efficient framework
for constructing, simulating, and analyzing neural networks composed of biologically in-
spired neuron and synapse models. NEST includes a wide range of built-in neuron models,
synaptic mechanisms, and recording devices, making it a versatile tool for computational
neuroscience research.

The simulator numerically solves the differential equations governing the neuron mod-
els and handles spike transmission between neurons in an event-driven manner. This
enables the efficient simulation of large neural networks while maintaining the temporal
precision of spike events. NEST is primarily focused on the accurate simulation of neu-
ronal and network dynamics rather than the detailed morphology of individual neurons.
Throughout this thesis, NEST is used to implement and simulate the neuronal network
models under investigation.

The leaky integrate-and-fire model with α-shaped postsynaptic currents described
above is also implemented in NEST. In the following, we present the details of this im-
plementation and discuss the equations and mechanisms that govern its dynamics.

1.3.2 Membrane potential evolution, spike emission, and refrac-

toriness

The membrane potential of the neuron follows this equaiton

dVm

dt
= −Vm − Vrest

τm
+

Isyn + Ie
Cm

, (1.7)
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where Vm is the membrane potential of the neuron, Vrest is the resting membrane
potential of the neuron, Cm is the capacity of the membrane, τm is the membrane time
constant, Ie is a constant input current set as a model parameter and Isyn is specified
below. Equation (1.7) corresponds to the membrane potential equation derived in Sec-
tion 1.2.1. This form is obtained from Equation (1.4) by dividing both sides by τm and
applying the identity τm = RCm.

A spike emission happens, when the membrane potential Vm exceds the spike threshold
Vth. We denote the time of spike emission (firing time) with tf . A spike is emitted at time
step tf if

Vm(tf−1) < Vth and Vm(tf ) ≥ Vth ,

where tf−1 denotes the time step immediately preceding tf . After spike emission (firing)
the membrane potential will be constant

Vm(t) = Vreset during tf ≤ t < tf + tref ,

which is called the refractory period.

1.3.3 Synaptic input

We examine the behavior of the α-shaped post-synaptic current which is generated by
this neuron model after spike emission.

The synaptic input current has two components: an excitatory and inhibitory one

Isyn(t) = Isyn,ex(t) + Isyn,in(t) , (1.8)

where
Isyn,X(t)(t) =

∑
j

wj

∑
k

isyn,X(t−tkj−dj)
, (1.9)

where j indexes either excitatory (X = ex) or inhibitory(X = in) presynaptic neurons,
k indexes the spike times of neuron j, and dj is the delay from neuron j, which means
that from neuron j the synaptic input current will flow only after the given time dj. wj

is constant.
The individual post-synaptic currents (PSCs) are given by

isyn,X(t) = t′e1−t′ , (1.10)
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where t′ = t
τsyn,X

and while t ≥ 0. Functions of the form te1−t are referred to as α-
functions in neuroscience [6], like in the Equation (1.10). Consequently, this neuron model
exhibits α-shaped post-synaptic currents. The PSCs are normalized to unit maximum in
NEST, that is,

isyn,X(t = τsyn,X) = 1 .

This causes, that the total charge q transferred by a single PSC depends on the synaptic
time constant according to

q =

∫ ∞

0

isyn,X(t)dt = eτsyn,X .

1.3.4 Parameters

The following parameters (Table 1.1) can be specified in the status dictionary in NEST
during neuron creation. These parameters can also be modified after the neuron has been
created. We will use the default value for the most part of this thesis.

Parameter Default Math equivalent Description

V_rest −70 mV Vrest Resting membrane potential

C_m 250 pF Cm Capacity of the membrane

tau_m 10 ms τm Membrane time constant

t_ref 2 ms tref Duration of refractory period

V_th −55 mV Vth Spike threshold

V_reset −70 mV Vreset Reset potential of the membrane

tau_syn_ex 2 ms τsyn, ex Rise time of the excitatory synaptic alpha function

tau_syn_in 2 ms τsyn, in Rise time of the inhibitory synaptic alpha function

I_e 0 pA Ie Constant input current

V_min −∞ mV Vmin Absolute lower value for the membrane potential

Table 1.1: Parameters that can be set in the status dictionary.

The following state variables (Table 1.2) evolve during a simulation, and are available
either as neuron properties or as recordables. We will record membrane potential and
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excitatory synaptic input currents during this thesis, because there will be no inhibitory
synaptic input current.

State variable Initial value Math equivalent Description

V_m −70 mV Vm Membrane potential

I_syn_ex 0 pA Isyn, ex Excitatory synaptic input current

I_syn_in 0 pA Isyn, in Inhibitory synaptic input current

Table 1.2: State variables available as neuron properties during simulation.
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Chapter 2

Networks of 2 neurons

In this chapter we will focus on the architecture shown in Figure 2.1

A B

w1

w2

Figure 2.1: 2 neuron architecture

where both neurons are modelled by the before mentioned leaky integrate-and-fire
model with alpha-shaped input currents (1.10) with the standard parameters given by
NEST (Table 1.1) with the exception that the membrane potential of neuron A is set to
−54mV. Since the spike threshold is −55mV, this ensures that neuron A emits a spike at
the beginning of the simulation.. The incoming synaptic weights for neuron B and neuron
A are denoted by w1 and w2 respectively.

We begin by calculating the minimal synaptic weight required to induce firing in the
other neuron. Next, we investigate whether continuous firing between the two neurons is
possible without the application of external current. Finally, we examine the emergence
of double spike patterns, where one neuron fires twice before another neuron fires once,
and analyze the role of synaptic weight in their formation.
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2.1 Calculation of the synaptic weight

First we will calculate the minimal value of w1 that is enough to make neuron B fire after
the firing of neuron A. Neuron B’s membrane potential evolves according to equation

V ′
m = −Vm − Vrest

τm
+

Is + Ie
Cm

. (2.1)

Using the standard parameters given by NEST (Table 1.1), a voltage change of 15mV =

Vm − Vrest is enough to cause a spike in neuron B. We will solve this equation in terms of
the new variable

∆V = Vm − Vrest. (2.2)

We also assume that Ie = 0, then (2.1) takes the form

∆V ′ = −∆V

τm
+

Is
Cm

. (2.3)

Here the synaptic current Isyn is given as

Is(t) =
w1e

τs
te−

t
τs

)

and t > 0. Introducing K = w1e
Cmτs

in the differential equation. (2.3) reads as

∆V ′ +
∆V

τm
= Kte−

t
τs .

This is a y′(t) + py(t) = Q(t) form differential equation, where p = 1
τm

. The stan-
dard way of solving this kind of differential equation is that we multiply by e

t
τm . After

multiplication we get

∆V ′e
t

τm +
∆V

τm
e

t
τm = Kte−

t
τs e

t
τm .

This simplifies to

(∆V e
t

τm )′ = Kte
t

τm
− t

τs .

Let a = 1
τs
− 1

τm
and integrate both sides

∆V e
t

τm = K[− 1

a2
(at+ 1)e−at] + C.
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Finally, we arrive to the solution:

∆V (t) =
−K

a2
(1 + at)e−

t
τs + Ce−

t
τm . (2.4)

The initial condition ∆V (0) = 0 yields C as

C =
K

a2
.

Thus the solution of (2.1) can be given as

∆V (t) =
−K

a2
(1 + at)e−

t
τs +

K

a2
e−

t
τm . (2.5)

We impose the condition that the maximum of the function equals the difference
between the spike threshold and the resting membrane potential, i.e., 15mV. Under this
assumption, we first differentiate ∆V

∆V ′ =
K

a2
(−e−

t
τm

τm
+

e−
t
τs

τs
+ at

e−
t
τs

τs
− ae−

t
τs ).

The function can reach its maximum value at ∆V ′ = 0 . Using this and also using
that a = 1

τs
− 1

τm
, this simplifies to

eat = 1 + a
τm
τs

t.

Using the standard parameters of NEST(Table 1.1) τm
τs

= 5 leads to the equation

eat = 1 + 5at. (2.6)

We can solve this equation with a numerical solver, the bisection method yields tmax ≈
6.651 ms. Using this and also K = 5.44× 10−12w1, a = 400 in (2.5) we get

∆V (tmax) =
−K

a2
(1 + atmax)e

− tmax
τs +

K

a2
e−

tmax
τm ≈ 0.0130w1.

The condition ∆V (tmax) = 15mV yields

w1 ≈ 1153.846 .

Testing this result, we simulated with w1 = 1154 and w2 = 0. The result of which is
shown in Figure 2.2.
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(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 2.2: Simulation results for the two neuron model implemented in NEST with
weights w1 = 1154 and w2 = 0. The initial membrane potential of neuron A was set to
−54mV, and the simulation was run for 40ms. (All remaining parameters were set to the
default values provided by NEST, shown in Table 1.1.)

We can see in Figure 2.2 that with the synaptic weight w1 = 1154 neuron B will fire
once according to the NEST simulation, as we calculated analytically above.

We also tested whether neuron B would fire for the synaptic weight w1 = 1153. The
corresponding simulation results are shown in Figures 2.3 and 2.4.

As can be seen in Figure 2.4, the membrane potential does not reach the spike thresh-
old. Therefore, neuron B does not fire when the synaptic weight is set to w1 = 1153.

Figure 2.4: Zoomed-in view of Figure 2.3 showing how the maximum does not reach the
threshold
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(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 2.3: Simulation results for the two neuron model implemented in NEST with
weights w1 = 1153 and w2 = 0. The initial membrane potential of neuron A was set to
−54mV, and the simulation was run for 40ms. (All remaining parameters were set to the
default values provided by NEST, shown in Table 1.1.)

2.2 Continuous firing

First we create an architecture, where continuous firing occurs without any external cur-
rent, only by setting neuron A’s initial membrane potential higher than the spike thresh-
old. Using the synaptic weight 1154 as we calculated before for both w1 and w2, we get
these results after simulating for 150 milliseconds:

(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 2.5: Simulation results for the two neuron model implemented in NEST with
weights w1 = 1154 and w2 = 1154. The initial membrane potential of neuron A was set
to −54mV, and the simulation was run for 75ms. (All remaining parameters were set to
the default values provided by NEST, shown in Table 1.1.)

Figure 2.5 shows that continuous firing occurs with these conditions, and after the
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first few spikes the firing becomes periodic, so this configuration results in a stable state
after a few milliseconds. This architecture results in a spike pattern of

ABABAB . . . ABAB

Which means, that the 2 neurons are fire in an alternating manner continously without
the need of an external current.

If we further analyze this construction by increasing the synaptic weight between the
two neurons, we can get different firing patterns. With the right weights, we can get one
neuron to fire twice before the other one fires once. We will call this a double spike pattern
this can occur two ways:

1. B has two spikes after one spike from A: ABB

2. A has two spikes after one spike from B: BAA

We will investigate how different synaptic weights affect the appearance of double
spike patterns.

2.3 Double spike patterns

First, we increase only w1 in order to obtain the first type of double spike pattern. Figure
2.6 shows the system behavior for synaptic weights w1 = 1579 and w2 = 1154

(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 2.6: Simulation results for the two neuron model implemented in NEST with
weights w1 = 1579 and w2 = 1154. The initial membrane potential of neuron A was set
to −54mV, and the simulation was run for 120ms. (All remaining parameters were set
to the default values provided by NEST, shown in Table 1.1.)
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In this case, the double spike pattern appears after the 36th spike, within the time
interval between 100− 110ms. We focus on the this pattern in Figure 2.7

(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 2.7: Zoomed-in view of Figure 2.6 showing the interval between 90ms and 120ms.

We can see, that double spike occurs between 104-110 milliseconds, which also causes
that neuron A’s synaptic input current increases compared to the previous spikes. The
example results in a firing pattern, where the periodic AB firing sequence is repeated 18
times before the appearance of an ABB pattern, after which the original AB sequence
continues.

From the membrane potential plot (Figure 2.7 (a)), we observe that the time interval
between two consecutive spikes of neuron B gradually decreases until a double spike
pattern emerges. This raises the question of whether increasing the synaptic weight causes
the double spike pattern to appear earlier. In other words, we examine whether the ABB

pattern can appear earlier than after 18 consecutive repetitions of the AB firing sequence.
To look into this further, we consider another example with w1 = 2079 and w2 = 1154.

For this parameter configuration, the results are shown in Figures 2.8 and 2.9, the second
being the enlargment of the part where the double spike occurs first.
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(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 2.8: Simulation results for the two neuron model implemented in NEST with
weights w1 = 2079 and w2 = 1154. The initial membrane potential of neuron A was set
to −54mV, and the simulation was run for 75ms. (All remaining parameters were set to
the default values provided by NEST, shown in Table 1.1.)

(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 2.9: Zoomed-in view of Figure 2.6 showing the interval between 5ms and 30ms.

As it can be seen from Figures 2.8, 2.9 the double spike pattern emerges earlier than
in the previous example and occurs multiple times during the 75ms simulation interval.
Furthermore, after the initial transient activity, the firing sequence becomes stable. The
resulting firing sequence is as follows

ABABABBABABABABABBABABABABABBABAB. . .

We observe that the double spike pattern appears after the fourth spike. Therefore,
increasing the synaptic weight results in an earlier emergence of the double spike pattern.
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Furthermore, once established, the pattern reappears frequently, typically after every three
or four AB firing sequences in this case.

Although the synaptic weight in NEST can be increased indefinitely, biological systems
impose natural limits on the magnitude of synaptic currents. For example, the peak am-
plitude in the hippocampal mossy fiber to CA3 pyramidal cell synapse is approximately
1700 pA [1], while peak amplitudes of miniature end-plate currents (mEPCs) recorded
from hemidiaphragms of wild-type mice reach approximately 3800 pA [2]. Motivated by
these observations, we investigated the first occurrence of a double spike pattern by vary-
ing both synaptic weights in the range from 1154 to 3800. In the NEST implementation
of the neuron model, the synaptic weight determines the peak amplitude of the corre-
sponding synaptic current. Consequently, a synaptic weight of w = 1154 corresponds to
a maximum synaptic current of 1154 pA. The results of this analysis are shown in the
heatmap in Figure 2.10.

Figure 2.10: Heatmap showing the first occurrence of a double spike pattern. The initial
membrane potential of neuron A was set to −54mV. The synaptic weights w1 and w2

were increased from 1154 to 3800 in increments of 5. (All remaining parameters were kept
at their default NEST values, shown in Table 1.1.) For each parameter configuration, the
spike number corresponding to the first appearance of a double spike pattern was recorded.
The heatmap is displayed on a logarithmic scale; values equal to 0 were replaced by 10−1

to allow their visualization.
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As shown in Figure 2.10, increasing the weight of only one synapse causes the double
spike pattern to emerge earlier. If the synaptic weight is increased sufficiently, the double
spike pattern can appear at the very beginning of the firing sequence.
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Chapter 3

Networks of 3 neurons

Now we will focus on networks that consists of 3 neurons. For the neuron simulation we
will use the leaky integrate-and-fire model with alpha-shaped output currents with the
standard parameters given by NEST, the only exception will be the A neuron. Neuron
A membrane potential will be set to 54 mV as before. We will use 1154 for the synap-
tic weights in all compositions. We will look at 4 different architectures in this chapter
focusing mainly on the different firing patterns.

3.1 First architecture

We focus on the neuron network shown in Figure 3.1

A

B C

Figure 3.1: Three neuron architecture with all synaptic connections.

The architecture shown in Figure 3.1 in highly symmetric, which may lead to a sym-
metric firing pattern.

27



(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 3.2: Simulation results for the three neuron model with the network shown in
Figure 3.1 and synaptic weights set to 1154. The initial membrane potential of neuron
A was set to −54mV, and the simulation was run for 50ms. (All remaining parameters
were set to the default values provided by NEST, shown in Table 1.1.)

As shown in Figure 3.2, the membrane potentials and synaptic input currents of neu-
rons B and C are identical. This is a consequence of the fully symmetric neural network
architecture and the fact that the initial membrane potential of neuron A is set above
the spike threshold, causing neuron A to fire at the beginning of the simulation. This
architecture produces the following firing sequence

ABCABCABC . . . ABC . . .

This corresponds to a periodic ABC firing pattern in which neurons B and C always
fire simultaneously.

3.2 Second architecture

A

B C

Figure 3.3: Three neuron architecture with circular connectivity between neurons.

28



This network represents a three neuron circular topology. We have already examined the
two neuron circular network, where continuous firing occurs when the synaptic weights
are sufficiently large. The same behavior can also be observed in the three neuron circular
network.

(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 3.4: Simulation results for the three neuron model with the network shown in
Figure 3.3 and synaptic weights set to 1154. The initial membrane potential of neuron
A was set to −54mV, and the simulation was run for 75ms. (All remaining parameters
were set to the default values provided by NEST, shown in Table 1.1.)

As shown in Figure 3.4, the membrane potentials and synaptic input currents of neu-
rons B and C are identical in shape but shifted in time. The figures demonstrate that the
neurons fire sequentially, one after another. The resulting firing pattern of this network is

ABCABCABC . . . ABC . . .

At first glance, this pattern may appear similar to the previous case; however, Figure
3.4 shows that neurons B and C do not fire simultaneously. Therefore, this network exhibits
a genuine periodically repeating ABC firing pattern.
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3.3 Third architecture

A

B C

Figure 3.5: Three neuron architecture with four synaptic connections.

This architecture is highly similar to the two neuron architecture discussed in the previous
chapter in Section 2.2. Neurons A and C share the same connectivity configuration as
neurons A and B in the two neuron model. However, the resulting firing sequence differs
due to the additional synaptic connections from both neurons A and C to neuron B, which
also induce spikes in neuron B.

(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 3.6: Simulation results for the three neuron model with the network shown in
Figure 3.5 and synaptic weights set to 1154. The initial membrane potential of neuron
A was set to −54mV, and the simulation was run for 60ms. (All remaining parameters
were set to the default values provided by NEST, shown in Table 1.1.)

As shown in Figure 3.6 3.7, after the initial transient activity, neurons A and C reach
a stable state similar to the behavior observed in the previous chapter in Section 2.2. In
contrast, the excitatory synaptic input current of neuron B appears to increase gradu-
ally. To determine whether this increase persists indefinitely or eventually stabilizes, the
simulation was extended to a longer time interval.
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(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 3.7: Simulation results for the three neuron model with the network shown in
Figure 3.5 and synaptic weights set to 1154. The initial membrane potential of neuron
A was set to −54mV, and the simulation was run for 400ms. Zoomed-in view of 250ms

- 300ms (All remaining parameters were set to the default values provided by NEST,
shown in Table 1.1.)

The extended simulation shows that, after the initial transient phase, the entire neural
network converges to a stable dynamical state. Once the system becomes stable, the
network exhibits the following periodic firing pattern

CBABCBABCBACBABCBABCBA. . .CBABCBABCBACBABCBABCBA. . .

where the sequence CBABCBABCBA repeats periodically over time.

3.4 Fourth architecture

A

B C

Figure 3.8: Three neuron architecture with 5 synaptic connections.

We focus on the architecture shown in Figure 3.8.
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(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 3.9: Simulation results for the three neuron model with the network shown in
Figure 3.8 and synaptic weights set to 1154. The initial membrane potential of neuron
A was set to −54mV, and the simulation was run for 40ms. (All remaining parameters
were set to the default values provided by NEST, shown in Table 1.1.)

Although this architecture is not symmetric, Figure 3.9 shows that neurons B and
C fire simultaneously during the simulation. Furthermore, the excitatory synaptic input
currents of all neurons appear to increase gradually. To determine whether this increase
continues indefinitely or eventually stabilizes, the simulation was extended to a longer
time interval.

(a) Membrane potentials (b) Excitatory synaptic input currents

Figure 3.10: Simulation results for the three neuron model with the network shown in
Figure 3.8 and synaptic weights set to 1154. The initial membrane potential of neuron
A was set to −54mV, and the simulation was run for 400ms. Zoomed-in view of 250ms

- 300ms (All remaining parameters were set to the default values provided by NEST,
shown in Table 1.1.)
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The longer simulation demonstrates that, after the initial transient activity, the net-
work converges to a stable dynamical state, similarly to the previous example. Once
stabilization occurs, the firing pattern becomes

ABCABCABCBCABCABCABCBC. . .ABCABCABCBC. . .

Thus, the sequence ABCABCABCBC repeats periodically over time, with neurons
B and C firing simultaneously in every instance.
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Chapter 4

Conclusions and future directions

As demonstrated in Chapters 2 and 3, the firing patterns generated by neural networks
depend strongly on two main factors: the strength of the synaptic connections and the
architecture of the synaptic connectivity between neurons.

As shown in Chapter 2, modifying the synaptic weight between two neurons changes
the resulting firing pattern significantly. Increasing the synaptic strength can even lead to
situations where one neuron fires twice before the other neuron fires once, a phenomenon
referred to in this thesis as a double spike pattern. The simulation results further demon-
strate that increasing only one synaptic weight causes the double spike pattern to emerge
earlier in the firing sequence, and for sufficiently large weights it may appear already at
the beginning of the simulation.

As demonstrated by the four examples in Chapter 3, the architecture of a neural
network plays a crucial role in determining the resulting firing sequence. The first two
examples show that different network architectures may produce firing patterns that ap-
pear identical when only the spike order is considered; however, taking the spike timings
into account reveals that distinct architectures generate different dynamical behaviors. In
all investigated architectures, the initial transient activity is followed by convergence to a
stable system, resulting in periodic firing patterns.

Three neuron networks can be investigated further by introducing additional synaptic
connections, including self-connections, where a neuron receives synaptic input from itself.
Such configurations have also been studied in [3]. Self-connections introduce an additional
source of current, which may lead to firing patterns that differ from those observed in the
previously discussed architectures.

Beyond conventional graph-based architectures, hypergraph-based neural network mod-
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els may also be considered. In the context of three neuron networks, this can be approx-
imated by introducing an additional neuron connected to all existing neurons, which
mirrors incoming currents as output currents to the entire network. The use of hyper-
graphs may provide significant advantages in neural network research, as we can see in
[4], where using hypergraphs results in a more accurate model.
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Statement on the usage of artificial intelligence tools

I, the undersigned, declare that during the preparation of my thesis I used the following
AI-based tools for the tasks listed below:

Task Tool used Usage location Notes

Literature
search

Google Gemini
Deep Research

Chapter 2 and 4 Finding related works

Helping to for-
mat tables and
figures

GPT-5.5 Chapters 1, 2, 3
and 4

Only for LaTeX code

Code completion GitHub Copilot Chapter 2 and 3 Help with finishing
code snippets and in-
serting repeated lines

Grammar check GPT-5.5 Whole thesis

Error messages Claude Sonnet
4.6

Program code Explanation of error
messages and sugges-
tions for corrections

Table 4.1: AI-based tools used during thesis preparation

I did not use any AI-based tools other than those listed above.
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