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Abstract

Harry Markowitz and William Sharpe, Nobel Prize laureates in Economics, laid
the foundations of modern portfolio theory by formalizing the trade-off between ex-
pected return and risk. In the classical Markowitz framework, risk is captured through
the covariance matrix of asset returns, which is typically assumed to be constant or
estimated from historical data, implying fixed correlations.

This thesis extends the standard framework by incorporating stochastic correlation
structures into portfolio optimization. Motivated by the empirical observation that
correlations between assets vary over time, we model correlations as random variables
rather than static parameters. We analyse how this extension affects portfolio construc-
tion and performance relative to classical Markowitz-based benchmarks under different
market conditions.
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Chapter 1

Mathematical Preliminaries

This chapter aims to introduce the Wiener process and the fundamentals of stochas-
tic calculus, which has an important role in mathematical finance. In Chapter 3 we
will use stochastic differential equations to describe and simulate future stock prices.
Throughout this chapter, we mainly follow [9] with the exception of Subsection 1.4.1
and Section 1.5 where we follow [4] and [2] respectively.

1.1 Probability Theory Fundamentals

In this section we discuss some fundamental definitions of probability theory, so we
have a solid foundation to progress.

Definition 1.1. Let (Ω, F ,P) be a probability space and T is the time index set. The
set {Xt : t ∈ T} of random variables is called a stochastic process. When T = N
the process is called discrete-time, and when T = [0, T ] for a given T ∈ R+ positive
number, the process is called continuous-time.

Definition 1.2. Let (Ω, F ,P) be a probability space and T be the time index set. The
collection {Ft : t ∈ T} of sub-σ-algebras is called a filtration, if for each pair of s, t ∈ T
satisfying s < t, we have Fs ⊂ Ft

The filtration can be thought of as the information acquired each step in the future.
When we get to time t, we can know for each set in Ft if the true ω ∈ Ω lies in that
set. In case of the lack of mention of a specified filtration, the natural filtration should
be considered, i.e. Fn = σ{X1, . . . , Xn}, the sigma algebra generated by the relevant
random variables.

Definition 1.3. Let (Ω, F ,P) be a probability space and G ⊂ F be a sub-σ-algebra.
Furthermore let the random variable X be absolutely integrable, meaning E[|X|] < ∞.
The unique random variable Y on (Ω, F ,P) with the properties

1. Y is G-measurable, absolutely integrable,
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2. E[1AY ] = E[1AX] for all A ∈ G

is called the conditional expectation of X with respect to G, i.e., E[X|G] := Y .

Now we have sufficient tools to introduce martingales.

Definition 1.4. Let (Ω, F ,P) be a probability space. The sequence (Xn, Fn)n∈N is
called a discrete-time martingale, if

1. (Fn)n∈N is a filtration,

2. Xn is integrable and is Fn-measurable random variable (i.e. adapted),

3. E[Xm|Fn] = Xn for all m ≥ n

1.2 Brownian Motion

In this section, we define and construct the Brownian motion, a fundamental stochastic
process in mathematical finance and stochastic calculus. In order to achieve this, first
we examine the symmetric random walk.

1.2.1 Symmetric Random Walk

Definition 1.5. Let (Xn)n∈N be the sequence of i.i.d random variables, with distribu-
tion P(Xn = 1) = P(Xn = −1) = 1

2 for all n ∈ N. (Wn)n∈N is a symmetric random
walk, if

Wn =
n∑

k=1
Xk

We examine the symmetric random walk and its properties in greater detail in order
to develop a better understanding of Brownian motion, which will be introduced in the
next chapter.

The increments of the symmetric random walk are said to be independent, meaning
that if we choose a sequence of non-negative integers 0 < k1 < · · · < kn, the random
variables,

(Wk2 − Wk1), . . . , (Wkn − Wkn−1),

(the increments) are independent.
It is easy to see that an arbitrary increment, (Wl−Wk) with 0 < k < l, has expected

value 0, because

E[Wl − Wk] = E

 l∑
j=k+1

Xj

 =
l∑

j=k+1
E[Xj] = 0
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The same increment has variance l − k, because Var(Xj) = E[X2
j ] = 1 and

Var(Wl − Wk) =
l∑

j=k+1
Var(Xj) = l − k.

It is said that the variance of the symmetric random walk accumulates at rate one per
unit time.

Proposition 1.6. The symmetric random walk is a martingale.

Proof. Let k < l. Using the basic properties of the conditional expectation, we can
compute

E[Wl|Fk] = E[(Wl − Wk) + Wk|Fk]
= E[(Wl − Wk)|Fk] + E[Wk|Fk]
= E[Wl − Wk] + Wk

= Wk

We continue with the introduction of quadratic variation, a notion that makes
stochastic calculus different form ordinary calculus.

Definition 1.7. The quadratic variation of the symmetric random walk up to time k

is
[W, W ]k =

k∑
j=1

(Wj − Wj−1)2

An important property of the symmetric random walk is that its quadratic variation
up to time k is given by [W, W ]k = k, since the squares of the one-step increments satisfy
(Wj+1 − Wj)2 = X2

j+1 = 1.
It is worth noting that, in case of the symmetric random walk,

Var(Wk) = [W, W ]k = k,

but these two quantities are fundamentally different. The variance is an average over all
paths, whereas the quadratic variation is computed for each realized path individually,
and the distribution of the one-step increments, are not taken into account.

1.2.2 Scaled Symmetric Random Walk

We introduce the scaled symmetric random walk, so we can approximate the Brownian
motion.
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Definition 1.8. For a given n ∈ N+, the n-th order scaled symmetric random walk is
the set {W

(n)
t : t ≥ 0} of random variable, where

W
(n)
t = 1√

n
Wnt

given that nt is an integer. Otherwise, W
(n)
t is defined by linear interpolation between

the nearest integer points s and u neighbouring t (that is, ns and nu are integers).

One can interpret the scaled symmetric random walk as a version of the original
random walk in which time is accelerated and the step size is reduced.

Considering time indices t such that nt is integer, we can obtain the same results
with similar reasoning as we did for the symmetric walk. The scaled symmetric random
walk has independent increments, because the increments accumulated during disjoint
time intervals are the sum of different independent random variables.

Let 0 ≤ s ≤ t such that ns and nt are integers, then

E[W (n)
t − W (n)

s ] = 0
and

Var(W (n)
t − W (n)

s ) = t − s.

These results are clearly visible if we observe that the increment in question is the sum
of n(t − s) independent random variables with expected values of 0 and variances 1

n

By rearranging W
(n)
t as

W
(n)
t = (W (n)

t − W (n)
s ) + W (n)

s ,

the sum of an Fs-measurable and an independent term, one can perform the same
procedure to prove its martingale property for the appropriate indices (that is, 0 ≤
s ≤ t such that ns and nt are integers).

Finally, we calculate the quadratic variation of the scaled symmetric random walk
up to time t, such that nt is an integer.

[W (n), W (n)]t =
nt∑

j=1

[
W (n)

(
j

n

)
− W (n)

(
j − 1

n

)]2

=
nt∑

j=1

(
1√
n

Xj

)2

=
nt∑

j=1

1
n

= t

Having discussed all the necessary and helpful properties of the scaled symmetric
random walk, we consider its limit as n → ∞.
Theorem 1.9. Fix t ≥ 0. As n → ∞, the distribution of the scaled random walk W

(n)
t

evaluated at time t converges to the normal distribution with mean zero and variance
t.

The proof is given in Appendix A.
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1.2.3 The Brownian Motion

Now we have the foundations to discuss Brownian motion. It is the limit of W
(n)
t as

n → ∞, and there are properties that the limit inherits from the scaled symmetric
random walk, leading to its definition.

Definition 1.10. Let (Ω, F ,P) be a probability space. The stochastic process, Wt : t ≥ 0
is a Brownian motion, if

1. W start at zero: W0 = 0,

2. The paths of W , t → Wt, are continuous,

3. W has independent increments: for any 0 < t1 < · · · < tn, (Wt2 −Wt1), . . . , (Wtn −
Wtn−1) are independent

4. Each increment Wt −Ws is Gaussian random variables with mean 0 and variance
t − s.

Definition 1.11. Let (Ω, F ,P) be a probability space, and Wt is the Brownian motion
defined on it. A filtration for the Brownian motion is a filtration, that the Brownian
motion is adapted to, and for 0 ≤ s ≤ t, the increment Wt − Ws is independent of Fs

This additional criterion ensures, that the information in Fs is of no use in predicting
the future. Now we can turn to discover more inherited properties

Theorem 1.12. The Brownian motion, W , is a martingale.

Proof. Let 0 ≤ s ≤ t. Then

E[Wt|Fs] = E[(Wt − Ws) + Ws|Fs]
= E[Wt − Ws|Fs] + E[Ws|Fs]
= E[Wt − Ws] + Ws = Ws

Finally, we discuss the quadratic variation of the Brownian motion. This notion is
of utmost importance, since its value for the Brownian motion is usually not zero, a
fact that differentiates stochastic calculus form ordinary calculus.

Definition 1.13. Let T > 0. A partition of the interval [0, T ] is Π = {t0, t1, . . . , tn},
where 0 = t0 < t1 < · · · < tn = T . The maximum step size of Π is ∥Π∥ =
maxj=0,...,n−1(tj+1 − tj).

Definition 1.14. Let f : [0, T ] → R. The quadratic variation of f up to time T is

[f, f ]T = lim
∥Π∥→0

n−1∑
j=0

(f(tj+1) − f(tj))2

7



Remark. Suppose the function f has a continuous derivative. Then [f, f ]T = 0, which
is shown in Appendix A

Theorem 1.15. Let W be a Brownian motion. Then [W, W ]T = T for all T ≥ 0
almost surely.

The proof is given in Appendix A. One may write this statement informally as
dWtdWt = dt. Furthermore, similar results can be proven, which may be written as
dtdWt = dWtdt = 0 and dtdt = 0.

1.3 Stochastic Calculus

This is the final section in which we develop our mathematical foundations further.
We introduce the so-called Itô integral and the Itô-Doeblin formula, a fundamental
tool for solving stochastic differential equations. In this thesis, we use it to derive the
geometric Brownian motion, which is a useful tool to simulate future stock prices.

1.3.1 The Itô Integral

Let T be a fixed non-negative number, Wt, t ≥ 0 be the Brownian motion with its
filtration Ft, t ≥ 0, and ∆t, t ≥ 0 be a stochastic process adapted to Ft. We seek to
make sense of the expression ∫ T

0
∆tdWt,

the Itô integral.
Firs, we define that expression for simple integrands and then extend it to other

processes as the limit of the simple integrands.

Definition 1.16. Let Π = {t0, . . . , tn} be a partition of [0, T ]. The stochastic process
∆t is a simple process, if it is constant in t on each subinterval [tj, tj+1).

Definition 1.17. Let Π = {t0, . . . , tn} the partition of [0, T ] and ∆t be a simple process
on Π. If tk ≤ t ≤ tk+1, the Itô integral of ∆t form 0 to t is

I(t) =
k−1∑
j=0

∆tj
(Wtj+1 − Wtj

) + ∆tk
(Wt − Wtk

) =:
∫ t

0
∆sdWs.

The Itô integral I(t) can be interpreted as the value of a self-financing portfolio at
time t, where the underlying asset price process is Wt and the trading strategy is given
by ∆t. We now state several fundamental properties of the Itô integral.

Theorem 1.18. Let ∆t be a simple stochastic process and I(t) be its Itô integral for
t ≥ 0.
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1. I(t) is a martingale,

2. E[I2(t)] = E
[∫ t

0 ∆2
sds

]
.

We omit the proof, since it is outside the scope of this thesis. However, one can now
calculate that the variance of the Itô integral, Var(I(t)) = E

[∫ t
0 ∆2

sds
]
, considering that

its first moment is zero because of the martingale property, and its second momentum
is given by Theorem 1.18.

We shall now consider the quadratic variation of the Itô integral. Since Brownian
motion accumulates quadratic variation at rate one per unit time and it is scaled by
∆t inside the Itô integral, one may anticipate the quadratic variation to be scaled by
∆2

t . And indeed,

Theorem 1.19. The quadratic variation accumulated up to time t by the Itô integral,
I(t) of the simple stochastic process ∆t is

[I, I]t =
∫ t

0
∆2

sds.

The proof is given in Appendix A. One may write this statement informally as
dI(t)dI(t) = ∆2

t dt.
We can now turn to defining the Itô integral for general integrands, ∆t that can

continuously vary and jump. We also assume that ∆t is adapted and that

E
[∫ T

0
∆2

t dt

]
< ∞

holds. To generalize the definition, we approximate ∆t with a sequence (∆(n)
t )n∈N of

simple processes, such that

lim
n→∞

E
[∫ T

0
|∆(n)

t − ∆t|2dt

]
= 0.

Note that such a sequence exists. Let Πn = {0 = t0 < t1 < · · · < tn = T} be a
partition of [0, T ], and for each t ∈ [tj, tj+1), let ∆(n)

t = ∆tj
. This sequence, (∆(n)

t )n∈N

is appropriate to approximate ∆t. For each ∆(n)
t the Itô integral is defined, so we can

generalize our definition by the formula:∫ t

0
∆sdWs = lim

n→∞

∫ t

0
∆(n)

s dWs,

where 0 ≤ t ≤ T .
This integral inherits some of the properties of the Itô integral of simple processes.

Theorem 1.20. Let T be a positive constant and let ∆t, 0 ≤ t ≤ T be an adapted
stochastic process that satisfies the square-integrability condition. Then I(t) =

∫ t
0 ∆sdWs

has the following properties.
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1. Continuity: as a function of the upper limit of integration t, the paths of I(t) are
continuous.

2. Adaptivity: For each t, I(t) is Ft-measurable.

3. Linearity: if I(t) =
∫ t

0 ∆sdWs and J(t) =
∫ t

0 ΓsdWs, then I(t) ± J(t) =
∫ t

0(∆s ±
ΓsdWs; furthermore, for every constant c, cI(t) =

∫ t
0 c∆sdWs.

4. I(t) is a martingale.

5. Itô isometry: E [I2(t)] = E
[∫ t

0 ∆2
sds

]
6. Quadratic variation: [I, I]t =

∫ t
0 ∆2

sds.

We omit the proof, since it is outside the scope of this thesis. We have all the
sufficient knowledge to turn to discussing the Itô-Doeblin formula.

1.3.2 The Itô-Doeblin Formula

At this point we can integrate certain stochastic processes with respect to the Brownian
motion. Now we want to differentiate f(Wt), where f(x) is a differentiable function.
If Wt were also differentiable, the chain rule, known form real analysis, would give

d

dt
f(Wt) = f ′(Wt)W ′

t ,

However, Brownian motion is nowhere differentiable with probability one, which
necessitates a modification of the expression above. This leads to the Itô–Doeblin
formula, which we state in a slightly more general form for functions of the type f(t, x).

Theorem 1.21. Let f(t, x) a function for which the partial derivatives ∂tf(t, x), ∂xf(t, x),
and ∂2

xf(t, x) are defined and continuous, and let Wt be a Brownian motion. Then, for
every T ≥ 0,

f(T, WT ) = f(0, W0) +
∫ T

0
∂tf(t, Wt)dt +

∫ T

0
∂xf(t, Wt)dWt + 1

2

∫ T

0
∂2

xf(t, Wt)dt,

The theorem could be written in differential notation as

df(t, Wt) = ∂tf(t, Wt)dt + ∂xf(t, Wt)dWt + 1
2∂2

xf(t, Wt)dt.

The last term is the result of the fact that the Brownian motion accumulates
quadratic variation at rate one per unit time. The sketch of proof is given in Ap-
pendix A.
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1.3.3 Itô Processes

Finally, we introduce a new type of stochastic processes on which we generalize further
the Itô-Doeblin formula. These processes are called Itô processes, for which stochastic
calculus is developed.
Definition 1.22. Let Wt, t ≥ 0, be a Brownian motion, and let Ft be an associated
filtration. An Itô process is a stochastic process of the form

Xt = X0 +
∫ t

0
∆sdWs +

∫ t

0
Θsds,

where X0 is non-random and ∆s and Θs are adapted stochastic processes for which the
Itô integral is defined.

Itô processes can be written in differential form as
dXt = ∆tdWt + Θtdt,

which will help us sketch the proof of
Theorem 1.23. The quadratic variation of the Itô process in Definition 1.22 is

[X, X]t =
∫ t

0
∆2

sds.

Proof. We only provide the sketch of the proof, since the rigorous version of it is outside
the scope of this thesis. Using the differential form of the Itô process

dXt = ∆tdWt + Θtdt,

one can calculate the rate of change of [X, X]t as
dXtdXt = ∆2

t dWtdWt + 2∆tΘtdWtdt + Θ2
t dtdt = ∆2

t dt,

since dWtdWt = dt, dtdWt = dWtdt = 0, and dtdt = 0.
Definition 1.24. Let Xt be the Itô process defined in Definition 1.22, and let Γt be
an adapted process. The integral of Γt with respect to the Itô process is∫ t

0
ΓsdXs =

∫ t

0
Γs∆sdWs +

∫ t

0
ΓsΘsds.

Finally, we can state the Itô-Doeblin formula for Itô processes.
Theorem 1.25. Let Xt, t ≥ 0, be an Itô process as described in Definition 1.22, and let
f(t, x) be a function for which the partial derivatives ∂tf(t, x), ∂xf(t, x), and ∂2

xf(t, x)
are defined and continuous. Then, for every T ≥ 0,

f(T, XT ) = f(0, X0) +
∫ T

0
∂tf(t, Xt)dt +

∫ T

0
∂xf(t, Xt)dXt + 1

2

∫ T

0
∂2

xf(t, Xt)d[X, X]t

= f(0, X0) +
∫ T

0
∂tf(t, Xt)dt +

∫ T

0
∂xf(t, Xt)∆tdWt +

∫ T

0
∂xf(t, Xt)Θtdt+

+ 1
2

∫ T

0
∂2

xf(t, Xt)∆2
t dt.

We omit the proof, since it is outside the scope of this thesis.
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1.4 The Geometric Brownian Motion

We conclude this chapter with the discussion of the (generalized) geometric Brownian
motion. Let Wt, t ≥ 0, be the Brownian motion, let Ft be an associated filtration, and
let αt and σt be adapted processes. Consider the Itô process

Xt =
∫ t

0
σsdWs +

∫ t

0

(
αs − 1

2σ2
s

)
ds,

or in differential form
dXt = σtdWt +

(
αt − 1

2σ2
t

)
dt

with quadratic variation

dXtdXt = σ2
t dWtdWt = σ2

t dt.

Suppose the price of an asset St follows

St = S0e
Xt = S0 exp

(∫ t

0
σsdWs +

∫ t

0

(
αs − 1

2σ2
s

)
ds
)

,

where S0 is deterministic and positive. The price process can be rewritten as St =
f(Xt), where f(x) = S0e

x. Note that f ′(x) = S0e
x and f ′′(x) = S0e

x. Applying the
Itô-Doeblin formula,

dSt = df(Xt)

= f ′(Xt)dXt + 1
2f ′′(Xt)σ2

t dt

= S0e
XtdXt + 1

2S0e
Xtσ2

t dt

= StdXt + 1
2Stσ

2
t dt

= αtStdt + σtStdWt,

we obtain the stochastic differential equation that defines St, a general geometric Brow-
nian motion. Here, St defines a price process that has instantaneous mean rate of
return αt and volatility σt. If αt and σt are constants in t, St is the ordinary geometric
Brownian motion, with log-normal distribution.

1.4.1 Multivariate Geometric Brownian Motion

As a last step in our building of the necessary mathematical framework for later stock
price modelling, we detail how multiple geometric Brownian motions can be correlated.
We follow the approach of [4]. We omit the proofs of all propositions, since they are
outside the scope of this thesis.
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It is known that if Z ∼ N (0, 1) is random variable with standard normal dis-
tribution then the random variable µ + σZ ∼ N (µ, σ2). (Here, the notation of the
distribution specifies the expected value and variance.) A d-dimensional multivariate
normal distribution is characterized by a d-dimensional vector µ and a d × d symmet-
ric, positive definite matrix Σ. If X ∼ N (µ, Σ) than each of its coordinates Xi has
distribution N (µi, σ2

i ), where σ2
i = Σii. The covariance of each pair of coordinates

Cov(Xi, Xj) = Σij = σiσjρij, where ρij is the correlation of Xi and Xj. If Σ is positive
semidefinite but not positive definite then its rank is less than d and fails to be inverted,
and there is no density function of normal distribution with Σ covariance. However, if
X = µ + AZ, where Z ∼ N (1, Id) and AA⊤ = Σ, then we shall define N (µ, Σ) as the
distribution of X. The resulting distribution is independent of which such A is chosen,
and if the rank of Σ is k then we can find k coordinates of X with multivariate normal
density in Rk.

Proposition 1.26. For any linear transformation A ∈ Rk×d, vector of expected values
µ ∈ Rd, and covariance matrix Σ ∈ Rd×d if X ∼ N (µ, Σ) then

AX ∼ N (Aµ, AΣA⊤)

Now we can define the multivariate Brownian motion.

Definition 1.27. We call a process Wt = (W (1)
t , . . . , W

(n)
t ), 0 ≤ t ≤ T , a standard

Brownian motion on Rd if

1. W0 = 0,

2. The paths of W , t → Wt are continuous,

3. W has independent increments

4. Each increment Wt − Ws ∼ N (0, (t − s)Id).

Note that each of its coordinates, Wi, is a standard one-dimensional Brownian
motion.

Definition 1.28. Suppose µ ∈ Rd and Σ ∈ Rd×d is positive semidefinite. The
process X is called a Brownian motion with drift µ and covariance Σ (abbreviated
X ∼ BM(µ, Σ)) if X has continuous sample paths and independent increments with

Xt − Xs ∼ N ((t − s)µ, (t − s)Σ)

The initial value X0 is an arbitrary constant assumed to be 0 unless otherwise
specified.

Proposition 1.29. If B ∈ Rd×k satisfies BB⊤ = Σ and if W is a standard Brownian
motion on Rk, then the process defined by

Xt = µt + BWt

is a BM(µ, Σ)
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Note that this process solves the stochastic differential equation

dXt = µdt + BdWt

Proposition 1.30. Let X ∼ BM(µ, Σ), then for each pair of its coordinates, X(i) and
X(j),

Cov(X(i)
t , X

(j)
t ) = tΣij

for each time index 0 ≤ t ≤ T .

A multidimensional geometric Brownian motion, S = (S(1), . . . , S(d)), can be defined
as a system of stochastic differential equations of the form

dS
(i)
t

S
(i)
t

= µidt + σidW
(i)
t ,

where each W (i) is a standard one-dimensional Brownian motion and W
(i)
t and W

(j)
t

have correlation ρij. Let Σ ∈ Rd×d such that Σij = σiσjρij. In this case (σ1W
(1), . . . , σdW (d)) ∼

BM(0, Σ) and we use the abbreviate the process S = (S(1), . . . , S(d)) ∼ GBM(µ, Σ),
where µ = (µ1, . . . , µd).

Proposition 1.31. Let S ∼ GBM(µ, Σ). For each pair of its coordinates, S(i) and
S(j),

Cov(S(i)
t , S

(j)
t ) = S

(i)
0 S

(j)
0 e(µi+µj)t(eσiσjρij − 1),

for each time index 0 ≤ t ≤ T .

Since for an arbitrary Brownian motion X ∼ BM(0, Σ) holds that Xt = AWt, where
Wt ∼ BM(0, Id) and AA⊤ = Σ, with the application of it to (σ1W

(1), . . . , σdW (d)) we
get

Proposition 1.32. Let S = (S(1), . . . , S(d)) ∼ GBM(µ, Σ) and let A be any matrix for
which AA⊤ = Σ. Then S solves the system of stochastic differential equation

dS
(i)
t

S
(i)
t

= µidt +
d∑

j=1
AijdW

(j)
t ,

for i = 1, . . . , d.

In this thesis, we follow the widely adopted convention in mathematical finance
of simulating future stock prices as geometric Brownian motions, the most significant
example of which is the derivation of the Black–Scholes option pricing model. The
popularity of this process for such tasks stems from its similarity to real stock price
dynamics. Geometric Brownian motion takes only positive values, and its expected
returns are independent of the price level. If t1 < · · · < tn, then the quantities

St2 − St1

St1

, . . . ,
Stn − Stn−1

Stn−1

,

14



are independent instead of (Sti+1 −Sti
) increments. On the other hand, the volatility of

stock prices changes over time, whereas that of geometric Brownian motion is constant,
and stock prices can exhibit jumps caused by unpredictable events, while the geometric
Brownian motion has continuous paths. Examining Australian companies listed on the
S&P/ASX 50 Index, [7] found that stock prices simulated by geometric Brownian
motion moved in the same direction as real stock prices with a chance slightly greater
than 50%. Additionally, it also found that these results improved when portfolios were
formed. The stochastic process proved appropriate for modelling stock prices in [10]
as well, in which sock prices of Walmart Company were considered.

1.5 The Wishart Distribution

Finally, we introduce the Wishart distribution, a family of distribution with support
of the positive definite matrices with fixed dimensions. We follow [2] throughout our
introduction.

If X1, . . . , Xn ∼ N (0, 1) standard normal random variables, then ∑n
i=1 X2

i has a χ2-
distribution with n degrees of freedom. The Wishart distribution is a generalization of
the χ2-distribution.

Definition 1.33. A random p×p symmetric matrix S has a Wishart distribution with
parameters Σ, p, and n if there exist independent random vectors X1, . . . , Xn ∼ N (0, Σ)
and

S =
n∑

i=1
XiX

⊤
i ,

and we write S ∼ W(Σ, p, n).

Proposition 1.34. Suppose S ∼ W(Σ, p, n). Then

E[S] = nΣ.

Proof. To prove, write S = ∑n
i=1 XiX

⊤
i where each Xi ∼ N (0, Σ) and X1, . . . , Xn are

independent. Since Cov(Xi) = E[XiX
⊤
i ] = Σ,

E[S] = E
[

n∑
i=1

XiX
⊤
i

]
=

n∑
i=1

E
[
XiX

⊤
i

]
= nΣ.

15



Chapter 2

Modern Portfolio Theory

Modern portfolio theory is a mathematical framework for diversification in constructing
investment portfolios. This new approach aims to maximize the expected return of the
portfolio for a given level of risk, or equivalently minimize its risk for a given level of
expected return. The central idea of modern portfolio theory is that the risk and return
of an asset should not be considered in isolation but in terms of its effect on the overall
risk and return of the portfolio. Often, as in this thesis, covariance of returns is used
as a measure of risk. Constructing portfolios in this manner is called mean-variance
optimization.

2.1 Mean-Variance Optimization

The foundations of modern portfolio theory were laid by Harry Markowitz [5] in 1952.
In his paper, Markowitz makes a distinction between two stages of portfolio selection:
formation of beliefs about future asset performances and choice of a portfolio based on
those beliefs. The paper focuses entirely on the second stage.

Before mean-variance optimization, the traditional rule of investing used to be to
simply maximize the expected discounted return of securities resulting never to chose
a diversified portfolio. Suppose we have n number of assets with returns Ri, 1 ≤ i ≤ n,
and we construct a portfolio w = (w1, . . . , wn), wi ≥ 0 of these assets, where wi is the
proportion invested in asset i, meaning that ∑n

i=1 wi = 1. (Note that Ri is a random
variable). The expected return of portfolio w is

E[R] =
n∑

i=1
wiE[Ri],

where the return of portfolio w is R, also a random variable. One can easily see that
selecting a portfolio by the rule of maximizing expected return results a portfolio where
the asset with maximum expected return has weight wi = 1, while all the others have
weight zero. No diversified portfolio is preferred with this strategy.
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Another rule implies both diversification and maximization of expected return. The
objective of this rule is to find all assets with maximum expected returns and diversify
all the funds among those assets. The rule assumes that the law of large numbers
makes sure that the realized return of the portfolio will be almost the same as the
expected return. However, because of correlation between the returns of assets, the
law of large numbers is not applicable under these circumstances, and diversification
cannot eliminate all variance.

Breaking with the sentiment of the two rules discussed above, Markowitz proposes
a new framework consisting of two equivalently important maxims:

1. investors prefer higher expected return,

2. investors prefer lower variance of return.

This new rule is the mean-variance framework. Before further discussion, we consider
the expectation and variance of the portfolio w = (w1, . . . , wn)⊤, for which all wi ≥ 0
and ∑n

i=1 wi = 1 applies. If the return of asset i is Ri and E[Ri] = µi then let the
expected return of all assets is the vector µ = (µ1, . . . , µn)⊤. The expected return of
the portfolio is

E[R] =
n∑

i=1
wiE[Ri] = w⊤µ.

In order to calculate the variance, we need the covariances of asset returns. Let σij =
Cov(Ri, Rj), and let Σ be the covariance matrix of asset returns, for which Σij = σij

applies. The variance of the portfolio return is

Var(R) =
n∑

i=1

n∑
j=1

wiwjσij = w⊤Σw.

Note that the portfolio return depends more on covariances of asset returns than vari-
ances, thus a rational investor may prefer a portfolio of high volatility assets with small
correlations than one with lower volatility assets but greater correlations. For this rea-
son diversification works better if the assets are less correlated, and investors should
combine securities with low covariance.

For fixed probability beliefs (µ, Σ) the investor can choose from different attainable
portfolios with different expected return and variance. It is possible to plot each at-
tainable portfolio w on the (E[R], Var(R))-plain, such that each portfolio is represented
by a point with coordinates of expected return and variance of return. Figure 2.1 is
one example of such a plot.

An investor who follows the mean-variance framework will choose a portfolio that
either has maximum E[R] for a given Var(R) or less or minimum Var(R) for a given
E[R] or more. The set of such portfolios are called the efficient frontier and it represents
the trade-off between risk and return. Figure 2.1 indicates the efficient frontier with
bold contour. The portfolios of the efficient frontier are equally optimal they offer
different investments for different risk tolerance.
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Figure 2.1: Set of attainable portfolios on the (E[R], Var(R))-plain. Here, E[R] = E

and Var(R) = V . The bold line on the boundary of the set is the efficient frontier.
Source: [5].

Markowitz continues his paper [5] by detailing a geometrical interpretation of the
efficient frontier. We, however, provide a technique to calculate it, following [6].

As discussed earlier, there are two formulations of the mean-variance optimization:
maximizing expected portfolio return for given level of variance and minimizing the
variance of return for a given level of expected return. Let w = (w1, . . . , wn)⊤ the
portfolio of n assets, let the vector of expected returns of these assets be µ, and let the
covariance matrix of asset returns be Σ. The optimization problem behind the first
formulation is

max
w

w⊤µ

subject to w⊤Σw ≤ V
n∑

i=1
wi = 1

w ≥ 0,

where V is the upper bound of the variance of the portfolio return. Similarly, the
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optimization problem behind the second formulation is

min
w

w⊤Σw

subject to w⊤µ ≥ E
n∑

i=1
wi = 1

w ≥ 0,

where E is the lower bound of the expected return of the portfolio. In both cases, we
require w ≥ 0, so short selling is not allowed.

2.2 The Sharpe Ratio

After constructing a portfolio, a natural question arises. How to compare portfolio
performance? William F. Sharpe addressed this question in his paper [8] in 1966, in
which he investigates whether mutual funds outperform passive investment strategies or
generate returns that justify their management cost. As a tool, he invented a measure,
the Sharpe ratio, that has been widely used in financial mathematics ever since. We
use [6] to complement [8] in the introduction of Sharpe ratio.

While staying in the mean-variance framework, we introduce a risk-free asset with
return Rf and variance σ2

f = 0. Let E[Rf ] = rf . Such assets are usually government
bonds issued by countries with powerful economies. The probability of default of such
bonds are so low that it is negligible. We also have a risky asset with return R1 and
Var(R1) = σ2

1. Note that Cov(Rf , R1) = 0. Suppose we want to make a portfolio of
these two assets, allocating wa part of our fund to the risky asset while 1 − wa to the
risk-free one. The expected return of our portfolio is

E[R] = waE[R1] + (1 − wa)rf = rf + wa(E[R1] − rf )

and its variance σ2 = w2
aσ2

1. So the standard deviation of the portfolio is σ = waσ1.
Rearranging the formula of expected return, we get

wa = E[R] − rf

E[R1] − rf

.

Substituting into the expression of the standard deviation yields

σ = σ1
E[R] − rf

E[R1] − rf

and using this result, the expected return of our portfolio becomes

E[R] = rf + E[R1] − rf

σ1
σ.
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This is a line, called the capital allocation line, on the (σ,E[R])-plain going between
(0, rf ) and (σ1,E[R1]) points when 0 ≤ wa ≤ 1, and going past (σ1,E[R1]) if wa > 1,
meaning the investor borrows money at the risk free rate. The slope of the capital
allocation line is called the Sharpe ratio

Instead of risky assets one may consider risky portfolios consisting of many risky
assets. Let the portfolio return be R, a random variable, and Var(R) = σ2. In the
mean-variance framework we can plot all of the feasible and optimal portfolios on the
(σ,E[R])-plain and highlight the efficient frontier. Figure 2.2 shows the efficient frontier
with red (Note that the axes, compared to Figure 2.1, have been changed.)

Figure 2.2: Capital Allocation Line, Efficient Frontier, and Tangent Portfolio on the
(σ,E[R])-plain. Note that, compared to Figure 2.1, the axes have been changed.
Source: [6]

Each capital allocation line drawn to each portfolio on the efficient frontier (all
going through (0, rf )) represents allocations between that portfolio and the risk-free
asset. Steeper capital allocation lines mean greater expected excess return per unit
volatility, thus a risk-avers investor should prefer portfolios with greater Sharpe ratio.
Geometrically, the steepest capital allocation line, the one with the highest Sharpe
ratio, is the one that is tangent to the efficient frontier. The corresponding portfolio
on the efficient frontier is called the tangent portfolio, which has the highest Sharpe
ratio.
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Finding the tangent portfolio w = (w1, . . . , wn) on the efficient frontier is to solve
the optimization problem

max
w

w⊤µ − rf√
w⊤Σw

subject to
n∑

i=1
wi = 1

w ≥ 0,

where µ is the vector of expected return of the underlying assets, Σ is the covariance
matrix of asset returns and rf is the risk-free rate.
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Chapter 3

Methodology

In the mean-variance framework, we assume that the returns of the assets of which we
want to build a portfolio have constant expected values and covariances, thus constant
pairwise correlations. However, empirical observations suggest that correlations in fact
are not constant throughout time. Figure 3.1 presents the correlations of logarithmic
returns for three pairs of stocks between 2022 and 2025: Microsoft Corporation (MSFT)
and Amazon.com, Inc. (AMZN); Walmart Inc. (WMT) and Visa Inc. (V); and Netflix,
Inc. (NFLX) and Chevron Corporation (CVX). We can see how the distributions for
each pair vary, not just in mean and variance but also in density. The aim of this
thesis is to build a model that incorporates this stochastic property into portfolio
optimization. In this chapter, we introduce and describe such models.

Figure 3.1: Correlation distributions for logarithmic returns of MSFT – AMZN, WMT
– V, and NFLX – CVX.
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3.1 Simulation of Stochastic Correlation

In this thesis, we consider three simple methods to simulate stochastic correlations for
logarithmic returns of stocks.

1. rolling-correlation resampling: we set a number, i.e. the window size, and take
every time interval of the size of the window in our dataset and for each interval,
we compute the correlation matrix. We choose a random matrix from the sample
with a uniform distribution.

2. Wishart distribution: we use the Wishart distribution to simulate covariance
matrices [1]. Let Σ̂ be the covariance matrix of our dataset and Σ ∼ W( 1

n
Σ̂, p, n).

Note that E[Σ] = Σ̂. From here, the correlation matrix is R = D−1ΣD−1, where
D = diag(

√
Σ11, . . . ,

√
Σnn).

3. Combination of 1 and 2: we sample the correlations as in 1 and we choose R̂ with
uniform distribution. Then Σ̂ = D̂R̂D̂ is created, where D̂ = diag(σ̂1, . . . , σ̂n)
with σ̂i being the standard deviation of the i-th asset’s log return in our dataset.
Then 2 is performed with Σ̂.

3.2 Simulation of Stock Prices

Because of reasons discussed in Section 1.4, we use geometric Brownian motion, S ∼
GBM(µ, Σ), to simulate prices. This means, that the price of each asset i satisfies

S
(i)
t = S

(i)
0 exp

(
(µi − 1

2σ2
i )t + X

(i)
t

)
,

where X ∼ BM(0, Σ). In this case, the vector of logarithmic returns between times s

and t satisfies

log
(

St

Ss

)
∼ N

((
µ − 1

2diag(Σ)
)

(t − s), Σ(t − s)
)

.

By considering the unit time to be one trading day, we can simulate the prices
recursively for each asset i as

S
(i)
k+1 = S

(i)
k exp(rk),

where rk ∼ N
(
(µ − 1

2diag(Σ)), Σ
)

independent for each k. We estimate µ − 1
2diag(Σ)

as the arithmetic mean of daily logarithmic returns, r̂. Recall, that if AA⊤ = Σ and
Zk ∼ N (0, I), then r̂ + AZ ∼ N (r̂, Σ). With this method, we can generate daily log
returns and, by extension, daily stock prices. For computational efficiency we obtain A

from the Cholesky decomposition of Σ. Since this factorization can only be applied to
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positive definite matrices, for models utilizing rolling-correlation sampling, 10−10 was
added to the diagonals of each sample correlation matrix to avoid any discrepancies in
this regard.

To incorporate stochastic correlation into stock price simulation, we assume that
for each rk ∼ N (r̂, Σk) daily log return vector, Σk is a random positive definite matrix.
More precisely, for each k we consider a random correlation matrix Rk (see Section 3.1),
and by transformation Σk = D̂RkD̂, where D̂ is the diagonal matrix of standard
deviations of log returns, we obtain rk ∼ N (r̂, Σk). There are two approaches we
consider in this thesis.

1. we draw a new random correlation matrix for each trading day,

2. we draw a new random correlation matrix for each month, and use that for each
day of that month.

3.3 Introduction of Models

For both the baseline model and the stochastic correlation models, we utilize the Sharpe
optimization in the following manner:

max
w

w⊤µ − rf√
w⊤Σw

subject to
n∑

i=1
wi = 1

0 ≤ w ≤ 0.225,

(3.1)

where w is the portfolio of the stocks we consider, µ is their expected return vector,
and Σ is the covariance matrix, both in scale with the period we want to hold the
portfolio. The allocation to each asset is bounded above by 22.5% and below by 0 so
no short selling is allowed and diversification is promoted.

In the baseline model, µ and Σ are considered to be deterministic, being the scaled
mean and covariance of daily returns. On the other hand, the stochastic correlation
models assume the correlation matrix of returns, R, to be stochastic. Since Σ =
DRD, where D = diag(σ), σ being the vector of standard deviation of returns, Σ
is considered stochastic as well. Methods for simulating stochastic correlations are
covered in Section 3.1.

In order to incorporate stochastic correlation into the Sharpe optimization model,
first we simulate future stock prices with stochastic correlation (see Section 3.2) for the
holding period. Then we calculate the mean (µ) and covariance matrix (Σ) of daily log
returns (because of the law of large numbers, the mean converges to the expectation)
and apply these parameters to 3.1, resulting in a portfolio, w, that is optimized for
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the Sharpe ratio. Finally, the portfolio is evaluated on real data of stock prices (see
Section 3.4).

In Section 3.1, we discussed three different methods for simulating stochastic cor-
relation: rolling-correlation resampling, the Wishart distribution, and a combination
of the two. In Section 3.2, we outlined two approaches for incorporating stochastic
correlation into stock price simulation: sampling correlation matrices on either a daily
or a monthly basis. That is six different methods for stock prices simulation, how-
ever, by varying the window sizes for the two methods that utilized rolling-correlation
sampling, we arrive to eight different stochastic correlation models:

1. S-M-20: This model uses rolling-correlation resampling with window size 20, on
a monthly basis,

2. W-M: This model uses Wishart sampling with degrees of freedom 20, on a
monthly basis,

3. C-M-20: This model uses the combination of rolling-correlation resampling and
Wishart sampling with window size 20, on a monthly basis,

4. S-D-20: This model uses rolling-correlation resampling with window size 20, on
a daily basis,

5. W-D: This model uses Wishart sampling with degrees of freedom 20, on a daily
basis,

6. C-D-20: This model uses the combination of rolling-correlation resampling and
Wishart sampling with window size 20, on a daily basis,

7. S-D-10: This model uses rolling-correlation resampling with window size 10, on
a daily basis,

8. C-D-10: This model uses the combination of rolling-correlation resampling and
Wishart sampling with window size 10, on a daily basis.

Varying the degrees of freedom for Wishart distribution in the 20–620 range did
not show any meaningful differences in efficiency, so we opt for 20, resulting greater
noise.

3.4 Performance Metrics

We use the risk-adjusting and risk-minimizing metrics to evaluate and compare the
stochastic correlation models to the baseline model.
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3.4.1 Risk-Minimizing Metrics

Risk-minimizing metrics are objective functions used to evaluate (or construct) port-
folios by focusing primarily or exclusively on reducing risk rather than maximizing
return. We use the following risk-minimizing metrics:

1. Maximum drawdown: it is the largest observed loss form a historical peak in
portfolio value to a subsequent trough, before a new peak is reached. Let Vt be
the portfolio value at time t, then the maximum drawdown, MDD,

MDD = min
t<T

(
Vt

maxs<t Vs

− 1
)

2. Average drawdown duration: it measures the average length of periods during
which the portfolio remains below its previous running maximum. Let Dt =
Vt

Mt
−1 with Mt = maxs≤t Vs. Underwater periods are periods of consecutive days

with Dt < 0. If the duration of these intervals are l1, . . . , lN , then the average
drawdown duration is

1
N

N∑
i=1

li

3. Maximum drawdown duration: it is the longest continuous period during which
the portfolio stays below its previous peak. Using the same notation:

max
1≤i≤N

li

4. Time-underwater ratio: it measures the proportion of time during which the
portfolio value remains below its running maximum. If T is the length of the
investing period, time-underwater ratio is formulated as

1
T

T∑
t=1

1(Dt < 0)

5. Average negative streak length: it is the average duration of consecutive negative-
return periods. Let s1, . . . , sK be the length of disjoint intervals with Rt < 0,
where Rt is the daily portfolio return. Then the average negative streak length
is

1
K

K∑
i=1

si

6. Fraction of negative days: it measures the proportion of trading days with nega-
tive portfolio return. It is formulated as

1
T

T∑
i=1

1(Rt < 0)
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7. Expected shortfall: also called conditional value-at-risk. It measures the average
loss given that losses are beyond a specified worst-case quantile (in our case, the
5% quantile). Let the Value-at-Risk of the portfolio return be VaR(Rp) = inf{x :
P(Rp ≤ x) ≥ 5%}. Then the expected shortfall is

ES5% = E[Rp|Rp ≤ V aR(Rp)].

We only use this metrics to compare the stochastic correlation models.

3.4.2 Risk-Adjusted Metrics

Risk-adjusted metrics are performance measures that evaluate returns relative to the
risk taken to achieve them, rather than considering returns alone. We use the following
risk-adjusted metrics:

1. Sharpe ratio: for evaluation, we use the ex post Sharpe ratio, expressed as

Rp − rf

σp

2. Sortino ratio: unlike Sharpe ratio, Sortino ratio only considers downside standard
deviation, σd, and is expressed as

Rp − rf

σd

3. Calmar Ratio: it compares return to maximum drawdown (MDD),

Rp

MDD

4. Gain-to-pain ratio: expressed as the ratio of the sum of all (positive) daily returns
(r+) and the absolute sum of all losses (negative returns) (r−),∑

r+∑ |r−|
.
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Chapter 4

Results

A diverse selection of ten stocks is considered for portfolio construction. Namely, Mi-
crosoft Corporation (MSFT), Amazon.com, Inc. (AMZN), Walmart Inc. (WMT), Visa
Inc. (V), Johnson & Johnson (JNJ), Netflix Inc. (NFLX), The Coca-Cola Company
(KO), Chevron Corporation (CVX), Cisco Systems, Inc. (CSCO), and UnitedHealth
Group Incorporated (UNH), covering the information technology, consumer staples &
discretionary, financials, health care, communication services, and energy sectors. We
use Yahoo Finance as a source of stock prices.

We apply and evaluate our models on four consecutive four-year periods spanning
the past sixteen years: 2010–2013, 2014–2017, 2018–2021, and 2022–2025. For each
period, we consider the interval between the first trading day of the initial year and
the last trading day of the final year.

We consider 10-Year U.S. Treasury Note as the risk-free asset, and for each period
we assume the risk-free rate to be its average yield throughout the period.

In each test period, we update and rebalance our portfolios quarterly, using solely
the data of the previous quarter (i.e. train quarter) for calculating the weights for the
following quarter.

In case of each model, we run 200 Monte Carlo simulations and calculate the eval-
uation metrics on real data for each simulated portfolio. We present the mean and
standard deviation of the results for each model in Appendix B, along with the ratio
of the number of simulations in which the model outperformed the baseline model in
a particular metric.
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4.1 Period 2010–2013

This period is characterized by the
presence of NFLX as a pronounced out-
lier relative to the remaining nine stocks.
While the ten stocks achieved an aver-
age annualized return of 20.8% with an
annualized standard deviation of 26.6%,
NFLX exhibited a substantially higher
annualized return of 62.2% accompanied
by an annualized standard deviation of
64.6%. The average pairwise correlation
among the stocks is 0.35; however, NFLX
displays virtually no correlation with any
of the other assets, with the exception of
AMZN. The risk-free rate during this period is 2.5%.

Although none of the stochastic models surpassed the baseline portfolio in terms of
raw return (the strongest model achieved an outperform ratio of 49.5% and an average
return of 26.3% compared to the baseline’s 26.4%) all stochastic models outperformed
the baseline in three of the four risk-adjusted performance measures, with the Calmar
ratio being the sole exception. Among the stochastic approaches, the Wishart-based
models exhibited the strongest overall performance. Models employing monthly corre-
lation updates proved marginally more effective than their daily-update counterparts.
Within the daily-update framework, the 10-day sampling window produced higher av-
erage performance metrics than the 20-day window, although it exceeded the baseline
less frequently. Nevertheless, the observed differences in average performance across the
stochastic models are small relative to the simulation variability, suggesting that these

29



distinctions should be interpreted with caution. The full set of results of risk-adjusted
metrics is reported in Table B.1 in Appendix B.

The examination of risk minimizing-metrics shows somewhat different picture than
that of risk-adjusted metrics. While the stochastic-correlation models achieve nearly
identical returns and risk-adjusted performance to the baseline, the drawdown statistics
suggest that they may actually introduce a slight deterioration in downside behaviour.
The baseline portfolio exhibits a maximum drawdown of only -13.4%, whereas every
stochastic model produces an average maximum drawdown of approximately -16%. A
similar pattern appears in drawdown duration measures. The baseline experiences an
average drawdown duration of 12.8 days, while the simulated models range between
13.9 and 14.2 days. More strikingly, the maximum drawdown duration nearly doubles,
increasing from 112 days for the baseline to approximately 205–232 days on average
for the stochastic models. This suggests that portfolios generated from stochastic
correlation structures may require substantially longer recovery periods after severe
losses. The time-under-water ratio, the average length of negative return streaks,
and the fraction of negative trading days remain stable across all models, varying
only marginally, however, all stochastic models outperformed the baseline 57%, 78%,
and 73% of the simulations respectively. The reported 5% expected shortfall values
fall between 0.159 and 0.181 (lowest: S-D-20, highest: S-M-20 and C-D-10) suggest
that the choice of correlation-generation methodology has limited influence on tail-
loss characteristics. The full set of results of risk-minimizing metrics is reported in
Table B.2 in Appendix B.
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4.2 Period 2014–2017

This period is characterized by 22.3%
average annual return and 22% average
volatility, with an average pairwise corre-
lation of 0.30. The risk-free rate during
this period is 2.2%.

In this period, the baseline achieves
the highest value for every risk-adjusted
performance metric, outperforming the
stochastic models around 70%–75% of
the times. Similarly to Period 2010 –
2017, the weakest performances can be
observed in Calmar ratio. The best per-
forming stochastic model is C-M-20, con-
sistently beating all of its counterparts in every metrics. Conversely, S-D-20 is consis-
tently the weakest model. The Wishart-based models tend to outperform the sample-
based variants slightly. The full set of results of risk-adjusted metrics is reported in
Table B.3 in Appendix B.

Contrary to Period 2010–2013, differences in risk minimizing metrics are highly
close, suggesting that downside risk is essentially invariant to the correlation modelling
choice. In maximum drawdown and average negative streak length, each stochastic
model performed worse by one percentage point than the baseline, failing to outperform
around 80% and 70% of the time. In the other three risk-minimizing metrics, the
baseline is outperformed with few exceptions. In expected shortfall, the best performing
model were S-M-20 and C-M-20, while the weakest was W-M. The full set of results of
risk-minimizing metrics is reported in Table B.4 in Appendix B.
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4.3 Period 2018–2021

This period is characterized by 19.6%
average annual return with 29.3% volatil-
ity and 0.46 average pairwise correlation.
This period experienced the recession
caused by Covid and signals a high-stress
/ low efficiency regime where drawdowns
or volatility dominate returns. The risk-
free rate during this period is 1.8%.

In this period, all stochastic models
outperform the baseline across all risk-
adjusted performance metrics. On aver-
age, their mean values exceed those of the
baseline by approximately half a standard
deviation. The best performing model, W-D, beats the baseline in 73%, 76.5%, 78%,
82%, and 76% of the simulations for return, Sharpe ratio, Sortino ratio, Calmar ratio,
and gain-to-pain ratio, respectively. The full set of results of risk-adjusted metrics is
reported in Table B.5 in Appendix B.

With the exception of the average negative streak length and the fraction of negative
days, all stochastic models outperform the baseline in approximately 70% of the simu-
lations. The maximum drawdown duration exhibits so high variability that the results
are not statistically meaningful. However, for maximum drawdown, average drawdown
duration, and the time-underwater ratio, the differences between the model means and
the baseline frequently exceed half a standard deviation. None of the stochastic models
outperform the baseline in terms of the fraction of negative days, and only half achieve

32



better results in average negative streak length. Overall, the W-D model emerges as the
strongest performer, exceeding the baseline in more than 80% of simulations for certain
metrics. The full set of results of risk-minimizing metrics is reported in Table B.6 in
Appendix B.

4.4 Period 2022–2025

This period is characterized by 9.5%
average annual return with 26.8% volatil-
ity and 0.25 average pairwise correlation.
The risk-free rate during this period is
3.8%.

In this period, all stochastic models
perform closely to the baseline, with dif-
ferences typically on the order of a frac-
tion of a standard deviation. Only half
of the stochastic models outperform in
return, Sharpe ratio, Calmar ratio, and
gain-to-pain ratio. Only S-D-10 manage
to outperform in Sortino ratio, and it is
the only model that outperforms the baseline in each risk-adjusted metrics. The full
set of results of risk-adjusted metrics is reported in Table B.7 in Appendix B.

Results of the risk-minimizing metrics are also very close to the baseline relative
to the standard deviations. The mean maximum drawdown of the stochastic models
are virtually identical to the baseline, yet every model outperformed the baseline in at
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least 62.5% of the simulations. Each model fails to outperform in average drawdown
duration, and only S-D-10 has greater than 50% success rate in time-underwater-ratio
with 52%. In other three metrics, the stochastic models outperform the baseline in 60–
70% of the simulations. The full set of results of risk-minimizing metrics is reported in
Table B.8 in Appendix B.

4.5 Conclusion

Across four distinct macro-financial regimes characterized by varying levels of return,
volatility, and cross-asset correlation, stochastic correlation modelling exhibits strongly
state-dependent effectiveness. The approach provides meaningful improvements only
in the high-volatility, high-correlation regime (Period 2018–2021), where diversification
breaks down and covariance dynamics become economically significant. In contrast,
in low-volatility or low-return environments, stochastic correlation either introduces
estimation noise (Period 2014–2017) or becomes irrelevant due to weak risk premiums
(Period 2022–2025). However, S-D-20, C-D-20, and S-D-10 models outperform the
baseline in three out of the four periods for Sharpe ratio, Sortino ratio, and gain-to-
pain ratio, suggesting further investigation in stochastic correlation modelling (perhaps
in continuous time).
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Chapter 5

Discussion and Outlook

In this chapter, we outline some of the possible ways to improve upon the stochastic
correlation models we developed in this thesis, in light of the results of Chapter 4.

5.1 Optimizing for expected Sharp ratio

In this thesis, we optimized the portfolios to obtain maximum Sharpe ratio, which
resulted in high standard deviations during Monte Carlo simulations. Even tough
quarterly rebalancing helps reducing this source of uncertainty, the standard deviations
remained too high relative to the differences of means. In order to solve this issue,
optimizing for the expected Sharpe ratio may be considered.

Let W be the portfolio of a selection of financial assets, with returns Ri, and let
S(w) be its Sharpe ratio. Note, that S(w) is a random variable through the underlying
stochastic correlation matrix. The portfolio w∗ = arg maxw E[S(w)] is optimized for
expected Sharpe rato and the optimization problem

max
w

1
n

n∑
j=1

Si(w)

subject to
n∑

i=1
wi = 1

w ≥ 0,

simulates finding such a portfolio. This portfolio should produce substantially less
standard deviation for most of the performance metrics. However,

Proposition 5.1.
E
[
max

w
S(w)

]
≥ max

w
E [S(w)] .

Proof. For every feasible portfolio w0, maxw S(w) ≥ S(w0). Since the expectation
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preserves inequalities,
E
[
max

w
S(w)

]
≥ E[S(w0)]

holds for every feasible w0, namely for the one that maximizes the right-hand side, as
well. Therefore

E
[
max

w
S(w)

]
≥ max

w0
E [S(w0)] .

Because of Proposition 5.1 and the property of being computationally intensive, we
did not use this method in our thesis.

5.2 Correlation as a Stochastic Process

In this thesis, through the three methods we discussed in this thesis, we assumed that
correlations are independent. However, in contrast to Figure 3.1, plotting the same
correlation data as a line chart (see Figure 5.1) suggests that correlations are not
independent over time, and may be better modelled by stochastic processes.

Figure 5.1: Correlation processes for logarithmic returns of MSFT – AMZN, WMT –
V, and NFLX – CVX.

In 2006, Cathrin van Emmerich introduced a method for modelling correlation as
a stochastic process [3].

She proposes that if
dXt = α

√
1 − X2

t dWt
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hold for a process Xt, where Wt is the Brownian motion, α ∈ R+, and X0 = x0 ∈
(−1, 1), then this process stays inside [−1, 1] and E[Xt] = x0. Then she extends the
model with a mean-reverting drift term, obtaining the stochastic process ρt, for which
holds

dρt = κ(θ − Xt)dt + α
√

1 − X2
t dWt, ρ0 = r0 ∈ (−1, 1), (5.1)

with constants κ ≥ 0, the mean reversion speed; α > 0, the correlation volatility, and
θ ∈ (−1, 1), the long-run average correlation. With ρt and two independent Brow-
nian motions, Kt and Lt (also independent of Wt), the stochastic process Zt can be
constructed as

Zt =
∫ t

0
ρsdKs +

∫ t

0

√
1 − ρ2

sdLt.

It can be shown that Zt is a Brownian motion and that

E[ZtKt] = E
[∫ t

0
ρsds

]
,

meaning that Zt and Kt are correlated by ρt.
Emmerich continues by determining whether ±1 are reachable. She finds that if

κ ≥ α2

1 ± θ
(5.2)

holds, then the boundaries are unattainable.
Finally, she derives the transition density of ρt is

p(x) = c
(1 − x

1 + x

)−κθ

(1 − x2)κ−1, (5.3)

with c such that
∫ 1

−1 p(x)dx holds. Then for a concrete dataset the parameters of 5.1
with the constraint of 5.2, can be found using 5.3.

Utilizing this method in portfolio optimization may yield improved performance in
practice.
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Appendix A

Proofs

The proofs presented in this appendix are taken from [9].

A.1 Proof of Theorem 1.9

Proof. Let f(x) be the density function of X ∼ N (0, t), meaning that

f(x) = 1√
2πt

exp −x2

2t
.

Then the moment-generating function is

φ(u) =
∫ ∞

−∞
euxf(x)dx

= 1√
2πt

∫ ∞

−∞
exp

(
ux − x2

2t

)
dx

= exp
(1

2u2t
) 1√

2πt

∫ ∞

−∞
exp

(
−(x − ut)2

2t

)
dx

= exp
(1

2u2t
)

,

because 1√
2πt

exp
(
− (x−ut)2

2t

)
it the normal density with mean ut and variance t.
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Let t be such that nt is an integer, then moment-generating function for W
(n)
t is

φn(u) = E
[
exp

(
uW

(n)
t

)]
= E

exp
 u√

n

nt∑
j=1

Xj


= E

 nt∏
j=1

exp
(

u√
n

Xj

)
=

nt∏
j=1

E
[
exp

(
u√
n

Xj

)]
=
(

1
2 exp u√

n
+ 1

2 exp − u√
n

)nt

.

We used that W
(n)
t is the sum of independent random variables.

We will show that φn(u) → φ(u), or sufficiently, log φn(u) → log φ(u) as n → ∞.
For this, we make the change of variable x = 1√

n
so that

lim
n→∞

log φn(u) = t lim
x→0+

log
(

1
2eux + 1

2e−ux
)

x2 .

Applying L’Hôpital’s rule, taking the derivatives of the numerator and the denominator
with respect to x, we get

lim
n→∞

log φn(u) = t lim
x→0+

u
2 eux − u

2 e−ux

2x
(

1
2eux + 1

2e−ux
) = t

2 lim
x→0+

u
2 eux − u

2 e−ux

x
.

Applying L’Hôpital’s rule once again, with the derivative of the denominator being 1,
we get

lim
n→∞

log φn(u) = t

2 lim
x→0+

(
u2

2 eux + u2

2 e−ux

)
= 1

2u2t,

as desired.

A.2 Proof of Remark 1.2.3

Proof. If the f has a continuous derivative, then
n−1∑
j=0

(f(tj+1) − f(tj))2 =
n−1∑
j=0

|f ′(t∗
j)|2(tj+1 − tj)2 ≤ |Π|

n−1∑
j=0

|f ′(t∗
j)|2(tj+1 − tj),

and thus

[f, f ]T ≤ lim
|Π|→0

|Π|
n−1∑
j=0

|f ′(t∗
j)|2(tj+1 − tj)

= lim
|Π|→0

|Π| lim
|Π|→0

n−1∑
j=0

|f ′(t∗
j)|2(tj+1 − tj)

= lim
|Π|→0

|Π|
∫ T

0
|f ′(t)|2dt = 0.
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A.3 Proof of Theorem 1.15

Proof. Let Π = {t0, . . . , tn} be a partition of [0, T ]. Let QΠ be sampled quadratic
variation corresponding to this partition, meaning

QΠ =
n−1∑
j=0

(Wtj+1 − Wtj
)2.

We will show that this sampled quadratic variation converges to T as |Π| → 0 by
proving it has expected value T and variance converging to zero. Since

E
[
(Wtj+1 − Wtj

)2
]

= Var(Wtj+1 − Wtj
) = tj+1 − tj,

QΠ satisfies

E[QΠ] =
n−1∑
j=0

E
[
(Wtj+1 − Wtj

)2
]

=
n−1∑
j=0

(tj+1 − tj) = T,

as desired. Moreover,

Var
(
(Wtj+1 − Wtj

)2
)

= E
[
(Wtj+1 − Wtj

)2 − (tj+1 − tj)2
]

=

= E
[
(Wtj+1 − Wtj

)4
]

− 2(tj+1−tj
)E
[
(Wtj+1 − Wtj

)2
]

+ (tj+1 − tj)2.

Using the fact that the fourth moment of a normal random variable with zero mean is
three times its variance squared, we get

Var
(
(Wtj+1 − Wtj

)2
)

= 3(tj+1 − tj)2 − 2(tj+1 − tj)2 + (tj+1 − tj)2

= 2(tj+1 − tj)2,

and

Var(QΠ) =
n−1∑
j=0

Var
(
(Wtj+1 − Wtj

)2
)

=
n−1∑
j=0

2(tj+1 − tj)2

≤
n−1∑
j=0

2|Π|(tj+1 − tj) = 2|Π|T,

which converges to zero as |Π| → 0, as desired.

A.4 Proof of Theorem 1.19

Proof. First, we compute the quadratic variation accumulated by the Itô integral on
one of the subintervals [tj, tj+1] on which ∆s is constant. For this, we choose partition
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points tj = s0 < s1 < · · · < sm = tj+1 and consider
m−1∑
i=0

(I(si+1 − I(si))2 =
m−1∑
i=0

(∆tj
(Wsi+1 − Wsi

))2

= ∆2
tj

m−1∑
i=0

(Wsi+1 − Wsi
)2.

As m → ∞ and the maximum step size of the partition approaches zero, ∑m−1
i=0 (Wsi+1 −

Wsi
)2 converges to the quadratic variation accumulated by the Brownian motion be-

tween tj and tj+1, which is tj+1 − tj. Therefore, the quadratic variation accumulated
by the Itô integral between tj and tj+1 is

∆2
tj

(tj+1 − tj) =
∫ tj+1

tj

∆2
sds,

since ∆s is constant on this interval. Piecewise addition results the statement of the
theorem.

A.5 Proof of Theorem 1.21

Proof. Taylor’s theorem says that for the function f(t, x) holds, that

f(tj+1, xj+1) − f(tj, xj) =
= ∂tf(tj, xj)(tj+1 − tj) + ∂xf(tj, xj)(xj+1 − xj)+

+ 1
2∂2

xf(tj, xj)(xj+1 − xj)2 + ∂txf(tj, xj)(tj+1 − tj)(xj+1 − xj)+

+ 1
2∂2

t f(tj, xj)(tj+1 − tj)2 + higher-order terms.

By replacing xj by Wtj
and xj+1 by Wtj+1 and summing, we get

f(T, WT ) − f(0, W0) =

=
n−1∑
j=0

(f(tj+1, Wtj+1) − f(tj, Wtj
)) =

=
n−1∑
j=0

∂tf(tj, Wtj
)(tj+1 − tj) +

n−1∑
j=0

∂xf(tj, Wtj
)(Wtj+1 − Wtj

)+

+ 1
2

n−1∑
j=0

∂2
xf(tj, Wtj

)(Wtj+1 − Wtj
)2+

+
n−1∑
j=0

∂txf(tj, Wtj
)(tj+1 − tj)(Wtj+1 − Wtj

)+

+ 1
2

n−1∑
j=0

∂2
t f(tj, Wtj

)(tj+1 − tj)2 + higher-order terms.
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When we take the limit as |Π| → 0, the left-hand side is unaffected, however, the first
term on the right-hand side contributes the ordinary (Lebesgue) integral

∫ T
0 ∂tf(t, Wt)dt,

the second term contributes the Itô integral
∫ T

0 ∂xf(t, Wt)dWt, the third term con-
tributes another ordinary integral, 1

2
∫ T

0 ∂2
xf(t, Wt)dt, while the fourth and fifth terms

contribute zero. Indeed, for the fourth term, we have

lim
|Π|→0

∣∣∣∣∣∣
n−1∑
j=0

∂txf(tj, Wtj
)(tj+1 − tj)(Wtj+1 − Wtj

)

∣∣∣∣∣∣ ≤

≤ lim
|Π|→0

n−1∑
j=0

∣∣∣∂txf(tj, Wtj
)
∣∣∣ (tj+1 − tj)

∣∣∣(Wtj+1 − Wtj
)
∣∣∣ ≤

≤ lim
|Π|→0

max
0≤k≤n−1

∣∣∣(Wtk+1 − Wkj
)
∣∣∣ lim

|Π|→0

n−1∑
j=0

∣∣∣∂txf(tj, Wtj
)
∣∣∣ (tj+1 − tj) =

= 0
∫ T

0
|∂txf(t, Wt)|dt = 0.

The fifth term is treated similarly:

lim
|Π|→0

∣∣∣∣∣∣12
n−1∑
j=0

∂2
t f(tj, Wtj

)(tj+1 − tj)2

∣∣∣∣∣∣ ≤

≤ lim
|Π|→0

1
2

n−1∑
j=0

∣∣∣∂2
t f(tj, Wtj

)
∣∣∣ (tj+1 − tj)2 ≤

≤ 1
2 lim

|Π|→0
max

0≤k≤n−1
(tk+1 − tk) lim

|Π|→0

n−1∑
j=0

∣∣∣∂2
t f(tj, Wtj

)
∣∣∣ (tj+1 − tj) =

= 1
20
∫ T

0
∂2

t f(t, Wt)dt = 0.

The higher-order terms likewise contribute zero to the final answer.
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Appendix B

Tables

B.1 Period 2010–2013

Table B.1: Performance comparison in terms of risk-adjusted metrics, 2010–2013
Model Statistic Return Sharpe Sortino Calmar Gain-to-Pain
Baseline Value 0.264 1.233 1.876 1.957 1.276

S-M-20
Mean 0.261 1.255 1.908 1.714 1.280
Std 0.044 0.186 0.316 0.575 0.043
p 0.465 0.555 0.515 0.345 0.535

W-M
Mean 0.262 1.255 1.910 1.718 1.281
Std 0.044 0.187 0.312 0.561 0.042
p 0.490 0.545 0.555 0.345 0.560

C-M-20
Mean 0.259 1.249 1.896 1.683 1.279
Std 0.041 0.174 0.296 0.525 0.040
p 0.450 0.530 0.535 0.305 0.535

S-D-20
Mean 0.255 1.236 1.877 1.694 1.275
Std 0.045 0.191 0.318 0.563 0.043
p 0.415 0.540 0.525 0.310 0.520

W-D
Mean 0.263 1.258 1.915 1.723 1.281
Std 0.045 0.189 0.320 0.567 0.043
p 0.495 0.555 0.565 0.365 0.550

C-D-20
Mean 0.257 1.244 1.904 1.691 1.277
Std 0.045 0.198 0.339 0.586 0.045
p 0.435 0.525 0.530 0.350 0.505

S-D-10
Mean 0.258 1.247 1.904 1.697 1.278
Std 0.042 0.176 0.288 0.523 0.040
p 0.420 0.515 0.530 0.310 0.500

C-D-10
Mean 0.258 1.242 1.895 1.675 1.277
Std 0.043 0.181 0.306 0.546 0.041
p 0.450 0.510 0.520 0.335 0.515

43



Table B.2: Performance comparison in terms of risk-minimizing metrics, 2010–2013

Model Statistic Max.
DD

Avg.
DD dur.

Max.
DD dur.

Time
UW rat.

Avg. neg.
sr. len.

Frac.
neg. days ES 5%

Baseline Value -0.134 12.823 112 0.872 1.877 0.458 -

S-M-20
Mean -0.16 14.11 223.1 0.866 1.827 0.451 0.181
Std 0.035 2.930 114.0 0.019 0.057 0.009 -
p 0.305 0.350 0.215 0.555 0.810 0.735 -

W-M
Mean -0.16 14.00 216.7 0.867 1.830 0.451 0.163
Std 0.036 2.616 114.6 0.020 0.054 0.008 -
p 0.315 0.375 0.230 0.580 0.810 0.765 -

C-M-20
Mean -0.16 14.18 215.5 0.867 1.837 0.452 0.162
Std 0.035 3.006 116.2 0.019 0.053 0.008 -
p 0.280 0.350 0.215 0.575 0.765 0.750 -

S-D-20
Mean -0.16 14.16 231.5 0.868 1.833 0.453 0.159
Std 0.034 3.066 119.0 0.021 0.054 0.008 -
p 0.275 0.390 0.205 0.525 0.795 0.715 -

W-D
Mean -0.16 13.91 218.5 0.865 1.831 0.451 0.171
Std 0.034 2.611 112.9 0.020 0.056 0.008 -
p 0.300 0.385 0.195 0.605 0.775 0.765 -

C-D-20
Mean -0.16 14.09 212.3 0.867 1.836 0.453 0.162
Std 0.037 2.901 112.2 0.020 0.053 0.008 -
p 0.350 0.375 0.215 0.585 0.775 0.710 -

S-D-10
Mean -0.16 13.92 205.0 0.866 1.839 0.453 0.177
Std 0.032 2.683 108.1 0.019 0.058 0.008 -
p 0.285 0.400 0.255 0.580 0.735 0.725 -

C-D-10
Mean -0.16 13.97 221.3 0.867 1.838 0.453 0.181
Std 0.035 2.513 110.3 0.018 0.051 0.008 -
p 0.280 0.350 0.175 0.555 0.800 0.675 -
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B.2 Period 2014–2017

Table B.3: Performance comparison in terms of risk-adjusted metrics, 2014–2017
Model Statistic Return Sharpe Sortino Calmar Gain-to-Pain
Baseline Value 0.217 1.251 1.789 1.620 1.290

S-M-20
Mean 0.197 1.145 1.597 1.357 1.265
Std 0.027 0.154 0.239 0.245 0.035
p 0.235 0.240 0.235 0.145 0.230

W-M
Mean 0.197 1.145 1.600 1.382 1.265
Std 0.029 0.170 0.265 0.262 0.038
p 0.235 0.265 0.235 0.190 0.235

C-M-20
Mean 0.201 1.169 1.636 1.407 1.270
Std 0.028 0.160 0.248 0.240 0.037
p 0.305 0.315 0.300 0.215 0.305

S-D-20
Mean 0.196 1.142 1.595 1.357 1.264
Std 0.026 0.152 0.236 0.237 0.035
p 0.210 0.225 0.205 0.135 0.205

W-D
Mean 0.197 1.146 1.601 1.362 1.265
Std 0.030 0.173 0.265 0.262 0.040
p 0.285 0.295 0.265 0.165 0.290

C-D-20
Mean 0.195 1.130 1.578 1.354 1.261
Std 0.031 0.178 0.281 0.278 0.040
p 0.250 0.280 0.240 0.165 0.235

S-D-10
Mean 0.198 1.151 1.609 1.365 1.266
Std 0.030 0.169 0.264 0.270 0.039
p 0.270 0.275 0.260 0.195 0.270

C-D-10
Mean 0.195 1.135 1.583 1.343 1.263
Std 0.030 0.172 0.265 0.261 0.039
p 0.250 0.275 0.235 0.175 0.245
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Table B.4: Performance comparison in terms of risk-minimizing metrics, 2014–2017

Model Statistic Max.
DD

Avg.
DD dur.

Max.
DD dur.

Time
UW rat.

Avg. neg.
sr. len.

Frac.
neg. days ES 5%

Baseline Value -0.13 11.01 119 0.854 1.713 0.459 -

S-M-20
Mean -0.14 11.10 122.4 0.850 1.741 0.457 0.144
Std 0.015 1.386 37.71 0.016 0.040 0.007 -
p 0.165 0.490 0.500 0.556 0.285 0.550 -

W-M
Mean -0.14 10.94 122.9 0.849 1.737 0.457 0.131
Std 0.014 1.561 44.79 0.018 0.044 0.008 -
p 0.220 0.545 0.555 0.640 0.315 0.510 -

C-M-20
Mean -0.14 10.92 118.4 0.848 1.737 0.457 0.144
Std 0.01 1.39 34.7 0.01 0.04 0.008 -
p 0.180 0.757 0.520 0.660 0.290 0.580 -

S-D-20
Mean -0.14 11.07 121.2 0.851 1.736 0.458 0.140
Std 0.016 1.377 35.97 0.016 0.040 0.008 -
p 0.175 0.505 0.510 0.555 0.270 0.515 -

W-D
Mean -0.14 10.98 122.3 0.849 0.738 0.456 0.137
Std 0.015 1.538 36.12 0.018 0.047 0.008 -
p 0.210 0.530 0.495 0.605 0.300 0.550 -

C-D-20
Mean -0.14 11.19 125.0 0.851 1.731 0.458 0.134
Std 0.016 1.578 41.08 0.018 0.044 0.008 -
p 0.210 0.515 0.480 0.550 0.410 0.555 -

S-D-10
Mean -0.14 11.17 126.1 0.850 1.745 0.458 0.138
Std 0.01 1.76 37.5 0.01 0.04 0.008 -
p 0.210 0.520 0.470 0.550 0.220 0.495 -

C-D-10
Mean -0.14 11.18 122.9 0.851 1.738 0.458 0.132
Std 0.017 1.673 38.94 0.018 0.039 0.008 -
p 0.170 0.540 0.515 0.530 0.260 0.530 -
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B.3 Period 2018–2021

Table B.5: Performance comparison in terms of risk-adjusted metrics, 2018–2021
Model Statistic Return Sharpe Sortino Calmar Gain-to-Pain
Baseline Value 0.199 0.849 1.018 0.643 1.202

S-M-20
Mean 0.203 0.879 1.061 0.723 1.208
Std 0.030 0.123 0.159 0.176 0.027
p 0.585 0.610 0.625 0.645 0.620

W-M
Mean 0.209 0.901 1.095 0.766 1.213
Std 0.030 0.123 0.163 0.186 0.027
p 0.635 0.660 0.685 0.715 0.640

C-M-20
Mean 0.206 0.894 1.084 0.752 1.211
Std 0.031 0.126 0.161 0.182 0.029
p 0.585 0.640 0.665 0.695 0.620

S-D-20
Mean 0.201 0.875 1.059 0.727 1.207
Std 0.029 0.121 0.157 0.168 0.027
p 0.565 0.600 0.630 0.695 0.600

W-D
Mean 0.218 0.935 1.135 0.816 1.22
Std 0.034 0.135 0.174 0.195 0.031
p 0.730 0.765 0.780 0.820 0.760

C-D-20
Mean 0.206 0.890 1.076 0.742 1.211
Std 0.029 0.120 0.156 0.180 0.027
p 0.575 0.605 0.605 0.665 0.600

S-D-10
Mean 0.206 0.892 1.079 0.748 1.211
Std 0.032 0.134 0.176 0.196 0.029
p 0.585 0.610 0.630 0.655 0.590

C-D-10
Mean 0.210 0.908 1.102 0.769 1.214
Std 0.028 0.113 0.148 0.169 0.025
p 0.635 0.685 0.665 0.740 0.675
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Table B.6: Performance comparison in terms of risk-minimizing metrics, 2018–2021

Model Statistic Max.
DD

Avg.
DD dur.

Max.
DD dur.

Time
UW rat.

Avg. neg.
sr. len.

Frac.
neg. days ES 5%

Baseline Value -0.30 15.73 134 0.879 1.732 0.432 -

S-M-20
Mean -0.28 14.80 131.1 0.864 1.733 0.432 0.137
Std 0.041 2.637 34.82 0.017 0.044 0.008 -
p 0.710 0.695 0.590 0.760 0.515 0.450 -

W-M
Mean -0.28 14.61 135.6 0.863 1.740 0.433 0.145
Std 0.040 2.357 37.89 0.016 0.040 0.007 -
p 0.755 0.730 0.510 0.840 0.435 0.400 -

C-M-20
Mean -0.28 14.72 131.5 0.863 1.742 0.434 0.143
Std 0.039 2.408 36.28 0.017 0.044 0.008 -
p 0.750 0.705 0.550 0.810 0.405 0.340 -

S-D-20
Mean -0.28 15.13 135.2 0.866 1.740 0.434 0.136
Std 0.037 2.609 40.82 0.017 0.044 0.007 -
p 0.740 0.650 0.535 0.775 0.465 0.415 -

W-D
Mean -0.27 14.04 127.5 0.858 1.731 0.432 0.146
Std 0.038 2.490 33.23 0.018 0.040 0.008 -
p 0.800 0.795 0.600 0.885 0.520 0.470 -

C-D-20
Mean -0.28 14.62 130.8 0.863 1.732 0.433 0.146
Std 0.040 2.351 34.22 0.017 0.043 0.007 -
p 0.710 0.730 0.560 0.830 0.525 0.400 -

S-D-10
Mean -0.28 14.59 137.7 0.863 1.734 0.433 0.138
Std 0.040 2.495 43.25 0.019 0.041 0.007 -
p 0.725 0.765 0.535 0.805 0.510 0.420 -

C-D-10
Mean -0.27 14.46 128.4 0.862 1.737 0.433 0.157
Std 0.036 2.258 32.56 0.015 0.042 0.007 -
p 0.785 0.755 0.610 0.845 0.445 0.415 -
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B.4 Period 2022–2025

Table B.7: Performance comparison in terms of risk-adjusted metrics, 2022–2025
Model Statistic Return Sharpe Sortino Calmar Gain-to-Pain
Baseline Value 0.111 0.519 0.739 0.594 1.142

S-M-20
Mean 0.110 0.506 0.711 0.620 1.141
Std 0.032 0.190 0.272 0.217 0.038
p 0.490 0.475 0.455 0.525 0.470

W-M
Mean 0.112 0.518 0.730 0.628 1.143
Std 0.033 0.194 0.281 0.229 0.039
p 0.505 0.495 0.490 0.530 0.485

C-M-20
Mean 0.112 0.522 0.735 0.642 1.144
Std 0.033 0.194 0.279 0.232 0.039
p 0.470 0.475 0.445 0.560 0.470

S-D-20
Mean 0.113 0.524 0.738 0.644 1.145
Std 0.035 0.208 0.300 0.246 0.041
p 0.510 0.515 0.485 0.570 0.510

W-D
Mean 0.110 0.506 0.711 0.624 1.141
Std 0.036 0.211 0.306 0.252 0.042
p 0.490 0.485 0.465 0.560 0.490

C-D-20
Mean 0.115 0.531 0.747 0.650 1.146
Std 0.038 0.224 0.323 0.251 0.045
p 0.525 0.515 0.490 0.535 0.530

S-D-10
Mean 0.117 0.546 0.767 0.678 1.149
Std 0.035 0.203 0.292 0.250 0.040
p 0.575 0.560 0.540 0.610 0.560

C-D-10
Mean 0.113 0.523 0.737 0.655 1.145
Std 0.035 0.204 0.292 0.252 0.041
p 0.485 0.490 0.485 0.535 0.510
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Table B.8: Performance comparison in terms of risk-minimizing metrics, 2022–2025

Model Statistic Max.
DD

Avg.
DD dur.

Max.
DD dur.

Time
UW rat.

Avg. neg.
sr. len.

Frac.
neg. days ES 5%

Baseline Value -0.18 20.5 287 0.903 1.938 0.470 -

S-M-20
Mean -0.18 23.60 276.7 0.909 1.909 0.466 0.043
Std 0.021 7.021 99.95 0.018 0.056 0.009 -
p 0.635 0.365 0.655 0.340 0.650 0.625 -

W-M
Mean -0.18 22.67 273.3 0.906 1.916 0.466 0.044
Std 0.021 6.175 89.96 0.018 0.050 0.009 -
p 0.625 0.425 0.650 0.450 0.645 0.640 -

C-M-20
Mean -0.18 22.97 280.9 0.908 1.912 0.466 0.050
Std 0.020 6.219 102.7 0.018 0.051 0.008 -
p 0.660 0.400 0.635 0.400 0.700 0.600 -

S-D-20
Mean -0.18 23.13 274.0 0.908 1.911 0.467 0.049
Std 0.019 6.643 102.5 0.020 0.054 0.008 -
p 0.695 0.445 0.680 0.390 0.715 0.610 -

W-D
Mean -0.18 22.95 287.0 0.908 1.912 0.466 0.040
Std 0.023 6.286 102.0 0.019 0.057 0.008 -
p 0.640 0.390 0.585 0.390 0.680 0.650 -

C-D-20
Mean -0.18 23.85 279.0 0.907 1.908 0.466 0.036
Std 0.018 10.97 111.8 0.021 0.052 0.008 -
p 0.660 0.390 0.625 0.400 0.720 0.660 -

S-D-10
Mean -0.17 22.44 262.1 0.905 1.910 0.465 0.041
Std 0.023 6.891 92.94 0.019 0.052 0.008 -
p 0.690 0.490 0.685 0.520 0.685 0.690 -

C-D-10
Mean -0.17 22.68 276.1 0.907 1.914 0.466 0.044
Std 0.022 6.489 96.62 0.019 0.051 0.008 -
p 0.670 0.430 0.650 0.420 0.680 0.695 -
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