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1 Introduction

When working with graphs, connectivity and k-connectivity can be extremely useful properties.
There are many reasons why one might want to know exactly how big of a subset of the vertices
can be removed from a certain connected graph without disconnecting it; or to know at least
how many disjoint paths are there between two arbitrary vertices. Graphs can be very powerful

tools, but to use them properly we also need to study them more closely.

In this thesis, we will be looking at some of the advancements in the research of removable
subgraphs in k-connected graphs. Our main focus is on results that use some restrictions on
the minimum degree of the graph itself. In the first chapter we will see what conditions need
to be met for a k-connected graph to contain at least one vertex whose removal results in a
graph that is still k-connected. Then a similar result is shown that makes it possible to delete
two adjacent vertices.

In the next chapter of the thesis we will explore more complex results, where a lower bound
for the minimum degree of a k-connected graph G for any positive integers k, m is a sufficient
condition for G to contain a certain removable subgraph H C G of order m. At first the
removable subgraph is a path, for which very recently an alternative proof has also been shown.
This makes it possible to not only confirm that the graph G has a removable path, but to also
find one.

Later on we are going to show some results where the removable subgraph H is a tree. What
makes this more interesting is that the included theorems state that with certain conditions on
G, for any tree T' of order m it is possible to find a removable subtree in GG that is isomorphic
to T'. In the case k = 1 there is once again an algorithmic approach that makes it possible to

find such a subgraph.

There are a lot of different directions one can go in the topics of removable subgraphs. In
this thesis we limited our scope to only include cases where the only restrictions are that both
the original and the resulting graphs are k-connected undirected simple graphs, the removable
subgraph is connected and does not contain a cycle, and the only other condition is a lower
bound on the minimum degree that is a function of only k£ and the size of the subgraph in
question. Even with these limitations we had to leave out several results, some of which will

be mentioned later on.

1.1 Some basic definitions and notation

First we introduce some basic definitions and notation. Most of these will be used throughout

the thesis. Some other definitions, only relevant to a specific chapter will be introduced later.

Given a graph G = (V, E), V = V(G) denotes the set of its vertices, and F = FE(G) denotes the
set of its edges (i.e. for v,w € V(G) {v,w} € E(G) denotes the edge connecting the vertices
v and w). Unless stated otherwise we always mean a finite graph, without multiple-, or loop
edges. Similarly for directed graphs D = (V, A), where A(D) denotes the set of its arcs (i.e.
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for v,w € V(D) (v,w) € A(D) denotes the arc directed from v to w).

For an S C V(G) the subgraph H induced by S (denoted by either H = (S), or H = G[95]),
is the subgraph of G, whose vertex set is S, and two vertices in H are adjacent if and only if
they are also adjacent in G. We call the graph G U K(S) (where K(S) denotes the complete
graph on the vertex set ), the completion of S C V(G). A set of vertices S is called a cut set,
if G is connected, but G — S = (V(G) — S) is not. For vertices u, v the set S C V(G) is called

uv separating, if in G the two vertices are in the same component, but in G — S they are not.

We often need to refer to the neighbourhood of a vertex v € V(G), that is the set of vertices
in G adjacent to v, and is denoted by Ng(v). The degree of v in G is dg(v) = |Ng(v)|, so it is
defined as the order of its neighbourhood. Similarly, when considering a subgraph H C G and
any vertex v € V(G), we may refer to the vertices adjacent to v contained in H as Ny (v), and
di(v) := |Ng(v)|. For a graph G we define 6(G) := minyey(){da(v)}.

Sometimes for given subgraphs H;, H, C G we use the notation

BE(H,, Hy) = {{u,v} € B(G)| weV(H), veV(H)).

A graph G is said to be k-connected (sometimes also referred to as k-vertez-connected), if there
is no S C V(G) with order less than k, that is either a cut set of G, or whose removal would
reduce G to the trivial graph consisting of a single vertex. The vertez-connectivity of GG is the
maximal integer k, such that G is k-connected, and is denoted by x(G). Similarly, G is called
k-edge-connected, if there is no F' C F(G) with |F| < k, such that the subgraph with vertex
set V(G) and edge set E(G) — F is disconnected. The edge-connectivity of G is the maximal
integer k, such that G is k-edge-connected, and is denoted by A(G). In this thesis we will only

be dealing with cases of vertex-connectivity.

For a cut set S, if a subgraph F' is composed of the union of at least one, but not all of the
components of G — S, then we say F'is a semifragment of G to S, and we denote

F =G~ (SUV(F)) as its complementary semifragment. If S is also a minimum cut set of G
(meaning |S| = k(G)), then such a subgraph F' would be called a fragment. Notice that for a
fragment the corresponding cut set S is uniquely determined by S = Ng(F'), while in the case
of a semifragment all we know is that Ng(F') C S.

We call a semifragment F' of G essential, if F' is connected, and Ng(F') = S. We say that a cut
set S C V(G) is quasi-minimally separating G, if there are at least two essential semifragments

of G to S. We can see that all minimum cut sets of G are also quasi-minimally separating.

We call a fragment, that does not properly contain another fragment an end. If a graph G is
not a complete graph, then there exists an end of G. This is because if GG is not complete then
k(G) is defined by the size of the smallest separating set of G. Let this cut set be S, and let F
be a fragment to S. Then F is either an end of GG, or it properly contains another fragment Fj
for which |Fy| < |F|. The same can be said for Fy: it is either an end, or it properly contains
another fragment F, of G of order |Fy| < |Fy|. This way we can always find a chain of such
fragments of GG, and since the sizes of these fragments define a strictly monotone decreasing

sequence where every element is a positive integer, this chain cannot be infinite. This means
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there exists a smallest F; C F' that does not properly contain another fragment of G. Then by

definition this F} is an end. Since this process can be done on F; as well, we can conclude that

if an end of G exists, then there are at least two.

We call a fragment, that is of smallest cardinality (over any cut set S of G) an atom. For the

graph G we denote the cardinality of its atom by a(G).

On several occasions, we will define a graph as a join of two graphs. We define this as such:
the join of the graphs G; and G is the graph

H = (V(G1) UV(Gy), E(G1) U E(Gy) U {(v1,v2)|v; € E(Gy),v2 € E(Gg)}). Shortly this
operation is denoted by G + Gj.



2 Critically k-connected graphs, and removable vertices

In this chapter we will only be looking at minimal problems in terms of size. Meaning at first
we only observe what conditions have to be met to find a single vertex, whose deletion does
not lead to a decrease in k(G). Then as the second result of the chapter we also show a similar
result with which it is possible to remove two adjacent vertices, while keeping the k-connectivity

of the original graph.

For this we have to define a few additional terms: for a k-connected graph G a vertex-subset,
or a subgraph R is called removable if G — R(= (V(G) — R)) is still k-connected. A graph is
called critically k-connected, if kK(G) = k, but for any vertex v € V(G) k(G —v) < k (i.e. if

there are no removable vertices in G).
In 1972 Chartrand, Kaugars and Lick proved the following theorem [1]:

Theorem 1. Every k-connected graph contains either a vertexr whose remowval results in a graph
which is also k-connected, or a vertex of degree less than (3k — 1) /2.
If G is a critically k-connected graph (k > 2) then §(G) < 2 — 1.

Proof: Indirectly, suppose the theorem is false and let G be a counterexample, such that
k(G) = k, G is critically k-connected, and §(G) > 2 — 1. We know that G cannot be a
complete graph (% — 1 > k, if the minimum degree truly is larger than this, then G has more
than k + 1 vertices, therefore if GG is a complete graph, it is not critically k-connected), and

that for every vertex v € V(G), v is part of a k-cut (that is a cut set of order k).
Let A be an atom of G, S be the corresponding k-cut, and let H = G — (SU A).

Now take w € A, and let S* be a k-cut such that w € S*. Define Vi := V(A)NS*, |Vi| :=ny,
Vo= V(H)NS* |Vo] :=mng, V3:=5NS5* |V5] :=ns, and denote G* = G — S*. (Notice:

ny + ng + ng = k, since these three subsets partition S*.)

First we show that n; < ns.

If V(H) C S, this is true, since ny < a(G) < |V(H)| = ny. Now assume V(H) ¢ S*. Notice
that for every v; € A, wvy € H there exists k vertex disjoint paths from vy to vy in G, all of
which having exactly one vertex in S. So every vertex v € V(H) has k vertex disjoint paths
joining them to S. Since these are all vertex disjoint, at most ny + ng of these can contain
vertices of Vo U V3, which gives us at least & — ny — ng = n; paths that are all contained in
(SUV(H))\S*. For any u € V(H)\Va denote the set of the end vertices of these u — S paths
by R(u).

If there are uy, uy € V/(H)\V, such that R(u;)NR(uz) = 0, then 2ny < |R(u1)UR(ug)| € S—V5,
so |S| = k(=nq1 + ny+ng) > ng + 2ny = ny > nq is true.

If there are no such two vertices, meaning for every uy, us € V/(H)\ V2 we have R(u;)NR(ug) # 0,
then we can easily see that the subgraph G’ := ((UuevmpwR(u)) UV (H)\V3) is connected,

and is also a subgraph of a component of G*.
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Figure 1: Visualization for R(u)

This subgraph has to have at least n; + (|V(G)| — a(G) — k) — ny vertices (the sum of our lower
bound for the cardinality of any of the R(u) sets, that is also a lower bound for their union,
the order of H, and since we excluded V5, we also have to subtract ny). Since S* is a cut,
we also know that there has to be at least another component of G*, for which we have the
following upper bound: |V (G)| — k — |V(G")| = a(G) — ny + ny. By our choice of S we know
that a(G) < a(G) — ny + ny this gives us ny; < no.

Next we prove that n; < a(G), meaning A — V; # (. Since n; < ng, we also have n; < %
Then in case ny = a(G), for any vertex v € A dg(v) < a(G) — 1+ k = 2 — 1. However, this

contradicts our assumption, that §(G) > 2 —

Let FF = ((A— V1)U (S —V3)). If F was connected, it would be a subgraph of a component of
G*. But outside of F', G* only contains vertices of H — V5 (if this set is not empty), and we have
already shown, that every such vertex is joined to S — V3 by at least n; vertex disjoint paths in
G*. So in all cases F' being connected would also mean G* is connected, which is impossible.

F has to be disconnected.

Let us denote the components of F' by Fy, Fy, ..., F; (j > 2). For each F; let us also denote
SNE; by W;, and |W;| = s;. We know, that Vi s; # 0, because then F; would be a component
of G* of order smaller than a(G), which is not allowed.

Now we show that there can only be one i, where F; contains vertices of A — V;. Indirectly,

assume there are at least two, and without loss of generality we can assume these are F; and
J
F5. Now define W{ := U W; (= S\(ViUWy)), and |W]| := s}. We can see, that both of the

sets V, U Va U W, and ‘Z/;QU V3 U W/ are cut sets of GG, and with either of their removal we get a
component contained in A — V. This implies ny + ng + s1 > k and ny +nsz + s; > k, leading to
1, 8] > no. However all this with the equality (k =)n;+ns+n3 = ng+s;+5; and the previously
shown ny > ny also leads to s1 = s| = ny = ng, meaning ny + nz + s; = ny +ng +nz = k (and
similarly n; +n3 + s{ = k). So if there are at least two components of F' containing vertices of
A — Vi, then G has at least two different k-cuts with fragments of order less than a(G), which

is impossible.



Now we have shown that there is exactly one component of F' that contains vertices of A — V.
Assume this component is F;. Then V;UV3UW] is a cut set of G, again leading to n;+ns+s; > k
(and s; > ng). Let G} be a component of G* containing any vertices of W/ (as previously
defined). If V(G5) C Wy, then | > V(G}) > a(G), but that would mean k = n3 + s; + s} >
ns + no + a(G) > n3 + ng +ny = k, which is impossible. This means G has to contain vertices

of V(H) — V3 (also meaning this set cannot be empty).

Next we show that Vo U V3 U W/ is also a cut set of G. Suppose this is not so, and the graph
G = (V(G) — (V, U V3 UWY])) is connected. Then the graph G” = G’ — V; also has to be
connected, because for any vertex v € Vi, Ng(v) C V(F)) and F) is connected. However
since G" U W] = G* is disconnected, we can only assume there is a component of G* that is a
subgraph of (W7). Since we have already proved that any component of G* containing vertices
of W{ has to also contain vertices of V(H) — V4, this is not possible and thus G’ cannot be
connected, and V5, U V3 U W/ really is a cut set of G.

From this we have the following bounds:
no+mns+s) >k,andng+n3+s1 >k = s)>nyand sy > ng
From this, n; < ng, and s; + s} + n3 = ny + ny + n3 we get sy = ny and s} = n;.

Now if we look at the cut set Vi U V3 U W, again, this also has to be a k-cut, but it also
produces a fragment contained in A —V; C A, which leads us to a contradiction, since in this
case A cannot be an atom of G. This means our indirect assumption has to be false, G' cannot

be a counterexample. O]

In their paper the authors also showed that the number % — 1 is best possible. For this they
gave a construction of critically k-connected graphs with 6(G) = m for all pairs of

kE<m< % — 1 positive integers. It is easy to see why the case m < k was not addressed: a
k-connected graph G has to have 6(G) > k, otherwise there exists a vertex v in G for which
the set Ng(v) is a cut set of order less than k (or reduces G to the trivial graph of the single
vertex v). In case §(G) = k, then again, there exists a a vertex v with dg(v) = k. In this case
the removal of any vertex adjacent to v results in a graph that is no longer k-connected, thus
such a graph G is always critically k-connected.

Their construction is the following:

° Fork<m:%—1deﬁne
Grm = (Kp—k1 U K1) + (Kp—p1 U Ky _eg1).
In other words, we take four separate complete graphs of order m — k + 1 = k/2 (note:
this case is only possible if k is even), let us call these A-components. We arrange them
in a circle of sorts, and we add all possible edges between all vertices of only the
neighbouring subgraphs.
It is easy to see that all vertices of this graph have degree
(k/2 — 1) +2(k/2) = 2 — 1 = m. We also know that the graph Gy, is k-connected,
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since the union of two opposite A-components is a k-cut, since this set separates the
other two A-components, and has exactly k vertices.

From this it is also given that by the removal of any of the vertices of Gy, we can easily
find a separating set of order less than k the same way. So this graph is critically

k-connected.

. Fork<m<%—1deﬁne
Grm = (Km—kt1 U Kopig1) + (Kpk1 U K1) + Ki—om—1)-
This graph is basically constructed by taking four complete graphs of order m — k + 1,
let us call these A-components, and similarly to the previous case joining them in a
‘circle’, then taking a complete graph of order k — 2(m — k + 1), let us call this a
B-component, and joining that to the previous graph.
Now all vertices of this B-component have degree
k—=2m—k+1)—1+4m—k+1)=2m—k+1>m+1>m, while all vertices of any
of the A-components have degree m —k +2(m —k+ 1)+ k —2(m — k+ 1) = m. This
means 0(Gy,,n) = m. Again, since the union of two opposite A-components and the
B-component gives us a separating set of order 2(m —k+ 1) +k—2(m—k+1) =k, we
know that this graph is k-connected. By removing any of the vertices we can easily find

a separating set of order k — 1, meaning it is also critically k-connected.

Figures 2 and 3 show some simple examples. Here the values of k, m were chosen specifically
so that these two examples would showcase the similarity of the two cases of the construction.

Notice that the first graph (G45) is a subgraph of the second one (Gg 7).
Gus = (KU Ky)+ (KyUKy) Gor = (Ky U Ky) + (K U Ky) )+

Figure 2: Example 1: k = 4,m =5 Figure 3: Example 2: k =6,m =7

Since this result, a shorter proof has also been shown for this theorem by Mader [14] using
atoms.

The next discussed case is for edges; with slightly different conditions it is possible to find an
edge in F(G) where both end vertices can be removed at the same time. This is shown in the

following theorem that was proved by Fujita and Kawarabayashi [2]:



Theorem 2. Let G be a k-connected graph with 6(G) > L%J + 2. Then G has an edge e
such that G — V (e) is still k-connected.

In their paper the authors actually first proved a different theorem, for which this is a
consequence of. For this second theorem we need the following definition: for k£ > 2, the edge
e of a graph G is said to be k-contractible, if by contracting the edge e (and replacing the
resulting double edges by single edges, and deleting the resulting loop edges) G remains
k-connected. Let E.(G) ={ e € E(G)| eis a k-contractible edge of G }.

The theorem is:

Theorem 3 [2] Let G be a k-connected graph with §(G) > | 2] + 1. Then one of the
following s true:

1. there is an edge e € E(G) such that G — V (e) is still k-connected

2. there is a subgraph X of G such that X = K s ) + (k— 1)K, and E(X) C E.(G).

Furthermore there is a vertex v € V(X) such that de(v) = 2] + 1.

Proof of Theorem 3 Assume the theorem is false, and let G be a k-connected counterexample
such that §(G) > [2| + 1, and neither of the two aforementioned statements are true in the
case of G. By a result of Egawa [3] we know that every k-connected graph with minimum
degree greater than or equal to 5 has a k-contractible edge. Since 6(G) > %] +1> 2% G
has to have at least one. Notice that every k-contractible edge of G is contained in a cut set
of order k£ + 1. This is because on one hand no k-contractible edge e can be contained in a cut
set of order less than k + 1, since then after contracting e, the resulting graph would have a
cut set of order less than k. On the other hand, if there is a k-contractible edge e that is not
contained in any cut set of order less than k + 2, then the graph G — V'(e) is still k-connected,
therefore GG is not a counterexample to the theorem. Let A; = { S| S is a k-cut of G, that
contains an edge} and As = { S| Sisa (k+ 1)-cut of G, that contains a k-contractible
edge }. This way for all e € E.(G) there exists an S € A; U Ay such that S contains e.

We can easily see that for any S € A; all components H of G — S have to be of order at least
%. This is because the degree of a vertex v of such a component can only be at least

|25 ] + 1, if there are enough vertices in S U H\{v}. Similarly, for any S € A, all components

of G — S have to have at least k—;l vertices.

H S W
Let S € AjUA,, and let H be a component of G—.5,
and let W = H. Assume S is chosen such that |H| H | S, i
is minimal. Now choose S’ € A; U A, specifically
so that S’ contains an edge e of H. Let H" and W’ g i, Sy Wy

be complementary semifragments of G to S’. Let

_ / _ ! . /
Hl—HﬂH, HQ—HHS, Hg—HﬂW, W/ Hd 53 W3
S;=SNH, S=5n¢5, S;3=5SNW, and
Wi=WnH, We=WnSs, W;=WnwWw". Figure 4: For easier visualization, these

are the 9 partitions of the graph
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Lemma 1. The following two statements are true:

o [fH #0, then W3 # ()
o IfH3 # 0, then Wy # ()

Proof of Lemma 1: By the symmetry of H and W', we only need to prove one of the
statements, and the other will be a natural consequence of that one.

Assume H; # () and W3 = ). Notice H; is a component of G — (Hy U S; U Ss), and by the
minimality of |H| = |H; U Hy U H3| and the fact that since Hy # ) (by the choice of S”)
implies |H| < |H|, we know that |Hy U Sy U Sy| > k4 1. This leads us to
k+1<|Hy|+[S — 83| < [Ha| + (k+ 1) — |Ss| = [S5| < |Hy.

Furthermore W’ = H3 U S3, and again, by the minimality of |H| we know

|Hy U Hy U Hs| < |H3 U S;| = |Hy U Ha| < [S5]. Also, since |H;| > 0 we have |Hs| < |S3],

which is a contradiction. This proves the first statement of the lemma.

H S w H S %%
H o 40| s W, H |m£0| s W,
S’ H, S, W, S’ H, S, W,

W/ H3 53 I/Vs = @ W/ H3 53 W3 = @

Figure 5: Visualization for Lemma 1.

Next we show that S,S’ € A,. Firstly, assume S € Aj.

If Hy # 0, then by the minimality of |H|, |[Hy U S; U Ss| > k+ 1, or > k + 2 depending on
whether S" € Ay, or S” € A,y. In either case this implies

|S| 4+ || = |[Ha U S1 U Sa| = |[Wa U Sy USs| < k— 1. Since this is also a cut set if W3 # (), and
by Lemma 1 it is, this contradicts the fact that G is k-connected.

S W H S
S| =k 1S| = k

H |H 40| 5 w, | H' |H 40| 8 W,

S’ H, S, w, |S’ H, S, W,

W/ H5 S3 W3 7é @ W/ H3 Sg WS 7é 0
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Then we have H; = (). Similarly Hs = () can also be shown.

If |Hy| = |H3| =0, then |H| = |Hs| > (k — 3)/2 (for it is a component of G — S, and S € A;).
This means | Sy U Ws| < (k — 1)/2, and since we assumed S € Ay, |S1 U S3| < k=[S < k/2
or |S3] < k/2. This means either W3 or W is empty, because these are components of

G — (S3U Sy UWs) and G — (S U Sy U Wsy) respectively, but we already know that one of
these cut sets is of order less than k.

If |51 < k/2 and Wy = 0, then |H'| = |S;| < k/2, which contradicts the minimality of |H |
(and the fact, that as a component of G — ', its order has to be at least (k +1)/2).
Otherwise, if |S3| < k/2, then the same can be said for |W’| = |S3| < k/2. This proves that
S € As, meaning S has a k-contractible edge e. Without loss of generality we can assume

e €51 US,.

H S w H S w
S| =k 15| =k
! 51 '
H' Hi=0 |g<kp| ™ H |H=0]| s W,
' Hy / Hy
S pmizigy S [ W | S [ < 55 S' mi=sd S | Wa | |Sal Wy < K5
= |S1US, UWs| <k = |SsUSUW,| <k
=W, =0 , S5 =W =10
W/ H;=10 S Ws W Hs =10 [S3| < k/2 W

Secondly, assume S’ € Ay. If Hy # (), then |Hy U S; U Sa| > k + 2 (for it contains a
k-contractible edge, and |H;| < |Ha)).

Since [Wo U Sy U Ss| = S|+ |9'| — [Ho U ST USy| <2k +1— (k+2) =k — 1, this leads us to
W5 = (), which contradicts Lemma 1, meaning H; = ().

If Hy # (), then again by the minimality of |H| we have |Hy U Sy U S3| > k + 1. Since
|[WoUS1USy| =S|+ [S'] — |Ha USyUS3| <2k +1— (k4 1) = k. However this set contains
e, and no k-contractible edge of G can be contained in a cut set of order less than k + 1,
which leads us to Wi = (), but that would contradict Lemma 1. once again. This means if

S" € Ay, then Hy = Hy =0, and |H| = |Hs| > (K +1)/2.

Now assume Wj # (). This implies [Wo U S; U S| > k + 1 (since e is contained in this cut set).
Since |Wy U S1 U Sy| = [(S"\Hs) U Si| =k — |Hzo| + |S1| > k + 1 this means

|S1| > |Ha| + 1> (k+1)/24+ 1= (k+3)/2, and

|So U Ss UWy| <|S|+ 15| — |Ha| — |S1] < 2k +1— (2k +4)/2 =k — 1. This forces W3 = 0,
and W’ = S;. By the minimality of |H| = |Hs| > (k + 1)/2 we have |S3| > (k +1)/2, and

|S| > |S1| + |S5] > k + 2, which would be a contradiction, leading us to Wy = (), and H' = Sj.
Similarly suppose W3 # (). By our assumption that S’ € A; and that S; is a fragment of

G — 5" we have |S;| > (k+3)/2=|S;] < k+1— |5 < (k—1)/2. Since

k=|5"=|HaUSy UWs| > (k+1)/24|Ss UWs| = |Se UWs| < (k—1)/2. From this we can
see that |Sy U S5 UWs| < k — 1, meaning either W3 = (), or G is not k-connected. This is also
a contradiction. This means W5 = (.

In this case H = Hy and W = W,. By the minimality of |H|, the previously stated lower
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bound |Hs| > (k + 1)/2 also holds for W5, which implies
k=S| > |Hs| + |[Ws| > 2(5H) = k + 1. This is also a contradiction, thus 5" € A; holds.

What we have seen so far means that for any edge e € E(H)U E(H, S), e € E.(G) is true, and
therefore e is contained in a cut set S € Ay. This means from now on we can safely assume we
chose S in a way that it contains a k-contractible edge in E(H) (in other words |Hs| > 2).

Moreover let f be a k-contractible edge in S. This is either contained in S; U Sy, or in Sy U S3.

By the symmetry of H and W’ we can assume it is contained in S; U Ss.

Next we show that |[H| > |k/2]| + 2. Suppose this to be false. By the previously seen lower
bound to |H| this is only possible if |H| = [k/2]| + 1. In this case, since

E(H)UE(H,S) C E.(G), and §(G) > [%] + 1, this means H = K|j2)41, and all of its
vertices are connected to each of the vertices of S. We can also easily see that this way H
does have a vertex of degree exactly L%j + 1. Thus H U S is a subgraph of G satisfying all
properties of X in the second statement of the theorem, which is a contradiction, because this
way G cannot be a counterexample. So |H| > |k/2]| + 2 holds.

Lemma 2. Hy =), and H, # ().

Proof of Lemma 2. Indirectly assume Hj # () (also implying W; # (). Again, by the
minimality of |H| and the fact that Hs contains e, we know that |Hy U Sy U S3| > k + 2.
Similarly for the cut set |[Wo U S; U Ss| > k + 1, since Wy # ), and S; U Sy contains f.
However 2k + 2 = |S| + |5'| = |Hy U So U S3| + [S2 U S1 U Ws| > 2k + 3, which is impossible.
This means Hs = ().

H S W H S W
|S|=k+1 [S|=k+1
, fEE(SlLJSQ), 0< |W1‘ /
H | m S Wi#D| =S USUW|>k+1 H H, S Wi#D
S| m S, W, S| H S, W,
[S'=k+1
eEE(H2)7 0< ‘H3| < ‘H|

Wl Hg#@ Sg W3 :>‘H2USQUS3‘Z]C+2 W/ Hg%@ 83 W3

Now assume H; = (). As we have already seen, |Hs| > (k + 3)/2, so |Se UW,| < (k—1)/2.
Since S € Ay, we know that either |S;| < (k+1)/2 or |S5] < (k + 1)/2 holds, which implies
either W; or Wj is an empty set. This is because in the case of

|S1]| < (k+1)/2 = |WyUS; USy| <k, but since this cut set contains f (a k—contractible
edge) this is not possible. In the second case, |S5] < (k+1)/2 = |[Wo U S5U Ss| < k. Since G
is k-connected, this is possible only if either W5 = (), or if |S3| = (k +1)/2 and

|So UWs| = (k — 1)/2 both hold. However, the former implies |S;| < (k + 1)/2, which for the

same reason as before, means W; = 0.
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H S W
S| =k + 1
S In the first case (W, =0 = H' = S;), by the mini-
H' |17 =0 |3 Sl el W, ].mali‘Fy of |H| we have |S1| > (k+3)/2. However this
implies |Wy U Sy U S3| < |S| + || — |Ha| — |S1] <
Hy,=H 2k +2 — 2(E2) = k — 1, and consequently W5 = 0.
S’ |Hy| > k2 Sy Wy From this, it follows that |[W’| = |S3| < (k —1)/2,
1Sl =k +1 which is a contradiction, for W’ cannot be smaller
than H.
W/ H3 - @ 53 W3
H S |44
S| =k+1
H/ H1 - @ Sl W1
In the second case (W3 = ) = W’ = S3) a similar
sequence of thoughts also leads to a contradiction, Hy=H
proving Hz # (). S’ |Hy| > &8 Sy Wy
1S =k +1
Ss
W/ H3 = @ ‘53| < % W3

By Lemma 1, Lemma 2 also implies W3 # (), and since G is k-connected, this means

W2 U Sp U S| > k. (1)

Also, by the minimality of |[H|, and by |Hy| # 0, |Ha|#0 = 0<|Hi| <|H|, and the fact

that Hsy contains a k-contractible edge, we also have

|Hy U S1 U Sy > k+2. (2)

Since 2k +2 = |S| 4+ |S"| = |[Wa U So U Ss| + [Ha U S1 U Sy| < k+ k42 = 2k + 2, we know that
in the case of both (1) and (2), the equalities hold. Then these equalities also imply
|Hy| = |S3| + 1. Also, since we already have the lower bound |Hs| > 2, this gives us |S3] > 1.

Lemma 3. For all non-empty U C S — V(f) with H— N(U) # 0 the inequality

IN(U)NH| > |U|+ 1 holds.

Proof of Lemma 3. Suppose the contrary, and let U be a counterexample with
IN(U)N H| <|U|. Since H— N(U) # 0, the set (S —U)U (N(U) N H) separates H — N (U)

from W UU.

For the order of this cut set we have the following upper bound:
(S=U)UNU)NH)| = (S|—=|U|)+ |NU)NH| <|S| =k+ 1. Since this set contains f
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and G is k-connected, the equality has to hold. This however contradicts the minimality of
|H|. ]

Lemma 3 also gives us N(S5) N H = H, since we already know N(S3) N H C Hs, and
|Hy| = |53 + 1.

With everything we have obtained so far, the following can be done. Take a fixed indexing on
the edges of H. For each e; € E(H), e; is contained in some S* € A,. Let H* and W' be
complementary semifragments of G to S?, and similarly to the previously used notations,
define H{, Hi, Hi as HN H', HN S" and H N W respectively. Do the same for Si, S, Si,
Wi, Wi, and Wi. Without loss of generality we may assume V(f) € S; U S} for all

1 <i<|E(H)|. This way Hy =0, |Hi| =S|+ 1, and N(S) N H = Hj hold for all i.

Next we prove the following.

Lemma 4. For each j with 2 < j < |E(H)|, if (N(S")n H)n (/= N(Si) N H) # 0 for
every 2 < h < j, then || J_, N(S{) N H| < |J_, Si| + 1.

Proof of Lemma 4. We prove by induction on j.

For 7 = 2 : by the condition of the lemma, and the fact that for all ¢ we have

N(Si) N H = Hi, we may assume Hi N H3Z # ().

If S3NS? =, then by applying the inclusion-exclusion principle we obtain

(NS UN(S2)) N H| < [H U H2| = [H3| + |HE| — |H} O HE| <

1S3+ 14153] +1— (|53 NS3 + 1) = |S3 US? + 1, which is exactly what the lemma states.
If S3NS2+#(, then by Lemma 3. we have [N(SiNS2) N H| > |SiNS2|+ 1. By again
applying the inclusion-exclusion principle we get

[(N(S3) UN(S3)) N H| < |Hy UH;| = |Hy| + |H}| — |Hy N Hy| =
IN(S5)NH|+|N(S3)NH| =[N (S3NS5)NH| < [S5]+1+|S5[+1—([S5NS5[+1) = [S3USF|+1,

which is again what the lemma states. So for j = 2, the lemma is true.

For 57 > 3: if Sg C Uf;ll St, then by the induction hypothesis we have

(U, N(SH)NH| = |- N(SH)NH| < |- Si|+1 =], Si+1, thus the result follows.
If S5 ¢ | JZ] Si, then let R := Sj N J/Z; Si, and

Q=NR)NH (=N(S)nH)N(JZ N(Si)NH)). If R=0, then by the assumption of
the lemma (that the intersection of the neighbours in H is not empty) we have |Q| > |R| + 1.
If R # (), then the same inequality can be said as a consequence of Lemma 3.

This way we have |1, N(S5) 0 H| = |} N(S) 1 H| + [N(S)) N H| - |Q| <

U] SenH[+1+]S)|+1—|R| —1=|U_, SN H|+ 1, which is exactly what we

needed. ]

Now we define the following procedure. Take an edge e; € E(H). This edge is contained in
some (k + 1)-cut set A € Ay. For this cut set A' define the corresponding S5 as done
previously. Assume that we have already defined ¢;, A’ € Ay, and S} for all 1 <1 < j.
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If H— UZ:1 N(S%) =0, then we stop the process. If not, then there exists an edge e joining
7 N(S) N H to H—J_, N(S3). Let this edge be e;41, and continue the procedure by

defining A7+! and SJ™ accordingly.

By the time we stop the process (for H — Jf_, N(S4) = 0 for some k < |E(H)|), we have

created a sequence of Sg subsets of S, that satisfies the conditions of Lemma 4. (with j = k).

We can easily expand this sequence to include all other edges of H too on indexes

k < i <|E(H)|, since this way the conditions of the lemma will still be met. From this we

obtain
|E(H)|

H <| |J Sil+1<IS-V(H)+1=k (3)

=1

Let G be a graph with V(G) = E(H), and E(G) = {ese;| i # j, N(Si) N N(S]) # 0}. Let

M C V(G) such that G(M) is a connected subgraph of G, and define

J = UejeM N(S}) N H # H. Select J and M in way that |J| is maximum, and subject to the
condition |J| is maximum, |M| is minimum. We may assume V(M) = {ey, ..., e, }, where

p < |E(H)|. This can also be thought of as assuming the indexing of the edges in H
represents the order of edges used in the procedure described in the previous paragraph, and
p is not the index after which the procedure stops, but a smaller one. Since the procedure
could usually be done by several different sequences of the edges, we will also specify what

added conditions we want this specific sequence to satisfy.
Let I =U,<icp S5

Lemma 5. |I| < (|H| — 1)/2, and the equality holds only if |N(I) N H| = |N(S?"™)n H| and
(IN()NH)N(N(ST™Y N H)| =1.

Proof of Lemma 5. By Lemma 3. we know that | J..,, V(e) € N(I) (= UejeM N(S%)). First
we show that E(|J,c,, V(e), (H — N(I))) # 0. Assume this is not true, and let

€U Vie), yeH—N().

Based on the lower bound on the minimum degree in GG, and on exactly which vertices can be
adjacent to z in G according to our assumption (specifically in H and S), we know the
following: [%] +2 < |Ng(z) U{z}| < |N(I) N H| + |S|, which gives us

%] —k+1<|N(I)NH]|

Using the same logic (and (3)) for y:

%] 42 < [Noly) U{gH] < [H = N(D| + (N OV H] = [Usens Vi) + 1] = [1] =

H| = |Ueens V) +hk4+1—= I <2k +1—|U,.cp V(e)| — |I| which by rearranging the two
ends gives us [I| <2k +1— U,y V(e) = [2] —2=2k— 2] — |U,cx V(e)| — 1, and since
|U.cas V(€)| > 2 this means || +1 < |2] — &k + 1.

These two statements together give us |I| +1 < |N(I) N H|, but this contradicts Lemma 3,
meaning E(|J.c,, V(e), H — N(I)) # 0 is true.
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Let a member of this edge-set be €', and suppose ¢’ = e,;; (we may do this without loss of

generality). Then we have
(NNH)N(N(SETNH)#0 = |[(N()NH)N(N(SFT) N H)| > 1. (4)

By the choice of M (with regard to the maximality of [(N(I) N H|, and also the minimality of
|M]), it follows that
NIuS*hYnH=H (5)

and
IN(I) N H| > [N(S5™) N H (6)

(or else either e,;; would be included in M, or {e,11} would be a better choice for M, than
{e1,...,e,}. We can also see, that in case |[N(I) N H| = |[N(S5™) N H|, by the minimality of
|M| we have |M| = 1, for the same reason.) We also know that by the choice of the indexing
on M, the sequence of subsets S} for 1 < j < |M]| satisfies the conditions of Lemma 4,
providing the bound |[N(I)N H| < |I] + 1.

Now, by applying the inclusion-exclusion principle for |H| and using (5), (6) and Lemma 3,
we have: |H| = |N(TUSY™ ) N H| =

IN(D)NH|+|N(SEYNH| = [(N(DNH)N(N(SETYNH)| < 2IN(I)NH|—1<2|I|+1. By
rearranging this, we get |I| > (|H| — 1)/2, and we can see the equality holds only if (4) and
(6) hold with equality, which is exactly what the lemma states. O

Lemma 6. || < |H| — |k/2] — 1 and the equality holds only if Ng(z) U {zx} = HU (S —I)
for every x € H — N(I).

Proof of Lemma 6. Following a similar logic as in the proof of Lemma 5, for any
x € H— N(I) we have |2] 4+ 2 < |Ng(z) U{z}| <|HU (S —1)| <|H|+k+1— ||, which
rearranged gives us |I| < |H|+k — |2] — 1 = |H| — |k/2] — 1, and it is easy to see, that the

equalities hold exactly when the condition stated in the lemma holds as well. O]

Holding these two lemmas side by side we get

(|H|—1)/2<|H|— |k/2] —1=|H| > 2|k/2]| + 1. Since we also know that |H| < k is also
true, it follows that & is odd, and |H| = 2|k/2] 4+ 1, meaning all the equalities in Lemmas 5
and 6 hold as well. As a consequence of (4) we have |M| =1 (meaning p = 1, and also by (6)
IN(S3)NH|=|N(S3)NH|, [(N(SHNH)N(N(S?)NH)| =1). All this implies that {e;}
and {ey} are both equally good choices for M, meaning Lemma 6. holds for both with
equality, resulting in all vertices x € H being adjacent to all other vertices of H. Also, we
have already seen that |N(S%) N H| = |Si| + 1 for ¢ = 1,2, and since we have |H| = k and
[(N(S3)NH)N(N(S2)NH)| =1 this leads to [N(S}) N H| = & = S| = &L for i = 1,2.
Since by Lemma 6, for all z € H — N(S3) we have Ng(x) U {z} = HU (S — S}), and for
6(G) > |2 + 1 this all implies the existence of a subgraph of G(H U (S — S3)) that is
isomorphic to K|/2+1 + (k + 1)K, that has a vertex with degree exactly |2] + 1. Since all
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edges of G(H U (S — 52)) are k-contractible, the existence of this subgraph leads to a

contradiction. This completes the proof of the Theorem. O

In their paper Fujita and Kawarabayashi also showed that the bound 6(G) > [2] + 1 is best
possible with the following examples.

Let m > 2 be an arbitrary integer.

If k£ is even, let X5, 1 be a complete graph of order k/2 for all 1 <i < m, and let Xo; be a
complete subgraph of order k/2 + 1 for each 1 <i < m. Let G = Ul?:”l X, where we
sequentially take the join of X; and X4, for all I (mod 2m).

If k£ is odd, let X5; 1 be a complete graph of order (k — 1)/2 for all 1 < i < m, and let Xy; be
a complete subgraph of order (k +1)/2 + 1 for each 1 <i <m. Let G = Ulzinl X, where we
sequentially take the join of X; and X;,; for all [ (mod 2m). Let v be a new vertex, and join v

to every vertex in Xo; (for every 1 <i < m) in G.

Figure 7: Example graph for the case

Figure 6: Example graph for the case m=3k=3

m=3k=4
Notice that in both cases, for any separating set S of the resulting graph if a vertex z € X is
contained in S for any 1 <[ < 2m, then either all other vertices of X; are also contained in S,
or S\{z} is also a separating set of the graph. By this fact it is easy to see that in all cases
the smallest separating set for even k is the union of two Xj,, X;, subgraphs where both [
and Iy are odd, and the smallest separating set for odd k is the union of {v} and two X, X,
subgraphs where both [; and [, are odd. In both cases this results in a smallest separating set
of order k, therefore the graph is k-connected.
It is a bit easier to see that the minimum degree is exactly L%J Furthermore neither of these
graphs contain either an edge whose deletion preserves k-connectedness, or a subgraph
isomorphic to K|;/2)+1 + (k4 1)K;. This last statement is not trivial, but can be quite
quickly checked.
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3 Removable trees

Moving forward our main focus will be on removable connected subgraphs. The existence of
such subgraphs in a graph G with certain conditions on 0(G) has already been conjectured by
Fujita and Kawarabayashi in [2].

Conjecture FK For all positive integers k,m there is a (least) non-negative integer fi(m)
such that all k-connected graphs with minimum degree at least 3k/2 + fr(m) — 1 contain a
connected subgraph W of order m, for which G — V(W) is still k-connected.

Theorem 1 proves that the conjecture is true for m = 1, and f;(1) = 1. Theorem 2 shows us
that fi(2) exists, and f;(2) < 3 for all k. In [4] it is shown that fy(m) exists for all k, m, and
fr(m) = m, and additionally W is not just any subgraph, but a path of order m.

3.1 Fragments and semifragments

Since several proofs in this chapter rely heavily on the use of fragments and semifragments, it

is important we introduce some definitions, notation and lemmas first.

Firstly as a reminder, we called a semifragment F' of G essential, if F'is connected, and
Ng(F) = S. We said that a cut set S C V(G) is quasi-minimally separating G, if there are at
least two essential semifragments of G' to S. We also mentioned that all minimal cut sets of G

are also quasi-minimally separating.

For fragments F} and Fy of G to S and S5 respectively, let

S(Fy, Fp) == (S1 NV (Fy)) U (S1NSy) U (S2 NV (FY)). If the S; cuts corresponding to F;
semifragments are obvious from the context, then we shall use the same notation for
semifragments as well. Notice that if F; N Fy # (), then we have Ng(Fy N Fy) C S(Fy, Fy).

This is because then no vertex v € Ng(F; N Fy) is contained in either F,, or Fy. Otherwise v
and Fi, or v and F, would not be separated by S; or S respectively. This means that
Ng(Fl ﬂ Fz) Q (SQ\Fl) ﬁ (Sl ﬁ 72) == (Sl ﬂ SQ) U (Sl ﬂ FQ) U (SQ ﬂ F1> == S(Fl, FQ)

S(IF1, F3)
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Lemma 7. [4] Let G be a graph with k(G) =k, and let Fy, F5 be fragments of G to Sy, Ss
respectively. Then the following statements hold.

1. If Fy is an end of G with |Fy| > 2, then G + K(S) — V(F,) is (k+ 1) connected.
2. If N Fy # 0, then |S(Fy, Fy)| > k is true.

3. ]f|S(F1,F2)| Z k‘, then |F1 ﬂSQ' Z |FQ N Sl| 1S true.
Proof of Lemma 7.

1. Indirectly assume there exists a least separating set S of order < k in
G'=G + K(S) — V(F,). Since F} is an end of G (meaning it is also a connected
subgraph), S € Fy or S € Si. Also, since all vertices of Sy are connected in G’, S can
only be a separating set, if there exists a fragment F' to S of G’ for which F' C Fi, but
this is a contradiction, since then S would also be a separating set of G' as well, and F}

would not be an end.

2. As previously shown, if Fy N Fy # (), then we have Ng(Fy N Fy) C S(F, Fy). Since G is
k-connected, the size of this subset of vertices cannot be smaller than k, for it is a

separating set of G.

3. We have k < |S(F1, F3)| = (|S1 N Sa| + [S1 N Fy|) +|Se N Fy| =
ISIN(Fa N S|+ |So N Fy| = |S1] — [F2 N Sy| + |FL N Syl Since |Si| = k, rearranged this

gives us the third statement of the Lemma.

Sl S(FlaFQ) Emsl

Unfortunately often we cannot rely exclusively on minimal separating sets. In order to get
similar results for semifragments as well, a few additional conditions have to be met. The

next two lemmas show exactly that it is possible to do so.
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Lemma 8.[4] Let G be a connected graph with 6(G) > k+ 1. Let E be an essential
semifragment of G' to a quasi-minimally separating set S with |S| < k such that E does not

properly contain an essential semifragment E' of G to a quasi-minimally separating set S’
with |S'| < k. Then G[S] — V(E) is (k + 1)-connected.

Proof of Lemma 8. The graph G’ := G[S] — V(E) is connected, with d¢(E) = d¢(E) > k + 1,
meaning |G'| > k + 2. Indirectly assume x(G’) < k, thus there exists a separating set S" of G’
with |S’| < k. Since the subgraph of G’ induced by S is complete, and therefore S’\S is
contained in the same component of G’ — S’, there exists a component C; of G’ — S’ for which
C, C E. If there was another component C5 for which Cy NS = () meaning Cy C E, then
these two components would be essential semifragments of G to S, but this would contradict
our choice of E. Meaning for the only other component Cy of G’ we have Cy NS # ) and

S C S"UV(Cy). Note that either way C is an essential semifragment of G' to S’ that is
properly contained is F.

Let v € SN Cs. Since E is an essential semifragment of G to S, there exists a

w € V(E) N Ng(v), that is also either in S” or V(C5), giving us |V(Cy)| < |E|. Notice that
since S is quasy-minimally separating G, there exists another essential semifragment F' # F
of S. Since S also separates G, and the vertex set V(F') U V(Cs) is contained in a
semifragment for whose neighbourhood is contained in S’ making it another essential
semifragment to S’ of GG, this means S’ is also quasy-minimally separating GG. This again

contradicts our choice of E. O

Lemma 9.[4] Let Fy and Fy be semifragments of the graph G to the separating sets Sy and S,
respectively, with [So| =k, [S1| =k — 1. Assume k(G + K(So) — V(Fy)) > k and
k(G + K(Sy) — V(Fo)) > k. Then we have the following properties.

1. If Fyn Fy # 0, then we have |S(Fy, F)| > k.

2. [;f|S(Eo,F1)| Z k’, then we have |F() ﬁ51| Z |F1 ﬂSo|, |F1 ﬂS()l > |F0 ﬁ51|, and
FomFlzw.

Proof of Lemma 9.

1. By following a similar logic as in the proof of Lemma 7. (statement (2)), if Fo N Fy # 0,
then we have Ng(Fy N Fy) C S(Fy, Fy) C V(G4 K(Spy)) — V(Fo). If Sy C S(Fy, Fy),
then |S(Fo, F1)| > |So| = k, thus the statement holds.

Otherwise So\S(Fy, 1) = So N F; # 0, meaning the set S(Fy, Fy) separates Fy N Fy # ()
and Sy N F1 # 0 in V(G + K(Sy)) — V(F). Since we assumed this graph is
k-connected, we have |S(Fy, F1)| > k.

2. If
|S(Fo, F1)| = |[Fon Si|+[So N S|+ |F1NSo| >k = |So| = [F1NSo| +[So N Si|+ S0 N Fil,
then by rearranging the two sides we have |Fy N Sy| > [F; N So).
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Similarly from

|S(Fy, F1)| = |Fon Sy 4 [So N S1| + [F1NSo| >k > |S1| = |FoN Si| +1]So NSt + SN Fy
we get |F) N Syl > [FoN Syl

This last inequality implies |S(Fo, F1)| = |Fo N Fi| + |Fo N Si| + |F1 N So| < |So| = k.
Since the conditions of the lemma are also met for Fjy and F;, this implies Fo N Fy = 0,

or else the first statement of the lemma would lead to a contradiction.

RS  F F S  F F S F
[Si|=Fk-1 |51 =Fk—-1 |91 =k—1
F()ﬂsl FO FODSI FO
FinsS So N Sy FIQSO SO NS So NSy SU FinsS So NSy Flﬂso
1ol = & S0 = k
Fy Fon Sy Fy Fon S
O]

For the following lemma we have to introduce a new definition. Let Kx(m) denote the class of
all pairs (G, C), where G is a graph with x(G) > k, C' is a clique of G of order k, and for
which 6¢(G — V(C)) > |2] + m — 1. Furthermore let K (m) denote the class of all pairs
(G,C), where (G,C) € Ki(m), and k(G) > k + 1. This latter definition will not be used in
this chapter, but it will be needed later on.

Lemma 10.[4] Let G be a k-connected graph and let S be a k-cut set of G. Then the
following statements hold.

1.

2.

For every fragment F of G to S, the graph G + K(S) — V(F') is k-connected.

Assume 0(G) > L%j +m —1 and let F be a fragment of G to S. If W C F has order at
most m and k(G + K(S) — V(FUW)) >k holds, then k(G —V(W)) > k.

Assume (G,C) € Kx(m) and let F be a fragment of G to S with C C G(F'US). If
W C F has order at most m and k(G + K(S) — V(FUW)) > k holds, then
k(G =V (W)) > k.

Proof of Lemma 10.

1.

Since S is a cut set, G + K(S) — V(F') has to have at least one vertex that is not
contained in S. This means |V (G + K(S) — V(F))| > k+ 1. If a cut set S” separates
this graph, then we know that all vertices s € S, s ¢ S’ are contained in the same
component of G + K(S) — V(F) — S’. Then there has to be another component C; of
this graph that is contained entirely in V(F), and for which there is no vertex

s € S\, s € Ng(Ch). Therefore this subgraph is contained in a different component of
G — S’ than F is, meaning S’ is also a cut set of G. Then we have |S’| > k for all S’

separating sets of G + K (S) — V(F'), that by definition means this graph is k-connected.
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2. In the case k = 1 we have G+ K(S) = G, since |S| = 1. Therefore for all fragments F' of
GtoS,if WC Fand G+ K(S)—V(FUW) =G —V(FUW) is k-connected (or in
this case just connected), then G — V(W) is also k-connected. This follows from the fact
that Ng(F) is contained in the single vertex of S that is not an element of V (IV).

Now let k£ > 2. Indirectly assume Gy := G — V(W) is not k-connected, meaning there
exists an Sy cut set of order k — 1 (this is not necessarily a minimal separating set, but
we know that |G| > k + 1, therefore any separating set of order at most k — 1 can be
extended to contain k — 1 vertices exactly). Our assumptions of 6(G) and the size of W
together imply §(Gw) > 2] +m —1— |W|> [%] — 1 and also [F\W| > 1, since for
any vertex v € V(F) we have |G — V(F)| > |[Ng(v)| + 1 > |%] +m > k + m. From this
we know the cut set S also separates Gy, and that F' is also a semifragment of Gy to
S. To avoid confusion the complementary semifragment of F in G will be denoted by F,
while the complementary semifragment of F' in Gy will be denoted by H. Let F} be a
semifragment of Gy, to Sy that minimizes |S N Fy|. Then we have |[S N Fy| < [£]. If we
had V(F}) C S, then this would also mean for all vertices v € F}

dey () < [E] =145 = [2] — 2 < §(Gw), a contradiction. This means either
FINF#Qor FyNH#).

First we assume F1NF =0 = F;NH # (). Then since

Gw + K(S)—V(H) =G + K(S) — V(F) - that by the first statement of the lemma is
k-connected -, and by our choice of W we also have

K(Gw — V(F)) = k(G —V(FUW)) > k. This way we can apply Lemma 9. for Gy, H,
and Fy. Since we assumed Fy N H # (), this gives us

ISSNH|>|SNFy, |SNE|>|SiNF|, FNF,=1.

However this means F C S; = |F|=|FNS|<|[SNEKH|<|%] =

day (V) < [E] =14k =[2] -1 <§(Gw) for all v € F. This is a contradiction,
meaning [y N F # (.

Next we assume F; N H = (). Again, since

K(Gw + K(S) = V(H)) = k(G + K(S) — V(H)) > k and

K(Gw —V(F)) =k(G—=V(FUW)) > k, we can apply Lemma 9. for Gy, F' and F}.
Then we have

ISSNF|>|SNFy, |SNE|>|S\NnH|, HNF,=1.

Again, this means H C S;, and following the same steps as before, this leads to the
contradiction dg,, (v) < §(Gw) for all v € H.

Therefore neither Fy N F or Fy N H are empty, Lemma 9. is applicable for both F' and
H. Then the following holds:

ISNF,| <|S1NF| <|SN F|, which contradicts our choice of Fy. Thus x(Gw) > k.
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S| =k S| =k
B |S N F |S N Fy -
Fy =0 SL%J #0 F #0 SL%J =0
Sl S1
1S =k —1 151 =k — 1
=0 =0
by Lemma 9. by Lemma 9.
Figure 8: Visualization for the case of Figure 9: Visualization for the case of
FNF=0 FiNH=0.

. Once again, let Gy = G — V(W), and indirectly assume this graph is not k-connected.
Since by definition d¢(G — V(C)) > |2] + m — 1, and |W| < m is true, then we have
oy (Gw —V(C)) = [%] — 1. Let Sy be a cut set of Gy of order k — 1. Since C'is a
complete subgraph that is contained in G(F U S), we can choose a fragment F; of Gy,
to S for which C C (F U F}) U S(F, F}). This is possible, since for all pairs of F’, F”
complementary semifragments to S; either F’ or F” is suitable.
Now if FNF; =0, then V(C) C S(F,Fy) = |S(F,F)| >k If FNF; #0, then
similarly as in the proof of the second statement of the lemma, Lemma 9/1 can be
applied to Gy, F' and Fy. This gives us |S(F, F1)| > k. Either way, by Lemma 9/2 we
have

ISSNF|>|SNFy, |SNE|>|SNH)|

and
HNF,={.

Next we assume |S(H, F})| > k. Then by applying Lemma 9/2 we get

|HN S| >|F1nS|, |SNEF|>|S.NF|and F; N F = (. This implies
Fh|=|FinS|<|[HNS | <|FiNS| = [Fi< |2ﬂ = % From this for all vertices
vEF wegetda, (v)<t—1-1+k—-1<[2]|-2<65,(Gw—V(C)). Thisis a
contradiction, since by our choice of F; we have F,NC = 0. Therefore we have

|S(H, )| < k.

This implies H N F; = (), since otherwise S(H, F}) is a separating set of order less than k
in G, which is impossible. Then we know that H = H N S;. Since we also have

20H N S| < |H N S|+ |FiN S| < |S(H, F1)| < k, by rearranging this we can get
|H|=|HN S| <52 < 5] — 1. Similarly as before this gives us

dey (V) < 0gy (Gw — V(C)) for all vertices in H, which is again a contradiction, since
H N C = (. This concludes our proof. ]
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3.2 Removable trees

In this chapter we will be discussing slightly more complex cases. Now we present results of
removable trees of order m, where m is an arbitrarily large integer. The earliest such theorem

comes from Mader, which is the following.

Theorem 4.[4] Every k-connected graph G with §(G) > [2£| +m — 1 for positive integers
k,m contains a path P with |P| = m such that G — V(P) remains k-connected.

This can be thought of as a special case of removable trees in k-connected graphs. The

original proof of this uses the following theorem.

Theorem 5.[4] For all (G,C) € K (m) and py € G — V(C), there exists a path
P CG—-V(C) of length exactly m — 1 starting from py for which k(G — V(P)) > k holds.

Proof of Theorem 5. Assume the theorem does not hold for a certain k, and that G is a
counterexample for which V(@) is minimal. Meaning there is a certain combination of

C C G, pp and m where the pair (G, C) € K (m), and there is no path P C G — V(C) of
order m — 1 starting from p, for which k(G — V(P)) > k holds. Notice that for all (k, m)
pairs the smallest G graph in any pair in K (m) is the complete graph K 135 | s except for
the case of k = m = 1, where the smallest possible of such a graph would be K3 (where we
consider K a 1-connected graph). For any of these it is easy to see the theorem holds, and we
can also see that for any (k,m) pairs a complete graph G’ of order larger than L%J + m also
satisfies the conditions for any C' C G’ of order k. Hence we can safely assume that G is not a
complete graph.

By 0¢(G —V(C)) > | 2] + m — 1 we have |G| > | 2] 4+ m. Since by definition of K} (m) we
have k(G) > k + 1, we know that k(G — pg) > k, therefore there exists a path P C G — V(C)
originating from py for which (G — V(P)) > k. Let P be a path with this property that
maximizes | P|, and let Gp := G — V(P). Since the theorem does not hold for G, C'; m and py,
we know that 1 < |P| <m (m > 2). Denote the vertex of P that is furthest from py by

p € V(G) (or in other words, p is the other end vertex of P).

Since p € V(G)\V(C), and p € V(P), we
can conclude |Ng(p) N (G —V(CUP))| >
2 4m—1—k—(m—-2)= 5] +1>0.
This means there exists a vertex

p € V(G) — V(C U P) with which we can
‘extend’ P. Let this new path of order

|P| + 1 < m between py and p’ be de-

noted by P’. By our choice for P we know
that k(G — V(P'")) < k, and this implies
KJ(GP) = k.
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From |G| > | 2] 4+ m + 1 we get

Lk Gpl > 2] +m—(m—-1)+1>k+2,
P v which implies this graph is not complete,
hence there exists an end E of Gp with
Fs 7 ENC = 0. (As we have seen before, if
o G is not a complete graph there exist two

77777777777777777777777777 @ disjoint ends F; and E, of G, with
Figure 10: Visualisation of Gp with E, S, E, E, C E,. At least one of these is separate
and separately P from C'). Since E is an end, we know that

the set S = Ng,(F) is a k-cut of Gp.

If |E| = 1, then for the single vertex v € E, by the lower bound for 6¢(G — V(C)) and by
|P| < m —1wehave k =g, (v) > 2] +m—1—|P| > [%]. This is only possible if k =1,
|P| =m — 1 and V(P) C Ng(v). Then v is a possible choice for p/, and this way |P’| = m,
P CG-V(C),and G—V(P')=Gp — v is 1-connected. This is a contradiction, since then

(G,C) € K (m), po and m do not really provide a counterexample.
P

—— . [P|<m—1
[Pl <m-—1

Figure 11: Visualisation of Gp for the case of
k=1

Then we have |E| > 2. Then by applying Lemma 7. we have that Gp + K(S) — V(E) is

k + 1-connected.

Since k(G) > k = k(Gp), the k-cut S would not be a separating set of G. This means

H := Ng(E)NV(P) # 0. Let ¢ € H be the vertex that is closest to p in P, and let

¢ € Ng(q) N E. Define P’ := Plpy,q] and R := V(P(q,pl|), and r := |R|, where P[u,v] for

u,v € V(G) denotes the path in G with end vertices u, v, and P(u,v] := Plu,v] — {u}. Now

let Gpr:= G — V(P') = G(Gp U R). Notice that for all vertices v € R we have

[Na(v)NGp| > [Na(v)| = |P'| = [Na(v)| = (IP| = 1) > [F]+m—1—(m—2) = [F]+1 >k

which implies x(Gp/) > k. Since by our choice of ¢ we have Ng(R) N E = (), therefore when

Figure 12: Visualisation of G5

we extend the graph Gp to Gp by adding R, the fragment F remains an end of the resulting
graph to the same cut set S. Then by applying Lemma 7. we have

K(Gp + K(S) = V(E)) = k(Gp + K(S) — V(E)) > k + 1 (where in the first expression £
refers to the complementary fragment of £/ in G p/, while in the second one it refers to the
complementary fragment of F in Gp). Since we also have C' C Gp — V(F), and

06, (Gp —V(C) > |2Z] +m—1—(|P|—r) > |2] + r, we know that (Gp/,C) € Ki(r+1)
and (Gp + K(S) — V(E), K(9)) € K (r + 1) by definition. Since these graphs are smaller in

size than G is, the pair (Gp + K(S) — V(E), K(9)) is not a counterexample of the theorem,

meaning there exists a path () C E of order r originating in ¢’ for which
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Gp 4+ K(S)— V(E) — V(Q) is k-connected.

Notice that then all the conditions of Lemma 10/3 are met for (Gp,C) € Kp(r +1), E to S
in G, and Q C E, since C C Gp(EUS), |Q| =r, and

k(Gp + K(S)—V(EUQ)) = k(Gp + K(S) — V(E) — V(Q)) > k holds. Therefore we get
k(Gpr —V(Q)) > k. Then the path P := P'Ulq,¢]UQ C G — V(C), has order

|P| —r+1+7r=|P|+ 1< m, originates from pg and G — V(P") = Gp — V(Q) is

k-connected. However, this contradicts our choice of P. This concludes our proof. O]

Using this result it is easier to provide proof for Theorem 4. What we will try to do is take a
graph G that satisfies all properties of Theorem 4, and assign to it a pair (G',C) € K for
which by Theorem 5. there exists a path P’ C G' — V(C) of order m — 1, that is
k-connectivity keeping in G'. Then with some clever usage of the lemmas from the previous

subchapter we shall end up with a path P C G that is k-connectivity keeping in G.

Proof of Theorem 4. Let k, m be fixed positive integers.

If K(G) = k, then by §(G) > [2| +m — 1 we know that G is not complete (or else x(G)
would be larger than k), and thus there exists an end E of G to a certain k-cut S. Similarly
as in the previous proof |E| = 1 implies k = m = 1, and this case is already covered by
Theorem 1. We can move forward with the assumption that |E| > 2.

Then by Lemma 8/1 we know that G + K(S) — V(E) is k + 1-connected, therefore we get

(G + K(S)—V(E),K(S)) € K (m). Then we can apply Theorem 5. to get a path P C F of
order m where the graph G + K(S) — V(E U P) is k-connected. Then by applying Lemma
10/2 for G, E and P we get k(G — V(P)) > k, which is exactly what we needed.

Now if we assume x(G) > k + 1. Let P C G be the longest path with 1 < |P| < m for which
Gp := G — V(P) is k-connected. Similarly as in the proof of Theorem 5. assume |P| < m and
again, we should end up with a contradiction. Let the end vertices of P be denoted by py and
p1-

Since we have [Ng(p1)) NV(Gp)| > 2] +m —1—(|P]| = 1) > [2] + 1 > 0 there exists a
vertex p' € V(Gp). Now with the path P’ := P U [py,p/] and by our choice of P we have

k(G —V(P')) < k. From this we get kK(Gp) = k. Let E be an end of Gp to a k-cut set of Gp.
If |E| = 1, then by following the same logic as in the proof of Theorem 5. we can show that

the theorem holds. Hence we can assume |E| > 2, and by Lemma 8. this implies

k(Gp+ K(S)—V(E)) > k+1.

Define ¢, ¢, P', R,r and Gp/ the same way we did previously, and just as before we can get
6(Gp) = [2]+m—1—(|P|—r) > [2] +r, and the fact that E is also an end of Gp: to S.
Again we can apply Theorem 5. to (Gp + K(S) — V(E), K(S)) € K (r+1) and q € E, to get
a path Q C E of length r originating in ¢’ for which Gp + K(S) — E — Q is k-connected.
Again, by applying Lemma 8/2 to Gp, E and Q, we get Gp — V(Q) = G — V(P'UQ) is also
k-connected. Since the path |[P'U[q,¢|UQ| = |P|+1+|Q|=|P|—r+1+r=|P|+1

which contradicts our choice of P. O
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We next show a relatively new result of Huang and Ji [5], which will lead to an alternative
proof for Theorems 1, 2, 3, and 5 all together. First we need to circle back to the topic of

fragments.

Theorem 6. [5] Let k be any positive integer, and let G be a graph with k(G) =k and
6(G) > |2]. Let fragment F to a minimum separating set S be an end of G. Then for any S'

minimum separating set of G we have F NS = ().

What this theorem shows us is that if F' is an end of a graph G with x(G) = k and
§(G) > |2, then for any v € V(F) there is no k-cut set of G that contains v. Therefore any

such v is a redundant vertex of (G, thus Theorem 1 is a corollary of this result.

Proof of Theorem 6. Indirectly assume the theorem to be false. Let the graph G be a
counterexample with x(G) = k and the given lower bound for §(G). By using similar
notations as in the proof of Theorem 2, let the fragment F’ to the minimum separating set .S
be an end of G. Denote F by W. Let S’ be any other minimum separating set of G, and let
F' be a fragment of S’ such that |V (F) NV (F")| > |[V(F) NV (F).

Denote F by W'. F S 4
Denote V(F)NV(F'), V(F)NS and V(F)NV (W)
by Fi, Fy, and Fj respectively. Similarly denote F' i 51 "
SNV(F), SNS" and SNV (W’) by Sy, Ss, S3, and
denote V(W)NV(F"), V(W)NS" and V(W)NV (W) g Fy Sy W,

by Wi, Wy, and Wj all respectively. This way we can

again visualize this partition of G into 9 parts as we W £ s, W,

did in the the previous proofs.

By our assumptions we have |Fi| > |F3| and |Fy| > 0.

First we assume |F;| = 0.

In this case by our assumptions we have |F3| = 0 as well, and thus F' = F5. Since for any
v € F we have Ng(v) C (F,US), d(v) > |2, and |S| = k, this gives us

Bl > {v} UNe()\S| > | 5] —k+1=[§] +1

If [Wi| = 0, then F' = S;(# (), and by the same thought process we have |S;| > [£] + 1.
If |W3] = 0, then the same can be said for S; and in this case we get W' = Ss3, and

5] > 5] + 1.

Now the problem can be broken down into the following cases:

1. |[Wi| =0, and |W3| > 0. In this case the set S(W, W') = Wy U Sy U S3 separates W3 from
F,U S in G. Since G is k-connected, we have k < |Wo U Sy U S3| < |[Wa| +2[Ss| + | S5] =
|S\S1| + |S\Fo| = |S] + |5 — |G| — |Fo| <2k —2([%£] +1) <k —1 <k, which is a

contradiction.

2. |W3| =0, and |W;| > 0. In this case the set S(F', W) = W5 U S; U S, separates W, from

F5 U S5 in G. This also leads to a contradiction, since
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F Fi=10 Sy Wy=10 F =0 Sy Wy #0

S/ FQ SQ WQ S/ FQ S2 W2

w’ F3=10 Ss Ws#@ w! ;=0 Ss Wy =10

Figure 13: Visualization for cases 1. (left) and 2. (right)

k< |WyUS1USy| < |Wa|+ |Si| +2|S2| = |S\Ss] + | S\ Fo| = |S] +|5'| — |Ss] — |F2| <
2k —2([5]+1)<k—-1<k

3. |[Ws| = [W;| = 0. In this case both |S;| > |£] + 1 and |S5] > [£] + 1. Since
S| > S|+ [S3] > 2(|4] + 1) > k + 1, this is also a contradiction.

4. Neither W or W3 is an empty set. In this case both sets in case 1 and 2 are separating
sets of G. This gives us
2k < [WoU Sy U Ss| + [Wo U S U So| = 2|Wa| + 2|Ss| + |S1] + [S3] <
2|Wal + 3[Sa| + [S1] + [Ss] = S| + 2|8\ Fa| < 3k —2([£] +1) <2k — 1, which again, is a

contradiction.
F S w F S W
F! Fr=0 Sh W, =10 E’ Fi=0 Sy Wy #0
1S1] > 5] +1
S| > [5]+1
S’ Fy Sa W = S’ Fy Sy Wo
= |S| > |51+ |S3| > k+1
w’ Fy=10 Ss Wy =10 w’ F;=0 S3 W3 # 0

Figure 14: Visualization for cases 3. (left) and 4. (right)

This gives us |Fy| > 0.

Next we assume |F3| = 0.

We can easily see that then the set S(F, F’) = F, U S; U Sy separates Fy from W U S5 in G.
Since by our indirect assumption Fy # () (meaning F; C F') and we know that F' is an end,

this cut set cannot be minimal, giving us |F, U S U S| > k.

If |W3| > 0, then again S(W,W') = S, U S3 U W, is a cut set of G, therefore

|So U S5 U Wy| > k. This means

2k = |S| + |5 = |Fa| 4 |S1| + 2|S2| + |S3| + [Wa| = |[Fo U S1 U Sa| + [S2 U S5 UWs| > 2k, a

contradiction.
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If W3] = 0, then similarly as before we have |[W'| = |S3| > 4] 4 1. Also, from

k=S| = |S1| 4 |S2| + [Ss], we get [Si] +[92| = |S| — [Ss| < |£]. Since both of these are
non-negative, we have [S;| < |4] and [S,] < |%].

Now if |W;| > 0, then the set S(W, F') = S U Sy U W, is a separating set, so we have

|S1 U Sy UWs| > k. With this we get 2k = |S| + |S'| = |Fy| + |S1] + 2]52| + | S| + [Wa| >

|Fo| + 2[51] 4 2|Ss| + [Wa| = [Fo U S1 U Sy| + |S1 U Sy UWs| > 2k, a contradiction.

If [W;| = 0, then by |[W| = |Ws| > | %] 4+ 1 (for it is a fraction of G), and therefore we have
2k = |S|+|S"| = |Fo|+|S1|+2|Sa|+|S5|+|Wa| > |[FoUS1USs|+|Ss|+|[Wa| > k+2(15]+1) > 2k.
However this is also a contradiction, meaning |F3| > 0, and since this also means Fy U Sy U S;

is a separating set (and F3 C F'), we now have |F, U Sy U S3| > k.

Now if either |IW;| or |W3| is non-empty, then - similarly as before - the sum

2k = |S| + || = |Fa| 4+ |S1| + 2|S2| + |S3| + |Wa| can be rearranged in a way that it is a sum
of the orders of two separating sets, one of which cannot be minimum. For example in the
case of |[W;| > 0 this would be the following:

2k = |F3| + |S1] + 2[S2| + |Ss] 4+ [Wa| = |Fo U Sy U S3| + |51 U Sy U Wa| > 2k.

If both [W;| = [Ws| = 0, then again we have |[W| = [W5| > [£] + 1, meaning

|Fo| + (S| = |9 — [Wa| <k — ([5]+1) < |%], and also |F»| < [W,|. Therefore

2k = S|+ |S"| = [Fo| + [S1] 4 2[S2| + [Ss] + [Wa| > 2[Fy| + [S1] + 2[52] 4 |55 =

|Fo U ST USs| + |S2US3U Fy| > 2k, also a contradiction. This proves that G cannot be a

counterexample, thus Theorem 6. is true. O

It is easy to see with their result that if it is possible to find a sequence of vertices in a
k-connected G graph with 6(G) > [%] 4+ m — 1 whose incremental removal could always keep
the required properties in the remaining graph, then this Theorem also gives us a way to find
removable edges, and even paths as well.

In their paper Huang and Ji also showed that there always exists such a sequence.

Lemma 11 Let G be a k-connected graph with §(G) > | %] +m — 1. Then there ezists a
sequence of vertices {v; Yo<i<m and a sequence of subgraphs {F;}o<i<m of G(= Gy) that
satisfies the following properties.

1. The subgraph G;11 = G; — v; is k-connected

3. F; is an end of G; if K(G;) =k

4. v; € F;N Ng(vi—y) fori > 1.
Proof of Lemma 11. Proof by induction. If xK(G) > k, then let Fy = Gy, and if kK(G) = k, then
let Fy be and end of Gy. This way statements 2 and 3 both hold. If k(Gy) > k, then there is
no vertex v € Gy that is a part of a k-cut set, and the same is true for Fj if (G) = k by

Theorem 6. Either way any vy € Fy satisfies statement 1. Since statement 4 is only applicable

for cases i > 1, all statements are considered satisfied. Thus the Lemma is true for ¢ = 0.
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Assume the Lemma is true for some ¢ = ¢, 0 <t <m — 2. Now we consider the following

cases.

Case 1 k(Gyy1) > k.

Let Fiy1 = Gyi1 C G, this satisfies statement 2. Since 6(Gy) > m >t + 1, and so far we have
only removed ¢ + 1 vertices, there exists a vertex w € Fy, 1 N Ng(v) # 0. Let vy 1 = w, this
way statement 4 holds. Since no vertex of a k 4 1-connected graph is contained in a k-cutset,

statement 1 also holds.
Case 2 k(Giy1) = k.

We need to consider two cases. First, if k(G;) > k, then in the previous step we had F; = Gy,
and now F; —v; = Gyyq. Alternately, if kK(Gy) = k, then since F} is an end of G; to a minimum
separating set S, F; — v; is a fragment of Gy to the same k-cut set S. Therefore in either
case, there exists an end F”’ of Gy1, for which F' C Fy, — v, C F;. Let Fy 4 = F'.

If Fiy1 N Ng(v) =0, then Fy .y C Fy — v, is in a different component of F; than v, is, but this
contradicts the fact that F} is an end of GG;. Since

§(Gr1) > 6(G)—(t+1) > [Z]+m—1—t—1> 2] for any ve1q € Fppy the graph

Giy1 = Gy — v41 is k-connected by Theorem 6.

This means that for ¢+ =t 4 1 all statements are true, and this completes the proof of Lemma
11. m

Essentially, this lemma also provides an alternative proof for Theorem 4, and the algorithm

described in the proof can be used to find the desired removable path P.

For the next theorem we have to introduce a few additional definitions.

An ordered clique C of a graph G is a complete subgraph where the vertices of C' have a fixed
order established. We for example, will be using the following notation for the order of these
vertices: vy, g, ..., g, where k = |V(C)|. A subtree T of G is said to be consistent with the
ordered clique C| if every v; € V(C) N V(T) has at most one adjacent vertex in 7', that is not

contained in {vy,va, ..., v;_1}.
The following is a result of Diwan and Tholiya on removable trees [6].

Theorem 7. For any tree T' of order m, every connected graph G with 6(G) > m contains a
subtree T" =T such that G — V(T') is connected.

To prove this they actually showed a stronger statement that this is a special case of.

Lemma 12. Let T be any fized tree of order m (m > 1), and let (G, C) be an ordered pair
such that C' is a non-empty ordered clique in the connected graph G, and C' is a proper
subgraph of G. Let vy, v, ..., vy be the ordering of the vertices of C. If every vertex in
V(G)\V(C) has degree at least m in G, then there exists a subtree T" of G satisfying the
following properties:
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1. vy € V(T")
2. T" is isomorphic to T
3. T" is consistent with C

4. Every connected component of G — (V(C) UV (T")) contains a vertex w such that
[Ne(w) N V(C)| > [V(C)n V(T

Proof of Lemma 12. Let the vertices of T be uq, us, ..., u,,, and assume they are ordered in a
way that for any 1 < ¢ < m the vertex u; has exactly one neighbour with index larger than ¢
(so there is only one u; € V(T'), j > i where u; and u; are adjacent). Notice that such

ordering on the vertices of trees is always possible.

Assume the statement is false, and let (G, C') be a counterexample that minimizes

V(G| = VIGN\V(C)].

If [V(G)\V(C)| =1, let w be the single vertex of G not contained in C. If (G,C) is a
counterexample, then w has at least m neighbours in C' (meaning |Ng(w) NV (C)| > m). Let

these adjacent vertices be v;,, v;,, ..., v;, such that i, < iy < ... <1%; [ > m. These vertices

l
and w together form a clique in G, so we know there exists a subtree 7" of GG, that is
isomorphic to 7', and its vertices are the following: for any j < m let the vertex u (that is the
match of u; € V(T') in T") be vy, ,, and let u;, (similarly, the match of u,, € V(T)) be w. We
can easily see that this subtree satisfies the first three properties, and since in this case

G — (V(C)uV(T") is empty (all vertices of G are either in C, or in T”), the fourth property
is also satisfied, which would lead us to a contradiction. So if (G, C) really is a

counterexample, then |V (G)\V(C)| > 1 holds.

Assume there exists a vertex v € V(G)\V(C) such that V(C') C Ng(v). In this case the
vertices vy, vy, ..., Uk, v form a clique C” of order k + 1, and the ordering of C can be expanded
to also include v (as if it was vg41). Since (G, C) is a counterexample that minimizes

V(G)| + [V(G)\V(C)|, and for (G,C") this number is larger, (G,C") cannot be a
counterexample. Let T” be the subtree of G that satisfies all the properties of the lemma for
(G,C"). Notice this T" satisfies the first three properties for (G, C) as well.

If v € T", then the components of G' := G — (V(C") UV(T")) are the same as the components
of G :=G— (V(C)uV(T"). Also |V(C")nV(T")| = |V(C)NV(T")| + 1. For a vertex w of

any of these components the following is true:
[Ne(w) N V(C)[+1 = [Neg(w) N V()] = [Ng(w) N V(C)]

= if for a vertex w the inequality |Ng(w) NV (C’)| > |[V(C") NV (T")| holds, then
[Na(w) NV(C)[ +1 = [Ne(w) nV(C)| > V(C)nV(T)] = [VIC)nV(T)|+1 =
|Ne(w) N V(C)| > [V(C)n V(T

So in this case (G, C) really is not a counterexample.

If v ¢ T", then the components of G’ are not the same as the components of G”. Since the
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only difference between these two subgraphs is that one of them has v as a vertex and the
other does not, we only have to check two cases.

First, if a component of G’ does not contain v, then the exact same component exists in G” as
well. So if the second one had a vertex w for which |Ng(w) NV (C")| > |[V(C") NV (T")], then
|Ne(w) NV (C)| > |V(C)NV(T")] is also true, since |Ng(w) NV (C")| = |Ng(w) NV (C)]

(v ¢ Ng(w), or the two would be in the same component of G’), and that would mean

V() NV (T =|V(C)NV(T")]|. So for these components the fourth property is true.
Second, if there is exactly one component of G’ that contains v, then v satisfies the inequality
|INe(v) N V(K)| > |V(C)NV(T")], since |[Ng(v) NV (C)| =k (for V(C) C Ng(v)), and the
fact that by vy ¢ 7" we have |V(C)NV(T")| < k — 1.

Both of these cases lead to a contradiction. This means for (G, C') to be a minimal

counterexample there can be no v € V(G) vertex that is adjacent to all vertices of C.

In this case we construct a new pair (G', C") using (G, C). Let A = Ng(vr)\V(C), and for any
w € A let m(w) be the largest index ¢ for which v; € C' is not adjacent to w. Since all vertices
of A are adjacent to vy and there are no vertices of V(G)\V(C') that are adjacent to all
vertices of C' (also meaning |V (C)| > 1, or otherwise G would not be connected), w(w) is
definite and it is less than k for all vertices of A. Let V(G') = V(G)\{v} and

E(G") = E(G\{w}) U {w, vz} Let C' be the ordered clique containing all remaining

weEA
vertices of C' by the same ordering of vy, ve,...v5_1. Let us call the edges {w, U,r(w)} bad edges

(Vw € A). This construction of G’ ensures the graph is connected, and all vertices of
V(G")\V(C") have degree > m (since all vertices have the same degree as their match in G).
C'" is a non-empty clique of G’.

Since |V(G')| < |[V(G)| and |[V(G)\V(C)| = [V(G)\V(C")|, (G’,C") cannot be a
counterexample (or (G, C') would not be a minimal one). Let 7" be the subtree of G
satisfying the lemma. Using this 7" we show a way to find a subtree 7" of G that also satisfies

all four properties of the lemma.

If T C G’ does not contain any bad edges, then let 77 be the same subgraph of G as T” was
of G’ (in the sense that all vertices and edges should be their original counterparts). This
satisfies all four properties of the lemma for the same reasons 7" did.

If there are any bad edges in T”, then the following are true: for any bad edge {w,v;} (where
w e V(G)\V(C) and v; € V(C")), there can be no other bad edge adjacent to this one. This
is because T"” is consistent with C”, so v; has at most one neighbour in 7" not contained in
{v1,v9,...,;v;_1} (or {ve,vs,...,v;—1} since we know that v; ¢ V(T")), and that slot is already
spent on w. Also w cannot have another bad edge adjacent to it, since bad edges were defined
one per each of the neighbours of v, in G. Since we do not allow for multiple edges, all
vertices of A can have exactly one bad edge incident with them. This means all bad edges of

T" are independent of each other.

Let wyv;,, wavs,, ..., wyv;, be the list of bad edges in 7", where 1 < iy < iy < ... <i, < k. By
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the definition of 7(w) for all 1 < j < h the vertex w; is also adjacent to all other vertices v;
for i > i;, so specifically they are adjacent to v;41.

Construct 7" using 7" as follows: for all vertices of 7" that are not end vertices of a bad edge
take their original counterpart in G. For any bad edge w;v;; take the original counterparts of
the vertices w; and v;,,, (where v;,, = v;). These vertices are also connected by an edge in
G, and this edge can substitute the bad edge w;v;;. For any other edges incident with v;; in
T" we can take the edges connecting v;;,, to the same other end vertices of those edges. We
know that these neighbours are all contained in {vs, vs,...vs;_, }, since if 7" was consistent
with C’, then the vertex v;; only had one vertex adjacent to it that is not contained in this
vertex set, and that was w;. Also since all these neighbours have to meet this criteria as well,
we know that none of these are end vertices of other bad edges. Similarly all other edges
adjacent to w; in 7" can be replaced by the edge connecting w; to the matching counterparts
in G of the other end vertices. Again, 7" being consistent with C” assures that if any of them
are contained in C, then none of these were end vertices of other bad edges either.

With this construction we can make sure 7" really is isomorphic to T', vy ¢ V(T"), and T" is
consistent with C. Since G — (V(C)UV(T")) =G — (V(C") UV (T")), the components are
the same in the two graphs. We also know that |V (C") NV (T")| = |V(C) NV (T")|, and that
for any w € G' — (V(C") UV(T")) the number of its neighbours contained in C' can only be
larger than the number of its neighbours contained in C’ (depending on whether or not w is
adjacent to vy in G). This leads us to the following: if for a vertex w in a component of

G' — (V(C")uV(T")) the inequality |Ng(w) NV (C")| > |V(C") NV (T")] is true, then w is in
the same component of G — (V(C) U V(T")), and then |Ng(w) N V(C)| > |[V(C)NV(T")] is
also true. This is a contradiction, because this way (G, C') cannot be a counterexample, thus
proving the lemma. ]
The reason Theorem 7. follows from this lemma is that if we have a graph G that satisfies all
the requirements of the theorem we can easily construct a pair (G, C') that also satisfies the
requirements of the lemma and the corresponding 7" subgraph is exactly what we need. Let
G be the same graph and let C' be the clique in G consisting of a single arbitrary v; € V(G)
vertex. Then since all vertices in G have degree > m, the same is true for all vertices in
V(G)\V(C). For this same reason we also have |V (G)| > 2, therefore C' is both a non-empty-,
and a proper subgraph of G. For the subtree T" that satisfies all properties of the lemma the
following can be said: vy ¢ V(T"), T" is isomorphic to T, and if every connected component
contains a vertex for which the last property stands, then that means all components have a
vertex that is adjacent to vy. Since vy € V(G)\V (1”), this means the graph G — T” is

connected.

In fact this proof also shows a way to find a removable subtree T”. Notice that the proof is
divided into three parts. The first is where the clique C' contains all but one vertex of G, the
second where this is not true, but there exists a vertex v € V(G)\V (C) that is adjacent to all
vertices of C, and with which the clique can be expanded to contain more vertices of G, and

the third is where neither of these statements are true. In the first case we can easily select a
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suitable subtree 7", while in the other two cases we can manipulate the pair (G, C) in a way
that all requirements of the lemma stay true for the resulting pair (G', C").

Let us call these described graph manipulations graph operations clique expansion and clique
reduction. As we already discussed in the proof of Lemma 12, these operations are both
reversible in a way that if the resulting graph contains a removable tree 7" that satisfies the
statements of the lemma, then an isomorphic removable tree can also be found in the original
graph as well by backtracking.

We claim that with these two operations it is possible for a pair (G, (') that satisfies the
prerequisites of the lemma to be morphed into a pair (G’,C") that also satisfies these
prerequisites, and for which we have |V (G")\V(C")| = 1. By the reasoning given in the proof
of Lemma 12. it is also clear that if a removable subtree 7" is found in this resulting graph
G’, then by backtracking it is possible to find a suitable removable subtree 7" in the original
graph G.

First of all, notice that if there exists a vertex v € V(G)\V(C) that is adjacent to all vertices
of C, then by expanding the clique C' with v, in the resulting pair (G, C") = (G,C U {v}) we
have |V(G)\V(C)| > |V(G")\V(C")|, while all edges and vertices stay intact.

Second of all, if such a vertex does not exist, then by deleting one vertex of the clique C' and
adding all necessary bad edges we get a pair (G', C") where for all vertices v ¢ V(C”) the
number of vertices in C' not adjacent to v is either the same as in the pair (G, C), or it is
smaller. This way by repeating this process a finite amount of times it is possible to end up
with a pair (G', C") where there exists a v € V(G')\V(C’) that is adjacent to all vertices of
(', and where clique expansion is possible.

Since in a sequence of these two operations (where we construct a sequence of pairs (G;, C;))
clique expansion can be executed at most |V(G)\V(C)| times (since if at one point a vertex
v ¢ V(C) is added to a clique C;, then the only way it is ever not going to be a part of the
current Cj clique, is because at one point we use clique reduction by this specific vertex), and
clique reduction can be executed at most |V (G)| times (since any vertex of G can at one point
be included in a clique Cj, but if at any point it is removed, then the following pairs in the
sequence will simply not contain this vertex at all). Therefore after a finite number of steps
we have to end up with a pair (G;, V;) where |V(G;)\V(C;)| = 1. In this graph G; we can
easily find a suitable removable subtree T}, and then by backtracking we can use this subtree
to find the sequence (7;) of removable subtrees, where every subtree T is the removable
subtree that satisfies the statements of the lemma for the pair (G, C;), for all pairs created
during these previous graph operations, all through to the pair (G, C).

This way we can say that for any graph G that satisfies the prerequisites of Theorem 7. it is
not only true that a removable subtree T" exists, but by executing this algorithmic method

with a starting pair (G, {v}) for an arbitrary v € V(G) it is also possible to find this subtree.

Not much later Mader provided proof that with some stronger restrictions on the minimum
degree of GG, we can get a similar result for any k integer. This next theorem however does not

lead to an algorithmic approach as Theorem 7. did.
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Theorem 8. [7] For any tree T' of order m, every k-connected graph G with
§(G) > 2(k — 1+ m)*+m—1 contains a subtree T" =T such that G — V(T") is k-connected.

Theorem 8. comes as a consequence of the following result.

Theorem 9. [7] Let G be a k-connected graph with §(G) > 2(k —1+m)*+m — 1 for positive
integers k,m. Then there exists a (non-empty) subgraph H C G with §(H) > m — 1 such that
k(G — A) >k for all AC V(H) with |A| < m.

Notice that here all components H' of H have minimum degree at least m — 1, and with
either of their subsets A C V(H’) C V(H) the same properties follow. Also, by 6(H) > m — 1,
and |V (T')| = m, given such a subgraph H a suitable 7" C H isomorphic to 7" can easily be
found by the following process. Let vy, v, ..., v, be an indexing on the vertices of T" in a way
that it resembles the order of vertices visited during a BFS algorithm. Then take any vertex
n € H and assign to it the label w;. This will be the representation of v; in 7”. Then take
dr(vy) vertices from Ny (w;) and assign to them the labels w; for all i where v; is adjacent to
vy in T. Then take dr(v9) — 1 not yet labelled vertices from Ny (ws), and assign to them the
labels w; for all ¢ where v; is adjacent to vy in 7" and does not have a representation in 7" yet.
Do the same for all 7 < m. Since at any given point we operate on sets of order at least

m — 1, and all vertices of T" have degree at most m — 1, we always have enough unlabelled
neighbours to choose from when assigning representatives, and the process can be continued
until all m vertices of T" have a copy in H. It is easy to see that the subgraph induced by

{w;] 1 <4< m} contains a suitable T".

Proof of Theorem 9. By Theorem 1. we know that for the case m = 1 the theorem holds,
since §(G) > 2(k—14+1)>+1—1=2k*> [2] for all k > 1.

Therefore from now on we can assume m > 2. For easier notation denote

zi=k—14+m (22>2).

If k(G) > z, then the theorem holds with H = G. This is because if we indirectly assume this
is not so, then there exists a subset A C V(G), |A| < m, for which the graph G — A is not
k-connected. This means there exists a separating set S of G — A of order at most k& — 1.
However, then the set S U A separates GG, and since we have |S| + |A] < z, this is a

contradiction.

Now we assume x(G) < z.

Since §(G) > 22% +m — 1, this also means that G is not complete, and the set

S:={S CV(G)| S separates G, and |S| < 2z } is not empty. Let A be a fragment of

S4 € S where A is minimal (both for all F' fragments of Sy, and for all F' fragments of any
S € S). Then we know the following:

e A is connected;

e for any v € V(A) we have 222 +m — 1 < dg(v) < |A] =1+ |Sa| = |A| — 1 + 2z. This
implies |A| > 2z(z — 1) + m;
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e |S4| = 2z, otherwise for any v € V(A) the separating set S, U {v} would be a better
choice for S, (since it has a fragment of order |A| —1 > 0).

Next we define Sy = {s € Sa| |Na(s)| <z}, and dp := rr‘l/i&){|Ng(U) N So|}, and let
S

vg € V(A) be the argumentum of this minimum.

Now if we use double counting for the number of edges in E(A, Sy), we get the following:
|NG(So) N Al - do < |E(A, S)| < [So| - 2. (1)

In the following steps we show that dy = 0.
Indirectly assume dy > 0, meaning there is no vertex in A that is not adjacent to at least one
of the vertices of Sy. Then (1) implies
Sol - 2
No(so) 0 4] < 2 @)

0

And following a similar thought process as before, we get

|A| > da(vg)+1 = dg(ve)—dg(vg)+1 > 222—|—m—1—(|5|—|50|—|—d0)—|—1 = 22(z—1)+|So| +m—do.
(3)

If dy = 1, then (by z > m > 2 and |Sy| < |S4| = 22) this implies

|A| > 22(z — 1) + |So| +m —1 > |So|(z = 1) + [So| + m — 1 > |Sy| - 2 = %, which however
contradicts (2).

If dy > 2, then similarly we get

|A] > 22(z = 1)+ |So| + m +dog — 1 > 222 =2z 4+m > 2% > |S‘;"Z > |S§O|'Z, which again
contradicts (2).

This shows that dy = 0, meaning the set Ry :={v € A] Ng(v)NSy =0} = V(A) — Ng(S) is
not empty.

We claim that H := G[Ry| satisfies the properties of the theorem. First we show that for any
vertex v € Ry we have

dg(v) = da(v) — (da_r,(v) +ds, (v)) > 222 +m — 1 — (|Sa] — |So| + 2 - |So|) =

222 +m—1—(|Sa] + (z=1)[So|) >222+m—1—2-|Sa| =m—1.

Then we need to show that for all R C V(H) with |R| < m we have k(G — R) > k.

Assume this is not true, and let R be a counterexample, meaning |R| < m, and k(G — R) < k.
Then there exists a cut set S” of G — R with |S’| < k. Then the set S := RUS" is a
separating set of G with || < z.

Let F be a semifragment of G' to S, and assume F'N A = ().

Then since Ng(FNS4)NACANS and we know that |S| < z, we have F'N S4 C Sy. Since
R C AN S this also means Np(R) = () according to the definitions of Sy and Ry. This
however means that F is also a semifragment of G to the separating set S, and since |S'| < k
this contradicts the assumption that G is k-connected. Therefore F'N A # ().
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S S’
S < 2
A Sa
|SA| =2z
IS(F, A)| > 2z

F |[Fna#0| Fnsa

S SNA SNSa
5] < 2
Fr‘ISA
A Sa
|SA‘ =2z

Then the set S(F, A) is also a separating set of G, and since |F'N A| < |A| — |R| < |A| we also
know that |S(F, A)| > 2z (otherwise this would contradict our choice of A and Sy).

This implies |S N A| > |F N Sy4|, and since F is a general semifragment of G to S, and the
same sequence of steps can be done for F as well (i.e. similarly it can be shown that
FNA#(, thus |S(F, A)| > 2z), we also have [S N A| > |F NSy

From this we get the following. |S| > [S N A| +|S N S4| >

max{|F N Sa|,|[FNSa|}+[SNS4l > [Sal = |2S 0 5] +|SNSal > % = z. This contradicts
the fact that |S| < z, meaning our indirect assumption must have been false. This proves that
there is no R C Ry with |R| < m for which k(G — R) < k, therefore H := G(Ry) really does

have the properties described in the theorem. O

In the original paper Mader mentioned that the bound §(G) > 2(k —1+m)> +m — 1 is
probably not best possible, and since then further research has been conducted on the topic
and several others have been able to provide stronger bounds. One of these results, by Liu,
Ying and Hong [8] will be shown later on. Motivated by the results of Diwan and Tholiya [6],
and his own previous findings on removable paths of order m [4], Mader conjectured that the

actual strongest lower bound follows a similar form as in these previous theorems.

Conjecture M: For every tree T of order m, every k-connected graph G with
§(G) > |2 — 1+ m contains a subtree T' = T such that G — V(T") is k-connected.
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Before moving on to the next result, where Liu, Ying and Hong prove Mader’s condition in

Theorem 8 can be improved to a linear bound, we need to introduce some definitions.

For a graph G and vertices u,v € V(G), let pg(u,v) denote the maximum number of
internally vertex disjoint paths connecting u and v inside G. Let kg (u,v) denote the
minimum order of a uv separating cut S. According to a well known result from Menger we
have kg (u,v) = pa(u,v) if {u,v} ¢ E(G). Furthermore, for the vertex set U C V(G) let
ka(U) = urgierll]{pg(u, v)}. Notice that by these definitions we have kg(V(G)) = k(G), and for
U C Uy C V(G) we have k6(Us) < kg(Up). This is because for all uy,v; € Uy the number of
internally disjoint u;v; paths contained in U; cannot be less than the number of such paths
contained in Uy, however it is possible that there exist us, vo € Us\U; for which

(g, v2) < ke (Uy).

Now we introduce the concept of a k-connected triple. Let G be a graph and S1, 5, C V(G).
Let F' be a component of G — (S U Sy) with |F| > 2 (note: F' = G — (51U Ssy) is allowed). We

call (51,52, F') a k-connected triple, if the following conditions are met.
1. S1NSy =0 and |S; USy| <2k — 1.
2. |Np(v)| <k for all v € 5.
3. Kasius,uv () (S UV(F)) > k+ 1.

First we will show that the lower bound of the minimum degree for the existence of a
k-connected triple in a graph G is linear, and then using k-connected triples we will show that

a linear lower bound of the minimum degree is enough for similar results as in Theorem 8.

Lemma 13. [8] Let k be an integer, G a graph with 6(G) > 2k and Sy C V(G) with
|So| < 2k — 1. Then for any component C' of G — Sy, there exists a k-connected triple
(S1, 52, F) such that V(F) C V(C).

Proof of Lemma 13. Define F :={F C C| |Ng(V(F))| <2k —1}. Since we know that
N¢(C) = Sy, and therefore C' € F # (). Let F' be an element of F of smallest order, and let
S =Ng(V(F)),S1={veS| |Np)| <k}, and Sy = Ng(V(F))\S;. We will show that
(S1, 52, F) is a sufficient k-connected triple.

Since we already have V(F) C V(C), |Nr(v)| < k for all v € Sy, S1 N Sy = 0 and
|S1USs| = |Ng(V(F))| <2k — 1, we only need to prove the third property listed in the
definition of a k-connected triple holds, meaning k(s ,us,uv () (S2 UV (F)) > k+ 1.

Let H = G[SUV(F)]. Indirectly assume there exist vertices u,v € Sy UV (F') with
pu(u,v) < k.

Claim. If there are are any two vertices w,v for which py(u,v) <k, then it is possible to

chose such two vertices where both u and v are in V(F).
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H

Figure 15: Visualization for the statement Ng(V (F,)) C S, U Sy,

Indirectly suppose this is not true. Without loss of generality we can assume

u¢ V(F)=ué€9,.

First we discuss the case where {u,v} € F(H). Then let H = H — {u,v}.

Now we have kg (u,v) = py/(u,v) = py(u,v) —1 < k — 1. Then there exists a uv separating
set Sy, in H' with |S,,| <k — 1. Let C,, be the component of H' — S, containing u, and let
C, be the component containing v. Now by the definition of S; and the fact that ' C H, we
have |[Ny/(u) NV (F)| > |[Ng(u) N V(F)| =1 =|Ng(u)NV(F)|—1>k+1—-1=k > |S,]|
This means there is a vertex u’ € Ny (u) NV (F') that is also in C,.

Then since Sy, is also v'v separating we have py/ (v, v) < [S,,| < k— 1. Also by how we
defined H', we can get py(u',v) < pg(uv,v) +1 <k —1+1 = k. Therefore by switching from
u,v to u’',v we get a pair of vertices that also contradicts the third property of the definition
of the k-connected triple. Then by following the same steps we can also find a vertex

v € C, NV(F) that can be exchanged with v, giving us py(u/,v") < k, however this

contradicts our indirect assumption.

The second case, where {u,v} ¢ E(H) is very similar. Again, by kg (u,v) = pg(u,v) < k we
have a uv separating set S, with |S,,| < k. Let C, be the component of H — S, containing
u, and let C', be the component containing v.

By the definition of Sy we have |Ng(u) NV (F)| = |Ng(u) N V(F)| > k+ 1> |Sy,|. Then
there is a vertex v’ € C, N (Ng(u) N V(F)) = C, NV (F) for which py (v, v) < |Su| < k
holds, therefore we can exchange u to v/, and similarly there exists a vertex v € C, NV (F)
for which py(u/,v") < k holds, a contradiction to our indirect assumption. This completes the

proof of the claim.

Now let the vertices u,v € V(F') be such that py(u,v) < k. Let S,, be a smallest uv
separating set in H (or in H' = H — {u, v} in case u, v are adjacent), and define C,, C, as we

did previously.
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Let S, =SNV(C,), and S, = SNV(C,). We can assume |S,| < |S,|, and since we have

|Sul + S| < |S] < 2k — 1, this means |S,| < k — 1, and therefore |S,| + [Su| < 2k — 1 if
{u,v} € E(H), and |S,| + |Suy| < 2k — 2 otherwise. Let F,, be the component of C, — S,
containing . Then we have Ng(V (F,)) C S, U Sy, if u,v are not adjacent, and

Ng(V(F,)) € S, U Sy, U{v} if they are. Either way this gives us |[Ng(V(F,))| < 2k — 1,
which is a contradiction, since then F,, € F, and by v € V(F), but v ¢ V(F,) we have

|V (F,)| < |V(F)|, which is not allowed by our assumption that [V (F)| is smallest possible.
Therefore there is no such pair of vertices u, v, and (57, Se, F') really is a k-connected

triple. O

This result directly leads us to a more general one.

Theorem 9. [8] For any positive integer k, let G be a graph with 6(G) > 2k. Then there
exists a k-connected triple (S1, S, F') of G.

Notice that for Sy = (), Theorem 9. is basically a special case of Lemma 13. Also, if G
happens to be 2k-connected, meaning F = {G}, then technically (0,0, G) also satisfies all

properties of a k-connected triple.

Now we move onto the last result on removable subgraphs discussed in this thesis, which is
very similar to Mader’s theorem on removable trees (Theorem 8.) but here our condition for

minimum degree is improved to a linear bound instead of a quadratic one.

Theorem 10. [8] For any tree T' of order m, every k-connected graph G with
d(G) > 3k 4+ 4m — 6 contains a subtree T" = T such that G — V (T") is k-connected.

In this proof we will be using matchings on some subgraphs of G. A matching is a set of
pairwise non-adjacent edges. For a matching M, an M -alternating path is a path P where out
of every pair of incident edges exactly one of them is in M, the other one is not. Some well

known results in this topic including Hall’s Theorem will also be used.

Proof of Theorem 10. By Theorem 1 we know that the case m = 1 holds, since 3k — 2 > L%j
is true for all £ > 1. Therefore we can assume m > 2. Similarly to the proof of Theorem 8, let
z:=k+m—12>2 toget 6(G) > 3z+m—3 > 2z. Then by Lemma 13, there exists a
z-connected triple (57, Sa, F') of G. Assume out of all such triples (S, Sy, F') is one where

|V (F)| is smallest possible. To continue the proof we will need a matching between F' and S}

that covers all vertices of S;. For this we first show that this is possible, for Hall’s condition

holds.
Claim 1. For any S C S; we have |Ng(S)| > |S] + 1.

Indirectly suppose there exists a subset S C §; for which |[Ng(S)| < |S|. Let K = Ng(S) and
Sy = (S1U Sy UK)\S.
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If V(F)\K # (), then since F\K is a component of G — Sj), by Lemma 13. another
z-connected triple (S7, 55, F') can be found in G where F' C F' | but that is a contradiction.
Therefore we have V(F) = K.

Then for all vertices v € K we have 3z +m — 3 < dg(v) < |K| — 1+ |S; U S|, which by
m > 2 gives us
|IK|>324+4m—-2—-2z—-1)=z+m—1>z. (1)

By the definition of k-connected triples (second property) and the fact that S C Si, we have
|E(S, K)| < pl|S|, and thus according to the pigeonhole principle we know that there is a
vertex v € K for which |Ng(v)| < %. For this vertex v we have

3z+m —3 < dg(v) <|Nkg(v)| 4+ |Ns(v)| + | Nes,usons(v)|, which gives us

2|5

2|5
>3 4m—3- 220 (2,119
K]
(IK] = 2)|5]
=z2+m—-2+ ——-F"—
K]
>z4+m—2+|K|—2
=|K|+m—2.

This however implies |K| > [Nk (v)|+1> |K|+m —2+ 1> |K]|, since v € K, and m > 2,
which is a contradiction. Therefore the claim holds, and there exists a matching between
V(F) and S; that covers all vertices of 5.

Let M denote the family of such matchings. Let S3 := Ng(S)), and let

H := G[S1US;] — (E(G[S1]) U E(G[Ss])) (meaning H is a bipartite subgraph of G). Chose a
matching M € M for which the number |E(H[V (M)])| is maximum. Denote

Sy =V (M)NSs.

Claim 2. For any v € S3\Sy we have |Ng, (v)| <z —1.

Indirectly suppose this is not so, and there exists a vertex v € S3\ Sy such that |Ng, (v)| > z.
This also means v € V(H), and dy(v) > z. For an M-alternating path P originating in v, and
ending in some w € S; denote by M’ the matching in M that contains all edges of M except
for the ones in P, and instead of those include all other edges of P instead. This way all
vertices of S are still covered by M’ but V/(M') = V(M)\{w} U {v}.

Let Z be the set of vertices in H reachable from v by an M-alternating path. Let Z; = 51N Z
and Z, = S3N Z. Notice that since for all edges e € M if one end vertex of e is reachable from
v by an M-alternating path P, then the other end vertex is also reachable, because either

e € P, or this path can be extended by e. Therefore we have |Z| = |Z;]| + 1 (since Z5 also

contains v).
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S

° 512

Figure 16: Visualization of F,.S1,55,S3 and Sy

By definition for any vertex w € Zs, by finding the corresponding M-alternating path a
different M’ matching can be given for which we assumed

|[E(H[V(M)])| > |[E(H[V(M")| = |[E(H[V(M)\{w} U {v}])|, otherwise this would contradict
our choice of M. This way we know that for all w € Zy we have dy(w) > dy(v) > z. This also
implies

|E(Z1, Z5)| = | Zs] - =.

However by the definition of a k-connected triple (second property), we also have
|E(Zy, Z2)| < 41| - 2= (|Z2| = 1) - 2.

This leads to a contradiction, thus proving the claim.

In the following steps we are going to show that a subgraph 7" = T exists in G, and that this
tree has the desired properties. By Claim 1. we know that for S; we have

|S3| = |Np(S1)| > |S1| + 1 = |S4| + 1, therefore V(F)\S; # (). By Claim 2. and the fact that
|S1| = | Sy, for all vertices v € S3\ Sy we have | Ng(v)\(S1 U Sy U Sy)| >

(G) — |Ns, ()| = |S2USy| >32z4+m—3—(2—1)—|S2US;| >2z4+m—2—-22+1=m— 1.
As seen before at Theorem 8, in this case a subgraph 7" can easily be located in F'\S;. Now
we show that this subgraph is removable. Assume otherwise, meaning there exists a cut set A
with [A] <k —1in G — V(T") (also meaning V(T") U A is a cut set of G with

[V(T")U Al > m+k —1=z). Since by the definition of a k-connected triple we have
Kaisiussuv (p)) (S2 UV (F)) > 2+ 1, and we know that if for any two vertices u,v € S, UV (F)
there are at least z + 1 internally vertex disjoint paths connecting u to v contained in the
subgraph G[S; U So U V(F)], then only at least the same amount of such paths can be found
connecting them in a larger graph, specifically in G. Hence kg (S; UV (F)) > z + 1. This

means all remaining vertices of S, U V' (F') can be found in the same component of
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F S1U Sy

S2

AUV(T) | T / 4

C Si

(V(F)USy) NV(C) =0

Figure 17: Visualization for the sets and subgraphs 77, A and C'

G — (V(T") U A), and also, there exists a component C' in which no vertices of this set can be
found. It is easy to see that since C'is a component of G — (V(T") U A), we have
Ne-van(V(C)) € A and Ne(V(C)) € AUV(T).

Now we further divide the sets A and V' (C). Let C; = V(C) N Sy, and Cy = V(C)\C}. Let
Al =ANV(F), Ay = A\V(F) and A3 = Ng(Cy) N Sy. Notice that since V(T") and Sy are
disjoint, and since all vertices of V(F') adjacent to any vertices of C have to be a subset of A
(specifically of A;), we know that A3 C A;. Also since we have the matching M covering all
vertices of C we also know that |Az] > |C4].

F S1 U S,
Sy
AUV(T A
(1) / 2 A
C S1
C1 Cy

(V(F)USy) NV(C) =0

Figure 18: Visualization for the sets Ay, Ay, A3, (4, and Cy

Now assume Cy # (). Then since S; U Sy separates Co and V/(F'), we have Ng(Cy) C Ay U CY,
therefore |[Ng(Cs)| < [As| + |Ch| < |As] + |As] < |As| 4+ |A1] = |A| <k —1. Thisis a
contradiction, since this means G is not actually k-connected.

Then we have Cy = (). In this case V(C) = C; € S;. Then for any v € V(C') we have

3z4+m =3 <dg(v) < [V(O)\o} + [AUV(T)] < |5 U S\ {u} + [AUV(T)] <

22 — 2+ 2z =3z—2 < 3z+ m — 4, which is also a contradiction.

This proves T” really is a removable copy of T', therefore the theorem itself is true. O
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4 Conclusion and outlook

The subject of removable subgraphs can be approached from many different angles. In this
thesis we have shown results that all set the focus on the minimum degree bound on the
original graph, and as we could see, this direction gives way to a relatively large amount of
possibilities from removing single vertices and paths to removing trees of any form within a
given size limitation. However there are still possible questions we could ask that have not yet
been answered. For example, as far as we know there is not much to know about removable
subgraphs that are not trees.

It is also important to note that while we know of some cases where not just existence can be
proved, but also an algorithm was given to find the desired subgraph, for most cases we do
not have this option. Hopefully, the already existing algorithms may inspire researchers so
that they will be able to create variants, or even new algorithms to cover more cases.
Theorem 6. by Huang and Ji [5], and their algorithmic proof for Lemma 11. (and also for
Theorem 4.) is relatively new, but seems promising in the way that it could possibly be

further improved to be applicable to other subgraphs as well.

There are also many other possible approaches on looking for removable subgraphs. Now we
will only give a quick survey on such results, by the help of the survey article of Tian and
Meng [9].

The next few results are on removable edges.

Theorem 11.(Halin, [Theorem 4.22,9]) Every graph G with k(G) > k and 6(G) > k+ 1
contains an edge e such that k(G —e) > k.

Theorem 12.(Lick, [Theorem 4.23, 9]) Every graph G with A\(G) > k and §(G) > k +1
contains an edge e such that N(G —e) > k

Similarly to Conjecture M, Hasunuma also proposed a conjecture for edge-deletion.

Conjecture H [10] For every tree T of order m, every k-connected graph (respectively
k-edge-connected graph) G with minimum degree at least k +m + 1 contains a subtree T' =T
such that G — E(T") is k-connected (respectively, k-edge-connected).

Hasunuma [10] also proved this conjecture is true for k£ < 2, and later in [11,12] the authors

independently proved it is true for k£ = 3 as well. for k& > 4 the conjecture is still open.
The following theorems show that Conjecture M is true for k = 2, 3.

Theorem 13. (Hong and Liu, [13]) For any tree T of order m, every 2-connected graph G
with 6(G) > m + 2 contains a subtree T" = T such that G — V(T") is 2-connected.

Theorem 14. (Hong and Liu [13]) For any tree T of order m, every 3-connected graph G
with 6(G) > m + 3 contains a subtree T" = T such that G — V(T") is 3-connected.
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Before these last two results, several other researchers have been able to get close to
Conjecture M for cases k = 2,3 by imposing further limitations on the tree 7', such as T’
being a special tree graph (for example a star, double-star, spider or a caterpillar), limiting
the number of internal vertices of T, or setting an upper bound for the diameter of T'; or by

setting girth conditions for the graph G itself.

Similar results for digraphs are unfortunately rather limited.
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