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Chapter 1
Introduction

In classical optimization problems, one typically seeks an optimal solution while assum-
ing that certain parameters are known. For instance, consider a given road network along
which we wish to construct a facility. The objective is to locate the facility in such a way
that the maximum distance to the customers is minimum. However, it may occur that
the facility has already been built and that relocating it would incur prohibitively high
costs. In such a situation, the focus shifts to modifying the road network, for example,
by improving the condition of certain road segments. The aim is to render the current
location of the facility optimal while performing as few modifications as possible. This
leads to an inverse optimization problem, specifically an inverse center location problem
[12].

In general, an inverse optimization problem seeks to make a given object optimal by
modifying the input parameters as little as possible.

Inverse optimization problems began to attract attention in the 1990s. In one of the
earliest contributions, Burton and Toint [2] studied the inverse shortest path problem
under the ls norm. Since then, inverse optimization has developed into a broad and di-
verse research area, motivated by its wide range of practical applications. A variety of
techniques have been applied to different problems, and research has primarily focused
on questions of solvability as well as on the development of efficient algorithms.

In the field of combinatorial optimization, however, there has been a growing demand
for structural characterizations of optimal solutions. Such characterizations typically take
the form of min—max theorems, whose dual formulations provide clear certificates for the
non-existence of solutions of a given value.

In recent years, some papers have introduced a fundamentally new approach to in-



verse problems. This framework establishes a connection between two seemingly distant
areas: inverse optimization and discrete convex analysis. Frank and Murota [11] developed
a general methodology, based on techniques from discrete convex analysis, for deriving
min—max theorems for broad classes of inverse problems. The aim of this thesis is to take
an initial step toward demonstrating the applicability of this theoretical framework.
Chapter 2 presents classical solutions and results for some inverse problems. In Chapter
3, we introduce some of the fundamental concepts and results of discrete convex analysis,
and state the general theorem on min—-max formulas. Building on this, Chapter 4 exam-
ines a specific inverse problem, namely the cost-constrained inverse arborescence problem.
We formulate two types of min-max theorems that do not appear in the existing liter-
ature. In Chapter 5, we consider several interesting variants of the inverse arborescence
problem and provide new proofs for certain known results. The discrete convex approach
also makes it possible to handle nonlinear objective functions, which we illustrate with
an example. Furthermore, based on the derived min—-max formulas, we present a new

algorithm for solving a particular special case.



Chapter 2

Inverse Combinatorial Optimization

Problems

In an inverse optimization problem, in addition to the initial cost function, a specific
target object Sy C A is also given, and the task is to modify the cost function as little as
possible so that Sy becomes an optimal solution. One may also require that the modified
cost function satisfy certain prescribed constraints.

Naturally, inverse optimization problems admit several further variations. In a partial
inverse optimization problem, a subset £ C A is given, and the goal is to minimally
modify the original cost function so that there exists an optimal object Sy containing F.
In the case of a reverse problem with prescribed objective function range, no
specific target object is given; instead, the requirement is that the objective value of an
optimal solution with respect to the modified function lies within a prescribed interval
[12].

The extent of modification of the cost function can be measured in various ways; most
commonly, one considers one of the [, [y or [, norms, or their weighted variants. In the
following, we focus primarily on inverse optimization problems under the [; norm.

The theory of inverse optimization is a long-studied, broad and diverse field. Ear-
lier work has mainly concentrated on the algorithmic solution of such problems, while
min—max characterizations are known only for relatively few cases. The classical approach
to [;- and [,-norm problems is based on linear programming techniques. For example,
for the inverse shortest path problem, algorithms based on column generation have been
proposed [21], [23], and for certain inverse problems, the ellipsoid method can also be used

[1], [21]. Moreover, in many cases, it is useful to formulate the problem as a general inverse
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linear programming problem, which can then be transformed into a linear program [1],
[15], [22].

In the following, we consider some combinatorial inverse optimization problems for
which well-known algorithms already exist. Although the presented min-max theorems
do not seem to appear explicitly in the literature, they follow naturally from the classical
results of Duffin and Egervary. Consequently, once these classical theorems are available,

deriving solutions to these problems is relatively straightforward.

2.1 The Inverse Cheapest Path

Let D = (V, A) be a directed graph with distinguished nodes s,t € V', and let wy be an
integer-valued cost function defined on the arc set A. Assume that wq is conservative, so
there is no directed cycle of negative total cost in D. Let Py C A be an st-path. In the
inverse cheapest path problem, we seek a cost function w : A — Z such that Py (the
target path) is a cheapest st-path with respect to w (that is, a w-minimizer), and the
deviation |w — wg| := Y [|w(a) — we(a)| : a € A] is minimized.

We call a function w : A — R wyp-adequate if the target object Sy is an optimal

solution with respect to w, and in the case of a minimization problem,

w(a) < wgp(a) ifa € Sy

(2.1.1)
w(a) > we(a) ifae A— Sy,
while in the case of a maximization problem,
w(a) > wo(a) ifa €S
(a) = wola) " (2.1.2)

w(a) <wgla) ifae A— 95,

holds. In addition, if a wg-adequate function w is nonnegative and for each a € A — .5y,
w(a) = wp(a) holds, then we speak of a strongly adequate function.
Clearly, optimal functions are wg-adequate. For X C A, we use the notation w(X) :=

> lw(e) : e € X]. It is easy to observe that

min{|w — wp| : w is a cost function such that Fy is a w-minimizer st-path}

(2.1.3)
> wo(Fy) — wo(P)



holds for any st-path P. It turns out that this lower bound is always attainable, and thus
the following theorem holds.

Theorem 2.1. Let wy be a conservative cost function on the arc set of the directed graph
D = (V,A), and let Py be an st-path in D. Then

min{|w — wo| : w is a cost function such that Py is a w-minimizer st-path} (2.14)

= max{wy(Py) — wo(P) : P is an st-path}.
For the proof, we may use the following well-known min-max theorem on cheapest

paths due to Duffin. A potential 7 : V' — Z is feasible if 7(v) — 7m(u) < wo(uv) holds for
each uv € A.

Theorem 2.2. (Duffin) Let wy be a conservative cost function on the arc set of the directed

graph D = (V, A). Then
min{wy(P) : P is an st-path} = max{rn(t) — w(s): 7 is a feasible potential}  (2.1.5)

holds. If wq is integer-valued, then the optimal ™ can also be chosen to be integer-valued.

[ |
The following statement is also known.

Proposition 2.3. Let w(v) denote the cost of a cheapest path from s to v for everyv € V.

Then 7 is a feasible potential and an optimal dual solution. |
An arc wv is said to be tight with respect to 7 if w(v) — 7(u) = wo(uv) holds.

Proof. The direction min > max of Theorem is trivial. The direction min < max can
be shown as follows.

Let P' be a cheapest st-path in D. Let 7*(v) denote the cost of a cheapest path from
s to v for every v € V. Thus, 7%(s) = 0 and 7*(¢) = wo(P’). Then an st-path is cheapest

if and only if it consists of tight arcs. Define

wo (uv ifuv & Fy
w*(uv) == (o) _ ? (2.1.6)
™) —7*(u) if ww € F.



Then 7* is a feasible potential with respect to w*, and P consists of tight arcs. Hence F,

is a cheapest st-path with respect to w*. Moreover,

[w* — wo| = Z[\w*(a) —wp(a)| : a € A
= Z[wo(a) —w*(a) :a € Py
Wo Po)—Z[W*(v) — 7 (u) :uv = a € Py (2.1.7)
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This proves the theorem. |

Remark 2.4. It also follows that if wq is integer-valued, then there always exists an

optimal w that is also integer-valued and satisfies woja—p, = wja—p,- °

Remark 2.5. The proof also yields a strongly polynomial-time algorithm for determining
an optimal cost function w, since it suffices to compute the lengths of the cheapest paths

from s to all nodes. °

Remark 2.6. It can be observed that a nonnegative optimal w does not always exist,
even if wy is nonnegative. Consider the following simple example.

Let V := {s,t,u,v} and A := {su,uv,vt,sv,ut}. Let the input cost function wy be
wo(su) = 2, wo(uv) = 2, wo(vt) = 2, wo(sv) = 1, we(ut) = 1. Let the target st-path be
Py = {su,uv, vt}.

Now both P, := {su,ut} and P, := {sv,vt} are cheapest st-paths with wg-cost 3,
while wy(Fy) = 6. It follows that the deviation of an optimal w from wy is at least
Wo(Py) —wo(Py) = 3. This can be achieved by applying the Duffin-based approach above.
If we set wy(uv) = —1, then we obtain a feasible function.

However, if we require nonnegativity, then it is easy to check that the deviation is
at least 4. The following w is an optimal solution: w(su) = 1, w(uwv) = 0, w(vt) = 1,
w(sv) =1, w(ut) = 1. o
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2.1.1 The Sign-Constrained Inverse Cheapest Path

Let D = (V, A) be a directed graph with distinguished nodes s,t € V, and let wy be a
nonnegative integer-valued cost function defined on the arc set A. Let By C A be an st-
path. In the sign-constrained inverse cheapest path problem, we seek a nonnegative
arc cost function w such that Py is a w-minimizer st-path, and the deviation |w — wy| is
minimized. Clearly, the optimal functions are again wy-adequate.

We have seen that the optimal value may be larger than in the original inverse cheapest
path problem.

For every arc uv € Fy, add the reverse arc vu to D, and denote the resulting digraph
by D' = (V, A"). For an arbitrary function w : A — Z, define the extended function
w' : A" — Z on D' by

) w(a) ifae A
w'(a) = (2.1.8)
0 ifae A — A

Theorem 2.7. Let wy > 0 be a cost function on the arc set of the directed graph D =
(V, A), and let Py be an st-path in D. Then

min{|w — wp| : w > 0 is a cost function such that Py is a w-minimizer st-path}

1.9)
= max{wy(Py) — wy(P) : P is an st-path in D'}.

Proof. Consider the inverse cheapest path problem on the digraph D’. Let w* : A" — 7Z
be an optimal solution obtained via the Duffin-based approach described earlier, and let

7* denote the feasible potential used in the construction.

Claim 2.8. The cost function w* is nonnegative.

Proof. Suppose indirectly that w*(uv) < 0 holds for some arc uv € A’. As we have
seen, Woja—p, = Wiy p holds, hence uwv € Fy. Thus 0 > w*(uwv) = 7*(v) — 7*(u), so
7 (u) — 7*(v) > 0. However, for the newly added arc vu in D" we have w((vu) = 0, so 7*

cannot be a feasible potential in D’. This is a contradiction. 0

Thus, w* is an optimal solution in D’ for the sign-constrained inverse cheapest path

oy * * _ /
problem. Moreover, by the definition of w*, we have w,,_p = w4 _p -

Claim 2.9. The restriction wl*A 15 an optimal solution to the sign-constrained inverse

cheapest path problem in D.
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Proof. We know that in D, F, is a cheapest st-path with respect to w‘*A > 0. Let wy >0
be any cost function on D such that P, is a cheapest st-path. We show that |wy — w|*A| <
|wog — wy| holds.

Let 7 (v) denote the cost of a cheapest path from s to v for every v € V' with respect
to wy. Every arc uv € By is tight with respect to my, that is, m (v) — 71 (u) = wq (uv) > 0.
Hence m is a feasible potential with respect to w}. Therefore, Py is a cheapest st-path in

D’ with respect to w}. Consequently,
lwo — wiy| = [wy —w*| < Jwy — wy| = |wo — wy (2.1.10)

holds, which proves the claim. 0]

Since w‘*A is an optimal cost function, the optimal value is indeed

for a cheapest st-path P in D'. [ |

Remark 2.10. It follows that for the sign-constrained inverse cheapest path problem,

there always exists a strongly adequate optimal cost function. °

Remark 2.11. We have also obtained a strongly polynomial-time algorithm for this

problem. °

Remark 2.12. The connection between this problem and the inverse arborescence prob-

lem will become apparent in a later section. °

2.2 The Inverse Maximum-Weight Perfect Matching in
Bipartite Graphs

Let G = (S,T, E) be a bipartite graph with |S| = |T| and £ C {uv: u € S,v € T}, and
let wy : £ — Z be a weight function. Let My be a perfect matching (target matching).
In the inverse maximum-weight perfect matching problem in bipartite graphs,
we seek a weight function w such that M, is a maximum-weight perfect matching with

respect to w, and the deviation |w — wy| is minimized.
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The optimal functions are again wg-adequate. Similarly to the inverse cheapest path

problem, we observe that

min{|w — wp| : w is a weight function such that M is a w-maximizer perfect matching}
> wo(M) — wo(Mo)
(2.2.1)

holds for any perfect matching M. As in the inverse cheapest path problem, this obvious

lower bound is always attainable.

Theorem 2.13. Let wy be a weight function on the arc set of the graph G = (S,T, F),
and let My be a perfect matching in G. Then

min{|w — wo| : w is a weight function such that My is a w-maximizer perfect matching}
= max{wo(M) — wo(My) : M is a perfect matching}.
(2.2.2)

For the proof, we rely on the well-known theorem of Egervary. A function 7 : SUT — R
is a feasible potential if w(u) + m(v) > wo(uv) holds for every uv € E.

Theorem 2.14. (Egervary) Let wy be a weight function on the arc set of the graph
G=(S,T,E). Then

max{wg(M) : M is a perfect matching} = min{ Z 7w(v) 1 7 is a feasible potential}
veSUT

(2.2.3)

holds. If wq is integer-valued, then the optimal ™ can also be chosen to be integer-valued.

|
An arc uwv is tight with respect to 7 if 7(u) + 7(v) = wp(uv) holds.

Proof. The direction min > max of Theorem is trivial. The direction min < max can
be proved as follows.

Let M’ be a maximum-weight perfect matching in G. Let 7#* be an optimal feasible
potential according to Theorem [2.14] so that wg(uv) — 7*(u) — 7*(v) < 0 holds for every

arc uv € F. Then a perfect matching is maximum-weight if and only if it consists of tight

13



edges. Thus, for any maximum-weight perfect matching M, we have > [7*(u) + 7*(v) :
w =e € M| = wy(M). Define

o () = ™ (u) + 7*(v) if uww € My — M’ (2.2.0

wo(uv) otherwise.

Then 7* is a feasible potential with respect to w*, and M, consists of tight edges. Hence

My is a maximum-weight perfect matching with respect to w*. Moreover,

|w* — wg| = ZHW*(@) —wo(e)| : e € E]
= Z[w*(e) —wp(e) : e € M)
— Z[n*(u) + 7 (v) 1 ww =e € My| — wo(Mp)

- 2.2.5
= 3 (o) - () (2:29)
veSUT
= Z[T(*(U) + 7 (v) 1 uv =e € M'] — (M)
= wo(M') — wo(My).
This proves the theorem. [ |

Remark 2.15. It follows that if wy is integer-valued, then there always exists an optimal

w that is also integer-valued and satisfies woja—nz, = Wia—ns,- °

Remark 2.16. The proof also provides a strongly polynomial-time algorithm for deter-
mining an optimal weight function w, since it suffices to find a maximum-weight perfect

matching and a minimum-weight feasible potential. °

Remark 2.17. It also follows that for the inverse maximum-weight perfect matching
problem in bipartite graphs there always exists a strongly adequate optimal weight func-

tion. °

Remark 2.18. The inverse optimization problems considered so far may suggest that,
whenever a minimum-cost object is given, an appropriate min-max theorem naturally
follows. However, this is not the case, even for some of the most basic underlying prob-
lems, such as the inverse minimum spanning tree problem. Consider the following simple

example, with the given cost function wy and the target spanning tree Fy = {rou, rov}.

14



It is easy to see that the minimum required modification is 2, and no spanning tree can
provide a tight lower bound. This illustrates that the formulation of min—max theorems

is not automatic in general. °
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Chapter 3

Preparations for the Discrete Convex

Approach

In discrete convex optimization, one of the main objectives is to minimize discrete convex
functions over the integral elements of convex sets. The framework of discrete convex
analysis was introduced by Kazuo Murota in 1998 17|, and has since become a powerful
tool in various areas of mathematics, with numerous practical applications, including the
ones in economics.

This theory, formulated in a discrete setting, is based on the methodology of con-
tinuous optimization as well as on fundamental results from the theory of submodular
functions. It is centered around the interaction between two convexity concepts, namely
M-convexity and L-convexity, which can be regarded as natural generalizations of sub-
modular set functions and base polyhedra.

Some articles published in the last few years establish a fundamentally new applica-
bility of discrete convex analysis in combinatorial optimization. Andras Frank and Kazuo
Murota |11] showed that a general min—max formula can be formulated for an integer-
valued separable discrete convex function when minimizing over a discrete box-TDI set.
This framework covers and even extends an essential part of inverse combinatorial opti-
mization problems, where the deviation |wy —w| is measured by separable discrete convex

functions.
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3.1 Concepts and Notation

In what follows, we work with elements of a ground set S. For a function f defined on S, we
denote by f the associated set function defined for X C S as f(X) := S.[f(s) : s € X].

For an integer-valued function ¢ : Z — Z U {—00,4+o0}, its domain, denoted by
dom(yp), is the set of integers where ¢ is finite. An integer-valued function ¢ may also

take values —oo and +oo. A function ¢ : Z — Z U {+o0} is called discrete convex if
ok = 1)+ ok + 1) > 20(k) (3.11)

holds for every k € dom(yp).
For a function ¢ : Z — Z U +00, its discrete upper conjugate function ¢ : Z —
Z U {+oo} is defined by

0> (1) := max{kl — o(k) : k € Z}. (3.1.2)

Strictly speaking, it would be more precise to write supremum instead of maximum, since
the discrete upper conjugate function may take the value +o0o, but we keep the maximum
notation. This concept originates from continuous analysis; the notion of the Fenchel
conjugate was extended to the discrete setting by Kazuo Murota. We do not use the
standard notation ¢*® from the literature, in order to emphasize the distinction from the
continuous version and from the minimizing variant. In what follows, we simply refer to
the discrete upper conjugate function as the conjugate function.

If for every s € S a function ¢, is given, then we define the functions ® : Z% —
Z.J {+oo} and ®* : Z° — Z U {+o0} by:

B(2) =) psl2(s),  D2(2) =Y 9P (2(s)). (3.1.3)
seS ses

In the case of discrete convex functions g, the function ® is called a separable
discrete convex function.
For a polyhedron P C R”, let P denote the set of its integer points, that is, P := PNZ".

17



3.2 The Box-TDI Property

A linear system Qz > p is called TDI if in the problem min{cz : Qz > p} = max{yp :
y > 0,yQ = c} there exists an integral optimal solution y on the dual side for every
integral vector ¢ for which the maximum is finite. A system Qx > p is called box-TDI
if the system [Qx > p, f < x < g] is TDI for every choice of rational bounding vectors
f<g.

The concept of box-TDI systems was introduced by Jack Edmonds and Rick Giles, who
established several of their fundamental properties [8]. Later, Cook [6] obtained further
important results concerning box-TDI polyhedra defined by such systems. We state the

following results without proof.
Proposition 3.1. |19] A boxz-TDI system is TDI. [

Proposition 3.2. |6] Any TDI linear system defining a box-TDI polyhedron is box-TDI.
[ |

Several sufficient conditions are known for recognizing the box-TDI property of a

system [16]. One such result is the following.

Proposition 3.3. |13| An integer matriz A is totally unimodular (TU) if and only if the
system Ax < b is boz-TDI for every rational b. [

Both classical and recent results in the literature address the box-TDI property for
various problem classes. A classical example is the box-TDI property of flows, which

follows from the total unimodularity of the defining matrix and the previous statement.

Theorem 3.4. [20| Let D = (V, A) be a digraph. Then, the system
z(0T () —z(6(v) =0 YweV (3.2.1)

18 box-TDI. [

It is also known that, for every graph, the spanning tree polytope and the forest
polytope, and for digraphs, the rg-arborescence polytope have the box-TDI property.

18



3.3 Min—-Max Formula for Integer-Valued Separable

Discrete Convex Functions

In their 2022 paper [11], Andras Frank and Kazuo Murota derived a general tool for for-
mulating min—max theorems for inverse problems using discrete conjugates. The theorem
provides a characterization via a dual optimization problem for integer points minimizing

a separable discrete convex function over a box-TDI set.

Theorem 3.5. 11| Let Qx > p be a box-TDI system defining the integral box-TDI poly-
hedron R = {x : Qx > p}, and let ® : Z° — Z U {+o00} be an integer-valued separable
discrete convex function. Let zy € R, and let Qox > po be the subsystem of Qx > p con-
sisting of those inequalities that are met by zy with equalities. Let Cy := {x : Qox > 0}.
Then,

min{®(w) : z9 minimizes w over R, w € Z°} = max{—®*(2) : z € C’o} (3.3.1)

teljestil. |

In the following, we demonstrate how this theorem can be applied to derive graph-
theoretic min—max formulas for a concrete inverse optimization problem. We consider a
problem in which the initial cost function wg can only be modified within given bounds.
This framework can handle such constraints naturally, since it suffices to choose the func-
tion @ appropriately. One possible approach is to assign the value +oo to the functions

@ corresponding to individual edges outside the allowed bounds.
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Chapter 4

Min—Max Theorem for the
Cost-Constrained Inverse Arborescence
Problem

The inverse arborescence problem is a well-studied problem: a min—max theorem is known,
as well as several strongly polynomial-time algorithms. One possible perspective is that
arborescences rooted at a given root form common bases of two particular matroids.
Consequently, the minimum-cost arborescence problem can be viewed as a special case
of the weighted matroid intersection problem, and the inverse arborescence problem as a
special case of the inverse matroid intersection problem. However, this problem cannot be

handled as straightforwardly as the problems discussed in Chapter 2.

Remark 4.1. Let My = (E, Fy) and M, = (E, F,) be two matroids on the same ground
set E, and let wy : E — R be a weight function, ¢ : £ — R' a bound function, and
c: E — RT a cost function. Let By be a common independent set of size k. In the
inverse matroid intersection problem, we seck a weight function w satisfying the

following three properties:

1. By is a maximum-weight common independent set of size k with respect to w,
2. Y [e(e)|wo(e) —w(e)| : e € E] is minimized,
3. Jwo(e) —w(e)| < g(e) for all e € E.

It is clear that an optimal w is necessarily wg-adequate.

The algorithmic solution of this problem has been studied in several papers. Cai [3|
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and Cai and Li [4], formulated the problem as a combinatorial linear program and showed
that it is equivalent to a minimum-cost circulation problem on an auxiliary graph. Hence,
an optimal function w can be found by strongly polynomial-time algorithms.

It is well-known that matroid intersection generalizes many combinatorial optimiza-
tion problems. Thus, several inverse combinatorial optimization problems, such as the
inverse maximum-weight perfect matching problem in bipartite graphs and the inverse
minimum-cost arborescence problem, can be viewed as special cases of the inverse ma-
troid intersection problem.

Consequently, strongly polynomial-time algorithms for the inverse matroid intersec-
tion problem can be applied to a wide range of inverse problems. However, this method

provides only an algorithmic solution; no min—-max theorem is known for this problem. e

In the following, we examine an extended version of the inverse arborescence problem
using a discrete convex approach, where the function w can only be chosen within given

bounds.

4.1 The Inverse Arborescence Problem

Let D = (V,A) be a directed graph with a designated root o € V, and let wy be a
nonnegative integer-valued cost function defined on the arc set A. Let Fy C A be an r¢-
rooted arborescence, which we refer to as the target arborescence. In what follows, by
an arborescence we always mean an ry-rooted arborescence unless stated otherwise. In
the inverse arborescence problem, we aim to modify the cost function wy minimally
so that F{ becomes a cheapest arborescence. That is, we seek a nonnegative arc cost
function w such that Fj is a cheapest arborescence with respect to w, and the deviation
|lw —wp| := > [Jw(a) — we(a)| : @ € A] is minimized. Let Ay denote the arc set A — Fp.

Based on the min—max theorems for the inverse cheapest path problem and the in-
verse maximum-weight perfect matching problem in bipartite graphs, one might expect
that here too a tight lower bound can be given in terms of the cost of a wg-minimizer
arborescence. It is trivial that the necessary modification is at least wy(Fy) — Wo(Fin),
where F;, is a cheapest arborescence with respect to wy. However, this bound is not
tight, as the following example shows.

Let V' := {ro,u,v} and A := {rou,rov,uv,vu}. Let the input cost function wy be

wo(rou) = 1, wo(rev) = 1, we(uv) = 0, wo(vu) = 0. Let the target ro-arborescence be
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Fy := {rou,rou}.

Now both F; := {rou,uv} and F, := {rov,vu} are cheapest ro-arborescences with
wo-cost 1, while wy(Fy) = 2. It follows that the deviation of an optimal w from wy is at
least wg(Fy) — wo(F1) = 1. However, it is easy to check that with a total deviation of 1 it
is not possible to obtain a feasible cost function.

The following min—max theorem is known for this problem.

Theorem 4.2. |10] Let wy > 0 be a cost function on the arc set of the directed graph
D = (V, A), and let Fy be an ro-arborescence in D. Let Fy :={Z CV —rg: op(Z) =1}.
Then,

min{|w — wo| : w is a cost function for which Fy is a w-minimizer ro-arborescence}
= max{wy(Fy) — wo(L) : L C A and L covers Fy}.
(4.1.1)

It also follows that there always exists a nonnegative optimal w obtained by decreasing
wo on the arcs of Fy, that is, w and wq coincide on the arc set Ay. Hence, there always

exists a strongly adequate optimal function w.

4.2 The Cost-Constrained Inverse Arborescence Prob-

lem

Let ¢, wg, u be nonnegative integer-valued cost functions on the arc set A of the digraph D.
We solve the inverse arborescence problem under the additional constraint that / < w < u
holds.

Clearly, in an optimal solution we do not increase the value of wy on the elements

of Fy, and we do not decrease it on the elements of Ay. That is, we seek a wy-adequate
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function w. Thus, we may assume that ujz, = wop, and €4, = wp|a, hold.

It may happen that the problem has no feasible solution, that is,
min{|w —wp| : ¢ <w < w, Fyisa w-minimizer arborescence} = +o0. (4.2.1)
However, it is easy to detect whether a feasible solution exists. Let

u(e) ifee Ay
weq(e) == (4.2.2)
le) ifee .

Proposition 4.3. The cost-constrained inverse arborescence problem is infeasible if and

only if there exists an ro-arborescence Fy such that W, (Fy) > We(F1). [ |

A minimum-cost rg-arborescence can be found in polynomial time [5], hence with respect
to the cost function wy, it can be decided whether Fj is a cheapest ro-arborescence, that
is, whether a feasible solution exists.

In the following, we consider only feasible instances.

4.3 Deriving the Min—Max Theorem

Let Fj, be defined as
Fo:={ZCV —ry: opr(Z) =1} (4.3.1)
Using the notation of Theorem (3.5
Co={z:0.(2) >0 for Z € Fy, and z(e) > 0 for e € Ay}. (4.3.2)

We introduce the notion of an h-cover. In a digraph D, for an ry-arborescence F; and
h € Z", a function = : A — Z7 is an h-cover of F if for every H € F, we have o,(H) > h,
and = < (h,...,h). Furthermore, we say that a set L C A h-fold covers F, if for every
Z € Fy we have or(Z) > h.

We now establish the following min-max theorem for the cost-constrained inverse

arborescence problem.

Theorem 4.4. Let {,wy,u be nonnegative cost functions on the arc set of the digraph
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D = (V,A) such that { < wo < u, wp, = Wog, and {a, = Wola,, and let Fy be an
ro-arborescence in D. Let Fy :={Z CV —ry: or(Z)=1}. Then,

min{|w —wp| : ¢ <w <wu, Fyisaw-minimizer arborescence}

= maX{Z(h —xz(e))l(e) + Z (u(e) — e) - Z z(ejule) (4.3.3)

ecFy e€Fy and z(e)<h, e¢Fy
e¢Fo and z(e)>0

h € Z*, x is an h-cover of Fy}.

Proof. Consider the following function:

00 if k < {(e) or u(e) < k
@e(k) = Qwo(e) =k ifee Fy, £(e) <k <wyle) (4.3.4)
k—wo(e) ifed Fy, wole) <k <u(e).

The polytope of ro-arborescences of the digraph D can be described by a box-TDI system
[18], hence we may apply Theoremto solve the problem. We seck a vector w € Z4 that
is minimized by the target arborescence Fy over the polyhedron of ry-arborescences, and
such that the value of the discrete separable convex function ®, defined by the discrete
convex functions (., is minimal at w.

On the dual side of the min—max theorem appearing in the statement, the function

®~ arises, defined by the conjugate functions of the functions ..

Claim 4.5. The conjugate function corresponding to @. is the following:

(

(I+1)l(e) —wo(e) ifee Fy, 1 <0
lwy(e) ifee Iy, 1 >0
C2(1) = (I - Dule) + wole) ifed Fy, 1> 0 (4.3.5)
Lo e) ifed Fy, 1<0
0 if 1 =0.

\

Proof. 1f | = 0, then the choice k = wy(e) is optimal. First, consider the arcs e € Fy. If
[ >0, then k = wy(e), while if [ < 0, then choosing k = /(e) yields a maximum. The other
case corresponds to the arcs e ¢ Fy. If [ > 0, then k& = u(e), and if [ < 0, then choosing

k = wo(e) gives a maximum. O
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On the dual side, we maximize the function —®%, that is, we seek a minimizer of ®*.
Considering the functions ¢2*, the minimum of ®* is attained at a point z € CO that is
nonnegative on the arcs of Ag and nonpositive on the arcs of Fj; we call such elements
feasible elements. For h € Z™", a feasible element z is called h-bounded if the absolute
value of each of its components is at most h.

In what follows, we will need the following lemma.

Lemma 4.6. For every h € Z*, there exists a bijection between the h-bounded feasible
elements z € CO and the h-covers x : A — Z§ of Fy, in such a way that the following

holds for every corresponding pair z and x:

—0%(z) = Y (h—a(e)lle)+ D (u(e)—L(e)) = Y w(e)ule).
eckp e€Fy and z(e)<h, e¢Fy
e¢Fy and z(e)>0

Proof. First, we take an arbitrary element z € C’o and construct a corresponding x.
It is given that o.(Z) > 0 holds for Z € Fj. Let z be h-bounded. Define z as follows:

o(f) = 2(f)+h if feF (43.7)
z(f) if f ¢ Fo.

We show that x is an h-cover of Fy. Clearly, (0,...,0) <z < (h,...,h). Furthermore,
we prove that h < minger,(0,(H)) holds. Consider an arbitrary set Z € F,. We know
that there exists a unique arc f € Fj entering Z, and that ¢,(Z) > 0 holds. If z(f) = —i

(1 € Z,0 < i < h), then by definition z(f) = h —i. Since p,(Z) > 0, for the arcs e ¢ Fy
entering Z we have i < > z(e) = > x(e). Hence h < p,(Z) indeed holds, so = is an
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h-cover. In this case, the following holds:

—08(z) = — ) [(2(e) + Dl(e) —wole)] = Y [(2(e) — Lule) + wo(e)]

e€Fy, e¢ Fo,
2(e)<—1 2(e)>1
== D () =h+1)le) —wo(e)] = Y [((e) = Dule) + wo(e)]
e€Fy, e¢ Iy,
z(e)<h—1 z(e)>1
=Y (h—a(e)lle)+ Y (wole) =(e)) = Y w(e)ule) 138
eckyp ecFy, 6¢F0 ( o )
z(e)<h—1
+ Y (u(e) —wo(e))
e¢Fy,
z(e)>1
= Q) (h—x(e))l(e) + > (ule) = £(e)) = Y x(e)ule).
eckp e€Fy and z(e)<h—1, e¢ Fo
e¢Fp and z(e)>1
Thus, condition (4.3.6) indeed holds for x and z.
Now, for a given h-cover x, we construct a corresponding z as follows:
x(e ifee A
2(e) == © ’ (4.3.9)

xz(e) —h ife€ F.

It is clear that z is h-bounded and feasible.
We show that z € C’O holds. Let Z € Fj, be arbitrary and let f be the unique arc in
Fy entering Z. We need to show that ¢.(Z) > 0. If (f) =¢ (1 € Z, 0 < i < h), then
2(f) = i — h. Since z is an h-cover, for the arcs e ¢ Fy entering Z we have h — i <
Y x(e) =5 z(e). Thus, p.(Z) > 0 holds and, therefore, z € Co.
indent The above correspondences are inverses of each other, hence the lemma is proved.
OJ

From the comparison of Theorem and Lemma Theorem follows immedi-
ately.
|

Remark 4.7. The following results imply that whenever h; is an optimal value of h,

every value hy > hy is also optimal.
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Let zj, be an arbitrary h-cover of F,. Let

zpe)+1 ifee€ Fy
zpy1(e) = (4.3.10)
xp(e) if e & Fp.

Then xp; is an (h + 1)-cover of Fy, and the following holds:

> (h—an(e))l(e) + Yo (ule) = L(e) = Y xnle)ule)

ecky e€Fp and zp,(e)<h, e¢Fo
e¢Fp and zp(e)>0

=S+ Y (o) — ) — Y mmaleule).

ecky e€Fp and zp41(e)<h+1, e¢Fo
e¢Fy and zp41(e)>0

(4.3.11)
Thus, for all hy, hy € ZT with hy < hs, the following holds.
max{ Y _(hy — z(e))l(e) + > (u(e) — £(e)) = > z(e)ule) :
ecky e€Fy and z(e)<hi, e¢Fy
e¢Fp and z(e)>0
x is an hy-cover of Fy}
(4.3.12)
< max{ Y _(hy — x(e))l(e) + > (u(e) = €(e)) = > x(e)ule) :
ecky e€Fp and z(e)<haz, e¢Fp
e¢Fp and z(e)>0
x is an hg-cover of Fy}.
[

Remark 4.8. In the theorem, we did not specify how large the smallest optimal value of A
can be, so one might worry that it is not polynomial in the size of the digraph D. However,
we will later see that there always exists an optimal hp-cover, where hp = |A| — |V] + 2.

4.4 A Simplified Min—Max Theorem for the Cost-

Constrained Inverse Arborescence Problem

A drawback of Theorem [4.4] is that the direction min > max is not at all immediate. In

what follows, relying on Edmonds’ theorem on arc-disjoint branchings [7], we use Theorem
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to derive a simpler formulation in which the direction min > max becomes evident.
This simplified formula will also allow us to give a polynomial upper bound, in terms of
the size of the digraph D, on the smallest optimal value of h.

For arbitrary arborescences F1, ..., F},, define the arc cost function w’ as follows:

u(e) ifee Ay and 2<|{F;: e€ F;, i=1,...,h}|
w'(e):=ql(e) ifecFy and h—2>|{F;: ecF,, i=1,...,h}| (4.4.1)

wo(e) otherwise.

We say that the rg-arborescences Fi, ..., F} form a cheap family if the corresponding
function w’ satisfies @' (F;) < @'(Fp) for all i =1,..., h.

The following value associated with a cheap family {F7,. .., Fj} is called the natural
bound:

T(Fy,...,F,) = > (u(e) — £(e)) + Y hawgle) = > x(e)wp(e)

e¢Fp and x(e)>2 eckp ecA
e€Fy and z(e)<h—2

= > z(e)(ule) —wole) = Y (h—w(e))(wole) — €(e)),
6¢F0, €€F0,
z(e)>2 z(e)<h—2

(4.4.2)

where z(e) :=|{F;: e€ F;, i=1,...,h}|.

For a cheap family, it is immediate that the value |w — wy| of a solution to the inverse
problem is at least as large as if we considered the cost function w’ and then additionally
modified the costs on those arcs that are used exactly once by the arborescence family.
The introduced natural bound expresses precisely this value.

We call an h-element cheap family and an h-cover x a compatible pair if the following

equality holds:

T(Fy,...,F) = E (h—x(e))l(e) + E (u(e) —L(e)) — g z(e)u(e). (4.4.3)
ecky ecFy and z(e)<h, e¢Fy
e¢Fy and z(e)>0

Theorem 4.9. Let ¢, wy,u be nonnegative cost functions on the arc set of the digraph

D = (V,A) such that { < wo < u, up, = Wom, and {4, = wWoa,, and let Fy be an
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ro-arborescence in D. Then,

min{|w —wp| : £ <w <w, Fyis aw-minimizer arborescence}

(4.4.4)
=max{T(F,...,F): {F1,...,Fy} is a cheap family}.

Proof. First, we take an arbitrary h-element cheap family and construct a corresponding
h-cover z. Let z(e) = |F;: e € F;, i =1,...,h|. Then for every arc z(e) € Z$, z(e) < h,
and every set H € F, is entered by each F; by at least one arc. Thus, x is an h-cover.

Moreover, from the following equalities, it follows that x is also compatible:

T(Fy,....Fn) =Y hwole)+ > (1—h+z(e))(wole) — ((e))

cefo :E(Z)ESF}(;LQ
+ ) (L—a(e))(ule) —wo(e)) = Y a(e)wo(e)
€¢F()7 ecA
z(e)>2
- ; 0+ ; wo(e) + ; (7 — 1 —2(e))t(e) + wole)] (445
z(e)=h z(e)=h—1 z(e)<h—2
+ 0= > wle)+ Y [(1—a(e)ule) —wole)
e%Fg, 6¢F(), 6¢F07
z(e)=0 z(e)=1 z(e)>2
=Y (h=z(e)e)+ Y (ule) = le) = D w(eule).
ecky e€Fp and z(e)<h, e¢Foy

e¢Fp and z(e)>0

Now consider an arbitrary optimal h-cover x, and we seek a compatible cheap family.
We may assume that x is minimal in the sense that its value cannot be decreased on any arc
while preserving the h-cover property. We may also assume that h > hp—1 = |A|—|V|+1,

since uniformly increasing x on the arcs of Fj does not change the value given by the cover
in Theorem [4.4]

Claim 4.10. Every inclusionwise minimal arc set L that (hp — 1)-fold covers Fy can be

decomposed into (hp — 1) arc-disjoint arborescences.

Proof. For the graph Dy = (V, L), add (hp — 1) parallel copies of Fp, obtaining the graph
We show that the resulting graph D** is rooted 2(hp — 1)-arc-connected, that is, every
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set X C V — g is entered by at least 2(hp — 1) arcs. For a node set X, there are two
possibilities. If there exists a unique arc of Fj entering X, then it appears in (hp — 1)
copies. Furthermore, by definition, there are at least (hp — 1) arcs of L entering X. Thus
op+(X) > 2(hp —1). If X ¢ Fp, then at least two arcs of Fj enter X. Since each appears
in (hp — 1) copies, we again obtain 2(hp — 1) arcs of L** entering X.

By Edmonds’ theorem on arc-disjoint ro-arborescences (|7]), the arc set of D** decom-
poses into 2(hp — 1) arc-disjoint arborescences. Since (hp — 1) = |Ap|, among these at
most (hp — 1) arborescences may contain an arc from A.

Therefore, at least (hp — 1) arborescences are precisely parallel copies of Fy. These are
exactly the copies we added to Dy, and thus we conclude that L decomposes into (hp —1)

arc-disjoint arborescences. U

Thus, there exist h arborescences such that xz(e) = |F; : e € F;, i =1,...,h| holds.
We show that this arborescence family is cheap. Suppose indirectly that @'(F;) > @' (Fp)

holds. Consider the following h-cover:

(L’(@)—l if@GFl—Fo
() =S z(e)+1 ifee Fy—F (4.4.6)

z(e) otherwise.

Then the following holds:

Y=+ Y (ule) =) = Y w(e)ule)

e€ky e€Fp and z*(e)<h, e¢Fp
e¢Fy and z*(e)>0

=Y (h—a(elle)+ Y (u(e) =le) = ) wle)ule) +a'(F) — @' (Fy)
ecky e€Fy and z(e)<h, e¢Fy
e¢Fp and z(e)>0

> (h—ze)lle)+ Y (ule) =) = Y x(e)ule).

ecky e€Fy and z(e)<h, e¢Fy
e¢Fy and z(e)>0

(4.4.7)

Thus, = could not have been optimal, so this is a contradiction. Hence the family is cheap.
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Moreover, similarly to the calculation in (4.20),

T(Fy,...,F) =Y (h—z(e)le)+ > (ule)=l(e) = > z(e)u(e) (4.4.8)
ecFy e€Fp and z(e)<h, e¢Fy
e¢Fp and z(e)>0

holds, and thus we have constructed a compatible cheap arborescence family. [ |

4.5 On the Value of h

So far, we have not determined how large the parameter h in Theorem [£.4] can be. It
would be undesirable if, in some cases, the smallest optimal value of h were exponential in
the size of D. Fortunately, this is not the case, as we will show below using the simplified
form of Theorem [4.4] Theorem (4.9

Assume that max{T(Fy,...,F) : Fi,...,F, isacheap family} < +oo0. Let
{FY,...,F; } be an optimal arborescence family according to Theorem We may
assume that hg > |A| — |V| + 1, since adding arbitrary number of copies of Fy does not
change the maximum value.

Suppose that for every arc e € F}* we have x(e) > 2. Remove F} from the family; then

T(F},... F)=T(F, ... F.)+(F) — i/ (F}) (4.5.1)
holds. From the definition of a cheap family it follows that @'(Fy) > @'(F}). However,
if w'(Fp) > w'(FY), then {F},..., F; } would not be optimal, hence w'(Fp) = w'(FY)

must hold. In this case, T'(FY,..., Fy )= T(F;,...,F; ), and thus {F5,..., F; } is also

optimal.

Proposition 4.11. If there exists a solution w to the cost-constrained inverse arborescence

problem, then there exists an optimal h-cover, and an h-element cheap family, for which

h < |A| —|V|+ 2 holds.

Proof. Let hy be the smallest number for which there exists an optimal cheap family of
size hy. We have seen that for every arborescence F*, ¢ = 1,..., hg, there exists an arc

e € I} such that x(e) = 1. Therefore,

ho + V] — 2 < |A], (4.5.2)
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since an arborescence has |V| — 1 arcs. This proves the claim.
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Chapter 5

Some Variants of the Inverse

Arborescence Problem

By choosing the functions ¢ and u in specific ways, interesting consequences can be derived

from Theorems [4.4] and [4.9] Some of these statements also appear in the literature.

5.1 The Basic Inverse Arborescence Problem

The version of the inverse arborescence problem without cost bounds has been studied
and solved earlier; we will refer to this as the basic inverse arborescence problem.
As mentioned before, Theorem provides a known solution to this problem. We now
present a new proof.
Naturally, the basic inverse arborescence problem is a special case of the cost-
constrained inverse arborescence problem, where £z = 0 and 4, = +o00. Thus, Theorem
[4.2] can be derived from Theorem (4.4l as follows.

Proof. We derive Theorem from Theorem [4.4 The problem is always solvable; that

is, the optimal value is finite.
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Considering an optimal h-cover z, Theorem [1.4] yields the following optimal value:

Yo(h—z(ee)+ Y (ule) = Le) = D w(e)ule)

ecky e€Fy and z(e)<h, e¢Fy
e¢Fy and x(e)>0

= >, wl+ Y (I-z(e))(ule) ~ e) (5.1.1)

e€Fp and z(e)<h e¢Fy and z(e)>0
=do(Fo)— Y, wle)+ Y (1—x(e))(ule) —wole)).
e€Fy and z(e)=h e¢Fy and z(e)>0
It can be seen that, since uj4, = +00, for an optimal = the values on arcs in Ay can only

be 0 or 1. Thus the optimal value becomes

wo(Fo) — > wole) - > wole). (5.1.2)

e€Fy and z(e)=h e¢Fy and z(e)=1

Claim 5.1. For any positive integer h, for every h-cover x of Fy that takes only the
values 0 and 1 on the elements of Ay, there exists an arc set L covering Fy such that the

following holds:

wo(Fy) — > wle) - > wole) = tio(Fy) — tio(L). (5.1.3)

e€Fy and xz(e)=h e¢Fy and z(e)=1

Proof. Take an arbitrary h-cover x. Let
L:={ecFy: z(e)=h}U{e¢ Fy: z(e) =1}. (5.1.4)

We show that L covers Fj. Take an arbitrary set Z € Fy; then 0,(Z) > h holds. If
for the unique arc e € Fj entering Z we have z(e) = h, then this arc is contained in L. If
z(e) < h, then there must exist an arc in Ay entering Z on which z is positive, that is,
equal to 1. Thus we again find an arc of L entering Z.

It follows that x and L satisfy the desired equality. O

Claim 5.2. For every arc set L covering F,, there exists a 1-cover x such that the

following holds:

wo(Fo) — > wole)— > wole) = tio(Fp) — do(L). (5.1.5)

e€Fy and z(e)=1 e¢Fy and z(e)=1

34



Proof. Take an arbitrary arc set L covering F,. Define x as follows:

1 ifeel
z(e) == (5.1.6)

0 otherwise.

Then z is a 1-cover, and the desired equality holds. 0

Thus we obtain that

max{wy(Fy) — Z wo(e) — Z wo(e) : h € Z*, xis an h-cover of Fy}

e€Fy and e¢Fy and
z(e)=h z(e)=1
< max{wy(Fy) — wo(L) : L C A and L covers Fy} (5.1.7)
< max{wy(Fp) — Z wo(e) — Z wo(e) : x is a l-cover of Fy}.
ecFy and e¢ Fy and
z(e)=1 z(e)=1
Hence the statement is proved. [ |

5.1.1 A Simplified Min—Max Theorem for the Basic Inverse Ar-

borescence Problem

The simplified min—max theorem following from Theorem [4.9 provides a particularly clean
formula in the case of the basic inverse problem. In contrast to Theorem [4.2] the direction
min > max becomes trivial.

We say that the ro-arborescences Fi, Fs, ..., F} are co-disjoint in Fj if the union of

any two of them contains Fj, that is, their complements are disjoint within Fj.

Proposition 5.3. Let F|, Fs, ..., F}, be ro-arborescences that are co-disjoint in Fy, and
let Ap consist of their arcs counted with multiplicity. Then Ar can be decomposed into h

ro-arborescences that are co-disjoint in Fy, such that h — 2 of them are parallel copies of
Fy.

Proof. Since Fi, ..., I}, are co-disjoint, every arc e € Fy appears in at least h — 1 of them.
If we remove h — 1 copies of the arc set Iy from Ap, then the resulting arc set L, covers
Fp once.

Now remove h — 2 copies of Fy from Ap. The resulting arc set consists of the arcs

of Fy and L1, counted with multiplicity. We show that the resulting arc set Lo is rooted
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2-arc-connected, that is, or,(H) > 2 for every nonempty set H CV —ro. Let H CV —1rg
be arbitrary and nonempty. If H € F,, then both F and L enter H. If H ¢ F,, then Fj
enters H with at least two arcs. Thus gr,(H) > 2 holds.

By Edmonds’ theorem on arc-disjoint arborescences [7|, Ly can be decomposed into

two arc-disjoint rg-arborescences. This proves the claim. [ |

Remark 5.4. Any two arborescences that are co-disjoint in Fj are necessarily arc-disjoint

in Ao. ®

For rg-arborescences Fi, Fs, ..., F} that are co-disjoint in F{, we call the two arbores-

cences arising from a decomposition of Ly in Proposition [5.3] essential.

Theorem 5.5. Let wy be a nonnegative cost function on the arc set of the digraph D =
(V,A), and let Fy be an ro-arborescence in D. Then,

min{|w — wop| : w >0, Fy is a w-minimizer arborescence}
2
= maX{Z[ﬁJO(FO) — Wo(FE)] = ro-arborescences F; and Fy are co-disjoint in Fy}.
i=1
(5.1.8)

Proof. The direction min > max is trivial. For the proof of min < max, we apply Theorem
4.9
According to Theorem [4.9] for an optimal cheap family F,..., Fj, the optimal value

36



18

T(Fy,...,F,) = > (u(e) — £(e)) + Y hawg(e) = > x(e)wo(e)

RIS
= Y w(e)(ule) —wole)) = Y (h—w(e))(wole) — £(e))
e¢Fo, e€Fy,
z(e)>2 z(e)<h—2
= Y (ule)—wo(e)+ > wole)+ > hwgle) =Y x(e)wo(e)
e¢Fy and e€Fp and ecky ecA
z(e)>2 z(e)<h—2
= Y w(e)(ule) —wole)) = D (h—w(e))wole)
a:e(%)FgQ x(Z)ESFFOLLQ
= Y (L—a(e)(ule) —wo(e)) + Y (1+z(e) = hywole)
e s
+ Z hw(e) — Z z(e)wp(e).

(5.1.9)

It can be seen that, since 4, = +00, for an optimal family the values of z on arcs in Ay

can only be 0 or 1. Thus the optimal value becomes

3 (t+ae) )+ Y huwg(e) = > x(e)wole)

eEF0<e;LLnd2 eckp e€A
= (5.1.10)
= Y wle)+ Y. (h—a(e)wole) — > wole).

ecFy and ecFp and e¢Fy and

z(e)<h—2 z(e)>h—2 z(e)=1

Claim 5.6. For an optimal arborescence family Fi,...,Fy, for the essential ry-

arborescences FY, Fy, the following holds:

E wo(e) + E (h — z(e))wo(e) — E wo(e) = E [wWo(Fo) — wo (7).
ecFy and ecFy and e¢Fy and i=1
z(e)<h—2 z(e)>h—2 z(e)=1
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Proof.

S wole)+ D> (h—z(e)wole) — D wole)

ecFy and e€Fp and e¢ Fy and
z(e)<h—2 z(e)>h—2 z(e)=1
= Y w@t Y @@ - Y wle)
ecFo—(FyUFy) e€FoN(FyFUFY) eEFTUFS —Fp
=Y (h—a(e)uwole) = D wole)
eckp GEFI"‘UFS—FQ (5 1 12)
= > wm@- Y, w(e)
e€Fy—(FYNFy) e€F}UFs—F
= Z wo(e) — Z wo(e) + Q@O(Fo) - 212)0(F0)
e€Fo—(FyNFY) e€FFUFS —Fy
2
= 2o (Fy) — Y _ to(F}).
i=1
This proves the claim. [l

The two essential arborescences are co-disjoint in Fj, thus the direction min < max

follows. u

Remark 5.7. It follows that although a single arborescence does not yield a tight lower

bound for the basic inverse arborescence problem, two arborescences already suffice. o

5.1.2 Connection to the Sign-Constrained Inverse Cheapest Path
Problem

The sign-constrained inverse cheapest path problem can be viewed as a special case of
the inverse arborescence problem [14]. Consider the inverse cheapest path problem on the
digraph D = (V, A) with cost function wy > 0 and an st-path F,. For every node v € V
distinct from s and ¢, add the arc tv. Let the resulting arc set be A;, and define

wo(a) ifae A
wo’l(a> = (5113)
0 if a € Al — A.

Let Fy C PyU (A; — A) be an s-arborescence.
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Proposition 5.8. [14] Let w be an optimal solution to the sign-constrained inverse cheap-
est path problem (Problem 1) on D = (V, A) with cost function wy > 0 and st-path Fj.
FExtend w to arcs in Ay — A by assigning value 0. Then w is an optimal solution to the
inverse arborescence problem (Problem 2) on Dy = (V, Ay) with cost function wyy > 0
and target arborescence Fy. Conversely, if w is an optimal solution to Problem 2 and 1is

zero on arcs in Ay — A, then its restriction to A is also optimal for Problem 1.

Proof. Let w be an optimal solution to Problem 1. Extend w to A; — A by setting w(a) =0
for all @ € A; — A. We show that w is feasible and optimal for Problem 2.
An s-arborescence contains a unique st-path. Since the added arcs have cost 0 and F is
a cheapest st-path under w, it follows that Fj is a minimum-cost s-arborescence under w.
The objective value in Problem 2 is |w —wo1| = >, 4 [w(a) —wo(a)], since w = wo; =0
on A; — A. Thus, the objective coincides with that of Problem 1. If there were a better
solution for Problem 2, its restriction to A would yield a better solution for Problem 1, a
contradiction. Hence w is optimal for Problem 2.

Let w be an optimal solution to Problem 2 such that w(a) = 0 for all a € A; — A. We
show that its restriction to A is feasible and optimal for Problem 1.
Since Fpy is a minimum-cost s-arborescence under w, the st-path Py C Fy must be a
cheapest st-path in D with respect to w. Hence w is feasible for Problem 1.
Again, |w —wo1| = Y4 lw(a) —wo(a)|. If the restriction of w to A were not optimal
for Problem 1, then there would exist a better solution w on A. Extending w by 0 to
A; — A would yield a feasible solution to Problem 2 with strictly smaller objective value,
contradicting the optimality of w.

Therefore the two problems are equivalent under the described transformation. [ |

Thus, the sign-constrained inverse cheapest path problem can also be handled using
algorithms developed for the basic inverse arborescence problem.

However, it is important to note that this solution method works only for the
sign-constrained inverse cheapest path problem. When the sought cost function w is
required merely to be conservative, the method no longer applies. Consider the following
example, already mentioned earlier, with the indicated cost function wy and the target

path Py = {su,uv, vt}.
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An optimal solution to the inverse cheapest path problem is obtained by con-

sidering the function

-1 it e = uv
w(e) = (5.1.14)
wp(e) otherwise.

The optimal value of the required modification is 3.

Now consider the digraph D; obtained by adding the zero-cost arcs tu and tv, and
the target arborescence Fy = Fy. It is easy to see that extending the function w does not
yield a solution to this inverse arborescence problem on Dy; in fact, the optimum value
becomes 4. Indeed, when negative-cost arcs are allowed, a minimum-cost arborescence

does not necessarily consist of an st-path and zero-cost arcs leaving ¢.

5.1.3 Known Solutions to the Basic Inverse Arborescence Prob-

lem

A strongly polynomial algorithm for the inverse arborescence problem was given by Hu
and Liu in 1998 [14]. The description of the algorithm and the proof of its correctness are
rather complex.

Another approach is based on the fact that arborescences are common bases of two
special matroids. Cai and Li [4], [3] showed that the inverse matroid intersection problem
can be reduced to a minimum-cost flow problem, and hence can be solved by a strongly
polynomial algorithm.

In a 2021 paper, Frank and Hajdu [10] introduced a new, conceptually much simpler
approach. Their method is based on extending a two-phase algorithm using dual variables
for finding a minimum-cost arborescence to general kernel systems. Applying to a specific
kernel system, the algorithm yields not only a new strongly polynomial algorithm but also
a min—max theorem (Theorem for the optimum.

It was already noted in the paper of Hu and Liu that there always exists an optimal

solution w that coincides with wy on the arc set Ay. This fact followed from their algorithm
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and its intricate proof, and according to their account, they did not know an alternative
proof. Frank and Hajdu provided a new proof and used this statement as a starting point

of their algorithm. We will also present another proof later.

5.1.4 The Basic Inverse Arborescence Problem in the /[; Norm

An important advantage of this discrete convex analysis framework used to approach
inverse combinatorial optimization problems, compared to traditional linear programming
methods, is that it allows us to handle nonlinear objective functions as well.

To demonstrate this, consider the basic inverse arborescence problem under the [
norm. That is, we seek a new arc cost function w such that Fjy is a w-minimizer rg-

arborescence, while minimizing the deviation (w — wg)? := Y [(w(a) — wo(a))? : a € A].

Theorem 5.9. Let wy be a nonnegative cost function on the arc set of the digraph D =
(V, A), and let Fy be an ro-arborescence in D. Let Fy := {Z CV —r¢: opr(Z) = 1}.
Then,

min{(w — wp)* : w >0, Fy is a w-minimizer arborescence}

= max{ Y huwgle) = Y wole)z(e) = Y V(e); hJ F(eg_ hw -3 L@J [@W :

ecky ecA ecky e¢Fo
h €Z*, x is an h-cover of Fy}.
(5.1.15)
Proof. Consider the following function:
(wo(e) — k)? ifee Fyand 0 < k < wp(e)
we(k) = q (k —wo(e))? ifed Fyand k > wy(e) (5.1.16)
0 otherwise.
Claim 5.10. The conjugate function corresponding to @, is the following:
wg(e)l + I_%J ’7%—‘ Zf@ S FQ, [ <0
P2 () = wole)l + [LI[L] ifed Fy, 1>0 (5.1.17)
+00 otherwise.
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Proof. 1f | = 0, then it is clear that ©2(0) = 0. First, consider the edges e € Fy. If [ > 0,
then by choosing & — 400 we obtain ¢2(I) — +o0. If [ < 0, then by a straightforward
computation we have ¢2(l) = wo(e)l + | £|[L], for example by choosing k = [4] + wo.
Similarly, for edges e ¢ Fy, if [ < 0, then by choosing k — —oo we obtain ¢2 (1) — +oo.
If { > 0, then by a straightforward computation we have 2 (1) = wo(e)l + [£][L]. O

Considering the functions ¢2, the minimum of ®* is attained at a point z € Cj that
is nonnegative on the arcs of Ag and nonpositive on the arcs of Fj; we call such elements

feasible elements. The following lemma holds.

Lemma 5.11. For every h € Z*, there exists a bijection between the h-bounded feasible
elements z € Cy and the h-covers © : A — Z3 of Fy, in such a way that the following

holds for every corresponding pair z and x:

—%(2) = Y hwog(e) = Y wole)zle) = > V@)Q_ hJ [37(6)2— h—‘

ecFp e€A eckp

el

e¢Fy

Proof. First, we take an arbitrary element z € é’é, and construct a corresponding .
It is given that o.(Z) > 0 holds for Z € Fj. Let z be h-bounded. Define x as follows:

a(f) = P (5.1.19)
z(f) if f ¢ Fo.

We have already seen that = is an h-cover of Fj, in the proof of Lemma 4.6 Furthermore,
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the following holds:

| RN
_ egZFO {wo(e)x(e) + {@J [@—H o120
- EEZF hw(e) — eezAwo(e)x(‘f) - eEZF V@)Q_ hJ V(e)Q_ h-‘

Thus, condition ([5.1.18)) actually holds for x and z.

Now, for a given h-cover x, we construct a corresponding z as follows:

z(e) ifee Ay
z(e) :== (5.1.21)
z(e) —h ife€ F.

It is clear from the proof of Lemma that z is h-bounded, feasible, and z € C’o holds.

The above correspondences are inverses of each other, so the lemma is proved. O

From the comparison of Theorem [3.5] and Lemma Theorem [5.9] follows immedi-
ately. [ |

Remark 5.12. It should be emphasized that no claim has been made as to whether the
the smallest optimal value of A is bounded by a polynomial in the size of the digraph D.

5.2 The Ay-Fixed Inverse Arborescence Problem

We call the Ag-fixed problem the variant of the inverse arborescence problem in which
{r, = 0 and w4, = wo|4, hold. That is, we seek an optimal solution where costs may only
be decreased on the arc set Fj. This problem is also always solvable, hence the optimal
value is finite.

The following theorem can be derived from Theorem

43



Remark 5.13. For the basic inverse arborescence problem, we have seen that there always
exists an optimal solution in which the costs are decreased only on the arcs of Fy [14].
The following theorem provides a new proof of this fact, since, as we shall see, the optimal

value of the Ay-fixed problem coincides with that of the basic problem. °

Theorem 5.14. 10| Let wy > 0 be a cost function on the arc set of the digraph D =
(V, A), and let Fy be an ro-arborescence in D. Let Fy == {Z CV —rq: ogr(Z) = 1}.
Then,

min{|w —wo| : 0 < w < wy, Fy is a w-minimizer arborescence} =

(5.2.1)
max{wy(Fy) — wWo(L) : L C A and L covers Fo}.

Proof. Considering an optimal h-cover z;, Theorem [£.4] yields the following optimal value:

Yo (h—z(e)le)+ Y (ule) —le) = Y w(eule)

ecky e€Fy and z(e)<h, e¢Fo
e¢Fy and z(e)>0

= Z wp(e) — Z x(e)wo(e) (5.2.2)

e€Fp and z(e)<h e¢Fy

=(Fo)— Y wole) = > x(e)wole).

e€Fy and z(e)=h e¢ Fy

Claim 5.15. There always exists an optimal x such that for every arc e € Ay we have
z(e) € {0,1}.

Proof. Suppose indirectly that no such optimal cover exists. Take an optimal h-cover x in
which the number of arcs in Ag where x takes a value greater than 1 is minimal. Assume
that for some f € Ay we have z(f) = y > 1. Assume furthermore that the value of x

cannot be decreased on any arc while preserving optimality. Let

/(€)= wle)—1 ife=f (5.2.3)
z(e) otherwise.

By assumption, 2’ cannot be an optimal h-cover. If 2’ were an h-cover, then it would also
be optimal, hence z’ is not an h-cover.

Thus there exist sets Z; € Fy (i € I) such that 0,/(Z;) = h— 1. Let g; € Fy be the arc
entering Z;. Then for every i € I we have h — 1 > 2'(¢;) + /() = x(g;) +y — 1 > z(g;).
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Define

2e)+1 ifee{g: iel
ey = 17 9 J (5.2.4)
2 (e) otherwise.

Then z” is an h-cover, since g,(Z) > h for every Z € F, and x” < h. Moreover,

wo(Fp) — > wele) = Y a"(e)wole)

e€Fp and z'/(e)=h e¢ Fo
—ao(Fp)— Y, wole) = Y w(e)wole) + wo(f) (5.2.5)
e€Fp and z(e)=h e¢Fy

> wo(Fo) — wo(e) — Z z(e)wo(e),

e€Fy and z(e)=h e¢Fo

since {e: e € Fy and 2”(e) = h} ={e: e € I} and z(e) = h}. Thus z” is also an optimal
h-cover. Repeating this procedure yields an optimal h-cover that takes value 1 on the arc

f.

This is a contradiction, hence the claim is proved. 0

Thus the optimal value is

wo(Fo)— > wole)— > wple), (5.2.6)

e€Fy and z(e)=h e¢Fy and z(e)=1
which coincides with the optimal value of the basic inverse arborescence problem. [ |

Hence we conclude that the optimum of the Ag-fixed problem equals that of the basic
inverse arborescence problem. This provides a new proof of the following statement, which

appears in the literature.

Corollary 5.16. [14] In the basic inverse arborescence problem, there always exists an
optimal solution w that is obtained by decreasing wy on the arcs of Fy, that is, w and wy

coincide on the arc set Ag.

5.3 The Fj-Fixed Inverse Arborescence Problem

We have seen that for the basic inverse arborescence problem, the optimum can be

achieved by decreasing only the costs of arcs in Fj. This motivates the Fy-fixed ver-
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sion of the inverse arborescence problem, where £p = wor, and uj4, = +o0c hold. This
problem is also always solvable, hence again the optimal value is finite. The following

theorem can be derived from Theorem (4.4l

Theorem 5.17. Let wy > 0 be a cost function on the arc set of the digraph D = (V, A),
and let Fy be an ro-arborescence in D. Let Fy == {Z CV —ry: or(Z) = 1}. Replace
each arc of Fy by (hp — 1) parallel copies, where hp = |A| — |V| + 2, and denote the
resulting graph by D* = (V, A*). For each arc [ € Fy, assign cost wo(f) to all its parallel

copies. Then

min{|w — wop| : w > wy, Fy is a w-minimizer arborescence}

5.3.1
= max{(hp — 1)wo(Fy) —wo(L) : L C A*, L (hp — 1)-fold covers Fy}. ( )

Proof. Considering an optimal & h-cover, Theorem [4.4] yields the following optimal value:

do(h—ale)lle)+ Y (ule) = Le)) = Y w(e)ule)

e€ky e€Fp and z(e)<h, e¢Fo
e¢Fp and z(e)>0

=Y (h—a(e)wole) + > (ule) —wole)) — Y _ w(e)ule) (5.3.2)

ecky e¢Fy and z(e)>0 e¢Fo
= hing(Fy) = Y _ z(e)wole) + > [(1—x(e))u(e) — wole)].
e€Fy e¢Fy and z(e)>0

It can be seen that, since u|4, = +o00, for an optimal x the values on arcs in Ay can only

be 0 or 1. Thus, the optimal value becomes:

hig(Fo) — Y x(eywole) — Y wole). (5.3.3)

ecky e¢Fy and z(e)=1

Claim 5.18. There exists a bijection between h-covers x that take values in 0,1 on arcs
in Ay and inclusionwise minimal sets L C A* that h-fold cover Fy, such that the following

holds for every corresponding pair x and L:

hibo(Fo) = > w(e)wole) = > wole) = habig(Fy) — (L) (5.3.4)

ecky e¢Fy and z(e)=1

Proof. Consider the following bijection between h-covers x with 0,1 values on arcs in A
and inclusionwise minimal sets L C A* h-fold covering Fy. An arc e € Ay belongs to L

if and only if z(e) = 1, while an arc e € F, appears in L with multiplicity & whenever
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z(e) = k.
Then the desired equality holds. 0

We may assume that an optimal L is inclusionwise minimal, since wg > 0. It is also

immediate that h may be chosen to be hp — 1. This proves the statement. |

5.3.1 A Simplified Min—Max Theorem for the Fj-Fixed Inverse

Arborescence Problem

In the following, we present an alternative form of the formula in Theorem [5.17 This

formulation is more elegant, as the direction min > max becomes trivial.

Remark 5.19. In the spirit of the min-max formulas discussed earlier, it would be a
natural idea to use one or perhaps two to arborescences to derive a tight lower bound on
the minimum required modification. However, the following example, with the indicated
cost function wy and target arborescence Fj, demonstrates that even two arborescences

are insufficient for this task.

0
1

Indeed, by generalizing the construction and taking arbitrarily many parallel edges of
weight 0, we see that there exists no constant c such that considering only ¢ arborescences

is always sufficient. °

A system A of ro-arborescences in D is called Ag-independent if the intersections of

the arborescences with Ay are pairwise disjoint.

Theorem 5.20. Let wy > 0 be a cost function on the arc set of the digraph D = (V, A),

and let Fy be an ro-arborescence in D. Then,

min{|w — wo| : w > wo, Fy is a w-minimizer arborescence}

= max{Z(u?o(Fo) —wo(F)) : A is an Ag-independent system of ro-arborescences}.
FeA
(5.3.5)
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Furthermore, there always exists an optimal A with |A| < hp—1, where hp = |A|—|V|[+2.

Proof. Tt is immediate that A may be chosen so that |A| < hp — 1 holds. We reduce
Theorem (.20 to Theorem (.17

Take arbitrarily h Ap-independent ro-arborescences (h € 1,...,hp — 1). We construct

a set L such that, in the notation of Theorem , L C A*, Lis an (hp — 1)-fold cover
of Fo, and (hp — 1)ig(Fo) — wo(L) = S22 g (Fy) — o (F})] holds.
Let L be the following (hp — 1)-fold cover in A*: take h arc-disjoint ry-arborescences
corresponding to Fi,..., F), and hp — h — 1 arc-disjoint arborescences parallel to Fyp,
disjoint from each other and from F7i, ..., F}j,. This is possible since each arc in Ay is used
at most once, and each arc in Fj is used at most hp — 1 times via parallel copies. We verify
that the resulting arc set is indeed an (hp — 1)-fold cover of Fy. For this, each set in Fy
must be entered by at least hp — 1 arcs of L. Since L is the union of hp — 1 arc-disjoint
ro-arborescences, this holds, as each arborescence enters every such set by at least one
arc.

Now consider an arbitrary set L C A* that is an (hp — 1)-fold cover of F,. We
construct hp — 1 Ag-independent rg-arborescences such that (hp — 1)wo(Fy) — wo(L) =
S [do(Fy) — o (F,)] holds.

By Claim [4.10, L can be decomposed into hp — 1 arc-disjoint ro-arborescences in A*.
Taking their corresponding arborescences in the original arc set A, we obtain hp — 1

Ap-independent rp-arborescences, completing the proof. [ |

5.3.2 Algorithm for Solving the Fj-Fixed Inverse Arborescence
Problem

The results of Theorems [5.17] and [5.20] provide a starting point for an algorithmic ap-

proach.

In the following, we present an algorithm that produces an optimal w. For this, we
will need a subroutine that determines the optimal value of the problem and provides
an optimal L that is an hp-fold cover; this subroutine will be invoked repeatedly by the

algorithm.
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Algorithm for Determining the Optimal Value and an Optimal L

Our goal is to determine

min{|w — wo| : w > wp, Fp is a w-minimizer arborescence}

(5.3.6)
= max{hpwy(Fy) — wo(L) : L C A*, L hp-fold covers Fy}.

We seek the wvalue of the expression max{hpwo(Fy) — wo(L) : L C
A*, L hp-fold covers Fy}.

We have seen that L can be expressed as the union of hp arc-disjoint rg-arborescences.
Since hpwy(Fp) is fixed, the problem reduces to minimizing wy (L), which is a known and
solved problem. Namely, given a rooted hp-arc-connected digraph with root ry (and we
may assume that no arc enters r¢), the task is to find a minimum-cost spanning subgraph
that is rooted hp-arc-connected with respect to a nonnegative arc-cost function.

A polynomial-time algorithm is known for this problem ([9]). The edge sets of an undi-
rected graph that can be decomposed into hp edge-disjoint spanning trees form the bases
of a matroid M; by Edmonds’ matroid union theorem. Let Ms be the partition matroid
whose bases are those arc sets in the directed graph for which the indegree of rq is 0 and
the indegree of every rqg # v € V — r¢ is exactly hp. An arc set A’ is a common base if
and only if (V; A’) is a minimal rooted hp-arc-connected digraph. Thus, we need to find
a minimum-cost common base of the matroids M; and M,, which can be done using the
weighted matroid intersection algorithm. This algorithm yields not only the optimal value
but also an optimal common base, which in this setting corresponds to an optimal L, that
is, an optimal hp-fold cover.

We will use this algorithm as a subroutine in what follows.

Algorithm for Finding an Optimal w

The algorithm is iterative. We start from the cost function wy, and at each step we increase
wp on a suitable arc in Ay. We repeat this process until the cost function becomes optimal.
We will show that the cost of each arc is modified at most once, hence the algorithm is
strongly polynomial.

The algorithm repeatedly uses, as a subroutine, the procedure that determines the
optimal value and an optimal hp-fold cover L; we refer to this subroutine as A.

Let OPT,, denote the optimal value of the problem with initial cost function wy. As a
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first step, we apply the subroutine A to the problem. Then OPT,, is the obtained optimal

value, and L is the corresponding optimal hp-fold cover.

Proposition 5.21. Let L’ be the equivalent of an arbitrary optimal hp-fold cover in D.

Then for every optimal arc-cost function w, it holds that w = wy on the arcs of Ag — L.

Proof. We show that an optimal w may differ from wq only on the arcs of L'. We know that
the hp-fold cover can be written as the union of hp arc-disjoint rp-arborescences in D*;
let these be Hy, Hy, ..., Hy,. Then OPT,, = hptg(Fy) — wo(UI2, H;). At the same time,
hpo(Fy) — o (U2 Hy) = S22, [0 (Fy) — o ( H;)], since the arborescences are arc-disjoint.
Moreover, for each H;, the total increase on its arcs must be at least wo(Fy) — wo(H;),

which proves the claim. [ |

Enumerate the arcs of L’ — Fj in the digraph D, that is, those arcs on which wg may
be modified: e, ey, ..., €_p,. We now describe the i-th iteration.

Consider the arc e;. Increase wy(e;) by OPT,,,, and denote the resulting cost function
by w. Apply the subroutine A to wf. Then modify wy by increasing wy(e;) by OPT,,, —
OPT,; . Let the resulting function be wy,.

Remark 5.22. By definition, OPT,,, > OPT,; > OPT,; holds. °

Proposition 5.23. We have OPT,; = OPT,;:. Moreover, in any optimal solution with
respect to wy, the cost of the arc e; is at most wo(e;) + OPTy, — OPTy.

Proof. We need to show that OPT, wy < OPT, wg - Let z be an optimal cost function for
wg. Modify z on some arcs to obtain an optimal solution for wy. The arc costs of z were
obtained from wy by increasing the cost of e; by O PT,,, and then choosing further increases
optimally. Since the optimal value for wy is OPT,,, the cost of e; cannot be increased
further. Thus, to transform z into a solution optimal for wy, we may only decrease the
cost of e;. Any such decrease does not increase the cost of any arborescence, while the
cost of Fy remains unchanged. Hence, if it was not possible before to reduce the total
deviation by modifying arcs other than e;, it remains impossible now. Therefore, the cost
of e; must be decreased by at least OPT,;, implying the stated bound.

Observe that a feasible solution for wy is obtained by taking z and setting the cost of e;
to wo(e;) +OPTy, —OPT,:. If this were not feasible, there would exist an ro-arborescence
cheaper than Fy. This would mean that when we previously constructed from z an arc

cost function that is optimal with respect to wg, at some point decreasing the cost of e;
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would have necessarily been accompanied by increasing the total cost on the other arcs by
at least the same amount. This, however, is a contradiction, since in that case no optimal
solution could exist for wy.
Thus, we have shown that there exists a solution for wj in which the total increase is
exactly OPT,;, which implies that OPT, why < OPTy;-
|

Let z := OPT,; = OPT,;.

Proposition 5.24. The set of cost functions w that are optimal for wg and satisfy w(e;) =
wo(e;) + OPTy, — OPT,y coincides with the set of cost functions w' that are optimal for

/
wo.

Proof. Let w be an arbitrary solution that is optimal for wg and satisfies w(e;) = wq(e;) +
OPT,, — OPT,;. We show that w is also optimal for wg. Suppose, to the contrary, that w
is not optimal for wy, that is, by modifying w on some arcs (while maintaining w > wy) we
can obtain a better solution; let this be w;. However, w; would also be feasible with respect
to wg, and thus would be a better solution than w for wy, contradicting the optimality of
w for wy.

Now let w’ be a solution that is optimal for w(. By definition, w’ is obtained from wy,
by a total increase of OPT,,. Hence, w’ can be obtained from wq by a total increase of
(OPT,, — OPT,;) + OPT,, = OPT,, — v +x = OPT,,. Therefore, by definition, w’ is
an optimal solution for wy.

It remains to verify that w'(e;) = wo(e;) + OPTy, — OPT,;. Suppose indirectly that
this does not hold. Since wg(e;) = wo(e;) + OPTy, — OPT,;: and arc costs can only be
increased, the only possibility is that w’(e;) > wo(e;) +OPTy, — OPT,;. Assume therefore
that w'(e;) > wo(e;) + OPTy, — OPTy: = wo(e;) + OPTy, — x holds.

Since w' is optimal for wy, it follows that w’(e;) < wo(e;) + OPT,, — OPT,; = wo(e;) +

OPT,, — x, which is a contradiction. Thus the claim follows. [
Let wy := wy, and proceed to the next iteration.

Proposition 5.25. The cost function wq obtained at the end of the |L' — Fy|-th iteration

18 an optimal solution to the problem.

Proof. In each iteration, the set of cost functions that are optimal for wyf is a subset of

the set of solutions that are optimal for wy. Moreover, there always exists a solution for
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wy.
In the i-th iteration, for the cost function wy under consideration, in every optimal
solution the cost of the arc e; can be at most the value to which we set it in that iteration.
These observations imply that the cost function obtained at the end of the |L' — Fy|-th

iteration is an optimal solution to the problem, which proves the statement. [ |

Remark 5.26. It is important to note that the algorithm relies on the min-max formulas
established in Theorems [5.17) and that is, it does not provide an algorithmic direct

proof of them. °
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Chapter 6
Conclusion

This thesis examined a segment of the broad field of inverse optimization problems. This
is an actively researched area, and consequently many different questions have already
been answered, and numerous problems admit well-developed algorithms.

My goal was to present a new methodological approach that provides a framework
for formulating min-max theorems. This technique is based on a recent result in discrete
convex analysis and, to the best of my knowledge, its application to concrete optimization
problems has not yet appeared in the literature. I investigated how this general formula can
be applied in a specific setting, namely the cost-constrained inverse arborescence problem.
An additional contribution is that I also formulated a simplified, purely graph-theoretic
version of the obtained min-max formula that does not rely on the notion of discrete
conjugates, and for which the direction min > max becomes immediately apparent. In
the remainder of the thesis, by fixing the cost constraints, I derived solutions to several
special cases from the general theorems. In this way, I was also able to provide new
proofs for statements that had already been known previously. Although I worked almost
exclusively with the [; norm, I also examined a particular problem under the [, norm,
illustrating that this new approach is capable of handling nonlinear objective functions as
well. Another new result is that, in one of the special cases, I also developed an algorithmic
solution based on the obtained min-max formula.

The theory of the discrete convex approach still contains many exciting open questions
to be explored. It is my hope that this method will open the way toward solving further
classes of inverse optimization problems, and this thesis was intended as a first step along
that path.

A natural direction for future research would be to apply this general technique to
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other norms as well. Another open question is the development of direct algorithmic
proofs for the min-max formulas presented in the thesis as new results. It would also
be an interesting research problem to design a combinatorial algorithm for determining
an optimal cost function in the cost-constrained inverse arborescence problem, even in
relatively simple special cases — for example, when the cost of each arc may be modified

by at most a given fixed constant.
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