EOTVOS LORAND UNIVERSITY

FACULTY OF SCIENCE

Fabian David Marton

COMPARISON THEOREMS IN RIEMANNIAN
GEOMETRY

Thesis
Mathematics BSc

Supervisor:
Dr. Szab¢ Szilard
Department of Geometry

ELTE[TTK

TERMESZETTUDOMANYI KAR

Budapest, 2026



Contents

Introduction . . . . . . . .
1 Riemannian Manifolds
2 First variation of arc length and Geodesics
3 The exponential map and normal coordinates
4 The Hopf-Rinow Theorem
5 Curvature and Jacobi fields
6 Conjugate points and Focal points
7 Second variation of arc length
8 Index lemmas
9 Rauch Comparison Theorem
10 The Cartan-Hadamard Theorem and spaces of constant curvature

11 Toponogov’s Theorem

10

13

17

20

25

27

29

32

36

40



Introduction

Comparison geometry is a subfield of Riemannian geometry, where we study complex
curved spaces by comparing them to spaces of constant curvature. An important result
in this branch is Toponogov’s Theorem and the aim of this theses is to prove it. It is
important to note that many notions and proofs are left out; for example, tensors are
completely omitted. This is nowhere near a comprehensive introduction, rather just a

prologue this vast field.



Chapter 1
Riemannian Manifolds

We begin by fixing some notation. A smooth (C*), finite dimensional manifold will usually
be M or N. Sometimes to indicate, that the dimension of M is n we will write M". For
the tangent bundle of M we write T'(M). If p € M, the tangent space to M at p we
denote by T,M. Elements of T,M, tangent vectors at point p will be denoted by lower
case letters, such as v or w. A smooth vector field (denoted by upper case letters) V' over
a smooth manifold M is a smooth mapping of M into T'(M), such that for all p € M,
V(p) € T,M. Smooth vector fields on M form a real vector space, for which we write

X(M). For the ring of smooth functions on M we write §(M).

Definition 1.1 A Riemannian metric on a smooth manifold M is an assignment to each
p € M of a symmetric, positive-definite bilinear function (, ), on T,M, such that for all
X, Y € X(M) the function p— (X,Y), is in F(M).

Remark 1.2 There are many notations in use for the Riemannian metric, often it is
denoted by g, then (X,Y), may be written as ¢g,(X,Y) = g(X,Y)(p). If it is already
specified that v,w € T,M then we omit p from the notations (v, w),, g,(v,w) and simply

write the inner product of two tangent vectors as (v,w) = g(v,w).

Definition 1.3 A Riemannian manifold is a pair (M, g), where M is a smooth manifold

and g a Riemannian metric on it.

A Riemannian metric on a manifold associates to each point an inner product on the
tangent space in a smooth way, this gives rise to notions of lengths of vectors, angles
between vectors, and hence notions of orthogonality and orthonormality of vectors (in the

tangent space).



Definition 1.4 (Lengths, angles and orthogonality).
Given a Riemannian manifold (M, g), where we denote g,(v,w) = (v,w), for tangent

vectors v,w at p.

e The length of a vector v € T,M denoted by ||v||, or simply by ||v|| is defined as:

[l := /(v 0)p = V{0, 0)

o The angle between two (non-zero) vectors v,w € T,M is the unique 6 € [0, 7| where:

f := arccos ( {v, w) )
o]l [Jw]]

o Two vectors v,w € T,M are called orthogonal if (v, w) = 0.

Definition 1.5 A (global) affine connection or briefly a connection V on M is a mapping:
V:X(M)xX(M)— X(M)
satisfying the following properties:
(1) Vyi13,X = Vy X + Vi, X
(2) ViyX = fVy X
(3) Vy(X;+ X2) = VyX; + Vy Xs
(4) Vy(fX) =Y ()X + fVyX

for all X, X1, X5, Y, Y1,Yo € X(M) and f € §F(M).
The mapping V assigns to two smooth vector fields Y and X a new one Vy X called
the covariant derivative of the wvector field X with respect to, or in the direction of Y.

(Property (4) is called the Leibniz-rule.)

Definition 1.6 A connection V on a Riemannian manifold M is said to be torsion-free,
of it satisfies:
VyX —VxY —[X,Y]=0 (1.1)

where |, | is the Lie bracket, for any f € F(M): [X,Y](f) = (XY =Y X)(f).

Definition 1.7 A connection V on a Riemannian manifold (M, g), where g = (, ), is
said to be compatible with the metric g, if for X, VW € X(M):

X(V,W) = (VxV, W) + (V,VxW) (1.2)



Theorem 1.8 (Fundamental Theorem of Riemannian Geometry).
A Riemannian manifold possesses one and only one torsion-free connection which is com-

patible with its metric.

Proof. First we see that (VxY, Z) determines VxY. Let VxY, W € T,M, and suppose
that (VxY,Z) = (W, Z) for all Z € T,M, then (VxY — W, Z) = 0. Now choose Z =
VxY — W, then (VxY — W, VxY — W) =0, thus VxY — W = 0 therefore VxY = W.
From this, to show uniqueness, it suffices to show that (VxY, Z) is determined by (1.1)
and (1.2). From the metric compatibility we get:

(a) X(Y,Z) = (VxY, Z) + (Y,VxZ)
(b) Y(X,Z) = (Vy X, Z) + (X,VyZ)
(c) Z(X,Y)=(VzX,Y)+ (X, VzY)
Subtracting (¢) from the sum of (a) and (b) and applying the torsion-free property yields:
2AVxY, Z) = X(Y, Z) + Y(X, Z) = Z(X,Y) + (X, Y], Z) = ([X, 2], Y) — ([\, 2], X)
For the converse, we use this equation to define VxY. Computation shows:
2AVyY — Vy X, Z) = 2([X,Y], Z)

Thus Vy X — VyY — [X,Y] = 0.
For the metric compatibility we compute 2(VxY, Z) +2(VxZ,Y) by cancellations, sym-

metry of the metric and skew symmetry of the Lie bracket we conclude:
2AVxY,Z)+2(VxZ,Y)=2X(Y,Z)
O

Definition 1.9 On a Riemannian manifold M we call the unique ¥V torsion-free, metric

compatible connection Riemannian or Levi-Civita connection.

Now we will examine some important local properties of connections in general.



Lemma 1.10 For any connection V on M, XY € X(M) and for p € M the tangent
vector (Vy X)(p) € T,M depends only on the behavior of X and Y in an open neighborhood

of p.

Proof. We take an open neighborhood U of p, and we suppose that X7, Xy coincide on
U. Now we choose an f € §(M), that is 0 outside of U and constant 1 in a neighborhood
of p, thus f-(X; — X3) = 0 (this is somewhat similar to multiplying the vector field with

a characteristic function), so:
0=Vy(f (X1 —X3)) = fVy (X1 = Xo) + Y(f) (X1 — X3)
Computing the right-hand side at p gives:
0= (VyX1)(p) — (VyX2)(p)
Similarly, if Y7, Y5 coincide on U, then we have:
0=Vimv-n)X = fVyX - fVyX
Thus: (Vy, X)(p) = (Vy, X)(p) =0 O

Now we fix a coordinate chart ¢ = (z',...,2™) on an open subset U of M and we let

8(}), ..., 0§ denote the basis vector fields on U induced by ¢. Actually, when the chart is

clear we will shorten the notation and denote the basis by 9, ..., 0".

Definition 1.11 Given a connection V on U, an open subset of a Riemannian manifold

M™ we can express the vector field V5,0; as a linear combination of the basis vector fields:
n
Vo 0j = Y Tl
k=1

We call the coefficients Ffj the Christoffel symbols of the covariant derivative (with respect

to a given chart). They are in fact smooth functions on U.

Now we compute Vy X in local coordinates. Let X,Y be smooth vector fields on U, then
X =1, X0 andY = 37" Y70;. We call the X* and Y7 the components of X and
Y.



The computation goes as follows:

VyX = Vg mZXa_ZYJVaZXa_ZYJ (X)0: + X'V5,0;)

1,j=1
By properties of the covariant derivative, concretely the Leibniz-rule in the last equality.
Then:

Zw X0, + X'V,0;) ZYJ< Xla+X@Zr’fak>

4,j=1 4,j=1
:Z< Y (X +ZXYJFk> (1.3)
k=1 2,7=1
Definition 1.12 Let 7y : [a,b] — M be a smooth curve in M. We say that X is a smooth

vector field along v if X : [a,b] — T(M) is a smooth map such that, for each t € [a,b],
X(i) € Tv(t)M-

If we choose v and Y so that, v(0) = p and 7/(0) = Y (p) and apply (1.3) to this case,
we observe that we do not need to know the vector field X everywhere on U to compute
(VyX)(p). It is enough to know X at the points of a curve 7 : [—¢,¢] — M for which
7(0) = p,7(0) = Y (p). Because of this, writing V., X makes sense.

Definition 1.13 A vector field X along a curve v in M is said to be a parallel vector
field if V., X = 0.

Proposition 1.14 Given a curve v and a tangent vector v at the point p = v(0), there

1S a unique, parallel vector field V' along v which extends v.

Proof. We work in local coordinates. Using V.,V = 0 and (1.3) we obtain a system of

ordinary differential equations for the components V* of V:

0= (V*y +ZVZ )T 0y
ij=1
We observe that these are linear differential equations. Hence the existence and uniqueness
theorem for linear differential equations guarantees that the solutions of this system are
uniquely determined by the initial values V*(0) and can be defined for all values of ¢ on

the interval where 7 is defined. [

Definition 1.15 Let V be a parallel vector field along vy, then the vector V(y(t)) is said

to be obtained from the initial vector v by parallel transport along ~y.



Let ¢ : N — M be a smooth map between smooth manifolds, and let M have connection
V. A vector field along ¢ is an assignment, to each p € N a vector v € T, M, as we
already saw. Let {E;} be a frame field in a neighborhood of ¢(p), in this case we may

write

V(p) = Z [i(p)Ei(¢(p)).

We say V(p) is smooth, if all the f; are smooth. What we introduce here is the more
general case of what we did for curves. Let w € T,N, we define the covariant derivative
of V in the direction of w. V,,V by

V,V = Z (w(fi(p) Ei(2(p))) + fi(P) Vap(w) Ei(0(p))).

This definition is independent of the choice of the { £;}.Now we assume the connection V
to be of type Levi Civita. Let w € T,N AND V;, V5 be vector fields along ¢, then

w(Vi, Va) = (V, Vi, Vo) + (V1, V., Va).

Now let Wi, Wy be vector fields in N, the their differential dp(W;), dp(WWs) are vector

fields along ¢, we have
Vi dp(Wa) = Vi, dip(Wa) — dio([Wh, Wa]) = 0.

We call such a V connection an induced connection. The formulae above (metric com-
patibility and torsion free property) will be used, especially in the proofs os the first and
second variation formula. For convenience we will suppress this notation and write simply

V instead.



Chapter 2

First variation of arc length and

(Geodesics

Let 7 : [a,b] — M be a continuous piecewise smooth curve in a Riemannian manifold M.

Definition 2.1 We denote the length of v by L[] and define it as:

b
Lb)i= [ Il
It follows from the chain rule that this definition does not depend on the parameterization.

Definition 2.2 Let p,q € M, we denote the distance of p and q by p(p,q) and define it
as:

p(p,q) == inf{L[y] | v : [a,b] — M piecewise smooth, v(a) = p,y(b) = ¢}

Using this definition of distance, the Riemannian manifold M becomes a metric space. In

fact the topology generated by this metric coincides with the given topology of M.

We begin by assuming that v is smooth, ||7/|| # 0, and without loss of generality that -y

is parameterized proportional to arc length. This means ||| is constant c.

Definition 2.3 Let o : Q — M be a smooth function, where Q) is a rectangle defined by

[CL, b] X (_676)7 Zf
Oé|[a7b]><{0} =: [a, b] - M

then « is said to define a smooth variation of the curve ~y : [a,b] — M.
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Let T,V be the fields of tangent vectors on Q corresponding to its first ¢ and second s
variables respectively, identify these vectors with their images under the differential of «,
so T =da(dy), V = da(0s).

First we compute d(; sa(0;), let the curve 4 in @, be such that ¥(7) = (¢ + 7, s) then
7¥(0) = (t,5),7'(0) = 0, so dusa(0r) = (o0 7)(0) = O(a)(t,s). Essentially the same
computation in the s variable shows that V = da(0;) = 0s(«).

We wish to compute the change in arc length over the family of curves v, := (g 4x (s,

where s € (—¢,€). This is given by:

d d [° b . 1 [
Sl =5 [ Ve = [ vieia =g @ vie na
S 8 a a a

= / b(T, T)=2(VyT, T)dt

In the last equality the metric compatibility property, and symmetry were used, and since

[T,V] =0 on @ we may rewrite it as:

/b<T, T)~2(V1V, T)dt

By assumption [v'[| = [l = ¢, so:

d

& Lpllemo = / (Vv Tt = : / W1y — V.Vl

The last equality holds because T(V,T) = (V7 V,T) + (V,V7T). Now we integrate the

first part to get:
d

b

%L[%”wo = %<<V> ) - /a v VTT>dt) (2.1)
Expression (2.1) is called the first variation formula.

Now suppose that rather than being smooth, the above function « is continuous, and
has the property that a = to < t; < ... < t, = b is some subdivision of [a,b], such
that oy, ¢, 1]x(—c,) 15 smooth. We may call such an « a piecewise smooth variation. The
first variation formula for piecewise smooth variations can be obtained by applying (2.1)
to the smooth sections [t;, ;1] and adding them up, if 7, is actually smooth, then the

intermediate terms cancel and (2.1) stays valid.

11



In the case, where all v, have the same end points, we have V(a,0) = V(b,0) = 0 so:

| ——1/b<vv T)dt
ds Vslls=0 = ¢/ y VT

If v =~ is actually the shortest curve from ~y(a) to v(b) then:

d

— L e
dS [75“570 0

must hold for any such map o : Q — M. Thus for any vector field V' along v which
vanishes at endpoints, the right-hand side of (2.1) has to vanish as well. So if 7 is smooth
and minimal, by taking a variation V' such that V' = f(¢)V T, for an f satisfying f(¢) > 0
for all ¢ € (a,b) and f(a) = f(b) = 0, and since ||V7T|| > 0 we conclude:

VT =V.,y =0
Definition 2.4 We call a smooth curve v a geodesic, if V.7 = 0.
If v is a geodesic, then v'(v', ) = 2(V,',7') =0, so (7/,7') is constant.

Definition 2.5 If for a geodesic ||| = 1, then it is called a normal geodesic.

12



Chapter 3

The exponential map and normal

coordinates

Let p € M and take a tangent vector v € T,M, then there exists a unique geodesic 7,
such that 7,(0) = p and 7/(0) = v. From now on, when writing ~,, it will always mean
this setup. From the definition of geodesics we get V.7, = 0. We have seen something
very similar in Chapter 1, but for parallel vector fields, now just take the parallel vector
field V' to be 7., then from the theory of ordinary differential equations existence and

uniqueness follows.

If v, : (—€,6) = M is a geodesic (parametrized by t), we fix s and define the curve

o (=5,5) = M by ¢(t) = v.(st). This new curve is also a geodesic, since V¢' =

s?s

2V v, =0, also ¢'(0) = s7,,(0) = sv, S0 ¢ = 7s,. From this it follows, that for any fixed
v there exists a number s > 0 such that 74,(1) is defined, also we can pick s to vary

continuously with v.

Definition 3.1 We define the exponential map exp,, : T,M — M, by exp,(v) = 7,(1) for
all v € T,M such that 1 is in the domain of ,.

The exponential map, thus is defined on a neighborhood of the origin of 7),M. We now

investigate the differential of exp, at the origin
doexp,, : To(T,M) — T,,.M
Since Ty(T,M) and T,M are naturally isomorphic we can write
doexp, : T,M — T,M.

13



Take v € T,,M and the curve ¢(s) = sv (p(0) =0, ¢’(0) = v) in the tangent space, then
do exp,(v) = (exp, 0p)'(0) = (exp, (sv))'(0).
Now since 7,(s) = exp,(sv) we have
do exp,(v) = 7,(0) = v.

So we conclude that dg exp,, is the identity map, which is invertible, so we can apply the

Inverse Function Theorem, thus the exponential map is actually a local diffeomorphism.

Actually, since for all p € M the map exp, : T,M — M is defined, we can define the
union of these maps exp : T(M) — M (we define exp on the union over p of the domains

of exp,)).

Definition 3.2 Let {e;} be an orthonormal basis of T,M, we define a coordinate system
in a neighborhood of p in the following way: for any point exp, (D, x'e;) in the neighborhood

we assign the coordinates (x',...,x™). Such coordinates are called normal coordinates (at

point p).

Since the rays through the origin of 7, M under the image of exp, are geodesics, normal

coordinates have the property that V. 0; = 0.

Theorem 3.3 (Gauss Lemma).
Let p(t) = tv be a ray through the origin of T,M in the direction of v, assume that w €
Ty (T, M) is perpendicular to p'(t) = v, then dexp(p'(t)) and dexp(w) are perpendicular.

Proof. Let v(s) be the curve in T, M for which v(0) = v, 74/(0) = w and every point of
is at the same distance from the origin of 7, M. We define «(t, s), the rectangle in M by:

a(t, s) = exp(ps(t)),
where p; : [0,1] — M is the ray from 0 to v(s) in T,M, so

alt, s) = exp(ty(s)).

From the definition of exp and « we know that, the lengths of the curves ¢t — «(t, s) are

independent of s. Also, we observe that ¢ +— «a(t,0) is a geodesic.

14



We compute da(9)(0,0) and da(0s)(1,0):
de(95)(0,0) = dexp(t7'(s))(0,0) = dexp(0) = 0

da(95)(1,0) = dexp(t7/(s))l(1,0) = dexp(7(0)) = dexp(w)
Now we apply the first variation formula to exp(p,):

0= % Lfexp(po)lco = {dexp(ue). 71} 5 = {dexplan). 7,(0)
But since dexp(v) = dexp(p/(t)) = dexp(7(0)) = ~,(t) we have:

(d exp(w), dexp(v)) = 0
O

Remark 3.4 The Gauss Lemma is equivalent to the fact, that for a normal coordinate
ball, with the origin deleted the function r = /Y .(x%)? has gradient 0,.
Where the gradient of a function f is defined as

(grad(f), z) = df (x) = z(f)

Corollary 3.5 (First corollary of the Gauss Lemma). Let B,(0) C T,M be a ball of
radius r on which exp, is an embedding, then for v € B,.(0) the curve v, : [0,1] — M is

the unique curve satisfying

Lv,] = p(p, exp,(v)) = v

(If for any curve v we have p(~(0),v(1)) = L[], then it is a smooth geodesic)

Proof. Let v : [0,1] — M be a piecewise smooth curve from p to exp,(v) and assume,
that y(t) € exp,(B,(0)) for all t < to, in other words assume 7(7(t)) < r for t <t,. Since
|0:|| = 1, by the Cauchy-Schwarz inequality, where (¢) is smooth we have:

IV @O = ('(2), 0r),

with equality holding if and only if 7/(t) = ¢(¢)0,, with ¢(t) > 0.

15



Thus
LM=AHﬂMﬁ=LHﬂMW+[HﬂMﬁ
zAVwmaW+[nﬂmw

Since grad(r) = 0, the right-hand side of the above expression is

oo [t =row+ [ v

By the Intermediate-Value Theorem, there will be a first ¢; value for which r(y(¢;) = ||v]|,

for this we get
1
Lb) = lell+ [ I ©lat
t1

Hence L[] = ||v|| if and only if where 7(t) is smooth ~/(t) = ¢(¢)0, with ¢(t) > 0 and
17l =0 for t > ¢,. O

Corollary 3.6 (Second corollary of the Gauss Lemma). If ¢ ¢ B,(p) = exp,(B,(0)) then
there exists a ¢' € OB, (p) such that p(p,q) =1+ p(¢',q) (r < p(p,q)).

Proof. Let () be a curve from p to ¢, since ¢ € B,(p), there is a ¢, first value such that
v(to) € 0B,(p), now, by the First corollary of the Gauss Lemma

Lyl = r+ p(y(to),q) = 7+ p(0B,(p), q)

So
p(p,q) = inf L[] > r 4+ p(0B.(p),q)

But by the triangle inequality the opposite inequality is also true, thus

p(p,q) =1+ p(0B.(p), q)

By compactness of 0B,.(p), on it p attains its minimum, so there exists ¢ € 9B,.(p), such

that p(p,q) =r+p(d,q). O

16



Chapter 4

The Hopf-Rinow Theorem

Theorem 4.1 (Hopf-Rinow Theorem).

The following are equivalent:

(a) M is a complete metric space, where distance between all p and q is defined to be

the minimum length of curves between p and q.
(b) There is a p € M, for which exp, is defined on all of T,M.
(¢c) For allp € M, exp, is defined on all of T, M.
If any of (a), (b), (c¢) holds, then:

(d) Any two points p and q of M can be joined by a geodesic whose length is the distance
from p to q.

follows.
Before proving this Theorem, we state and prove a Lemma, which will be very useful.

Lemma 4.2 If for some p, exp,, is defined on all of T,M then any point q can be connected
to p by a geodesic, whose length is the distance from p to q.

Proof. (Proof of the Lemma). Given p let B,(p) be a normal coordinate ball. By the
First corollary of the Gauss Lemma we may assume, that ¢ € B,(p), thus by the Second
corollary of the Gauss Lemma let ¢ € 0B,.(p) be such that p(p,q) = r + p(¢,q). Let
7 :[0,00) = M be the normal geodesic, such that 7|, be the unique minimal geodesic

from p to ¢'.

17



The set
{t 1 pp,v(t) +p(v(t),q) = p(p,q)}

is closed, so let ¢ty € [r, p(p,q)] be the biggest such value. Let B, (7(ty)) be a normal
coordinate ball around ~y(t¢), so that there exists a ¢” € 9B, (y(to)) such that

p(v(to), @) = p(v(to),q") + p(d"; q)

Now let o be the unique minimal geodesic from () to ¢”. But since

p(p,q) = p(p,¥(to)) + p(v(te), ¢") + p(q", q)

by the triangle inequality we must have

p(p,7(to)) + p(v(to),¢") = p(d", q)
Because
LVos] = p(p.7(t0)), Lol = p(y(t), q")
so LlyUa]| = p(p,q"), the curves v and ¢ have to fit together to form a smooth geodesic

v Uo = 7|[0,t0+7‘1}7 thus

p(p,q) = p(p,y(to + 1)) + p(y(to +71), q)

This contradicts, that ¢y was maximal, so in fact p(p, ¢) = to, so indeed ¢ can be connected

to p by a geodesic, whose length is the distance from p to ¢q. O

Now we proceed to prove the main theorem of this Chapter.

Proof. (Proof of the Hopf-Rinow Theorem).
(b) = (a): Let {¢:} be a Cauchy sequence in M, we have to show, that it converges.
For each i let v; : [0,¢;] — M be the minimal normal geodesics joining p and ¢; (these

exist by the Lemma), so

7(0)=p, vt =a, ti=Llvt)=rpp a)

Since {¢;} is Cauchy, {¢;} in R is also Cauchy, thus convergent, say the limit is ¢y. Let
u; = ~i(0), since ; are normal geodesics ||u;|| = 1. Hence all the {u;} lie on the unit sphere
in T, M, which is compact. Then there exists a subsequence u;; of u; which is convergent,

say u;, — u. Now let 7y : [0,00) — M be the geodesic with v(0) = p, ¥'(0) = u.

18



Then by the theory of ordinary differential equations, concretely by the continuous de-
pendence of solutions on initial data we have v;; (t;;) — 7(to) and since ;, (t;;) = q;; we
get q;; — 7(to). We found a convergent subsequence with limit v(¢o), thus since {g;} is

Cauchy, it is also convergent and has the same limit.

(a) = (c¢): We need to show, that given a p € M, and a v € T,M, the geodesic
v :[0,t9) = M such that 7/(0) = v, v(0) = p extends arbitrarily long. We assume that
[0,t0) is the largest open interval for which such a v exists. Let t; 1 tg, then v(¢;) is a
Cauchy sequence in M, say its limit is ¢. We define (o) = ¢. Let B,(¢) be a normal
coordinate ball. For sufficiently large i, v(¢;) € B,(q). Let o : (—r,r) — M be the unique
minimal geodesic such that v(¢;) € 0 and ¢(0) = ¢q. Now consider the curve obtained by

following v until ¢, then continuing on ¢: v U ¢ is continuous, piecewise smooth and

LIy Uolity—rton] = 2r

Hence v U ¢ is actually smooth, and ~ extends past ¢y, this contradicts the maximality of
to.

(¢) = (b): This is trivial.

(¢) = (d): This follows from the Lemma. [J

19



Chapter 5
Curvature and Jacobi fields

Definition 5.1 Let M be a Riemannian manifold and V a connection on it. We may

consider the operator
R(X,Y) = [Vx, Vy] = Vixy) : X(M) — X(M)

where X, Y € X(M). We call R(X,Y), depending on X and Y the curvature operator of

the connection.
Definition 5.2 The assignment

(XY, Z) = R(X,Y)(Z)

where X,Y,Z € X(M), is called curvature tensor of the connection.

Proposition 5.3 The curvature tensor is linear over (M) in all of its variables and it

15 skew symmetric in the first two variables.

Proof. Skew symmetric in the first two variables is a consequence of skew symmetry of

the Lie bracket:
R(X)Y)=[Vx,Vy] =Vixy; = =[Vy,Vx] + Vyx = —R(Y, X)

As a consequence of this, it suffices to check linearity of the curvature tensor in the first

and third arguments.
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R(X1+ X2,Y) = [Vx,1x,, Vy] = Vixi4x.v] = [Vxi + Vo, Vy] = Vix, yvi4xe.v)
=[Vx,, Vv + [Vx,, Vy] = Vix, v] = Vix,v) = R(X1,Y) + R(X5,Y)

and
R(fX.Y)(Z) = ([Vyx, Vy] = Vxy))(2) = [VxVyZ = Vy(fVxZ) = Vixy-v(nx(Z)
= [VXVyZ — [VyVxZ —Y(f)VxZ — [VixyZ + Y (f)VxZ

= f(VXVYZ — VvaZ — V[X,Y]Z) - fR(Xa Y)(Z)

Additivity in the third variable is clear since R(X,Y) is built from additive operators
(Vx, Vy) and their compositions ([Vx, Vy| = Vx o Vy — Vy o V). Thus it remains to
check:

RX,Y)(fZ2) =VxVy(fZ) = VyVx(fZ) = Vixy(fZ)

=Vx(Y(NZ+fVvZ) = Vy(X(f)Z+ [VxZ) = [X.Y](f)Z = [Vixy(Z)
Further expansion and cancellations afterwards yields:
f(VxVy(Z) = VyVx(Z) = Vixy|(Z2)) = fFR(X,Y)(Z)

g

We note that although we assumed M to be Riemannian, we didn’t use this. From now
on we will write R(X,Y)Z for R(X,Y)(Z).

Definition 5.4 Let M be a Riemannian manifold with connection V of type Levi-Civita,
then
(R(X,Y)Z,W)

is called the Riemann—Christoffel curvature tensor of the Riemannian manifold, sometimes

denoted by R.

Proposition 5.5 The Riemann—Christoffel curvature tensor is skew-symmetric in the

last two arguments, that is:

(R(X,Y)Z,W) = —(R(X, Y)W, Z)
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Proof. By metric compatibility:
X(Y((Z.W)) = X((Vy Z,W) + (Z, VW)
=(VxVyZ W) +(Z,VxVyW) +(VxZ,VyW) +(VyZ,VxW)
Similarly:
Y(X({(Z,W))) = (VyVxZ W) +{(Z,NVyVxW) +(VxZ,NyW) +(VyZ,VxW)
And we also have:
(X, Y](Z,W)) = (Vixy1Z, W) +(Z,Vixy|]WV)

Subtracting from the first equality the second and third, then applying [X,Y] = X oY —

Y o X one obtains:
0=(VxVy(2)=VyVx(Z)=Vixy)(Z2),W)+(Z,VxVy(W)=VyVx(W)=Vixy1(W))
= (R(X,Y)Z, W)+ (R(X, Y)W, Z)

0

Proposition 5.6 For the Riemann-Christoffel tensor, the identity:
(R(X,Y)Z, W) =(R(Z,IW)X,Y)

holds.

Definition 5.7 Let M be a Riemannian manifold, p € M and v, w be non-parallel tangent

vectors at p. Then the number

(R, w)w,v)
B = BlelE = (o, o)

15 called the sectional curvature of M at p in the direction of the plane spanned by the
vectors v, w in the tangent space T, M.

If we let o denote the plane spanned by the vectors, then we can write K (o) for K(v,w).

Proposition 5.8 Let M be a Riemannian manifold, and suppose that it has constant
sectional curvature K € R, then if p € M, then for tangent vectors vy, ve, Wi, wo at p we

have

(R(v1, v2)wy,ve) = —K ((v1, w1)(vg, wa) — (v, w1) vy, ws)).
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We leave the study of sectional curvature for now.
Let a(t,s) : [a,b] x (—€,€) — M be such, that for fixed s, a(t,s) is a geodesic. Let again
T =da(0;), V = da(ds). We have

ViV — VT — dald;, 05 = 0

But since [0;,0s] = 0, we get VoV = VT, therefore VyViV = ViV T. Because
V1T =0, we can rewrite it as V-V V =V VT — V, V7T, Also since

[T, V] = do([0:, 8]) = 0
using the definition of the curvature tensor we get the Jacobi equation
VrVrV = R(T,V)T.

Definition 5.9 A vector field V' along a geodesic v with tangent vector T' satisfying the
Jacobi equation is called a Jacobi field. It is often denoted by J.

Now let {F;(t)} be orthonormal and parallel along a(t,0), J a Jacobi field. Then
J(t) =Y y()E()

thus
ViV = Z yi’Ez-

Also
R(T, J)T = R(T, 3 yE)T S yR(T, BT

So the Jacobi equation, after taking inner product with E;, becomes
v/ =Y vi(R(T,E)T, E;)

With proper 2n initial conditions: y;(0) and %;(0), i = 1,...,n, where n = dim(M), the

solution exists and is unique.
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This is equivalent to prescribing J(0) and J'(0) = VJ|i—o. Since VT = 0, and because
of skew symmetry (R(T, J)T,T) = 0, so we have

(J,T)" = (J".T) = (R(T, J)T,T) = 0.

Thus (J,T) = at + b, so any Jacobi field J, by a normal-tangential part decomposition,
may be written uniquely as
J=Jy+ (at +b)T

where (Jy, T) = 0.
If J is a Jacobi field, then it comes from a variation of geodesics. Let (s) be a curve, such
that 4/(0) = J(0), let also 7" and J’(0) be extended to parallel fields along 7. Then the

variation field exp, ) (t(T'+sJ'(0))) is a Jacobi field, with the exact same initial conditions

as J, but then by uniqueness it must equal J.
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Chapter 6
Conjugate points and Focal points

Definition 6.1 On a Riemannian manifold M we say that the point p is conjugate to
the point q if q is a singular value of exp,, : T,M — M. The conjugacy is said to be along

the curve v =, if dexp,, 1s singular at v.

Proposition 6.2 A point q is conjugate to p along a geodesic v if and only if there exists
a non-zero Jacobi field along v, with J(0) = J(1) = 0.

Since the Jacobi field condition is symmetric in p and ¢, ¢ is conjugate to p if and only if

p is conjugate to q.

Proposition 6.3 Let v be a geodesic, with +'(0) = T and assume, that there exists a
Jacobi field that vanishes at the endpoints y(a) and y(b). Then (J,T) = (J',T) = 0.

Proof. We know that
T(T, J’> = (T, J"> =(T,R(T,))T) = (R(T,J)T,T) =0

thus (7', J') is constant along . But T(T,J) = (T,J'), so (T, J) as a function of the

parameter variable of v has constant derivative, from assumption:
<T> J)’Y(a) = <T7 ‘]>7(b) = 0
so (J,T)=(J,T)=0. O

Proposition 6.4 If for a curve vy the endpoints v(a) and v(b) are not conjugate, then a
Jacobi field J along 7 is determined by its values at y(a) and y(b).
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Proof. Let J; and J, be Jacobi fields along the curve =, such that they coincide at the
endpoints. Then J; — J; is also a Jacobi field, that vanishes at the endpoints of . Since

the endpoints aren’t conjugate J; — Jo must be identically zero, so we have J; = Jy. U
Now we introduce the notion of focal points, a generalization of conjugate points.

Let N be a (regular, embedded) submanifold of the Riemannian manifold M. The tangent
space T, N is a subspace of the tangent space T),M. For each p € N we define P : T,M —
T,N to be the orthogonal projection with respect to the metric on M. The Riemannian
metric of M induces a positive-definite bilinear form on each tangent space 1,N, so N
inherits a Riemannian metric and so a connection, which we denote by V¥. We can define

V¥ as follows: if X,Y are vector fields on NN, extend them to M and set
VY = P(VxY).

In fact, V¥ is of type Levi-Civita.

We now define the normal space v,:
v, = (T,N)* ={veT,M | (v,w) =0, for all w € T,N}
which has dimension dim M — dim N. We define v on N by v =,y -

Definition 6.5 A point ¢ € M is called a focal point of N, if q is a singular value of

exp |,.
Fix a point p € M and a unit vector u in T, M, let
ut ={veT,M | (v,u) =0}

Since exp, : T,M — M is a local diffeomorphism at zero, there is a neighborhood U of

zero in u* such that exp, |¢ is an embedding.

Definition 6.6 If U is as above, let N be the submanifold exp,(U), then N is called a
geodesic submanifold defined by u.
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Chapter 7
Second variation of arc length

Let v : [a,b] — M be a geodesic, and « : Q — M be a smooth map, where now @ is a
rectangular solid [a, b] x [—e¢, €] x [—0, §] with a(t,0,0) = ~(¢), so « is a smooth 2-parameter
variation of 7. We assume [|7/|| = 1, and let T, V, W be the fields of tangent vectors on
() corresponding to the first, second and third variables of «, identified with their image
under the differential of . We denote by L(s,r) the arc length of the curve t — «(t, s,r),

SO b
L) = [ T

We begin the calculation, just like in the proof of the first variation formula:

0 /b (VeV, T)
—L(s,7) = —
57 = |

Then

0?2 o [P (VpV,T)
Bras L) = E/a Tl

_ /b (VwVoV,T) + (VoV,VwT)  (VoV, TYVwT,T)

1T 17*
/b (ROW,T)V,T) + (NeVuV,T) + (V7V,VeW)  (V7V,T) (Vs W, T)

17l 1]
in the last equality using the fact that [IW, 7] = 0 and thus Vy,7) = 0, hence R(W, T)V =
Vw VeV = ViV V.
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But by assumption we also have ||T'|||0,0) = 1 and V7T 0,0 = 0, so

o2
Oros

Lon)| = [ TOWVT) + (ROVIVT) + (92V,90W) ~ TV, 1) T,

(0,0)

We integrate the first part to get
b
— (VWY T) 4 [(ROVIV.T) + (F7V.92W) - TV.DTWT) (1)

the second variation formula. We note, that (7.1) can be made valid for piecewise smooth
2-parameter variations by restricting to the sub intervals on which V, W are smooth, then
summing and observing that the endpoint terms cancel.
If the variation is through geodesics, we have seen, that T(V, T') and T(W, T') are constant.
Then if at least one of (V,T) and (W, T) vanish at endpoints, then the last term in
the integral vanishes. If at least one of V' and W vanishes at endpoints (more generally
VyW =0), we get
92
aros

L) = / ROV TWVLT) 4 (VaV. VW) (7.2)

(0,0)

In this case the second variation depends only on the restriction of V' and W onto 7.
Definition 7.1 We call the integral in (7.2) the index form and denote it by 1(V,W).

It is a symmetric, bilinear form on the space of piecewise smooth vector fields along a
given 7, such that (V,T) = (W,T) = 0. Also [ is independent of the orientation of .
If I is positive definite on vector fields vanishing at its endpoints, then it is a minimum

among all nearby curves with the same endpoints.

Proposition 7.2 Let V and W be (piecewise) smooth vector field along v such that they
vanish at endpoints. V' is a Jacobi field if and only if I(V,W) =0 for all such W.
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Chapter 8
Index lemmas

Lemma 8.1 (First index lemma,).

Let v :[0,1] — M be a geodesic in the Riemannian manifold M, from the point p € M to
q € M. Assume that there are no conjugate points to p on . Let W be a piecewise smooth
vector field along v and let V' be the unique Jacobi field along v such that V(p) = W(p) =0
and V(q) = W(q). Then I(V,V) < I(W, W) with equality holding if and only if V=W

Proof. Let {v;} be a basis of T,M, let V; be Jacobi fields taking the values v; at ¢ and
0 at p, these are non-zero and unique since p and ¢ aren’t conjugate. The V; are also
linearly independent, except at p, since if the Jacobi field J = >, ¢iV; would equal zero,
this would contradict the -no conjugacy along - assumption. Since V;(p) = 0, we may
write V; = tA;, where t is the parameter-variable of v and A; is some vector field along
7, so we have V/(p) = A;. These A; are also independent along ~. This is clear for points
aside from p. If we had 3, ¢;Ai(p) = 0, this would give J'(p) = 0, but we also have
J (p) = 0, this would force J to be a zero Jacobi field, leading to a contradiction. From
the independence of the {A;} we know, that there exist piecewise smooth functions g;(t),
so that W = > ¢;(t)A;. We assumed W(p) = 0, and since the {A;} are independent
at p we get that ¢;(0) = 0. Thus there are some piecewise smooth functions f;(t), so
that ¢;(t) = tfi(t), hence W = Y. f;V;. Finally since V(¢) = W(q) = >_, fi(1)Vi(q), also
0=7>2 fi()Vilp), thus V. =3", f(1)V..

We do two preliminary computations.
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Since V' is a Jacobi Field V" = R(T, V)T, thus

V.V = / VY RTTLY)

:/O (V’,V)’—(V”,V>+<R(T,V)T,V>:/0 VLVY = (V'(1), V1)),

We can expand:

IV, V)= (V' = > AWV 1), V(1) (8.1)
If V; and V; are Jacobi fields, then
(VI,Vy) = (Vi, V)) = (8.2)

for some constant ¢ (in our case ¢ = 0, since the expression vanishes at ¢t = 0).

We compute

(VI Vi) = Vi, Vi)' = (V2 Vi) + (VL Vi) = (VS V) = (Vi V)

1) 7] 1]

=V

1

H’ ‘/;> - <‘/Z’ ‘/jﬂ> = <R(T7 V;)Tv V;> - <‘/z7 R(T7 VDT> =0.

Last equality holds by the symmetry property of the curvature tensor.

Now

VoW =Y fVit+ iV =Y fVi+ > fiV/ = A+B,
W, W) = / (A, B) + (B, A) + (A, A) + (B, B) + (R(T, W)T, W),

JiB.5) =3 [ 5y =3 [ raivy - v ).

Now we integrate the first term by parts and apply the Jacobi equation to the second, to

[&.5)

=Y LMLV (L), V(1) — /(f [V Vi) + L5V Vi) + (R(T, V)T, V)
We can apply (8.1) and (8.2):

get

/(B, BY = I(V.V) - /<A, BY + (B, A) + (B, B) + (R(T, W)T, W)

So in fact

IMWW—H%W+/MA)

the second term on the right is nonnegative and vanishes only if V =W. [
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Lemma 8.2 (Second index lemma).

Let v : [0,1] = M be a geodesic in the Riemannian manifold M, from the point p € M
to g € M. Let x be the tangent vector of v at p and let N be the geodesic submanifold
defined by x. Assume, that N has no focal points along ~v. Let W be a piecewise smooth
vector field along v, V' the unique Jacobi field such that (VxV')(p) =0 and V(q) = W(q).
Then I(V,V) < I(W, W) with equality holding if and only if V = W.

Lemma 8.3 (Sublemma of the Second index lemma).

Let {v;} be an orthonormal basis of T,M, such that vy = T, and extend its members to
Jacobi fields {V;} along v with (V1V;)(p) = 0. Let N and ~y be as defined in the second
lemma. Then {V;} are linearly independent along ~ if and only if N has no focal point
along 7.

Using the Sublemma we can apply the exact same argument as in the First index lemma

to obtain the proof of the Second index lemma.
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Chapter 9
Rauch Comparison Theorem

Theorem 9.1 (First Rauch theorem).

Let M™ and M7 be Riemannian manifolds, with k +n > n, and let v : [0,1] — M,
Y ¢ [0,1] = My be normal geodesics, set v = T and ) = Ty. Assume Yt € [0,1] and
any v € TypyM and vy € T,y Mo, the sectional curvatures satisfy K(og) > K(o), for the
planes oy, 0 generated by v, T and vy, Ty respectively. Assume also, that for no t € [0,l]
is Yo(t) conjugate to vo(0) along vo. Let V,Vy be Jacobi fields along v and o, such that
V(0), Vo(0) are tangent to 7, o,

VO = V() (T(0),V'(0)) = (T6(0), V5(0)),  IV'(0)]| = [IV5(O)]]-

Then for all t € [0,1],
V@) = Vo)l

Proof. First assume (T, V) = (T, Vo) = 0 and that V(0) = V4(0) = 0. We investigate

40
Vo)1

conjugacy assumption along 7, would fail. We note, that V{(0) # 0, since V{(0) = 0

as a function of t. We notice, that V4 is only zero at 7y(0), since else the no-

together with V4(0) = 0, this would force V5 = 0, again, contradicting the no conjugacy
assumption, thus (V'(0),V'(0)) = (V5(0), V5(0)) # 0. We compute

i VO 27 V) + 20V, V5 | (VI(0),V'(0) _

=0 Vol 20V, Vo) + 20V, Vo) | (V5(0), V5(0))
by L’Hopital’s rule (taking two derivatives).
We want ||V (¢)|| > ||Vo(t)] this is equivalent to % > 1, and since lim,_,q % =1,
if we show that ‘|‘|“//0 ((i))‘|‘|22 monotonically increases we are done, thus we prove:

d (Vo
dt(HVO(t)HQ) =
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We can make this simpler by

>0

i(IIVHQ) _ 2V VIVBIP® = 20, Vo) VI
dt \ [|Vol[* [Voll*

is equivalent to
(VL V) (VW)
(V,v)y = (Vo, Vo)

Now fix t; € [0,!], and define

V() Vo(t)
Whit) = —4— Wi#t) = —o.
IV (&)l " Vo (t1)
Notice that [|[W(t,)| = ||[W{'(t1)]| = 1, and since W' and W' are constant multiples of

V and Vj we have
(Vi V) {(Why, wh) (Vg, Vo) _ ((W")', Wy')

V) T W () e e
in fact / /
ﬂ?ﬁh:mwwwwm %%%“:mwxmmw
So we compute
%QQHZWW%W%M=[WWWMMY

=4kwwwWW+WWﬂW%=AkWWMWW+mmwwﬂWw

t1 t1
= [ty vy = (wove TR W) = [y, ovy) - K@),
0 0
where 7 is the plane spanned by T and W, K(7) = W
We denote by P_. parallel translation along «y, with opposite parametrization, and by P,

parallel translation along ~o. Let I : T, o)M — T, )My be an inner product preserving
injection (dim M < dim M;). Now define

Iy - Ty M — Ty Mo

Ii(v) = PyyoloP_(v).
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Assume [ was chosen such that I,(T) = Ty and I,(W") = Wi'. We define Wél by
W (6) = LW (1)),

Since ng has the same expression in terms of (orthonormal) parallel frames as W we
get:
(W), W (2)) = (Wg' (£), W5 (1), thus W] = [[Wg],

(WhY(t), (WY (1)) = (We)'(£), (Wer)'(t)).

Now we apply our assumptions on curvature:

V', V)
(V,V)

- /0 (WYL (W) = (ROW, TYT, W) >

t1

[ . . .
> [Ty T - ROV TIT )
0
now apply the First index Lemma, for the last inequality

(Vg Vo)

> / (WY (W8YY — (ROWS T)T, Wy = |

For arbitrary t; we have
V' V)
vy |,

V5, Vo)
(Vo, Vo)

>

t1

thus we proved the Theorem for the special case. For the general case we decompose V/
and Vj as:
V=V +{(T, V)T,

Vo = Vg + (To, Vo) To.

Since V(0) is tangent to v, V(0) = ¢T'(0), thus ¢T'(0) = V(0) = V+(0) + ¢T(0) =
V+(0) = 0, from the same argument V5-(0) = 0, hence |[V(t)|| > [|[V5E (1)
Also (T, V)" = (T, Vo))" = 0, and so

(T, V) = (T(0), V(0)) + (T(0), V/(0))t = (Tu(0), Vo(0)) + (T0(0), V5(0))t = (To, Vo).

VOI* = V@I +(T@), V(ER)* = [IVs- @I + (To(t), Vo(1))* = IV ()",
= [IVOI = Vo]l
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Theorem 9.2 (Second Rauch theorem).

Let M"™ and M7 be Riemannian manifolds, with k +n > n, and let v : [0,1] — M,
Y : [0,1] — My be normal geodesics, set v = T and v, = Ty. Assume ¥t € [0,1] and
any v € TyyM and vy € T,y Mo, the sectional curvatures satisfy K(oog) > K(o), for the
planes 0,0 generated by v, T and vy, Ty respectively. Assume further that for no t € [0,1]
is y(t) a focal point of the geodesic submanifold defined by Ty. Let V,Vy be Jacobi fields
along v and 7o, with V(0) tangent to v and Vy(0) tangent to 7y,

IV O)[[ = IVo(O)l, (T'(0),V(0)) = (T6(0), Vo (0)), IV (O]l = [V5(O)]-
Then for all t € [0,1],
V@) = Vo)l
The proof of the Second Rauch theorem uses the same argument, as the proof of the First,

but instead of the First index Lemma, the Second is used.

Corollary 9.3 (Corollary of the first Rauch theorem,).

Let M, My be Riemannian manifolds, with dim My > dim M, let p € M, pg € My. Assume
Ky, > Ky, meaning for every plane o in M and o¢ in My we have K(o¢) > K(o). Let r
be such, that exp,(B,(0)) is an embedding and exp,, |, (o) is non singular. Let I : T,M —
Ty M be an inner product preserving injection. Then for any curvey : [0,1] — exp,(B,(0))

we have

L[y] > Llexp,, ol o eXP;1(7>]-

Corollary 9.4 (Corollary of the second Rauch theorem,).

Let M, My be Riemannian manifolds, v : [0,1] — M and v : [0,1] = My geodesics with
tangent vectors T and Ty. Let E and Eqy be parallel unit vectors along v and o, such that
they are everywhere perpendicular to T and Ty. Assume Ky, > Ky Let f: 0,1 — R be
a smooth function, and define the smooth curves ¢ : [0,1] — M and ¢ : [0,1] — My by

c(t) = exp(f () E(t)),
co(t) = exp(f(¢)Eo(t)).
Further assume, that the geodesic ng : [0,1] — My defined by
o = exp(sf(t) Eo(t))
contains no focal point of the geodesic submanifold defined by n}(0). Then

Lic] > Lico.
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Chapter 10

The Cartan-Hadamard Theorem and

spaces of constant curvature

Definition 10.1 (Isometry).
Let (M, g) and (M’, g') be Riemannian manifolds. We call a diffeomorphism ® : M — M’
an 1sometry if for allp € M and v,w € T,M

gp<U7 U)) = g:b(p) (dpq)('l)), dpq)(w)>7
we say that ® preserves the metric.

Definition 10.2 (Local isometry).
Let (M, g) and (M’,q") be Riemannian manifolds. We call a smooth map ® : M — M' a
local isometry, if for all p € M, there exists an open neighborhood U of p, such that

Oly: U — o(U)
1S an isometry.
Before discussing the Cartan-Hadamard Theorem, we first state and prove a useful Lemma.

Lemma 10.3 If & : M™ — N™ is a local isometry, and M 1is complete, then ® is a

covering map.

Proof. We fix p € N, and choose 7 so, that the ball of radius r about p is properly
contained in the normal coordinate neighborhood of p. Let U be the ball of radius r

about p. Let {¢,} = ®'(p) and denote the ball of radius r about each ¢, by U,.
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We will show, that ®~!(U) is the disjoint union |J, U, and, that for each o, ® : U, — U
is a diffeomorphism. Let B, (0) be the ball of radius r about zero in T, N and BZ(0) the

ball of radius r about zero in 7, M. From ® being a local isometry, we know that the

diagram:
T,M —2 TN
€XPy,, €xp,,
M — N

commutes, also it restricts to:

B2(0) —— B,(0)

U, s U

and since exp, o d® : B*(0) — B,(0) is a diffeomorphism, ® : U, — U is also one.

It is clear that |J, U, C @ }(U), we need to show the opposite inclusion. Take a § €
®~1(U) and let ¢ = ®(q). Let v be the minimal and normal geodesic from ¢ to p in M.
Now let v = d®~1(+/(¢)), and 7 the geodesic starting from ¢ in direction v. M is complete,
so we can extend 7 arbitrarily far. Let ty = p(p, ¢) and p := 7(ty). Since v = $o7, (p) = p,
also p(p,q) = p(p,q) < r, hence ¢ € |J,, Ua.

Last thing left to show, is that U, N Us = () if a # [. For this it suffices to show, that
for pa,ps € ®(p), their distance is greater than 2r. Now let 4 be the minimal geodesic
between the points, then let v = ® o 4, this is a loop inside a normal coordinate ball (of
radius r), since p = ®(p,) = ®(pg). From this, we know that the loop must leave the
normal coordinate ball, thus p(p.,pg) = L[7] = L[y] > 2r. O

Theorem 10.4 (Cartan-Hadamard).
Let M be a complete Riemannian manifold with constant sectional curvature Ky < 0.
Then for anyp € M, exp,, : T,M — M is a covering map, so the universal covering space

of M is diffeomorphic to R™, hence for i > 1, the homotopy groups m;(M) are trivial.

Proof. First we apply the first Rauch theorem to see that M has no conjugate points,
this goes as follows: fix p € M and v € T, M, define the geodesic v(t) = exp,(tv). Now
suppose that the point ¢ along v, say ¢ = 7(to), is conjugate to p. In this case there
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exists a non trivial Jacobi field J along 7, such that J(0) = 0, J(ty) = 0. At this point
we apply the first Rauch theorem, comparing with the non trivial Jacobi field Jy in R"
(Ky <0 = Kgn), we get ||J(t)|| > ||Jo(t)]|. This contradicts J(ty) = 0, giving us that
indeed there are no conjugate points, thus exp,, : T,M — M has non singular differential.

Now we define a metric on T, M by

({w, w')) = Gexp, () (o €xp,(w), dy exp, (W),

where g is the Riemannian metric of M. This makes exp, : (T,M,(( ,))) — M a local
isometry. We take an arbitrary radial line 4(t) = tv in T,M, then (t) = exp,(tv) = 7,(?),
Y is a geodesic in M, because exp,, is local isometry geodesics lift to geodesics (locally).
We see, that lines can be extended as far as one likes. Using the Hopf-Rinow theorem
we conclude, that T),M is complete. The conditions of the Lemma are met, so it implies,
that exp, is a covering map. Any tangent space, thus also T,M is isomorphic to R".
For covering spaces (excluding the fundamental group), their homotopy groups equal the

homotopy groups of the covered space. We can write
7T1(M) = WZ(RH) = 0, 1> 1,
since for all ¢, m;(R") = 0. O

Corollary 10.5 If M™ is simply connected, complete and has non positive curvature, then

it 1s diffeomorphic to R™.

Proof. A covering map of a simply connected space is a homeomorphism. Also exp, is

smooth and non singular, thus a diffeomorphism. [J

The simplest example for a Riemannian manifold, is one with constant (sectional) curva-

ture K.

Definition 10.6 We call simply connected Riemannian manifolds of constant curvature

space forms. We write n-space form to indicate the dimension of the manifold M™.
They may be described as follows:
o K =0. Let M" =R", with the usual metric.

e K > 0. Let M™ = S™, the sphere in R"*!, with the metric induced by the ambient

space.
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e K < 0. Let M™ be the open set in R" defined as

4
2
< ——= .
folP < - }

For z € M, define the metric on T, M", to be

D i Vi
<U,’LU> = K 1n 5
L+ 7 Zi:l(xi)

for v, w € T, M"™, using standard coordinates in R".

M—{J:E]R”

Definition 10.7 We say that a Riemannian manifold M is homogeneous, if its isometry
group Isom(M) acts transitively on M. In other words, for every p,q € M there exists
¢ € Isom(M) such that ®(p) = q.

Definition 10.8 We say that a Riemannian manifold M is isotropic, if for any p € M
the isotropy group Isom,(M) = {® € Isom(M) | ®(p) = p} acts transitively on the unit
sphere of T,M . In other words, for every p € M and unit vectors v,w € T,M there exists
¢ € Isom(M) such that ®(p) = p and d,®(v) = w.

Remark 10.9 We remark that n-space forms are homogeneous and isotropic, but for our

purposes only the 2 dimensional case is important.
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Chapter 11
Toponogov’s Theorem

In this chapter indices are to be taken modulo 3, unless specified otherwise.

Definition 11.1 (Geodesic triangle).
A geodesic triangle in the Riemannian manifold M is a set of three geodesic segments

(71,72,73) parametrized by arc length, with the lengths of the sides ly,ls,l3, such that
li +liy1 > livo and v;(0) = vig1(liy1). Let

i = <U(=Yip1(li+1), 7ig2(0)),
this is the angle between —v;,,(liy1) and v;,5(0)), 0 < a; < 7, opposite to the side ;.
We will give geodesic triangles by listing their sides (71, v2,73)-

Definition 11.2 (Hinge).

Let 1,7, be geodesic segments parametrized by arc length in the Riemannian manifold
M, such that v1(l1) = 12(0) and o = <(—71(11),75(0)), (0 < a < 7). We call such a
configuration a hinge and specify it by giving the sides and the angle (71,72, @).

Now we state Toponogov’s Theorem. There will be two equivalent statements, which will

be proven simultaneously.
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Theorem 11.3 (Toponogov’s Theorem,).
Let M be a complete Riemannian manifold, with sectional curvature Ky, > H, for some
number H. Let M denote the 2- dimensional simply connected space of constant curva-

ture H, the 2-space form.

(A) Let (y1,72,73) determine a geodesic triangle in M, suppose 1,73 are minimal, and
if H > 0, L] < 75+ Then there exists a geodesic triangle (1,72, 73) in M7,
such that L[v;] = L[%:] and oy < &y, az < ag. This triangle is uniquely determined,

except in case: H >0 and L|v;] = \/Lﬁ for some i.

(B) Let (71,72, @) determine a hinge in M, let v, be minimal, and if H > 0, L[ys] <
T Let 1,72 C MH be such, that 4,(l) = 42(0), Llv] = L[%), i = 1,2 and
a = <(=(h),7(0)). Then

p(711(0),72(12)) < p(71(0), 32(l2))-

(We note, that in the above inequality we actually have two different distance func-
tions on different manifolds, we will suppress this to shorten notation. Specifying

the curves will make it clear on which manifold we are currently working on.)

Proof. The proof consists of a number of steps, which we handle separately. In what
follows, conditions involving v/ H should be ignored if we are not on the sphere, in other
words: if H < 0. First we work not in M but instead in M*~¢ (it will be made clear
why this is necessary).

In an attempt to make the train of thought easier to follow, we introduce 6 concepts first.
We will use them, as some sort of building blocks, prove statements formulated using
them, to get to the general case of the theorem.

In the following, curves and angles in M are always denoted by "regular" lower case letters
of the Greek alphabet, usually with v, a. Curves and angles in M* and M*~< are always
denoted by lower case letters of the Greek alphabet, with a "bar" above them, such as
~, @, notice that this is consistent with the statement of the theorem. We will also call

geodesic triangles simply triangles. All the following notions are objects in M.

Definition 11.4 (Small hinge).
Let (71,72, @) determine a hinge. We call a hinge small, if for i = 1,2, 3r = max; L[]
such that exp.,, o) (B:(0)) is an embedding.
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Definition 11.5 (Small triangle).
Let (v1,72,73) determine a triangle. We call a triangle small, if each of its hinges

(%‘a Yi+1, sz‘+2)

are small.

Definition 11.6 (Thin right hinge).

Let (1,72, 5) determine a hinge, and let (1,%2,5) determine a hinge in M=, with
Llv) = L), i = 1,2. Let 43 be the minimal geodesic from Jo(ly) to 41(0). Let E(t) be the
unit parallel field perpendicular to 7, along ¥, and f(t) the appropriate, smooth function,

so that we have

(1) = exps, ) (f () E(1)).
Let E(t) be the parallel field along vy with E(0) = —v1(l1) (the arc length parametrization
of v1 makes E a unit parallel field, it is also everywhere perpendicular to vy since we

obtained it by parallel transporting a perpendicular vector).
We call (71,72, %) a thin right hinge, if for each fived t, n : [0,1] — M,

1(s) = expo, i (sf () E(1)),

contains no focal point of the geodesic submanifold defined by n'(0) = f(t)E(t). This

18 equivalent to demanding that for no t is there a focal point along the geodesic s —
expoy o (SE(L), for s < f(1).

Definition 11.7 (Thin obtuse hinge).
Let (71,72, ) determine a hinge, with o > 5. Let (31,72, ) determine the corresponding
hinge in MH=¢ with L] = L[], i = 1,2. Let 43 be the minimal geodesic from 5 (lo)
to 31(0). Let & : [0,1] — M= be the geodesic segment emanating from 72(0), such that
('(0),94(0)) = 0 and &'(0) is of the form —c17,(l1) + c275(0), for c1,co > 0 and (1) is
the first point of &, lying on 3. Let o : [0,1] — M be the geodesic segment emanating
from v2(0), such that (o'(0),75(0)) = 0 and o'(0) is of the form —c1v1(l1) + c275(0), for
c1,¢2 >0 and Ljo] = L[g| = [.

We call (y1,v2, @) a thin obtuse hinge, if (71,0, —

%) is a small hinge and (0,72, §) is a

thin right hinge.
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Definition 11.8 (Thin acute hinge).
Let (71,72, «) determine a hinge, with a < . Let y»(l) denote the point on vy, that is
closest to v1(0), define

=%y, 0 ="lp-

Let o : [0,k] — M be a minimal geodesic from ~1(0) to yo(l). We call (71,72, @) a thin

, %) is a thin right hinge

acute hinge, if (y1,7,0) is a small triangle, 0 <1 < ly and if (0,0
Definition 11.9 (Thin triangle).
Let (1,72, v3) determine a triangle, we call it thin, if both hinges (y1, V2, a3) and (Y2, ¥3, 1)

are thin hinges, (meaning either thin acute, thin obtuse or thin right).

Step (1), Let 91,9 C M*=¢ with 4,(1;) = 42(0) and o = <<(—71(l1),75(0)). Assume
L] < 7% < 7= Then as « increases from 0 to m, f(a) = p(71(0),%2(l2)) increases
strictly monotonically from |ly — ;| to D := {\/?% —(l1+1y), l1+l2} (the \/% —(l1+1y)
term handles the sphere case, when the sides of the hinge are long and lie on a great circle).

Proof.
We think of 4, as held fixed and 7, as moving. We will show that f is a smooth function

of a, if & € (0, 7). Let p = 4;(0) and denote the endpoint of the moving side by ¢(«).
Assume first that H < 0, then M*#~¢ is complete. By the Cartan-Hadamard theorem, for
every point p € M7~ exp, : T,M"~¢ — M"~is covering map, by simply connectedness,
it is a global diffeomorphism. For a fixed a we have p(p, ¢(a)) = || exp, ' (¢(a))||. The map
exp;l is smooth, and ||.|| is also smooth if p # ¢(a). If p = ¢(«), then —¥; and 7, are
both geodesics from 71 (l1) = 72(0) to p = g(«). There are vy, 0y € T5,0) M7 ~¢, such that
—Y1(t) = exps, o) (t01), Yo(8) = €xPs,0)(sV2), also exps, ) (1) = q(a) = exps,g)(l202),
thus —4; = 4 implying a = 0.

For H > 0 we can give the same argument as above, except exp, (and so the distance
function) fails to be smooth for antipodal points as well. Thus we need to show, that
p(71(0),72(l2)) < = Assume p(71(0),%2(l2)) = Tf—> then 7, U7, is a broken geodesic

between antipodal points. By assumption [y, [, < \/%, and since we are on the 2-sphere

and both curves are geodesics, they lie on great circles. In fact because 7;(0), 72(l2)
are antipodal, each of these points together with the center point of the sphere and
(1) = 72(0), determine the same plane, so they have to lie on exactly one great circle.
Hence their union has to form a smooth geodesic, implying o = w. Thus f(«) is smooth
on (0,7).
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As 7, moves, it traces out a circle-arc, of radius ly about 7 (l1) = 4(0). Let 7, : [0,1] —
M*=¢ denote the minimal geodesic from 4,(l;) = p to J2(l2) = g(a), then G, is only
perpendicular to the circle for a = 0,7. Otherwise, 6, U —7%; would form a smooth
geodesic from 7 (0) to 7 (l1), because both are geodesics and at their common endpoint
the tangent vectors would match. This is impossible for H < 0, and only possible for
H>0ifl, = \/%, but we ruled this out.

Now fix an angle o/ € (0,7), then L[g,] = f(¢/) = p(p,q(c’)). Now define @ = [0, 1] x
(o/ = d,a" +0), let @ be the domain of 7,(t), this is a smooth variation of geodesics. As
usual, let T'(t) = 0,0, (t) and V(a) = 0,04(t). Now apply the first variation formula, the

integral term vanishes, so we get

d . _ b 1 _
%L[aaﬂazo/ =7 (V. T)lo =(V(1), T(1))

f'(a') =
V(1) is always tangent to the circle, T'(1) is the tangent vector of 7, at its endpoint. We
conclude, that this inner product is only 0 if o/ = 0 or 7, thus f(a) # 0 for a € (0, 7).

Also since f(0) = |l — 1], f(7r) = D and D > |ly — 14}, f is strictly increasing. W

Remark 11.10 We have here proven, that there is a one-to-one correspondence between

angles and sides opposite to them in the space form.

Step (2), A triangle in M7 ~¢ with side lengths < \/Lﬁ is determined, up to congruence
by the length of its sides.

Proof.

Let {5;} and {7;} be two triangles in M =< such that I; = L[5;] = L[¥]. Let p = 31 (l;) =
72(0) and ¢ = &1 (lh) = 02(0). Let o, = <<(—71(l1),75(0)) and o, = <t(—a7(l1), 55(0)). For
fixed side lengths [y, [y using step (1) and the fact that L{os] = L[y3] we conclude that
a, = a,. By homogeneity there exists an isometry ®; such that ®;(p) = ¢, isometries
preserve angles. By isotropy, we can take an isometry ®, ®5(q) = ¢ to rotate the triangle
into place, again isometries preserve angles, so rotating one (unit) tangent vector, say
d,®1(—71(l1)) onto —a}(l1), forces the other to take its place as well. At this point two
sides are in place, again by using step (1) we conclude that the third side must also be

in place. W
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Step (3), Fix a hinge (71,72, @3) such that +; is minimal and L[y,] < - Then the

following statements are equivalent.

(A’) Let 3 be a minimal geodesic from ~,(l2) to 71(0). Then there exists a triangle
(%1592, 73) in MH~¢ with Lly;] = L[], a3 < as.

(B’) Let (71, %2, a3) be a hinge in M7 =€ with L[y;] = L[¥], i = 1,2. Then
[l = l1| < p(71(0), 72(l2)) < p(71(0), F2(l2))-

Proof.

(A7) = (B)

We have a hinge (91, 32, a3) with L[v;| = L[], ¢ = 1,2 and the triangle (v1,72,73) such
that 73 is minimal from 75(l3) to 71(0). Assume {71, 72,73} actually forms a triangle:

L+l3>1l, L+l3>h

this is equivalent to I3 > |ly — [;|, giving us the first inequality, in case this is not sat-
isfied (A’) cannot happen, so the implication follows. By (A’) there exists a triangle
(91,92, 73) with L[y;] = L[], a3 < as. Thus we have p(71(0),72(l2)) = Llys] = L[7s] =
p(71(0),72(l2)), we hold 1y, [y fixed, then since there is a one-to-one correspondence be-
tween as-s and 3-8, as we increase ag to as, p(71(0),72(l2)) cannot decrease, this gives

us the second inequality in

[l — 1] < p(71(0), 72(l2)) < p(71(0),F2(l2)).

(B) = (A7)

We have a minimal geodesic 3 from v2(l2) to 71(0). By (B’) if (91,72, @3) is a hinge
in MU=, Liy] = L), @ = 1,2, then p(3(0),%()) < p(71(0), 5a(). Also ag =
(= (11),75(0)). We now decrease the angle oz between 74, and 7, sufficiently to angle

a3, again by the one-to-one correspondence

p(11(0),72(12)) = p(71(0),%2(l2))

can be forced. This is the same as we did previously, just in reverse. Let 43 be the minimal

geodesic from 7,(0) to 71 (l1), we get a geodesic triangle (71,72,%3), with ag < az. W

45



Step (4), (A) holds for small triangles and (B) holds for small hinges.

Proof.

We directly prove, that (B) holds for small hinges, then apply step (3).

Let (71,72, a3) be a small hinge and (71, J9, &) be a hinge in M#~¢ with L[] = L[¥], i =
1,2. Let p = 71(l1) = 72(0) and ¢ = %1 (1) = 72(0). Let 73 be minimal from 72 (l2) to 7 (0).
Let I : T,M*"=¢ — T,M be an injective isometry with

(1 (1) = k), 1(35(0)) = 73(0).

Now define a curve n in M by

n = exp, ol o exp, " (73),

then 7 connects v, (0) and v5(l). Since the hinge is assumed to be small, this construction
allows us to apply the corollary of the first Rauch theorem, hence L[n] < L[y3]. We

conclude
p(71(0),72(l2)) < Ln] < L[s] = p(71(0), 72(l2))-

Fix the vertex v2(0) of the triangle (71,72, 73). By step (3) there exists a triangle (71, 72, 73)
in MP=¢ with L[y;] = L[¥], as < az. By step (2) in M7~ triangles are determined by
lengths of sides (up to congruence). From this, it follows that if we started with a dif-
ferent vertex, we still would get the same triangle in M*~¢. We conclude uniqueness of

(’_)/1,’72,"_)/3) in MH—e with L["}/l] = L[ﬁ/z]y Q3 S Qasg. [ |

Step (5), (B) holds for thin right hinges.

Proof.

The whole point of the construction of thin right hinges was for it to allow us to apply
the corollary of the second Rauch theorem. Let (71,72, %) be a thin right hinge, then we

have curves:

Y3(t) = expy, (f(DE(R)),  (t) = expy, ) (f()E()).
¢ connects v1(0) to vo(ls), since

p(0) = exp, o) (f(0)E(0)) = exp,, ) (—1172(l1)) = 71(0)

o(l2) = exp.,,) (f(12) E(l2)) = exp,,,)(0) = 72(l2).
Applying the corollary gives L[p] < L[73], hence p(71(0),72(l2)) < Llp] < L[3s] =
p(71(0),72(l2)). W
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Step (6), (B) holds for thin obtuse hinges.
Proof.
By the triangle inequality for the metric

p(71(0),72(l2)) < p(71(0),0(1)) + p(a(l),72(l2))

By steps (4) and (5)

p(11(0), (1)) < p(71(0),a(1)),  pla(l),12(l2)) < p(a(l), 32(l2))-

Hence
p(11(0),72(L2)) < p(71(0), (1)) + p(a (1), 32(l2)) = p(71(0), Y2(l2)).
[ |

Step (7), (B) holds for thin acute hinges.

Proof.

Let (71,72,), 0 < a < 7 be a thin acute hinge. For the small hinge (v1,7,0) we apply
step (4), thus there exists a triangle (y;,7,5) in M#~¢ with

Ly = Liml, L) =L[7], Llo] =Lla), <(-3(h),7(0) =a <a.

We also get
<(=7'(1), =" (k) = aq < g
Now let 6 : [I,l5] — M= be the continuation of 7, more precisely let it be defined by

prescribing the initial conditions

o) =7(), o) =7(),

and let 7, := 7 U 0. Then at the point 6(1) = 7(I) = &(k), since ¢'(1) = 7(I), we have
<(—o'(k),0'(l)) = 7 — @y > Z. First applying step (5) to (0,6, %), then increasing the
angle from 7 to 7 —a; > 7 and arguing that by step (1), this increasement doesn'’t
change the opposite side yields p(c(0),0(l)) < p(5(0),0(l2)). We can rewrite this as
p(1(0),72(l2)) < p(51(0),72(12)). Since <(=71(lr),75(0)) = & < a, we can again apply
step (1) and argue, that increasing the angle, certainly doesn’t decrease the distance,

thus also for the appropriate angle

p(711(0),72(12)) < p(71(0), 32(l2))-
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Step (8), The theorem holds for thin triangles.

Proof.

Let (71,72,73) be a thin triangle, so (71,7, @3) and (73,72, 1) are thin hinges. By
steps (5)-(7) (B) holds for both. Then by use of step (3) we see first that (A) holds for
a3 and then also for ;. Thus there are two comparison triangles in M~ satisfying the
angle conditions for a3 and «ay. Since their side lengths equal, and by step (2) triangles
are determined by side lengths (up to congruence), we get that these actually are the

same triangle. W

Now we handle the general hinge case. Let (71,72, &) be a hinge satisfying the hypothesis
of (B). We subdivide the hinge. Fix the natural number N and let

Tkl = ’72| [% (k-i]—\i)l2i|

where 0 < k,I < N are integers. Let o be a minimal segment from 71 (0) to 72(%2). Let

Ty1 = (Ok; Tk 1, Ok+1). We may suppose
L]+ Liox] = L[v,]

otherwise (B) follows trivially. We claim that the {oy, 7, 0x4;} form triangles, meaning

they satisfy the triangle inequalities. We already have
Llm] + Llon] = L[],
by assumption o and op,; are minimal, so by the metric triangle inequality
Llow] + L{ria] = Lloy],
Liogyi] + Lii] > Liog].
By applying these we get
Llow] + L{ro.] 4 Llow+] + L{mk,v—k—1] = Lloo] + Lon]

= L{m| + L{on] > L{to,] + L{7ky] + LTk, N—k—1),
hence

Llow] 4+ Llogs] > Ll7i,].
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If N is sufficiently large, then for every k triangles Ty, = (o, Tk, 0k1) are actually thin.
For such a triangle to be thin, we need both of its hinges, with angles on 7, to be thin.
We show this for one. By compactness of the parameter interval [0,l5] of 72, we may
assume the length of 7;; to be arbitrarily small. Thin acute and obtuse hinges both have
to contain a small triangle, and a thin right hinge, choosing 7;; to be small enough,
makes the triangles small. Now for the thin right hinge (note, we don’t yet actually know
it is thin), denoted by (71,72, %), there is a corresponding, say (71,72, %) in M7 ¢, with
same side lengths as the one in M. For (71,%2, 5 ), there exists a smooth f(t), such that
Ya(t) = exps, ) (f(t)E(t)). We can make the 7, side have length arbitrarily small and
7 has the same length, so f(¢) must be uniformly (for every t¢), arbitrarily small. It is
important to note, that this is only possible by working in M*~¢. Now we fix ¢. Since
exp,(y 18 a local diffeomorphism near the origin of ;) M, exp, (s f(t)E(t)) has no focal
point on it for s € [0, 1], we conclude (1,72, §) is a thin right hinge.

Step (9), If (A) holds for Ty, for fixed k and every [, then (B) holds for T} .1, fixed k
and every [.

Proof.

Assuming (A), there is a triangle Ty; in M~ with L[oy] = L[6}], Llogs] = L|ow],
L] = L. Lot @ = <(=54(52), 7, (E2)), e = <(=0h(E), 7 (H2)) and fyt =
A= (502), (B8 g (o (B, () then @, < a,

Brst < Brys. For the angle apy; = <{(—a€k+l)+l(%),7,g7l(%)), we have aq; + Brp =
7. Also for ap; = 4(_5’2“((14%)12)7 %,Q,l((k%)b)), Qg1 + Besy = m. Then @y = 7 — By >

T — Brs1 = . Now we extend 7y by a segment 7y x41 of length L[7pipriy1], we

denote the endpoint of the extended segment by ¢, and the corresponding point in M~
by q. We know, that Ty, is thin, so (B) holds for it, so we get

Now we increase ayy; to agiy, by step (1), this doesn’t ruin (B) holding. Since &y, +
Bry1 = m, Tiy11 together with T}, also forms a triangle, for which we still have p(71(0), q) <

p(71(0), ), now we increase @y, to ay, again by step (1), this doesn’t decrease the distance,

so now we get, for the proper angle

p(71(0),9) < p(71(0), q).
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Step (10), (A) and (B) hold, if we compare with M7~

Proof.

This follows by induction. Take an arbitrary subdivided triangle. We have seen that the
theorem holds, for small triangles, this is the base case. By step (9), (B) holds if we add
in the next subdivision-triangle, by step (3) (A) is true for the angle by 71 (/1) and 2 (ls),
it is true for the other, by the added triangle being small. W

Step (11), The theorem holds when working in M instead of in M.
Proof.

When working in M7 ~¢, we have shown, for all € > 0

p(71(0),72(l2)) < p(71(0), ¥5(12)),

where 45,75 in M ~¢ make an angle az. The right side of the inequality is continuous in
€, so taking e — 0 gives (B) in M*. The same argument as in step (3) may be applied
in M* as well to see that (4) and (B) are equivalent. It is important to note, that in the

spherical case if at least one side has length

Sk

then uniqueness fails. W
O
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Nyilatkozat Mesterséges Intelligencia hasznalatarol

Alulirott Fdbidn Ddvid Mdrton nyilatkozom, hogy szakdolgozatom elkészitése soran az

alabb felsorolt feladatok elvégzésére a megadott MI alapi eszkozoket alkalmaztam:

Feladat Felhasznalt es- | Felhasznalas helye Megjegyzés
zk0z

LaTeX forméazas | GPT-5.5 A teljes dolgozat

Nyelvhelyesség | GPT-5.5 A teljes dolgozat

ellenérzése

Tablazat GPT-5.5 Nyilatkozat Mesterséges In-

készitése telligencia hasznalatarol

A felsoroltakon til méas MI alapu eszkozt nem hasznaltam.
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