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Introduction

Comparison geometry is a subfield of Riemannian geometry, where we study complex
curved spaces by comparing them to spaces of constant curvature. An important result
in this branch is Toponogov’s Theorem and the aim of this theses is to prove it. It is
important to note that many notions and proofs are left out; for example, tensors are
completely omitted. This is nowhere near a comprehensive introduction, rather just a
prologue this vast field.
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Chapter 1

Riemannian Manifolds

We begin by fixing some notation. A smooth (C∞), finite dimensional manifold will usually
be M or N . Sometimes to indicate, that the dimension of M is n we will write Mn. For
the tangent bundle of M we write T (M). If p ∈ M , the tangent space to M at p we
denote by TpM . Elements of TpM , tangent vectors at point p will be denoted by lower
case letters, such as v or w. A smooth vector field (denoted by upper case letters) V over
a smooth manifold M is a smooth mapping of M into T (M), such that for all p ∈ M ,
V (p) ∈ TpM . Smooth vector fields on M form a real vector space, for which we write
X(M). For the ring of smooth functions on M we write F(M).

Definition 1.1 A Riemannian metric on a smooth manifold M is an assignment to each
p ∈ M of a symmetric, positive-definite bilinear function ⟨ , ⟩p on TpM , such that for all
X, Y ∈ X(M) the function p 7→ ⟨X, Y ⟩p is in F(M).

Remark 1.2 There are many notations in use for the Riemannian metric, often it is
denoted by g, then ⟨X, Y ⟩p may be written as gp(X, Y ) = g(X,Y )(p). If it is already
specified that v, w ∈ TpM then we omit p from the notations ⟨v, w⟩p, gp(v, w) and simply
write the inner product of two tangent vectors as ⟨v, w⟩ = g(v, w).

Definition 1.3 A Riemannian manifold is a pair (M, g), where M is a smooth manifold
and g a Riemannian metric on it.

A Riemannian metric on a manifold associates to each point an inner product on the
tangent space in a smooth way, this gives rise to notions of lengths of vectors, angles
between vectors, and hence notions of orthogonality and orthonormality of vectors (in the
tangent space).
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Definition 1.4 (Lengths, angles and orthogonality).
Given a Riemannian manifold (M, g), where we denote gp(v, w) = ⟨v, w⟩p for tangent
vectors v, w at p.

• The length of a vector v ∈ TpM denoted by ∥v∥p or simply by ∥v∥ is defined as:

∥v∥ :=
√

⟨v, v⟩p =
√

⟨v, v⟩

• The angle between two (non-zero) vectors v, w ∈ TpM is the unique θ ∈ [0, π] where:

θ := arccos

(
⟨v, w⟩
∥v∥∥w∥

)
• Two vectors v, w ∈ TpM are called orthogonal if ⟨v, w⟩ = 0.

Definition 1.5 A (global) affine connection or briefly a connection ∇ on M is a mapping:

∇ : X(M)× X(M) −→ X(M)

satisfying the following properties:

(1) ∇Y1+Y2X = ∇Y1X +∇Y2X

(2) ∇fYX = f∇YX

(3) ∇Y (X1 +X2) = ∇YX1 +∇YX2

(4) ∇Y (fX) = Y (f)X + f∇YX

for all X,X1, X2, Y, Y1, Y2 ∈ X(M) and f ∈ F(M).
The mapping ∇ assigns to two smooth vector fields Y and X a new one ∇YX called
the covariant derivative of the vector field X with respect to, or in the direction of Y .
(Property (4) is called the Leibniz-rule.)

Definition 1.6 A connection ∇ on a Riemannian manifold M is said to be torsion-free,
if it satisfies:

∇YX −∇XY − [X, Y ] = 0 (1.1)

where [ , ] is the Lie bracket, for any f ∈ F(M): [X, Y ](f) := (XY − Y X)(f).

Definition 1.7 A connection ∇ on a Riemannian manifold (M, g), where g = ⟨ , ⟩, is
said to be compatible with the metric g, if for X, V,W ∈ X(M):

X⟨V,W ⟩ = ⟨∇XV,W ⟩+ ⟨V,∇XW ⟩ (1.2)
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Theorem 1.8 (Fundamental Theorem of Riemannian Geometry).
A Riemannian manifold possesses one and only one torsion-free connection which is com-
patible with its metric.

Proof. First we see that ⟨∇XY, Z⟩ determines ∇XY . Let ∇XY,W ∈ TpM , and suppose
that ⟨∇XY, Z⟩ = ⟨W,Z⟩ for all Z ∈ TpM , then ⟨∇XY − W,Z⟩ = 0. Now choose Z =

∇XY −W , then ⟨∇XY −W,∇XY −W ⟩ = 0, thus ∇XY −W = 0 therefore ∇XY = W .
From this, to show uniqueness, it suffices to show that ⟨∇XY, Z⟩ is determined by (1.1)

and (1.2). From the metric compatibility we get:

(a) X⟨Y, Z⟩ = ⟨∇XY, Z⟩+ ⟨Y,∇XZ⟩

(b) Y ⟨X,Z⟩ = ⟨∇YX,Z⟩+ ⟨X,∇YZ⟩

(c) Z⟨X,Y ⟩ = ⟨∇ZX, Y ⟩+ ⟨X,∇ZY ⟩

Subtracting (c) from the sum of (a) and (b) and applying the torsion-free property yields:

2⟨∇XY, Z⟩ = X⟨Y, Z⟩+ Y ⟨X,Z⟩ − Z⟨X, Y ⟩+ ⟨[X, Y ], Z⟩ − ⟨[X,Z], Y ⟩ − ⟨[Y, Z], X⟩

For the converse, we use this equation to define ∇XY . Computation shows:

2⟨∇XY −∇YX,Z⟩ = 2⟨[X, Y ], Z⟩

Thus ∇YX −∇XY − [X, Y ] = 0.
For the metric compatibility we compute 2⟨∇XY, Z⟩+ 2⟨∇XZ, Y ⟩ by cancellations, sym-
metry of the metric and skew symmetry of the Lie bracket we conclude:

2⟨∇XY, Z⟩+ 2⟨∇XZ, Y ⟩ = 2X⟨Y, Z⟩

□

Definition 1.9 On a Riemannian manifold M we call the unique ∇ torsion-free, metric
compatible connection Riemannian or Levi-Civita connection.

Now we will examine some important local properties of connections in general.
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Lemma 1.10 For any connection ∇ on M , X, Y ∈ X(M) and for p ∈ M the tangent
vector (∇YX)(p) ∈ TpM depends only on the behavior of X and Y in an open neighborhood
of p.

Proof. We take an open neighborhood U of p, and we suppose that X1, X2 coincide on
U . Now we choose an f ∈ F(M), that is 0 outside of U and constant 1 in a neighborhood
of p, thus f · (X1 −X2) = 0 (this is somewhat similar to multiplying the vector field with
a characteristic function), so:

0 = ∇Y (f · (X1 −X2)) = f∇Y (X1 −X2) + Y (f)(X1 −X2)

Computing the right-hand side at p gives:

0 = (∇YX1)(p)− (∇YX2)(p)

Similarly, if Y1, Y2 coincide on U , then we have:

0 = ∇(f ·(Y1−Y2))X = f∇Y1X − f∇Y2X

Thus: (∇Y1X)(p)− (∇Y2X)(p) = 0 □

Now we fix a coordinate chart ϕ = (x1, ..., xn) on an open subset U of M and we let
∂1
ϕ, ..., ∂

n
ϕ denote the basis vector fields on U induced by ϕ. Actually, when the chart is

clear we will shorten the notation and denote the basis by ∂1, ..., ∂n.

Definition 1.11 Given a connection ∇ on U , an open subset of a Riemannian manifold
Mn we can express the vector field ∇∂i∂j as a linear combination of the basis vector fields:

∇∂i∂j =
n∑

k=1

Γk
ij∂k

We call the coefficients Γk
ij the Christoffel symbols of the covariant derivative (with respect

to a given chart). They are in fact smooth functions on U .

Now we compute ∇YX in local coordinates. Let X, Y be smooth vector fields on U , then
X =

∑n
i=1 X

i∂i and Y =
∑n

j=1 Y
j∂j. We call the X i and Y j the components of X and

Y .
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The computation goes as follows:

∇YX = ∇∑n
j=1 Y

j∂j

n∑
i=1

X i∂i =
n∑

j=1

Y j∇∂j

n∑
i=1

X i∂i =
n∑

i,j=1

Y j(∂j(X
i)∂i +X i∇∂j∂i)

By properties of the covariant derivative, concretely the Leibniz-rule in the last equality.
Then:

n∑
i,j=1

Y j(∂j(X
i)∂i +X i∇∂j∂i) =

n∑
i,j=1

Y j

(
∂j(X

i)∂i +X i

n∑
k=1

Γk
ji∂k)

)

=
n∑

k=1

(
Y (Xk) +

n∑
i,j=1

X iY jΓk
ji

)
∂k (1.3)

Definition 1.12 Let γ : [a, b] → M be a smooth curve in M . We say that X is a smooth
vector field along γ if X : [a, b] → T (M) is a smooth map such that, for each t ∈ [a, b],
X(t) ∈ Tγ(t)M .

If we choose γ and Y so that, γ(0) = p and γ′(0) = Y (p) and apply (1.3) to this case,
we observe that we do not need to know the vector field X everywhere on U to compute
(∇YX)(p). It is enough to know X at the points of a curve γ : [−ϵ, ϵ] → M for which
γ(0) = p, γ′(0) = Y (p). Because of this, writing ∇γ′X makes sense.

Definition 1.13 A vector field X along a curve γ in M is said to be a parallel vector
field if ∇γ′X ≡ 0.

Proposition 1.14 Given a curve γ and a tangent vector v at the point p = γ(0), there
is a unique, parallel vector field V along γ which extends v.

Proof. We work in local coordinates. Using ∇γ′V ≡ 0 and (1.3) we obtain a system of
ordinary differential equations for the components V i of V :

0 = (V k)′ +
n∑

i,j=1

V i(γ′)jΓk
ji ◦ γ

We observe that these are linear differential equations. Hence the existence and uniqueness
theorem for linear differential equations guarantees that the solutions of this system are
uniquely determined by the initial values V i(0) and can be defined for all values of t on
the interval where γ is defined. □

Definition 1.15 Let V be a parallel vector field along γ, then the vector V (γ(t)) is said
to be obtained from the initial vector v by parallel transport along γ.
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Let φ : N → M be a smooth map between smooth manifolds, and let M have connection
∇. A vector field along φ is an assignment, to each p ∈ N a vector v ∈ Tφ(p)M , as we
already saw. Let {Ei} be a frame field in a neighborhood of φ(p), in this case we may
write

V (p) =
∑
i

fi(p)Ei(φ(p)).

We say V (p) is smooth, if all the fi are smooth. What we introduce here is the more
general case of what we did for curves. Let w ∈ TpN , we define the covariant derivative
of V in the direction of w. ∇̄wV by

∇̄wV =
∑
i

(
w(fi(p)Ei(φ(p))) + fi(p)∇dφ(w)Ei(φ(p))

)
.

This definition is independent of the choice of the {Ei}.Now we assume the connection ∇
to be of type Levi Civita. Let w ∈ TpN AND V1, V2 be vector fields along φ, then

w⟨V1, V2⟩ = ⟨∇̄wV1, V2⟩+ ⟨V1, ∇̄wV2⟩.

Now let W1,W2 be vector fields in N , the their differential dφ(W1), dφ(W2) are vector
fields along φ, we have

∇̄W1dφ(W2)− ∇̄W2dφ(W2)− dφ([W1,W2]) = 0.

We call such a ∇̄ connection an induced connection. The formulae above (metric com-
patibility and torsion free property) will be used, especially in the proofs os the first and
second variation formula. For convenience we will suppress this notation and write simply
∇ instead.
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Chapter 2

First variation of arc length and

Geodesics

Let γ : [a, b] → M be a continuous piecewise smooth curve in a Riemannian manifold M .

Definition 2.1 We denote the length of γ by L[γ] and define it as:

L[γ] :=

∫ b

a

∥γ′∥dt

It follows from the chain rule that this definition does not depend on the parameterization.

Definition 2.2 Let p, q ∈ M , we denote the distance of p and q by ρ(p, q) and define it
as:

ρ(p, q) := inf{L[γ] | γ : [a, b] → M piecewise smooth, γ(a) = p, γ(b) = q}

Using this definition of distance, the Riemannian manifold M becomes a metric space. In
fact the topology generated by this metric coincides with the given topology of M .

We begin by assuming that γ is smooth, ∥γ′∥ ̸= 0, and without loss of generality that γ

is parameterized proportional to arc length. This means ∥γ′∥ is constant c.

Definition 2.3 Let α : Q → M be a smooth function, where Q is a rectangle defined by
[a, b]× (−ϵ, ϵ), if:

α|[a,b]×{0} = γ : [a, b] → M

then α is said to define a smooth variation of the curve γ : [a, b] → M .
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Let T, V be the fields of tangent vectors on Q corresponding to its first t and second s

variables respectively, identify these vectors with their images under the differential of α,
so T = dα(∂t), V = dα(∂s).
First we compute d(t,s)α(∂t), let the curve γ̃ in Q, be such that γ̃(τ) = (t + τ, s) then
γ̃(0) = (t, s), γ̃′(0) = ∂t, so d(t,s)α(∂t) = (α ◦ γ̃)′(0) = ∂t(α)(t, s). Essentially the same
computation in the s variable shows that V = dα(∂s) = ∂s(α).

We wish to compute the change in arc length over the family of curves γs := α|[a,b]×{s},
where s ∈ (−ϵ, ϵ). This is given by:

d

ds
L[γs] =

d

ds

∫ b

a

√
⟨γ′

s, γ
′
s⟩dt =

∫ b

a

V ⟨T, T ⟩
1
2dt =

1

2

∫ b

a

⟨T, T ⟩−
1
2V ⟨T, T ⟩dt

=

∫ b

a

⟨T, T ⟩−
1
2 ⟨∇V T, T ⟩dt

In the last equality the metric compatibility property, and symmetry were used, and since
[T, V ] = 0 on Q we may rewrite it as:∫ b

a

⟨T, T ⟩−
1
2 ⟨∇TV, T ⟩dt

By assumption ∥γ′∥ = ∥γ′
0∥ = c, so:

d

ds
L[γs]|s=0 =

1

c

∫ b

a

⟨∇TV, T ⟩dt =
1

c

∫ b

a

(T ⟨V, T ⟩ − ⟨V,∇TT ⟩)dt

The last equality holds because T ⟨V, T ⟩ = ⟨∇TV, T ⟩ + ⟨V,∇TT ⟩. Now we integrate the
first part to get:

d

ds
L[γs]|s=0 =

1

c

(
⟨V, T ⟩|ba −

∫ b

a

⟨V,∇TT ⟩dt

)
(2.1)

Expression (2.1) is called the first variation formula.
Now suppose that rather than being smooth, the above function α is continuous, and
has the property that a = t0 < t1 < ... < tn = b is some subdivision of [a, b], such
that α|[ti,ti+1]×(−ϵ,ϵ) is smooth. We may call such an α a piecewise smooth variation. The
first variation formula for piecewise smooth variations can be obtained by applying (2.1)

to the smooth sections [ti, ti+1] and adding them up, if γ0 is actually smooth, then the
intermediate terms cancel and (2.1) stays valid.

11



In the case, where all γs have the same end points, we have V (a, 0) = V (b, 0) = 0 so:

d

ds
L[γs]|s=0 = −1

c

∫ b

a

⟨V,∇TT ⟩dt

If γ = γ0 is actually the shortest curve from γ(a) to γ(b) then:

d

ds
L[γs]|s=0 = 0

must hold for any such map α : Q → M . Thus for any vector field V along γ which
vanishes at endpoints, the right-hand side of (2.1) has to vanish as well. So if γ is smooth
and minimal, by taking a variation V such that V = f(t)∇TT , for an f satisfying f(t) > 0

for all t ∈ (a, b) and f(a) = f(b) = 0, and since ∥∇TT∥ ≥ 0 we conclude:

∇TT = ∇γ′γ′ ≡ 0

Definition 2.4 We call a smooth curve γ a geodesic, if ∇γ′γ′ ≡ 0.

If γ is a geodesic, then γ′⟨γ′, γ′⟩ = 2⟨∇γ′γ′, γ′⟩ = 0, so ⟨γ′, γ′⟩ is constant.

Definition 2.5 If for a geodesic ∥γ′∥ = 1, then it is called a normal geodesic.
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Chapter 3

The exponential map and normal

coordinates

Let p ∈ M and take a tangent vector v ∈ TpM , then there exists a unique geodesic γv

such that γv(0) = p and γ′
v(0) = v. From now on, when writing γv, it will always mean

this setup. From the definition of geodesics we get ∇γ′
v
γ′
v ≡ 0. We have seen something

very similar in Chapter 1, but for parallel vector fields, now just take the parallel vector
field V to be γ′

v, then from the theory of ordinary differential equations existence and
uniqueness follows.

If γv : (−ϵ, ϵ) → M is a geodesic (parametrized by t), we fix s and define the curve
φ : (− ϵ

s
, ϵ
s
) → M by φ(t) = γv(st). This new curve is also a geodesic, since ∇φ′φ′ =

2∇γ′
v
γ′
v = 0, also φ′(0) = sγ′

v(0) = sv, so φ = γsv. From this it follows, that for any fixed
v there exists a number s > 0 such that γsv(1) is defined, also we can pick s to vary
continuously with v.

Definition 3.1 We define the exponential map expp : TpM → M , by expp(v) = γv(1) for
all v ∈ TpM such that 1 is in the domain of γv.

The exponential map, thus is defined on a neighborhood of the origin of TpM . We now
investigate the differential of expp at the origin

d0 expp : T0(TpM) → Tp.M

Since T0(TpM) and TpM are naturally isomorphic we can write

d0 expp : TpM → TpM.
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Take v ∈ TpM and the curve φ(s) = sv (φ(0) = 0, φ′(0) = v) in the tangent space, then

d0 expp(v) = (expp ◦φ)′(0) = (expp(sv))
′(0).

Now since γv(s) = expp(sv) we have

d0 expp(v) = γ′
v(0) = v.

So we conclude that d0 expp is the identity map, which is invertible, so we can apply the
Inverse Function Theorem, thus the exponential map is actually a local diffeomorphism.

Actually, since for all p ∈ M the map expp : TpM → M is defined, we can define the
union of these maps exp : T (M) → M (we define exp on the union over p of the domains
of expp).

Definition 3.2 Let {ei} be an orthonormal basis of TpM , we define a coordinate system
in a neighborhood of p in the following way: for any point expp(

∑
i x

iei) in the neighborhood
we assign the coordinates (x1, ..., xn). Such coordinates are called normal coordinates (at
point p).

Since the rays through the origin of TpM under the image of expp are geodesics, normal
coordinates have the property that ∇∂i∂i = 0.

Theorem 3.3 (Gauss Lemma).
Let ρ(t) = tv be a ray through the origin of TpM in the direction of v, assume that w ∈
Tρ(t)(TpM) is perpendicular to ρ′(t) = v, then d exp(ρ′(t)) and d exp(w) are perpendicular.

Proof. Let γ(s) be the curve in TpM for which γ(0) = v, γ′(0) = w and every point of γ
is at the same distance from the origin of TpM . We define α(t, s), the rectangle in M by:

α(t, s) = exp(ρs(t)),

where ρs : [0, 1] → M is the ray from 0 to γ(s) in TpM , so

α(t, s) = exp(tγ(s)).

From the definition of exp and α we know that, the lengths of the curves t 7→ α(t, s) are
independent of s. Also, we observe that t 7→ α(t, 0) is a geodesic.
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We compute dα(∂s)(0, 0) and dα(∂s)(1, 0):

dα(∂s)(0, 0) = d exp(tγ′(s))|(0,0) = d exp(0) = 0

dα(∂s)(1, 0) = d exp(tγ′(s))|(1,0) = d exp(γ′(0)) = d exp(w)

Now we apply the first variation formula to exp(ρs):

0 =
d

ds
L[exp(ρs)]|s=0 = ⟨d exp(w), γ′

v⟩|t0 = ⟨d exp(w), γ′
v(t)⟩

But since d exp(v) = d exp(ρ′(t)) = d exp(γ(0)) = γ′
v(t) we have:

⟨d exp(w), d exp(v)⟩ = 0

□

Remark 3.4 The Gauss Lemma is equivalent to the fact, that for a normal coordinate
ball, with the origin deleted the function r =

√∑
i(x

i)2 has gradient ∂r.
Where the gradient of a function f is defined as

⟨grad(f), x⟩ = df(x) = x(f)

Corollary 3.5 (First corollary of the Gauss Lemma). Let Br(0) ⊂ TpM be a ball of
radius r on which expp is an embedding, then for v ∈ Br(0) the curve γv : [0, 1] → M is
the unique curve satisfying

L[γv] = ρ(p, expp(v)) = ∥v∥

(If for any curve γ we have ρ(γ(0), γ(1)) = L[γ], then it is a smooth geodesic)

Proof. Let γ : [0, 1] → M be a piecewise smooth curve from p to expp(v) and assume,
that γ(t) ∈ expp(Br(0)) for all t ≤ t0, in other words assume r(γ(t)) ≤ r for t ≤ t0. Since
∥∂r∥ = 1, by the Cauchy-Schwarz inequality, where γ(t) is smooth we have:

∥γ′(t)∥ ≥ ⟨γ′(t), ∂r⟩,

with equality holding if and only if γ′(t) = c(t)∂r, with c(t) ≥ 0.
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Thus
L[γ] =

∫ 1

0

∥γ′(t)∥dt =
∫ t0

0

∥γ′(t)∥dt+
∫ 1

t0

∥γ′(t)∥dt

≥
∫ t0

0

⟨γ′(t), ∂r⟩dt+
∫ 1

t0

∥γ′(t)∥dt

Since grad(r) = ∂r the right-hand side of the above expression is∫ t0

0

d

dt
r(γ(t))dt+

∫ 1

t0

∥γ′(t)∥dt = r(γ(t0)) +

∫ 1

t0

∥γ′(t)∥dt

By the Intermediate-Value Theorem, there will be a first t1 value for which r(γ(t1) = ∥v∥,
for this we get

L[γ] = ∥v∥+
∫ 1

t1

∥γ′(t)∥dt

Hence L[γ] = ∥v∥ if and only if where γ(t) is smooth γ′(t) = c(t)∂r with c(t) ≥ 0 and
∥γ′∥ ≡ 0 for t > t1. □

Corollary 3.6 (Second corollary of the Gauss Lemma). If q ̸∈ Br(p) = expp(Br(0)) then
there exists a q′ ∈ ∂Br(p) such that ρ(p, q) = r + ρ(q′, q) (r ≤ ρ(p, q)).

Proof. Let γ(t) be a curve from p to q, since q ̸∈ Br(p), there is a t0 first value such that
γ(t0) ∈ ∂Br(p), now, by the First corollary of the Gauss Lemma

L[γ] ≥ r + ρ(γ(t0), q) ≥ r + ρ(∂Br(p), q)

So
ρ(p, q) = inf L[γ] ≥ r + ρ(∂Br(p), q)

But by the triangle inequality the opposite inequality is also true, thus

ρ(p, q) = r + ρ(∂Br(p), q)

By compactness of ∂Br(p), on it ρ attains its minimum, so there exists q′ ∈ ∂Br(p), such
that ρ(p, q) = r + ρ(q′, q). □
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Chapter 4

The Hopf-Rinow Theorem

Theorem 4.1 (Hopf-Rinow Theorem).
The following are equivalent:

(a) M is a complete metric space, where distance between all p and q is defined to be
the minimum length of curves between p and q.

(b) There is a p ∈ M , for which expp is defined on all of TpM .

(c) For all p ∈ M , expp is defined on all of TpM .

If any of (a), (b), (c) holds, then:

(d) Any two points p and q of M can be joined by a geodesic whose length is the distance
from p to q.

follows.

Before proving this Theorem, we state and prove a Lemma, which will be very useful.

Lemma 4.2 If for some p, expp is defined on all of TpM then any point q can be connected
to p by a geodesic, whose length is the distance from p to q.

Proof. (Proof of the Lemma). Given p let Br(p) be a normal coordinate ball. By the
First corollary of the Gauss Lemma we may assume, that q ̸∈ Br(p), thus by the Second
corollary of the Gauss Lemma let q′ ∈ ∂Br(p) be such that ρ(p, q) = r + ρ(q′, q). Let
γ : [0,∞) → M be the normal geodesic, such that γ|[0,r] be the unique minimal geodesic
from p to q′.
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The set
{t | ρ(p, γ(t)) + ρ(γ(t), q) = ρ(p, q)}

is closed, so let t0 ∈ [r, ρ(p, q)] be the biggest such value. Let Br1(γ(t0)) be a normal
coordinate ball around γ(t0), so that there exists a q′′ ∈ ∂Br1(γ(t0)) such that

ρ(γ(t0), q) = ρ(γ(t0), q
′′) + ρ(q′′, q)

Now let σ be the unique minimal geodesic from γ(t0) to q′′. But since

ρ(p, q) = ρ(p, γ(t0)) + ρ(γ(t0), q
′′) + ρ(q′′, q)

by the triangle inequality we must have

ρ(p, γ(t0)) + ρ(γ(t0), q
′′) = ρ(q′′, q)

Because
L[γ|[0,t0]] = ρ(p, γ(t0)), L[σ] = ρ(γ(t0), q

′′)

so L[γ ∪ σ] = ρ(p, q′′), the curves γ and σ have to fit together to form a smooth geodesic
γ ∪ σ = γ|[0,t0+r1], thus

ρ(p, q) = ρ(p, γ(t0 + r1)) + ρ(γ(t0 + r1), q)

This contradicts, that t0 was maximal, so in fact ρ(p, q) = t0, so indeed q can be connected
to p by a geodesic, whose length is the distance from p to q. □

Now we proceed to prove the main theorem of this Chapter.

Proof. (Proof of the Hopf-Rinow Theorem).
(b) =⇒ (a): Let {qi} be a Cauchy sequence in M , we have to show, that it converges.
For each i let γi : [0, ti] → M be the minimal normal geodesics joining p and qi (these
exist by the Lemma), so

γi(0) = p, γi(ti) = qi, ti = L[γi(ti)] = ρ(p, qi)

Since {qi} is Cauchy, {ti} in R is also Cauchy, thus convergent, say the limit is t0. Let
ui = γ′

i(0), since γi are normal geodesics ∥ui∥ = 1. Hence all the {ui} lie on the unit sphere
in TpM , which is compact. Then there exists a subsequence uij of ui which is convergent,
say uij → u. Now let γ : [0,∞) → M be the geodesic with γ(0) = p, γ′(0) = u.
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Then by the theory of ordinary differential equations, concretely by the continuous de-
pendence of solutions on initial data we have γij(tij) → γ(t0) and since γij(tij) = qij we
get qij → γ(t0). We found a convergent subsequence with limit γ(t0), thus since {qi} is
Cauchy, it is also convergent and has the same limit.

(a) =⇒ (c): We need to show, that given a p ∈ M , and a v ∈ TpM , the geodesic
γ : [0, t0) → M such that γ′(0) = v, γ(0) = p extends arbitrarily long. We assume that
[0, t0) is the largest open interval for which such a γ exists. Let ti ↑ t0, then γ(ti) is a
Cauchy sequence in M , say its limit is q. We define γ(t0) = q. Let Br(q) be a normal
coordinate ball. For sufficiently large i, γ(ti) ∈ Br(q). Let σ : (−r, r) → M be the unique
minimal geodesic such that γ(ti) ∈ σ and σ(0) = q. Now consider the curve obtained by
following γ until q, then continuing on σ: γ ∪ σ is continuous, piecewise smooth and

L[γ ∪ σ|[t0−r,t0+r]] = 2r

Hence γ ∪ σ is actually smooth, and γ extends past t0, this contradicts the maximality of
t0.

(c) =⇒ (b): This is trivial.

(c) =⇒ (d): This follows from the Lemma. □
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Chapter 5

Curvature and Jacobi fields

Definition 5.1 Let M be a Riemannian manifold and ∇ a connection on it. We may
consider the operator

R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ] : X(M) −→ X(M)

where X, Y ∈ X(M). We call R(X, Y ), depending on X and Y the curvature operator of
the connection.

Definition 5.2 The assignment

X(M)× X(M)× X(M) −→ X(M)

(X, Y, Z) 7→ R(X,Y )(Z)

where X, Y, Z ∈ X(M), is called curvature tensor of the connection.

Proposition 5.3 The curvature tensor is linear over F(M) in all of its variables and it
is skew symmetric in the first two variables.

Proof. Skew symmetric in the first two variables is a consequence of skew symmetry of
the Lie bracket:

R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ] = −[∇Y ,∇X ] +∇[Y,X] = −R(Y,X)

As a consequence of this, it suffices to check linearity of the curvature tensor in the first
and third arguments.
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R(X1 +X2, Y ) = [∇X1+X2 ,∇Y ]−∇[X1+X2,Y ] = [∇X1 +∇X2 ,∇Y ]−∇[X1,Y ]+[X2,Y ]

= [∇X1 ,∇Y ] + [∇X2 ,∇Y ]−∇[X1,Y ] −∇[X2,Y ] = R(X1, Y ) +R(X2, Y )

and

R(fX, Y )(Z) = ([∇fX ,∇Y ]−∇[fX,Y ])(Z) = f∇X∇YZ −∇Y (f∇XZ)−∇f [X,Y ]−Y (f)X(Z)

= f∇X∇YZ − f∇Y∇XZ − Y (f)∇XZ − f∇[X,Y ]Z + Y (f)∇XZ

= f(∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z) = fR(X,Y )(Z)

Additivity in the third variable is clear since R(X, Y ) is built from additive operators
(∇X , ∇Y ) and their compositions ([∇X ,∇Y ] = ∇X ◦∇Y −∇Y ◦∇X). Thus it remains to
check:

R(X, Y )(fZ) = ∇X∇Y (fZ)−∇Y∇X(fZ)−∇[X,Y ](fZ)

= ∇X(Y (f)Z + f∇YZ)−∇Y (X(f)Z + f∇XZ)− [X, Y ](f)Z − f∇[X,Y ](Z)

Further expansion and cancellations afterwards yields:

f(∇X∇Y (Z)−∇Y∇X(Z)−∇[X,Y ](Z)) = fR(X,Y )(Z)

□

We note that although we assumed M to be Riemannian, we didn’t use this. From now
on we will write R(X,Y )Z for R(X,Y )(Z).

Definition 5.4 Let M be a Riemannian manifold with connection ∇ of type Levi-Civita,
then

⟨R(X, Y )Z,W ⟩

is called the Riemann–Christoffel curvature tensor of the Riemannian manifold, sometimes
denoted by R̃.

Proposition 5.5 The Riemann–Christoffel curvature tensor is skew-symmetric in the
last two arguments, that is:

⟨R(X, Y )Z,W ⟩ = −⟨R(X,Y )W,Z⟩
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Proof. By metric compatibility:

X(Y (⟨Z,W ⟩)) = X(⟨∇YZ,W ⟩+ ⟨Z,∇YW ⟩)

= ⟨∇X∇YZ,W ⟩+ ⟨Z,∇X∇YW ⟩+ ⟨∇XZ,∇YW ⟩+ ⟨∇YZ,∇XW ⟩

Similarly:

Y (X(⟨Z,W ⟩)) = ⟨∇Y∇XZ,W ⟩+ ⟨Z,∇Y∇XW ⟩+ ⟨∇XZ,∇YW ⟩+ ⟨∇YZ,∇XW ⟩

And we also have:

[X, Y ](⟨Z,W ⟩) = ⟨∇[X,Y ]Z,W ⟩+ ⟨Z,∇[X,Y ]W ⟩

Subtracting from the first equality the second and third, then applying [X, Y ] = X ◦ Y −
Y ◦X one obtains:

0 = ⟨∇X∇Y (Z)−∇Y∇X(Z)−∇[X,Y ](Z),W ⟩+⟨Z,∇X∇Y (W )−∇Y∇X(W )−∇[X,Y ](W )⟩

= ⟨R(X, Y )Z,W ⟩+ ⟨R(X, Y )W,Z⟩

□

Proposition 5.6 For the Riemann-Christoffel tensor, the identity:

⟨R(X, Y )Z,W ⟩ = ⟨R(Z,W )X,Y ⟩

holds.

Definition 5.7 Let M be a Riemannian manifold, p ∈ M and v, w be non-parallel tangent
vectors at p. Then the number

K(v, w) =
⟨R(v, w)w, v⟩

∥v∥2∥w∥2 − ⟨v, w⟩2

is called the sectional curvature of M at p in the direction of the plane spanned by the
vectors v, w in the tangent space TpM .
If we let σ denote the plane spanned by the vectors, then we can write K(σ) for K(v, w).

Proposition 5.8 Let M be a Riemannian manifold, and suppose that it has constant
sectional curvature K ∈ R, then if p ∈ M , then for tangent vectors v1, v2, w1, w2 at p we
have

⟨R(v1, v2)w1, v2⟩ = −K(⟨v1, w1⟩⟨v2, w2⟩ − ⟨v2, w1⟩⟨v1, w2⟩).
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We leave the study of sectional curvature for now.
Let α(t, s) : [a, b]× (−ϵ, ϵ) → M be such, that for fixed s, α(t, s) is a geodesic. Let again
T = dα(∂t), V = dα(∂s). We have

∇TV −∇V T − dα[∂t, ∂s] = 0

But since [∂t, ∂s] = 0, we get ∇TV = ∇V T , therefore ∇T∇TV = ∇T∇V T . Because
∇TT = 0, we can rewrite it as ∇T∇TV = ∇T∇V T −∇V∇TT . Also since

[T, V ] = dα([∂t, ∂s]) = 0

using the definition of the curvature tensor we get the Jacobi equation

∇T∇TV = R(T, V )T.

Definition 5.9 A vector field V along a geodesic γ with tangent vector T satisfying the
Jacobi equation is called a Jacobi field. It is often denoted by J .

Now let {Ei(t)} be orthonormal and parallel along α(t, 0), J a Jacobi field. Then

J(t) =
∑
i

yi(t)Ei(t)

thus
∇T∇TJ =

∑
i

y′′i Ei

Also
R(T, J)T = R

(
T,
∑
i

yiEi

)
T =

∑
i

yiR(T,Ei)T

So the Jacobi equation, after taking inner product with Ej, becomes

y′′i =
∑
i

yi⟨R(T,Ei)T,Ej⟩

With proper 2n initial conditions: yi(0) and y′i(0), i = 1, ..., n, where n = dim(M), the
solution exists and is unique.
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This is equivalent to prescribing J(0) and J ′(0) = ∇TJ |t=0. Since ∇TT = 0, and because
of skew symmetry ⟨R(T, J)T, T ⟩ = 0, so we have

⟨J, T ⟩′′ = ⟨J ′′, T ⟩ = ⟨R(T, J)T, T ⟩ = 0.

Thus ⟨J, T ⟩ = at + b, so any Jacobi field J , by a normal-tangential part decomposition,
may be written uniquely as

J = J0 + (at+ b)T

where ⟨J0, T ⟩ ≡ 0.

If J is a Jacobi field, then it comes from a variation of geodesics. Let γ(s) be a curve, such
that γ′(0) = J(0), let also T and J ′(0) be extended to parallel fields along γ. Then the
variation field expγ(s)(t(T+sJ ′(0))) is a Jacobi field, with the exact same initial conditions
as J , but then by uniqueness it must equal J .
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Chapter 6

Conjugate points and Focal points

Definition 6.1 On a Riemannian manifold M we say that the point p is conjugate to
the point q if q is a singular value of expp : TpM → M . The conjugacy is said to be along
the curve γ = γv if d expp is singular at v.

Proposition 6.2 A point q is conjugate to p along a geodesic γ if and only if there exists
a non-zero Jacobi field along γ, with J(0) = J(1) = 0.

Since the Jacobi field condition is symmetric in p and q, q is conjugate to p if and only if
p is conjugate to q.

Proposition 6.3 Let γ be a geodesic, with γ′(0) = T and assume, that there exists a
Jacobi field that vanishes at the endpoints γ(a) and γ(b). Then ⟨J, T ⟩ ≡ ⟨J ′, T ⟩ ≡ 0.

Proof. We know that

T ⟨T, J ′⟩ = ⟨T, J ′′⟩ = ⟨T,R(T, J)T ⟩ = ⟨R(T, J)T, T ⟩ = 0

thus ⟨T, J ′⟩ is constant along γ. But T ⟨T, J⟩ = ⟨T, J ′⟩, so ⟨T, J⟩ as a function of the
parameter variable of γ has constant derivative, from assumption:

⟨T, J⟩γ(a) = ⟨T, J⟩γ(b) = 0

so ⟨J, T ⟩ ≡ ⟨J ′, T ⟩ ≡ 0. □

Proposition 6.4 If for a curve γ the endpoints γ(a) and γ(b) are not conjugate, then a
Jacobi field J along γ is determined by its values at γ(a) and γ(b).
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Proof. Let J1 and J2 be Jacobi fields along the curve γ, such that they coincide at the
endpoints. Then J1 − J2 is also a Jacobi field, that vanishes at the endpoints of γ. Since
the endpoints aren’t conjugate J1 − J2 must be identically zero, so we have J1 ≡ J2. □

Now we introduce the notion of focal points, a generalization of conjugate points.

Let N be a (regular, embedded) submanifold of the Riemannian manifold M . The tangent
space TpN is a subspace of the tangent space TpM . For each p ∈ N we define P : TpM →
TpN to be the orthogonal projection with respect to the metric on M . The Riemannian
metric of M induces a positive-definite bilinear form on each tangent space TpN , so N

inherits a Riemannian metric and so a connection, which we denote by ∇N . We can define
∇N as follows: if X, Y are vector fields on N , extend them to M and set

∇N
XY = P (∇XY ).

In fact, ∇N is of type Levi-Civita.
We now define the normal space νp:

νp = (TpN)⊥ = {v ∈ TpM | ⟨v, w⟩ = 0, for all w ∈ TpN}

which has dimension dimM − dimN . We define ν on N by ν =
⋃

p∈N νp.

Definition 6.5 A point q ∈ M is called a focal point of N , if q is a singular value of
exp |ν.

Fix a point p ∈ M and a unit vector u in TpM , let

u⊥ = {v ∈ TpM | ⟨v, u⟩ = 0}.

Since expp : TpM → M is a local diffeomorphism at zero, there is a neighborhood U of
zero in u⊥ such that expp |U is an embedding.

Definition 6.6 If U is as above, let N be the submanifold expp(U), then N is called a
geodesic submanifold defined by u.
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Chapter 7

Second variation of arc length

Let γ : [a, b] → M be a geodesic, and α : Q → M be a smooth map, where now Q is a
rectangular solid [a, b]×[−ϵ, ϵ]×[−δ, δ] with α(t, 0, 0) = γ(t), so α is a smooth 2-parameter
variation of γ. We assume ∥γ′∥ ≡ 1, and let T, V,W be the fields of tangent vectors on
Q corresponding to the first, second and third variables of α, identified with their image
under the differential of α. We denote by L(s, r) the arc length of the curve t 7→ α(t, s, r),
so

L(s, r) =

∫ b

a

∥T∥dt.

We begin the calculation, just like in the proof of the first variation formula:

∂

∂s
L(s, r) =

∫ b

a

⟨∇TV, T ⟩
∥T∥

Then
∂2

∂r∂s
L(s, r) =

∂

∂r

∫ b

a

⟨∇TV, T ⟩
∥T∥

=

∫ b

a

⟨∇W∇TV, T ⟩+ ⟨∇TV,∇WT ⟩
∥T∥

− ⟨∇TV, T ⟩⟨∇WT, T ⟩
∥T∥3

=

∫ b

a

⟨R(W,T )V, T ⟩+ ⟨∇T∇WV, T ⟩+ ⟨∇TV,∇TW ⟩
∥T∥

− ⟨∇TV, T ⟩⟨∇TW,T ⟩
∥T∥3

in the last equality using the fact that [W,T ] = 0 and thus ∇[W,T ] = 0, hence R(W,T )V =

∇W∇TV −∇T∇WV .
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But by assumption we also have ∥T∥|(0,0) = 1 and ∇TT |(0,0) = 0, so

∂2

∂r∂s
L(s, r)

∣∣∣∣
(0,0)

=

∫ b

a

T ⟨∇WV, T ⟩+ ⟨R(W,T )V, T ⟩+ ⟨∇TV,∇TW ⟩ − T ⟨V, T ⟩T ⟨W,T ⟩.

We integrate the first part to get

= ⟨∇WV, T ⟩|ba +
∫ b

a

⟨R(W,T )V, T ⟩+ ⟨∇TV,∇TW ⟩ − T ⟨V, T ⟩T ⟨W,T ⟩ (7.1)

the second variation formula. We note, that (7.1) can be made valid for piecewise smooth
2-parameter variations by restricting to the sub intervals on which V,W are smooth, then
summing and observing that the endpoint terms cancel.
If the variation is through geodesics, we have seen, that T ⟨V, T ⟩ and T ⟨W,T ⟩ are constant.
Then if at least one of ⟨V, T ⟩ and ⟨W,T ⟩ vanish at endpoints, then the last term in
the integral vanishes. If at least one of V and W vanishes at endpoints (more generally
∇VW = 0), we get

∂2

∂r∂s
L(s, r)

∣∣∣∣
(0,0)

=

∫ b

a

⟨R(W,T )V, T ⟩+ ⟨∇TV,∇TW ⟩ (7.2)

In this case the second variation depends only on the restriction of V and W onto γ.

Definition 7.1 We call the integral in (7.2) the index form and denote it by I(V,W ).

It is a symmetric, bilinear form on the space of piecewise smooth vector fields along a
given γ, such that ⟨V, T ⟩ ≡ ⟨W,T ⟩ ≡ 0. Also I is independent of the orientation of γ.
If I is positive definite on vector fields vanishing at its endpoints, then it is a minimum
among all nearby curves with the same endpoints.

Proposition 7.2 Let V and W be (piecewise) smooth vector field along γ such that they
vanish at endpoints. V is a Jacobi field if and only if I(V,W ) = 0 for all such W .
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Chapter 8

Index lemmas

Lemma 8.1 (First index lemma).
Let γ : [0, 1] → M be a geodesic in the Riemannian manifold M , from the point p ∈ M to
q ∈ M . Assume that there are no conjugate points to p on γ. Let W be a piecewise smooth
vector field along γ and let V be the unique Jacobi field along γ such that V (p) = W (p) = 0

and V (q) = W (q). Then I(V, V ) ≤ I(W,W ) with equality holding if and only if V = W .

Proof. Let {vi} be a basis of TqM , let Vi be Jacobi fields taking the values vi at q and
0 at p, these are non-zero and unique since p and q aren’t conjugate. The Vi are also
linearly independent, except at p, since if the Jacobi field Ĵ =

∑
i ciVi would equal zero,

this would contradict the -no conjugacy along γ- assumption. Since Vi(p) = 0, we may
write Vi = tAi, where t is the parameter-variable of γ and Ai is some vector field along
γ, so we have V ′

i (p) = Ai. These Ai are also independent along γ. This is clear for points
aside from p. If we had

∑
i ciAi(p) = 0, this would give Ĵ ′(p) = 0, but we also have

Ĵ(p) = 0, this would force Ĵ to be a zero Jacobi field, leading to a contradiction. From
the independence of the {Ai} we know, that there exist piecewise smooth functions qi(t),
so that W =

∑
i qi(t)Ai. We assumed W (p) = 0, and since the {Ai} are independent

at p we get that qi(0) = 0. Thus there are some piecewise smooth functions fi(t), so
that qi(t) = tfi(t), hence W =

∑
i fiVi. Finally since V (q) = W (q) =

∑
i fi(1)Vi(q), also

0 =
∑

i fi(1)Vi(p), thus V =
∑

i f(1)Vi.
We do two preliminary computations.
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Since V is a Jacobi Field V ′′ = R(T, V )T , thus

I(V, V ) =

∫ 1

0

⟨V ′, V ′⟩+ ⟨R(T, V )T, V ⟩

=

∫ 1

0

⟨V ′, V ⟩′ − ⟨V ′′, V ⟩+ ⟨R(T, V )T, V ⟩ =
∫ 1

0

⟨V ′, V ⟩′ = ⟨V ′(1), V (1)⟩.

We can expand:

I(V, V ) = ⟨V ′(1), V (1)⟩ =
∑

fi(1)fj(1)⟨V ′
i (1), Vj(1)⟩ (8.1)

If Vi and Vj are Jacobi fields, then

⟨V ′
i , Vj⟩ − ⟨Vi, V

′
j ⟩ = c, (8.2)

for some constant c (in our case c = 0, since the expression vanishes at t = 0).
We compute

(⟨V ′
i , Vj⟩ − ⟨Vi, V

′
j ⟩)′ = ⟨V ′′

i , Vj⟩+ ⟨V ′
i , V

′
j ⟩ − ⟨V ′

i , V
′
j ⟩ − ⟨Vi, V

′′
j ⟩

= ⟨V ′′
i , Vj⟩ − ⟨Vi, V

′′
j ⟩ = ⟨R(T, Vi)T, Vj⟩ − ⟨Vi, R(T, Vj)T ⟩ = 0.

Last equality holds by the symmetry property of the curvature tensor.
Now

∇TW =
∑
i

f ′
iVi + fiV

′
i =

∑
i

f ′
iVi +

∑
i

fiV
′
i = A+B,

I(W,W ) =

∫
⟨A,B⟩+ ⟨B,A⟩+ ⟨A,A⟩+ ⟨B,B⟩+ ⟨R(T,W )T,W ⟩,∫

⟨B,B⟩ =
∑∫

fifj⟨V ′
i , V

′
j ⟩ =

∑∫
fifj(⟨V ′

i , Vj⟩′ − ⟨V ′′
i , Vj⟩).

Now we integrate the first term by parts and apply the Jacobi equation to the second, to
get ∫

⟨B,B⟩

=
∑

fi(1)fj(1)⟨V ′
i (1), Vj(1)⟩ −

∫
(f ′

ifj⟨V ′
i , Vj⟩+ fif

′
j⟨V ′

i , Vj⟩+ ⟨R(T, V )T, V ⟩)

We can apply (8.1) and (8.2):∫
⟨B,B⟩ = I(V, V )−

∫
⟨A,B⟩+ ⟨B,A⟩+ ⟨B,B⟩+ ⟨R(T,W )T,W ⟩

So in fact
I(W,W ) = I(V, V ) +

∫
⟨A,A⟩

the second term on the right is nonnegative and vanishes only if V = W . □
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Lemma 8.2 (Second index lemma).
Let γ : [0, 1] → M be a geodesic in the Riemannian manifold M , from the point p ∈ M

to q ∈ M . Let x be the tangent vector of γ at p and let N be the geodesic submanifold
defined by x. Assume, that N has no focal points along γ. Let W be a piecewise smooth
vector field along γ, V the unique Jacobi field such that (∇XV )(p) = 0 and V (q) = W (q).
Then I(V, V ) ≤ I(W,W ) with equality holding if and only if V = W .

Lemma 8.3 (Sublemma of the Second index lemma).
Let {vi} be an orthonormal basis of TpM , such that v1 = T , and extend its members to
Jacobi fields {Vi} along γ with (∇TVi)(p) = 0. Let N and γ be as defined in the second
lemma. Then {Vi} are linearly independent along γ if and only if N has no focal point
along γ.

Using the Sublemma we can apply the exact same argument as in the First index lemma
to obtain the proof of the Second index lemma.
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Chapter 9

Rauch Comparison Theorem

Theorem 9.1 (First Rauch theorem).
Let Mn and Mn+k

0 be Riemannian manifolds, with k + n ≥ n, and let γ : [0, l] → M ,
γ0 : [0, l] → M0 be normal geodesics, set γ′ = T and γ′

0 = T0. Assume ∀t ∈ [0, l] and
any v ∈ Tγ(t)M and v0 ∈ Tγ0(t)M0, the sectional curvatures satisfy K(σ0) ≥ K(σ), for the
planes σ0, σ generated by v, T and v0, T0 respectively. Assume also, that for no t ∈ [0, l]

is γ0(t) conjugate to γ0(0) along γ0. Let V, V0 be Jacobi fields along γ and γ0, such that
V (0), V0(0) are tangent to γ, γ0,

∥V (0)∥ = ∥V0(0)∥, ⟨T (0), V ′(0)⟩ = ⟨T0(0), V
′
0(0)⟩, ∥V ′(0)∥ = ∥V ′

0(0)∥.

Then for all t ∈ [0, l],
∥V (t)∥ ≥ ∥V0(t)∥.

Proof. First assume ⟨T, V ⟩ ≡ ⟨T0, V0⟩ ≡ 0 and that V (0) = V0(0) = 0. We investigate
∥V (t)∥2
∥V0(t)∥2 as a function of t. We notice, that V0 is only zero at γ0(0), since else the no-
conjugacy assumption along γ0 would fail. We note, that V ′

0(0) ̸= 0, since V ′
0(0) = 0

together with V0(0) = 0, this would force V0 ≡ 0, again, contradicting the no conjugacy
assumption, thus ⟨V ′(0), V ′(0)⟩ = ⟨V ′

0(0), V
′
0(0)⟩ ̸= 0. We compute

lim
t→0

∥V (t)∥2

∥V0(t)∥2
=

2⟨V ′′, V ⟩+ 2⟨V ′, V ′⟩
2⟨V ′′

0 , V0⟩+ 2⟨V ′
0 , V

′
0⟩

∣∣∣∣∣
t=0

=
⟨V ′(0), V ′(0)⟩
⟨V ′

0(0), V
′
0(0)⟩

= 1

by L’Hopital’s rule (taking two derivatives).
We want ∥V (t)∥ ≥ ∥V0(t)∥ this is equivalent to ∥V (t)∥2

∥V0(t)∥2 ≥ 1, and since limt→0
∥V (t)∥2
∥V0(t)∥2 = 1,

if we show that ∥V (t)∥2
∥V0(t)∥2 monotonically increases we are done, thus we prove:

d

dt

(
∥V (t)∥2

∥V0(t)∥2

)
≥ 0.
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We can make this simpler by

d

dt

(
∥V ∥2

∥V0∥2

)
=

2⟨V ′, V ⟩∥V0∥2 − 2⟨V ′
0 , V0⟩∥V ∥2

∥V0∥4
≥ 0

is equivalent to
⟨V ′, V ⟩
⟨V, V ⟩

≥ ⟨V ′
0 , V0⟩

⟨V0, V0⟩
.

Now fix t1 ∈ [0, l], and define

W t1(t) =
V (t)

∥V (t1)∥
, W t1

0 (t) =
V0(t)

∥V0(t1)∥
.

Notice that ∥W t1(t1)∥ = ∥W t1
0 (t1)∥ = 1, and since W t1 and W t1

0 are constant multiples of
V and V0 we have

⟨V ′, V ⟩
⟨V, V ⟩

=
⟨(W t1)′,W t1⟩
⟨W t1 ,W t1⟩

,
⟨V ′

0 , V0⟩
⟨V0, V0⟩

=
⟨(W t1

0 )′,W t1
0 ⟩

⟨W t1
0 ,W t1

0 ⟩
,

in fact
⟨V ′, V ⟩
⟨V, V ⟩

∣∣∣∣∣
t1

= ⟨(W t1)′,W t1⟩|t1 ,
⟨V ′

0 , V0⟩
⟨V0, V0⟩

∣∣∣∣∣
t1

= ⟨(W t1
0 )′,W t1

0 ⟩|t1 .

So we compute
⟨V ′, V ⟩
⟨V, V ⟩

∣∣∣∣∣
t1

= ⟨(W t1)′,W t1⟩|t1 =
∫ t1

0

⟨(W t1)′,W t1⟩′

=

∫ t1

0

⟨(W t1)′, (W t1)′⟩+ ⟨(W t1)′′,W t1⟩ =
∫ t1

0

⟨(W t1)′, (W t1)′⟩+ ⟨R(T,W t1)T,W t1⟩

=

∫ t1

0

⟨(W t1)′, (W t1)′⟩ − ⟨R(W t1 , T )T,W t1⟩ =
∫ t1

0

⟨(W t1)′, (W t1)′⟩ −K(σ̄)∥W t1∥,

where σ̄ is the plane spanned by T and W t1 , K(σ̄) = ⟨R(T,W t1 )T,W t1 ⟩
∥W t1∥ .

We denote by P−γ parallel translation along γ, with opposite parametrization, and by Pγ0

parallel translation along γ0. Let I : Tγ(0)M → Tγ0(0)M0 be an inner product preserving
injection (dimM ≤ dimM0). Now define

It : Tγ(t)M → Tγ0(t)M0

by
It(v) = Pγ0 ◦ I ◦ P−γ(v).
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Assume I was chosen such that It(T ) = T0 and It(W
t1) = W t1

0 . We define W̃ t1
0 by

W̃ t1
0 (t) = It(W

t1(t)).

Since W̃ t1
0 has the same expression in terms of (orthonormal) parallel frames as W t1 we

get:
⟨W t1(t),W t1(t)⟩ = ⟨W̃ t1

0 (t), W̃ t1
0 (t)⟩, thus ∥W t1∥ = ∥W̃ t1

0 ∥,

⟨(W t1)′(t), (W t1)′(t)⟩ = ⟨(W̃ t1
0 )′(t), (W̃ t1

0 )′(t)⟩.

Now we apply our assumptions on curvature:

⟨V ′, V ⟩
⟨V, V ⟩

∣∣∣∣∣
t1

=

∫ t1

0

⟨(W t1)′, (W t1)′⟩ − ⟨R(W t1 , T )T,W t1⟩ ≥

≥
∫ t1

0

⟨(W̃ t1
0 )′, (W̃ t1

0 )′⟩ − ⟨R(W̃ t1
0 , T )T, W̃ t1

0 ⟩

now apply the First index Lemma, for the last inequality

≥
∫ t1

0

⟨(W t1
0 )′, (W t1

0 )′⟩ − ⟨R(W t1
0 , T )T,W t1

0 ⟩ = ⟨V ′
0 , V0⟩

⟨V0, V0⟩

∣∣∣∣∣
t1

.

For arbitrary t1 we have
⟨V ′, V ⟩
⟨V, V ⟩

∣∣∣∣∣
t1

≥ ⟨V ′
0 , V0⟩

⟨V0, V0⟩

∣∣∣∣∣
t1

.

thus we proved the Theorem for the special case. For the general case we decompose V

and V0 as:
V = V ⊥ + ⟨T, V ⟩T,

V0 = V ⊥
0 + ⟨T0, V0⟩T0.

Since V (0) is tangent to γ, V (0) = cT (0), thus cT (0) = V (0) = V ⊥(0) + cT (0) =⇒
V ⊥(0) = 0, from the same argument V ⊥

0 (0) = 0, hence ∥V ⊥(t)∥ ≥ ∥V ⊥
0 (t)∥.

Also ⟨T, V ⟩′′ = ⟨T0, V0⟩′′ = 0, and so

⟨T, V ⟩ = ⟨T (0), V (0)⟩+ ⟨T (0), V ′(0)⟩t = ⟨T0(0), V0(0)⟩+ ⟨T0(0), V
′
0(0)⟩t = ⟨T0, V0⟩.

∥V (t)∥2 = ∥V ⊥(t)∥2 + ⟨T (t), V (t)⟩2 ≥ ∥V ⊥
0 (t)∥2 + ⟨T0(t), V0(t)⟩2 = ∥V (t)∥2.

=⇒ ∥V (t)∥ ≥ ∥V0(t)∥.

□
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Theorem 9.2 (Second Rauch theorem).
Let Mn and Mn+k

0 be Riemannian manifolds, with k + n ≥ n, and let γ : [0, l] → M ,
γ0 : [0, l] → M0 be normal geodesics, set γ′ = T and γ′

0 = T0. Assume ∀t ∈ [0, l] and
any v ∈ Tγ(t)M and v0 ∈ Tγ0(t)M0, the sectional curvatures satisfy K(σ0) ≥ K(σ), for the
planes σ0, σ generated by v, T and v0, T0 respectively. Assume further that for no t ∈ [0, l]

is γ(t) a focal point of the geodesic submanifold defined by T0. Let V, V0 be Jacobi fields
along γ and γ0, with V (0) tangent to γ and V0(0) tangent to γ0,

∥V (0)∥ = ∥V0(0)∥, ⟨T (0), V (0)⟩ = ⟨T0(0), V0(0)⟩, ∥V ′(0)∥ = ∥V ′
0(0)∥.

Then for all t ∈ [0, l],
∥V (t)∥ ≥ ∥V0(t)∥.

The proof of the Second Rauch theorem uses the same argument, as the proof of the First,
but instead of the First index Lemma, the Second is used.

Corollary 9.3 (Corollary of the first Rauch theorem).
Let M,M0 be Riemannian manifolds, with dimM0 ≥ dimM , let p ∈ M, p0 ∈ M0. Assume
KM0 ≥ KM , meaning for every plane σ in M and σ0 in M0 we have K(σ0) ≥ K(σ). Let r
be such, that expp(Br(0)) is an embedding and expp0 |Br(0) is non singular. Let I : TpM →
Tp0M be an inner product preserving injection. Then for any curve γ : [0, 1] → expp(Br(0))

we have
L[γ] ≥ L[expp0 ◦I ◦ exp

−1
p (γ)].

Corollary 9.4 (Corollary of the second Rauch theorem).
Let M,M0 be Riemannian manifolds, γ : [0, l] → M and γ0 : [0, l] → M0 geodesics with
tangent vectors T and T0. Let E and E0 be parallel unit vectors along γ and γ0, such that
they are everywhere perpendicular to T and T0. Assume KM0 ≥ KM . Let f : [0, l] → R be
a smooth function, and define the smooth curves c : [0, l] → M and c0 : [0, l] → M0 by

c(t) = exp(f(t)E(t)),

c0(t) = exp(f(t)E0(t)).

Further assume, that the geodesic η0 : [0, l] → M0 defined by

η0 = exp(sf(t)E0(t))

contains no focal point of the geodesic submanifold defined by η′0(0). Then

L[c] ≥ L[c0].
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Chapter 10

The Cartan-Hadamard Theorem and

spaces of constant curvature

Definition 10.1 (Isometry).
Let (M, g) and (M ′, g′) be Riemannian manifolds. We call a diffeomorphism Φ : M → M ′

an isometry if for all p ∈ M and v, w ∈ TpM

gp(v, w) = g′Φ(p)(dpΦ(v), dpΦ(w)),

we say that Φ preserves the metric.

Definition 10.2 (Local isometry).
Let (M, g) and (M ′, g′) be Riemannian manifolds. We call a smooth map Φ : M → M ′ a
local isometry, if for all p ∈ M , there exists an open neighborhood U of p, such that

Φ|U : U → Φ(U)

is an isometry.

Before discussing the Cartan-Hadamard Theorem, we first state and prove a useful Lemma.

Lemma 10.3 If Φ : Mn → Nn is a local isometry, and M is complete, then Φ is a
covering map.

Proof. We fix p ∈ N , and choose r so, that the ball of radius r about p is properly
contained in the normal coordinate neighborhood of p. Let U be the ball of radius r

about p. Let {qα} = Φ−1(p) and denote the ball of radius r about each qα by Uα.
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We will show, that Φ−1(U) is the disjoint union
⋃

α Uα and, that for each α, Φ : Uα → U

is a diffeomorphism. Let Br(0) be the ball of radius r about zero in TpN and Bα
r (0) the

ball of radius r about zero in TqαM . From Φ being a local isometry, we know that the
diagram:

TqαM TpN

M N

dΦ

expqα expp

Φ

commutes, also it restricts to:

Bα
r (0) Br(0)

Uα U

and since expp ◦ dΦ : Bα
r (0) → Br(0) is a diffeomorphism, Φ : Uα → U is also one.

It is clear that
⋃

α Uα ⊆ Φ−1(U), we need to show the opposite inclusion. Take a q̄ ∈
Φ−1(U) and let q = Φ(q̄). Let γ be the minimal and normal geodesic from q to p in M .
Now let v = dΦ−1(γ′(q)), and γ̄ the geodesic starting from q̄ in direction v. M is complete,
so we can extend γ̄ arbitrarily far. Let t0 = ρ(p, q) and p̄ := γ̄(t0). Since γ = Φ◦γ̄, Φ(p̄) = p,
also ρ(p, q) = ρ(p̄, q̄) < r, hence q ∈

⋃
α Uα.

Last thing left to show, is that Uα ∩ Uβ = ∅ if α ̸= β. For this it suffices to show, that
for p̄α, p̄β ∈ Φ(p), their distance is greater than 2r. Now let γ̄ be the minimal geodesic
between the points, then let γ = Φ ◦ γ̄, this is a loop inside a normal coordinate ball (of
radius r), since p = Φ(p̄α) = Φ(p̄β). From this, we know that the loop must leave the
normal coordinate ball, thus ρ(p̄α, p̄β) = L[γ̄] = L[γ] > 2r. □

Theorem 10.4 (Cartan-Hadamard).
Let M be a complete Riemannian manifold with constant sectional curvature KM ≤ 0.
Then for any p ∈ M , expp : TpM → M is a covering map, so the universal covering space
of M is diffeomorphic to Rn, hence for i > 1, the homotopy groups πi(M) are trivial.

Proof. First we apply the first Rauch theorem to see that M has no conjugate points,
this goes as follows: fix p ∈ M and v ∈ TpM , define the geodesic γ(t) = expp(tv). Now
suppose that the point q along γ, say q = γ(t0), is conjugate to p. In this case there
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exists a non trivial Jacobi field J along γ, such that J(0) = 0, J(t0) = 0. At this point
we apply the first Rauch theorem, comparing with the non trivial Jacobi field J0 in Rn

(KM ≤ 0 = KRn), we get ∥J(t)∥ ≥ ∥J0(t)∥. This contradicts J(t0) = 0, giving us that
indeed there are no conjugate points, thus expp : TpM → M has non singular differential.
Now we define a metric on TpM by

⟨⟨w,w′⟩⟩ := gexpp(v)(dv expp(w), dv expp(w
′)),

where g is the Riemannian metric of M . This makes expp : (TpM, ⟨⟨ , ⟩⟩) → M a local
isometry. We take an arbitrary radial line γ̂(t) = tv in TpM , then γ̂(t) = expp(tv) = γv(t),
γv is a geodesic in M , because expp is local isometry geodesics lift to geodesics (locally).
We see, that lines can be extended as far as one likes. Using the Hopf-Rinow theorem
we conclude, that TpM is complete. The conditions of the Lemma are met, so it implies,
that expp is a covering map. Any tangent space, thus also TpM is isomorphic to Rn.
For covering spaces (excluding the fundamental group), their homotopy groups equal the
homotopy groups of the covered space. We can write

πi(M) = πi(Rn) = 0, i > 1,

since for all i, πi(Rn) = 0. □

Corollary 10.5 If Mn is simply connected, complete and has non positive curvature, then
it is diffeomorphic to Rn.

Proof. A covering map of a simply connected space is a homeomorphism. Also expp is
smooth and non singular, thus a diffeomorphism. □

The simplest example for a Riemannian manifold, is one with constant (sectional) curva-
ture K.

Definition 10.6 We call simply connected Riemannian manifolds of constant curvature
space forms. We write n-space form to indicate the dimension of the manifold Mn.

They may be described as follows:

• K = 0. Let Mn = Rn, with the usual metric.

• K > 0. Let Mn = Sn, the sphere in Rn+1, with the metric induced by the ambient
space.
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• K < 0. Let Mn be the open set in Rn defined as

M =

{
x ∈ Rn

∣∣∣∣∥x∥2 < − 4

K

}
.

For x ∈ M , define the metric on TxM
n, to be

⟨v, w⟩ :=
∑n

i=1 viwi

1 + K
4

∑n
i=1(xi)2

for v, w ∈ TxM
n, using standard coordinates in Rn.

Definition 10.7 We say that a Riemannian manifold M is homogeneous, if its isometry
group Isom(M) acts transitively on M . In other words, for every p, q ∈ M there exists
Φ ∈ Isom(M) such that Φ(p) = q.

Definition 10.8 We say that a Riemannian manifold M is isotropic, if for any p ∈ M

the isotropy group Isomp(M) = {Φ ∈ Isom(M) | Φ(p) = p} acts transitively on the unit
sphere of TpM . In other words, for every p ∈ M and unit vectors v, w ∈ TpM there exists
Φ ∈ Isom(M) such that Φ(p) = p and dpΦ(v) = w.

Remark 10.9 We remark that n-space forms are homogeneous and isotropic, but for our
purposes only the 2 dimensional case is important.
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Chapter 11

Toponogov’s Theorem

In this chapter indices are to be taken modulo 3, unless specified otherwise.

Definition 11.1 (Geodesic triangle).
A geodesic triangle in the Riemannian manifold M is a set of three geodesic segments
(γ1, γ2, γ3) parametrized by arc length, with the lengths of the sides l1, l2, l3, such that
li + li+1 ≥ li+2 and γi(0) = γi+1(li+1). Let

αi = ∢(−γ′
i+1(li+1), γ

′
i+2(0)),

this is the angle between −γ′
i+1(li+1) and γ′

i+2(0)), 0 ≤ αi ≤ π, opposite to the side γi.

We will give geodesic triangles by listing their sides (γ1, γ2, γ3).

Definition 11.2 (Hinge).
Let γ1, γ2 be geodesic segments parametrized by arc length in the Riemannian manifold
M , such that γ1(l1) = γ2(0) and α = ∢(−γ′

1(l1), γ
′
2(0)), (0 ≤ α ≤ π). We call such a

configuration a hinge and specify it by giving the sides and the angle (γ1, γ2, α).

Now we state Toponogov’s Theorem. There will be two equivalent statements, which will
be proven simultaneously.
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Theorem 11.3 (Toponogov’s Theorem).
Let M be a complete Riemannian manifold, with sectional curvature KM ≥ H, for some
number H. Let MH denote the 2- dimensional simply connected space of constant curva-
ture H, the 2-space form.

(A) Let (γ1, γ2, γ3) determine a geodesic triangle in M , suppose γ1, γ3 are minimal, and
if H > 0, L[γ2] ≤ π√

H
. Then there exists a geodesic triangle (γ̄1, γ̄2, γ̄3) in MH ,

such that L[γi] = L[γ̄i] and α1 ≤ ᾱ1, α3 ≤ ᾱ3. This triangle is uniquely determined,
except in case: H > 0 and L[γi] =

π√
H

for some i.

(B) Let (γ1, γ2, α) determine a hinge in M , let γ1 be minimal, and if H > 0, L[γ2] ≤
π√
H

. Let γ̄1, γ̄2 ⊂ MH be such, that γ̄1(l1) = γ̄2(0), L[γi] = L[γ̄i], i = 1, 2 and
α = ∢(−γ̄′

1(l1), γ̄
′
2(0)). Then

ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)).

(We note, that in the above inequality we actually have two different distance func-
tions on different manifolds, we will suppress this to shorten notation. Specifying
the curves will make it clear on which manifold we are currently working on.)

Proof. The proof consists of a number of steps, which we handle separately. In what
follows, conditions involving

√
H should be ignored if we are not on the sphere, in other

words: if H ≤ 0. First we work not in MH , but instead in MH−ϵ (it will be made clear
why this is necessary).
In an attempt to make the train of thought easier to follow, we introduce 6 concepts first.
We will use them, as some sort of building blocks, prove statements formulated using
them, to get to the general case of the theorem.
In the following, curves and angles in M are always denoted by "regular" lower case letters
of the Greek alphabet, usually with γ, α. Curves and angles in MH and MH−ϵ are always
denoted by lower case letters of the Greek alphabet, with a "bar" above them, such as
γ̄, ᾱ, notice that this is consistent with the statement of the theorem. We will also call
geodesic triangles simply triangles. All the following notions are objects in M .

Definition 11.4 (Small hinge).
Let (γ1, γ2, α) determine a hinge. We call a hinge small, if for i = 1, 2, 1

2
r = maxi L[γi]

such that expγ2(0)(Br(0)) is an embedding.
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Definition 11.5 (Small triangle).
Let (γ1, γ2, γ3) determine a triangle. We call a triangle small, if each of its hinges

(γi, γi+1, αi+2)

are small.

Definition 11.6 (Thin right hinge).
Let (γ1, γ2,

π
2
) determine a hinge, and let (γ̄1, γ̄2,

π
2
) determine a hinge in MH−ϵ, with

L[γi] = L[γ̄i], i = 1, 2. Let γ̄3 be the minimal geodesic from γ̄2(l2) to γ̄1(0). Let Ē(t) be the
unit parallel field perpendicular to γ̄′

2 along γ̄2, and f(t) the appropriate, smooth function,
so that we have

γ̄3(t) = expγ̄2(t)(f(t)Ē(t)).

Let E(t) be the parallel field along γ2 with E(0) = −γ′
1(l1) (the arc length parametrization

of γ1 makes E a unit parallel field, it is also everywhere perpendicular to γ2 since we
obtained it by parallel transporting a perpendicular vector).
We call (γ1, γ2, π2 ) a thin right hinge, if for each fixed t, η : [0, 1] → M ,

η(s) = expγ2(t)(sf(t)E(t)),

contains no focal point of the geodesic submanifold defined by η′(0) = f(t)E(t). This
is equivalent to demanding that for no t is there a focal point along the geodesic s 7→
expγ2(t)(sE(t)), for s < f(t).

Definition 11.7 (Thin obtuse hinge).
Let (γ1, γ2, α) determine a hinge, with α ≥ π

2
. Let (γ̄1, γ̄2, α) determine the corresponding

hinge in MH−ϵ, with L[γi] = L[γ̄i], i = 1, 2. Let γ̄3 be the minimal geodesic from γ̄2(l2)

to γ̄1(0). Let σ̄ : [0, l] → MH−ϵ be the geodesic segment emanating from γ̄2(0), such that
⟨σ̄′(0), γ̄′

2(0)⟩ = 0 and σ̄′(0) is of the form −c1γ̄
′
1(l1) + c2γ̄

′
2(0), for c1, c2 > 0 and σ̄(l) is

the first point of σ̄, lying on γ̄3. Let σ : [0, l] → M be the geodesic segment emanating
from γ2(0), such that ⟨σ′(0), γ′

2(0)⟩ = 0 and σ′(0) is of the form −c1γ
′
1(l1) + c2γ

′
2(0), for

c1, c2 > 0 and L[σ] = L[σ̄] = l.
We call (γ1, γ2, α) a thin obtuse hinge, if (γ1, σ, α− π

2
) is a small hinge and (σ, γ2,

π
0
) is a

thin right hinge.

42



Definition 11.8 (Thin acute hinge).
Let (γ1, γ2, α) determine a hinge, with α ≤ π

2
. Let γ2(l) denote the point on γ2 that is

closest to γ1(0), define
τ = γ2|[0,l], θ = γ2|[l,l2].

Let σ : [0, k] → M be a minimal geodesic from γ1(0) to γ2(l). We call (γ1, γ2, α) a thin
acute hinge, if (γ1, τ, σ) is a small triangle, 0 < l < l2 and if (σ, θ, π

2
) is a thin right hinge

Definition 11.9 (Thin triangle).
Let (γ1, γ2, γ3) determine a triangle, we call it thin, if both hinges (γ1, γ2, α3) and (γ2, γ3, α1)

are thin hinges, (meaning either thin acute, thin obtuse or thin right).

Step (1), Let γ̄1, γ̄2 ⊂ MH−ϵ, with γ̄1(l1) = γ̄2(0) and α = ∢(−γ̄′
1(l1), γ̄

′
2(0)). Assume

L[γ̄i] ≤ π√
H

< π√
H−ϵ

. Then as α increases from 0 to π, f(α) := ρ(γ̄1(0), γ̄2(l2)) increases

strictly monotonically from |l2− l1| to D :=
{

2π√
H−ϵ

−(l1+ l2), l1+ l2

}
(the 2π√

H−ϵ
−(l1+ l2)

term handles the sphere case, when the sides of the hinge are long and lie on a great circle).
Proof.

We think of γ̄1 as held fixed and γ̄2 as moving. We will show that f is a smooth function
of α, if α ∈ (0, π). Let p = γ̄1(0) and denote the endpoint of the moving side by q(α).
Assume first that H ≤ 0, then MH−ϵ is complete. By the Cartan-Hadamard theorem, for
every point p ∈ MH−ϵ, expp : TpM

H−ϵ → MH−ϵ is covering map, by simply connectedness,
it is a global diffeomorphism. For a fixed α we have ρ(p, q(α)) = ∥ exp−1

p (q(α))∥. The map
exp−1

p is smooth, and ∥.∥ is also smooth if p ̸= q(α). If p = q(α), then −γ̄1 and γ̄2 are
both geodesics from γ̄1(l1) = γ̄2(0) to p = q(α). There are v̄1, v̄2 ∈ Tγ̄2(0)M

H−ϵ, such that
−γ̄1(t) = expγ̄2(0)(tv̄1), γ̄2(s) = expγ̄2(0)(sv̄2), also expγ̄2(0)(l1v̄1) = q(α) = expγ̄2(0)(l2v̄2),
thus −γ̄1 = γ̄2 implying α = 0.
For H > 0 we can give the same argument as above, except expp (and so the distance
function) fails to be smooth for antipodal points as well. Thus we need to show, that
ρ(γ̄1(0), γ̄2(l2)) <

π√
H−ϵ

. Assume ρ(γ̄1(0), γ̄2(l2)) =
π√
H−ϵ

, then γ̄1∪ γ̄2 is a broken geodesic
between antipodal points. By assumption l1, l2 <

π√
H−ϵ

, and since we are on the 2-sphere
and both curves are geodesics, they lie on great circles. In fact because γ̄1(0), γ̄2(l2)

are antipodal, each of these points together with the center point of the sphere and
γ̄1(l1) = γ̄2(0), determine the same plane, so they have to lie on exactly one great circle.
Hence their union has to form a smooth geodesic, implying α = π. Thus f(α) is smooth
on (0, π).
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As γ̄2 moves, it traces out a circle-arc, of radius l2 about γ̄1(l1) = γ̄2(0). Let σ̄α : [0, 1] →
MH−ϵ denote the minimal geodesic from γ̄1(l1) = p to γ̄2(l2) = q(α), then σ̄α is only
perpendicular to the circle for α = 0, π. Otherwise, σ̄α ∪ −γ̄2 would form a smooth
geodesic from γ̄1(0) to γ̄1(l1), because both are geodesics and at their common endpoint
the tangent vectors would match. This is impossible for H ≤ 0, and only possible for
H > 0 if l1 = π√

H−ϵ
, but we ruled this out.

Now fix an angle α′ ∈ (0, π), then L[σ̄α] = f(α′) = ρ(p, q(α′)). Now define Q = [0, 1] ×
(α′ − δ, α′ + δ), let Q be the domain of σ̄α(t), this is a smooth variation of geodesics. As
usual, let T (t) = ∂tσ̄α(t) and V (α) = ∂ασ̄α(t). Now apply the first variation formula, the
integral term vanishes, so we get

f ′(α′) =
d

dα
L[σ̄α]|α=α′ =

1

∥T∥
⟨V, T ⟩|10 = ⟨V (1), T (1)⟩

V (1) is always tangent to the circle, T (1) is the tangent vector of σ̄α′ at its endpoint. We
conclude, that this inner product is only 0 if α′ = 0 or π, thus f(α) ̸= 0 for α ∈ (0, π).
Also since f(0) = |l2 − l1|, f(π) = D and D > |l2 − l1|, f is strictly increasing. ■

Remark 11.10 We have here proven, that there is a one-to-one correspondence between
angles and sides opposite to them in the space form.

Step (2), A triangle in MH−ϵ, with side lengths ≤ π√
H

is determined, up to congruence
by the length of its sides.
Proof.

Let {σ̄i} and {γ̄i} be two triangles in MH−ϵ such that li = L[σ̄i] = L[γ̄i]. Let p = γ̄1(l1) =

γ̄2(0) and q = σ̄1(l1) = σ̄2(0). Let αγ = ∢(−γ̄′
1(l1), γ̄

′
2(0)) and ασ = ∢(−σ̄′

1(l1), σ̄
′
2(0)). For

fixed side lengths l1, l2 using step (1) and the fact that L[σ3] = L[γ3] we conclude that
αγ = ασ. By homogeneity there exists an isometry Φ1 such that Φ1(p) = q, isometries
preserve angles. By isotropy, we can take an isometry Φ2, Φ2(q) = q to rotate the triangle
into place, again isometries preserve angles, so rotating one (unit) tangent vector, say
dpΦ1(−γ̄′

1(l1)) onto −σ̄′
1(l1), forces the other to take its place as well. At this point two

sides are in place, again by using step (1) we conclude that the third side must also be
in place. ■
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Step (3), Fix a hinge (γ1, γ2, α3) such that γ1 is minimal and L[γ2] ≤ π√
H

. Then the
following statements are equivalent.

(A’) Let γ3 be a minimal geodesic from γ2(l2) to γ1(0). Then there exists a triangle
(γ̄1, γ̄2, γ̄3) in MH−ϵ with L[γi] = L[γ̄i], ᾱ3 ≤ α3.

(B’) Let (γ̄1, γ̄2, α3) be a hinge in MH−ϵ with L[γi] = L[γ̄i], i = 1, 2. Then

|l2 − l1| ≤ ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)).

Proof.
(A’) =⇒ (B’)
We have a hinge (γ̄1, γ̄2, α3) with L[γi] = L[γ̄i], i = 1, 2 and the triangle (γ1, γ2, γ3) such
that γ3 is minimal from γ2(l2) to γ1(0). Assume {γ1, γ2, γ3} actually forms a triangle:

l1 + l3 ≥ l2, l2 + l3 ≥ l1

this is equivalent to l3 ≥ |l2 − l1|, giving us the first inequality, in case this is not sat-
isfied (A’) cannot happen, so the implication follows. By (A’) there exists a triangle
(γ̄1, γ̄2, γ̄3) with L[γi] = L[γ̄i], ᾱ3 ≤ α3. Thus we have ρ(γ1(0), γ2(l2)) = L[γ3] = L[γ̄3] =

ρ(γ̄1(0), γ̄2(l2)), we hold l1, l2 fixed, then since there is a one-to-one correspondence be-
tween ᾱ3-s and γ̄3-s, as we increase ᾱ3 to α3, ρ(γ̄1(0), γ̄2(l2)) cannot decrease, this gives
us the second inequality in

|l2 − l1| ≤ ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)).

(B’) =⇒ (A’)
We have a minimal geodesic γ3 from γ2(l2) to γ1(0). By (B’) if (γ̄1, γ̄2, α3) is a hinge
in MH−ϵ, L[γi] = L[γ̄i], i = 1, 2, then ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)). Also α3 =

∢(−γ̄′
1(l1), γ̄

′
2(0)). We now decrease the angle α3 between γ̄1 and γ̄2 sufficiently to angle

ᾱ3, again by the one-to-one correspondence

ρ(γ1(0), γ2(l2)) = ρ(γ̄1(0), γ̄2(l2))

can be forced. This is the same as we did previously, just in reverse. Let γ̄3 be the minimal
geodesic from γ̄2(0) to γ̄1(l1), we get a geodesic triangle (γ̄1, γ̄2, γ̄3), with ᾱ3 ≤ α3. ■
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Step (4), (A) holds for small triangles and (B) holds for small hinges.
Proof.

We directly prove, that (B) holds for small hinges, then apply step (3).
Let (γ1, γ2, α3) be a small hinge and (γ̄1, γ̄2, α) be a hinge in MH−ϵ, with L[γi] = L[γ̄i], i =

1, 2. Let p = γ1(l1) = γ2(0) and q = γ̄1(l1) = γ̄2(0). Let γ̄3 be minimal from γ̄2(l2) to γ̄1(0).
Let I : TqM

H−ϵ → TpM be an injective isometry with

I(γ̄′
1(l1)) = γ′

1(l1), I(γ̄′
2(0)) = γ′

2(0).

Now define a curve η in M by

η = expp ◦I ◦ exp−1
q (γ̄3),

then η connects γ1(0) and γ2(l2). Since the hinge is assumed to be small, this construction
allows us to apply the corollary of the first Rauch theorem, hence L[η] ≤ L[γ̄3]. We
conclude

ρ(γ1(0), γ2(l2)) ≤ L[η] ≤ L[γ̄3] = ρ(γ̄1(0), γ̄2(l2)).

Fix the vertex γ2(0) of the triangle (γ1, γ2, γ3). By step (3) there exists a triangle (γ̄1, γ̄2, γ̄3)
in MH−ϵ with L[γi] = L[γ̄i], ᾱ3 ≤ α3. By step (2) in MH−ϵ triangles are determined by
lengths of sides (up to congruence). From this, it follows that if we started with a dif-
ferent vertex, we still would get the same triangle in MH−ϵ. We conclude uniqueness of
(γ̄1, γ̄2, γ̄3) in MH−ϵ with L[γi] = L[γ̄i], ᾱ3 ≤ α3. ■

Step (5), (B) holds for thin right hinges.
Proof.

The whole point of the construction of thin right hinges was for it to allow us to apply
the corollary of the second Rauch theorem. Let (γ1, γ2,

π
2
) be a thin right hinge, then we

have curves:
γ̄3(t) = expγ̄2(t)(f(t)Ē(t)), φ(t) = expγ2(t)(f(t)E(t)).

φ connects γ1(0) to γ2(l2), since

φ(0) = expγ2(0)(f(0)E(0)) = expγ2(0)(−l1γ
′
2(l1)) = γ1(0)

φ(l2) = expγ2(l2)(f(l2)E(l2)) = expγ2(l2)(0) = γ2(l2).

Applying the corollary gives L[φ] ≤ L[γ̄3], hence ρ(γ1(0), γ2(l2)) ≤ L[φ] ≤ L[γ̄3] =

ρ(γ̄1(0), γ̄2(l2)). ■
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Step (6), (B) holds for thin obtuse hinges.
Proof.

By the triangle inequality for the metric

ρ(γ1(0), γ2(l2)) ≤ ρ(γ1(0), σ(l)) + ρ(σ(l), γ2(l2))

By steps (4) and (5)

ρ(γ1(0), σ(l)) ≤ ρ(γ̄1(0), σ̄(l)), ρ(σ(l), γ2(l2)) ≤ ρ(σ̄(l), γ̄2(l2)).

Hence
ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), σ̄(l)) + ρ(σ̄(l), γ̄2(l2)) = ρ(γ̄1(0), γ̄2(l2)).

■

Step (7), (B) holds for thin acute hinges.
Proof.

Let (γ1, γ2, α), 0 ≤ α < π
2

be a thin acute hinge. For the small hinge (γ1, τ, σ) we apply
step (4), thus there exists a triangle (γ̄1, τ̄ , σ̄) in MH−ϵ with

L[γ1] = L[γ̄1], L[τ ] = L[τ̄ ], L[σ] = L[σ̄], ∢(−γ̄′
1(l1), τ̄

′(0)) = ᾱ ≤ α.

We also get
∢(−τ̄ ′(l),−σ̄′(k)) =: ᾱ1 ≤

π

2
.

Now let θ̄ : [l, l2] → MH−ϵ be the continuation of τ̄ , more precisely let it be defined by
prescribing the initial conditions

θ̄(l) = τ̄(l), θ̄′(l) = τ̄ ′(l),

and let γ̄2 := τ̄ ∪ θ̄. Then at the point θ̄(l) = τ̄(l) = σ̄(k), since θ̄′(l) = τ̄ ′(l), we have
∢(−σ̄′(k), θ̄′(l)) = π − ᾱ1 ≥ π

2
. First applying step (5) to (σ, θ, π

2
), then increasing the

angle from π
2

to π − ᾱ1 ≥ π
2

and arguing that by step (1), this increasement doesn’t
change the opposite side yields ρ(σ(0), θ(l2)) ≤ ρ(σ̄(0), θ̄(l2)). We can rewrite this as
ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)). Since ∢(−γ̄′

1(l1), γ̄
′
2(0)) = ᾱ ≤ α, we can again apply

step (1) and argue, that increasing the angle, certainly doesn’t decrease the distance,
thus also for the appropriate angle

ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)).

■
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Step (8), The theorem holds for thin triangles.

Proof.

Let (γ1, γ2, γ3) be a thin triangle, so (γ1, γ2, α3) and (γ3, γ2, α1) are thin hinges. By

steps (5)-(7) (B) holds for both. Then by use of step (3) we see first that (A) holds for

α3 and then also for α1. Thus there are two comparison triangles in MH−ϵ satisfying the

angle conditions for α3 and α1. Since their side lengths equal, and by step (2) triangles

are determined by side lengths (up to congruence), we get that these actually are the

same triangle. ■

Now we handle the general hinge case. Let (γ1, γ2, α) be a hinge satisfying the hypothesis

of (B). We subdivide the hinge. Fix the natural number N and let

τk,l := γ2|[kl2
N ,

(k+l)l2
N

]
where 0 < k, l < N are integers. Let σk be a minimal segment from γ1(0) to γ2(

kl2
N
). Let

Tk,l = (σk, τk,l, σk+l). We may suppose

L[γ1] + L[σN ] ≥ L[γ2]

otherwise (B) follows trivially. We claim that the {σk, τk,l, σk+l} form triangles, meaning
they satisfy the triangle inequalities. We already have

L[γ1] + L[σN ] ≥ L[γ2],

by assumption σk and σk+l are minimal, so by the metric triangle inequality

L[σk] + L[τk,l] ≥ L[σk+l],

L[σk+l] + L[τk,l] ≥ L[σk].

By applying these we get

L[σk] + L[τ0,l] + L[σk+l] + L[τk,N−k−l] ≥ L[σ0] + L[σN ]

= L[γ1] + L[σN ] ≥ L[τ0,l] + L[τk,l] + L[τk,N−k−l],

hence
L[σk] + L[σk+l] ≥ L[τk,l].
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If N is sufficiently large, then for every k triangles Tk,l = (σk, τk,l, σk+l) are actually thin.
For such a triangle to be thin, we need both of its hinges, with angles on γ2 to be thin.
We show this for one. By compactness of the parameter interval [0, l2] of γ2, we may
assume the length of τk,l to be arbitrarily small. Thin acute and obtuse hinges both have
to contain a small triangle, and a thin right hinge, choosing τk,l to be small enough,
makes the triangles small. Now for the thin right hinge (note, we don’t yet actually know
it is thin), denoted by (γ1, γ2,

π
2
), there is a corresponding, say (γ̄1, γ̄2,

π
2
) in MH−ϵ, with

same side lengths as the one in M . For (γ̄1, γ̄2,
π
2
), there exists a smooth f(t), such that

γ̄3(t) = expγ̄2(t)(f(t)Ē(t)). We can make the γ2 side have length arbitrarily small and
γ̄2 has the same length, so f(t) must be uniformly (for every t), arbitrarily small. It is
important to note, that this is only possible by working in MH−ϵ. Now we fix t. Since
expγ(t) is a local diffeomorphism near the origin of Tγ(t)M , expγ(t)(sf(t)E(t)) has no focal
point on it for s ∈ [0, 1], we conclude (γ1, γ2,

π
2
) is a thin right hinge.

Step (9), If (A) holds for Tk,l for fixed k and every l, then (B) holds for Tk,l+1, fixed k

and every l.
Proof.

Assuming (A), there is a triangle T̄k,l in MH−ϵ, with L[σk] = L[σ̄k], L[σk+l] = L[σ̄k+l],
L[τk+l] = L[τ̄k+l]. Let ᾱk = ∢(−σ̄′

k(
kl2
N
), τ̄ ′k+l(

kl2
N
)), αk = ∢(−σ′

k(
kl2
N
), τ ′k+l(

kl2
N
)) and β̄k+l =

∢(−σ̄′
k+l(

(k+l)l2
N

),−τ̄ ′k+l(
(k+l)l2

N
)), βk+l = ∢(−σ′

k+l(
(k+l)l2

N
),−τ ′k+l(

(k+l)l2
N

)) then ᾱk ≤ αk,
β̄k+l ≤ βk+l. For the angle αk+l = ∢(−σ′

(k+l)+l(
(k+l)l2

N
), τ ′k,l(

(k+l)l2
N

)), we have αk+l + βk+l =

π. Also for ᾱk+l = ∢(−σ̄′
k+l(

(k+l)l2
N

), τ̄ ′k,l(
(k+l)l2

N
)), ᾱk+l+ β̄k+l = π. Then ᾱk+l = π− β̄k+l ≥

π − βk+l = αk+l. Now we extend τ̄k,l by a segment τ̄k+l,k+l+1 of length L[τk+l,k+l+1], we
denote the endpoint of the extended segment by q, and the corresponding point in MH−ϵ

by q̄. We know, that Tk+l,1 is thin, so (B) holds for it, so we get

ρ(γ1(0), q) ≤ ρ(γ̄1(0), q̄).

Now we increase αk+l to ᾱk+l, by step (1), this doesn’t ruin (B) holding. Since ᾱk+l +

β̄k+l = π, Tk+l,1 together with Tk,l also forms a triangle, for which we still have ρ(γ1(0), q) ≤
ρ(γ̄1(0), q̄), now we increase ᾱk to αk, again by step (1), this doesn’t decrease the distance,
so now we get, for the proper angle

ρ(γ1(0), q) ≤ ρ(γ̄1(0), q̄).

■
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Step (10), (A) and (B) hold, if we compare with MH−ϵ.
Proof.

This follows by induction. Take an arbitrary subdivided triangle. We have seen that the
theorem holds, for small triangles, this is the base case. By step (9), (B) holds if we add
in the next subdivision-triangle, by step (3) (A) is true for the angle by γ1(l1) and γ2(l2),
it is true for the other, by the added triangle being small. ■

Step (11), The theorem holds when working in MH instead of in MH−ϵ.
Proof.

When working in MH−ϵ, we have shown, for all ϵ > 0

ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄ϵ
1(0), γ̄

ϵ
2(l2)),

where γ̄ϵ
1, γ̄

ϵ
2 in MH−ϵ make an angle α3. The right side of the inequality is continuous in

ϵ, so taking ϵ → 0 gives (B) in MH . The same argument as in step (3) may be applied
in MH as well to see that (A) and (B) are equivalent. It is important to note, that in the
spherical case if at least one side has length

π√
H

then uniqueness fails. ■

□
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