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Introduction

In this thesis, we investigate a particular type of Markov chain family, namely, the case
when the chain is of discrete time and takes values from an arbitrary measurable space.
More specifically, I aim to give a summary on the most notable elements of stability
theory of general state space Markov chains. Intuitively, Markov chains are a type of
stochastic process which is independent of its past at every point in time. This notion
gives rise to four cases, depending on the cardinality of the time index set (parameter
space) and the space of values (state space). Although the cases where the chain is
of discrete parameter and state space, or of continuous-time type (in which case one
calls the entity a Markov process) are very popular both in theoretical frameworks and
applications, the case we study here offers another interesting setting that should not
be left unnoticed.

The theory of general state space Markov chains dates back to the 50’s of the
twentieth century, where famous mathematicians like J. L. Doob [2] and K. L. Chung [1]
were among the first to describe Markov chains on measurable spaces. In the following
decades, concepts of the countable state space theory got extended for general chains,
like Harris recurrence, and techniques connecting the two cases got introduced such
as the Nummelin splitting. However, it was only in the early 1990’s, when S. Meyn
and R. L. Tweedie wrote their influential book Markov Chains and Stochastic Stability
[7], which unified the known theory until that point and provided practical criteria to
analyze real world systems. As a consequence and due to the technical advances of the
last fifty years, general state space Markov chains have also become central in many
applications, such as in Markov chain Monte Carlo (MCMC) methods [8], control and
queuing theory [7] or in financial modeling [5]. These techniques could not have been
developed without the general state space framework.

Nevertheless, for the newcomer, the amount of literature out there can be quite
demanding. It was this phenomenon that motivated the substance of my thesis; that
is, to give a brief and comprehensible introduction to the theory and applications,
supported by examples aiming to help understanding. This idea was executed by
including the most notable parts of stability and ergodic theory from Meyn-Tweedie
[7], the elegant and more recent article of M. Hairer and J. C. Mattingly on geometric
convergence [4], analysis of the AR(1) process, and a brief introduction to the MCMC.
Our methodology is in accordance with the above goal. Proofs in Chapters 1, 2, 3 are
omitted for the sake of brevity, but remarks and explanations guide us throughout the
paper. However, proofs in Chapter 4 are detailed in order to give some insight on the
techniques used to prove long term well behavior of chains.

Despite the introductory and summarizing nature of the thesis, there are notable
topics which we do not cover here. We will not touch on concepts like reversibility, the
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Central Limit Theorem, functional limit theorems, or the additional theory of chains
defined on topological state spaces.

The outline of the thesis is as follows. In Chapter 1, we develop foundations for
Markov chain theory by defining the essential parts which characterize Markov chains
in countable / general state spaces, such as transition matrices / kernels. In addition,
we look at some introductory examples. In Chapter 2, concepts for reducing the state
space get introduced, most of which are inherited from the countable state space theory,
but adapted to our measure theoretic approaches. Namely, we extend the notion of
irreducibility, accessibility, and periodicity; and present the foremost notions which
offer a bridge between the countable and uncountable state spaces, that being atoms
and small sets. Also, we mention Nummelin splitting, another fundamental tool in
the Meyn-Tweedie framework. Chapter 3 explains when we consider chains to be
stable by the notion of invariant measures and stationary processes. We examine
stability in terms of the classical transience-recurrence dichotomy, Harris recurrence,
and regularity. and give conditions under which they are satisfied. In Chapter 4, we
prove both geometric rate convergence in the total variation norm and the Law of
Large Numbers for Markov chains under sufficient conditions. And finally, in Chapter
5, we apply the tools we have developed on a concrete AR(1) model and for an MCMC
approximation.
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Chapter 1

Preliminaries and connections

In this first chapter I will give a brief summary for the Markov chains on countable
state space, then show how they are generalized for arbitrary state space. Throughout
the thesis, we will only be interested in time-homogeneous Markov chains; therefore,
the theory will be carried out accordingly. The contents of this chapter can be found
in more detail in Meyn-Tweedie [7] and Doob [2].

1.1 Countable space case
First of all, we would like to give a consistent definition for Markov chains.

Definition 1.1. Let E be a countable set. The matrix P :“ tP px, yq : x, y P Eu is
called a Markov transition matrix if

P px, yq ě 0,
ÿ

yPE

P px, yq “ 1

for all x, y P E.

For a fixed transition probability matrix P , we are going to construct a probability
space, such that the unified distributions of the Markov chain will be governed by P .

Suppose E is a countable set and E is the set of all subsets of E. Let Φn`1 “

pΦ0,Φ1, ...,Φnq be a finite set of random variables on pΩn`1,Fn`1q, where Ωn`1 :“
ˆn
i“0Ei, each Ei is a copy of E, and Fn`1 is the product σ-algebra generated by Ωn`1,

such that Φnpωq :“ ωn are coordinate maps from the space Ωn`1 into E.
For any n P N and tx0, ..., xnu, one can define a probability measure on pΩn`1,Fn`1q

by induction as

P1
µpΦ0 “ x0q :“ µpx0q,

P2
µpΦ0 “ x0,Φ1 “ x1q :“ µpx0qP px0, x1q,

...
Pn`1
µ pΦ0 “ x0,Φ1 “ x1, ...Φn “ xnq :“ PnµpΦ0 “ x0, ...Φn´1 “ xn´1qP pxn´1, xnq

for any n P N, for any distribution µ on E, and for any transition matrix P .
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By the Kolmogorov extension theorem, there exists a suitable probability space
pΩ :“ ˆ8

i“0Ei, F :“
Ž8

i“0 Ei,Pµq where the infinite sequence of random variables
Φ “ pΦn : n P Nq, each Φn taking values from E, can be defined consistently with the
above.
Notation 1.2. When µ “ δx, x P E, then we write Px :“ Pδx .

Definition 1.3. Let Φ be a sequence of random variables on pΩ,F ,Pµq, each taking
values from E. We say that Φ is a Markov chain if for any n P N and for any tx0, ..., xnu:

PµpΦ0 “ x0, ...Φn “ xnq “ µpx0qPx0pΦ1 “ x1qPx1pΦ1 “ x2q...Pxn´1pΦ1 “ xnq.

We say that µ is an initial distribution for Φ. If Pxj
pΦ1 “ xj`1q depends only on the

values xj, xj`1, then we say Φ is a time-homogeneous Markov chain.

Throughout the thesis, we are only interested in homogeneous chains, so we have
defined the probability measure Pµ accordingly. From the above construction, the
upcoming theorem follows.

Theorem 1.4. Let µ be an initial measure and P be a transition probability matrix
on E. Then there exists a Markov chain Φ on pΩ,F ,Pµq where

PµpΦn`1 “ y | Φn “ xn, ...,Φ0 “ x0q “ P px, yq

for all y, x0, ..., xn P E.

Example 1.1. The simple random walk on Z is a classical example of countable state
space Markov chains (see Levin-Peres [6]). This chain is of particular interest, as it
can easily be extended to the more general framework, as we will see in the upcoming
sections. Let Φ be defined as

Φ0 :“ 0,@n P N` : Φn :“ Φn´1 ` Wn

where Wn are i.i.d. on t´1, 0, 1u. Then, Φ is a Markov chain, and its transition matrix
of Φ and distribution is given by

P px, yq “

$

’

’

’

&

’

’

’

%

PpW1 “ ´1q, y “ x ´ 1,
PpW1 “ 0q, y “ x,

PpW1 “ 1q, y “ x ` 1,
0, otherwise.

1.2 Generalization
In general measurable spaces, we cannot use transition matrices to describe the changes
of a chain. Instead, we make use of the measurable sets of the space, and extend our
interpretation of transition matrices to transition kernels.

Suppose pE, Eq is a measurable space, where E is a non countable set (general) and
E is a countably generated σ-algebra on E.
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Definition 1.5. A function P : E ˆ E Ñ r0, 1s is called a Markov transition kernel or
transition probability kernel if it satisfies the following properties:

1. For each A P E , P p¨, Aq is a non-negative E-measurable function.
2. For each x P E, P px, ¨q is a probability measure on E .

The above defined entity replaces the role of transition matrices in general state
spaces. For a time-homogeneous chain, a transition kernel defines the whole evolution
of the chain, and just like in the countable state space case, we can find a probability
space with their help which describes the law of the chain.

Let P be a transition probability kernel. Again, consider the finite sequence Φn`1 “

pΦ0,Φ1, ...,Φnq of random variables on pΩn`1,Fn`1q, where Ωn`1 :“ ˆn
i“0Ei, each Ei is

a copy of E, and Fn`1 is the product σ-algebra generated by Ωn`1.
Due to P px, ¨q being a measure on E , we would also like to define Pµ by elements

of E . For the measurable sets An`1 :“ A0 ˆ A1 ˆ ... ˆ An Ď ˆn
i“0Ei “ Ωn`1, we can

define the following set functions:

P1
µpA1

q :“ µpA0q,

P2
µpA2

q :“
ż

A0

µpdy0qP py0, A1q,

...

Pn`1
µ pAn`1

q :“
ż

y0PA0

µpdy0q

ż

y1PA1

P py0, dy1q . . .

ż

yn´1PAn´1

P pyn´2, dyn´1qP pyn´1, Anq,

which will be well-defined probability measures on En`1 for any initial distribution
µ and for all n P N`. We can extend this construction for the infinite sequence
Φ “ pΦn : n P Nq using the same argument as above.

Theorem 1.6. For any initial measure µ on E and transition probability kernel P ,
there exists a sequence of random variables Φ on pΩ,F ,Pµq, where Ω :“ ˆ8

i“0Ei, Φ is
measurable with respect to F :“

Ž8

i“0 Ei, and

PµpΦ0 P A0,Φ1 P A1, ...,Φn P Anq “

ż

y0PA0

µpdy0q

ż

y1PA1

P py0, dy1q . . .

ż

yn´1PAn´1

P pyn´2, dy1qP pyn´1, Anq, (1.1)

for all n P N, and any A0, . . . , An P E .

Definition 1.7. A sequence of random variables Φ “ pΦn : n P Nq is called a (time ho-
mogeneous) Markov chain with transition probability kernel P and initial distribution
µ if the finite dimensional distributions of Φ satisfy equality (1.1) for each n P N.

Remark 1.8. Definition 1.7 is equivalent to Φ satisfying the commonly known Markov
property, namely:

@n P N,@A P E : PµpΦn`1 P A | Fnq “ PµpΦn`1 P A | Φnq,
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where Fn is the smallest σ-algebra generated by Φ0, . . . ,Φn.
It also must be mentioned that this definition is equivalent to the Strong Markov
property in discrete time, which states the following:

@ stopping time τ, @A P E : PµpΦτ`1 P A | Fτ q “ PµpΦτ`1 P A | Φτ q.

In some circumstances, it can also be helpful, if we think of Markov chains as a sequence
of random variables of the form

Φ0 „ µ, @n P N : Φn`1 “ hpΦn, ξn`1q

where h is a measurable function and ξn are i.i.d. random variables.
Example 1.2. The simple random walk 1.1 can be easily generalized for a general space
E by replacing the distribution of Wn with the uniform distribution Upr´1, 1sq. The
kernel of this chain is given by

P px,Aq “ PxpW1 P Aq “
1
2λpA X rx ´ 1, x ` 1sq

where λ denotes the Lebesgue measure on R.
Notation 1.9. We will use the notation P˚ for the probability measure of the space we
are working with, when we want to emphasize that the initial starting distribution can
be arbitrary.

Definition 1.10. The n-step transition probability kernel is the function P n : EˆE Ñ

r0, 1s, which for

• P 0px,Aq :“ δxpaq “

#

1, x P A
0, x R A

• if n ě 1 then
P n

px,Aq :“
ż

yPE

P px, dyqP n´1
py, Aq

for all x P E, A P E .

One can easily check that the m-step transition probability kernel is indeed a tran-
sition probability kernel, and defines a Markov chain denoted by Φm with transition
probabilities

PxpΦm
n P Aq “ Pmn

px,Aq

which we will call the m-skeleton of Φ.
We will see in the upcoming chapters that it is often easier to prove a certain property
for some m-skeleton at first, and then draw conclusions for the whole chain. In other
cases, it may happen that it is some m-skeleton which best showcases the dynamics of
the chain, such as in the next instance:
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Example 1.3. Let Φ be defined as follows:

ξ „ Upt1, 2, 3uq,

@n P N` : Zn „ N p0, 1q i.i.d.,

@n P N` :Wn :“

$

’

&

’

%

pZn, 0, 0q, ξ “ 1,
p0, Zn, 0q, ξ “ 2,
p0, 0, Znq, ξ “ 3,

@n P N` : Φn :“ Φn´1 ` Wn, Φ0 :“ 0.

It can be verified that Φ is a homogeneous Markov chain. Intuitively, Φ is a random
walk which moves along coordinate axes every step. However, in every three steps, Φ
can jump anywhere in the space. More precisely, P px, ¨q and P 2px, ¨q are singular (K)
to the Lebesgue measure λ of dimension 3, whilst P 3px, ¨q is not.
Let µ be the distribution of Wn and let ˚ denote the convolution operator, i.e. κ ˚

νpAq :“
ş

κpdxqνpA´xq. Also, denote by N p0, 1q and δ0 respectively, the 1-dimensional
standard normal distribution, and the Dirac-δ distribution concentrated at p0, 0, 0q P

R3. Then P 3px,Aq “ µ ˚ µ ˚ µpA ´ xq because P px,Aq “ PpW1 P A ´ xq “ µpA ´ xq

and @n : Wn are i.i.d. Furthermore,

µ “
1
3 N p0, 1q b δ0 b δ0
looooooooomooooooooon

µx

`
1
3 δ0 b N p0, 1q b δ0
looooooooomooooooooon

µy

`
1
3 δ0 b δ0 b N p0, 1q
looooooooomooooooooon

µz

ñ µ ˚ µ “
1
3pµx ` µy ` µzq ˚

1
3pµx ` µy ` µzq “

1
9

ÿ

i,jPtx,y,zu

µi ˚ µj
loomoon

µij

ñ µ ˚ µ ˚ µ “

´1
9

ÿ

i,jPtx,y,zu

µij

¯

˚

´1
3

ÿ

iPtx,y,zu

µi

¯

“
1
27

ÿ

i,j,kPtx,y,zu

µij ˚ µk
loomoon

µijk

For all i, j, k : µi, µij K λ, therefore µ, µ ˚ µ K λ. Nevertheless, there exists some µijk
which is absolute continuous (!) for λ. To see this, consider any A P R3 : λpAq ą 0.
Then, for i “ x, j “ y, k “ z :

µxyzpAq “ pN p0, 1q b δ0 b δ0q ˚ pδ0 b N p0, 1q b δ0q ˚ pδ0 b δ0 b N p0, 1qq pAq

“ pN p0, 1q b δ0 b δ0q ˚

´

`

δ0 ˚ δ0
˘

b
`

N p0, 1q ˚ δ0
˘

b
`

δ0 ˚ N p0, 1q
˘

¯

pAq

“ pN p0, 1q b δ0 b δ0q ˚ pδ0 b N p0, 1q b N p0, 1qq pAq “ . . .

“ N p0, 1q b N p0, 1q b N p0, 1q pAq ą 0

and µxyzpBq “ 0 because the 3-dimensional normal distribution is absolute continuous
for λ. Therefore, P 3px, ¨q cannot be singular for λ.

Another useful property that immediately follows from the definition of n-step
transition kernels is the famous Chapman-Kolmogorov equations.
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Theorem 1.11. For any m P N : 0 ď m ď n, the following equality holds:

P n
px,Aq “

ż

yPE

Pm
px, dyqP n´m

py, Aq

for all x P E, A P E .

Notation 1.12. For later usage in functional analytic approaches, we introduce the
operator P induced by transition probability kernel P , which acts both on bounded
measurable functions f on E and on σ-finite measures µ on E , such that

pPfqpxq :“
ż

P px, dyqfpyq, pµPqpAq :“
ż

P px,Aqµpdxq.

Another concept we are going to use at the end of the thesis is the shift operator of
the path space. Denote by FΦ

n :“ σpΦ0, . . . ,Φnq.

Definition 1.13. The shift operator θ : Ω Ñ Ω is defined by

θptx0, x1, . . . , xn, . . . uq “ tx1, x2, . . . , xn`1, . . . u, pxnq P Ω.

The kth iterate of θ is defined inductively by θ1 :“ θ, θk`1 :“ θ ˝ θk, k ě 1.

The shift θk acts on the random variables H : Ω Ñ R as an operator by the rule:
pθkHqpωq “ H ˝ θkpωq; specifically: Φn ˝ θk “ Φn`k.
Remark 1.14. By construction of the path space, for every random variable H, there
exists a measurable function h such that H “ hpΦ0,Φ1, . . . q. Since ExpHq : E Ñ R is
a measurable function, EΦnpHq : Ω Ñ R is a random variable on pΩ,F ,Pµq.

By this notation, the Markov property can be formulated in another form:

EµpθnH | FΦ
n q “ EΦnpHq, Pµ-a.s. (1.2)

for any bounded measurable h and n P N`.
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Chapter 2

Irreducibility measures, small sets
and periodicity

One of the first things developed in the stability theory of Markov chains is the concept
of irreducibility, to reduce the state space and filter out states that do not play a
significant role in the asymptotic behavior of a chain.

In this chapter, we are going to strengthen the notion of irreducibility for general
state space chains, examine its new aspects, and classify chains further in terms of
periodicity.

Again, the material covered by this chapter can be found in Meyn-Tweedie [7].

2.1 Communication classes of countable state space
chains

Let Φ be a Markov chain in the countable state space E and let τy :“ mintn ě

1 : Φn “ yu be the first entry time for the state y P E. For x, y P E, denote by
Lpx, yq :“ Pxpτy ă 8q, the probability that Φ will ever enter y.
We will write x Ñ y when Lpx, yq ą 0 and x Ø y when Lpx, yq ą 0 and Lpy, xq ą 0.

Proposition 2.1. The relation "Ø" is an equivalence relation on the elements of E
and defines equivalence classes Cpxq whose disjoint union covers E. These sets Cpxq

are called communication classes of the chain.

Definition 2.2. If Cpxq “ E for some x P E, then we say that the chain Φ is
irreducible.

Definition 2.3. If P py, Cpxqq “ 1 for every y P E, then we say that Cpxq is absorbing.

Remark 2.4. It follows from the definitions that y P rCpxqsc , x Ñ y ô Cpxq is not
absorbing.

One can see that the communication classes divide the space as

E “
ď

iPI

Cpxiq Y
ď

jPJ

Cpxjq ,

11



where tCpxiq : i P Iu are absorbing and tCpxjq : j P Ju are non absorbing, disjoint
subsets of the space.
Proposition 2.5. Suppose that C :“ Cpxq is an absorbing communication class for
some x P E. Let PC denote the restriction of the transition matrix P to C. Then there
exists a Markov chain ΦC on state space C with transition matrix PC .

It can be proved that either of the following happens with a chain (see, for example,
Grimmett-Stirzaker[3]):

• The chain enters an absorbing communication class Cpxq at one point and will
not escape from it (according to Remark 2.4).

• The chain stays in the union of non absorbing communication classes
Ť

jPJ Cpxjq,
but leaves every finite subset of it with probability one.

In our stability centered viewpoint, we will not consider stable chains of the form
in the second statement. Therefore, the above result enables us to analyze chains
restricted to an absorbing communication class.

2.2 ψ-irreducibility and accessibility
We would like to repeat the earlier arguments.

Suppose E is a general space with σ-algebra E . Similarly to the above, let τA :“
mintn ě 1 : Φn P Au be the first entry time for a set A P E . The problem with the
classical definition of irreducibility in the general state space case is that Lpx,Aq :“
PxpτA ă 8q “ 0 most of the time for A “ tyu.

In order to fix this and develop usable theory, we have to make use of the "reachable"
measurable subsets.
Definition 2.6. We say that a Markov chain Φ is φ-irreducible if there exists a measure
φ on E such that if φpAq ą 0 for some A P E , then Lpx,Aq ą 0 for all x P E. In this
case, we say that φ is an irreducibility measure for Φ.

This definition guaranties for us that "φ-visible" sets of the state space can be
reached with positive probability. Note also that the definition does not require φ to
be probabilistic. It also follows immediately that any restriction of an irreducibility
measure is also an irreducibility measure. But what can we say about the converse of
the statement in the definition? That is, when will a reachable set be visible? If this
statement does not hold for some irreducibility measure φ, then φ-irreducibility is a
weaker property of chains than the original notion of irreducibility.

Take the following as an example:
Example 2.1. Let E be a countable set and Φ be a Markov chain on E.

1. Clearly, if Φ is irreducible, then it is δx-irreducible for any x P E.
2. If x˚ P E is such that x Ñ x˚ for all x P E, then Φ is δx˚-irreducible. However,

it may happen that x˚ and some x are not in the same communication class, so
Φ is not irreducible.

We would like to have the property (to ensure 2-way reachability seen in the case
of communication classes) that every reachable set A P E is also visible for the irre-
ducibility measure, equivalently, φpAq “ 0 ñ Lpx,Aq “ 0, @x P E,A P E . Therefore,
we hope for an irreducibility measure, which is maximal in this sense.
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Theorem 2.7. If Φ is φ-irreducible for some φ, then there exists a probability measure
ψ on E such that

1. Φ is ψ-irreducible;
2. for every other measure φ1 on E , Φ is φ1-irreducible ô ψ " φ1, meaning that φ1

is absolute continuous for ψ;
3. if ψpAq “ 0 then ψptx : Lpx,Aq ą 0uq “ 0;
4. ψ is unique in the sense that it is equivalent to

ψ1
pAq :“

ż

φ1
pdxq

8
ÿ

n“0
P n

px,Aq2´pn`1q

for any finite irreducibility measure φ1.

Notation 2.8. Such ψ will be called a maximal irreducibility measure. We say Φ is
ψ-irreducible, if it is φ-irreducible and ψ is a maximal irreducibility measure.
Also, let E` :“

␣

A P E : ψpAq ą 0
(

for a given ψ-irreducible chain.

Definition 2.9. Suppose Φ is ψ-irreducible. Then
1. We call a set A P E full if ψpAcq “ 0.
2. We call a set A P E absorbing if P px,Aq “ 1 for all x P A.

Observe that the definitions of full and absorbing sets are equivalent in countable
state spaces.
The relationship in the general case is as follows:

Proposition 2.10. Suppose Φ is ψ-irreducible. Then
1. every absorbing set is full,
2. every full set contains a non-empty, absorbing set.
3. If A P E` is an absorbing set, then there exists a ψ-irreducible Markov chain ΦA

with state space A and transition probability kernel PA, which is the restriction
of P for the states in A.

To replace the concept of communication (x Ø y) between elements of a discrete
state space, we introduce accessibility and uniform accessibility, which will give us a
relation on measurable sets.

Definition 2.11. We say that a set B P E is accessible from another set A P E , if
Lpx,Bq ą 0 for all x P A. We say that B is uniformly accessible from A P E , if there
exists δ ą 0 such that

inf
xPA

Lpx,Bq ě δ.

The latter will be denoted by A⇝ B.

Notice that if Φ is a ψ-irreducible chain, then every set B P E is accessible from
any A P E by definition.
Remark 2.12. In general, accessibility and uniform accessibility are not reflexive rela-
tions. For example, take the Markov chain Φ0 :“ 0, @ P N` : Φn :“ Φn´1 `Wn, where
Wn „ Up0, 1q. Now, if A :“ r0, 1q, B :“ r1,8q, then trivially A⇝ B, but B ­⇝ A.
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In accordance with our intuition, accessibility is a transitive relation on elements
of E .
Proposition 2.13. If A⇝ B and B ⇝ C then A⇝ C.

We remark that we introduce uniform accessibility in order to give a complete
picture of how the concept of communication classes is changed. However, uniform
accessibility is most useful when the state space pE, Eq is equipped with a topology.
We do not investigate that case in this thesis; therefore, we omit discussing accessibility
further. For more, see chapter 7 of Meyn-Tweedie [7].

2.3 Minorization and small sets
Just as in the earlier sections, our aim is to develop theory for general chains using
our knowledge of countable case state space chains. Yet again, we examine measurable
sets, in order to identify sets that behave "point-like" in this general setting.
Definition 2.14. A set α P E is called an atom for Φ if there exists a measure ν on E
such that

P px,Aq “ νpAq

for all x P α and A P E . If Φ is ψ-irreducible and ψpαq ą 0 then α is called an accessible
atom.
Remark 2.15. A single point α P E is always an atom. If E is countable and irreducible,
then every point is an accessible atom.

The remark shows that it is clearly desirable to work with chains that possess a
non trivial accessible atom. However, for general state space chains, atoms do not exist
most of the time, as we will see in Chapter 5.

For now, we consider chains satisfying the following weakened conditions.
Definition 2.16. (MC)
We say that the minorization condition holds for Φ, if for some δ P p0, 1s, some C P E
and some probability measure ν which for νpCq “ 1, the inequality

P px,Aq ě δ1CpxqνpAq

is satisfied for all x P E, A P E .
Clearly, if Φ has an atom α, then it satisfies the MC with C :“ α, δ :“ 1. Intuitively,

if the MC is satisfied for Φ, then C behaves like an atom with probability δ, and the
kernel P admits the decomposition P px,Aq “ p1 ´ δqRpx,Aq ` δνpAq for x P C, A P E ,
where Rpx,Aq :“ P px,Aq´δνpAq

1´δ
is a probability measure. Note that the MC does not

state anything for states x R C.
Definition 2.17. A set C P E is called a small set if there exist an m P N` and a
non-trivial probability measure νm on E such that for all x P C, B P E :

Pm
px,Bq ě νmpBq.

When the above inequality holds for C, then we say that C is νm-small.
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In other worlds, small sets are those sets which for some m-skeleton Φm of the chain
satisfies the MC. We have introduced them in order to state the following theorems in
a convenient form, which will be of great importance later.

Proposition 2.18. If Φ is a ψ-irreducible, then every A P E` contains a νm-small set
C P E` for some m P N` for which νmpCq ą 0.

Proposition 2.19. Suppose Φ is ψ-irreducible.
• Then there exists a countable collection Ci of small sets, for which

E “

8
ď

i“0
Ci.

• If C P E is νm-small then there exists an M P N` and a measure νM such that C
is νM -small and νMpCq ą 0.

2.4 Nummelin splitting
Here, we take a look at one of the fundamental tools that makes the general state space
theory developed in Meyn-Tweedie [7] work. It turns out, that given an initial small set
C, one can define a so called split chain Φ̌ for Φ. The split chain will always contain
an atom, therefore, the split chain will be more convenient to work with. These results
of analysis can often be exploited in some way for Φ, making the splitting technique a
powerful tool.

Suppose the MC holds for Φ with the set C, constant δ and probability measure ν.
Let pE, E ,Pµq the space of Φ. Recall Rpx,Aq “

P px,Aq´δνpAq

1´δ
from the previous section.

To carry out the construction, we split the state space, the measures defined on it, and
define the split kernel with the latter.

The split space is defined by Ě :“ E ˆ t0, 1u, Ě :“ σpE0, E1q; the latter being the
smallest σ-algebra generated by E0, E1, where Ei is the smallest σ-algebra generated by
Ei :“ E ˆ tiu. Similarly, xi :“ x ˆ tiu and Ai :“ A ˆ tiu denote elements of Ei and
Ei for x P E, A P E . We will call E0 the upper level, and E1 the lower level of Ě (or
upper / lower copies of E).

Now, we split the measures defined on E , in order to construct the transition kernel
P̌ px, ¨q, x P Ě. Let λ be any measure on E . Define λ˚ on Ě as

#

λ˚pA0q :“ p1 ´ δqλpA X Cq ` λpA X Ccq,

λ˚pA1q :“ δλpA X Cq.

Notice that:
• for any A P E : λ˚pA0 Y A1q “ λpAq, since A0 and A1 are disjoint;
• if A Ď Cc, then λ˚pA0q “ λpAq and λ˚pA1q “ 0.

Hence, it is clear that λ˚ is a probability measure.
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Finally, define P̌ pxi, Aq for xi P Ě, A P Ě as

P̌ px, ¨q :“

$

’

&

’

%

P̌ px0, ¨q :“ P px, ¨q˚, x0 P E0zC0;
P̌ px0, ¨q :“ 1

1´δ
P px, ¨q˚ ´ δ

1´δ
ν˚p¨q, x0 P C0;

P̌ px1, ¨q :“ ν˚p¨q, x1 P E1.

One can check that P̌ is a well-defined transition probability kernel and the MC is
necessary for the second line to be non-negative.
If Φ̌ is in the upper level x0 P E0, then two things can happen:

1. if x0 P X0zC0, then Φ̌ moves identically to Φ;
2. if x0 P C0, then P̌ px0, ¨q “ Rpx, ¨q˚.

Else if Φ̌ is in the lower level x1 P E1, then Φ̌ behaves like ν˚.
This means exactly that α̌ :“ E1 is an atom for Φ̌ and it is accessible if Φ is ψ-
irreducible, since ψ˚pE1q “ δψpCq ą 0. From the definition of split measures, we also
have P̌ npxi, E1zC1q “ 0 for all n ě 1 and xi P Ě.

The split chain Φ̌ we have just constructed preserves several properties of Φ such
as the following.

Proposition 2.20. If Φ satisfies the MC, then the following statements hold for split
and original chains:

1. For any initial distribution λ on E and for any A P E :
ż

E

λpdxqP px,Aq “

ż

Ě

λ˚
pdyiqP̌ pyi, A0 Y A1q.

2. If Φ̌ is φ˚-irreducible, then Φ is φ-irreducible.
3. If Φ is φ-irreducible and φpCq ą 0, then Φ̌ is ν˚-irreducible, and α̌ is an accessible

atom for the split chain.
4. For any σ-finite measure µ:

ż

Ě

µ˚
pdxiqP̌ pxi, ¨q “

´

ż

E

µpdxqP px, ¨q
¯˚

;

or otherwise: µ˚P̌ “ pµP q˚.

Notice that for the existence of a split chain, we have only required the MC to be
satisfied for the chain. In the next section, we are going to give conditions on when
the MC will hold for a chain.

2.5 Cyclic behavior
By the earlier arguments, we can reduce our further analysis to ψ-irreducible chains.

First, we consider a motivational example for this section. A discrete-time dynam-
ical system T is said to periodic in some point x, if there exists an n P N` such that
T npxq “ x. Since Φ can be interpreted as a dynamical system through the shift opera-
tor, if we look at the transitions P from this point of view, we can ask whether there are
states for which the chain is periodic in any sense. A trivial example of such periodic
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behavior in a countable state space setting would be the chain defined by transition
probabilities

P pxi, xi`1q “ 1, @i ” 0, 1, ..., d ´ 1 mod d

for some E “ txi : 0 ď i ď d ´ 1u. Here, P dpxi, xiq “ 1 for every xi, so these points
are periodic by d in some sense.

The above observation can be generalized as follows. In a probabilistic setting, we
are interested in whether there exists some n for some α state such that P npα, αq ą 0.
Similarly to the deterministic interpretation, the smallest d with this property will be
called the period of α, that is,

dpαq :“ gcdtn ě 1 : P n
pα, αq ą 0u.

General results for countable state space chains include that every state that is in
the same communication class has the same period. Thus, we can restrict a chain to
some absorbing communication class. Since the restricted chain is irreducible, as a
consequence, one sees that the space E decomposes into disjoint sets D1, ..., Dd which
for

@x P Dk : P px,Dk`1q “ 1, k ” 0, 1, ..., d ´ 1 mod d.

Such phenomenon will be called a d-cycle.

We will use small sets to achieve a similar partition of E in the general state space
setup. According to Proposition 2.18, for a ψ-irreducible chain Φ, there exists some
M P N` and a νM -small set C such that νpCq :“ νMpCq ą 0. Since PMpx, ¨q ě ν for all
x P C, then if the chain starts in C, then it will return to C with positive probability
at time M . Let the set

EC :“
!

n ě 1 : C is νn-small, νn “ εnν, εn ą 0
)

consist of time points when there is a positive probability of returning to C is well
defined.

Theorem 2.21. Suppose Φ is ψ-irreducible. Let C P E be a νM -small set and let d be
the greatest common devisor of EC . Then there exist disjoint sets D1, ...Dd such that

• P px,Di`1q “ 1 for all x P Di, i ” 0, 1, ..., d ´ 1 mod d;
• ψpt

Ťd
i“0 Diu

cq “ 0.
The d-cycle Di is maximal in the sense that for any pd1, Dk : k P t1, 2, ..., d1uq, we have
d1 dividing d. If d1 “ d, then by reordering D1

i we get D1
i “ Di ψ-a.e.

The existence of d-cycles in the general case enables us to classify chains even
further, in terms of periodicity.

Definition 2.22. Suppose that Φ is ψ-irreducible.
• The largest d for which a d-cycle occurs in Φ is called the period of Φ.
• When d “ 1, the chain Φ is called aperiodic.
• When Φ is aperiodic and there exists a ν1-small set A P E , which for ν1pAq ą 0,

then we call Φ strongly aperiodic.
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Remark 2.23. Note that just for countable state space chains, a strongly aperiodic
chain is also aperiodic, but the converse is not true in general.

The next theorem summarizes the earlier results, and together with the following
proposition, gives us insight on why it is desirable to work with aperiodic chains.

Theorem 2.24. Suppose that Φ is ψ-irreducible with period d and d-cycle
␣

Di : i P

t1, 2, ..., du
(

. Then each of the sets Di is an absorbing ψ-irreducible set for the restricted
chain Φd with transition probability kernel P d, and Φd is aperiodic on each Di.

Proposition 2.25. Suppose that Φ is a ψ-irreducible chain.
• If Φ is aperiodic, then every skeleton of Φ is aperiodic and ψ-irreducible, and

some m-skeleton is strongly aperiodic.
• If Φ is strongly aperiodic, then the minorization condition holds for Φ.

Remark 2.26. In case the chain Φ is periodic, analysis becomes a bit burdensome.
For such chain, one can define the sampled chain with transition kernel Kapx,Aq :“
ř8

n“0 P
npx,Aqapnq for some distribution a on N. If we choose a :“ δm, then we get back

the m-skeleton of Φ, hence the sampled chain is a generalized version of the original.
Furthermore, petite sets generalize the idea of small sets; we call C P E νa-petite if
Kapx,Aq ě νapAq for all x P C, A P E , where νa is a non-trivial measure on E . It is
easy to see that if C is a νm-small sets, then it is νδ-petite.
In general, many useful and at first surprising results hold for sampled chains and
petite sets, which goes beyond the scope of this thesis. These can be found in Meyn-
Tweedie[7].
Specifically, the following two properties are of notable interest for us.

Suppose Φ is ψ-irreducible. Then
1. for the sampling distribution appnq :“ p1 ´ pqnp with 0 ă p ă 1, the sampled

chain is always strongly aperiodic.
2. if Φ is d-periodic, then for the sampling distribution apkq :“ 1

d
where k P

t0, 1, ..., d ´ 1u, the sampled chain is always strongly aperiodic.
3. if Φ is aperiodic, then every petite set of E is also a small set.
One can apply most of the upcoming results for the sampled chain of a periodic

chain, since it is always aperiodic. Hence, it is not too restrictive to focus mainly on
aperiodic chains from now on.
Example 2.2. The following is an example of a 2-periodic chain, for which we construct
a strongly aperiodic sampled chain. Define Φ as

Φ0 :“ 0

@n P N` : Φn :“
#

ξn, Φn´1 ě 0,
ηn, Φn´1 ă 0,

where @n : ξn „ Up´1, 0q, ηn „ U r0, 1q are i.i.d. random variables.
The sequence Φ is a homogeneous Markov chain, because Φn depends only on Φn´1,
and it is 2-periodic, since it jumps between the intervals p0, 1q and r0, 1q. However,
Kapx,Aq :“ 1

2P px,Aq ` 1
2P

2px,Aq is strongly aperiodic.
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Chapter 3

Stability concepts

In this chapter, we take a look at different levels of stability criteria for Markov chains
in terms of rigidness. Layer by layer, we are going to strengthen our concept of stability,
and finally, we are going to characterize stable chains with conditions that can be used
in practice.

In contrast, due to that applications generally use stable models, we will not be
concerned with fully understanding the behavior of unstable chains. For further infor-
mation, see Meyn-Tweedie [7].

As we have remarked at the end of the previous chapter, we assume that the chain
Φ with which we work is aperiodic. Knowing this, many of the upcoming results related
to small sets can be found in more general contexts for petite sets and periodic chains
in Meyn-Tweedie [7].

3.1 Transience and recurrence
Recurrence of chains aims to formalize the idea that a chain visits certain parts of
the space infinitely often, while transience corresponds to the phenomenon that the
chain eventually leave every region forever. It should be of no surprise by now that the
interpretation of transience and recurrence on general state space also comes from the
countable state space theory. Since the latter falls out of the spectrum of the thesis,
we are only going to discuss them briefly.

Let ηα :“
ř8

n“1 1Φn“α be the number of visits of Φ to the state α and denote
by Exp¨q :“ Ep¨|Φ0 “ xq. On countable state spaces, we first consider individual
α P E states, for which we say it is recurrent if Eαpηαq “ 8, or say α is transient if
Eαpηαq ă 8. When Φ is irreducible, recurrence and transience become a class property,
so either Expηyq ă 8 or Expηyq “ 8 holds for all x, y P E. Therefore, we can talk about
recurrent or transient irreducible chains. We are more interested in the case, when a
state α is recurrent, since transience would imply that α is reached finitely many times
with probability one, so we can assume it will be negligible for asymptotical analysis.

With this intuition in mind, our goal is to define the above concepts for the gen-
eral state space setting. Again, it is pointless to analyze the probability of the chain
returning to some starting point; therefore, we use measurable sets to formalize our
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ideas.
Given a set A P E , we want to know how likely or unlikely it is for the chain Φ to
jump into A. The weak formalisms of the previous questions are defined through the
expectations of the random variable ηA :“

ř8

n“1 1ΦnPA.

Definition 3.1. Suppose Φ is a Markov chain and A P E . Then
• the set A is called uniformly transient if there exists an M ă 8 such that

ExpηAq ď M for all x P A;
• the set A is called recurrent if ExpηAq “ 8 for all x P A;
• the set A is called transient if A can be covered with a countable number of

uniformly transient sets.

Remark 3.2. In general state space, uniformly transient and transient sets are not
equivalent. To see this, consider the random walk Φ0 :“ 0, @n P N` : Φn :“ Φn´1 `

Wn, where Wn „ Up1, 2q. Let Ak :“ rk, 2ks, k P N and A :“ YkAk. Then @k :
Ep
ř8

n“0 1ΦnPAk
q ď k ă 8, since once Φ jumps into Ak, and by the pigeonhole principle,

it has to leave Ak in at most k steps, due to the definition of Wn. Therefore, @k : Ak
are uniformly transient, and thus A is transient.
However, Ep

ř8

n“0 1ΦnPAq “ Ep
ř8

n“0 1q “ 8, so A is not uniformly transient.
Remark 3.3. Observe also that, just as in the countable case, we do not have a clear
dichotomy for non-irreducible chains. Take the previous example; there, the set R is
both recurrent and transient by the definitions, and also, there is no non-trivial measure
ψ, for which the chain is ψ-irreducible.

However, even in the case Φ is ψ-irreducible, classification of chains by recur-
rence/transience of sets still proves to be challenging. Meyn-Tweedie [7] frequently
overcomes issues of general state space theory like this by reducing problems for a
special case; namely, when Φ admits an atom. Then, the results of this case can be
carried over to the general incident through the split chain. In the current problem,
they first prove for α-atomic ψ-irreducible chains that if α is recurrent, then every set
is recurrent; and if α is uniformly transient, then there is a countable cover of the state
space E by uniformly transient sets.

These considerations motivate the global interpretations of recurrence/transience.

Definition 3.4. Suppose Φ is ψ-irreducible.
• We say that Φ is recurrent if

ř8

n“1 P
npx,Aq “ 8 for all x P E and for all A P E`.

• We say that Φ is transient if E is transient.

By these definitions, the dichotomy of countable state space chains remains valid
even in the general state space setting.

Theorem 3.5. If Φ is ψ-irreducible, then it is either transient or recurrent.

It is natural to raise the question: how does one decide whether a chain is transient
or recurrent? For the first time in the thesis, we introduce the concept of drift condi-
tions. As we have remarked at the beginning of the chapter, we answer only the latter
question; the transience criterion can be found in Meyn-Tweedie[7].
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Remark 3.6. One of the fundamental tools for analyzing the stability properties of
systems is the Lyapunov function. Their introduction was originally motivated by the
need to classify the points in the phase space of dynamical systems in terms of stability
[9]. Given a Lyapunov function for some autonomous ODE, one can decide whether a
point is stable or unstable by checking the sign of the time-derivative of the Lyapunov
function in some neighborhood of the point. If the sign is negative, then the point is
locally asymptotically stable. Since a Markov chain also induces a dynamical system,
the question whether such technique can be developed for the probabilistic framework
comes naturally.

Definition 3.7. (SDC)
We say that the standard drift criterion is satisfied for the chain Φ if there exists a
function V : E Ñ r0,8q and a set C P E such that PV pxq ´ V pxq ď 0 for all x P Cc.

The following class of functions combined with the SDC are already sufficient to
develop interesting results.

Definition 3.8. (UOSS) A measurable function V : E Ñ r0,8q is called unbounded
off small sets for Φ, if for any n P N, the sublevel set CV pnq :“

␣

x : V pxq ď n
(

is
small.

Remark 3.9. One could define these functions for petite sets, when Φ is non-aperiodic.

Theorem 3.10. Suppose Φ is ψ-irreducible for which the SDC is satisfied with a small
set C and an UOSS function V . Then Lpx,Cq “ 1 for all x P E and Φ is recurrent.

3.2 Harris recurrence
In this section, we strengthen the definition of recurrence. It turns out that in general
spaces, the above interpretation of recurrence is not sufficient to characterize chains that
possess the properties we need for long term stability. While recurrence characterizes
the frequency of visits to sets of positive measure, it does not guarantee that such
sets are reached with probability one. To obtain a notion that satisfies the earlier, we
introduce Harris recurrence.

Denote by

tΦ P A i.o.u :“
8
č

n“1

8
ď

m“n

tΦm P Au

and for x P E,A P E we write Qpx,Aq :“ PxpΦ P A i.o.q “ PxpηA “ 8q.

Definition 3.11. The set A P E is called Harris recurrent if Qpx,Aq “ 1 for all x P A.
The chain Φ is called Harris (recurrent) if it is ψ-irreducible and every set in E` is

Harris recurrent.

It is easy to see from the definitions that Qpx,Aq ď Lpx,Aq. The next theorem
shows that Harris recurrence shares desired similarities with the standard recurrence
notation.

Proposition 3.12. If Φ is Harris recurrent, then Qpx,Bq “ 1 for every x P E and
every B P E`.
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It is also easy to see that Harris recurrent chains are also recurrent. We have defined
Harris recurrence particularly to deal with the nuisance that recurrent chains are not
always Harris in the general state space setting. For a counterexample, consider the
following.
Example 3.1. [7] Suppose Φ is a chain such that every A P E` is Harris recurrent.
Let E 1 :“ E Y N , where N :“ txi : i P Nu. Then expand P to P 1 such that

P 1px,Aq :“ P px,Aq, x P E, A P E ,
@i : P 1pxi, xi`1q :“ βi, P 1pxi, αq :“ 1 ´ βi

where α P E is arbitrary and fixed, and βi are probabilities such that 0 ă
ś8

i“0 βi ă 1.
Hence, for all A P E`: L1pxi, Aq ď L1pxi, αq “ 1 ´

ś8

k“i βk ă 1, which means that
every B P E 1 : B XE P E`, B XN ‰ H is not Harris recurrent, therefore Φ1 cannot be
Harris. Nevertheless, Φ1 is recurrent:

8
ÿ

n“0
pP 1

q
n
pxi, Aq “ E1

xi

˜

8
ÿ

n“0
1Φ1

nPA

¸

ě E1
xi

˜

1ταă8

8
ÿ

n“τα

1Φ1
nPA

¸

“ E1
xi

˜

1ταă8

8
ÿ

m“0
1Φ1

m`τα
PA

¸

“ P1
xi

pτα ă 8q E1
xi

˜

8
ÿ

m“0
1Φ1

m`τα
PA

ˇ

ˇ

ˇ

ˇ

ˇ

τα ă 8

¸

.

Since Φ1
τα

“ α P E, then @n ě τα : Φ1
n “ Φn and by the Strong Markov Property:

P1
xi

pτα ă 8q E1
xi

˜

8
ÿ

m“0
1Φ1

m`τα
PA

ˇ

ˇ

ˇ

ˇ

ˇ

τα ă 8

¸

“ L1
pxi, αq

looomooon

ą0

8
ÿ

n“0
P n

pα,Aq

loooooomoooooon

“8

“ 8.

We are going to see shortly that this example can be generalized in a way that we
can obtain any recurrent, but non-Harris recurrent chain in that generalized form.
For any Harris recurrent set D P E , let D8 :“ ty : Lpy,Dq “ 1u. This set D8 is
absorbing and D Ď D8 by definition.
Definition 3.13. We call D a maximal absorbing set if D “ D8. In general, we will
say that a set H P E is maximal Harris if it is a maximal absorbing set and Φ restricted
to H is Harris recurrent.
Theorem 3.14. If Φ is recurrent, then there exists a decomposition E “ H Y N ,
where H P E` is a maximal Harris set and N is a ψ-null, transient set.

By the Harris recurrence notation, we achieve a stronger version of Theorem 3.10.
Theorem 3.15. Suppose Φ is ψ-irreducible for which the SDC is satisfied with a
small set C and an UOSS function V . Then Lpx,Cq “ 1 for all x P E and Φ is Harris
recurrent.
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3.3 Invariant measure
In this section, we examine the consequences of a chain being recurrent or Harris
recurrent. Since we are interested in the asymptotic behaviors of stable chains, further
theory of transient chains will be omitted.

Arguably, the most important thing we would like to know for some chain Φ is the
limiting behavior of the distribution L of Φ. Since the transition probability kernel P
describes the whole evolution of Φ, we can analyze P instead of L. Formally, we would
like to know whether P npx, ¨q converges to some limiting entity in any sense. Notice
that if so, then the limit must be invariant under transitions in time.

Such considerations yield the following definition.

Definition 3.16. We say that π is an invariant measure for Φ, if it is σ-finite and

πpAq “

ż

πpdxqP px,Aq

for all A P E .

Corollary 3.1. Notice that if Φ has an invariant probability measure π, then by itera-
tively applying the definition of π, then

πpAq “

ż

πpdyqP n
py, Aq “ PπpΦn P Aq,

for any n P N` and A P E .
Remark 3.17. In the study of stochastic processes, Φ is called a stationary process
under P, if PppΦ0, . . . ,Φnq P ¨q “ PppΦk, . . . ,Φn`kq P ¨q for every k, n P N. Notice
that Corollary 3.1 together with the Markov property implies that π is an invariant
probability measure for Φ if and only if Φ is stationary under Pπ. We shall see the
consequences of this observation in the chapter on ergodic theorems.
Remark 3.18. Consider the distribution Pµ ˝ Φ´1

n of Φn for any initial µ. Then, if there
exists a limiting probability measure γµ :“ limnÑ8 PµpΦn P ¨q in a sufficiently "nice"
topological space of probability measures (e.g. Polish space), then

γµpAq “ lim
nÑ8

PµpΦn P Aq

“ lim
nÑ8

ż

µpdxqP n
px,Aq

“ lim
nÑ8

ż

xPE

µpdxq

ż

yPE

P n´1
px, dyqP py, Aq

“ lim
nÑ8

ż

yPE

´

ż

xPE

µpdxqP n´1
px, dyq

¯

P py, Aq

“ lim
nÑ8

ż

yPE

pµPn´1
qpdyqP py,Aq “

ż

γµpdyqP py,Aq.

The last equality holds since set wise convergence of measures implies weak conver-
gence. Therefore, any limiting distribution must be invariant.
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For these reasons, it would be ideal if we knew that an invariant measure π was
also a probability measure for a given chain. However, there are chains which possess
a non-finite invariant measure.
Example 3.2. Consider the simple random walk model on R:

Φ0 :“ 0,@n P N` : Φn :“ Φn´1 ` Wn, Wn „ Up´1, 1q i.i.d.

This chain is governed by the transition kernel P px,Aq “ PpW1 P A ´ xq. Then the
Lebesgue measure λ on R (which for λpRq “ 8) is invariant for Φ. Since indica-
tor functions are non-negative measurable functions, one can obtain from the Fubini
theorem and from the definitions that

ż

R
λpdxqP px,Aq “

ż

R
PpW1 P A ´ xqλpdxq

“

ż

R

ż

R

1
21yPp´1,1q1x`yPAλpdyqλpdxq

“
1
2

ż 1

´1

ż

R
1x`yPAλpdxqλpdyq

“
1
2

ż 1

´1
λpAqλpdxq “ λpAq

for any A P E , which exactly means that λ is invariant for Φ.
By this argument, we separate two cases.

Definition 3.19. Suppose that Φ is a ψ-irreducible chain.
• If Φ admits an invariant probability measure π, then Φ is called a positive chain.
• If Φ does not admit such measure, then Φ is called null.

The next corollary follows from Proposition 3.5 and the above remarks.

Proposition 3.20. If a chain Φ is positive, then it is recurrent.

Therefore, in terms of recurrence, we can further categorize positive chains.

Definition 3.21. If Φ is positive and recurrent, then Φ is called a positive recurrent
chain. Similarly, if Φ is positive and Harris recurrent, then Φ is called a positive Harris
chain.

We are going to see shortly that positive Harris recurrence is the strongest form of
stability, which is sufficient to prove convergence theorems. Next, we give conditions
which guarantee that this property holds for chains.

Theorem 3.22. Suppose that Φ is ψ-irreducible and recurrent.
1. Then there exists a unique invariant measure π, which satisfies

πpBq “

ż

A

πpdxqExp

τA´1
ÿ

n“0
1ΦnPBq

for any A P E`, B P E .
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2. The measure π is finite, if there exists a small set C P E` such that

sup
xPC

ExpτCq ă 8.

In particular, Φ is positive recurrent. Furthermore, Φ is positive Harris, if

ExpτCq ă 8, x P E.

Intuitively, the first allegation says that the invariant measure of any set B is
proportional to the amount of time that the chain Φ visits it, before returning to the
starting set A. The latter statement is even more interesting, and we will further discuss
it in the following section. We also emphasize the uniqueness of π, since it implies that
the limiting measure in Remark 3.18 is independent of the initial distribution µ.

3.4 Regularity
In this section, we give the final form of the conditions under which Markov chains
achieve positive Harris recurrence.

Recall that the variable τA is the first entry time to the set A P E .

Definition 3.23. Suppose Φ is a ψ-irreducible Markov chain.
We call a set C P E regular if

sup
xPC

EpτBq ă 8 , @B P E`.

The chain Φ is called regular if there is countable cover of E by regular sets.

In other words, regular sets are those sets from which any part of the space can be
reached in finite time in expectation.

Proposition 3.24. Suppose Φ is ψ-irreducible.
• If Φ is regular, then it is Harris recurrent.
• If a set C P E is regular, then it is small.

In Theorem 3.22, we have already observed that the positivity of the chain is in a
strong relationship with the finiteness of the expected return time to some small set.
It turns out that the regularity of the set H in Theorem 3.14 is the exact condition we
need for the positivity of Φ.

Theorem 3.25. Suppose Φ is ψ-irreducible. Then the following are equivalent:
1. Φ is positive recurrent.
2. There exists a decomposition E “ S YN , where S is absorbing, N is ψ-null and

Φ restricted to S is regular.

We would like to eliminate the earlier null set N from the picture. Therefore, we
can rightfully ask under what circumstances will a chain achieve regularity? Since we
have already seen the usefulness of drift conditions in the previous sections, it might
seem like a good idea to strengthen the earlier criterion.
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Definition 3.26. (RDC)
We say that the regular drift condition holds for Φ, if there exist some C P E , some
b ą 0 and V : E Ñ r0,8q such that

PV pxq ´ V pxq ď ´1 ` b1C , @x P E.

Usually, the constant b in the definition is very large, which means that the condition
only requires the kernel to decrease at least with the rate ´1 along V outside C.
Remark 3.27. Originally, Meyn-Tweedie [7] allows V to be infinite valued in the def-
inition of RDC. However, it is proved shortly that any non-trivial V of the RDC is
ψ-a.e. finite, so in that case one can replace the space E with the absorbing set
S :“

␣

x : V pxq ă 8
(

.
Our final theorem of this chapter characterizes completely the conditions under

which a chain will reach the absorbing, regular region S of Theorem 3.25.

Theorem 3.28. Suppose Φ is ψ-irreducible. Then the following are equivalent:
1. Φ is regular.
2. The RDC holds for Φ with some small set C and function V .
3. There exists a small set C such that

ExpτCq ă 8, @x P E; sup
xPC

ExpτCq ă 8.

Remark 3.29. All things considered, for a chain to admit an invariant probability mea-
sure π, it is sufficient to find in practice a small set C and ψ-a.e. finite V which for the
RDC is satisfied. On the ψ-null set N , the invariant probability measure π will also be
of measure zero.
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Chapter 4

Ergodic theorems

So far, we have only thoroughly discussed the properties of Markov chains that gave
us qualitative descriptions on the future behavior of the chain Φ. Since the sequence
pP nqnPN defines the distribution of Φ, it would be desirable to know whether this
sequence converges in any sense.

In the first section, we shall see that under some conditions P npx, ¨q converges to
its unique invariant measure for any starting point x P E. After that, we are going
to examine the Law of Large Numbers for Markov chains. Other notable convergence
theorems can be found in Meyn-Tweedie [7], such as the Central Limit Theorem or the
Law of Iterated Logarithm for Markov chains.

4.1 Geometric ergodicity
In the previous chapters, the theory we have developed comes mainly from the Meyn-
Tweedie framework [7]. However, in this section, we take a look at the proof of Hairer-
Mattingly [4] for geometric convergence of Markov chains in the total variation norm,
in which techniques are cleaner, more elementary, and the premises are not as strict.
Nevertheless, we briefly discuss the route of Meyn-Tweedie for completeness.

With the concepts and tools we have developed so far, they first prove a convergence
theorem for positive Harris recurrent ψ-irreducible, aperiodic chains, which does not
give information on the order of decay. This is executed as follows:

1. Prove the case, when the chain Φ possesses an atom.
2. When Φ is strongly aperiodic, then by Proposition 2.25, the splitting technique

can be applied to construct an atomic chain. The results of case 1. can be
carried onto the original chain, due to such properties of the split chain as those
in Proposition 2.20.

3. Then the general case can be proved, using from Proposition 2.25 that any ape-
riodic chain has some strongly aperiodic m-skeleton.

To achieve geometric rate of decrease, they extend our previous notions by including
the exponential ratio in the new set of definitions, and even introduce new concepts.
For example, they replace atoms with "Kendall atoms", or the regular drift condition
with "geometric drift criteria". With regard to the above, we begin to develop the
fundamentals.
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First of all, we choose an appropriate metric to define convergence.
Denote by µpφq :“

ş

φpyqµpdyq, for any σ-finite measure µ and function φ.
Notation 4.1. The total variation norm (TV) of measure µ is given by

}µ}TV :“ sup
φ:|φ|ď1

|µpφq| “ sup
APE

µpAq ´ inf
APE

µpAq,

where we shortened @x P E : |φpxq| ď 1 by |φ| ď 1.
Suppose Φ is a Markov chain with transition kernel P . By the above notion, we

would like to know if
}P n

px, ¨q ´ µ˚
}TV Ñ 0

for some probability measure µ˚ and any starting point x P E.
Notice immediately that convergence in total variation implies:

(i) uniform convergence over subsets of the space;
(ii) convergence of P n in distribution;
(iii) }µPn ´ µ˚}TV Ñ 0 for any initial probability measure µ.

We can also formulate questions related to the speed of convergence.

Definition 4.2. We say P n converges geometrically to the probability measure µ˚ if

}P n
px, ¨q ´ µ˚

}TV ď Cϑnp1 ` V pxqq

for every initial x P E, and for some C ą 0, V : E Ñ r0,8q, 0 ă ϑ ă 1.

Recall from the previous chapters the drift and minorization conditions. Here, we
formulate them as assumptions for Φ, in the following forms:
Assumption 4.1. (Geometric drift)
There exists a function V : E Ñ r0,8q and K ě 0, γ P p0, 1q such that

PV pxq ď γV pxq ` K

for all x P E.
Assumption 4.2. (Minorization)
There exists an α P p0, 1q and a probability measure ν on E such that

inf
xPC

P px, ¨q ě ανp¨q

with C “
␣

x P E : V pxq ď R
(

for R ą 2K
1´γ

, where K and γ are from Assumption 4.1.
Remark 4.3. In case the chain Φ is ψ-irreducible, Assumption 4.1 and 4.2 imply that:

(i) C is a small set;
(ii) ExpτCq ă 8, @x P E.

Therefore, in this case, by Theorem 3.25 and 3.28, Φ is positive Harris recurrent, i.e.
Φ admits a unique invariant probability measure π. Also, in accordance with our
intuition, this means that geometric drift implies regular drift.

Having defined the proper notions and prerequisites, we are ready to prove our first
convergence theorem.
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Theorem 4.4. If Assumption 4.1 and Assumption 4.2 hold for the Markov chain Φ,
then it geometrically converges to its invariant probability measure π, i.e.:

}P n
px, ¨q ´ π}TV ď Cϑnp1 ` V pxqq.

for all initial x P E, and for some C ą 0, V : E Ñ r0,8q, 0 ă ϑ ă 1.

Proof. The following proof is a modified version of the one given in Hairer-Mattingly
[4]. Although they state the theorem in another form, it is equivalent to the one we
prove here. It will be composed of several steps.

First of all, we define a metric family for measures, and a norm family for func-
tions. To motivate these, consider the total variation norm distance of two probability
measures:

}µ ´ λ}TV “ sup
|φ|ď1

ż

φpxqpµ ´ λqpdxq.

The set of test functions can be extended by recognizing that

@ : |φpxq| ď 1 ñ @x : |φpxq| ď 1 ` βV pxq,

for some adjusting parameter β ą 0. Consequently, define

}φ}β :“ sup
xPE

|φpxq|

1 ` βV pxq
, φ : E Ñ R , β ą 0.

By this notion, we achieve a degree of freedom in the form the parameter β.
Since the earlier introduced µpφq “

ş

φ dµ is a linear functional on the set of
functions from E to R for a fixed probability measure µ, we can take the metric on the
space of probability measures induced by the dual norm.

ρβpµ, λq : “ sup
φ:}φ}βď1

ż

φpxqpµ ´ λqpdxq

“

ż

p1 ` βV pxqq|µ ´ λ|pdxq, µ, λ : E Ñ r0, 1s

where µ´ ν is interpreted as a finite signed measure. One can verify the "ě" direction
inequality in the second line with the choice of φpxq :“ p1 ` βV pxqq sgn

`

µ´ λ
˘

, where

sgnpµpdxqq : “

#

1, µpdxq “ µ`pdxq,

´1, µpdxq “ µ´pdxq,

µ “ µ`
´ µ´,

while the other inequality is trivial.
The primary advantage of this weighted total variation distance ρβ is that we will be
able to give an upper bound on the original total variation distance after rescaling.
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Using this new metric, we immediately get:

}P n
px, ¨q ´ π}TV “ sup

φ:|φ|ď1
|Pnφpxq ´ πpφq|

ď sup
φ:|φ|ď1`V

|Pnφpxq ´ πpφq| (4.1)

“ sup
φ:}φ}1ď1

|Pnφpxq ´ πpφq| “ ρ1pδxPn, πq

for arbitrary initial x P E.
If P were a contraction in ρ1, then we could finish the proof shortly. Unfortunately,

this is not the case. However, we can make use of the degree of freedom given by the
parameter β, so that the following lemma holds:
Lemma 4.5. There exists some ϑ P p0, 1q and a β ą 0, such that

ρβpµP , λPq ď ϑρβpµ, λq

for any µ, λ, meaning that P is a contraction for some ρβ.
To prove this lemma, we have to define yet another norm to prove the inequality.

dβpx, yq :“
#

0, x “ y,

2 ` βV pxq ` βV pyq, x ‰ y.
x, y P E

~φ~β :“ sup
x‰y

|φpxq ´ φpyq|

dβpx, yq
, φ : E Ñ R

dβpµ, λq “ sup
φ:~φ~βď1

ż

φpxqpµ ´ λqpdxq , µ, λ : E Ñ r0, 1s

This metric and norm family are well-defined and are in a close relation with the earlier
defined metric, namely:
Proposition 4.6. ~φ~β “ infcPR }φ ` c}β, φ : E Ñ R and dβ “ ρβ for probability
measures.

Proof. See Hairer-Mattingly [4].

Lemma 4.7. There exists some ϑ P p0, 1q and a β ą 0, such that

~Pφ~β ď ϑ~φ~β , φ : E Ñ R.

Remark 4.8. We are soon going to see that Proposition 4.6 and Lemma 4.7 together
imply Lemma 4.5.

Proof of Lemma 4.7. Fix φ such that ~φ~β ď 1. We can suppose by Proposition 5.5
that }φ}β ď 1, and let x, y P E be arbitrary. We have to find some ϑ P p0, 1q such that
|Pφpxq ´ Pφpyq| ď ϑdβpx, yq. Assume x ‰ y, since the inequality is trivially satisfied
for any x “ y. Recall that R ą 2K

1´γ
from Assumption 4.1. We separate two cases.
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At first, suppose V pxq ` V pyq ě R. Then

|Pφpxq ´ Pφpyq| ď |Pφpxq| ` |Pφpyq|

ď

ż

|φpzq|P px, dzq `

ż

|φpzq|P py, dyq

ď

ż

p1 ` βV pzqqP px, dzq `

ż

p1 ` βV pzqqP py, dzq

“ 2 ` βPV pxq ` βPV pyq

ď 2 ` βγV pxq ` βγV pyq ` 2βK
ď 2 ` βγV pxq ` βγV pyq ` βpγ0 ´ γqpV pxq ` V pyqq

“ 2 ` βγ0pV pxq ` V pyqq

ď 2γ1 ` βγ1pV pxq ` V pyqq “ γ1dβpx, yq,

where γ0 :“ γ ` 2K
R

ă 1 and γ1 :“ 2`βγ0R
2`βR

P pγ0, 1q. One achieves these values for γ0, γ1
by repeatedly using the case assumption. Until now, β ą 0 has not been fixed yet.

Next, suppose V pxq ` V pyq ă R. Then x, y P C by Assumption 4.2. We make use
of the minorization condition by defining a Markov kernel which takes advantage of α-
probability "reseting" on C. That would be P̃px, ¨q :“ 1

1´α
Ppx, ¨q ´ α

1´α
νp¨q. Applying

this on some function φ and V ě 0 yields p1 ´ αqP̃φpxq “ Pφpxq ´ α
ş

φdν and
P̃V pxq ď 1

1´α
PV pxq.

|Pφpxq ´ Pφpyq| “ p1 ´ αq|P̃φpxq ´ P̃φpyq|

ď p1 ´ αqp|P̃φpxq| ` |P̃φpyq|q

“ p1 ´ αqp2 ` βPV pxq ` βPV pyqq

ď p1 ´ αqp2 ` 2βK ` βγV pxq ` βγV pyqq

Now fix β :“ α0
K

for some α0 P p0, αq and set γ2 :“ p1 ´ α ` α0q _ γ P p0, 1q to obtain

|Pφpxq ´ Pφpyq| ď 2p1 ´ α ` α0q ` βγV pxq ` βγV pyq ď γ2dβpx, yq.

Thus, by letting ϑ :“ γ1 _ γ2, we have proved Lemma 4.7.

Proof of Lemma 4.5. Let φ : ~φ~β ď 1 be fixed. Then ~Pφ~β ď ϑ, ψ :“ Pφ
ϑ

and

ρβpµP , λPq “ dβpµP , λPq “ sup
φ:~φ~βď1

ż

φpxqpµP ´ λPqpdxq

ď sup
φ:~Pφ~βďϑ

ż

Pφpxqpµ ´ λqpdxq

“ sup
ψ:~ψ~βď1

ż

ϑψpxqpµ ´ λqpdxq

“ ϑdβpµ, λq “ ϑρβpµ, λq.
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Now, we are ready to finish the proof of our main theorem.

Proof of Theorem 4.4. Observe that

@x : 1 ` V pxq ď maxt1, 1
β

up1 ` βV pxqq.

Thus, we can compare } ¨ }β and } ¨ }1 as

}φ}β ď maxt1, 1
β

u}φ}1.

Hence, if we set C̃ :“ maxt1, 1
β

u, then

ρ1pδxPn, πq “ sup
}φ}1ď1

ż

φpyq pδxPn
´ πqpdyq

“ C̃ sup
}φ}1ď1

ż

φpyq

C̃
pδxPn

´ πqpdyq

ď C̃ sup
}φ}βď1

ż

φpyq pδxPn
´ πqpdyq

“ C̃ρβpδxPn, πq.

Using (4.1), the above inequality, and from Lemma 4.5 that P is a contraction in ρβ,
we get that

ñ }P n
px, ¨q ´ π}TV ď ρ1pδxPn, πq ď C̃ρβpδxPn, πq ď C̃ϑnρβpδx, πq.

Bound ρβ from above with

ρβpδx, πq “

ż

p1 ` βV pyqq|δx ´ π|pdyq

ď

ż

p1 ` βV pyqq|δx|pdyq `

ż

p1 ` βV pyqq|π|pdyq

“ 1 ` βV pxq ` πp1 ` βV q

ď p1 ` β ` πp1 ` βV qqp1 ` V pxqq.

Now, if choose C :“ C̃p1 ` β ` πp1 ` βV qq. From this, we finally obtain

}P n
px, ¨q ´ π}TV ď Cϑnp1 ` V pxqq.

Remark 4.9. One can prove the existence of an invariant probability measure π with
this set of tools. It can be shown that the set of probability measures is a complete
metric space with ρβ, and pδxPnqnPN is a Cauchy sequence in this space. Therefore, by
the Banach fixed point theorem, there exists a unique π, which for ρβpδxPn, πq Ñ 0.
This convergence holds even in the total variation norm, and π is invariant because
Pπ “ limpδxPnqP “ lim δxPn`1 “ π, since contractions are continuous.
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4.2 The Law of Large Numbers
For a final theoretical investigation, we examine the Law of Large Numbers (LLN),
which is one of the most classical limit theorems of probability theory. It turns out
that the LLN can be formulated for Markov chains in an even stronger form, which
makes Markov chains of particular interest in upcoming applications.

Let Φ be a Markov chain. For a positive Harris recurrent chain, admitting the
invariant probability measure π, define Snpgq :“

řn
k“1 gpΦkq for any g : E Ñ R.

Definition 4.10. We say that the Law of Large Numbers holds for a function g if

lim
nÑ8

1
n
Snpgq “

ż

g dπ “ πpgq P˚-a.s.

Theorem 4.11. (Law of Large Numbers)
The following statements are equivalent:

(i) Φ is positive Harris with an invariant probability measure π.
(ii) For every f P L1pE, E , πq:

lim
nÑ8

1
n
Snpfq “

ż

f dπ P˚-a.s.

In order to prove Theorem 4.11, we take a slight detour and introduce some new
concepts from ergodic theory.

Recall the definition of the path space pΩ,F ,Pµq of Φ, where Ω “ ˆ8
i“0Ei, F “

Ž8

i“0 Ei, Φnpωq “ ωn; and of the shift operator θptx0, x1, . . . uq “ tx1, x2, . . . u and
pθkY qpωq “ Y ˝ θkpωq.
Definition 4.12. A random variable Y : Ω Ñ R on the path space pΩ,F ,Pµq is called
Pµ-invariant if θkY “ Y Pµ-a.s. for every k P N`. Equivalently, Y is Pµ-invariant if
there exists a function f : Ω Ñ R such that Y “ fpΦk,Φk`1, . . . q Pµ-a.s., @k P N`.
When Y “ 1A for some A P F , then A is called a Pµ-invariant event. We say that
Y is invariant, if it is Pµ-invariant for any initial distribution µ. Invariant events are
defined analogously.
Example 4.1. The following two random variables are invariant for any A P E :

Q̃A :“ lim sup
kÑ8

1ΦkPA “ 1tΦPA i.o.u, π̃A :“ lim sup
nÑ8

1
n

n
ÿ

k“1
1ΦkPA (4.2)

Definition 4.13. Given a measure space pΩ,F ,Pq and a transformation T : Ω Ñ Ω,
we say that T is a measure-preserving transformation if PpT´1Aq “ PpAq for every
A P F .
Example 4.2. If π is an invariant probability measure for Φ, then Φ is stationary and θ is
a Pπ-preserving transformation, since pΦ0,Φ1, . . . q

d
“ pΦ1,Φ2, . . . q and pΦ0,Φ1, . . . q˝θ “

pΦ1,Φ2, . . . q.
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Notation 4.14. The invariant (or Pµ-invariant) events form a σ-algebra, which we denote
by Σ (or Σµ), and it is called the (µ)-invariant or (µ)-tail σ-algebra.
For a bounded, Pπ-invariant random variable Y , let hY : E Ñ R; hY pxq :“ ExpY q.
Lemma 4.15. Suppose Y is Pπ-invariant and Eπp|Y |q ă 8. Then Y “ hY pΦ0q Pπ-a.s.

Proof. By the Markov property (1.2) and invariance of Y :

hY pΦkq “ EΦk
pY q “ EπpθkY | Φkq “ EπpθkY | FΦ

k q “ EπpY | FΦ
k q, Pπ-a.s.

Since Y P L1 and FΦ
n is a filtration, then by the above calculation and Lévy’s upward

theorem, the adapted process phY pΦkq,FΦ
k q is martingale, which converges both almost

surely and in the L1 norm as well. Furthermore,

lim
kÑ8

hY pΦkq “ EπpY | FΦ
8q “ Y Pπ-a.s.,

since Y is measurable for the smallest σ-algebra FΦ
8 generated by pFΦ

n qnPN. By Remark
3.17, if Φ0 „ π, then pΦkqkPN is stationary under Pπ, and therefore phY pΦkqqkPN is also
stationary. This implies that hY pΦ0q

d
“ hY pΦkq for each k P N`, and together with the

L1 convergence of phY pΦkqqkPN, we obtain

Eπp|hY pΦ0q ´ Y |q “ Eπp|hY pΦkq ´ Y |q
kÑ8
ÝÑ 0

ñ Eπp|hY pΦ0q ´ Y |q “ 0
ñ hY pΦ0q “ Y Pπ-a.s.

Corollary 4.1. Consider the random variable EπpX | Σπq, where X P L1pΩ,F ,Pπq. By
the definition of conditional expectation, EπpX | Σπq P L1, it is Σπ-measurable, and
by the definition of Σπ, it is also Pπ-invariant. Therefore, Lemma 4.15 implies that
EπpX | Σπq is a function of Φ0 only, which we denote by X8pΦ0q or X8.
Theorem 4.16. If Φ is a Markov chain with invariant probability measure π, and
X P L1pΩ,F ,Pπq, then there exists a π-full set FX P E , such that for any x P FX :

lim
nÑ8

1
n

n´1
ÿ

k“0
θkX “ X8pxq Px-a.s.

Proof. Again, by Remark 3.17, the process Φ is stationary when Φ0 „ π. By definition
Φk „ π for every k P N`, and hence pθkXqkPN`

is also a stationary process. Therefore,
by applying the LLN for stationary processes (see Doob [2]) and Corollary 4.1, we get

lim
nÑ8

1
n

n
ÿ

k“1
θkX “ EπpX | Σπq “ X8pΦ0q Pπ-a.s.
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Denote by AX :“
␣

limnÑ8
1
n

řn
k“1 θ

kX “ X8pΦ0q
(

. Then

1 “ PπpAXq “

ż

PxpAXq
loomoon

0ď ¨ ď1

πpdxq.

In other words, PxpAXq “ 1 π-a.e.x P E, which is exactly what we wanted to prove.

Definition 4.17. A function h : E Ñ R is called harmonic, if
ż

P px, dyqhpyq “ hpxq

for all x P E. This is equivalent to saying that the adapted sequence phpΦkq,FΦ
k qkPN

possesses the martingale property for all initial conditions.
Example 4.3. Recall the definition of (4.2). Then hQ̃A

pxq “ Qpx,Aq is a harmonic,
measurable function in x P E, since

ż

P px, dyqhQ̃A
pyq “ ExphQ̃A

pΦ1qq

“ ExpEΦ1pQ̃Aqq

“ ExpEypQ̃Aqq|y“Φ1

“ ExpExpQ̃A | Φ1 “ yqq|y“Φ1

“ ExpExpQ̃A | Φ1qq

“ ExpQ̃Aq “ hQ̃A
pxq.

The next theorem shows that the previous example is a special case of a general
connection between invariant random variables and harmonic functions.
Theorem 4.18. The following two statements are valid.

(i) If Y is a bounded and invariant random variable on pΩ,F ,P˚q, then the function
hY is harmonic and

Y “ lim
kÑ8

hY pΦkq P˚-a.s.

(ii) If h is a bounded harmonic function, then the random variable

H :“ lim sup
kÑ8

hpΦkq

is invariant and hHpxq “ hpxq for all x P E.
Proposition 4.19. The following two conditions are equivalent:

(i) All bounded harmonic functions are constant.
(ii) Σµ (and therefore Σ) is Pµ-trivial for any initial distribution µ, which means that

PµpAq P t0, 1u for any A P Σµ.
Theorem 4.20. If Φ is Harris recurrent, then every bounded harmonic function is a
constant function.
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Proposition 4.21. Suppose that the LLN is satisfied for a positive Harris chain Φ for
some function f and initial distribution µ. Then the same limit holds for f with every
initial distribution.

After much work, finally we are able to prove Theorem 4.11.

Proof the Theorem 4.11. Here, we only prove the implication (i) ñ (ii). For the other
direction, see Chapter 17 of Meyn-Tweedie [7].
(i) ñ (ii) : Suppose Φ is positive Harris and choose an arbitrary f P L1pE, E , πq. Now,
if we put X : Ω Ñ R; Xpωq :“ fpω0q, then X P L1pΩ,F ,Pπq. By Theorem 4.16, there
exists a set F P E of full π-measure such that

1
n

n
ÿ

k“1
fpΦkq

nÑ8
ÝÑ X8pxq Px-a.s.

for all x P F , which means that the LLN holds for the initial distribution δx. It follows
from Proposition 4.21 that X8 “ X8pxq is the limit for every initial distribution, thus
X8 is constant and the convergence holds P˚-a.s.

Since Φ is positive Harris recurrent, Theorem 4.19 and 4.20 together imply that Σπ

is trivial. Therefore

X8 “ EπpX | Σπq “ EπpXq “ EπpfpΦ0qq “

ż

fpxq πpdxq “ πpfq,

which completes the proof.
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Chapter 5

Examples and applications

As we have stated in the introduction, in this chapter we receive the rewards for our
previous efforts. We start with examining the AR(1) process.

5.1 Stability of the AR(1) process
Definition 5.1. The process pXnqnPN is called a (scalar-valued) autoregressive model
of order k, shortened by AR(k), if for every set of initial values pX0, . . . , X´k`1q and
each n P N`:

Xn “

k
ÿ

i“1
aiXn´i ` Wn,

where a1, . . . , ak P R and Wn are i.i.d. variables on R.
The AR(k) process is one of those instances for which our previous tools work well,

and that despite its simplicity appears in many applied disciplines, such as economics,
engineering, or environmental sciences.
Example 5.1. For example, the AR(1) process can be used to model GDP growth rates
[5]:

• Yt ě 0 denotes the GDP at time t P N;
• Xt :“ log Yt ´ log Yt´1 is the growth of GDP;
• Then, the GDP growth rate is given by

Xt “ aXt´1 ` Wt, X0 „ µ. (5.1)

The parameter α is the "persistence", which tells how strongly the current GDP
growth depends on the growth of the last period, Wt is some "white noise" and µ
is some distribution on R.

From now on, we analyze the following specific case. For the AR(1) process (5.1),
we assume that Wt „ N p0, σ2q, σ ą 0 and µ “ δ0. It is well known from both [7] and
[5] that when |a| ě 1, then (5.1) does not define a stationary process, in which case it
does not admit an invariant probability measure. Therefore, we restrict our analysis
to the case 0 ă |a| ă 1.
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First of all, it is trivial that pXtq is a Markov chain on R, since it can be written
in the form Xt “ hpXt´1,Wtq, for the measurable function hpx, yq :“ ax ` y, x, y P R.
The kernel of this chain is given by P px, ¨q “ N pax, σ2q for any x P R. The following
statements are not much more difficult to verify.
Proposition 5.2. The chain pXtq

(i) is ψ-irreducible, where ψ “ λ is the Lebesgue measure on R;
(ii) is strongly aperiodic;
(iii) does not possess an accessible atom.

Proof. (i) This follows from the fact that N pax, σ2q is absolute continuous for λ, and
its density function has a full support on R.
(ii) Since D “ R is a 1-cycle, pXtq is aperiodic, hence we only to prove the existence
of a ν1-small set.
For example, the set C :“ r´R,Rs is ν1-small, for any R ą 0 and an appropriate
probability measure ν1. To see this, we have to find a ν :“ ν1, so that P px,Aq ě νpAq

for any x P C, A P BpRq. By choosing a compact set of the form B “ r´K,Ks, where
K ą R, λpBq ě 1, and using the definition of P , we get

P px,Aq “

ż

A

e´
py´axq2

2σ2
?

2πσ2
dy ě

ż

AXB

e´
py´axq2

2σ2
?

2πσ2
dy.

Since AXB is compact, we can minimize the function inside the integral to achieve a
lower bound:

y ´ ax ď K ` |a|R

ñ
e´

py´axq2

2σ2
?

2πσ2
ě
e´

pK`|a|Rq2

2σ2
?

2πσ2
“: α ą 0

ñ

ż

AXB

e´
py´axq2

2σ2
?

2πσ2
dy ě

ż

AXB

α dy “ αλpA X Bq.

If α ě 1, then νpAq :“ λpAXBq

λpBq
; else if 0 ă α ă 1, then νpAq :“ αλpAXBq

λpBq
can be chosen

as a minorizing measure for P px, ¨q, x P C. Therefore, C is ν-small and hence pXtq is
strongly aperiodic.
(iii) Since P px, ¨q “ N pax, σ2q, x P R, there is no subset A P BpRq of positive ψ-measure
on which P p¨, Aq is constant. This means exactly that there is no S P BpRq : ψpSq ą 0
such that P px,Aq “ κpAq for any x P S and for some probability measure κ.

Our final goal for this section is to prove geometric ergodicity for the AR(1) process.
First, we have to verify the existence of an invariant probability measure π. According
to Remark 4.3, it is enough to find an appropriate function V and probability measure
ν for Assumption 4.1 and Assumption 4.2 to be satisfied. In practice, such function is
often found by guessing from a particular family of functions, depending on the growth
of dynamics. For example, in our case, we may search from polynomials of the form
|x|p, p P N`.
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Proposition 5.3. Assumptions 4.1 and 4.2 hold if we choose V pxq :“ x2 and ν as in
the proof of the previous theorem.

Proof. We plug V and ν into the assumptions.

PV pxq “

ż

V pyqP px, dyq “

ż

R
y2 e

´
py´axq2

2σ2
?

2πσ2
dy “ EpZ2

q “ D2
pZq ` E2

pZq “ σ2
` a2x2,

where Z „ N pax, σ2q. Since 0 ă |a| ă 1, Assumption 4.1 is trivially satisfied with
choice γ :“ a2, K :“ σ2 ` 1. We saw in the previous proposition that C “ r´R,Rs is a
small set for any fixed R ą 0, and that ν is a minorization measure for P px, ¨q, x P C.
Rewriting C in the form

C “ tx P R : ´R ď x ď Ru “ tx P R : x2
ď R2

u “ tx P R : V pxq ď R̃u,

we get that Assumption 4.2 also holds by choosing R ą

b

2K
1´γ

.

Corollary 5.1. By the above, it follows immediately that pXtq converges geometrically
to its unique invariant probability measure π.

Of course, we want to know π explicitly. Although we have a formula from Theorem
3.22 to obtain π, it is a grueling task to calculate the expected return times. However,
in some cases, the form π takes can be guessed. Looking at the evolution of pXtq and
knowing the fact that

gpxq :“ 1xPA ñ
1
n

n
ÿ

t“1
1XtPA

nÑ8
ÝÑ πpAq P˚-a.s.,

it can be guessed that π d
“ N pµ̃, σ̃2q, for some µ̃ P R, σ̃ ą 0.

Since pXtq is a stationary process, then Xt „ N pµ̃, σ̃2q implies that Xt`1 „ N pµ̃, σ̃2q

for any t P N. Nevertheless, Xt`1 “ aXt ` Wt`1 together with P px, ¨q “ N pax, σ2q

indicates that Xt`1 „ N paµ̃, aσ̃2 `σ2q, therefore µ̃ “ 0, σ̃2 “ σ2

1´a2 and π “ N p0, σ2

1´a2 q.

5.2 Markov Chain Monte Carlo
The Markov chain Monte Carlo (MCMC) methods are algorithms used to draw sam-
ples from a specified target distribution π. They are widely used in different applied
disciplines, such as statistical physics or Bayesian statistics [8]. The name comes from
the fact that these algorithms ideally construct a Markov chain pXnq whose invariant
measure is the given target distribution. The earlier convergence results that we have
seen guarantee under sufficient conditions that the distribution of Xn converges to the
target distribution π. Therefore, after sufficiently many steps Xn

d
« π and we can use

Xn, Xn`1, . . . as samples from π.
In many applications, direct sampling from π is difficult or impossible. However, it

is often possible to evaluate a function "proportional" to the density of π. This is the
key idea behind the Metropolis–Hastings algorithm.
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Suppose that E Ď Rd is equipped with the Borel σ-algebra E . First, any MCMC
algorithm requires a proposal mechanism that defines the underlying Markov chain.
Let Q denote a Markov kernel on pE, Eq, which we call the proposal kernel, and assume
for every x P E that the measure Qpx, ¨q admits a density qpx, ¨q with respect to the
Lebesgue measure. The proposal kernel is used in each step of the MCMC to generate
a candidate, which then can become the next element of the Markov chain.

Let π be a probability measure on E , and assume that π admits a density π̃ with
respect to the Lebesgue measure, i.e.

πpAq “

ż

A

π̃pxqdx, A P E .

In practice, the density π̃ is often known only up to a normalizing constant. More
precisely, there exists a non-negative measurable function πu such that

π̃pxq “
1
C
πupxq, C “

ż

E

πupxqdx ă 8.

Equivalently,

πpAq “

ş

A
πupxqdx

ş

E
πupxqdx

.

In this situation, we say that the density π̃ is proportional to πu, and write π̃pxq9πpxq.
One of the principal advantages of the Metropolis-Hastings algorithm is that it

only requires knowledge of the proportional density. As we shall see, the normalizing
constants get canceled out in the part when density functions are used.

The algorithm executes as follows:
1. Initialization (n “ 0): Choose an arbitrary x0 state and a proposal kernel
Qpx, dyq, with density qpx, yq.

2. General step (n P N`):
• Propose a candidate y „ Qpxn´1, ¨q.
• Calculate the acceptance ratio :

αpxn´1, yq :“ min
´

1, πupyqqpy, xn´1q

πupxn´1qqpxn´1, yq

¯

(Set αpx, yq :“ 1 if πupxqqpx, yq “ 0.)
• Choose the next state:

xn :“
#

y, with probability αpxn´1, yq

xn´1, with probability 1 ´ αpxn´1, yq

• Repeat.
The quantity πupyqqpy,xn´1q

πupxn´1qqpxn´1,yq
compares the relative plausibility of moving from xn´1

to y with that of moving from y back to xn´1. If the proposed state has larger target
density than the current state, then the ratio exceeds one, and the proposal is accepted
with probability one. Otherwise, the proposal is accepted only with probability equal
to this ratio. Notice also, that in case the proposal density qpx, yq is symmetric, then
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the acceptance ratio simplifies to minp1, πupyq

πupxn´1q
q.

Proposition 5.4. The Metropolis-Hastings algorithm produces a Markov chain for
which π is an invariant probability measure. The transition probability kernel of this
chain is given by

P px,Aq “

ż

A

αpx, yqQpx, dyq ` δxpAq

´

ż

E

1 ´ αpx, yqQpx, dyq

¯

, x P E, A P E .

Proof. See Roberts-Rosenthal [8].

Remark 5.5. In the Metropolis-Hastings algorithm, after an initial target distribution is
given to us, we have a degree of freedom to choose an appropriate proposal distribution
for the algorithm.
Example 5.2. [8, Example 4.] A simple instance for the usage of the Metropolis-
Hastings algorithm would be the following. Suppose E “ R` and πupxq “ e´x, x ě 0.
Choose a symmetric proposal density qpx, yq “ qp|y ´ x|q, whose support is contained
in rx´a, x`as for some tuning parameter a ą 0 (e.g. qpx, yq “ 1

2a1yPrx´a,x`as). Hence,
the acceptance ratio is αpx, yq “ minp1, πupyq

πupxq
q “ minp1, e´py´xqq. It is shown in Roberts-

Rosenthal [8] that for the Markov chain generated by the Metropolis-Hastings algo-
rithm converges geometrically when the drift function is chosen as V pxq “ ecx, c ą 0.
Furthermore, it is positive Harris recurrent, so the LLN also holds for the chain.

Below, we shall see diagrams illustrating the convergence of the ergodic averages.
Here, the algorithm has been initiated with the initial state x0 “ 8, and had run for
20000 steps in total.

(a) 200 samples (b) 1000 samples

(c) 5000 samples (d) 20000 samples

Figure 5.1: Empirical distributions of the Metropolis-Hastings samples approaching
the target density πpxq “ e´x as the number of iterations increases.
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5.3 Conclusion
In this thesis, we have investigated ergodic and stability properties of Markov chains in
general state space, primarily following the framework developed in [7]. The method-
ologies were chosen so that the reader could get a taste on how the measure theoretic
viewpoint of probability theory extends the classical theory of countable state space
Markov chains. In particular, concepts such as irreducibility, recurrence, ergodicity,
and stability acquire a more richer structure in the general state space setting.

At the same time, the material covered here discusses only a relatively small part
of a broad and still actively developing theory. Since the publication of the book of
S. Meyn and R. L. Tweedie, operator theoretic and spectral approaches to Markov
semigroups have become increasingly important in the study of long-time behavior.

From a personal perspective, this thesis also made clear that there is still much
to learn. The topic connects to several large areas of pure and applied mathematics,
such as dynamical systems, stochastic differential equations, stochastic optimization, or
control theory; areas that remain to be explored in the future. Nevertheless, studying
Markov chains more in-depth provided a solid foundation to investigate such themes.
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Nyilatkozat az MI használatáról
Alulírott Merencsics Martin Marcell nyilatkozom, hogy a szakdolgozatom elkészítése

során az alább felsorolt feladatok elvégzésére a megadott MI alapú eszközöket alkalmaz-
tam:

Feladat Felhasznált eszköz Felhasználás helye Megjegyzés
Forrásgyűjtés ChatGPT, Gemini

3.5 Flash
[3],[5],[8] hivatkozá-
sok

Ábra készítés ChatGPT 5. fejezet 2. szekció
hisztogramja

Nyelvhelyesség
ellenőrzése

ChatGPT Teljes dolgozat
alatt

Overleaf auto-
correct

Latex hibakódok
javítása

ChatGPT Teljes dolgozat
alatt

Overleaf embed-
ded

Latex formázási
tanácsok

ChatGPT Teljes dolgozat
alatt

A felsoroltakon túl más MI alapú eszközt nem használtam.
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