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Introduction

In this thesis, we investigate a particular type of Markov chain family, namely, the case
when the chain is of discrete time and takes values from an arbitrary measurable space.
More specifically, I aim to give a summary on the most notable elements of stability
theory of general state space Markov chains. Intuitively, Markov chains are a type of
stochastic process which is independent of its past at every point in time. This notion
gives rise to four cases, depending on the cardinality of the time index set (parameter
space) and the space of values (state space). Although the cases where the chain is
of discrete parameter and state space, or of continuous-time type (in which case one
calls the entity a Markov process) are very popular both in theoretical frameworks and
applications, the case we study here offers another interesting setting that should not
be left unnoticed.

The theory of general state space Markov chains dates back to the 50’s of the
twentieth century, where famous mathematicians like J. L. Doob [2] and K. L. Chung [I]
were among the first to describe Markov chains on measurable spaces. In the following
decades, concepts of the countable state space theory got extended for general chains,
like Harris recurrence, and techniques connecting the two cases got introduced such
as the Nummelin splitting. However, it was only in the early 1990’s, when S. Meyn
and R. L. Tweedie wrote their influential book Markov Chains and Stochastic Stability
[7], which unified the known theory until that point and provided practical criteria to
analyze real world systems. As a consequence and due to the technical advances of the
last fifty years, general state space Markov chains have also become central in many
applications, such as in Markov chain Monte Carlo (MCMC) methods [8], control and
queuing theory [7] or in financial modeling [5]. These techniques could not have been
developed without the general state space framework.

Nevertheless, for the newcomer, the amount of literature out there can be quite
demanding. It was this phenomenon that motivated the substance of my thesis; that
is, to give a brief and comprehensible introduction to the theory and applications,
supported by examples aiming to help understanding. This idea was executed by
including the most notable parts of stability and ergodic theory from Meyn-Tweedie
[7], the elegant and more recent article of M. Hairer and J. C. Mattingly on geometric
convergence [4], analysis of the AR(1) process, and a brief introduction to the MCMC.
Our methodology is in accordance with the above goal. Proofs in Chapters [I] 2] (3] are
omitted for the sake of brevity, but remarks and explanations guide us throughout the
paper. However, proofs in Chapter [4] are detailed in order to give some insight on the
techniques used to prove long term well behavior of chains.

Despite the introductory and summarizing nature of the thesis, there are notable
topics which we do not cover here. We will not touch on concepts like reversibility, the



Central Limit Theorem, functional limit theorems, or the additional theory of chains
defined on topological state spaces.

The outline of the thesis is as follows. In Chapter 1, we develop foundations for
Markov chain theory by defining the essential parts which characterize Markov chains
in countable / general state spaces, such as transition matrices / kernels. In addition,
we look at some introductory examples. In Chapter 2, concepts for reducing the state
space get introduced, most of which are inherited from the countable state space theory,
but adapted to our measure theoretic approaches. Namely, we extend the notion of
irreducibility, accessibility, and periodicity; and present the foremost notions which
offer a bridge between the countable and uncountable state spaces, that being atoms
and small sets. Also, we mention Nummelin splitting, another fundamental tool in
the Meyn-Tweedie framework. Chapter 3 explains when we consider chains to be
stable by the notion of invariant measures and stationary processes. We examine
stability in terms of the classical transience-recurrence dichotomy, Harris recurrence,
and regularity. and give conditions under which they are satisfied. In Chapter 4, we
prove both geometric rate convergence in the total variation norm and the Law of
Large Numbers for Markov chains under sufficient conditions. And finally, in Chapter
5, we apply the tools we have developed on a concrete AR(1) model and for an MCMC
approximation.
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Chapter 1

Preliminaries and connections

In this first chapter I will give a brief summary for the Markov chains on countable
state space, then show how they are generalized for arbitrary state space. Throughout
the thesis, we will only be interested in time-homogeneous Markov chains; therefore,
the theory will be carried out accordingly. The contents of this chapter can be found
in more detail in Meyn-Tweedie [7] and Doob [2].

1.1 Countable space case

First of all, we would like to give a consistent definition for Markov chains.

Definition 1.1. Let E be a countable set. The matrix P := {P(z,y) : z,y € E} is
called a Markov transition matriz if

P(x,y) =0, Z P(z,y) =1

yel
for all z,y € F.

For a fixed transition probability matrix P, we are going to construct a probability
space, such that the unified distributions of the Markov chain will be governed by P.

Suppose E is a countable set and &£ is the set of all subsets of . Let ®,,; =
(@9, @y, ..., P,) be a finite set of random variables on ("' F*1)  where Q" :=
x" o E;, each F; is a copy of E, and F™™! is the product o-algebra generated by Q"+1,
such that @, (w) := w, are coordinate maps from the space Q"*! into E.

For any n € N and {zy, ..., z,, }, one can define a probability measure on (Q"+1, Ft1)
by induction as

PZ+1(®0 = X, (I)l = T, (I)n = l’n) = ]P)Z((I)O = X, ...(I)n,1 = .fn,l)P(Z‘n,l, In)

for any n € N, for any distribution 4 on F, and for any transition matrix P.



By the Kolmogorov extension theorem, there exists a suitable probability space
(Q = xPE;, F = \/i2,&,P,) where the infinite sequence of random variables
® = (¥, : n e N), each ®,, taking values from FE, can be defined consistently with the
above.

Notation 1.2. When p = d,,x € E, then we write P, := Ps

2z

Definition 1.3. Let @ be a sequence of random variables on (€2, F,[P,), each taking
values from E. We say that ® is a Markov chain if for any n € N and for any {z, ..., z,}:

PM(CI)Q = Xo, (I)n = $n> = M(.Z‘())Pwo ((I)l = Il)le ((I)l = xQ)---]P)xn,1 ((1)1 = In)

We say that p is an initial distribution for ®. If P, (®, = x;41) depends only on the
values x;, x;;1, then we say ® is a time-homogeneous Markov chain.

Throughout the thesis, we are only interested in homogeneous chains, so we have
defined the probability measure P, accordingly. From the above construction, the
upcoming theorem follows.

Theorem 1.4. Let p be an initial measure and P be a transition probability matrix
on E. Then there exists a Markov chain ® on (2, F,P,) where

IPH(@’rH-l =Y | (PTZ = Tn, "'7¢0 = :EO) = P(xﬂy)
for all y, xg,...,x, € E.

FExample 1.1. The simple random walk on Z is a classical example of countable state
space Markov chains (see Levin-Peres [6]). This chain is of particular interest, as it
can easily be extended to the more general framework, as we will see in the upcoming
sections. Let ® be defined as

dy:=0,YneN, :d, .=, 1+ W,

where W, are i.i.d. on {—1,0,1}. Then, ® is a Markov chain, and its transition matrix
of @ and distribution is given by

PW,=-1), y=a-1,
PWy =0), y=uz,

PWi=1), y=z+1,
0, otherwise.

P(C(Z,y) =

1.2 Generalization

In general measurable spaces, we cannot use transition matrices to describe the changes
of a chain. Instead, we make use of the measurable sets of the space, and extend our
interpretation of transition matrices to transition kernels.

Suppose (F, E) is a measurable space, where E is a non countable set (general) and
£ is a countably generated o-algebra on E.



Definition 1.5. A function P : E x £ — [0,1] is called a Markov transition kernel or
transition probability kernel if it satisfies the following properties:

1. For each A€ &, P(-, A) is a non-negative E-measurable function.

2. For each z € E, P(x,-) is a probability measure on &.

The above defined entity replaces the role of transition matrices in general state
spaces. For a time-homogeneous chain, a transition kernel defines the whole evolution
of the chain, and just like in the countable state space case, we can find a probability
space with their help which describes the law of the chain.

Let P be a transition probability kernel. Again, consider the finite sequence ®,,,1 =
(®g, Py, ..., P,,) of random variables on (" F*) where Q" := xI E;, each F; is
a copy of E, and F""! is the product o-algebra generated by Q"1

Due to P(z,-) being a measure on &£, we would also like to define P, by elements
of £. For the measurable sets A"™! := Ay x A} x ... x A, © x"_ E;, = Q""" we can
define the following set functions:

P, (A") == u(A

Hﬂ A2 'If dyo yo,A1)>

P (A ¢=J u(dyo)f P(yo,dyl)---f P(Y_2,dyn-1)P(Yn_1, An),
YyoE€Ap y1€A, Yn—1€An_1

which will be well-defined probability measures on £"! for any initial distribution
1 and for all n € N,. We can extend this construction for the infinite sequence
® = (P, : n € N) using the same argument as above.

Theorem 1.6. For any initial measure p on £ and transition probability kernel P,
there exists a sequence of random variables ® on (2, F,PP,), where Q := x? E;, ® is
measurable with respect to F := \/,2, &;, and

]P)M(CDQ € Ao, (I)l € Al; ceny (I)n € An) =

J M(dyo)J P<y07dyl) .- f P(yn—%dyl)P(yn—laAn)a (1-1)
YoE€Ap y1€A Yn—1€An_1

for all n € N, and any Ag,..., A, €€&.

Definition 1.7. A sequence of random variables ® = (®,, : n € N) is called a (time ho-
mogeneous) Markov chain with transition probability kernel P and initial distribution
p if the finite dimensional distributions of ® satisfy equality (L.1)) for each n € N.

Remark 1.8. Definition [1.7]is equivalent to ® satisfying the commonly known Markov
property, namely:

VneN,VAe & P (D1 € A|F,) =Pu(Pri1 € A| D),

7



where F,, is the smallest o-algebra generated by @, ..., ®,.
It also must be mentioned that this definition is equivalent to the Strong Markov
property in discrete time, which states the following:

V stopping time 7, VAe £ : P, (P11 € A| Fr) = Pu(Pri1 € A| D).

In some circumstances, it can also be helpful, if we think of Markov chains as a sequence
of random variables of the form

q)O ~ M, VneN: q)n-l-l = h((bn?gn-l-l)

where h is a measurable function and &, are i.i.d. random variables.

FExample 1.2. The simple random walk can be easily generalized for a general space
E by replacing the distribution of W,, with the uniform distribution U([—1,1]). The
kernel of this chain is given by

Plz, A) = P,(W, € A) — ;)\(A Ar—1,2+1))

where A\ denotes the Lebesgue measure on R.

Notation 1.9. We will use the notation P, for the probability measure of the space we
are working with, when we want to emphasize that the initial starting distribution can
be arbitrary.

Definition 1.10. The n-step transition probability kernel is the function P" : Ex £ —
[0, 1], which for

A
o Pz, A):=06,(a) = {(1): i;A

e if n > 1 then
Pz, A) = J P(z,dy)P" ' (y, A)

yel

forallze £, Ae&.

One can easily check that the m-step transition probability kernel is indeed a tran-
sition probability kernel, and defines a Markov chain denoted by ®™ with transition
probabilities

P.(®" e A) =P (x,A)

which we will call the m-skeleton of ®.
We will see in the upcoming chapters that it is often easier to prove a certain property
for some m-skeleton at first, and then draw conclusions for the whole chain. In other
cases, it may happen that it is some m-skeleton which best showcases the dynamics of
the chain, such as in the next instance:



FExample 1.3. Let ® be defined as follows:

§~U({1,2,3}),
VneN, :Z, ~N(0,1)iid.,
(Z,,0,0), &=1
Vne Ny W, :=4(0,2,,0), &=2
(0,0,7,), £=3
VneN, :®,:=0, 1 +W,, &y:=0.

It can be verified that ® is a homogeneous Markov chain. Intuitively, ® is a random
walk which moves along coordinate axes every step. However, in every three steps, ®
can jump anywhere in the space. More precisely, P(z,-) and P?(x,-) are singular (1)
to the Lebesgue measure A of dimension 3, whilst P3(x,-) is not.

Let p be the distribution of W, and let = denote the convolution operator, i.e. k *
v(A) := {k(dx)v(A—z). Also, denote by (0, 1) and &, respectively, the 1-dimensional
standard normal distribution, and the Dirac-d distribution concentrated at (0,0,0) €
R3. Then P3(x, A) = p# = pu(A — ) because P(x,A) = P(W, € A—x) = u(A — x)
and Vn : W, are i.i.d. Furthermore,

1 1 1
p= gN(Oa1)®50®59+§§0®N(071)®59+§§0®50®N(0,1)

. >

M Hy Mz
1 1 1
ﬁu*u=5w1+%+wg*§mﬂw@+m)=§ S e ny
i,je{z,y,2} P
1 1 1
spepen=(g X om) (3 X om)=g X pucm
i,5€{z,y,z} ie{x,y,z} i,j,ke{z,y,z} j\”’k—/

For all 7,5,k @ s, pi; L A, therefore p, p+ p L A, Nevertheless, there exists some ;5
which is absolute continuous («) for A\. To see this, consider any A € R3 : A\(A) > 0.
Then, fori =z, =y, k = 2 :

ay=(A) = (V(0,1) ® o ® o) * (50 @ N(0, 1) ® do) * (d0 ® 0o ® N (0, 1)) (A)
— (N(0,1) @3 ® o) + ( (9 * 60) ® (N(0,1) % 8) ® (d = N(0, 1)) ) (A)
= (N

N(0,1)® 5o ® dp) * (Jo @N(0,1) @N(0,1)) (A) = ...
=N(0,1)@N(0,1) @N(0,1)(A) >0

and fi,.(B) = 0 because the 3-dimensional normal distribution is absolute continuous
for A. Therefore, P3(z,-) cannot be singular for \.

Another useful property that immediately follows from the definition of n-step
transition kernels is the famous Chapman-Kolmogorov equations.



Theorem 1.11. For any m € N : 0 < m < n, the following equality holds:

P, A) — f P(z, dy) PP (y, A)

yeE
forallze E, Aef.

Notation 1.12. For later usage in functional analytic approaches, we introduce the
operator P induced by transition probability kernel P, which acts both on bounded
measurable functions f on E and on o-finite measures y on &€, such that

(Pf)(x) = fP(x,dy)f(y% (4P)(A) = f P, A)u(d).

Another concept we are going to use at the end of the thesis is the shift operator of
the path space. Denote by F? := o(®y, ..., D,).

Definition 1.13. The shift operator 0 : €2 — () is defined by

O0(zo, 1, Ty }) ={x1, 20, ..., i1, ...}, (2) € Q.
The k' iterate of 6 is defined inductively by 6' := 0, 0**1 .= 9o 6, k > 1.

The shift 6% acts on the random variables H : 0 — R as an operator by the rule:
(0*H)(w) = H o §%(w); specifically: @, 0 0% = .

Remark 1.14. By construction of the path space, for every random variable H, there
exists a measurable function h such that H = h(®g, ®4,...). Since E,(H) : E — R is
a measurable function, Eg,(H) : Q2 — R is a random variable on (Q, F,P,).

By this notation, the Markov property can be formulated in another form:

E.(0"H | F?) = Eg,(H), P,-as. (1.2)

for any bounded measurable A and n e N,.

10



Chapter 2

Irreducibility measures, small sets
and periodicity

One of the first things developed in the stability theory of Markov chains is the concept
of irreducibility, to reduce the state space and filter out states that do not play a
significant role in the asymptotic behavior of a chain.

In this chapter, we are going to strengthen the notion of irreducibility for general
state space chains, examine its new aspects, and classify chains further in terms of
periodicity.

Again, the material covered by this chapter can be found in Meyn-Tweedie [7].

2.1 Communication classes of countable state space
chains

Let @ be a Markov chain in the countable state space E and let 7, := min{n >

1: &, = y} be the first entry time for the state y € E. For z,y € E, denote by

L(z,y) := P,(1, < ), the probability that ® will ever enter y.
We will write x — y when L(z,y) > 0 and z < y when L(z,y) > 0 and L(y,z) > 0.

Proposition 2.1. The relation "<" is an equivalence relation on the elements of F
and defines equivalence classes C'(z) whose disjoint union covers E. These sets C(x)
are called communication classes of the chain.

Definition 2.2. If C(z) = FE for some z € E, then we say that the chain ® is
irreducible.

Definition 2.3. If P(y,C(z)) = 1 for every y € E, then we say that C(x) is absorbing.

Remark 2.4. Tt follows from the definitions that y € [C(x)]¢, z — y < C(x) is not
absorbing.

One can see that the communication classes divide the space as

E=|]JC@)ul]C()),

el jed

11



where {C(z;) : i € I} are absorbing and {C(z;) : j € J} are non absorbing, disjoint
subsets of the space.

Proposition 2.5. Suppose that C' := C(x) is an absorbing communication class for
some x € E. Let Po denote the restriction of the transition matrix P to C. Then there
exists a Markov chain ® on state space C' with transition matrix Pg.

It can be proved that either of the following happens with a chain (see, for example,
Grimmett-Stirzaker[3]):
o The chain enters an absorbing communication class C'(x) at one point and will
not escape from it (according to Remark .
« The chain stays in the union of non absorbing communication classes | J,.; C(z;),
but leaves every finite subset of it with probability one.
In our stability centered viewpoint, we will not consider stable chains of the form
in the second statement. Therefore, the above result enables us to analyze chains
restricted to an absorbing communication class.

2.2 -irreducibility and accessibility

We would like to repeat the earlier arguments.

Suppose E is a general space with o-algebra £. Similarly to the above, let 74 :=
min{n > 1: ®, € A} be the first entry time for a set A € £. The problem with the
classical definition of irreducibility in the general state space case is that L(z, A) :=
P,(74 < o0) = 0 most of the time for A = {y}.

In order to fix this and develop usable theory, we have to make use of the "reachable"
measurable subsets.

Definition 2.6. We say that a Markov chain ® is p-irreducible if there exists a measure
¢ on & such that if ¢(A) > 0 for some A € &, then L(x, A) > 0 for all z € E. In this
case, we say that ¢ is an irreducibility measure for ®.

This definition guaranties for us that "p-visible" sets of the state space can be
reached with positive probability. Note also that the definition does not require ¢ to
be probabilistic. It also follows immediately that any restriction of an irreducibility
measure is also an irreducibility measure. But what can we say about the converse of
the statement in the definition? That is, when will a reachable set be visible? If this
statement does not hold for some irreducibility measure ¢, then p-irreducibility is a
weaker property of chains than the original notion of irreducibility.

Take the following as an example:

Ezxample 2.1. Let E be a countable set and ® be a Markov chain on F.
1. Clearly, if ® is irreducible, then it is d,-irreducible for any = € E.
2. If z* € F is such that © — z* for all z € E, then ® is d,«-irreducible. However,
it may happen that z* and some x are not in the same communication class, so
® is not irreducible.

We would like to have the property (to ensure 2-way reachability seen in the case
of communication classes) that every reachable set A € £ is also visible for the irre-
ducibility measure, equivalently, p(A) = 0 = L(z,A) = 0, Yz € E, A € £. Therefore,
we hope for an irreducibility measure, which is maximal in this sense.

12



Theorem 2.7. If ® is p-irreducible for some ¢, then there exists a probability measure
1 on & such that
1. ® is ¢)-irreducible;
2. for every other measure ¢’ on &, ® is ¢/-irreducible < 1) » ¢’, meaning that ¢’
is absolute continuous for v;
. if (A) =0 then Y({x : L(x, A) > 0}) = 0;
4. 1) is unique in the sense that it is equivalent to

w

P'(A) = JQO/(CI:C) i P”(Q;,A)27(n+1)

for any finite irreducibility measure .

Notation 2.8. Such v will be called a maximal irreducibility measure. We say ® is
W-irreducible, if it is @-irreducible and v is a maximal irreducibility measure.
Also, let £ := {A € & : ¢(A) > 0} for a given Y-irreducible chain.

Definition 2.9. Suppose ® is ¢-irreducible. Then
1. We call aset A€ & full if (A°) = 0.
2. We call a set A e & absorbing if P(x, A) =1 for all z € A.

Observe that the definitions of full and absorbing sets are equivalent in countable
state spaces.
The relationship in the general case is as follows:

Proposition 2.10. Suppose ® is y-irreducible. Then
1. every absorbing set is full,
2. every full set contains a non-empty, absorbing set.
3. If Ae £" is an absorbing set, then there exists a -irreducible Markov chain ® 4
with state space A and transition probability kernel P4, which is the restriction
of P for the states in A.

To replace the concept of communication (x <> y) between elements of a discrete
state space, we introduce accessibility and uniform accessibility, which will give us a
relation on measurable sets.

Definition 2.11. We say that a set B € £ is accessible from another set A € &, if
L(z,B) > 0 for all x € A. We say that B is uniformly accessible from A € &, if there
exists 0 > 0 such that

;Ielg L(xz,B) = é.

The latter will be denoted by A ~~ B.

Notice that if ® is a v-irreducible chain, then every set B € £ is accessible from
any A € £ by definition.

Remark 2.12. In general, accessibility and uniform accessibility are not reflexive rela-
tions. For example, take the Markov chain &5 :=0, Ve N, : &, := &, + W,,, where
W, ~U(0,1). Now, if A:=[0,1), B := [1,0), then trivially A ~» B, but B +» A.

13



In accordance with our intuition, accessibility is a transitive relation on elements

of £.
Proposition 2.13. If A ~» B and B ~» C then A ~ C.

We remark that we introduce uniform accessibility in order to give a complete
picture of how the concept of communication classes is changed. However, uniform
accessibility is most useful when the state space (E, &) is equipped with a topology.
We do not investigate that case in this thesis; therefore, we omit discussing accessibility
further. For more, see chapter 7 of Meyn-Tweedie [7].

2.3 Minorization and small sets

Just as in the earlier sections, our aim is to develop theory for general chains using
our knowledge of countable case state space chains. Yet again, we examine measurable
sets, in order to identify sets that behave "point-like" in this general setting.

Definition 2.14. A set a € £ is called an atom for ® if there exists a measure v on &
such that

Pz, A) =v(A)
forall z € a and A € €. If ® is ¢-irreducible and ¥ («) > 0 then « is called an accessible
atom.
Remark 2.15. A single point a € E is always an atom. If E is countable and irreducible,
then every point is an accessible atom.

The remark shows that it is clearly desirable to work with chains that possess a
non trivial accessible atom. However, for general state space chains, atoms do not exist
most of the time, as we will see in Chapter [5

For now, we consider chains satisfying the following weakened conditions.

Definition 2.16. (MC)
We say that the minorization condition holds for ®, if for some 6 € (0, 1], some C € &
and some probability measure v which for v(C') = 1, the inequality

P(z,A) = 0lc(z)v(A)

is satisfied for all x € E, A€ &.

Clearly, if ® has an atom «, then it satisfies the MC with C' := «a,  := 1. Intuitively,
if the MC is satisfied for ®, then C' behaves like an atom with probability ¢, and the
kernel P admits the decomposition P(x, A) = (1 —0)R(z, A) + dv(A) forz € C, A€ €,
where R(z, A) := W is a probability measure. Note that the MC does not
state anything for states x ¢ C'.

Definition 2.17. A set C' € & is called a small set if there exist an m € N, and a
non-trivial probability measure v, on £ such that for all x € C, B € &:

P™(x,B) = v,(B).
When the above inequality holds for C, then we say that C'is v,,-small.

14



In other worlds, small sets are those sets which for some m-skeleton ®" of the chain
satisfies the MC. We have introduced them in order to state the following theorems in
a convenient form, which will be of great importance later.

Proposition 2.18. If ® is a 1-irreducible, then every A € £ contains a v,,-small set
C e & for some m € N for which v,,,(C) > 0.

Proposition 2.19. Suppose @ is ¢-irreducible.
e Then there exists a countable collection C; of small sets, for which

ee}
- UC
i=0

e If C €& is v,,-small then there exists an M € N, and a measure v,; such that C'
is vp-small and vy (C) > 0.

2.4 Nummelin splitting

Here, we take a look at one of the fundamental tools that makes the general state space
theory developed in Meyn-Tweedie [7] work. It turns out, that given an initial small set
C', one can define a so called split chain ® for ®. The split chain will always contain
an atom, therefore, the split chain will be more convenient to work with. These results
of analysis can often be exploited in some way for ®, making the splitting technique a
powerful tool.

Suppose the MC holds for ® with the set C', constant 6 and probability measure v.
Let (E,€&,P,) the space of ®@. Recall R(z, A) = M from the previous section.
To carry out the construction, we split the state space the measures defined on it, and
define the split kernel with the latter.

The split space is defined by E := E x {0,1}, € := 0(&,&); the latter being the
smallest o-algebra generated by &y, &1, where &; is the smallest o-algebra generated by
E; := E x {i}. Similarly, z; := « x {i} and A; := A x {i} denote elements of E; and
E forxe B, Ae £ We will call Ey the upper level, and E; the lower level of E (or
upper / lower copies of E).

Now, we split the measures defined on &£, in order to construct the transition kernel
P(z,-),z € E. Let X be any measure on €. Define \* on € as

N*(Ao) i= (1= )A(A A C) + A(A ~ C9),
A (Ay) :=0AA N C).
Notice that:
o forany Ae & : X\*(Apu A1) = AM(A), since Ay and A; are disjoint;
o if A C° then \*(A4p) = A(A) and A\*(A4;) = 0.
Hence, it is clear that A\* is a probability measure.
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Finally, define 15(332, A) for x; € E, Ac& as

]5(9507 ) = Pz, )%, xg € Ey\Co;
P(LC, ) = P(l’o,') = 1_5P( ) ﬁi(sy*()a To € Co,
P(zy,-) :=v*("), x1 € Ey.

One can check that P is a well-defined transition probability kernel and the MC is
necessary for the second line to be non-negative.
If & is in the upper level z € Ep, then two things can happen:

L. if g € Xo\Cp, then & moves identically to ®;

2. if 2y € Cy, then P(xy,-) = R(z,-)*.
Else if ® is in the lower level r1 € Eq, then & behaves like v*.
This means exactly that & := FE; is an atom for & and it is accessible if & is Y-
irreducible, since ¥*(E;) = d1»(C) > 0. From the definition of split measures, we also
have P"(:L’l, EN\Cy) =0foralln>1andx; € E.

The split chain & we have just constructed preserves several properties of ® such
as the following.

Proposition 2.20. If ® satisfies the MC, then the following statements hold for split
and original chains:
1. For any initial distribution A on £ and for any A € &:

JE Adz)P(xz, A) = J N (dy; ) P(yi, Ag U Ay).

2. If b is p*-irreducible, then ® is p-irreducible.

3. If @ is p-irreducible and ¢(C) > 0, then & is v*-irreducible, and ¢ is an accessible
atom for the split chain.

4. For any o-finite measure p:

| @ty = (| wanpi.)'’s

or otherwise: p*P = (uP)*.

Notice that for the existence of a split chain, we have only required the MC to be
satisfied for the chain. In the next section, we are going to give conditions on when
the MC will hold for a chain.

2.5 Cyclic behavior

By the earlier arguments, we can reduce our further analysis to ¢-irreducible chains.
First, we consider a motivational example for this section. A discrete-time dynam-
ical system T is said to periodic in some point z, if there exists an n € N, such that
T"(x) = x. Since ® can be interpreted as a dynamical system through the shift opera-
tor, if we look at the transitions P from this point of view, we can ask whether there are
states for which the chain is periodic in any sense. A trivial example of such periodic
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behavior in a countable state space setting would be the chain defined by transition
probabilities

P(J]Z‘7ZEZ'+1> = ]_, ViEO,l,...,d—l mod d

for some F = {x; : 0 < i < d — 1}. Here, P¥(z;,7;) = 1 for every x;, so these points
are periodic by d in some sense.

The above observation can be generalized as follows. In a probabilistic setting, we
are interested in whether there exists some n for some « state such that P"(a, ) > 0.
Similarly to the deterministic interpretation, the smallest d with this property will be
called the period of «, that is,

d(a) :==ged{n = 1: P"(a, ) > 0}.

General results for countable state space chains include that every state that is in
the same communication class has the same period. Thus, we can restrict a chain to
some absorbing communication class. Since the restricted chain is irreducible, as a
consequence, one sees that the space E decomposes into disjoint sets Dy, ..., Dy which
for

Vee Dy:P(x,Diy) =1, k=0,1,...,d—1 modd.

Such phenomenon will be called a d-cycle.

We will use small sets to achieve a similar partition of E in the general state space
setup. According to Proposition for a 1-irreducible chain ®, there exists some
M € N, and a vy-small set C such that v(C) := vy (C) > 0. Since PM(z,-) = v for all
x € C, then if the chain starts in ', then it will return to C' with positive probability
at time M. Let the set

Eq = {n > 1:Cisv,-small, v, = e, v, &, > O}

consist of time points when there is a positive probability of returning to C' is well

defined.

Theorem 2.21. Suppose ® is y-irreducible. Let C' € £ be a vy;-small set and let d be
the greatest common devisor of E. Then there exist disjoint sets Dy, ...Dy; such that
e P(x,D;y1)=1forallzeD;, i=0,1,....,d—1 mod dj;
- (Ui Di}) = 0.
The d-cycle D; is maximal in the sense that for any (d', Dy : k € {1,2,...,d'}), we have
d' dividing d. If d' = d, then by reordering D! we get D} = D; 1-a.e.

The existence of d-cycles in the general case enables us to classify chains even
further, in terms of periodicity.

Definition 2.22. Suppose that ® is y-irreducible.
o The largest d for which a d-cycle occurs in ® is called the period of ®.
e When d = 1, the chain ® is called aperiodic.
o When @® is aperiodic and there exists a v;-small set A € £, which for v1(A) > 0,
then we call ® strongly aperiodic.
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Remark 2.23. Note that just for countable state space chains, a strongly aperiodic
chain is also aperiodic, but the converse is not true in general.

The next theorem summarizes the earlier results, and together with the following
proposition, gives us insight on why it is desirable to work with aperiodic chains.

Theorem 2.24. Suppose that ® is i-irreducible with period d and d-cycle {Di i1 €
{1,2, ... d}} Then each of the sets D; is an absorbing ¢-irreducible set for the restricted
chain ®,; with transition probability kernel P?, and ®, is aperiodic on each D;.

Proposition 2.25. Suppose that ® is a 1-irreducible chain.
o If ® is aperiodic, then every skeleton of ® is aperiodic and w-irreducible, and
some m-skeleton is strongly aperiodic.
o If ® is strongly aperiodic, then the minorization condition holds for .

Remark 2.26. In case the chain ® is periodic, analysis becomes a bit burdensome.
For such chain, one can define the sampled chain with transition kernel K,(z, A) :=
> o P™(z, A)a(n) for some distribution @ on N. If we choose a := d,,, then we get back
the m-skeleton of ®, hence the sampled chain is a generalized version of the original.
Furthermore, petite sets generalize the idea of small sets; we call C' € £ v,-petite if
Ku.(x,A) = v,(A) for all x € C, A € £, where v, is a non-trivial measure on &. It is
easy to see that if C' is a v,,-small sets, then it is vs-petite.
In general, many useful and at first surprising results hold for sampled chains and
petite sets, which goes beyond the scope of this thesis. These can be found in Meyn-
Tweedie[7].
Specifically, the following two properties are of notable interest for us.
Suppose @ is y-irreducible. Then
1. for the sampling distribution a,(n) := (1 — p)"p with 0 < p < 1, the sampled
chain is always strongly aperiodic.
2. if ® is d-periodic, then for the sampling distribution a(k) := % where k €
{0,1,...,d — 1}, the sampled chain is always strongly aperiodic.
3. if @ is aperiodic, then every petite set of £ is also a small set.

One can apply most of the upcoming results for the sampled chain of a periodic
chain, since it is always aperiodic. Hence, it is not too restrictive to focus mainly on
aperiodic chains from now on.

FExample 2.2. The following is an example of a 2-periodic chain, for which we construct
a strongly aperiodic sampled chain. Define ® as

(1)02:0

f’m (I)n—l = 07

Vne N, : P, =
M (I)n—l < 07

where Vn : &, ~ U(—1,0), n, ~ U[0,1) are i.i.d. random variables.

The sequence ® is a homogeneous Markov chain, because ®,, depends only on ®,,_1,

and it is 2-periodic, since it jumps between the intervals (0,1) and [0,1). However,

Ko(z,A) := S P(x, A) + 1 P?(z, A) is strongly aperiodic.
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Chapter 3

Stability concepts

In this chapter, we take a look at different levels of stability criteria for Markov chains
in terms of rigidness. Layer by layer, we are going to strengthen our concept of stability,
and finally, we are going to characterize stable chains with conditions that can be used
in practice.

In contrast, due to that applications generally use stable models, we will not be
concerned with fully understanding the behavior of unstable chains. For further infor-
mation, see Meyn-Tweedie [7].

As we have remarked at the end of the previous chapter, we assume that the chain
® with which we work is aperiodic. Knowing this, many of the upcoming results related
to small sets can be found in more general contexts for petite sets and periodic chains
in Meyn-Tweedie [7].

3.1 Transience and recurrence

Recurrence of chains aims to formalize the idea that a chain visits certain parts of
the space infinitely often, while transience corresponds to the phenomenon that the
chain eventually leave every region forever. It should be of no surprise by now that the
interpretation of transience and recurrence on general state space also comes from the
countable state space theory. Since the latter falls out of the spectrum of the thesis,
we are only going to discuss them briefly.

Let n, = Zf;l 1g,—o be the number of visits of ® to the state a and denote
by E.(-) := E(:|®y = x). On countable state spaces, we first consider individual
a € E states, for which we say it is recurrent if E,(n,) = 00, or say « is transient if
Eo(ne) < 00. When @ is irreducible, recurrence and transience become a class property,
so either E,(n,) < o or E,(n,) = o holds for all x,y € E. Therefore, we can talk about
recurrent or transient irreducible chains. We are more interested in the case, when a
state « is recurrent, since transience would imply that « is reached finitely many times
with probability one, so we can assume it will be negligible for asymptotical analysis.

With this intuition in mind, our goal is to define the above concepts for the gen-

eral state space setting. Again, it is pointless to analyze the probability of the chain
returning to some starting point; therefore, we use measurable sets to formalize our
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ideas.

Given a set A € £, we want to know how likely or unlikely it is for the chain ® to
jump into A. The weak formalisms of the previous questions are defined through the
expectations of the random variable ny4 := Zle 1g,ca-

Definition 3.1. Suppose ® is a Markov chain and A € £. Then
o the set A is called uniformly transient if there exists an M < oo such that
E.(na) < M for all x € A;
o the set A is called recurrent if E,(n4) = oo for all z € A;
o the set A is called transient if A can be covered with a countable number of
uniformly transient sets.

Remark 3.2. In general state space, uniformly transient and transient sets are not
equivalent. To see this, consider the random walk &3 := 0,Yn e N, : &, := &, 1 +
W,, where W,, ~ U(1,2). Let Ay := [k,2k], k € N and A := UpA;. Then Vi :
E(X o 1a,ca,) < k < o0, since once @ jumps into A, and by the pigeonhole principle,
it has to leave A in at most k steps, due to the definition of W,. Therefore, Vk : Ay
are uniformly transient, and thus A is transient.

However, E(>)"  1g,ca) = E(3" 1) = «, so A is not uniformly transient.

Remark 3.3. Observe also that, just as in the countable case, we do not have a clear
dichotomy for non-irreducible chains. Take the previous example; there, the set R is
both recurrent and transient by the definitions, and also, there is no non-trivial measure
1, for which the chain is -irreducible.

However, even in the case ® is 1-irreducible, classification of chains by recur-
rence/transience of sets still proves to be challenging. Meyn-Tweedie [7] frequently
overcomes issues of general state space theory like this by reducing problems for a
special case; namely, when ® admits an atom. Then, the results of this case can be
carried over to the general incident through the split chain. In the current problem,
they first prove for a-atomic -irreducible chains that if « is recurrent, then every set
is recurrent; and if « is uniformly transient, then there is a countable cover of the state
space E by uniformly transient sets.

These considerations motivate the global interpretations of recurrence/transience.

Definition 3.4. Suppose ® is -irreducible.
o We say that ® is recurrent if >, | P"(x, A) = w forall x € E and for all A€ 7.
o We say that ® is transient if E is transient.

By these definitions, the dichotomy of countable state space chains remains valid
even in the general state space setting.

Theorem 3.5. If ® is ¢-irreducible, then it is either transient or recurrent.

It is natural to raise the question: how does one decide whether a chain is transient
or recurrent? For the first time in the thesis, we introduce the concept of drift condi-
tions. As we have remarked at the beginning of the chapter, we answer only the latter
question; the transience criterion can be found in Meyn-Tweedie[7].
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Remark 3.6. One of the fundamental tools for analyzing the stability properties of
systems is the Lyapunov function. Their introduction was originally motivated by the
need to classify the points in the phase space of dynamical systems in terms of stability
[9]. Given a Lyapunov function for some autonomous ODE, one can decide whether a
point is stable or unstable by checking the sign of the time-derivative of the Lyapunov
function in some neighborhood of the point. If the sign is negative, then the point is
locally asymptotically stable. Since a Markov chain also induces a dynamical system,
the question whether such technique can be developed for the probabilistic framework
comes naturally.

Definition 3.7. (SDC)
We say that the standard drift criterion is satisfied for the chain @ if there exists a
function V' : E — [0,00) and a set C' € £ such that PV (z) — V(z) <0 for all z € C“.

The following class of functions combined with the SDC are already sufficient to
develop interesting results.

Definition 3.8. (UOSS) A measurable function V' : E — [0,00) is called unbounded
off small sets for ®, if for any n € N, the sublevel set Cy(n) := {z : V(z) < n} is
small.

Remark 3.9. One could define these functions for petite sets, when ® is non-aperiodic.

Theorem 3.10. Suppose P is -irreducible for which the SDC is satisfied with a small
set C' and an UOSS function V. Then L(z,C) = 1 for all z € E and ® is recurrent.

3.2 Harris recurrence

In this section, we strengthen the definition of recurrence. It turns out that in general
spaces, the above interpretation of recurrence is not sufficient to characterize chains that
possess the properties we need for long term stability. While recurrence characterizes
the frequency of visits to sets of positive measure, it does not guarantee that such
sets are reached with probability one. To obtain a notion that satisfies the earlier, we
introduce Harris recurrence.

Denote by

{@ecdio}=[]|J{®nea

n=1m=n

and for x € E, A € £ we write Q(z,A) :=P, (P € Ai.0.) =Py(na = 0).

Definition 3.11. The set A € £ is called Harris recurrent if Q(z, A) = 1 for all x € A.
The chain ® is called Harris (recurrent) if it is ¢-irreducible and every set in £* is
Harris recurrent.

It is easy to see from the definitions that Q(z, A) < L(x, A). The next theorem
shows that Harris recurrence shares desired similarities with the standard recurrence
notation.

Proposition 3.12. If ® is Harris recurrent, then Q(x, B) = 1 for every x € E and
every Be ET.
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It is also easy to see that Harris recurrent chains are also recurrent. We have defined
Harris recurrence particularly to deal with the nuisance that recurrent chains are not
always Harris in the general state space setting. For a counterexample, consider the
following.

Ezxample 3.1. [7] Suppose ® is a chain such that every A € £ is Harris recurrent.
Let E' := E U N, where N := {x; : i € N}. Then expand P to P’ such that

P(x,A):= P(x,A), zek, A€,
Vi: P(zg,2i11) = B, Plai,a) =15

where a € E is arbitrary and fixed, and 3; are probabilities such that 0 < [[/2, 8; < 1.
Hence, for all A € €T L'(z;, A) < L'(zi,a) = 1 —[],_, Bx < 1, which means that
every Be&' : BnEe &, Bn N # (J is not Harris recurrent, therefore ' cannot be
Harris. Nevertheless, @’ is recurrent:

0

e}
Z(P/)n(xi,/l) =, Z ]1<I>;LGA>
n=0 n=0
0
= E;Z ]l-ra<oo Z ]IQJQLGA)

:E;i ‘ra<002]1<bm+Te>
=P, (1. < 0) E, (2]1q>/ A Ta<OO>.

Since ¢/ = o€ E, then Vn > 7, : @), = ®,, and by the Strong Markov Property:

Ta<OO>—L/ZL‘Z, ZP”OzA
>0 %,_z

=0

P/ (Ta < OO E, ( Z 1q>m+7 €A

We are going to see shortly that this example can be generalized in a way that we
can obtain any recurrent, but non-Harris recurrent chain in that generalized form.
For any Harris recurrent set D € &, let D* := {y : L(y,D) = 1}. This set D is
absorbing and D < D by definition.

Definition 3.13. We call D a mazimal absorbing set it D = D*. In general, we will
say that a set H € £ is maximal Harris if it is a maximal absorbing set and ® restricted
to H is Harris recurrent.

Theorem 3.14. If ® is recurrent, then there exists a decomposition £ = H u N,
where H € £7 is a maximal Harris set and N is a -null, transient set.

By the Harris recurrence notation, we achieve a stronger version of Theorem |3.10]

Theorem 3.15. Suppose ® is y-irreducible for which the SDC is satisfied with a
small set C' and an UOSS function V. Then L(x,C) =1 for all x € E and ® is Harris
recurrent.
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3.3 Invariant measure

In this section, we examine the consequences of a chain being recurrent or Harris
recurrent. Since we are interested in the asymptotic behaviors of stable chains, further
theory of transient chains will be omitted.

Arguably, the most important thing we would like to know for some chain ® is the
limiting behavior of the distribution £ of ®. Since the transition probability kernel P
describes the whole evolution of ®, we can analyze P instead of £. Formally, we would
like to know whether P™(z,-) converges to some limiting entity in any sense. Notice
that if so, then the limit must be invariant under transitions in time.

Such considerations yield the following definition.

Definition 3.16. We say that 7 is an invariant measure for ®, if it is o-finite and

m(A) = Jﬂ(dx)P(x, A)

for all Ae&.

Corollary 3.1. Notice that if ® has an invariant probability measure m, then by itera-
tively applying the definition of 7, then

n(A) = f w(dy) P"(y, 4) = Po(B, € A),

forany ne N, and Ae .

Remark 3.17. In the study of stochastic processes, ® is called a stationary process
under P, if P((Pg,...,P,) € -) = P((Pg,...,Ppsx) € -) for every k,n € N. Notice
that Corollary together with the Markov property implies that 7 is an invariant
probability measure for ® if and only if ® is stationary under P,. We shall see the
consequences of this observation in the chapter on ergodic theorems.

Remark 3.18. Consider the distribution P, o ®, ' of ®,, for any initial . Then, if there
exists a limiting probability measure 7, := lim,_,,, P,(®, € -) in a sufficiently "nice"
topological space of probability measures (e.g. Polish space), then

Yu(A) = lim P, (P, € A)

.
= lim | p(dz)P"(x, A)
n—>OOJ
.
= lim u(dm)J Pz, dy)P(y, A)
N0 JoeE yeE
r
= lim (f u(dx)P”‘l(:c,dy)>P(y,A)
n_)OOJyeE' el
r
—im [ (P (dy) Py, A) = J Yu(dy) P(y, A).

n—00 JyeE

The last equality holds since set wise convergence of measures implies weak conver-
gence. Therefore, any limiting distribution must be invariant.
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For these reasons, it would be ideal if we knew that an invariant measure m was
also a probability measure for a given chain. However, there are chains which possess
a non-finite invariant measure.

FExample 3.2. Consider the simple random walk model on R:
Oy :=0,YneN, : 0, =, 1 +W,, W, ~U(-1,1) iid.

This chain is governed by the transition kernel P(x, A) = P(W; € A — ). Then the
Lebesgue measure A\ on R (which for A(R) = o0) is invariant for ®. Since indica-
tor functions are non-negative measurable functions, one can obtain from the Fubini
theorem and from the definitions that

L/\(dx)P(x, A) = J P(W, € A — 2)\(dx)

R

1
_ J J e LegeaN(dy)A(d)
R JR

1 (!

QJ J Lyt year(dz)A(dy)
—1Jr

1

-2 fl MA(dz) = A(A)

for any A € £, which exactly means that A\ is invariant for ®.

By this argument, we separate two cases.

Definition 3.19. Suppose that ® is a i-irreducible chain.
o If ® admits an invariant probability measure 7, then ® is called a positive chain.
o If ® does not admit such measure, then ® is called null.

The next corollary follows from Proposition [3.5 and the above remarks.
Proposition 3.20. If a chain ® is positive, then it is recurrent.
Therefore, in terms of recurrence, we can further categorize positive chains.

Definition 3.21. If ® is positive and recurrent, then ® is called a positive recurrent
chain. Similarly, if ® is positive and Harris recurrent, then ® is called a positive Harris
chain.

We are going to see shortly that positive Harris recurrence is the strongest form of
stability, which is sufficient to prove convergence theorems. Next, we give conditions
which guarantee that this property holds for chains.

Theorem 3.22. Suppose that ® is ¢-irreducible and recurrent.
1. Then there exists a unique invariant measure 7, which satisfies

TA—1
W(B) = J F(dl')]EI( Z ]LPHEB)
A n=0
forany Ae £, Be&.
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2. The measure 7 is finite, if there exists a small set C' € £ such that

supE,(7¢) < .
zeC

In particular, ® is positive recurrent. Furthermore, ® is positive Harris, if
E.(7¢) <0, ze€kF.

Intuitively, the first allegation says that the invariant measure of any set B is
proportional to the amount of time that the chain ® visits it, before returning to the
starting set A. The latter statement is even more interesting, and we will further discuss
it in the following section. We also emphasize the uniqueness of 7, since it implies that
the limiting measure in Remark is independent of the initial distribution su.

3.4 Regularity

In this section, we give the final form of the conditions under which Markov chains
achieve positive Harris recurrence.
Recall that the variable 74 is the first entry time to the set A € £.

Definition 3.23. Suppose @® is a i-irreducible Markov chain.
We call a set C € & reqular if

supE(rg) <o, VBe&™.
zeC

The chain ® is called regular if there is countable cover of E by regular sets.

In other words, regular sets are those sets from which any part of the space can be
reached in finite time in expectation.

Proposition 3.24. Suppose ® is ¢-irreducible.
o If @ is regular, then it is Harris recurrent.
o Ifaset C'e& is regular, then it is small.

In Theorem [3.22] we have already observed that the positivity of the chain is in a
strong relationship with the finiteness of the expected return time to some small set.
It turns out that the regularity of the set H in Theorem is the exact condition we
need for the positivity of ®.

Theorem 3.25. Suppose ® is y-irreducible. Then the following are equivalent:
1. ® is positive recurrent.
2. There exists a decomposition £ = S u N, where S is absorbing, N is ¢-null and
® restricted to S is regular.

We would like to eliminate the earlier null set N from the picture. Therefore, we
can rightfully ask under what circumstances will a chain achieve regularity? Since we
have already seen the usefulness of drift conditions in the previous sections, it might
seem like a good idea to strengthen the earlier criterion.
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Definition 3.26. (RDC)
We say that the regular drift condition holds for ®, if there exist some C € &£, some
b>0and V:E — [0,0) such that

PV(z)—V(r) < —1+0blg, Vzek.

Usually, the constant b in the definition is very large, which means that the condition
only requires the kernel to decrease at least with the rate —1 along V' outside C'.

Remark 3.27. Originally, Meyn-Tweedie [7] allows V' to be infinite valued in the def-
inition of RDC. However, it is proved shortly that any non-trivial V' of the RDC is
Y-a.e. finite, so in that case one can replace the space F with the absorbing set
S:={z:V(z) < n}.

Our final theorem of this chapter characterizes completely the conditions under
which a chain will reach the absorbing, regular region S of Theorem [3.25]

Theorem 3.28. Suppose ® is ¥-irreducible. Then the following are equivalent:
1. @ is regular.
2. The RDC holds for ® with some small set C' and function V.
3. There exists a small set C' such that

E.(1¢) < w0, Vx € E; sup E,(1¢) < 0.
zeC
Remark 3.29. All things considered, for a chain to admit an invariant probability mea-
sure T, it is sufficient to find in practice a small set C' and v¥-a.e. finite V' which for the
RDC is satisfied. On the ¢-null set NV, the invariant probability measure 7 will also be
of measure zero.
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Chapter 4

Ergodic theorems

So far, we have only thoroughly discussed the properties of Markov chains that gave
us qualitative descriptions on the future behavior of the chain ®. Since the sequence
(P™)nen defines the distribution of ®, it would be desirable to know whether this
sequence converges in any sense.

In the first section, we shall see that under some conditions P"(x,-) converges to
its unique invariant measure for any starting point x € E. After that, we are going
to examine the Law of Large Numbers for Markov chains. Other notable convergence
theorems can be found in Meyn-Tweedie [7], such as the Central Limit Theorem or the
Law of Iterated Logarithm for Markov chains.

4.1 Geometric ergodicity

In the previous chapters, the theory we have developed comes mainly from the Meyn-
Tweedie framework [7]. However, in this section, we take a look at the proof of Hairer-
Mattingly [4] for geometric convergence of Markov chains in the total variation norm,
in which techniques are cleaner, more elementary, and the premises are not as strict.
Nevertheless, we briefly discuss the route of Meyn-Tweedie for completeness.

With the concepts and tools we have developed so far, they first prove a convergence
theorem for positive Harris recurrent t-irreducible, aperiodic chains, which does not
give information on the order of decay. This is executed as follows:

1. Prove the case, when the chain ® possesses an atom.

2. When ® is strongly aperiodic, then by Proposition [2.25] the splitting technique
can be applied to construct an atomic chain. The results of case 1. can be
carried onto the original chain, due to such properties of the split chain as those
in Proposition [2.20]

3. Then the general case can be proved, using from Proposition that any ape-
riodic chain has some strongly aperiodic m-skeleton.

To achieve geometric rate of decrease, they extend our previous notions by including
the exponential ratio in the new set of definitions, and even introduce new concepts.
For example, they replace atoms with "Kendall atoms", or the regular drift condition
with "geometric drift criteria". With regard to the above, we begin to develop the
fundamentals.
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First of all, We choose an appropriate metric to define convergence.
Denote by u(p) := §o(y)u(dy), for any o-finite measure p and function ¢.

Notation 4.1. The total variation norm (TV) of measure p is given by

|ty = sup [ulp)] = sup p(A) — inf p(A),
e:lpl<1 Ae€ ef
where we shortened Yz € E : |p(x)| < 1 by |¢| <1
Suppose @ is a Markov chain with transition kernel P. By the above notion, we
would like to know if

|P"(x,) = p* |y — 0

for some probability measure p* and any starting point z € E.
Notice immediately that convergence in total variation implies:
(i) uniform convergence over subsets of the space;
(ii) convergence of P™ in distribution;
(iii) |uP™ — p*||rv — O for any initial probability measure pu.
We can also formulate questions related to the speed of convergence.

Definition 4.2. We say P" converges geometrically to the probability measure p* if
| P™(z,-) = p*|rv < CY'(1 + V()
for every initial x € E, and for some C' >0, V : E — [0,0), 0 <9 < 1.
Recall from the previous chapters the drift and minorization conditions. Here, we

formulate them as assumptions for ®, in the following forms:

Assumption 4.1. (Geometric drift)
There exists a function V : E — [0,00) and K > 0, 7 € (0,1) such that

PV(z) <AV(zx)+ K

for all x € E.
Assumption 4.2. (Minorization)
There exists an a € (0,1) and a probability measure v on & such that

inf P(z,-) = av()

zeC

with C = {x eE:V(z R} for R > ==, where K and v are from Assumption

Remark 4.3. In case the chain ® is 1)- 1rredu01ble Assumption [4.T and [4.2] imply that:
(i) C is a small set;
(ii) Ey(1c) < o0, Vr € E.
Therefore, in this case, by Theorem and [3.28] ® is positive Harris recurrent, i.e.
® admits a unique invariant probability measure 7. Also, in accordance with our
intuition, this means that geometric drift implies regular drift.

Having defined the proper notions and prerequisites, we are ready to prove our first
convergence theorem.
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Theorem 4.4. If Assumption and Assumption hold for the Markov chain ®,
then it geometrically converges to its invariant probability measure , i.e.:

|P"(z,) — 7|y < CU*(1 + V(x)).
for all initial z € E, and for some C' > 0, V : E — [0,00), 0 < < 1.

Proof. The following proof is a modified version of the one given in Hairer-Mattingly
[4]. Although they state the theorem in another form, it is equivalent to the one we
prove here. It will be composed of several steps.

First of all, we define a metric family for measures, and a norm family for func-
tions. To motivate these, consider the total variation norm distance of two probability
measures:

= Alzv = sup f () (1 — N)(dz).

lpl<1

The set of test functions can be extended by recognizing that
Vile(x) <1=Vr:|px) <1+ pV(x),
for some adjusting parameter § > 0. Consequently, define

o ()]

—sup—"—2 o E TR, B>0.
lells U BV () ¥ 5

By this notion, we achieve a degree of freedom in the form the parameter .

Since the earlier introduced p(¢) = §¢ dup is a linear functional on the set of
functions from E to R for a fixed probability measure u, we can take the metric on the
space of probability measures induced by the dual norm.

s V)i = sup [ (o)~ N)(a)

wifpllp<1

~ [ V@)= N, e [0.1]

where 1 — v is interpreted as a finite signed measure. One can verify the ">" direction
inequality in the second line with the choice of p(z) := (1 + BV (z))sgn (1 — A), where

1, p(dr) =
_17 :u(dx) =
p=pt =,

sgn(p(dr)) : = {

while the other inequality is trivial.
The primary advantage of this weighted total variation distance pg is that we will be
able to give an upper bound on the original total variation distance after rescaling.
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Using this new metric, we immediately get:

|P"(x,) = 7|rv = sup [P"p(x) —m(p)]

wilp|<1

< sup [Prg(z) — () (4.1)
elel<1+V

= sup [P"p(x) —7(p)| = p1(6.P", )
eileli<t

for arbitrary initial x € E.

If P were a contraction in py, then we could finish the proof shortly. Unfortunately,
this is not the case. However, we can make use of the degree of freedom given by the
parameter 3, so that the following lemma holds:

Lemma 4.5. There exists some ¥ € (0,1) and a § > 0, such that

ps(LP,AP) < Ips(p, A)

for any i, A, meaning that P is a contraction for some pg.

To prove this lemma, we have to define yet another norm to prove the inequality.

)0, T =y,
ds(w,y) = {2+5V($)+BV(y), Ty r,ye &

[p(z) — ¢(y)|
©l|lg :=sup , p: E—R

V) = _sup_ [ pla)p = N)(da) s € [0.1]

e:llells<1

This metric and norm family are well-defined and are in a close relation with the earlier
defined metric, namely:

Proposition 4.6. ||¢|[s = infeer || + ¢/s, ¢ : E — R and ds = ps for probability
measures.

Proof. See Hairer-Mattingly [4]. O

Lemma 4.7. There exists some ¥ € (0,1) and a § > 0, such that
IPells < dlells, ¢:E—R.

Remark 4.8. We are soon going to see that Proposition [£.6] and Lemma [4.7] together
imply Lemma [4.5]

Proof of Lemma[{.7 Fix ¢ such that [|¢]/s < 1. We can suppose by Proposition 5.5
that |¢|s < 1, and let =,y € E be arbitrary. We have to find some ) € (0,1) such that
|Po(z) — Po(y)| < Vdg(x,y). Assume = # y, since the inequality is trivially satisfied
for any x = y. Recall that R > % from Assumption We separate two cases.
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At first, suppose V(z) + V(y) = R. Then

Po(z) — Poy)| < [Po(@)] + [Poly)
< j o(2)| (e, dz) + j o(2)| Py, dy)

|
< J(1 + BV (2))P(x, dz) + J(l + BV (2))P(y, dz)

=2+ PV (x) + PV (y)

<24 pyV(z) + pyV(y) + 26K

<2+ YV () + BV (y) + By —7)(V(z) + V(y))
=2+ Bn(V(z)+V(y))

<27 + Bn(V(z) + V(y)) = nds(z,y),

where 7o := v+ 28 <1 and v, := % € (70, 1). One achieves these values for v, 71
by repeatedly usmg the case assumption. Until now, S > 0 has not been fixed yet.
Next, suppose V(z) + V(y) < R. Then z,y € C by Assumption We make use
of the minorization condition by defining a Markov kernel which takes advantage of a-
probability "reseting’ on C. That would be P(z,-) := {=P(z,-) — 12-v(-). Applying

1=
this on some function ¢ and V' > 0 yields (1 — a)Pp(z) = Pp(z) — a{pdv and
PV (x) < ﬁPV(a:).

p(z) = Po(y)|

7
(Pe(@)] + [Pe(y))
(2+ BPV(x) + BPV (y))
(

2+ 28K + BV (x) + BV (y))

[Po(z) —Pe(y) = (1 -«
<(l-«
=(1—-«
<

l—«o

~— — ~— ~—

Now fix f := 92 for some aq € (0,a) and set v, := (1 —a + ag) v 7 € (0,1) to obtain

Po(r) —Pe(y) <2(1 —a+ag) + ByV(x) + ByV(y) < 12dp(z,y).

Thus, by letting ¥ := v; v 72, we have proved Lemma [4.7]

O
Proof of Lemma[f.8. Let ¢ : [|¢||s < 1 be fixed. Then ||Py|s < 9, ¢ := 22 and
AP AP) = dy(uP XP) = stp_ [ a) (uP — AP) ()
eiiells=<
< s [Pl V)
@:[IPellg<?
= s | B0l - V)
Pflllp<1
9y, A) = D, ).
O
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Now, we are ready to finish the proof of our main theorem.

Proof of Theorem[{.4. Observe that
Va 14 V(x) < max{l, ;}(1 LBV (@)).

Thus, we can compare | - |z and |- |; as
1
Iplls < maxil, Z ol

Hence, if we set C' := max{1, %}, then

(6P, 7) = sup f o) (6,P" — ) (dy)

[oli<1
= o | 2W) (5,pm _ x)(dy)
leli<t C

< C sup f@(y) (0,P" —m)(dy)
lels<1

= C’pﬂ((Sm'Pn, 7'(').

Using (4.1)), the above inequality, and from Lemma that P is a contraction in pg,
we get that

= |P"(2,-) — 7|rv < pi(6.P", ) < Cps(8,P™, ) < CO"pg(6a, ).

Bound ps from above with

ps(80,7) = f(l BV ()16, — l(dy)

< [+ vl + [0+ pvi)irlian)
=1+pV(zx)+7(l+8V)
<A+p8+n(1+p5V))(1+V(x)).
Now, if choose C' := C(1 + 3 + (1 + BV)). From this, we finally obtain
|P"(z,) — 7|y < CU*(1 + V(x)).
]

Remark 4.9. One can prove the existence of an invariant probability measure 7 with
this set of tools. It can be shown that the set of probability measures is a complete
metric space with pg, and (9,P")nen is a Cauchy sequence in this space. Therefore, by
the Banach fixed point theorem, there exists a unique m, which for pz(3,P", ) — 0.
This convergence holds even in the total variation norm, and 7 is invariant because
Pr = lim(6,P")P = lim 6, P"*! = 7, since contractions are continuous.
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4.2 The Law of Large Numbers

For a final theoretical investigation, we examine the Law of Large Numbers (LLN),
which is one of the most classical limit theorems of probability theory. It turns out
that the LLN can be formulated for Markov chains in an even stronger form, which
makes Markov chains of particular interest in upcoming applications.

Let ® be a Markov chain. For a positive Harris recurrent chain, admitting the
invariant probability measure 7, define S, (¢g) := >;_, g(®x) for any g : E — R.

Definition 4.10. We say that the Law of Large Numbers holds for a function g if

1
lim gSn(g) = Jg dr =7(g) P.-as.
Theorem 4.11. (Law of Large Numbers)
The following statements are equivalent:
(i) @ is positive Harris with an invariant probability measure 7.
(ii) For every fe Ly(E,E,):

n—0o n,

lim lSn(f) = Jf dr  Py-as.

In order to prove Theorem [£.11] we take a slight detour and introduce some new
concepts from ergodic theory.

Recall the definition of the path space (2, F,P,) of ®, where Q = x* E;, F =

Vi i ®n(w) = wy; and of the shift operator 6({zo,z1,...}) = {z1,29,...} and
(0FY)(w) = Y o 6% (w).
Definition 4.12. A random variable Y : 2 — R on the path space (2, F,P,) is called
P,,-invariant if 0Y =Y P,-a.s. for every k € N,. Equivalently, Y is P,-invariant if
there exists a function f : @ — R such that Y = f(®y, Ppyq,...) Pp-as., Vk e Ny,
When Y = 14 for some A € F, then A is called a P,-invariant event. We say that
Y is invariant, if it is P,-invariant for any initial distribution p. Invariant events are
defined analogously.

FExample 4.1. The following two random variables are invariant for any A € &:

. i 1 1 N
Qa =limsup Llg,ea = Lipeaio}, 7a:=limsup— Z Layea (42)

k00 now T

Definition 4.13. Given a measure space (€2, F,P) and a transformation 7" :  — €,
we say that T is a measure-preserving transformation if P(T~'A) = P(A) for every
Ae F.

FExample 4.2. If 7 is an invariant probability measure for ®, then @ is stationary and 6 is

a P.-preserving transformation, since (®g, @4, ...) 4 (P, Po,...)and (Pg, Dy,... )00 =
(D1, Dy, ...).
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Notation 4.14. The invariant (or P,-invariant) events form a o-algebra, which we denote
by ¥ (or 3,), and it is called the (p)-invariant or (u)-tail o-algebra.
For a bounded, P -invariant random variable Y, let hy : E — R; hy(z) := E,(Y).

Lemma 4.15. Suppose Y is P -invariant and E,(|Y|) < 0. Then Y = hy(®q) Pr-a.s.
Proof. By the Markov property ((1.2) and invariance of Y:

hy () = Eg, (V) = B (0"Y | &) = B (0"Y | F?) = E.(Y | FY), Pras.

Since Y € L' and F? is a filtration, then by the above calculation and Lévy’s upward
theorem, the adapted process (hy (®y), F2) is martingale, which converges both almost
surely and in the L! norm as well. Furthermore,

lim hy (@) = B (Y| F2Y=Y Pras,
—00

since Y is measurable for the smallest o-algebra Fe generated by (F?),en. By Remark
3.17], if @y ~ 7, then (P )ren is stationary under P, and therefore (hy (®y))ken is also

stationary. This implies that hy (®g) £ hy (®x) for each k € N, and together with the
L' convergence of (hy (®y))ren, we obtain

Er(|hy (Dg) = Y) = Ex(|hy (x) — V) =5 0
= Ex(|hy (o) = Y]) =0
= hy (®g) =Y Pr-as.

]

Corollary 4.1. Consider the random variable E(X | X,), where X € L'(Q, F,P,). By
the definition of conditional expectation, E.(X | £;) € L', it is X -measurable, and
by the definition of ¥, it is also P -invariant. Therefore, Lemma [4.15| implies that
E.(X | ¥;) is a function of ®y only, which we denote by X (®g) or X.

Theorem 4.16. If ® is a Markov chain with invariant probability measure 7, and
X e LY, F,P;), then there exists a m-full set Fix € £, such that for any x € Fy:

n—ao n

1 n—1
lim — Z X = X(z) Py-as.
k=0

Proof. Again, by Remark the process ® is stationary when ®; ~ 7. By definition
®y ~ 7 for every k € N, and hence (0*X)yen, is also a stationary process. Therefore,
by applying the LLN for stationary processes (see Doob [2]) and Corollary we get

1
lim —
n—ao n,

DX = Br(X | B1) = Xoo(Po) Preas.
k=1
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Denote by Ay := {limy o = > 0¥ X = X(®g)}. Then

| = Py(Ay) = f@ﬁ@w(d@.

0<- <1
In other words, P,(Ax) = 1 m-a.e.x € F, which is exactly what we wanted to prove. []

Definition 4.17. A function A : E — R is called harmonic, if

| Pa.anniy) - o

for all x € E. This is equivalent to saying that the adapted sequence (h(®y), F¥)ren
possesses the martingale property for all initial conditions.

Ezample 4.3. Recall the definition of (4.2). Then hg,(v) = Q(z, A) is a harmonic,
measurable function in x € E, since

The next theorem shows that the previous example is a special case of a general
connection between invariant random variables and harmonic functions.

Theorem 4.18. The following two statements are valid.
(i) If Y is a bounded and invariant random variable on (2, 7, P,), then the function
hy is harmonic and
Y = klgrolo hy (®r) Py-a.s.

(i) If h is a bounded harmonic function, then the random variable

H :=limsup h(Py)

k—o0

is invariant and hy(z) = h(z) for all x € E.

Proposition 4.19. The following two conditions are equivalent:
(i) All bounded harmonic functions are constant.
(ii) X, (and therefore ) is P,-trivial for any initial distribution p, which means that
P,(A) € {0,1} for any Ae X,,.

Theorem 4.20. If ® is Harris recurrent, then every bounded harmonic function is a
constant function.
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Proposition 4.21. Suppose that the LLN is satisfied for a positive Harris chain @ for
some function f and initial distribution p. Then the same limit holds for f with every
initial distribution.

After much work, finally we are able to prove Theorem

Proof the Theorem[4.11]. Here, we only prove the implication (i) = (ii). For the other
direction, see Chapter 17 of Meyn-Tweedie [7].

(i) = (ii) : Suppose @ is positive Harris and choose an arbitrary f € L'(E, &, 7). Now,
if we put X : Q@ > R; X(w) := f(wp), then X € L}(Q, F,P,). By Theorem [4.16] there
exists a set F' € £ of full m-measure such that

n

(@) =5 Xop(z) Preas,
k=1

for all x € F'; which means that the LLN holds for the initial distribution d,. It follows
from Proposition that X, = Xy (2) is the limit for every initial distribution, thus
X is constant and the convergence holds P,-a.s.

Since @ is positive Harris recurrent, Theorem [£.19] and together imply that X,
is trivial. Therefore

X = En(X | ) = E(X) = E.(£(@)) = f f(z) n(dz) = 7 (f),

which completes the proof. O
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Chapter 5

Examples and applications

As we have stated in the introduction, in this chapter we receive the rewards for our
previous efforts. We start with examining the AR(1) process.

5.1 Stability of the AR(1) process

Definition 5.1. The process (X, )nen is called a (scalar-valued) autoregressive model
of order k, shortened by AR(k), if for every set of initial values (Xo,..., X _x;1) and
each n e N, :

k
Xy =Y ;X i+ W,
i=1
where ay,...,ar € R and W, are i.i.d. variables on R.

The AR(k) process is one of those instances for which our previous tools work well,
and that despite its simplicity appears in many applied disciplines, such as economics,
engineering, or environmental sciences.

FEzample 5.1. For example, the AR(1) process can be used to model GDP growth rates
[5]:

e Y; > 0 denotes the GDP at time t € N;

o X, :=logY; —logY; i is the growth of GDP;

e Then, the GDP growth rate is given by

Xt = (lXt_l + Wt, XO ~ M. (51)

The parameter « is the "persistence", which tells how strongly the current GDP
growth depends on the growth of the last period, W; is some "white noise" and pu
is some distribution on R.

From now on, we analyze the following specific case. For the AR(1) process ,
we assume that W; ~ N (0,02), 0 > 0 and p = dy. It is well known from both [7] and
[5] that when |a| = 1, then does not define a stationary process, in which case it
does not admit an invariant probability measure. Therefore, we restrict our analysis
to the case 0 < |a] < 1.
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First of all, it is trivial that (X;) is a Markov chain on R, since it can be written
in the form X; = h(X;_1, W;), for the measurable function h(z,y) := ax + vy, x,y € R.
The kernel of this chain is given by P(z,-) = N (ax,0?) for any x € R. The following
statements are not much more difficult to verify.

Proposition 5.2. The chain (X;)
(i) is ¢-irreducible, where 1) = \ is the Lebesgue measure on R;
(ii) is strongly aperiodic;
(iii) does not possess an accessible atom.

Proof. (i) This follows from the fact that A (az, o?) is absolute continuous for A, and
its density function has a full support on R.

(ii) Since D = R is a 1-cycle, (X}) is aperiodic, hence we only to prove the existence
of a v1-small set.

For example, the set C' := [—R, R] is vy-small, for any R > 0 and an appropriate
probability measure v4. To see this, we have to find a v := vy, so that P(x, A) > v(A)
for any x € C, A€ B(R). By choosing a compact set of the form B = [—-K, K], where
K > R,\(B) = 1, and using the definition of P, we get

y ar>2 _ (y—az)?
e 202

P(z, A) —d
f \/27?02 AnB V2mo? 4

Since A N B is compact, we can minimize the function inside the integral to achieve a
lower bound:

y—ar < K +|a|R

_ (—an)? _ (K+]a|R)?

e 202 e 202 0
> = >
=

\V2mo? V2mo?
_ (—an)?
e 202

—dy = ady = a\(An B).
AnB V27r0_2 Y AnB Y ( )

If a > 1, then v(A) := ’\(ﬁ;f); else if 0 < a < 1, then v(A) := a)‘(;z;f) can be chosen
as a minorizing measure for P(z,-),x € C. Therefore, C' is v-small and hence (X;) is
strongly aperiodic.

(iii) Since P(z,-) = N(ax,0?),z € R, there is no subset A € B(R) of positive 1)-measure
on which P(-, A) is constant. This means exactly that there is no S € B(R) : ¢(S) > 0
such that P(z, A) = k(A) for any = € S and for some probability measure . O

Our final goal for this section is to prove geometric ergodicity for the AR(1) process.
First, we have to verify the existence of an invariant probability measure w. According
to Remark [4.3] it is enough to find an appropriate function V' and probability measure
v for Assumption and Assumption to be satisfied. In practice, such function is
often found by guessing from a particular family of functions, depending on the growth
of dynamics. For example, in our case, we may search from polynomials of the form
|x|p7p eN +-
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Proposition 5.3. Assumptions 4.1/ and |4.2 hold if we choose V() := 2? and v as in
the proof of the previous theorem.

Proof. We plug V' and v into the assumptions.

(y—az)®
e 202
PV (x =fv P(z,dy) = | y*——dy = E(Z%) =D*(2) + E*(Z) = 0 + a*2?,
@) = [ VP - | =y~ B(Z) = D*(2) < E(2)
where Z ~ N(az,0?). Since 0 < |a] < 1, Assumption is trivially satisfied with
choice v := a? K := 0?+1. We saw in the previous proposition that C' = [~ R, R] is a
small set for any fixed R > 0, and that v is a minorization measure for P(x,-),x € C.
Rewriting C' in the form

C={reR:—R<z<R}={reR:22<R*} ={zeR:V(z) <R}

we get that Assumption also holds by choosing R > 4 /IQTK. O]

Corollary 5.1. By the above, it follows immediately that (X;) converges geometrically
to its unique invariant probability measure 7.

Of course, we want to know 7 explicitly. Although we have a formula from Theorem
to obtain 7, it is a grueling task to calculate the expected return times. However,
in some cases, the form 7 takes can be guessed. Looking at the evolution of (X;) and
knowing the fact that

1 ¢ N0
=1, -1 — 7m(A) Ps-a.s.,
g9() ea = n; XieA m(A) Py-as

it can be guessed that 7 < N (1, 52), for some ji € R, > 0.

Since (X;) is a stationary process, then X; ~ N (ji, 5%) implies that X; 1 ~ N'(f1, 5?)
for any ¢ € N. Nevertheless, X; ., = aX; + Wy, together with P(z,-) = N(az,o?)
indicates that X;,1 ~ N (afi, ad2 + 02), therefore fi = 0,52 = 2 and © = N(0, -Z5).

1—a? ’ 1—a?

5.2 Markov Chain Monte Carlo

The Markov chain Monte Carlo (MCMC) methods are algorithms used to draw sam-
ples from a specified target distribution 7. They are widely used in different applied
disciplines, such as statistical physics or Bayesian statistics [8]. The name comes from
the fact that these algorithms ideally construct a Markov chain (X,,) whose invariant
measure is the given target distribution. The earlier convergence results that we have
seen guarantee under sufficient conditions that the distribution of X,, converges to the

target distribution m. Therefore, after sufficiently many steps X, £ 7 and we can use
X, Xpa1, ... as samples from 7.

In many applications, direct sampling from 7 is difficult or impossible. However, it
is often possible to evaluate a function "proportional" to the density of 7. This is the
key idea behind the Metropolis—Hastings algorithm.

39



Suppose that £ < R? is equipped with the Borel o-algebra €. First, any MCMC
algorithm requires a proposal mechanism that defines the underlying Markov chain.
Let @ denote a Markov kernel on (E, £), which we call the proposal kernel, and assume
for every x € E that the measure Q(x,-) admits a density ¢(z,-) with respect to the
Lebesgue measure. The proposal kernel is used in each step of the MCMC to generate
a candidate, which then can become the next element of the Markov chain.

Let m be a probability measure on £, and assume that 7 admits a density 7 with
respect to the Lebesgue measure, i.e.

m(A) = L‘fr(:p)dm, Aef.

In practice, the density 7 is often known only up to a normalizing constant. More
precisely, there exists a non-negative measurable function m, such that

7(x) = éwu(m), C= JE mu(x)dr < 0.

Equivalently,
~ Samu(x)de

- (pmu(z)da

In this situation, we say that the density 7 is proportional to 7,, and write 7(z)ocm(x).
One of the principal advantages of the Metropolis-Hastings algorithm is that it
only requires knowledge of the proportional density. As we shall see, the normalizing
constants get canceled out in the part when density functions are used.
The algorithm executes as follows:
1. Initialization (n = 0): Choose an arbitrary z, state and a proposal kernel
Q(z,dy), with density ¢(x,y).
2. General step (n e N, ):
o Propose a candidate y ~ Q(x,_1, ).
e Calculate the acceptance ratio :

m(A)

Tu(Y)q(y, Tn-1) )

N —
Wu(xn—l)Q(xn—la y)

(Set a(x,y) := 1 if m,(z)q(x,y) = 0.)
e Choose the next state:

Y, with probability a(z,_1,y)
Ty 1=
Tn_1, with probability 1 — a(x,_1,7)

* Repeat.

The quantity Mﬁiyffgzézj?y) compares the relative plausibility of moving from z,,_;
to y with that of moving from y back to x,,_;. If the proposed state has larger target
density than the current state, then the ratio exceeds one, and the proposal is accepted
with probability one. Otherwise, the proposal is accepted only with probability equal
to this ratio. Notice also, that in case the proposal density ¢(z,y) is symmetric, then
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Tu(y) )

Tu(Tn—1)

Proposition 5.4. The Metropolis-Hastings algorithm produces a Markov chain for
which 7 is an invariant probability measure. The transition probability kernel of this
chain is given by

the acceptance ratio simplifies to min(1,

Pz, A) = J

A

(e )QGe.dy) + ()

1 —a(z,y)Q(x, dy)), rekE, Acé.
E

Proof. See Roberts-Rosenthal [§]. O

Remark 5.5. In the Metropolis-Hastings algorithm, after an initial target distribution is
given to us, we have a degree of freedom to choose an appropriate proposal distribution
for the algorithm.

Ezample 5.2. [8, Example 4.] A simple instance for the usage of the Metropolis-
Hastings algorithm would be the following. Suppose £ = R, and m,(z) = e %, z = 0.
Choose a symmetric proposal density ¢(x,y) = ¢(|ly — x|), whose support is contained
in [z —a, z + a] for some tuning parameter a > 0 (e.g. ¢(2,y) = 5= Lye[s—aw+a)). Hence,

the acceptance ratio is a(x, y) = min(1, :Z%) = min(1,e~®~®). It is shown in Roberts-
Rosenthal [§] that for the Markov chain generated by the Metropolis-Hastings algo-
rithm converges geometrically when the drift function is chosen as V' (z) = e“, ¢ > 0.
Furthermore, it is positive Harris recurrent, so the LLN also holds for the chain.
Below, we shall see diagrams illustrating the convergence of the ergodic averages.
Here, the algorithm has been initiated with the initial state zo = 8, and had run for

20000 steps in total.

Empirical distribution after 200 iterations Empirical distribution after 1,000 iterations.

0.4 0.4

02 02

0.0 0.0
0 2 4 6 8 10 0 2 4 6 8 10

(a) 200 samples (b) 1000 samples

Empirical distribution after 5,000 iterations Empirical distribution after 20,000 iterations

0 2 4 6 8 10 : 0 2 4 6 8 10

(c) 5000 samples (d) 20000 samples

Figure 5.1: Empirical distributions of the Metropolis-Hastings samples approaching
the target density m(x) = e~* as the number of iterations increases.
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5.3 Conclusion

In this thesis, we have investigated ergodic and stability properties of Markov chains in
general state space, primarily following the framework developed in [7]. The method-
ologies were chosen so that the reader could get a taste on how the measure theoretic
viewpoint of probability theory extends the classical theory of countable state space
Markov chains. In particular, concepts such as irreducibility, recurrence, ergodicity,
and stability acquire a more richer structure in the general state space setting.

At the same time, the material covered here discusses only a relatively small part
of a broad and still actively developing theory. Since the publication of the book of
S. Meyn and R. L. Tweedie, operator theoretic and spectral approaches to Markov
semigroups have become increasingly important in the study of long-time behavior.

From a personal perspective, this thesis also made clear that there is still much
to learn. The topic connects to several large areas of pure and applied mathematics,
such as dynamical systems, stochastic differential equations, stochastic optimization, or
control theory; areas that remain to be explored in the future. Nevertheless, studying
Markov chains more in-depth provided a solid foundation to investigate such themes.
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