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1 Introduction
C∗-algebras first emerged as central objects in functional analysis, and many of their
earliest fundamental results belong to this setting. Since then, their role has expanded
considerably. Today they appear in several areas of mathematics, including geometry and
K-theory, partly through the influential work of Alain Connes, Gennadi Kasparov, Paul
Baum, and many others.

The subject of this thesis is the multiplier algebra. Multiplier algebras can be ap-
proached from several different directions, and the aim of the thesis is to present some of
these basic viewpoints. Giving a completely concrete motivation for them is not straight-
forward, since they are often used as a technical tool. One useful way to think about
them is as a noncommutative analogue of the Čech–Stone compactification. This analogy
becomes especially natural through the correspondence between unital commutative C∗-
algebras and compact Hausdorff spaces, and between nonunital commutative C∗-algebras
and locally compact Hausdorff spaces.

Another perspective is suggested by the construction of multiplier algebras themselves.
As their name indicates, multiplier algebras describe multiplicative actions on a given C∗-
algebra. This point of view leads to important tools in the extension theory of C∗-algebras.
The first goal of the thesis is therefore to introduce these foundational constructions and
interpretations.

The second goal is to relate multiplier algebras to the strict topology. We will see that
this topology is naturally associated with multiplier algebras: in an appropriate sense, the
multiplier algebra may be viewed as the strict closure of the original algebra.

The third goal is to discuss the role of multiplier algebras in the theory of extensions.
Extensions of C∗-algebras are important in the geometric aspects of the subject. Although
those geometric applications are beyond the scope of this thesis, the discussion is intended
to develop some of the prerequisites needed to approach them. The main idea is to under-
stand how extensions are connected to multiplicative actions, and from this perspective
multiplier algebras arise naturally. This also leads to the construction of the Busby in-
variant through the corona algebra, which is analogous to the commutative notion of a
corona boundary.

A classical motivation for this theory comes from studying C∗-algebras “up to compact
operators”. This viewpoint produces important examples and will serve as one of the
guiding motivations throughout the thesis.

In summary, this thesis aims to introduce multiplier algebras by defining them, con-
structing them, and presenting several natural ways of understanding them. It then relates
multiplier algebras to the strict topology, and finally discusses one of the most important
contexts in which they appear: the extension theory of C∗-algebras.
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2 Preliminaries

2.1 Contractive approximate units

Before defining approximate units, we recall the notion of a net. A net is a family

(xλ)λ∈Λ

indexed by a directed set Λ. Thus Λ is equipped with an order such that for any λ1, λ2 ∈ Λ
there exists µ ∈ Λ with

λ1 ≤ µ, λ2 ≤ µ.

A net is therefore a generalized sequence whose index set need not be countable.
A net (xλ)λ∈Λ in a topological space X converges to a point x ∈ X if for every open

neighbourhood U of x there exists λ0 ∈ Λ such that

xλ ∈ U whenever λ ≥ λ0.

We write
xλ −→ x.

Definition 2.1. Let A be a C∗-algebra. A net (eλ)λ∈Λ in A is called an approximate unit
if

eλa −→ a and aeλ −→ a

for every a ∈ A. It is called a contractive approximate unit if, in addition,

0 ≤ eλ ≤ 1 and ∥eλ∥ ≤ 1

for every λ.

Thus a contractive approximate unit is a net of positive contractions which behaves
like an identity in the limit. If A is unital, then the constant net eλ = 1A is the simplest
example. The key point is that every C∗-algebra has such a substitute for a unit; see [7].

Theorem 2.2. Every C∗-algebra A has a contractive approximate unit.

Proof. Let Λ be the directed set of pairs

(F, ε),

where F ⊂ A is finite and ε > 0. We order it by

(F, ε) ≤ (G, δ) ⇐⇒ F ⊂ G and δ ≤ ε.

This order records the idea that later indices contain more elements of A and require a
smaller error.

Fix (F, ε) ∈ Λ. Put
bF =

∑
a∈F

a∗a ∈ A+.
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Choose η > 0 sufficiently small and define

fη(t) =
t

t+ η
, t ≥ 0.

By functional calculus set

e(F,ε) := fη(bF ) = bF (bF + η)−1,

with the expression understood through functional calculus. Since

0 ≤ fη(t) ≤ 1,

we get
0 ≤ e(F,ε) ≤ 1.

Thus every e(F,ε) is a positive contraction.
For each a ∈ F , one has

∥a− ae(F,ε)∥ < ε

if η > 0 is chosen small enough. Indeed,

a(1− e(F,ε))

is small because 1 − fη(t) = η/(t + η) tends to 0 away from 0, while a∗a ≤ bF ties the
possible small spectral part of bF to a.

Now let a ∈ A and let ε > 0. For every sufficiently large index (F, δ), we have a ∈ F
and δ < ε. By construction,

∥a− ae(F,δ)∥ < ε.

Therefore
aeλ −→ a.

Applying the same argument to a∗ and taking adjoints gives

eλa −→ a.

Thus (eλ)λ∈Λ is a contractive approximate unit for A.

The point is that a nonunital C∗-algebra may lack an identity, but it still contains
positive contractions which approximate the identity on any prescribed finite part of the
algebra.

2.2 Representations of C∗-algebras

One of the main reasons C∗-algebras are useful is that they can be realized concretely as
algebras of operators on Hilbert spaces. This is formalized by representations.
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Definition 2.3. Let A be a C∗-algebra and let H be a Hilbert space. A representation
of A on H is a ∗-homomorphism

π : A → B(H).

The representation is called faithful if π is injective.

Thus a representation realizes abstract elements of A as bounded operators on a Hilbert
space, while preserving addition, multiplication, scalar multiplication, and the involution.

Remark 2.4. Recall that every representation of a C∗-algebra is automatically continu-
ous, in fact contractive. Moreover, every injective representation is automatically isomet-
ric.

Definition 2.5. A representation

π : A → B(H)

is called nondegenerate if
π(A)H = H.

Equivalently, the only vector ξ ∈ H satisfying

π(a)ξ = 0 for all a ∈ A

is ξ = 0.

Nondegeneracy means that the representation has no redundant part of the Hilbert
space on which the whole algebra acts as zero. In other words, the action of A is large
enough to generate the whole Hilbert space.

If A is unital, then a representation is nondegenerate exactly when

π(1A) = IH .

For nonunital algebras, nondegeneracy acts as saying that the representation still sees the
algebra as if it had an approximate identity.

Theorem 2.6 (Existence of faithful nondegenerate representations). Every C∗-algebra
A admits a faithful nondegenerate representation on some Hilbert space H. Equivalently,
every C∗-algebra can be identified with a concrete C∗-subalgebra of B(H) for a suitable
Hilbert space H.

This theorem justifies the operator-theoretic viewpoint [7]: although a C∗-algebra may
be defined abstractly, it can always be studied as an algebra of bounded operators. The
additional nondegeneracy condition ensures that this concrete realization contains no
redundant zero summand.
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3 Constructions of multiplier algebras
In this section, we define multiplier algebras, construct them, and prove their basic prop-
erties. We will follow the structure of [2] for most of the construction steps, but we will
also prove some additional propositions regarding multiplicative actions.

3.1 Definitions and examples

We will start this section by defining what an essential ideal is. Intuitively, an essential
ideal is an ideal that is large enough to meet every nonzero part of the algebra. In this
sense, it cannot be avoided by any nonzero ideal.

Definition 3.1. Let A be a C∗-algebra, and let I be a closed two-sided ideal in A. We
say that I is an essential ideal of A if

I ∩ J ̸= {0}

for every nonzero closed two-sided ideal J of A.

We will look at some basic technical properties of essential ideals, that we will use
later. The following proposition is very important because this annihilation property is
the main reason we are interested in them.

Proposition 3.2. Let A be a C∗-algebra, and let I be a closed two-sided ideal in A. Then
the following are equivalent:

1. I is an essential ideal of A.

2. If aI = {0} for some a ∈ A, then a = 0.

3. If Ia = {0} for some a ∈ A, then a = 0.

Proof. We prove that (1) and (2) are equivalent; the equivalence of (1) and (3) follows in
the same way, or by taking adjoints.

Assume first that I is essential in A, and let a ∈ A satisfy aI = {0}. Then, for every
x ∈ I, we have

x∗a∗ax = (ax)∗ax = 0.

In particular,
(a∗a)I = {0}.

Let J be the closed two-sided ideal generated by a∗a. If a ̸= 0, then a∗a ̸= 0, so J is a
nonzero closed two-sided ideal of A. Since I is essential, we must have

I ∩ J ̸= {0}.
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However, (a∗a)I = {0} implies JI = {0}. Hence every element of I ∩ J squares to zero
in the sense that, if y ∈ I ∩ J , then y∗y ∈ JI = {0}, so y = 0. Thus I ∩ J = {0}, a
contradiction. Therefore a = 0.

Conversely, assume that aI = {0} implies a = 0. Let J be a nonzero closed two-sided
ideal of A. Choose a nonzero positive element a ∈ J . If I ∩ J = {0}, then for every x ∈ I
we have

ax ∈ J ∩ I = {0},

because J and I are both two-sided ideals. Thus aI = {0}, and by assumption a = 0,
contradicting the choice of a. Hence

I ∩ J ̸= {0}.

Therefore I is essential in A.

The following proposition is very intuitive and almost trivial, however it is useful to
keep this inclusion property in mind.

Proposition 3.3. Let A be a C∗-algebra, and let

I ⊆ J ⊆ A

be closed two-sided ideals. If I is an essential ideal of J and J is an essential ideal of A,
then I is an essential ideal of A.

Proof. Let K be a nonzero closed two-sided ideal of A. Since J is essential in A, we have

J ∩K ̸= {0}.

The intersection J ∩K is a closed two-sided ideal of J . Since I is essential in J , it follows
that

I ∩ (J ∩K) ̸= {0}.

But, since I ⊆ J , we have
I ∩ (J ∩K) = I ∩K.

Therefore
I ∩K ̸= {0}.

Hence I is an essential ideal of A.

We now introduce the main object of this thesis: multiplier algebras. As we will see,
their definition is very similar to that of the Stone–Čech compactification. We can see
that the role of density in topology is analogous to the notion of an essential ideal in this
case.
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Definition 3.4. A multiplier algebra of A is a pair (M(A), ι) where M(A) is a unital
C∗-algebra and

ι : A −→ M(A)

is an injective *-homomorphism such that:

(1) ι(A) is an essential ideal in M(A);

(2) if B is a unital C∗-algebra and π : A → B is an injective *-homomorphism whose
image is an essential ideal in B, then there exists a unique unital *-homomorphism

π̃ : B −→ M(A)

such that
π̃ ◦ π = ι.

This property determines M(A) uniquely up to canonical isomorphism; see [2].

This definition can be restated in the context of Kan extensions. This formalism also
gives useful intuition for why multiplier algebras are connected to Čech–Stone compacti-
fication and quantum groups.

Corollary 3.5. Let
U : C∗

1 −→ C∗
nd

be the forgetful functor from unital C∗-algebras to C∗-algebras with nondegenerate ∗-
homomorphisms. Then the multiplier functor

M : C∗
nd −→ C∗

1

is the right Kan extension of IdC∗
1

along U :

M ∼= RanU(Id).

Equivalently, for every A and unital B there is a natural bijection

HomC∗
1
(M(A), B) ∼= HomC∗

nd
(A,U(B)).

C∗
1 C∗

1

C∗
nd

Id

M
U

We record three simple examples of multiplier algebras. From now on, ∼= denotes an
∗-isomorphism of C∗-algebras.
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Example 3.6. Let X be a locally compact Hausdorff space and let

A = C0(X).

Then
M(C0(X)) ∼= Cb(X) ∼= C(βX),

where βX denotes the Čech–Stone compactification of X.

Example 3.7. Let
A = c0(N,Mn(C))

be the C∗-algebra of matrix-valued sequences converging to zero. Then

M(A) ∼= ℓ∞(N,Mn(C)).

Example 3.8. Let A be unital. Since A is unital, its multiplier algebra is just itself:

M(A) ∼= A.

3.2 Construction by representations

In this section, we present the first construction of multiplier algebras. It relies on the
existence of nondegenerate representations of C∗-algebras.

Definition 3.9. Let A be a C∗-algebra, and let π : A −→ B(H) be a representation.
π is said to be nondegenerate if for every nonzero v ∈ H there exists a ∈ A such that
π(a)v ̸= 0. We say that A ⊆ B(H) acts nondegenerately if its canonical representation
is nondegenerate (the one induced by the inclusion); compare the standard equivalent
formulation in terms of density of π(A)H in H in [1].

The following lemma explains why nondegenerate representations are useful: they al-
low us to characterize certain operators by their vanishing property. In this sense it is
analogous to the finite-dimensional notion of nonsingularity of a bilinear form.

Lemma 3.10. Let A ⊆ B(H) be a C∗-subalgebra acting nondegenerately on H. If x ∈
B(H) satisfies xa = 0 for every a ∈ A, then x = 0.

Proof. Let x ∈ B(H) satisfy xa = 0 for all a ∈ A. Fix ξ ∈ H. Then for every a ∈ A,

x(aξ) = (xa)ξ = 0.

Thus x vanishes on the set {aξ : a ∈ A, ξ ∈ H}, hence on its linear span, and by continuity
on its closure. Let

M = span{aξ : a ∈ A, ξ ∈ H}.
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We claim that M = H.
Suppose, for contradiction, that M ̸= H. Then there exists 0 ̸= v ∈ M⊥. For all a ∈ A

and ξ ∈ H we have
0 = ⟨aξ, v⟩ = ⟨ξ, a∗v⟩.

Since this holds for all ξ ∈ H, it follows that a∗v = 0 for all a ∈ A. As A is closed
under adjoints, we obtain av = 0 for all a ∈ A. By nondegeneracy, this implies v = 0, a
contradiction. Hence M = H.

Therefore x vanishes on H, so x = 0.

The following technical lemma will be used when discussing the universal property
of multiplier algebras in the context of this construction. The idea behind the lemma is
that nondegeneracy makes a representation of the ideal I large enough to remember the
action of the whole algebra A on I. Since I is an ideal, every a ∈ A sends I into I by left
multiplication, and therefore it should act on vectors of the form π(b)v by

π̃(a)(π(b)v) = π(ab)v.

Nondegeneracy ensures that such vectors span a dense subspace of H, so this formula
determines the extension uniquely. Thus the lemma makes precise the idea that an algebra
can be represented through its action on a nondegenerately represented ideal.

Lemma 3.11. Let A be a C∗-algebra, I ◁ A a closed two-sided ideal, and π : I → B(H)
a representation which is nondegenerate. Then there exists a unique ∗-homomorphism

π̃ : A → B(H)

extending π. If A is unital, then π̃ is unital. Finally, if π is faithful and

I⊥ := {a ∈ A | ab = 0 for all b ∈ I},

then
ker(π̃) = I⊥.

Proof. Fix a ∈ A. Define π̃(a) on vectors of the form π(b)v (with b ∈ I, v ∈ H) by

π̃(a)(π(b)v) := π(ab)v.

This is well-defined. Indeed, suppose π(b1)v1 = π(b2)v2. Then

π(b1)v1 − π(b2)v2 = 0.

For any c ∈ I we obtain
π(cb1)v1 − π(cb2)v2 = 0.

Applying the definition,

π̃(a)π(cb1)v1 − π̃(a)π(cb2)v2 = π(acb1)v1 − π(acb2)v2.
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Since I is an ideal, acbi = c(abi), hence

π(acb1)v1 − π(acb2)v2 = π(c)
(
π(ab1)v1 − π(ab2)v2

)
.

If the vector in parentheses were nonzero, there would exist c ∈ I such that π(c) does not
annihilate it. By Lemma 3.10, this forces

π(ab1)v1 = π(ab2)v2.

Thus π̃(a) is well-defined.
For ξ = π(b)v we have

∥π̃(a)ξ∥ = ∥π(ab)v∥ ≤ ∥ab∥ ∥v∥ ≤ ∥a∥ ∥b∥ ∥v∥.

Hence ∥π̃(a)∥ ≤ ∥a∥, so π̃(a) extends uniquely to a bounded operator on H.
Multiplicativity follows from

π̃(a1a2)π(b)v = π(a1a2b)v = π̃(a1)π(a2b)v = π̃(a1)π̃(a2)π(b)v.

For the adjoint, for all b, c ∈ I and v, w ∈ H,〈
π̃(a)π(b)v, π(c)w

〉
=

〈
π(ab)v, π(c)w

〉
=

〈
v, π(b∗a∗c)w

〉
=

〈
π(b)v, π(a∗c)w

〉
=

〈
π(b)v, π̃(a∗)π(c)w

〉
.

Thus π̃(a)∗ = π̃(a∗).
Uniqueness: if T : A → B(H) is another extension of π, then

T (a)π(b)v = π(ab)v = π̃(a)π(b)v.

By Lemma 3.10, these vectors determine the operator, so T (a) = π̃(a).
If A is unital, then

π̃(1)π(b)v = π(1b)v = π(b)v,

hence π̃(1) = IH.
Finally, if a ∈ ker(π̃), then

π(ab)v = 0 for all b ∈ I, v ∈ H.

By Lemma 3.10 this implies ab = 0 for all b ∈ I, hence a ∈ I⊥. The converse is immediate,
so

ker(π̃) = I⊥.

For example, if I = K(H) ⊂ B(H) and π : K(H) → B(H) is the identity representa-
tion, then the lemma says that this representation extends uniquely to a representation
of B(H). The extension is again the identity representation:

π̃(T ) = T, T ∈ B(H).
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Thus the compact operators, when represented nondegenerately on H, already determine
the ambient action (the action in the larger algebra) of B(H). This is the intuition used in
the multiplier algebra picture: B(H) acts as the multiplier algebra of K(H). This example
will remain a useful guide in the discussion of multiplier algebras.

We now have the tools needed to construct multiplier algebras in the context of rep-
resentations. The following definition gives a concrete version of the multiplier algebra
once A is represented nondegenerately on a Hilbert space. The idea is to enlarge A by
adjoining precisely those bounded operators which can multiply elements of A from both
sides without leaving A. Thus the construction is not arbitrary: it is determined by how
A is preserved under left and right multiplication inside B(H).

Definition 3.12. Let H be a Hilbert space and let A ⊆ B(H) be a C∗-subalgebra acting
nondegenerately on H.

We define the multiplier algebra of A to be the set

M(A) :=
{
T ∈ B(H)

∣∣ TA ⊆ A and AT ⊆ A
}
.

An operator T ∈ B(H) satisfying these two inclusion relations is called a (two-sided)
multiplier of A.

Here we use only two-sided multipliers of C∗-algebras; for the broader operator-space
theory of one-sided multiplier algebras, see [3].

Thus M(A) consists precisely of those bounded operators on H that preserve A under
both left and right multiplication. In particular, if A is a ∗-algebra, then M(A) is a
∗-subalgebra of B(H) containing A as a (two-sided) ideal.

This construction recovers the standard examples. If A is unital, then every multiplier
is already determined by multiplication by an element of A, and hence

M(A) = A.

Thus the construction adds no new elements in the unital case.
For the compact operators,

A = K(H) ⊂ B(H),

one obtains
M(K(H)) = B(H).

Indeed, every bounded operator T ∈ B(H) satisfies

TK(H) ⊂ K(H), K(H)T ⊂ K(H),

so every bounded operator is a multiplier of K(H). Hence the multiplier construction
enlarges the compact operators exactly to all bounded operators. The following lemmas
show that this algebra satisfies the properties introduced above.
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Lemma 3.13. Let H be a Hilbert space, and let A ⊆ B(H) be a C∗-subalgebra acting
nondegenerately on H. Then the multiplier algebra is a unital C∗-subalgebra of B(H).
Moreover, A is a closed two-sided ideal in M(A). Since A acts nondegenerately on H, this
ideal is essential.

Proof. We first prove that M(A) is a ∗-subalgebra of B(H). Let S, T ∈ M(A) and let
λ ∈ C. Since both S and T preserve A by left and right multiplication, we have

(S + λT )A ⊆ SA+ λTA ⊆ A, A(S + λT ) ⊆ AS + λAT ⊆ A.

Hence S + λT ∈ M(A). Similarly,

(ST )A = S(TA) ⊆ SA ⊆ A, A(ST ) = (AS)T ⊆ AT ⊆ A,

so ST ∈ M(A).
Now let T ∈ M(A). Since AT ⊆ A, taking adjoints gives

T ∗A = (AT )∗ ⊆ A.

Likewise, from TA ⊆ A we obtain

AT ∗ = (TA)∗ ⊆ A.

Thus T ∗ ∈ M(A). Therefore M(A) is a ∗-subalgebra of B(H).
The identity operator IH clearly satisfies

IHA = A and AIH = A,

so IH ∈ M(A). Hence M(A) is unital.
It remains to check that M(A) is norm closed. Suppose (Tn) is a sequence in M(A)

and Tn → T in operator norm. For every a ∈ A we have

Tna ∈ A and aTn ∈ A.

Since A is norm closed and

Tna → Ta, aTn → aT,

it follows that Ta ∈ A and aT ∈ A. Hence T ∈ M(A). Therefore M(A) is a norm-closed
∗-subalgebra of B(H), and so it is a C∗-subalgebra.

Next observe that A ⊆ M(A). Indeed, if a ∈ A, then

aA ⊆ A and Aa ⊆ A

because A is an algebra. Furthermore, if T ∈ M(A) and a ∈ A, then by definition

Ta ∈ A and aT ∈ A.
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Thus A is a two-sided ideal in M(A). Since A is already norm closed in B(H), it is a
closed ideal in M(A).

Finally, we prove that the ideal is essential. Suppose T ∈ M(A) satisfies

TA = {0}.

Then for every a ∈ A and every ξ ∈ H,

T (aξ) = 0.

Because A acts nondegenerately on H, the linear span of

{aξ | a ∈ A, ξ ∈ H}

is dense in H. Since T is bounded and vanishes on a dense subspace, we must have T = 0.
Similarly, if AT = {0}, then for every a ∈ A and ξ, η ∈ H,

⟨Tξ, a∗η⟩ = ⟨aTξ, η⟩ = 0.

Again, the nondegeneracy of A implies that the vectors of the form a∗η span a dense
subspace of H. Hence Tξ = 0 for every ξ ∈ H, and therefore T = 0.

Thus no nonzero multiplier can annihilate A on either side. Equivalently, A is an
essential ideal of M(A).

The following extension lemma is the representation-theoretic step which passes from
an ideal to the ambient algebra; see also [2].

Lemma 3.14. Let I be a closed two-sided ideal of a C∗-algebra A, and let

π : I −→ B(H)

be a nondegenerate representation. Then there exists a unique ∗-homomorphism

π̃ : A −→ B(H)

such that
π̃|I = π.

Moreover, π̃ is nondegenerate. If A is unital, then π̃ is unital. In addition,

π̃(A) ⊆ M(π(I)).

Finally, if π is faithful and

I⊥ := {a ∈ A | ab = 0 for all b ∈ I},

then
ker(π̃) = I⊥.

Consequently, when π is faithful, I is an essential ideal of A if and only if π̃ is faithful.
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Proof. Let (eλ)λ∈Λ be a contractive approximate identity for I. Fix a ∈ A. Since I is an
ideal, ab ∈ I for every b ∈ I. We first define an operator on π(I)H by

π̃0(a)(π(b)ξ) := π(ab)ξ, b ∈ I, ξ ∈ H.

We check that this is well-defined. Suppose

π(b1)ξ1 = π(b2)ξ2.

Since aeλ ∈ I, applying π(aeλ) to both sides gives

π(aeλb1)ξ1 = π(aeλb2)ξ2.

Because eλbi → bi for i = 1, 2, we have

aeλbi → abi.

Hence
π(ab1)ξ1 = π(ab2)ξ2,

so π̃0(a) is well-defined.
For b ∈ I and ξ ∈ H,

∥π̃0(a)π(b)ξ∥ = ∥π(ab)ξ∥
= lim

λ
∥π(aeλb)ξ∥

= lim
λ

∥π(aeλ)π(b)ξ∥

≤ lim sup
λ

∥π(aeλ)∥ ∥π(b)ξ∥

≤ ∥a∥ ∥π(b)ξ∥.

Thus π̃0(a) is bounded on π(I)H. Since π is nondegenerate, π(I)H is dense in H, and
π̃0(a) extends uniquely to a bounded operator on H. We denote this extension by π̃(a).

Equivalently,
π̃(a)ξ = lim

λ
π(aeλ)ξ, ξ ∈ H.

Indeed, π(eλ)ξ → ξ, and
π̃(a)π(eλ)ξ = π(aeλ)ξ.

Linearity follows immediately from the defining formula on the dense subspace π(I)H.
To prove multiplicativity, let a1, a2 ∈ A, b ∈ I, and ξ ∈ H. Then

π̃(a1a2)π(b)ξ = π(a1a2b)ξ,

while
π̃(a1)π̃(a2)π(b)ξ = π̃(a1)π(a2b)ξ = π(a1a2b)ξ.

Since π(I)H is dense, we get
π̃(a1a2) = π̃(a1)π̃(a2).
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Now let a ∈ A, b, c ∈ I, and ξ, η ∈ H. Then

⟨π̃(a)π(b)ξ, π(c)η⟩ = ⟨π(ab)ξ, π(c)η⟩
= ⟨ξ, π(b∗a∗c)η⟩
= ⟨π(b)ξ, π(a∗c)η⟩
= ⟨π(b)ξ, π̃(a∗)π(c)η⟩ .

Using density again,
π̃(a)∗ = π̃(a∗).

Therefore π̃ is a ∗-homomorphism.
If a ∈ I, then for every b ∈ I and ξ ∈ H,

π̃(a)π(b)ξ = π(ab)ξ = π(a)π(b)ξ.

Since π(I)H is dense, π̃(a) = π(a). Hence π̃ extends π.
For uniqueness, suppose

ρ : A −→ B(H)

is another ∗-homomorphism extending π. Then for a ∈ A, b ∈ I, and ξ ∈ H,

ρ(a)π(b)ξ = ρ(a)ρ(b)ξ = ρ(ab)ξ = π(ab)ξ = π̃(a)π(b)ξ.

Since π(I)H is dense, ρ(a) = π̃(a) for all a ∈ A.
The representation π̃ is nondegenerate because

π̃(A)H ⊇ π(I)H = H.

If A is unital, then for every ξ ∈ H,

π̃(1A)ξ = lim
λ

π(1Aeλ)ξ = lim
λ

π(eλ)ξ = ξ.

Thus
π̃(1A) = IH.

We show that
π̃(A) ⊆ M(π(I)).

Let a ∈ A and b ∈ I. Then

π̃(a)π(b) = π̃(ab) = π(ab) ∈ π(I),

and
π(b)π̃(a) = π̃(ba) = π(ba) ∈ π(I).

Therefore π̃(a) preserves π(I) under multiplication on both sides, so

π̃(a) ∈ M(π(I)).
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Since a ∈ A was arbitrary,
π̃(A) ⊆ M(π(I)).

Finally, assume that π is faithful. If a ∈ I⊥, then

aeλ = 0

for every λ. Hence
π̃(a)ξ = lim

λ
π(aeλ)ξ = 0

for every ξ ∈ H, so
a ∈ ker(π̃).

Thus
I⊥ ⊆ ker(π̃).

Conversely, suppose a ∈ ker(π̃). Then for every b ∈ I and ξ ∈ H,

0 = π̃(a)π(b)ξ = π(ab)ξ.

Thus π(ab) = 0. Since π is faithful, ab = 0 for every b ∈ I. Hence a ∈ I⊥. Therefore

ker(π̃) = I⊥.

By the annihilator characterization of essential ideals, I is essential in A if and only if
I⊥ = {0}. Hence, when π is faithful, I is essential in A if and only if π̃ is faithful.

As mentioned earlier, every C∗-algebra admits a faithful representation on some Hilbert
space. This fact allows us not only to regard an arbitrary C∗-algebra as a concrete algebra
of operators, but also to describe its multiplier algebra explicitly in terms of such a rep-
resentation. This is the main theorem of the section, and almost every lemma we proved
before was in order to prove this result.

Theorem 3.15. Let A be a C∗-algebra, and let

π : A −→ B(H)

be a faithful nondegenerate representation. Then

M(π(A)) = {T ∈ B(H) | Tπ(A) ⊆ π(A) and π(A)T ⊆ π(A)}

is the multiplier algebra of A, where A is identified with π(A) through π.

Proof. Since π is faithful, we identify A with the concrete C∗-subalgebra π(A) ⊆ B(H).
By Lemma 3.13, M(π(A)) is a unital C∗-subalgebra of B(H) containing π(A) as a

closed two-sided ideal. Since π is nondegenerate, Lemma 3.13 also implies that π(A) is an
essential ideal of M(π(A)).
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Let B be any C∗-algebra containing A as an essential ideal. Applying Lemma 3.14 to
the representation

π : A −→ B(H)

of the ideal A ◁ B, we obtain a unique ∗-homomorphism

π̃ : B −→ B(H)

extending π. Moreover,
π̃(B) ⊆ M(π(A)).

Since A is essential in B and π is faithful, Lemma 3.14 gives

ker(π̃) = A⊥ = {0}.

Thus π̃ is faithful.
Therefore every C∗-algebra containing A as an essential ideal embeds into M(π(A)) by

a unique ∗-homomorphism extending the identification of A with π(A). This is precisely
the defining property of the multiplier algebra. Consequently,

M(A) = M(π(A)).

3.3 Construction by double centralizers

In this section, we present a second construction of multiplier algebras. Unlike the previous
approach, it does not rely on a chosen representation.

Definition 3.16. Let A be a C∗-algebra. A double centralizer on A consists of a pair of
maps

L,R : A → A,

not assumed a priori to be linear or continuous, such that the compatibility relation

R(x) y = xL(y)

holds for all x, y ∈ A.
The collection of all such pairs is denoted by DC(A).

After the abstract definition, we explain the idea behind double centralizers. Suppose
that A is a closed two-sided ideal in a larger algebra B. Then every element b ∈ B acts
on A by left and right multiplication:

Lb(a) = ba, Rb(a) = ab (a ∈ A).

These two maps are compatible, because associativity gives

Rb(a)c = (ab)c = a(bc) = aLb(c) (a, c ∈ A).
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Thus every element of a larger algebra containing A determines a pair (Lb, Rb) of maps
on A satisfying this compatibility relation.

A double centralizer is the abstraction of this phenomenon. It is a pair of maps on
A which behaves exactly like left and right multiplication by some element that may not
belong to A itself. Thus double centralizers may be regarded as virtual multipliers of A.

For example, let A = C0(X). If h ∈ Cb(X) is a bounded continuous function, then h
need not vanish at infinity, so h need not belong to C0(X). Nevertheless, multiplication
by h sends C0(X) into itself:

f 7−→ hf.

Hence h acts on C0(X) like an external multiplier. In this commutative case the left and
right actions coincide, and the multiplier algebra becomes

M(C0(X)) ∼= Cb(X).

This commutative notion is highly motivated by Čech–Stone compactification. The dou-
ble centralizer construction generalizes this example to arbitrary noncommutative C∗-
algebras.

The advantage of this construction is its intrinsic nature. It does not require choosing
a representation of A on a Hilbert space, nor does it require placing A inside a larger
algebra in advance. Instead, it reconstructs the largest algebra in which A can sit as an
essential ideal purely from the multiplication already present in A.

Lemma 3.17. Let (L,R) ∈ DC(A) be a double centralizer on a C∗-algebra A. Then for
all x, y ∈ A one has

L(xy) = L(x)y, R(xy) = xR(y).

Moreover, both L and R are automatically linear and bounded operators on A, and satisfy

∥L∥ = ∥R∥.

Proof. We first establish the multiplicative relations. Let (ei) be a contractive approximate
identity in A. For x, y ∈ A, the defining relation of a double centralizer gives

R(x)ei = xL(ei).

Multiplying on the right by y and using associativity, we obtain

R(x)(eiy) = xL(ei)y.

Since eiy → y in norm, continuity of multiplication yields

R(x)y = x
(
lim
i
L(ei)y

)
.

On the other hand, applying the defining relation with xy in place of x, we have

R(xy)ei = xyL(ei).

21



Comparing the two expressions and passing to the limit, we obtain

R(xy)y′ = xL(yy′) for all y′ ∈ A.

By nondegeneracy of the product, this implies

R(xy) = xR(y).

A symmetric argument yields L(xy) = L(x)y.

We next prove linearity. Using the defining identity, for x1, x2, y ∈ A we compute

R(x1 + x2)y = (x1 + x2)L(y) = x1L(y) + x2L(y) = R(x1)y +R(x2)y.

By cancellation, this shows R(x1 + x2) = R(x1) + R(x2). Homogeneity follows similarly,
hence R is linear, and likewise L.

To establish boundedness, we show that L has closed graph. Let yn → y in A and
suppose L(yn) → z in A. For any x ∈ A, continuity of multiplication gives

xz = lim
n

xL(yn).

Using the defining identity xL(yn) = R(x)yn, we obtain

xz = lim
n

R(x)yn = R(x)y.

On the other hand, the defining relation gives R(x)y = xL(y), hence

xz = xL(y) for all x ∈ A.

Thus
x(z − L(y)) = 0 for all x ∈ A.

Let (ei) be the contractive approximate identity. Then

ei(z − L(y)) → z − L(y),

while each term is zero, so z = L(y). Hence the graph of L is closed, and therefore L is
bounded.

The symmetric argument shows that R is bounded.

Finally, we compare the two norms. For y ∈ A, we have

∥L(y)∥ = sup
∥x∥≤1

∥xL(y)∥,

since ∥xL(y)∥ ≤ ∥L(y)∥ for ∥x∥ ≤ 1, and taking x = ei gives the reverse inequality. Using
xL(y) = R(x)y, we obtain

∥L(y)∥ = sup
∥x∥≤1

∥R(x)y∥ ≤ ∥R∥ ∥y∥.

Thus ∥L∥ ≤ ∥R∥. By symmetry, ∥R∥ ≤ ∥L∥, hence

∥L∥ = ∥R∥.
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Lemma 3.18. Let (L,R) ∈ DC(A). Then L uniquely determines R, and R uniquely
determines L.

Proof. If R1, R2 both satisfy

Ri(x)y = xL(y) (i = 1, 2),

then (R1(x)−R2(x))y = 0 for all y ∈ A. By nondegeneracy of the product in a C∗-algebra,
this implies R1(x) = R2(x). The other direction is analogous.

These two lemmas indicate how to put an algebraic structure on double centralizers,
since they allow us to define operations on these maps in a meaningful way. The fact
that linearity and boundedness follow from the double centralizer property is useful, since
that property is usually straightforward to check. The next lemma also shows that double
centralizers may be viewed as a way of defining multiplication by an "external" element.
This is only formally analogous to the finite-dimensional procedure of associating a matrix
to a bilinear form, but it uses a similar kind of bookkeeping.

Lemma 3.19. Let A be a C∗-algebra. To give a double centralizer (L,R) ∈ DC(A) is
equivalent to giving two maps

L,R : A → A

such that the formula

x · y := R(x)y = xL(y) (x, y ∈ A)

defines a well-defined bilinear operation on A which is compatible with the original left
and right multiplication on A in the sense that

(xa) · y = x(a · y), x · (ay) = (x · a)y

for all x, a, y ∈ A.

Proof. Assume first that (L,R) is a double centralizer. By the basic properties of double
centralizers, the maps L and R are linear by Lemma 3.17. Hence the expression

x · y := R(x)y

is bilinear in (x, y). Since (L,R) satisfies the defining identity

R(x)y = xL(y),

the same operation may equally well be written as

x · y = xL(y).

So the formula is well defined.
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We next verify the compatibility relations. For x, a, y ∈ A,

(xa) · y = R(xa)y.

Using the multiplicative behaviour of the right component of a double centralizer, namely

R(xa) = xR(a),

we get
(xa) · y = xR(a)y = x(a · y).

Similarly,
x · (ay) = xL(ay).

Since the left component satisfies

L(ay) = L(a)y,

it follows that
x · (ay) = xL(a)y = (x · a)y.

Thus the operation · is compatible with the ambient A-bimodule structure on A.
Conversely, suppose that we are given maps L,R : A → A such that

x · y := R(x)y = xL(y)

defines a bilinear operation satisfying the above compatibility identities. Then, by defini-
tion of ·, for all x, y ∈ A we have

R(x)y = xL(y).

This is exactly the defining relation for (L,R) to be a double centralizer. Hence (L,R) ∈
DC(A).

So the datum of a double centralizer is equivalent to the datum of such a bilinear
product on A compatible with the left and right module actions.

In the commutative case this idea is especially transparent. Let

A = C0(X).

A bounded continuous function h ∈ Cb(X) need not belong to C0(X), because it may fail
to vanish at infinity. Nevertheless, multiplication by h preserves C0(X):

f 7−→ hf.

Thus h behaves like an element outside C0(X) which can still multiply elements of C0(X).
Since the algebra is commutative, the left and right actions are the same, and the corre-
sponding double centralizer is simply

Lh(f) = hf, Rh(f) = fh.
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Hence double centralizers generalize the elementary fact that bounded continuous func-
tions act as multipliers of functions vanishing at infinity.

The set of double centralizers now has enough structure to define the expected alge-
braic operations.

Definition 3.20. Let A be a C∗-algebra. For

(L1, R1), (L2, R2) ∈ DC(A),

define
(L1, R1) + (L2, R2) := (L1 + L2, R1 +R2),

λ(L1, R1) := (λL1, λR1), λ ∈ C,

and
(L1, R1)(L2, R2) := (L1 ◦ L2, R2 ◦R1).

The involution is defined by
(L,R)∗ := (L♯, R♯),

where
L♯(x) := R(x∗)∗, R♯(x) := L(x∗)∗ (x ∈ A).

Finally, we put
∥(L,R)∥ := ∥L∥ = ∥R∥,

where the equality follows from Lemma 3.17.

Although the definition is natural, it is not immediate that it gives the desired algebraic
structure. The following lemmas verify this.

Lemma 3.21. With the operations from Definition 3.20, the set DC(A) is a unital ∗-
algebra. Its identity element is

(idA, idA).

Proof. Let (L1, R1), (L2, R2) ∈ DC(A). For x, y ∈ A,

(R1 +R2)(x)y = R1(x)y +R2(x)y = xL1(y) + xL2(y) = x(L1 + L2)(y).

Thus sums of double centralizers are again double centralizers. Scalar multiples are checked
in the same way.

For multiplication, we use Lemma 3.17. For x, y ∈ A,

(R2 ◦R1)(x)y = R2(R1(x))y = R1(x)L2(y) = xL1(L2(y)).

Hence
(R2 ◦R1)(x)y = x(L1 ◦ L2)(y),
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so
(L1 ◦ L2, R2 ◦R1) ∈ DC(A).

Now let (L,R) ∈ DC(A). We claim that

(L♯, R♯) ∈ DC(A).

Indeed, for x, y ∈ A,
R♯(x)y = L(x∗)∗y.

Taking adjoints in the identity

R(y∗)x∗ = y∗L(x∗)

gives
L(x∗)∗y = xR(y∗)∗.

Therefore
R♯(x)y = xL♯(y),

as required.
The algebraic identities now follow directly from the definitions. In particular, the

reversed order in the second component gives associativity:(
(L1, R1)(L2, R2)

)
(L3, R3) = (L1L2L3, R3R2R1) = (L1, R1)

(
(L2, R2)(L3, R3)

)
.

Also, (
(L1, R1)(L2, R2)

)∗
= (L2, R2)

∗(L1, R1)
∗.

Finally,
(idA, idA)

is a double centralizer and is plainly the identity element for the above multiplication.

This lemma shows that the canonical algebraic structure on double centralizers is well
defined. We now define the canonical embedding of the original algebra A into this algebra
and check that it is a ∗-homomorphism.

Definition 3.22. For a ∈ A, define maps

La, Ra : A → A

by
La(x) := ax, Ra(x) := xa.

Then
Ra(x)y = (xa)y = x(ay) = xLa(y),

so (La, Ra) ∈ DC(A). We therefore obtain a canonical map

ιA : A −→ DC(A), a 7−→ (La, Ra).
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Lemma 3.23. The map
ιA : A −→ DC(A)

is an injective ∗-homomorphism.

Proof. Let a, b ∈ A. For x ∈ A,

La(Lb(x)) = a(bx) = (ab)x = Lab(x),

and
Rb(Ra(x)) = Rb(xa) = (xa)b = x(ab) = Rab(x).

Thus
(La, Ra)(Lb, Rb) = (Lab, Rab).

The involution is also preserved, since

L♯
a(x) = Ra(x

∗)∗ = (x∗a)∗ = a∗x = La∗(x),

and similarly
R♯

a(x) = Ra∗(x).

Hence ιA is a ∗-homomorphism.
If ιA(a) = 0, then La = 0, so

ax = 0 for all x ∈ A.

Let (ei) be a contractive approximate identity for A. Then

a = lim
i
aei = 0.

Therefore ιA is injective.

The canonical embedding respects the C∗-algebraic structure. It remains to check that
its image is a two-sided ideal.

Lemma 3.24. Via the embedding from Lemma 3.23, the algebra A is a two-sided ideal
in DC(A).

Proof. Let (L,R) ∈ DC(A) and a ∈ A. We compute the product with the element (La, Ra)
coming from a.

For x ∈ A,
(L ◦ La)(x) = L(ax).

By Lemma 3.17,
L(ax) = L(a)x.

Also,
(Ra ◦R)(x) = R(x)a.
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Using the defining relation of a double centralizer,

R(x)a = xL(a).

Therefore
(L,R)(La, Ra) = (LL(a), RL(a)).

Hence
(L,R)ιA(a) = ιA(L(a)) ∈ ιA(A).

Similarly,
(La, Ra)(L,R) = (LR(a), RR(a)),

and hence
ιA(a)(L,R) = ιA(R(a)) ∈ ιA(A).

Thus ιA(A) is a two-sided ideal in DC(A).

These lemmas show that double centralizers and the canonical embedding have the
expected structure. Our next goal is to identify this structure more concretely. It will turn
out that this construction is equivalent to the multiplier algebra construction obtained
from representations. Once one expects double centralizers to give the multiplier algebra,
this equivalence is natural; proving it also verifies that expectation. It is useful to make
the equivalence explicit.

Lemma 3.25. Let
π : A −→ B(H)

be a faithful nondegenerate representation. For every

(L,R) ∈ DC(A),

there exists a unique operator
T(L,R) ∈ M(π(A))

such that
T(L,R)π(a) = π(L(a)), π(a)T(L,R) = π(R(a))

for every a ∈ A.

Proof. We first define T(L,R) on the dense subspace π(A)H by

T(L,R)(π(a)ξ) := π(L(a))ξ, a ∈ A, ξ ∈ H.

Let (ei) be a contractive approximate identity for A. Since

eiL(a) = R(ei)a,
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we get
∥π(L(a))ξ∥ = lim

i
∥π(eiL(a))ξ∥

= lim
i
∥π(R(ei)a)ξ∥

= lim
i
∥π(R(ei))π(a)ξ∥

≤ ∥R∥ ∥π(a)ξ∥.
Thus the rule

π(a)ξ 7−→ π(L(a))ξ

is bounded on π(A)H. In particular, it is well-defined. Since π is nondegenerate, π(A)H
is dense in H, so this operator extends uniquely to a bounded operator on H. Denote this
extension by T(L,R).

By construction,
T(L,R)π(a) = π(L(a))

for all a ∈ A.
We prove the right multiplication relation. For a, b ∈ A and ξ ∈ H,

π(a)T(L,R)π(b)ξ = π(a)π(L(b))ξ

= π(aL(b))ξ

= π(R(a)b)ξ

= π(R(a))π(b)ξ.

Since π(A)H is dense in H,
π(a)T(L,R) = π(R(a)).

Therefore
T(L,R)π(A) ⊆ π(A), π(A)T(L,R) ⊆ π(A),

so
T(L,R) ∈ M(π(A)).

Uniqueness follows because the equation

T(L,R)π(a) = π(L(a))

determines the operator on the dense subspace π(A)H.

This lemma shows how a double centralizer is realized as an operator once A is faith-
fully and nondegenerately represented. The pair (L,R) describes multiplication on A ab-
stractly: L acts as left multiplication and R acts as right multiplication. The lemma states
that, after representing A on a Hilbert space, this abstract multiplier is implemented by
a unique bounded operator T(L,R).

For example, if A is unital, then every double centralizer comes from an element m ∈ A:

L(a) = ma, R(a) = am.

In this case T(L,R) = π(m). Thus this is the nonunital analogue of the familiar fact that
multiplication by an element of the algebra is represented by an operator.
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Lemma 3.26. Let
π : A −→ B(H)

be a faithful representation, and let T ∈ M(π(A)). Then there exists a unique double
centralizer

(LT , RT ) ∈ DC(A)

such that
π(LT (a)) = Tπ(a), π(RT (a)) = π(a)T

for every a ∈ A.

Proof. Since T ∈ M(π(A)), we have

Tπ(a) ∈ π(A), π(a)T ∈ π(A)

for every a ∈ A. Since π is faithful, each of these elements has a unique preimage in A.
Hence define

LT , RT : A → A

by
π(LT (a)) := Tπ(a), π(RT (a)) := π(a)T.

For a, b ∈ A,
π(RT (a)b) = π(RT (a))π(b) = π(a)Tπ(b),

and
π(aLT (b)) = π(a)π(LT (b)) = π(a)Tπ(b).

Thus
π(RT (a)b) = π(aLT (b)).

Since π is faithful,
RT (a)b = aLT (b).

Therefore
(LT , RT ) ∈ DC(A).

Uniqueness follows immediately from the faithfulness of π.

Thus every concrete multiplier T ∈ M(π(A)) determines an abstract double centralizer
of A by multiplication:

a 7→ π−1(Tπ(a)), a 7→ π−1(π(a)T ).

Together with the previous lemma, this proves that the concrete operator picture and the
abstract double centralizer picture describe the same multiplier algebra. The following
theorem shows that the two algebras are isomorphic, so double centralizers realize the
multiplier algebra with the structure defined above.
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Theorem 3.27. Let A be a C∗-algebra, and let

π : A −→ B(H)

be a faithful nondegenerate representation. Then the map

Φ : DC(A) −→ M(π(A)), Φ(L,R) := T(L,R),

where T(L,R) is the operator constructed in Lemma 3.25, is a ∗-isomorphism. In particular,

DC(A) ∼= M(π(A)).

Under this isomorphism, the canonical copy of A in DC(A) corresponds exactly to the
concrete copy π(A) in M(π(A)).

Proof. We first prove that Φ is bijective.
Let (L,R) ∈ DC(A). By Lemma 3.25, Φ(L,R) is the unique operator in M(π(A))

satisfying
Φ(L,R)π(a) = π(L(a)), π(a)Φ(L,R) = π(R(a))

for all a ∈ A. Applying Lemma 3.26 to Φ(L,R) recovers the same pair (L,R). Hence the
passage from DC(A) to M(π(A)) is injective.

Conversely, let T ∈ M(π(A)), and let (LT , RT ) be the double centralizer from Lemma 3.26.
Then

Tπ(a) = π(LT (a))

for every a ∈ A. By the uniqueness statement in Lemma 3.25,

Φ(LT , RT ) = T.

Thus Φ is surjective.
We next verify that Φ preserves multiplication. Let

(L1, R1), (L2, R2) ∈ DC(A).

For a ∈ A,
Φ
(
(L1, R1)(L2, R2)

)
π(a) = π(L1(L2(a)))

= Φ(L1, R1)π(L2(a))

= Φ(L1, R1)Φ(L2, R2)π(a).

Since π(A)H is dense in H,

Φ
(
(L1, R1)(L2, R2)

)
= Φ(L1, R1)Φ(L2, R2).

Linearity is proved in the same way from

Φ(L,R)π(a) = π(L(a)).
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It remains to check the involution. Let (L,R) ∈ DC(A). For a ∈ A,

Φ(L,R)∗π(a) =
(
π(a∗)Φ(L,R)

)∗
= π(R(a∗))∗

= π(R(a∗)∗)

= π(L♯(a)).

Therefore
Φ(L,R)∗ = Φ(L♯, R♯) = Φ

(
(L,R)∗

)
.

Hence Φ is a ∗-homomorphism. Since it is bijective, it is a ∗-isomorphism.
Finally let a ∈ A. For x ∈ A,

Φ(La, Ra)π(x) = π(ax) = π(a)π(x).

Since π(A)H is dense, this implies

Φ(La, Ra) = π(a).

Thus the canonical copy of A in DC(A) is identified with π(A) ⊆ M(π(A)).

Corollary 3.28. Let A be a C∗-algebra. Then DC(A) is canonically isomorphic to the
multiplier algebra of A. More precisely, for any faithful nondegenerate representation

π : A −→ B(H),

there is a ∗-isomorphism
DC(A) ∼= M(π(A)).

Proof. By Theorem 3.15,
M(π(A))

is the multiplier algebra of A. By Theorem 3.27,

DC(A) ∼= M(π(A)).

Hence DC(A) gives the same multiplier algebra.
The identification is compatible with the inclusion of A: an element a ∈ A corresponds

to
(La, Ra), La(x) = ax, Ra(x) = xa,

and this element is sent to π(a) under the isomorphism. Therefore the copy of A inside
DC(A) agrees with the usual copy of A inside its multiplier algebra.

Consequently, after identifying A with its canonical image in DC(A), one may write

M(A) = DC(A).
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We finish with two standard examples.

First, let
A = C0(X,Mn(C)).

Then
M(A) ∼= Cb(X,Mn(C)).

A multiplier is a bounded continuous matrix-valued function

x 7→ T (x) ∈ Mn(C),

and it acts pointwise by

(LTf)(x) = T (x)f(x), (RTf)(x) = f(x)T (x).

Thus the double centralizer records the two ways in which a bounded matrix-valued
function can multiply elements of A from the left and from the right. As a second example,

let
A = C0(X,B),

where B is a unital C∗-algebra. Then

M(A) ∼= Cb(X,B).

Again, a multiplier is a bounded continuous B-valued function

x 7→ m(x) ∈ B,

and the associated double centralizer is given pointwise by

(Lmf)(x) = m(x)f(x), (Rmf)(x) = f(x)m(x).

So in this case the double centralizers are precisely the compatible pointwise left and right
multiplication operations on C0(X,B); for a Banach-bundle perspective on multiplier
algebras and spaces of sections, see [4].
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4 The strict topology
Multiplier algebras have a canonical norm topology, but there is another topology which
is useful for approximating multiplier elements by elements of the original algebra. The
strict topology is not metrizable in general, so the language of topological vector spaces
is needed.

Let A ⊆ B(H) be a C∗-algebra acting nondegenerately on a Hilbert space H.

Definition 4.1. The strict topology on B(H) is the weakest locally convex topology
(assuming it exists) such that for every fixed a ∈ A, the maps

x 7→ ax, x 7→ xa

from B(H) to itself are continuous with respect to the operator norm.

This definition is an instance of a general construction: given a family of linear maps
into normed spaces, there exists a weakest locally convex topology making all of them
continuous (the initial topology). The strict topology is precisely the initial locally convex
topology induced by the family {La, Ra : a ∈ A}, where

La(x) = ax, Ra(x) = xa.

Proposition 4.2. The strict topology on B(H) exists and is locally convex.

Proof. For each a ∈ A, define seminorms on B(H) by

pa(x) = ∥ax∥, qa(x) = ∥xa∥.

These are seminorms because they are compositions of linear maps with the operator
norm.

Let P = {pa, qa : a ∈ A}. The topology generated by P is locally convex by construc-
tion.

We claim this is exactly the weakest locally convex topology making all maps La and
Ra continuous. Indeed, continuity of La at 0 is equivalent to the seminorm x 7→ ∥La(x)∥ =
∥ax∥ being continuous, i.e. pa is one of the defining seminorms. Similarly for Ra.

Thus the topology generated by P is precisely the desired initial topology.

Remark 4.3. The strict topology is generated by the family of seminorms

x 7→ ∥ax∥, x 7→ ∥xa∥, a ∈ A.
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When the multiplier algebra M(A) is equipped with the strict topology, we write
M(A)β; see [6].

Convergence with respect to the strict topology will be denoted by

xλ
β−→ x,

or, equivalently, by writing β- limλ xλ = x. Alternatively, if a sequence converges in the
strict topology, we use the term converges strictly.

Proposition 4.4. Let A be a nonunital σ-unital C∗-algebra (meaning that its approximate
identity can be approximated in the usual way, with the natural numbers equipped with the
canonical ordering as the net), and let (un)n≥1 be an increasing contractive approximate
unit of positive elements. Set u0 := 0, and define

vn := (un − un−1)
1/2 (n ≥ 1).

If (xn)n≥1 is a bounded sequence in M(A), then the series
∞∑
n=1

vnxnvn

converges strictly in M(A).

Proof. We divide the proof into several steps.

Step 1: reduction to the case 0 ≤ xn ≤ 1.
Since strict convergence is linear, it is enough to treat the case in which supn ∥xn∥ ≤ 1.

Every element xn ∈ M(A) can be written as

xn = ℜ(xn) + iℑ(xn),

where
ℜ(xn) =

xn + x∗
n

2
, ℑ(xn) =

xn − x∗
n

2i
are self-adjoint and still uniformly bounded by 1 in norm. Each self-adjoint contraction h
admits a decomposition

h = h+ − h−,

with h± ≥ 0 and 0 ≤ h± ≤ 1. Thus each xn is a linear combination of four positive
contractions. Therefore it suffices to prove the claim under the additional assumption

0 ≤ xn ≤ 1 (n ≥ 1).

Step 2: construction of a strong limit in A∗∗.
Fix a faithful nondegenerate representation of A on a Hilbert space H, and identify

A∗∗ with the enveloping von Neumann algebra acting on H. Since un ↑ is an approximate
unit, we have

N∑
k=1

v2k =
N∑
k=1

(uk − uk−1) = uN .
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Hence the partial sums of
∑

k v
2
k are equal to uN , and therefore converge strongly in A∗∗

to the identity operator:
uN

s.o.t.−−→ 1.

Now define

yN :=
N∑

n=1

vnxnvn ∈ A (N ≥ 1).

Since 0 ≤ xn ≤ 1, we have
0 ≤ vnxnvn ≤ v2n

for every n, and consequently

0 ≤ yN ≤
N∑

n=1

v2n = uN ≤ 1.

Thus (yN)N is an increasing bounded sequence of self-adjoint elements of A∗∗. It follows
that there exists an element x ∈ A∗∗ with

0 ≤ x ≤ 1

such that
yN

s.o.t.−−→ x.

Step 3: tail estimates.
For each m ≥ 1, let

zm :=
∞∑

n=m

vnxnvn,

where the sum is taken in the strong operator topology of A∗∗. Then

x− ym−1 = zm,

and, since 0 ≤ xn ≤ 1,

0 ≤ zm ≤
∞∑

n=m

v2n = 1− um−1.

Let a ∈ A. Since 0 ≤ zm ≤ 1, we have z2m ≤ zm, and therefore

∥zma∥2 = ∥a∗z2ma∥ ≤ ∥a∗zma∥.

Using zm ≤ 1− um−1, we obtain

∥zma∥2 ≤ ∥a∗zma∥ ≤ ∥a∗(1− um−1)a∥.

Since (un) is an approximate unit,

∥a∗(1− um−1)a∥ −→ 0.
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Hence
∥zma∥ −→ 0.

Applying the same argument to a∗ gives

∥azm∥2 = ∥zma∗azm∥ ≤ ∥a(1− um−1)a
∗∥ −→ 0,

so also
∥azm∥ −→ 0.

Step 4: strict convergence.
Since x− ym−1 = zm, the estimates above imply that for every a ∈ A,

∥(x− ym−1)a∥ = ∥zma∥ −→ 0, ∥a(x− ym−1)∥ = ∥azm∥ −→ 0.

Thus (yN)N converges strictly to x.
It remains to see that x ∈ M(A). For each a ∈ A, every product yNa and ayN belongs

to A, and the above norm convergence shows that

yNa → xa, ayN → ax

in norm. Since A is norm closed, it follows that

xA ⊆ A, Ax ⊆ A.

Hence x acts as a double centralizer on A, and therefore x ∈ M(A).
This proves that

∞∑
n=1

vnxnvn

converges strictly in M(A).

Proposition 4.5. Let A be a σ-unital C∗-algebra, and assume that the strict topology on
M(A) coincides with the norm topology. Then A is unital. In particular,

M(A) = A.

Proof. Let (un)n≥1 be an increasing contractive approximate unit of positive elements in
A, let u0 := 0, and set

vn := (un − un−1)
1/2 (n ≥ 1).

Apply Proposition 4.4 to the bounded sequence

xn := 1M(A) (n ≥ 1).

Then the series
∞∑
n=1

vnxnvn =
∞∑
n=1

v2n =
∞∑
n=1

(un − un−1)
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converges strictly in M(A).
Its Nth partial sum is

N∑
n=1

(un − un−1) = uN .

Hence (uN) converges strictly in M(A). Since (uN) is an approximate unit, for every a ∈ A
we have

uNa → a, auN → a

in norm, so the strict limit of (uN) is necessarily 1M(A).
By assumption, the strict topology agrees with the norm topology on M(A). Therefore

uN → 1M(A)

in norm. Since each uN belongs to A and A is norm closed in M(A), it follows that

1M(A) ∈ A.

Thus A is unital. But for a unital C∗-algebra one has

M(A) = A.

This proves the claim.

There are other ways to prove this statement, but this proof shows that the strict
topology is mainly concerned with approximating multiplier elements by elements of the
base algebra, as in Proposition 4.4.

Now we can prove the main theorem of this section. By this theorem we can see
that strict convergence characterizes the multiplier algebra. This characterization is com-
pletely different from the previous ones, and gives us a more topological way of discussing
multiplier algebras.

Theorem 4.6. Let A be a C∗-algebra. Then M(A) is the strict completion of A on bounded
sets.

Proof. By Proposition 5.7 of [2], bounded strict Cauchy nets in M(A) converge strictly
in M(A). Since A is strictly dense in M(A), the strict completion of A on bounded sets
is precisely M(A).
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5 Extensions of C∗-algebras and the Busby invariant
Extensions of algebraic structures are widely studied. For C∗-algebras, we define them
in terms of exact sequences. The underlying analytic structure is relevant not only for
individual extensions, but also for their interactions. Multiplier algebras play a central role
in the theory of C∗-algebraic extensions; in particular, they lead to the Busby invariant.
C∗-algebraic extensions are highly technical and have many applications in operator KK-
theory and cohomological methods. These theories are outside the scope of this thesis,
but the aim of this section is to examine extensions in a way that prepares for them.
Such extensions first appeared in the context of C∗-algebraic classification. Their general
classification is difficult, but the picture becomes clearer when one considers a form of
"compact perturbation". This naive notion of "compact perturbation" will be understood
as an extension, and it provides an important toy example.

5.1 Extensions and basic examples

We begin by defining extensions of C∗-algebras and then give examples which motivate
the formalism. Extensions can be introduced without exact sequences, but exact sequences
are especially convenient for our purposes.

Definition 5.1. Let I, E, and A denote C∗-algebras. An extension of C∗-algebras is a
triple (ι, E, q) admitting the short exact sequence

0 −→ I
ι−→ E

q−→ A −→ 0, (1)

where I denotes the ideal, E the extension algebra, and A the quotient algebra. Here
ι is an injective *-homomorphism, q is a surjective *-homomorphism, and ker q = ι(I).
Equivalently, I is a closed two-sided ideal in E and A ∼= E/I.

We record several basic examples of extensions of C∗-algebras, illustrating Defini-
tion 5.1 in concrete settings.

Example 5.2 (Evaluation at a point). Let E = C([0, 1]) and define

I := {f ∈ C([0, 1]) : f(0) = 0}.

Then I is a closed two-sided ideal in E.
Define the ∗-homomorphism

q : E −→ C, q(f) := f(0).

Then q is surjective and
ker(q) = I.

Let ι : I ↪→ E denote the inclusion. Hence

0 −→ I
ι−→ C([0, 1])

q−→ C −→ 0 (2)

is a short exact sequence.
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Example 5.3 (Evaluation at two points). Let E = C([0, 1]) and define

I := {f ∈ C([0, 1]) : f(0) = 0 and f(1) = 0}.

Then I is a closed two-sided ideal in E.
Define

q : E −→ C⊕ C, q(f) := (f(0), f(1)).

Then q is a surjective ∗-homomorphism and

ker(q) = I.

With ι : I ↪→ E the inclusion, we obtain

0 −→ I
ι−→ C([0, 1])

q−→ C⊕ C −→ 0. (3)

Example 5.4 (Split extension). Let I and A be C∗-algebras and define

E := I ⊕ A.

Define
ι : I −→ E, ι(x) := (x, 0),

and
q : E −→ A, q(x, a) := a.

Then ι is injective, q is surjective, and

ker(q) = ι(I).

Thus
0 −→ I

ι−→ I ⊕ A
q−→ A −→ 0 (4)

is a short exact sequence.
Moreover, this extension is split, since the map

s : A −→ E, s(a) := (0, a)

is a ∗-homomorphism satisfying q ◦ s = idA.

Example 5.5 (Compact operators and the Calkin algebra). Let H be a Hilbert space,
and denote by

E := B(H), I := K(H).

Then I is a closed two-sided ideal in E.
Let

q : B(H) −→ B(H)/K(H)

be the quotient map. Then q is a surjective ∗-homomorphism and

ker(q) = K(H).
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With ι : K(H) ↪→ B(H) the inclusion, we obtain

0 −→ K(H)
ι−→ B(H)

q−→ B(H)/K(H) −→ 0. (5)

Thus passing to the quotient B(H)/K(H) means identifying operators which differ only
by a compact operator:

T ∼ S ⇐⇒ T − S ∈ K(H).

In this sense, the quotient map q forgets compact perturbations.

This is where multiplier algebras enter: they relate the components of an extension in
a natural way.

Lemma 5.6 (Canonical map into the multiplier algebra). Let

0 −→ J
ȷ−→ E

ρ−→ Q −→ 0 (6)

be a short exact sequence of (not necessarily unital) algebras. Then there exists a unique
algebra homomorphism

Φ : E −→ M(J)

such that
Φ ◦ ȷ = λJ ,

where λJ : J → M(J) denotes the canonical embedding given by left (equivalently, two-
sided) multiplication. Moreover, ker(Φ) = {e ∈ E : eJ = 0 = Je}, and in particular
ker(ρ) = ȷ(J) ⊆ ker(ρ) implies that Φ factors through E/ ker(Φ).

Proof. Since the sequence is exact, ȷ(J) is a two-sided ideal in E and we identify J with
its image in E via ȷ to simplify notation. Thus for every e ∈ E and x ∈ J we have ex ∈ J
and xe ∈ J .

For a fixed e ∈ E define linear maps Le, Re : J → J by

Le(x) = ex, Re(x) = xe (x ∈ J).

These maps satisfy the compatibility relations

Le(xy) = Le(x) y, Re(xy) = xRe(y), xLe(y) = Re(x) y (x, y ∈ J),

simply because multiplication in E is associative and J is an ideal. By the defining de-
scription of the multiplier algebra M(J) as compatible pairs of such maps, there is a
well-defined element Φ(e) ∈ M(J) represented by the pair (Le, Re).

The assignment e 7→ (Le, Re) is multiplicative: for e, f ∈ E and x ∈ J ,

Lef (x) = (ef)x = e(fx) = Le(Lf (x)), Ref (x) = x(ef) = (xe)f = Rf (Re(x)),

which is exactly the product rule in M(J). Hence Φ : E → M(J) is an algebra homomor-
phism.
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Next, if a ∈ J , then La(x) = ax and Ra(x) = xa for all x ∈ J , so Φ(a) is precisely the
canonical multiplier λJ(a). Therefore Φ ◦ ȷ = λJ .

For uniqueness, let Ψ : E → M(J) be any homomorphism with Ψ|J = λJ . Fix e ∈ E
and write Ψ(e) = (Se, Te) with Se, Te : J → J the associated left/right actions. For each
x ∈ J we compute in M(J):

λJ(x)Ψ(e) = Ψ(x)Ψ(e) = Ψ(xe) = λJ(xe),

so the left action of λJ(x)Ψ(e) on J is left multiplication by xe. But the left action of
λJ(x)Ψ(e) is also y 7→ xSe(y). Comparing these for all y ∈ J gives xSe(y) = x(ey), hence
Se(y) = ey by nondegeneracy of the left action on J . A symmetric computation using
Ψ(e)λJ(x) = λJ(ex) yields Te(y) = ye. Thus Ψ(e) = (Le, Re) = Φ(e) for all e, proving
uniqueness.

Finally, Φ(e) = 0 holds exactly when Le = 0 and Re = 0, i.e. when eJ = 0 = Je. This
identifies the kernel as claimed.

The motivation is the following. Since J is an ideal in E, every element e ∈ E multiplies
elements of J from the left and from the right:

x 7→ ex, x 7→ xe.

These two operations preserve J , even when e /∈ J . Thus e acts on J as a multiplier. The
lemma formalizes this by producing the canonical homomorphism

Φ : E → M(J).

In this sense, M(J) is the algebra which records how the extension acts on its ideal.
As seen earlier in the thesis, multiplier algebras often appear when there is a natural
multiplicative action on an ideal.

Now, before investigating the important consequences of Lemma 5.6, it is necessary to
define an algebra related to the multiplier algebra, the corona algebra. One may intuitively
view it as a measure of obstruction (how far the original algebra is from being unital).
There is a natural inclusion and quotient relation between A, M(A), and Q(A). We will
also see that it will induce an extension.

Definition 5.7 (Corona algebra). Let A be a (not necessarily unital) C∗-algebra. Denote
by M(A) its multiplier algebra, and let

ιA : A −→ M(A)

be the canonical ∗-homomorphism identifying A with an essential ideal of M(A). The
corona algebra of A is the quotient C∗-algebra

Q(A) := M(A)
/
ιA(A).

When no confusion is possible, we suppress ιA and simply write Q(A) = M(A)/A. We
also write

πA : M(A) −→ Q(A)

for the quotient map.
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Lemma 5.8 (The corona extension). For every C∗-algebra A there is a canonical short
exact sequence of C∗-algebras

0 −→ A
ιA−−→ M(A)

πA−−→ Q(A) −→ 0, (7)

where Q(A) = M(A)/ιA(A) is the corona algebra and πA is the quotient map.

Proof. By definition, ιA is an injective ∗-homomorphism, so we may identify A with its
image ιA(A) ⊆ M(A). It is a standard property of the multiplier algebra that ιA(A) is
a closed two-sided ideal in M(A); hence the quotient M(A)/ιA(A) is a C∗-algebra. With
this identification, πA : M(A) → Q(A) is the canonical surjective quotient map.

Exactness at A is immediate from injectivity of ιA, i.e. ker(ιA) = {0}. Exactness at
M(A) follows from the definition of the quotient map:

ker(πA) = ιA(A).

Finally, πA is surjective by construction of the quotient, so im(πA) = Q(A). Putting these
together yields the desired short exact sequence.

The next step is to pass from the extension itself to the way the quotient algebra Q
sits “modulo the ideal”. The canonical map

Φ : E → M(J)

records how elements of E act on the ideal J . Since the elements of J act trivially in the
quotient M(J)/J , this action descends to a map

τ : Q → M(J)/J.

This map is the Busby invariant. It packages the extension into a single homomorphism
into the corona algebra, and it measures how the quotient algebra is attached to the ideal.

Definition 5.9 (Busby invariant). Let

0 −→ I
ι−→ E

q−→ A −→ 0 (8)

be an extension of C∗-algebras. Let

Φ : E −→ M(I)

be the canonical ∗-homomorphism given by Lemma 5.6, and let

πI : M(I) −→ Q(I) = M(I)/I

be the quotient map.
The Busby invariant of the extension is the ∗-homomorphism

τ : A −→ Q(I)

defined as follows: for a ∈ A, choose any e ∈ E such that q(e) = a, and set

τ(a) := πI(Φ(e)).
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Lemma 5.10. The map τ : A → Q(I) is well-defined and is a ∗-homomorphism.

Proof. Suppose e1, e2 ∈ E satisfy q(e1) = q(e2). Then e1 − e2 ∈ ker(q) = ι(I), hence we
may write e1 − e2 = ι(x) for some x ∈ I. Applying Φ and using Φ ◦ ι = λI , we obtain

Φ(e1)− Φ(e2) = λI(x) ∈ I ⊆ M(I).

Therefore
πI(Φ(e1)) = πI(Φ(e2)),

which shows that τ is well-defined.
To see that τ is a ∗-homomorphism, let a, b ∈ A and choose lifts e, f ∈ E with q(e) = a,

q(f) = b. Then q(ef) = ab, so
τ(ab) = πI(Φ(ef)).

Since Φ is a ∗-homomorphism,

Φ(ef) = Φ(e)Φ(f),

hence
τ(ab) = πI(Φ(e)Φ(f)) = πI(Φ(e)) πI(Φ(f)) = τ(a)τ(b).

Similarly,
τ(a∗) = πI(Φ(e

∗)) = πI(Φ(e)
∗) = τ(a)∗.

Thus τ is a ∗-homomorphism.

The Busby invariant is therefore well defined. We next look at examples showing how
this map interacts with the ideal structure. Computing it illustrates how multipliers pass
through the quotient and how this is connected to the multiplicative action.

Example 5.11 (The split extension). Let I and A be C∗-algebras, let

E := I ⊕ A,

and consider the split extension

0 −→ I
ι−→ I ⊕ A

q−→ A −→ 0,

where
ι(x) := (x, 0), q(x, a) := a.

Let
s : A −→ E, s(a) := (0, a),

denote the canonical splitting.
We compute the Busby invariant τ : A → Q(I). Fix a ∈ A, and choose the lift

s(a) = (0, a) ∈ E. For x ∈ I, viewed inside E as (x, 0), we have

(0, a)(x, 0) = (0, 0), (x, 0)(0, a) = (0, 0).
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Hence the multiplier Φ(s(a)) ∈ M(I) is the zero multiplier. Therefore

τ(a) = πI(Φ(s(a))) = πI(0) = 0 (a ∈ A).

Thus the Busby invariant of the split extension is the zero map:

τ = 0 : A −→ Q(I).

Example 5.12 (Evaluation at a point). Consider the extension

0 −→ I
ι−→ C([0, 1])

q−→ C −→ 0,

where
I := {f ∈ C([0, 1]) : f(0) = 0}, q(f) := f(0),

and ι : I ↪→ C([0, 1]) is the inclusion.
For each f ∈ C([0, 1]), the canonical map

Φ : C([0, 1]) −→ M(I)

is given by multiplication on I:

Φ(f)(g) = fg (g ∈ I).

Let λ ∈ C. A convenient lift of λ is the constant function

cλ ∈ C([0, 1]), cλ(t) = λ (t ∈ [0, 1]).

Since q(cλ) = λ, we obtain
τ(λ) = πI(Φ(cλ)).

Now Φ(cλ) is simply multiplication by the constant function λ, hence

Φ(cλ) = λ 1M(I).

Therefore
τ(λ) = πI(λ 1M(I)).

In particular,
τ(1) = πI(1M(I)),

and the Busby invariant is the unital ∗-homomorphism

τ : C −→ Q(I), τ(λ) = λπI(1M(I)).

Example 5.13 (Compact operators and the Calkin algebra). Let H be a Hilbert space.
Consider the extension

0 −→ K(H)
ι−→ B(H)

q−→ B(H)/K(H) −→ 0,
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where ι : K(H) ↪→ B(H) is the inclusion and q is the quotient map.
Since K(H) is an essential ideal in B(H), one has the canonical identification

M(K(H)) ∼= B(H).

Consequently,
Q(K(H)) = M(K(H))/K(H) ∼= B(H)/K(H).

Let
τ : B(H)/K(H) −→ Q(K(H))

be the Busby invariant of the extension.
Fix x ∈ B(H)/K(H), and choose T ∈ B(H) such that q(T ) = x. Under the identifi-

cation M(K(H)) = B(H), the canonical map

Φ : B(H) −→ M(K(H))

is the identity map. Hence

τ(x) = πK(H)(Φ(T )) = πK(H)(T ).

But πK(H) : B(H) → B(H)/K(H) is precisely the quotient map q. Therefore

τ(x) = x (x ∈ B(H)/K(H)).

Thus, under the natural identification

Q(K(H)) ∼= B(H)/K(H),

the Busby invariant is the identity map:

τ = idB(H)/K(H).

We fix a nonunital C∗-algebra B and denote

Q(B) := M(B)/B, πB : M(B) → Q(B).

By the preceding discussion, every extension

0 −→ B
ι−→ E

q−→ A −→ 0

gives rise to a ∗-homomorphism (its Busby invariant)

τ : A −→ Q(B).

Conversely, every ∗-homomorphism τ : A → Q(B) arises (up to canonical isomor-
phism) from an extension of A by B.

In the Calkin example the Busby invariant has a particularly simple meaning. Return-
ing to the perturbation point of view, we may see that, passing from B(H) to B(H)/K(H)
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is exactly the operation of forgetting compact perturbations. Since this extension is the
universal model for that quotient process, the Busby invariant does not add any new
twist: under the natural identification

Q(K(H)) ∼= B(H)/K(H),

it is just the identity map.
Thus, in this basic example, the Busby invariant says that the quotient algebra is

attached to the compact ideal in the most direct possible way: an operator is sent to its
class modulo compact operators.

5.2 The Busby invariant and pullbacks

Before introducing the pullback construction, let us explain its role in the theory of ex-
tensions; see [6, 8, 5].

Given an extension
0 −→ I −→ E −→ A −→ 0,

the associated Busby invariant
τ : A → Q(I)

encodes how A is represented in the corona algebra Q(I) = M(I)/I. In particular, the
algebra E can be viewed as consisting of elements in M(I) which lift the image of A under
τ .

This suggests that E should be recoverable as a subalgebra of M(I)⊕A by imposing
a compatibility condition between the two components, namely that they determine the
same element in Q(I).

The pullback construction formalizes precisely this idea: it produces the largest C∗-
algebra whose elements simultaneously project to A and lift its image in Q(I) in a con-
sistent way.

Definition 5.14 (Pullback). Let C be a C∗-algebra and let

α1 : A1 → C, α2 : A2 → C

be ∗-homomorphisms.
The pullback of (α1, α2) is the C∗-subalgebra

A1 ×C A2 := {(a1, a2) ∈ A1 ⊕ A2 | α1(a1) = α2(a2)}.

Lemma 5.15. With the above notation, the coordinate maps

βk : A1 ×C A2 → Ak, βk(a1, a2) = ak

are ∗-homomorphisms.
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Proof. Since A1 ×C A2 is a ∗-subalgebra of A1 ⊕ A2 and all operations in the direct sum
are defined componentwise, the coordinate maps are ∗-homomorphisms.

The following result shows that every extension canonically determines a map from
A into the corona algebra of I, obtained by passing to the quotient inside the multiplier
algebra.

Proposition 5.16 (Busby invariant as a universal factor). Let

0 −→ I
ι−→ E

q−→ A −→ 0

be an extension of C∗-algebras. Let

Φ : E −→ M(I)

be the canonical ∗-homomorphism extending the inclusion of I, and let

πI : M(I) → Q(I)

be the quotient map.
Then there exists a unique ∗-homomorphism

τ : A −→ Q(I)

such that
τ ◦ q = πI ◦ Φ.

Proof. For a ∈ A, choose e ∈ E with q(e) = a and define

τ(a) := πI(Φ(e)).

If e1, e2 are two lifts, then e1 − e2 ∈ I, hence

Φ(e1)− Φ(e2) ∈ I,

so τ is well-defined. The required identity and the ∗-homomorphism property follow im-
mediately. Uniqueness is clear from the defining relation.

The following example will show why the universal factor point of view is important.
We have already seen the Calkin example by direct computation, but here is an alternative
approach.

Example 5.17. Let

0 −→ K(H)
ι−→ B(H)

q−→ B(H)/K(H) −→ 0

be the canonical extension. Then Φ = idB(H), and πK(H) = q.
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Thus for every T ∈ B(H) we have

(πK(H) ◦ Φ)(T ) = q(T ),

so the identity
τ ◦ q = πK(H) ◦ Φ

forces
τ = idB(H)/K(H).

Proposition 5.18 (Reconstruction from a Busby invariant). Let A and I be C∗-algebras
and let

τ : A → Q(I)

be a ∗-homomorphism.
Define

Eτ := M(I)×Q(I) A = {(m, a) ∈ M(I)⊕ A | πI(m) = τ(a)}.

Then Eτ is a C∗-algebra and the maps

ι : I → Eτ , ι(x) = (x, 0), q : Eτ → A, q(m, a) = a

fit into a short exact sequence

0 −→ I −→ Eτ −→ A −→ 0.

Moreover, the Busby invariant of this extension is equal to τ .

Proof. The pullback is a closed ∗-subalgebra of M(I)⊕A, hence a C∗-algebra. The map
ι is injective and its image is an ideal, while q is surjective and

ker(q) = {(m, 0) : πI(m) = 0} = I.

Thus the sequence is exact.
If (m, a) ∈ Eτ , then by definition πI(m) = τ(a), which shows that the associated

Busby invariant coincides with τ .

The pullback construction shows that the Busby invariant is not only an invariant
extracted from an extension, but also a way to reconstruct the extension itself. Indeed,
the algebra

Eτ = {(m, a) ∈ M(I)⊕ A : πI(m) = τ(a)}
is precisely the algebra of compatible pairs: an element of A together with a multiplier
lift whose image in the corona algebra agrees with τ(a).

Thus the Busby invariant contains the gluing data of the extension. The ideal I gives
the “small” part, the quotient A gives the visible part, and

τ : A → Q(I)

describes how these two parts are attached modulo I. In this sense, extensions are encoded
by Busby maps, and the pullback construction makes this encoding explicit.
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Nyilatkozat MI-alapú eszközök használatáról
Alulírott Raikovich Levente nyilatkozom, hogy szakdolgozatom elkészítése során az alább
felsorolt feladatok elvégzésére a megadott MI alapú eszközöket alkalmaztam:

Feladat Felhasznált es-
zköz

Felhasználás helye Megjegyzés

Nyelvtani helyesség
ellenőrzése, angol meg-
fogalmazásban való
segítés

ChatGPT-4o A teljes dokumentum

LaTeX kód javítása ChatGPT-4o A teljes dokumentum

A felsoroltakon túl más MI alapú eszközt nem használtam.
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