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Introduction

A set of points B in a finite projective plane is called a blocking set if it meets each line
in at least one point. It is easy to see that the smallest blocking set is a line. If we exclude
this case, the problem of finding the smallest nontrivial blocking set (blocking sets not
containing a line) becomes much more difficult. It is conjectured based on the works of
Sziklai (see [I8]) that the smallest nontrivial blocking set has size p" + p™*=Y/5 + 1 in

PG(2,p") for p prime, n > 1, where s is the smallest prime divisor of n.

Similarly, one can define a K-fold blocking set as a set meeting each line in at least K
points. Multiple blocking sets have many applications, such as the theory of linear error
correcting codes, and the colorings of projective planes (see Chapter (3| for more detail).
The minimum size of K-fold blocking sets is unknown is most cases, however a conjecture
in [10] has been reformulated based on previous conjectures:

Conjecture. If n/s is large enough w.r.t. K, where s is the smallest prime divisor of
n > 1, then the smallest K-fold blocking set in PG(2, p™) has size

K<pn +pn(s—1)/s + 1)

The aim of this thesis is to give an introduction to the world of blocking sets in
PG(2,p") (see Chapters[l] [2), and then build up to the conjectures on the minimum size
of multiple blocking sets (see Chapter [4]). In Chapter [3| we highlight some applications of
multiple blocking sets. In Chapter 5], we provide constructions supporting the conjecture,
partly based on the worsk of the 2025 REU project "From Galois to Finite Geometry"

(Sections and [p.2)), and on some new results (Section [5.3).



Chapter 1

Preliminaries

In this chapter we collect the necessary definitions and basic results necessary for this

thesis.

1.1 Finite fields

Recall that for each prime power p™ with p prime and n > 1, there exists a finite field
of order p™ with characteristic p, which is unique up to isomorphism. We denote this field
by Fpn .

For two prime powers p* and p”, Foe < Fpn exactly if k | n or equivalently Fy < Fn
for any prime powers ¢ and h > 1. Note that this means that F . is an h-dimensional

vector space over F,.

We list the necessary results of finite fields. In each proposition, we fix an extension

of finite fields IF; < F n, where ¢ = p™ with p prime.
First, we consider the vector spaces over finite fields, since we will use them often.

Definition 1.1.1. We denote the k-dimensional vector space over F, (which is unique up

to isomorphism) by V'(k, q).

Proposition 1.1.2. Let V' be a vector space of dimension & over F .. Then, V' is a kh-
dimensional vector space over F,. Equivalently, V (k, ¢") = V(kh, q) as vector spaces over
F

q-

Next, we give a characterization of the elements of a finite field in terms of polynomials.

We also list the results of the theory of finite fields relevant to us.



Proposition 1.1.3. For any x € F », we have x € [, exactly if 27 — z = 0. Equivalently,
[F, is the splitting field of 27 — x over F,,.

Proposition 1.1.4. There exists an o € F,» such that F» = F (o), meaning the degree
of the minimal polynomial of a over F, is h (equivalently, every extension of finite fields

is simple).

Proposition 1.1.5. The Frobenius map Frob, : « + 27 is an F,-linear automorphism
of order h. The extension F, < F,» is Galois, with a cyclic Galois group generated by
Frob,. O

Corollary 1.1.6. Let f € Fy[z]| be an irreducible polynomial of degree h. If a € Fn is a
root of f, then the roots of f are {a, a4, ... ,oﬂh*l}. ]

We now move our focus to the linear functionals of Fon. These are the F,-linear func-

tions f: Fn — F,.

Proposition 1.1.7. The trace map Trgn ;@ — © + 29 + -+ + 29" is an F,-linear

functional. O

Proposition 1.1.8. For each linear functional f: F,» — F,, there exists a unique o € [Fn
such that f(x) = Trgn (o) for all z € Fyn. O

1.2 Finite projective planes

We will give a general definition of finite projective planes below, discussed in [13].

Definition 1.2.1. Let P be a finite set of points, and £ be a finite set of lines, together
with an incidence relation (<) C P x £. We say the point P € P is incident with the
line £ € £ if P < E. The triple I1 = (P, &, <) is called a finite projective plane if the

following conditions hold:
1. For any two distinct points, there exists a unique line incident with both,
2. For any two distinct lines, there exists a unique point incident with both,

3. There exist four points in general position, meaning no three points are incident

with the same line.



Figure 1.1: The simplest finite projective plane is called the Fano plane.

Below are the most important basic results on finite projective planes.

Proposition 1.2.2. let II be a finite projective plane. Then there exists a unique integer
g such that every point is incident with (¢ + 1) lines and every line is incident with ¢ + 1
points. The number ¢ is called the order of II. O]

Proposition 1.2.3. Let II be a finite projective plane of order ¢. Then, IT has (¢>+¢+1)
points and (¢® + ¢ + 1) lines. H

Now we define a smaller subclass of finite projective planes we will be working with.

Definition 1.2.4 (Finite desarguesian plane). Let [, be the finite field with ¢ elements,
and consider the 3 dimensional vector space V = V(3, q) over F,. We define the following

structure:
1. P is the set of 1 dimensional subspaces of V,
2. & is the set of 2 dimensional subspaces of V,
3. A point P € P is incident with £ € £ if P < F.

It can be shown that IT = (P, £, <) will be a finite projective plane of order ¢q. We define
PG(2,q) =1L

When working in PG(2, ¢), points can be written with homogeneous coordinates, that
is of form (z : y : 2), where (x,y,2) # (0,0,0), and (Az : Ay : Az) = (x : y : z) for any
A € F, \ {0}. Lines can be defined by equations of the form AX + BY 4+ CZ = 0, where
the point (z : y : z) is incident with the line if Az + By + Cz = 0. The coefficients are

again unique up to scalar multiples.



Remark 1.2.5. This construction shows that for each prime power ¢ there exists a finite
projective plane of order ¢. Not all finite projective planes of order ¢ are isomorphic to
PG(2, q); however, it is conjectured that all finite projective planes have an order of a

prime power.

Remark 1.2.6. One can show that the Fano plane is isomorphic to PG(2,2).

1.3 Blocking sets in finite projective planes

In this thesis, we will construct special blocking sets, which are a special set of points
in a finite projective plane II. We will mostly work in PG(2, ¢"), however the definition

of blocking sets works for an arbitrary finite projective plane.

Definition 1.3.1. Let IT = (P, &, R) be a finite projective plane. A point set B C P is
called a blocking set, if it meets each line of II in at least one point. Similarly, B is a

K-fold blocking set if it meets each line of II in at least K points.

Definition 1.3.2. A blocking set B is called minimal if it does not contain a smaller
blocking set. Equivalently, B is minimal if every point of B has a tangent line (a line

meeting B in one point).

Similarly, a K-fold blocking set is minimal if it does not contain a smaller K-fold
blocking set. Equivalently, every point of B is incident with a K-secant (a line meeting B

in K points).

The simplest minimal blocking set is a line, however we want to exclude this case,
as it is too simple, and it is not suitable for many applications of blocking sets, e.g. for

constructing K-fold blocking sets. This motivates the following definition:
Definition 1.3.3. A blocking set B is called nontrivial if it does not contain a line.
Remark 1.3.4. One can show that the Fano plane only has trivial blocking sets.

We now provide two examples of nontrivial blocking sets. The first one is simple, and
it works in general projective planes. However, its size, 3(¢ — 1) is quite large. The second

construction only works in PG(2, ¢), but it is around half the size of the first blocking set.

Example 1.3.5. Take three lines E;, Es, 3 in general position with intersection points
P, = E;NE;, P, = E1N E3, Py = E; N Ey (where lines are thought of as the set of points
incident with the given line). Then the set B = E, U Ey U E3 \ {P1, P2, P3} is a nontrivial
blocking set when the order ¢ of II is greater than 2.
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First we show that B is a blocking set. Obviously, the lines F;, E5, E3 are blocked. For
any other £ € £, F intersects all of the lines E;. If all of the intersection points are from
the set { Py, P, P3}, then it is easy to see that two of the intersection points are the same,
so we can assume by symmetry that the intersection points are P; and P,. But then F
goes through P, and P, meaning F = Ej3, which is blocked by B.

To show nontriviality, note for any line E, |B N E| is either (¢ — 1) (when E €
{F1, E5, E3} or at most 3, since two lines have 1 intersection point. If ¢ > 2, then all
of these numbers are less than (¢ + 1), therefore B does not contain a line.

To show minimality, we construct a tangent line for each P € B. We can assume by

symmetry that P € E;. It is easy to see that the line incident with P and P; is a tangent

line of B.

1
]
I
]
]
]
]
]
]
1
]
]
]
I
[}
® 0
]
/ ! \

Figure 1.2: Minimal, nontrivial blocking set as a union of 3 lines.

Example 1.3.6 (The projective triangle, [I3]). One can find an even smaller blocking
set when working in PG(2, ¢), ¢ odd, from the same idea: we take three lines in general
position, and take some points out. We can work with homogeneous coordinates, so we

will consider the lines of equations

EliXZO, EQ:YZO, EgZ:O

We will not remove the intersection points ((1: 0:0),(0:1:0),(0:0: 1)), instead we
remove the points (—x : 1 : 0) where x is not a square in F,, and their cyclic permutations.

It is well known that the number of squares in F, is (¢ + 1)/2 (including 0), therefore the

size of our set B is 3(¢+ 1)/2.
First, we show that B is a blocking set. Take a line F defined by AX + BY +CZ =0

with (A, B, C) # 0. We can assume that A, B, C' # 0 since if at least one is zero, then E is

9



blocked by {(1:0:0),(0:1:0),(0:0:1)}. The intersection points of E with E, Es, F3
are

(-B/A:1:0),(0: =C/B:1),(1:0: -A/C),

respectively. Therefore, E is not blocked exactly if B/A,C/B,A/C are all nonsquares.

BCA

The product of three nonsquares is a nonsquare in F,, so Z%% = 1 is nonsquare, a

contradiction; so every line is blocked.

Nontriviality can be proved in a similar fashion to the previous example. For each line,
|BN E| is either (¢ + 1)/2 or at most 3, all of which are less than ¢ + 1.

Minimality is a bit more involved. Take P € B, our goal is to construct a tangent line
of B incident with P. We can assume P = (—z? : 1 : 0) for some z € F, by symmetry.
Consider the line defined by yX +y2*Y +xZ = 0, where yz € F, is nonsquare. Then the

intersection points of this line with E;, F», E3 are

(—xZ:1:0),(0:—%:1),(1:0:—%),

respectively. One can check that the numbers yix, ¥ are also nonsquare, so the given line

is a tangent line through P.

Example 1.3.7 (The projective triad, [13]). A construction of similar size exists for even
g > 2. Note that for even ¢, we have characteristic 2 in [F;, meaning we can disregard
negative signs. Let ¢ = 2", and G be an (n — 1)-dimensional Fy-subspace of F,. Our

blocking set B will be a subset of the union of lines of equations
Fy:X=0, Ey:X+272=0, E3:7Z=0.
We include their common intersection point (0 : 1 : 0) and the points
(0:a:1)eE,(1:a:1)€ Ey(l:a:0)€ Ej
for each a € G. Then B has size 3¢/2 + 1, since |G| = ¢/2.

Now we show that B is a blocking set. Any vertical line (line defined by AX +CZ = 0)
is blocked by (0 : 1 : 0). Every other line (which are defined by AX+Y +CZ = 0) intersect
the lines Fy, Ey, E5 at (0:C :1),(1: A4+ C:1),(1: A:0), respectively. If A # C, then
by Grassmann’s identity, the 2-dimensional Fo-subspace {0, A, C; A+ C} and the (n — 1)-
dimensional Fo-subspace G have nontrivial intersection, so at least one of A, C, A+ is in
G.If A=C, then A+ C =0 € G, so in either case the line defined by A X +Y +CZ =0
is blocked by B.

10



We saw in the previous argument that every line has either 1,3 or ¢/2 + 1 points

incident with B, all of which are less than g + 1, therefore B does not contain a line.

The point (0 : 1 : 0) has many tangent lines, in fact all lines other than Ey, s, and Ej
are tangents. For a point of the form (1: A:0) € B, take some C' ¢ G and take the line
incident with (1: A:0)and (0: C : 1) & B. We already showed that the other intersection
point with Ey is (1: A4+ C :1) € B, since if A+ C € G, then C = A+ (A+C) € G.
Therefore, this line is a tangent line of B. One can show similarly that every other point

of B has a tangent line, therefore B is minimal.

Since we have a blocking set of size 3(¢+1)/2 in PG(2, ¢) for each odd prime power ¢, it
is natural to ask whether there exist smaller blocking sets. This question will be discussed
in Chapters |2 and [4] in more detail. This motivates the definition of small blocking sets.

Definition 1.3.8. A blocking set B is called small if |B| < 3(¢+1)/2. Similarly, a K-fold
blocking set is called small if |B| < Kq+ (¢ +1)/2.

Now we define the exponent of blocking sets for small minimal nontrivial blocking sets.

Definition 1.3.9. Let ¢ = p™, p prime, and B be a small minimal blocking set in PG(2, q).
The exponent of B, denoted by e, is the largest integer such that every line meets B in 1
(mod p°) points.

It has been proved by Szényi in [19], that the exponent of any small minimal blocking
set is at least 1. Sziklai proved in [18] that the exponent divides n for all blocking sets.

11



Chapter 2

Blocking sets in PG(2, p")

In this chapter, we define special cases of blocking sets in desarguesian planes, and

collect the basic results about them.

2.1 Baer subplanes

In this section, we fix an extension of finite fields F, < F,2. Our main focus will be

Baer subplanes:

Definition 2.1.1. A Baer subplane B of PG(2, ¢?) is a subset of lines and points isomor-
phic to PG(2,q) (where incidence is inherited from PG(2, ¢%)).

Theorem 2.1.2. Let B be a Baer subplane of PG(2,¢?). Then B is a small minimal
nontrivial blocking set in PG(2, ¢%).

Proof. First we prove that B is a blocking set. Take any line £, and consider the (¢*+q+1)
lines of B. Since E has (¢? + 1) points and every two line has an intersection, there exist
two lines of the subplane F;, F5 such that E, F;, F> meet at the same point. Since B is a

finite projective plane, this intersection point is in B, so E is blocked.

Since B is a finite projective plane, the (¢*> + ¢ + 1) lines of B have (¢ + 1) points on
them from B. Any other line contains only one point of B, since every two point of B

defines a unique line of B incident with them. Thus, B is nontrivial.

The size of Bis (¢* + ¢+ 1) < ¢* + (¢*> + 1) /2, since B is a finite projective plane of
order ¢q. The minimality of B follows from the following theorem, since the blocking set

of the smallest size is always minimal. O
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Baer subplanes are of interest to us since they are the smallest possible nontrivial

blocking set. This is summerized by the following theorem, found in [2]:

Theorem 2.1.3. Let B be a nontrivial blocking set in a projective plane of order ¢q. Then,

1B| > q+/q+1.
Equality holds exactly if B is a Baer subplane (subplane of order ,/q).

Proof. We distinguish two cases. The first case is when B contains a line £ with more
than (/g + 1) points of B. Consider a point P of £ not contained in B. The ¢ other lines

incident with P other than E all contain at least one point, meaning B contains more
than (¢ + (/g + 1)) points.

In the second case, all lines contain at most (/g + 1) points of B. Denote by [; the
number of lines containing exactly ¢ points of B, 1 < i < /g + 1. We get the following

equations:

1. Double counting the lines of the projective plane, we get:

Vat+1
L=q¢+q+1
=1

2. Double counting the number of points P, lines F with P € F, we get:

Va+1
> ili=|Bl(g +1).

i=1
3. Double counting distinct point pairs of P, () and lines E with P, () € E, we get:
Vit1
> (i — 1)l = [B|(|B] - 1).
i=1

Using these equations, we get the bound

(Bl = (¢ + Vg +1))(IB] = (¢v/g + 1))

= [B|(1B] = 1) = (v/g + 1)(g+ DIB| + (/g + 1)(¢* + ¢+ 1)
Va+1 N

= > (i —1) = (Vg+Di+ g+ Dli=Y (-1 —(Vg+ 1)k <0,

i=1 i=1

13



since 1 <14 < ,/q + 1. Comparing signs, we get that

g++q+1<|B| <¢/q+ 1

Equality can only occur if all the terms of the sum are zero, which means all lines intersect
the blocking set in 1 or (/g + 1) points. We prove that in this case B is a projective plane:
define the lines of B as the (/g + 1)-secants of B. Using the first two equations from
before, it is easy to see that [ 541 = ¢ + /¢ + 1. Now assume by way of contradiction
that there are two lines F, F» of B whose intersection point is not in B. This means that
there are at least (/g + 1)? lines containing at least two points of B (one for every point
pair in (BN Ey) X (BN Ey)), but this contradicts the fact that [ 511 = ¢+ /g + 1 and
li = 0 for 2 <14 < /q. It is now easy to see that B satisfies all axioms of a finite projective

plane, therefore it is a Baer subplane. O

Another important fact is that PG(2, ¢?) can be partitioned into (¢ — ¢ + 1) disjoint
Baer subplanes. The proof of this fact can be found in [2].

2.2 Linear blocking sets

In this section, we fix an extension of finite fields F, < F,» with with " =", p
prime and h > 2. We also fix V = V(3,¢") = V(3h, q). We define linear blocking sets, a
generalization of Baer subplanes, which can be handled using algebraic tools. We begin

by defining how a linear F -subspace of V' defines points in IT = PG(2, ¢").
Definition 2.2.1. Let U <V be an F -subspace. We denote the points defined by U as
Ly = {(i)s, @ €U\{0}}.

Proposition 2.2.2 (Lundardon [I4], Bonoli, Polverino [9]). Let U be an (h+1)-dimensional
qh+171
q—1

IF, subspace of V. Then Ly is a minimal blocking set of size at most and exponent

at least n/h. These blocking sets are called linear blocking sets.

Proof. There are ¢"™' — 1 nonzero vectors in U. if ¢ = A7 for some A € F, \ {0}, then

(17>th = (v >th, meaning every point of Ly contains at least ¢ — 1 nonzero vectors. Using

qh+1_1
q—1

the pidgeonhole principle, we see that there are at most points in L.

Next, we show that every line meets £y in 1 (mod ¢) points (equivalently, the exponent
of Ly is at least n/h). Take a 2 dimensional F r-subspace W of V', and consider U N W,

14



which is a d-dimensional F-subspace of V' for some d. We have d > 1 by Grassmann’s
identity:
diqu(U N W) = diqu U + dim]Fq W — dim]Fq(U -+ W) Z 1,

since dimp, U = h + 1 and dimp, W = 2h by Proposition [1.1.2, Now consider the points
(1 dimensional F .-subspaces) of W: each point meets U in an Fg-subspace of dimension
at most d. Thus, if we denote by a; the number of points meeting U in an ¢ dimensional

[F,-subspace, counting the nonzero vectors of U N W we get the equation
d _ d
¢“—1=a1(¢g—1)+--+aq(q"—1).
Reducing this equation modulo ¢ we get the desired result.

Since every point meets Ly in 1 (mod ¢) points and ¢ > 1, Ly is a blocking set. To
show minimality, assume indirectly that there is a point P € Ly with no tangent lines.
Then every line through P meets £y in at least (¢ + 1) points, so counting the points of

Ly on every line (and counting P once), we get that the size of Ly is at least

1+q(d"+1)=¢"" +q+1,

gt
q—1

which is greater than L a contradiction. O

qh+1_1

1 < 3(¢" + 1)/2 for ¢ > 2, therefore every F,-linear
blocking set in PG(2, ¢") is small when ¢ > 2.

It is easy to check that

Now that we proved that F,-subspaces of dimension (h + 1) induce blocking sets, we

start to examine the properties of these linear blocking sets.

Proposition 2.2.3. Let U be an (h + 1) dimensional F -subspace of V. Then Ly is
nontrivial exactly if U is not contained in a 2 dimensional [ »-subspace of V' (a line in

PG(2,¢")).

Proof. If U is contained in a 2 dimensional [ »-subspace E, then Ly is contained in the
corresponding projective line Lg. We already showed that it is a blocking set, and the
only blocking set contained in a line can be a line. Thus Ly is a line, which is a nontrivial

blocking set.

Conversely, assume that £;; contains a line L. For every point (27>th € L, it contains
at least ¢ — 1 nonzero vectors of U, therefore the number of nonzero vectors in U N F is
at least (¢ — 1)(¢" + 1) > ¢". Since U N E is an F,-subspace of V, we see that U N E is

(h 4+ 1) dimensional, which means that £ is contained in a line. O

15



Note that the nontrivial F -linear blocking sets of PG(2,¢*) are exactly the Baer
subplanes of PG(2, ¢%).

We now provide a specific construction of a linear blocking set, using the trace function
of the extension F, < F_ ». This construction will be important later, as seen in the next

section.
Proposition 2.2.4 (the trace construction). Define
U={(z,Trgn)o(x),y) : v € Fpn,y € Fy}.
Then U is an (h + 1) dimensional F -subspace of V. The blocking set
Ly ={(z:Trgnsy(x) 1 y) :w € Fpny € Fy, (2,9) # (0,0)}
is a minimal, nontrivial small blocking set of size (¢" + ¢"~* + 1).

Proof. U contains the linearly independent vectors (v, 0,0), (0,0,1) and (7, 1,0) (for some
v,7 € g\ {0} with Trgn . (7) = 1, Trgn,(v) = 0), therefore it is not contained in a line,
so by Proposition [2.2.3] it is a nontrivial blocking set.

Next, we show that this set has size (¢" + ¢"~* + 1). When y # 0, we have
(2 Trogn/g(x) 1 y) = (2/y : Trgn (2 /y) : 1),
so Ly has [F .| = ¢" points of this kind. When y = 0, we have two cases:
L. Tryne(x) = 0. In this case, x defines the point (z:0:0) = (1:0:0)
2. Trgnjq(z) # 0. In this case,
(2 Trgnjg(z) 1 0) = (x/Trgnjg(z) :1:0) = (2" : 1:0),
where Trgn,(2") = 1. This point is different for every distinct ', and
e s Trg(a) = 1} = ",
since a linear functional admits its values the same number of times.

Counting everything, we have exactly (¢" + ¢"~* + 1) points in L.
Since U is linear, £ is minimal by Proposition [2.2.2] O

The following lemma is well known, a proof can be found in [10]:
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Lemma 2.2.5. Consider the trace construction
Ly ={(z: Trg(z) 1 y) 1w €Fpr,y € Fy, (2,9) # (0,0)}
in PG(2,¢"), h > 2. Then,
1. each line meets Ly in 1, (g + 1), or in (¢"~! + 1) points,

2. P =(1:0:0) incident with (¢" — ¢) tangent lines of Ly and with (¢ + 1) distinct
(¢"~! + 1)-secants of L.

3. all other points of £y are incident with (¢" — ¢"!) tangent lines, and (¢"~! + 1)
distinct (g + 1)-secants of Ly.

If we denote ¢ = p", it is easy to see using the first part of the previous lemma that
the exponent of Ly is n/h.

2.3 Vertex-type blocking sets

In this section, we fix an extension of finite fields F; < F,n, and V = V/(3, q"). We will
define a special case of linear blocking sets of Il = PG(2, ¢"), namely vertex-type blocking
sets. These are blocking sets whose underlying linear subspace is mostly concentrated into
a single point of II. We will see later in Section that these blocking sets are conjectured

to have the smallest possible size for nontrivial blocking sets when ¢" is not a prime.

To formalize concentratedness, we define the weight of a point in a linear set.

Definition 2.3.1. Let U be an (h + 1)-dimensional F,-subspace of V. The weight of a
point <17>th € Ly is defined by diqu((U>ﬂzqh nuU).

Now we are ready to give a precise definition of vertex-type blocking sets.

Definition 2.3.2. Let U be an (h + 1)-dimensional F,-subspace of V. We say that Ly is

a vertex-type blocking set if it is nontrivial and has a point of weight (h — 1).

Remark 2.3.3. The trace construction
Lo = {(z: Trgye) 1) s 0 € B,y € By () # (0,0))
is of vertex-type, since the point (1 :0: 0) has weight (h — 1). This can be seen by
U ((1,0,0))s,, = {(2,0,0) : Trq(x) = 0},

and the fact that Trn/, has a kernel of dimension (h —1).
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Our goal is to show that vertex-type blocking sets are equivalent. For this, we need to

define what it means for two blocking sets to be equivalent.

Let ¢ € GL(3,¢") be an invertible linear transformation. This induces a collineation
@ I —1I, <U>]th > (gb(v))th. One can check that this is a well-defined collineation, and
the induced maps of ¢ and ¢’ are equal exactly if ¢ = B¢ for some 8 € F,n \ {0}. We call
collineations of this form projectivities.

Definition 2.3.4. We denote the group of projectivities of IT by PGL(3, ¢") = GL(3, qh)/IF;h.

Definition 2.3.5. Two point sets &1, S C P are projectively equivalent if there exists a
projectivity ¢ : II — II such that ¢(B;) = Bs.

Now we are ready to prove our main claim. We will show that every vertex-type
blocking set is equivalent to the trace construction, by providing a projectivity between

an arbitrary vertex-type blocking set and the trace construction.

Theorem 2.3.6. Let U be an (h + 1) dimensional F,-subspace of V(3,¢"). If Ly is a

vertex-type blocking set, then it is projectively equivalent to the trace construction.

Proof. Let P be the point of weight (h — 1) of L. First, we show that every other point
of Ly has weight 1. Assume indirectly, that there is a point ) with weight at least 2,
and define the line £z incident with P and (). This means that dimg (ENU) = h + 1,
therefore Ly is contained in the line Lg, a contradiction, since a vertex-type blocking set

is nontrivial.
Using this, we can calculate the number of points of Ly: if |£y;| = N, then the number
of nonzero vectors in U is

1= =D+ (N=-1)(g-D) = N=¢"+¢""+1.

Similarly, we can calculate the number of points of a line incident with the point P = (ﬁ}th
of weight h — 1. Let Lg be a line incident with P, then £NU has dimension either (h—1)
or h over F,, since ENU > (U)th N U, and U is not contained in a 2 dimensional IF -
subspace. In the first case, L is a tangent line, and in the second case, if Ly N Lg contains

N points, then the number of nonzero vectors in £ N U is
—1=G""'-D+(N=-1)(g—1) <= N=¢""+1

Note that P has at least two (¢"~!+1)-secants, since if it had at most one, then Ly would
have at most ¢"~! + 1 points. Now take two of these secants Lg, and Lg,, and two points
Qe LyNLg and R € Lg, \ Ly with @ # P. Consider a projectivity induced by

P—(1:0:0), @—(0:0:1), R~ (0:1:0),
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which exists since P, (), R are not collinear.

Let Ly denote the image of the blocking set after the collineation, and let /., be the
line defined by Z = 0. Since Ly contains the point (0 : 0 : 1), U’ contains the vector
(0,0,7) for some 7 # 0. The restriction to l«, of U’, {Z =0} NU’ is an h dimensional F-

subspace of {Z = 0}, since /4, is a (¢"~1+1)-secant by construction. It has no vectors of the

form (0,y,0) since (0:1:0) & Ly, therefore it can be written as {(z, f(x),0) : x € Fn}
for some F,-linear function f. Using this, we get that

U'={(z, f(x),7y) : x € Fn,y € Fy}

for some v € Fyn \ {0}. The point (1:0:0) has weight A — 1 = dim Ker f, which means
that f(z) = aTrgp ), (Bz) for some a, 8 € Fn \ {0}. Using the projectivity

(x:y:z)— (Br:yla:z/v),

we get that Ly is projectively equivalent to

{(@: Trgnjg(x) 1 y) 2 €Fpn,y € Fy, (2,9) # (0,0)},
which finishes our proof.

Figure 2.1: Ly after the first projectivity.

Remark 2.3.7. Vertex-type blocking sets will be used often. The necessary and sufficient
conditions for Ly to be of vertex-type is:
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1. Ly is nontrivial. This can be done by showing that U is not contained in a 2-
dimensional [F »-subspace of V', or equivalently by showing 3 linearly independent

vectors in U.
2. Ly contains a point of weight (h — 1).
A common case is when U is of the form
{4+ f(z) - T+y-W:xeFuyelF,(z,y) #(0,0)}, (2.1)
where f: F» — F, is a nonzero linear functional and u, v,w € V.

Lemma 2.3.8. Let U be defined as in (2.1). Then Ly is a vertex-type blocking set exactly

if @, ¥, are linearly independent over IFx.

Proof. Obviously when , ¢, w are linearly dependent, then U is contained in a 2-dimensional

IF n-subspace, hence Ly is trivial.

Conversely, assume they are linearly independent. Let v,7 € Fyn \ {0} where f(v) =
0, f(1) = 1. The vectors v - 4,7 - i + 0,9 € U are linearly independent since @, ¥/, are
linearly independent, so Ly is nontrivial.

The point (@)r , has weight (h — 1), since (@)r , VU ={x - :x € Fy, f(z) = 0} and
f has a kernel of dimension (h — 1). O

2.4 Rédei type blocking sets

In the beginning of this section, we will be working in an arbitrary projective plane
of order ¢, namely II, = (P, &, R). Later, we will specifically be working in PG(2,¢").
Rédei-type blocking sets are another important subclass of blocking sets. We will show
a general construction of Rédei-type blocking sets, then prove that vertex-type blocking

sets are also of Rédei-type. For a more detailed discussion, see [13].

Definition 2.4.1. A blocking set B is of Rédei type if it has size ¢ + N < 2¢ and it has

an N-secant. The N-secants of B are called its Rédel lines.

Let S C P be a point set of size ¢ avoiding a line we will denote by /... We will define

the set of directions determined by S on the line /.:
Ds:={(P,PY)N{y : P# P € S}.

As a reminder, we are working in an arbitrary finite projective plane of order q. We

will build a Rédei type blocking set using this set of directions:
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Proposition 2.4.2. Let § C P \ ¢, be a point set of size ¢ such that Dg is a proper
subset of . Then B := § U Dgs is a minimal blocking set of Rédei type with ¢, being

one of its Rédel lines.

Proof. It is clear that /., will be a Rédei line of B, so we only have to show that B is a
blocking set. The line ¢, is obviously blocked, so we now consider another arbitrary line

E. There are two cases:
1. EN{y € Dg. In this case, E is blocked by this intersection point.

2. P:= ENly & Dg. Consider all ¢ lines other than /., incident with P. There is at
most 1 point of S on each such line, since if there were 2, we would have P € Dg
by the definition of the set of directions. Since each point of S can be incident with

at most 1 line, it is clear that every such line is incident S.

Therefore, every line is blocked.

If P € l,,\ Ds (which exists since N < ¢g+1), there is a tangent line through each point
of §, so now we only need to find tangent lines through points of Dg to show minimality.
Again, for some P € Dg, we consider all g lines other than /., incident with P. One
of these lines has at least two points of § incident with it, therefore by the pidgeonhole

principle there is a line with no points of S incident with it (a tangent line). O

Proposition 2.4.3. The trace construction

Ly ={(x:Trp,(x) 1 y) :x € Fp,y € Fy, (z,9) # (0,0)}

is of Rédei type with /., (the line at infinity defined by Z = 0) being one of its (¢"~* +1)-

secants.

Proof. We know that |Ly| = ¢" + ¢"~! + 1, therefore we only need to show that Ly N /s
has size ¢"~! + 1. This set is equal to

{(z: Trpnjg(x) : 0) 1w € Fpu,x # 0},

We showed it in the proof of Proposition that this set has the desired size, therefore
l+ is a Rédei line, which finishes the proof. m

Since the Rédei property is preserved by projectivities, we arrive at the following

corollary:

Corollary 2.4.4. Every vertex-type blocking set is of Rédei type. 0
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2.5 The number of vertex-type blocking sets

In this chapter, we will find the number of distinct Fy-linear vertex-type blocking sets
in PG(2,¢"). It is clear that the image of the trace construction under a projectivity is a
vertex-type blocking set. In Theorem we showed that the set of vertex-type blocking
sets is the orbit of the trace construction, as the group of collineations, PI'L(3, ¢") acts
on the point set of PG(2, ¢"). So to find the number of vertex-type blocking sets, we need

to find the number of collineations fixing the trace construction.

The fundamental theorem of projective geometry states that
PTL(3,¢") 2 PGL(3,¢") x Aut(F).

If ¢" = p™ with p prime, the automorphism group of [F,n is generated by Frob, : z +— 2?.
The trace construction is fixed by the collineation induced by Frob, ((z :y: z) — (a? :
y? 1 2P)), because Tryn/(2) = (Trqh/q(x))p (since Tryn , is a polynomial with coefficients
if F,), and y € F, implies y? € [F,. This means that it is enough to consider the number

of projectivities fixing the trace construction, instead of collineations.

We will distinguish the cases h > 2 and h = 2. Let h > 2, and let us consider the

underlying linear space of the trace construction,
U={(z,Try/o(x),y) : x € Fpn,y € Fe}.

First, we calculate the number of linear isomorphisms fixing U. If ¢ is a bijection,
it is enough to show that ¢(U) C U, since they both have dimension (h + 1) over
Fy. Let v,7 € Fgpn \ {0} be fixed such that Trgn/,(v) = 0,Trepn(7) = 1. The vectors
(v,0,0),(7,1,0),(0,0,1) are in U, and they are linearly independent over F,x, so we will
consider ¢ on this basis. Since ¢(U) C U, we have

<V7 07 0) = (xh Trqh/q(x1)7 yl)u
(7,1,0) = (w2, Tryn o (22), 42),
(07 07 1) = (.173, Trqh/q<aj3)7 y3)'
Thus, for an arbitrary v = (z, Tryn 4 (7),y) € U, o(0) = (v1,v2, v3), where:

s T
v = 7133' + <$2 — ;.Z'1> Trqh/q(x) -+ xrsy,

Tron /(1) T
Vg = — 1M 2 ij’ T+ <Trqh/q(332) - ;Trqh/q($1)> Trq’"’/q(x) + Trqh/q(m?’)y’
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-
Vg = %a: + (yz — ;y1> Trqh/q(:c) + Y.

If we have (v, va,v3) € U, then vy € F,, which is equivalent to

x—7Trgn ) (v)

y € Fy YV € ]th.

:rfTTrqh/q (z

This holds exactly if S(z) := e F, forall x € F,u or y; = 0.

v

TTI‘qh/q (z
v

The map S(z) is a sum of the Fy-linear maps A(z) = £ and B(x) = — ), Using
the identity rank(A 4+ B) > |rank A —rank B|, and the fact that A has rank h and B has
rank 1, we get that rank S > |h — 1| > 1 for h > 2. But if S(x) € F, for all z € F ., then
rank S < 1, which never happens, therefore we have y; = 0. The same argument can be

made to show that Trgn,(71) = 0, using v, € F,.

Using y1 = Trynq(21) = 0, the matrix of ¢ is of the form

% To — EZL‘l XT3
0 Trgng(z2) Trgn/q(xs)
0 Y2 Y3

For every vector of U, the trace of the first coordinate is the second coordinate, and it

follows easily from the linearity of Trgn/, that for each x € Fgn, we have

T T
TI'qh/q <7ZE> = Trqh,/q (Trqh/q <;fl§'1> [E) N
therefore Trgn ), (Exl) = 2% by Proposition . We will denote o := Tz; and k = =, so

we have Trgn /() = k.

The map ¢ is bijective if its determinant is nonzero, or equivalently we have k =
Trynq(a) # 0, and the vectors (Trgnq(w2), Tron/q(23)), (Y2, y3) are linearly independent in
Fg. Every tuple («, xo, 3, Y2, y3) defines a linear isomorphism with ¢(U) = U.

We can choose the vectors (Tryn (w2), Tryn /(x3)), (42, y3) in (¢ —1)(¢* —q) ways, and
we can choose numbers o, x3 with a given trace in (qh*1)2 ways. We can choose o with
Tryn (@) # 0in (¢"—¢"~ ') ways. It is easy to see that two tuples (o, x2, 23, Y2, y3), (', b, x5, yh, yh)
induce the same isomorphism exactly if

/ / / / / /
$2:N+5’?2704 :M+047373:37373/2:ygay3:1/3

for some p € Fyn with Trgn /(1) = 0, therefore we counted every isomorphism ¢"! times.

Putting everything together, we get that there are exactly
(" =" (@ -1 (-9 =" a1 g+ 1)
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linear isomorphisms fixing U.

To find the number of projectivities fixing Ly, we turn to Proposition 2.3 of [9]. This
states that Ly = L,y exactly if p(U) = AU, provided the exponent of Ly is n/h (just
using different notation), which holds for the trace construction. Thus the number of
projectivities fixing Ly is the number of linear isomorphisms ¢ such that ¢(U) = U
divided by (¢ — 1), since kU = U for each k € F,\ {0}:

" g —1)>%(q+1).

It is well known that the size of PGL(3, ¢") is

(q3h _ 1) (q3h _ qh) (qSh _ qzh)
¢"—1 '

By the orbit-stabilizer theorem, we get that the number of vertex-type blocking sets is

(q3h _ 1) (q3h _ qh) (q3h _ q2h) B (q3h _ 1) <q3h _ qh) q
(¢"—1)-¢®1-(g—1)°(g+1) (g —1)%(¢+1)

for h > 2.

When h = 2, we can work with the following subspace, since all [F;-linear blocking sets

are Baer subplanes:
U={(z,,2) : 2,y,2 € F}.

The projectivities of PGL(3, ¢%) fixing Ly is by definition PGL(3, ¢), so we can use the

orbit-stabilizer theorem to get the number of vertex-type blocking sets:

% = (¢’ + 1)(¢* +1).
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Chapter 3

Applications of small blocking sets

In this chapter, we provide two applications of small multiple blocking sets.

3.1 The upper chromatic number

In this section, we see an application of the minimal size of double blocking sets. The
results presented are based on the works of Bacso, Héger and Szényi in [I]. For this, we

need to define hypergraphs, a widely studied object in combinatorics.

Definition 3.1.1. A hypergraph # is a triple (P, &), where P is the set of points of P,
and £ C 27 is the set of hyperedges (or lines) of H#. A point P is incident with the line E
it Pe k.

Note that every projective plane II is a hypergraph, when the incidence relation is

containment. We are interested in colorings of a hypergraph:

Definition 3.1.2. A coloring of a hypergraph H = (P, ) is a function f: P — {1,... k}
(where f(P) =i means P is colored with the i-th color).

A proper coloring is a coloring such that each hyperedge £ has at least two vertices of

the same color.

The upper chromatic number of #H, denoted by X(#), is the maximum number of

colors that can be used in a proper coloring.

We now connect the proper colorings of I = (P,&€,R) = PG(2,p") with double
blocking sets of II.

Let f: 1T — {1,...,k} be a proper coloring of II with k colors. Take the set of colors
C C {1,...,k} whose elements are used at least twice. Then, the points colored by the
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colors of C, f~1(C) is a double blocking set, since every line contains at least two points
of the same color. Conversely, take a double blocking set B, and color the points of B with
one color, and all other points with distinct colors. This defines a coloring with |P|—|B|+1
colors. This is a proper coloring, since B is a double blocking set, meaning it contains two

points of each line.

Now take B to be a double blocking set of minimum size, and define 7, := |B|. When
B is of minimum size, the previous coloring is called a trivial coloring. Using this, we get
the lower bound
X(I) = [P| =7+ 1.

Furthermore, the following theorem was proved in [1, Theorem 1.12]:

Theorem 3.1.3. Let ¢ = p", I[1 = (P, &, R) = PG(2,p"). If ¢ > 256 is a square or p > 29
and n > 3 odd, then
XII) > [P — 12+ 1.

We will see in Chapter [4] that if n > 2 and s is the smallest prime divisor of n, then

Ty < z(pn _|_pn(sfl)/s + 1)

3.2 Linear codes

In this section, we relate multiple blocking sets in PG(2, p™) to linear codes. We fix
V = V(n,q), considered as the n-dimensional row vectors over F,, and W = V(k,q),

considered as the k-dimensional column vectors over [F,.

First, we begin by defining the weight of a vector.
Definition 3.2.1. A weight of a vector v € V' is the number of nonzero coordinates of v.

Definition 3.2.2. A linear [n, k, d],-code C is a k-dimensional subspace of V', such that

every nonzero vector of C' has weight at least d. The elements of C' are called codewords.
We can describe C' as the row space of some matrix in F’; X,

Definition 3.2.3. Let C be an [n, k, d],-code, and take a basis vy, . .., v; of C. The matrix

U1
_ . kxn
G=1:|¢€F,
Uk

is called a generator matrix of C. Note that C' = {vG : v € W}.
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Example 3.2.4. The generator matrix of a [7,4, 3]y-code (called a (7,4) Hamming code):

1000011
01 001O01
0010110
0001111

We will now show how to construct multiple blocking sets from linear codes and vice
versa. Take an [n, 3, d],-code C, and consider the multiset S = {uy, Uy, ..., U, } (@; € F}) of
columns of a generator matrix G of C'. We will assume that none of these vectors are zero,
because if there are m zero vectors, removing these vectors gives us an [n —m, 3, k],-code.

Thus, every vector of S can be thought of as a point of PG(2, ¢).

Now we uncover the meaning of the weight property in terms of the points of S. Every
nonzero vector of the form 0G = (0 - iy, ...,7 - ,) (with ¥ € F2) has at least d nonzero
coordinates, which means that for every a,b,c¢ € F, with ¢ = (a,b,c) # (0,0,0), the
equation

aX +bY +cZ =0

has at most n — d solutions in §. This means that if we assume that S has no repeated
elements, then PG(2,q) \ S is a (¢ + 1 — (n — d))-fold blocking set of size ¢*> + ¢+ 1 — n.

Conversely, if we take a K-fold blocking set B in PG(2, ¢), we can construct a matrix
G e ng(q2+q+1_|6|) of the column vectors of PG(2, ¢)\ B. Since PG(2, ¢)\ B is incident with
at most ¢+ 1 — K points of any line of PG(2, ¢), it is clear that for any nonzero v € IFZ, G
has at most ¢+ 1 — K zero coordinates. This means that the subspace C' = {7G : 7 € Fi}
isal¢?+q+1—|B|,3,¢* — |B| + K],-code.

Remark 3.2.5. One can relate [n, k,d|,-codes with blocking sets of PG(k — 1,q) for

arbitrary k. For a more detailed discussion, see |3, Chapter 4].

Linear codes can be used for error correction in the following way. Take an [n, k, d]»-
code (', and assume we only communicate the codewords of C'. If we communicate ' € F},
but due to external influences, less than d/2 bits of the original message are flipped,
we can still recover the original message, #: for any distinct u,v € C, they differ by
at least d bits, since 0 # u — ¢ € C has weight at least d. If we indirectly assume
that there are #; # #y € C such that both differ from Z’ by less than d/2 bits, then
¥ — Ty = (¥ — &) — (¥ — Z’) has weight less than d (since weight is subadditive). This
is contradicted by the fact that C'is an [n, k, d]s code.
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Chapter 4

Conjectures on the smallest size of

minimal blocking sets

In this chapter, we collect the literature regarding the smallest size of nontrivial and
multiple blocking sets in PG(2, p™). First, we consider the cases when the minimum size

is known. Then we describe the conjectures for the unknown cases, based mostly on [18].

4.1 Smallest blocking sets in special cases

In this section, we provide the sharpest lower bounds on the size of nontrivial blocking
sets in PG(2,¢). We will do this for three cases: when ¢ is square, when ¢ = p is prime,

and when ¢ = p* where p is prime.

We begin with ¢ square. In this case, we have already proved in Theorem that
the smallest possible nontrivial blocking sets are the Baer subplanes of PG(2,¢q) of size
q++/q+ 1. The lower bound in this theorem is obviously only sharp for square ¢. In fact,
one can give better lower bounds than [¢ + /g + 1] for nonsquare g.

For the following lower bounds, we will need the following lemma, found in [6]:

Lemma 4.1.1. Let f € F,[z] be a product of linear factors, and suppose that f(x) =
z9g(x) + h(z) with (g, h) = 1. Let k = max{deg g, deg h}. Then one of the following hold:

1. k=0 and f(x) = azx?+ b for some a,b € F, with (a,b) # (0,0),
2. k=1and f(z) = a(z? — z) for some a € F, \ {0},

3. g =pprime and k > (p+1)/2,
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4. ¢ = p" with p prime and n > 2 and k > p/™/?1,

Proof. Let ¢ = p" with p prime. First, we eliminate powers of p: let e > 0 be the maximal
number such that f, g, h € F,[2""], then there exist fi, g1, € F,[z] such that

f@) = fil@)”, g(x) = gi(2)”", h(z) = I (2)",

since Frob,, is a bijective homomorphism. Using the original equation on f, g, h, we get

n—e

filz) =2 gi(x) + hi(2).

If e > |n/2], then k = 0,1 or k& > pl"/2*1 which is larger than the lower bounds of the

theorem, therefore we will assume e < |n/2| from now on.

We know that f; is also a product of linear factors, so write fi(z) = s(x)r(x), where
s contains all distinct linear factors exactly once, and r the rest. Then, s | 7 — x since it

is a product of linear factors. Also, s | f = x%g + h, therefore

s|(xg+h)— (27— x)g =29+ h. (4.1)

It is easy to see that r | f] and also r | fi, so

r| flgr—gifi = (@ gl + B)gr — g (2" " gi + ha) = higi — g\ ha. (4.2)

Since g; and h; also don’t have any common factors, and ¢;,h] # 0 (since they aren’t
p-th powers by the power reduction), this linear combination is nonzero. Combining these

two divisibility conditions, we get

fi=rs| (xg+ h)(higi — gih1).

When zg + h = 0, we have g | h. Since they share no common factor, this means g = a €
F,\ {0} and h = —ax, which is equivalent to k¥ = 1 and f = a(2? — z). Otherwise, the
right hand side is nonzero, so we can compare degrees. We define k; = max{g, h;}. First,

assume k; = deg g1, so deg hy < k.
e The degree of f; = 2P" “gy + hy is then (p"~¢ + ki),
e the degree of (xg + h) is (1 + p°ky),

e the degree of (h) g1 —¢g}h1) is at most (2k; —2), since when deg hy < k; —1, then both
terms have degree at most (2k; — 2), and when deghy = kq, then both terms have

degree (2k; — 1), but the leading coefficients are the same, therefore they cancel.
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Putting everything together, we get
pn_e + k‘l < (1 +pek§1) + (2]€1 — 2),

or equivalently

pnfe + 1
pr+1

Now assume that deg hy = k1, and also degg; < ky — 1.

ky >

e The degree of f; is (p"~¢ + deg g1), since if k; > p"~* > pl™/?1 then the statements

of the theorem hold, so we exclude that case.
e The degree of (xg + h) is at most p°k,
e the degree of (hjg1 — ¢gih1) is at most (k; + degg; — 1).

Thus, we get
p" + deg g < (p°k1) + (K1 + deg gy — 1),

which again is equivalent to
n—e 1
>l
pr+1
Using this bound, the minimal value of k = p°k; is at least
. pnfe + 1
Pl s |
When n > 1, this is at least p" ¢ for each e, so it admits its minimum at e = |n/2], which
gives us k > p/™?1. For n = 1, this expression with e = 0 yields k > (p + 1)/2.

We also need another lemma:

Lemma 4.1.2. Let f € F/[z,y| be a polynomial in two variables. If f(x,y) = 0 for all
z,y € F,, then f is in the ideal (27 — z,y? — y), meaning

flz,y) = (27 — 2)g(x,y) + (¥ — y)h(z,y)

for some g, h € F [z, y].
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Proof. Reduce f modulo (27— x,y?— y), meaning we can swap x? with = and y? with v,
so we can assume that f has degree at most ¢ — 1 in both x and y. This does not change
the values of f, and we will show that in this case, f is the zero polynomial, which finishes

our proof.

Write f as a polynomial of z over F,[y]: f(z,y) = co(y) + c1(y)x + -+ + g1 (y)x?™ L.
Since for any fix y, the polynomial vanished, we get that ¢;(y) = 0 for all y (because a
nonzero polynomial can have at most ¢ — 1 roots). The degrees of ¢;(y) are also at most
q — 1, therefore by the previous argument they are all zero polynomials as well. Then,
flx,y) =04+0-2+0-2971 =0. O

We are now ready to prove our main claim. The original proof for the case of ¢ prime

can be found in [7]. This proof originates from [6].

Theorem 4.1.3. Let ¢ = p™ with p prime. If B is a nontrivial blocking set in PG(2, q),
then

e |B| >3(p+1)/2if ¢ = p prime,
o |B| >p" +p"? 4 1ifn > 2.

Proof. By a suitable collineation and removing points if necessary, we can assume that
(1 :0:0) € B, and the line defined by Z = 0, denoted by /., is a tangent line of B.
Then the rest of the points of B has the form (a; : b; : 1) for some a;,b; € F,. Every
non-horizontal line (of the form X + uY +tZ = 0) is blocked by B\ {(1:0:0)}, so for

some 1, a; + ub; +t = 0 holds, or equivalently the multivariate polynomial

|B]—-1
F(t,u) = [] (@ +ub; +t)

=1

vanishes for all t,u € F,. By lemma [4.1.2
F(t,u) = (t1—t)G(t,u) + (u! —u)H(t,u)

for some polynomials G, H € F,[t,u]. Now we consider the homogeneous part of these
polynomials let Fy, Gy, Hy consist of the monomials of maximum total degree of F, G, H,

respectively. We also define
f(t) = Fo(t,1),9(t) = Go(t, 1), h(t) = Ho(t, 1).
Then, from the previous equation (and setting u = 1) we acquire
f=1tlg+h.
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Note that f(t) = Hﬁ';l(t—i-bz-), so it is a product of linear factors. Also, k := max{deg g, deg h}
is exactly (|B] — ¢ — 1), since deg f = |B| — 1 (so degg > |B| — ¢ — 1 or the bound this
trivially satisfied), and degh < |B| — g — 1 since Hy, was a homogeneous polynomial of

degree |B| —q — 1.

We will now use Lemma[4.1.1] We can assume that (g, h) = 1, otherwise we can divide
by the greatest common divisor and get a better bound on k. We first want to exclude

the first two possibilities:

1. (t740b) = (t+b)? | f. In this case, there are ¢ distinct a;’s such that (a; : b: 1) € B,
which means B contains the horizontal line defined by Y —bZ = 0, hence B is trivial.

2. k = 1 after dividing by the greatest common divisor, which means that h(z) =

—zg(x). This cannot happen, since g has maximal degree.
Hence, we can use the bounds on k:
3. When n =1 an pis prime, k= |B| —p—12> (p+ 1)/2, or equivalently

1Bl = 3(p+1)/2.

4. When n > 1, k = |B| — p* — 1 > p[™?1_ or equivalently

Bl > g+ p/ 11,
]

Using this theorem, we can formulate the best lower bounds for the cases when ¢ = p

and ¢ = p.

Corollary 4.1.4. Let p > 2 be prime. The smallest nontrivial blocking set in PG(2, p)
has size 3(p + 1)/2.

We just proved the lower bound, and we already constructed a blocking set of this size
in Example [1.3.6]

Corollary 4.1.5. Every small blocking set in PG(2,p) is trivial.

Corollary 4.1.6. Let p be prime. The smallest nontrivial blocking set in PG(2, p*) has
size (p* + p* + 1).

We already proved the lower bound, since [3/2] = 2. We can use the trace construction

for the extension F, < F,s to get a nontrivial blocking set of size (p* + p* + 1).
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4.2 Smallest blocking sets in PG(2,p"), n > 1

In this section, we pose the conjecture for the size of the smallest nontrivial blocking

set in PG(2,p™), n > 2; and provide supporting evidence from the literature.

Denote by s the smallest prime divisor of n. Then, F .. is the largest subfield of F ..

Let ¢ = p’/*, then p" = ¢°. We use the trace construction in the field extension Fy < Fgs:
Ly ={(x:Trgssq(x) 1 y) 2 € Fs,y € Fy, (z,9) # (0,0)}, (4.3)
which is a blocking set of size
¢ F1=p 4D 4,
This is one of the smallest known nontrivial blocking sets in PG(2, p").

It was conjectured by Sziklai in [I8] that this is the size of the smallest linear blocking
set of PG(2,p™). A special case of this conjecture was proven in [12], as a special case of
Theorem 4.1 (k= h +1):

Theorem 4.2.1. Let U be an (h + 1) dimensional F,-subspace of V (3, ¢"). If there is a
line of PG(2, ¢") meeting Ly in (¢ + 1) points, then

1Lyl >q"+ ¢+ 1

]

Thus, it is reasonable to conjecture that the smallest blocking sets in PG(2, p™) have
size p" + p™5=D/5 £ 1, where s is the smallest prime divisor of n. We already proved in
the previous section that this conjecture holds for s = 2 (p" square) and n = 3.

The following proposition found in [I0] supports this conjecture:

Proposition 4.2.2. Let B be a nontrivial blocking set of minimum size in PG(2, p").

Then the exponent of B is n/s.

Proof. Take B as in the statement of the proposition, and denote its exponent by e. We
know that e | n and e < n, so the statement is trivial when n is prime, therefore we will

assume that n is composite, or equivalently n/s > 1. It was proved in [19] that

Y2

P
Bl >p"+1+ )
1B| > p c 1o
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We know that a blocking set of size (p" + p"(*~1/* + 1) exists, so |B| < p™ + p"(=H/5 -1,

therefore we are done if we show that

V12

p
pe+2

pn _i_pn(sfl)/s_'_l <pn+1+

for e < n/s. The right hand side of this equation is minimal if e is maximal, meaning

e =n/s — 1. Substituting this value and rearranging, we get
P2 —p+1) >0,

or equivalently p'~/* < (p — 1)/2. Since n/s > 1, we have 1 —n/s < —1, so it is enough
to show that p~' < (p — 1)/2, which holds for any p > 2. When p = 2, equality occurs

when n/s = 2, but in this case s = 2, so B is a Baer subplane with exponent n/2. O

Using this, it is clear that the conjecture is true for s = 3, p > 7 as well using Corollary
1.2 from [16].

A stronger conjecture has also been made by Sziklai:

Conjecture 4.2.3 (The linearity conjecture). In PG(2, p"), every small minimal blocking

set is linear.

This conjecture is true when n = 1, since in this case the small minimal blocking sets
are lines, which are linear. It has also been proved that this holds for n = 2 (|19]) and
n = 3 ([15]) as well. For general n, the conjecture has been proven true for the case of
Rédei type blocking sets. Recall that a Rédei type blocking set B is a blocking set of size
g+ N < 2q with an N-secant. We state a simplified version of [4, Theorem 1.1]:

Theorem 4.2.4. Let B be a small, minimal, nontrivial blocking set of Rédei type in
PG(2,p") of exponent e. If p® > 2, then B is a linear blocking set of size at least (p™ +
P+ 1). O

4.3 Smallest multiple blocking sets in PG(2,p"), n > 1

In this chapter, we provide the conjecture for the smallest K-fold blocking sets in
PG(2,p"), n > 2, and provide supporting evidence from the literature. Again, s denotes

the smallest prime divisor of n.

A special case of Conjecture 3.3 in [18] states the following:

Conjecture 4.3.1. If K is small enough w.r.t. p and n, a minimal K-fold blocking set
B in PG(2,p") is the union of disjoint K;-fold blocking sets with Y K; = K, when |B]| is

small enough w.r.t. K, p and n.
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Based on this, the following conjecture was posed in [10]:

Conjecture 4.3.2. If n/s is large enough w.r.t. K, then the smallest K-fold blocking set
in PG(2,p") has size
K(p" +p =00 4 1). (4.4)

Note that for small n/s, this conjecture does not hold, as in [10] there are constructions
of K-fold blocking sets of size (K + 1)p™ + O(K*), which are smaller than for small
n/s.

This conjecture has been proved in the case when ¢ is a square, summarized in [8]
Theorem 1.1, (2)]:

Theorem 4.3.3. Let B be a K-fold blocking set of size K (p™+ 1)+ cin PG(2, p"™), where
p >3 and nis even. If K < p¥*/2 and ¢ < p*"/3, then ¢ > Kp™? and B contains the

union of K disjoint Baer subplanes. O]

In particular, when B is of minimum size, then it must be the union of K disjoint Baer
subplanes, hence it has size K (p” + p™/2 + 1). A blocking set of this size can always be
constructed, as the plane can be partitioned into disjoint Baer subplanes. Note that this
theorem does not hold for arbitrary K, since in [5] a (p™/*+1)-fold blocking set of minimal
size has been constructed, which is not the union of disjoint Baer subplanes, when 4 | n.

These conjectures and theorems motivate us to look for minimal K-fold blocking sets
as the disjoint union of 1-fold blocking sets. In [I1), Corollary 4.10], double blocking sets
of the conjectured size were constructed when n is prime and p > 5. In the next chapter,
we improve on this result: we provide constructions for all prime powers when K = 2, 3,

and then for arbitrary prime powers when s is large enough w.r.t. p*/* and K.
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Chapter 5

Constructions

In this chapter, we provide constructions for K-fold blocking sets of size K (¢"+¢"1+1)
in PG(2,¢"), first for K = 2,3, based on the constructions in [10], then for general K
when A is large enough. Using this, we can construct the smallest known blocking sets in
PG(2,p"). Let s be the smallest prime divisor of n, and define ¢ = p/*, so ¢* = p”. Then

using these constructions, we get a K-fold blocking set of size
K(pn +pn(s—1)/s + 1)

in PG(2,p").

5.1 2-fold blocking sets

In this section we construct two disjoint vertex-type blocking sets in PG(2, ¢"). Their
union is then a 2-fold blocking set of size 2(¢" 4+ ¢"~' +1). The main result is the following

theorem:

Theorem 5.1.1. For all prime power ¢, h > 2, there exists a 2-fold blocking set of size
2(¢" + ¢" '+ 1) in PG(2,¢").

We consider two linear subspaces, depending on the parameter o € Fyr, and f, g :

th — IF, nonzero linear functionals:
U= {(x,f(x),y) MRS ]thvy S qu (C(],y) 7é (070)}7

W=A{( 2" g9(z") +y'a): 2" €eFp,y €Fy (2,y) # (0,0)}.
It is easy to see by Lemma that both £ and Ly are vertex-type blocking sets. The

following theorem gives conditions on f, g, « under which Ly N Ly = ().
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Theorem 5.1.2. Let U, W be defined as above. Then Ly N Ly = 0 if the following

conditions hold:
1. agFy,
2 £(2) £0,
3. f <m> # 1 for any k € F, \ {0, 1}.

Proof. We proceed by way of contradiction: assume P € Ly, P’ € Ly and P = P'.
Using homogeneous coordinates, we get the following equation:

(z:f(x):y) =@ 2" g(z') + ¥ a),

for some z,2" € Fpu,y,y" € Fy, (z,y) # (0,0), (2',y") # (0,0). Cross-multiplying coordi-
nates, we arrive at the following system of equations:

yy' = x(g9(2') +y'a)
yr' = f(z)(g(2") + y'a)

Note that by the linearity of f, g and homogenity, we can assume that y,y" € {0,1}. We

can thus check the validity of this system case by case:

[. y = 0. We can’t have x = 0, so by the first equation we get g(z’') + y'a = 0. Since
1, a are linearly independent over F,, we have y' = 0. But then the third equation

implies 2’ = 0, a contradiction.

II. ¥ = 0. Since o’ # 0, the third equation implies = 0. This means that f(z) = 0,
so by the second equation we have y = 0 or 2/ = 0, both of which lead to a

contradiction.

III. y = ¢ = 1. We introduce the notation k = f(z),l = g(a’) € F,. Rearranging the
first and second equations, we get

1 /

Using the identity f(z) =k, g(z') = [ we arrive at

k:f(L>, l=kl+ke (k—1)=—k.
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For the second equation we used the fact that g(1) = g(a) = 1. The second equation
cannot hold with £ = 1. When k = 0, we get [ = 0, so the first equation is equivalent

to0=f (é), which is a contradiction.

When k # 0,1, we can rearrange the first equation:

= (klika) :f(k(k—l)l;;lcl(k—l)a) :f(k(k‘—kl_);—ﬁ)’

which leads us to a contradiction.

]

We now show that it is quite common that these conditions hold. We only prove exis-
tence, however from the proof one can deduce that for arbitrary f, choosing a randomly

with an appropriate ¢ there is a high chance that Ly N Ly = (), especially for large h.

Proposition 5.1.3. For any f: F,» — [F, nonzero linear functional there exist an a €
Fyu,g: Fyo — Fy linear functional such that the conditions of Theorem hold.

Proof. Let us fix f. We count the number of elements of [F,» where each conditions fail.
1. a € IF,. This fails for ¢ elements.

2. f (é) # 0. Since a +— é is a bijection on Fu» \ {0} and 0 € Ker f, exactly ¢"* — 1

elements fail this condition.

3. f <k(k—klﬁ> # 1 for any k € F,\ {0, 1}. For any k, one can use a similar argument
as in the previous case, since a — k(k_kl—_)clv
0, so for each k € F, \ {0,1} exactly ¢"~* elements of F fail this condition.

—= is also a bijection. We cannot exclude

By using the inclusion-exclusion principle, it is easy to see that the set of elements satis-

fying all conditions has size at least

" —q— ("1 (¢—-2)(" ) =¢""—q+1>0

for all ¢, h > 2.

Now we need to find a functional g: Fn — F, where g(1) = g(a) = 1. Since 1 and «

are linearly independent, there exists an appropriate functional g. O
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5.2 3-fold blocking sets

In this section, we provide the main construction for 3 disjoint vertex-type blocking
sets in PG(2,¢") similar to Theorem This will again give rise to some conditions
that need to be fulfilled for such a blocking set to exist. The existence of the three disjoint
blocking sets will be handled in two different cases: A > 3 and h = 3. The main result will

be the following theorem:

Theorem 5.2.1. For all prime powers ¢, h > 2, there exists a 3-fold blocking set of size
3(¢" +¢" ' +1) in PG(2,¢").

We consider the following linear subspace, depending on the parameter o € Fn, and

[ :F,n — Fy nonzero linear functional:

U= {(.17, f(.T) + yaay) MRS th7y € ]Fq7 ($7y> 7é (070)}
Again, by Lemma we see that Ly is of vertex-type.

The idea is the following: take the projectivity ¢ : (z :y: 2) — (2 : z : y) induced by
the linear map ¢ : (x,y, z) — (z,x,y). This projectivity has order 3, and its image under a
blocking set is another blocking set, since it is a collineation. Therefore, L7, o(Ly), 0*(Ly)
are blocking sets. Our aim is to show that these blocking sets are all disjoint under certain
conditions.

For this, it is enough to show that Ly N ¢(Ly) = 0, since then applying ¢ we get
oLy No(Ly)) = e(Ly) N¢*(Ly) =0, and applying it again we have p?(Ly) N Ly = 0.

Now we are ready to state the conditions under which we have 3 disjoint blocking sets:

Theorem 5.2.2. Let U, ¢ be defined as above. Then Ly N o(Ly) = 0 if the following

conditions hold:
1. a ¢F,,
2. fla) #1,
3. k# f(a®) + (f () + k) fla) + kf (Z5) f(1) for any k € F,.

Proof. Similarly to Theorem [5.1.2] we proceed by way of contradiction: assume P €
Ly, P € p(Ly) and P = P’. Using homogeneous coordinates, we get the following equa-
tion:

(@ f(z) +ya:y) = 2" f(@) +ya),
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for some x,2" € Fon,y,y € F, with (x,y) # (0,0),(2',y") # (0,0). Cross-multiplying

coordinates, we arrive at the following system of equations:

yy' = z(f(2') +y'a)
= (f(z) +ya)(f(z') + ¥'a)
= (f(z) +ya)y'.

Note that by the linearity of f and homogenity, we can assume that y,3’ € {0,1}. We

can therefore check the validity of this system case by case:

I. v = 0. It follows from the third equation that x = 0 since we can’t have 2’ = 0. Then
we can assume y = 1 (since y # 0), so the second equation gives us a.f (z') = 2’ (note
that f(2’) # 0). Applying f again, we have f(a)f(z') = f(2'), so after dividing by
f(z") # 0, we have f(a) = 1, a contradiction.

II. y = 0,y = 1. The first equation immediately yields f(z') + a = 0, since x # 0 if
y = 0. But then we have a = —f(2’) € F,, a contradiction.

III. y =y = 1. We introduce the notation k = f(2'),l = f(z) € F,. Rearranging the

first and second equations, we get

1

s v =kl + (k+Da+ o’

Using the identities f(2') =k, f(z) = [ we arrive at

_f( +k) k=kif(1)+ (I +k)f(a)+ f(c?).

Substituting the value of [ into the last equation we get a direct contradiction of the
third condition of the theorem, since k € F,.

5.2.1 The case of h > 3

In this subsection we will fix the extension of finite fields F, < F,» with ¢ being an
arbitrary prime power, and h > 3. We take any a € F,» with F,n = Fy(a), and we will
show that there exists a nonzero linear functional f: F,» — F, such that the conditions
of Theorem [5.2.2] hold.
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Since the set {1,a,...,a" '} is a basis of F » over F,, we can define f on this set. We
set f(1) =1, f(a?) =s €F,, f(a" ') =t € F, and f(a?) = 0 for all remaining cases.
The parameters s,t are to be determined later. We now check the conditions of Theorem

0.2. 28

h.

1. a ¢ F,. This is true because F (a) = F

q

2. f(a) # 1. We set f(a) =0, so this holds.

3.k # f(o®) + (f(535) +k) fla) + kf (5) f(1) for any k € F,. Substituting the

a+k
1

known values of f, we get
Note that for £ = 0 this condition is exactly s # 0. We treat this case separately
from the other cases where k € F, \ {0}.

To understand the third condition better, we need to calculate f (ﬁ), which can be
done by expressing a+rk as a linear combination of powers of a. Since {1,a,...,a" '} is

a basis of F,» over F,, we can write

1

h—1
. 1
Py = g Cipe' = f (a n k) =cor + Ca xS+ Cho1il.
i=0

For our purposes, it will be enough to show that for all k € IF,, we have c,_1 # 0.

Assume indirectly that ¢;_; ; = 0 for some & € F,. This means that a+rk = Z?;OZ i g

Multiplying by « + k, we have

h—2 h—2
1= (O./ + k) Z C@kai <— (0= (/{,‘CO,k — 1) + (k’CLk + Ci_l,k)ai + Ch_gvkah_l,
i=0 i=1

thus « is the root of a polynomial of degree at most (h—1). Since the minimal polynomial of
« has degree h, this can only happen if the above polynomial is identically zero. Therefore
we have the equations

(0 = Ch—2,k

0 =kchop + chsp

0 = kCLk + Co,k
0 = ]GC(),C -1

\
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Solving the equations in this order it is easy to see that all coefficients are zero, but then
kcor —1 = —1 # 0. This cannot happen, so we have that c,_;; # 0 for all £ € F,. Using
this, we are ready to prove that this construction yields disjoint blocking sets for some
s,t € F, with s # 0.

Proposition 5.2.3. There exist at least ¢ — 1 pairs (s,t) € (F, \ {0}) x F, such that all
conditions of Theorem [5.2.2] hold.

Proof. We already showed that the first two conditions and the third condition with
k = 0 holds. We now count how many pairs (s,t) fail for each k € F, \ {0}.

Since we have f (#k) = co + C2xS + ch—1xt, the third condition fails for some k if

1

k=s+k(cok + cors+ chrpt) <=1t =
kep—1k

(k — s —kcoy — keags)

holds. Note that we can divide by kcj,_1  since neither are zero. Therefore, for any s, k €
F, \ {0} there is a unique ¢ for which (s,t) fails the third condition for k. Using the
inclusion-exclusion principle, we see that there are at least q(¢ — 1) — (¢ —1)> = ¢ —1
pairs (s,t) for which the third condition of the theorem holds as well. O

5.2.2 The case of h=3

In this subsection we fix the extension F, < F s with ¢ being an arbitrary prime power.
We provide a different construction for our v and f since we only have three degrees of
freedom when defining f. We choose some a € Fgs \ F, (note that this implies that
{1,,a%} is a basis of Fs over F,), and we will later see what conditions we need on a.
Define f on the basis {1, a,a?} by f(1) =1, f(a) = 0, f(a?) = for some [ € F,. We now
check the conditions of Theorem [(£.2.2}

1. o ¢ F,. We choose a such that this holds.
2. f(a) # 1. We set f(a) =0, so this holds.

3. k # f(a?) + (f (C%Fk) + k) fla)+ kf (ﬁrk) f(1) for any k € F,. Substituting the

known values of f, we get
1
kE#l+kf| ——).
) (a + k)
For k = 0 this condition is exactly [ # 0, we will again treat this case separately

from the k£ # 0 case. For k # 0 the condition is equivalent to f (a+rk) =1- é
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1

To compute the value of exactly, we need the minimal polynomial of «, denoted

a+k
by m(z) := 23 + Mx® + Az + Ag. A routine calculation shows that
1 —1

= B2 = Mok + M) + (—k + A 2
SR T TR kT g (T Ak ) (R Aa o),

therefore we can write

1 1
_ K2 — Aok z
f(a+k) v we wny w (GEELRC RaDE

meaning the third condition fails for k& # 0 exactly if

(% = Mok 4+ (1 4+ M)k — Xo) L = (k* — k%) — Mo(k® — E2) + M (K® — k) — k)Xo .

\! ~ ~ >
This is an equation of the form Apl = By. If for some k, A, = B, = 0 then the third
condition fails for all [. For A, # 0 the third condition with k fails for one [, and when
A =0, By # 0, the condition does not fail for any I. Our goal is to find an o € Fs \ F,

such that A and By have no common roots, but A, has a root. When this happens, it is

easy to see that the number of choices for [ for which the third condition holds for all k
is at least ¢ — 1 — (¢ — 2) = 1 seen by the inclusion-exclusion principle, and the fact that

A has a root.

First we give a bound on the number of choices for @ where A, and Bj, don’t share a
common root. Consider the space of coefficients of monic degree 3 polynomials {(Ag, A1, A2) :
Ai € F,}, which is a 3 dimensional vector space over F,. For each k # 0, The set of co-
efficients where A, = B, = 0 is an at most 1 dimensional affine subspace of FZ, since
the vectors (—1,k, —k?) and (—k,k* — k, —k3 + k?) are linearly independent (these are
the coefficients of Ag, A1, Ao in Ay and By). Thus, for each k there are at most ¢ triples
(Ao, A1, A2) where Ay, = By, = 0, meaning there are at most 3¢(q—1) choices for a for which
we have A, = By = 0 for some k. We see this by the fact that there are ¢(¢ — 1) "bad"
triples (Ao, A1, A2), and there are at most 3 roots of the polynomial 2% + Moz + A1z + Ag
in Fs \ F,.

Next, we give a bound on the number of choices for @ where Aj has a root. This is

summarized by the following lemma:
Lemma 5.2.4. For a triple (Ag, A1, A2) € Fg, define the polynomials

m(z) = 2° + Xox® + M\iw + Ng, 7(2) = 2% — Xox® + (1 4+ X))z — Ng = — m(—x).
The number of triples where m is irreducible and r has a root in F, is at least

qlg—1)* 2(¢-1)

9 3
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Proof. We proceed by fixing a root r(k) = 0, and give a lower bound on the number
of choices for which m is irreducible by giving an upper bound on all other cases. We
assume k # 0 since if £ = 0 is a root, then \g = 0 so m is never irreducible. The condition
r(k) = 0 is equivalent to

KXy — kM 4+ Mo = K* + k.

The number of triples satisfying this equation is ¢?. If r(k) = 0, we have the equation

k—m(—=k)=0.If m(x) = (x —r)(x — ra)(x — r3), this is equivalent to
(k+mr)(k+mr)(k+r3) =—k. (5.1)

Note that if r; = —k, we have k = 0 so this cannot happen.

A monic degree 3 polynomial can be of 5 forms:

1. m(z) = (z —r)? with r; € F,,

2. m(z) = (x —r1)(z — r2)? with r,ry € F, 1 # 1o,

3. m(x) = (z —r1)(x —r2)(x —ry) with ry,re,r5 € F,, with all three pairwise distinct,

4. m(z) = (x —r1)(x — r2)(x — r§) with ry € Fy,ro € Fp2 \ F, (this corresponds to m
being a product of a degree 1 and degree 2 irreducible polynomials, where the roots

of the degree 2 irreducible polynomial are rq,73),
5. m is irreducible over F,.
We now give an upper bound on the triples where m is of the form 1.-4.

1. m(z) = (z —ry)® with r; € F,. Substituting into equation[5.1]we get (k+r1)® = —k.
This is a cubic equation in 7, therefore there are at most 3 triples (Ao, A1, A2) where

r(k) = 0 and m is of this form.

2. m(z) = (x — r1)(x — re)? with 71,79 € F,, 11 # ro. Substituting into equation
we get (k+r1)(k + r9)? = —k, which is a linear equation in 7 if we fix ry as well.
Note that ry # —k so we can choose ry in ¢ — 1 ways. This means that there are at

most (¢ — 1) triples (Ao, A1, A2) where r(k) = 0 and m is of this form.

3. m(x) = (z —r1)(x —r2)(x —ry) with ry,re,r5 € F,, with all three pairwise distinct.

Again fixing ro and 73, we get a linear equation in ry so for every rq, rs (which can

q
2

any of the roots to be r1, we counted every unordered triple 3 times, therefore there

be chosen in ( ) ways) there is a unique r; for which equality holds. As we can pick

are at most % (?) triples (Ao, A1, A2) where r(k) = 0 and m is of this form.
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4. m(z) = (x —r1)(z — ro)(x — r3) with r € Fy,ry € Fp2 \ F,. Analogously to the
previous case, ry and r4 define r;. We can fix either ro or 74, meaning there are at

most % triples (Ao, A1, A2) where r(k) = 0 and m is of this form.

We now have a lower bound on the number of triples with r(k) = 0, m irreducible:

)_qQ—qZQ(q—l)
2 3

1

2_3_(q—1)—-(1 9
¢ —=3—(¢g—1) 3<2

Since every degree 3 polynomial r can have at most 3 roots, we can now prove our
final bound:
[{(Xo, A1, A2) : m is irreducible, r is reducible}|

-1 2(g—1)
9 3

Z { (Ao, A1, A2) : (k) = 0, m is irreducible}| > alg
keF,\{0}

>

W —

O

Since every triple (Ao, A1, A2) where m is irreducible corresponds to 3 choices for «
(since m has exactly 3 roots in Fgs), the number of elements of F s \ F, with minimal

polynomial m where Ay = k —m(—k) = 0 for some k € F, is at least
q(qg—1)°

3
This means that we can choose an a € Fs \F, such that Ay = 0 for some k € F,\ {0}

and Ay, By don’t share a root as long as we have

q(q—1)°
3

—2(g—1).

—2(¢—1)>3q(qg - 1).

This holds when ¢ > 10, therefore for ¢ > 10 we have found an a € F \ F, and
f:Fgs — F, nonzero functional where the conditions of Theorem hold. The remain-
ing cases can be handled using a simple brute-force computer program, so we covered

every case.

This section provided constructions for 3-fold blocking sets for every prime power ¢"
with h > 3. Note that the case h = 2 is trivial, since one can just pick three disjoint Baer

subplanes of PG(2, ¢?), achieving three disjoint vertex-type blocking sets as well.

5.3 K-fold blocking sets

We fix an extension of finite fields IF, < F » with h to be chosen later.
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In the 2- and 3-fold cases one had to find a linear functional f: F,» — I, satisfying
some number of conditions. Intuition shows us that the larger h is, the easier it is to
find an appropriate f, since the conditions on f are less dependent on each other. In
this section, we strengthen this intuition with an example of 3-fold blocking sets for large
enough h, and then provide a construction for K disjoint vertex-type blocking sets for

arbitrary K, provided h is large enough.

First, we provide a different construction of 3-fold blocking sets for large enough h.
Note that in the conditions of Theorem 2\ the only numbers occurring are 1, o, o, a+rk
for k € IF,. It is easy to check that if we have

1

f)=1,fla)=0,f(®) =1,f <m> =1 (for all k € F,),

then all conditions of Theorem hold. If all of these numbers were linearly indepen-
dent, then we could define f on this independent set. We will show that if the minimal

polynomial of o has high enough degree, then this set really is linearly independent.

First we swap out « for an independent variable x. We want to work with polynomials

instead of rational functions, so we will multiply by the common denominator z¢ — x =
er]Fq ( + k).

Lemma 5.3.1. The set of polynomials

{27 — 2, 2(2? — 2), 2% (27 — 1)} U Iq_x'kEIF
) ) x‘i‘k' q

is linearly independent over F,.

Proof. We denote the polynomial = zq_gc by pi. Note that pp(—k) = []; jer oy J = — L,
while for any other j € F,\ {—k}, we have pr(j) = 0. We show that the set {p; : k € F,}
spans [ [z],—1 (set of polynomials of degree at most ¢ — 1). If we prove this, we are done
since deg(x? — ) = ¢, deg(z (29 — 2)) = ¢+ 1,deg(a?(2? — x)) = ¢ + 2.

To prove that span{p : k € F,} = F,[z],—1, it is enough to prove that they are linearly
independent, since there is exactly ¢ of them (the dimension of F,[z],—; over F,) and they

are all polynomials of degree ¢ — 1. Assume we have a zero linear combination:

9 —x
Z kx—l—k

keF,

Substituting —k& into this polynomial we get —A; = 0, so all coefficients were zero, there-

fore the set is linearly independent. O
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Now we are ready to prove that the set {1, o, a?} U {ﬁ ke Fq} is linearly indepen-

dent under the right conditions. This is summarized in the following theorem:

Theorem 5.3.2. Let o € F» be a number such that its minimal polynomial over I, has
degree at least (¢ + 3). Then, the set {1, a,a?} U {a%rk : k € Fy} is linearly independent.

Proof. Take a zero linear combination of these numbers:

1
2
A =0
ptva o’ + 3 N =0,
keF,

with p, v,m, Ay € F,. If we multiply by the common denominator a? — o, we see that o is
. . 2 29— .
a root of the polynomial p(z) = p(2? — ) + v (2! —z) +na®(2 — )+ 3 cp, A - This
is a polynomial of degree at most ¢ 4 2, so since the minimal polynomial of o has degree
at least ¢ + 3, the polynomial p is identically zero. According to the previous lemma, this

can only happen if all of the coefficients are zero. This proves our claim. m

When h > ¢ + 3, there exists an a € F» such that degm, > ¢ + 3. Hence we proved
that for large enough h (h > ¢+ 3), there exist 3 disjoint blocking sets of size ¢" +¢" 1 +1
in PG(2, ¢"). This is not a new result, however it highlights an easily generalizable method

for constructing disjoint blocking sets.

We will use the same idea for K-fold blocking sets: find a construction, then find field
elements such that the conditions on f are linearly independent. Then we can define f

freely on this linearly independent set, and we can construct K disjoint blocking sets.

Definition 5.3.3. Let a € Fn, f: F» — F, be a nonzero linear functional. We define

Loj={(ax+y:f(x)+ay:x):xeFpnyeclF,(r,y)#(0,0)}

It is easy to see by Lemma that this is a vertex-type blocking set with vertex
(:0:1).

We will now take two blocking sets of this form, and give conditions under which these

two sets are disjoint.

Theorem 5.3.4. Let o, 3 € Fu \ F, (a # B), f,9: Fjp — Fy. Define v := ﬁ%a Then,
Lo N Ls, =10, if the following ¢* + 2 conditions hold:

0
g (f(v)Jra) 71,

2 (555) # 1
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3. i N doesn’t hold simultaneosly for all k,l €
(-7 (7)) k=1 (35) - 1=

Proof. Again, we proceed by way of contradiction: assume P € L., P’ € Lz, and

P = P’. Using homogeneous coordinates, we get the following equation:

(ax+y: fl@)+ay:x)= (B2 +y : g(@) + By : 2),

for some z,2" € Fpn,y,y € F, with (z,y) # (0,0), («/,y") # (0,0). Cross-multiplying

coordinates, we arrive at the following system of equations:

(ax +y)a’ (8" +9)
(f(z) + ay)a’ = a(g(2") + 5Y)
(az +y)(9(z') + By") = (f(x) + ay) (52" +¢)

T

By the linearity of f, g and homogenity, we can assume that y,3' € {0,1}. We can thus
check the validity of this system case by case:

1. y =9/ = 0. Substituting into the first equation we get axx’ = fxa’. Since neither x

nor x’ can be zero, we get a = 3, a contradiction.

2. y = 1,y = 0. Substituting into the third equation, we get (ax + 1)g(2’) = (f(x) +
a)fBz’. All the terms except g(z) are known to be nonzero, therefore we have g(z') #
0. Again using homogenity and the fact that 3’ = 0, we can assume g(z') = 1.

Rearranging the second and third equations, we arrive at

x
¥ = ——— and 2’ =

fl@) +a

From these equations we can solve for x, and we get = «, which means 2’ =

f)+ar
We assumed g(z') = 1, which is a contradiction by the first condition.

3. y =0,y = 1. This is the same case, but we swapped a with 5 and f with g (and v

with —v). We arrive at a contradiction by the second condition.

4.y =y =1 Welet k = f(x),l = g(a/), T = ]iiﬁ From the second and third

equations, we get the following:

' =Tz, and Sz’ + 1 =T(azx + 1).
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Solving for z and 2/, we get the equations

_ (1 _ %) ., (5.2)

Using g(«’) = [ and . we get

l=g(T—1)y)=1g (HLO[) +g<£—v)

Rearranging and using linearity of g we see that this is equivalent to the first equation
in the system of equations of the third condition. If we do everything symmetrically
for f(z) = k and (swapping k with [, o with 3, f with g), we arrive at
the second equation in the system of the third condition. These two equations are
equivalent to our original equations, meaning there is an intersection of the two
blocking sets exactly if the system in the third condition is satisfied for some k,[ €

[F,. We assumed that this does not happen, therefore we have our contradiction.

]

We now want to define f and g at some elements of F,» such that the conditions of
Theorem [(.3.4] hold. We list these conditions below:

L f(=7) =g(v) =0,
2 9(2) =r(7) =0

37 (w5)

condition),

4. f<k+6> :g(%)zlforallkEFq.

Substituting into the first condition, we get

e RO

Similarly for the second condition,

(aews) =1 (5) =02

If £ # 0, then substituting everything into the first equation of the third condition

g (%) = 1for all £ € F, \ {0} (kK = 0 is covered by the previous

yields (1—1)I = 1—0, a contradiction. For k = 0, we get [ = 1 from the first equation of the
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third condition. Substituting everything into the second equation of the third condition

(o) omre

a contradiction. Therefore if we define f and ¢ like this, the blocking sets L, ¢, L5, are
disjoint. Now we take K blocking sets L, s, (1 < j < K). We want them to be pairwise
disjoint, so we will want to define f; such that these equations hold for all 7+ # 5. For this,

yields

we need to define f; on the set
Yij o g%
—— ——keF,p U{v} |,
i#]
therefore we want this set to be linearly independent for all j =1,... K.
Again, we first swap the variables «; with indeterminates x; and show that this set of

rational functions is linearly independent. For simplicity, we only do this for the j = K,

and we get the remaining cases by the symmetry of our variables.

Lemma 5.3.5. The set of rational functions

K-1

1 1 1 1
U ({ e cen o))
et rg —Tik+x; v —xi k+x; T — T

in Fy(x1,...,2k) is linearly independent over F,.

Proof. Take a zero linear combination of the functions:

= 1 1 1 1 x
Z - nxK—a:i kZeIF ( ’ka—xik‘+:pi 'u’ka—xik:+xi)
1= q

with n;, A\i g, pip € Fy. Fix i € {1,..., K — 1} and k € F,. If we multiply this equation by

(k + z;), we clear all denominators of this form, and we can substitute x; = —k. If a term

5 1 . . . . ) 1 ) T
doesn’t have a factor of —— vt it will vanish, meaning we get \; ; ik TRk SF = 0. Here

xKlJrk and Iiﬁk are clearly linearly independent, so we get A, = p; = 0 for all ¢, k. Now

our equation is reduced to

Again we fix an i, multiply by (zx — ;) and set zx := x;. All the terms expect one vanish,
and we get exactly n; = 0.
Thus all the coefficients in the linear combination have to be zero, meaning the set is

linearly independent. [
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We now find o; € Fn (1 < j < K) such that the set

Vij Yij O
— = kel i ,
U({k+az’k+az < q}U{PY]})

i#j

is linearly independent for all 1 < j < K. For this, we will use a special case of the

Schwartz-Zippel lemma [17]:

Lemma 5.3.6. Let p € F [z1,...,2x]| be a nonzero multivariate polynomial of degree d

over F,. Then the number of roots of p is at most d - g% 1. O

We will proceed by a counting argument. We consider the tuples
{(aq,...,aK) : a; € Fu \ Fy are pairwise distinct},

and count how many of them fail this independence condition. A tuple fails the condition

if there exists a j € {1,..., K} and coeflicients n;, \; , i x € F, not all zero such that

1

i#]

1 1 1 Q;
Aig——— i : =0
ozi—i_z( ’ka-—aik—i-ozi+'u’koz-—ozik+ozi)
keF, J J

Thus the a; are a root of the rational function

1 1 1 1 x,;
i Ai i ’ ;
Z nxj—xi+z( 7kx‘j_$ik+xi+u7kxj_xik+$i>

i keF,

which is nonzero by Lemma . If we multiply by the common denominator (which is
a polynomial of degree (K — 1)(q + 1)), we get that the a; are a root of a polynomial of
degree at most ((K — 1)(¢ + 1) — 1). Therefore we can use Lemma m to bound the
number of roots by ((K —1)(g+1) — 1) (¢") 51 for fixed Js Mis Aiks Mi k- We can choose

(K—1)(2¢+1)

j in K ways, and the coefficients in ¢ — 1 ways, therefore the number of tuples

not satisfying the independence condition is bounded above by
K(q(K—1)(2q+1) _ 1)((K —1)(g+1)— 1) (qh)K—l < qu(q(K—1)(2q+1) _ l)q(K—l)h’
where we used the estimation ((K —1)(¢+1) — 1) < K%q.

Next, we give a lower bound on the number of tuples (ay, ..., ak) € (Fu \Fy)* where
all coordinates are distinct. The exact number is (¢" — q)(¢" —q¢—1)--- (¢" —q¢— K + 1),
which can be bounded below by

K
q+ K K(g+ K _
(" — g — K)K = ¢kn (1_ i > > Kh (1_ (qh ) > K= (¢" — K) ,
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where we used Bernoulli’s inequality (for this, we need ¢+ K < ¢", which holds for h > K).
There exists an appropriate tuple if we have
g KDk (qh _ K3q) > K3q(qEDQaD) _ 1)gK-Dh oy gh 5 g3 (K-D@a+D+1
which holds for large enough h. We can calculate this explicitly: we need

h>(K~—-1)(2¢+1)+1+3log, K

By this calculation, we arrived at the following theorem:

Theorem 5.3.7. Let g be a fixed prime power, K > 2 a fixed integer. If
h>(K—-1)(2q¢+1)+1+3log,(K),
there exist K disjoint vertex-type blocking sets in PG(2, ¢"). O

Therefore, their union is a K-fold blocking set of size K(¢" + ¢"~! + 1) in PG(2, ¢").
The bounds given in Theorem [5.3.7| are nowhere near minimal, this calculation just shows
that for large enough h, there can exist arbitrarily many disjoint vertex type blocking sets
in PG(2,¢").

The results regarding the size of the smallest multiple blocking sets are summarized

in the following theorem:

Theorem 5.3.8. In PG(2,p"), n > 1, there exist K-fold blocking sets of size K(p" +
p=D/5 + 1) in the following cases:

1. K =23,

2. s> (K —1)(2p"* 4+ 1) + 1 + 3log,us (K).
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