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1 Introduction

This thesis studies the so-called vertex-coloring edge-weightings of graphs. Let us introduce

our main definitions and notations.

Definition 1.1. Let L be a set of integers and G = (V, E) be an undirected graph. For an
arbitrary vertex v of G, let A(v) denote the set of edges incident with v. We call a function
xz : E — L an L-edge-weighting of G. Let x be an L-edge-weighting and let z, : V — Z,
22(v) = Yeen(w) z(e) denote the weighted degrees induced by x. We say that an edge uv € E is
x-conflicting if z,(u) = zy(v) holds. We call an L-edge-weighting x of G proper if there is no
z-conflicting edge in G. If there exists such = for G, then we say that G has the L-property.

The function z, is also called the vertez-coloring induced by x. One can also refer to proper
L-edge-weightings as vertex-coloring L-edge-weightings, since an L-edge-weighting x is proper
if and only if the induced coloring z, is a proper vertex-coloring of G.

The most famous problem regarding this field is the so-called 1-2-3-conjecture, which was
proposed by Karonski, Luczak, and Thomason in 2004 [12]. It states that every simple graph
without an isolated edge has the {1, 2, 3}-property.

A closely related problem investigates the existence of proper {1, 2}-edge-weightings, or, in
general, {a, b}-edge-weightings. In 2011, Dudek and Wajc showed that deciding whether a graph
has the {1,2}-property is NP-complete [8], and they also proved this for the {0, 1}-property.
In 2022, Madarasi and Simon extended this result to the {a,b}-property, where a and b are
arbitrary distinct integers [18].

Fortunately, the problem becomes tractable if the graph is bipartite. An essential result is
attributed to Thomassen, Wu, and Zhang. In 2016, they characterized bipartite graphs with
the {1,2}-property [19]. It turns out that the bipartite graphs without the {1, 2}-property are
the so-called odd multi-cacti. Tt is also stated in [19] that it can be decided in polynomial
time whether a bipartite graph is an odd multi-cactus, and therefore whether it has the {1,2}-
property.

The present thesis focuses mainly on {1, 2}-edge-weightings of bipartite graphs. Our objec-

tive is to investigate this topic from a more algorithmic perspective.

1.1 Motivation and literature review

Graph irregularity is a common research topic in graph theory. We say that a (multi)graph
is drregular if any two distinct vertices have different degrees. It is easy to see that there does
not exist an irregular simple graph, although simple graphs can be made irregular by replacing
edges with parallel edges. One of the fundamental articles on this topic is credited to Chartrand
et al. [7] and was published in 1988. They studied the so-called irregularity strength of graphs,
which is the smallest integer k£ for which the edges can be replaced with at most k parallel edges
such that the resulting multigraph is irregular. It is easy to see that this can be phrased using

edge-weightings, since ¢ parallel edges correspond to an edge with weight ¢, and we consider



weighted degrees instead of degrees. Notice that if we only require the inequality of weighted
degrees for adjacent vertices, we are, in fact, looking for a proper {1,2, ..., k}-edge-weighting.
Using edge-weights instead of parallel edges motivates studying more general weight sets, such
as {a,b}.

Another related topic is the theory of the so-called vertez-distinguishing (see e.g. [4]) and
adjacent vertex-distinguishing (see e.g. [3]) edge-colorings. We call a proper edge-coloring vertex-
distinguishing if each pair of vertices is incident to a different set of colors. If the condition holds
for adjacent pairs of vertices, we have an adjacent vertex-distinguishing edge-coloring. Consider
an edge-coloring with k colors as an edge-weighting with the elements of {1,2,...,k}. Adjacent
vertex-distinguishing edge-colorings (or now, edge-weightings) require a less strict condition
than proper edge-weightings.

The concept of vertex-coloring edge-weightings was introduced by Karonski, f.uczak, and
Thomason motivated by the definitions above [12]. In this article, they not only proposed the
1-2-3-conjecture, but also gave an affirmative answer for 3-colorable graphs. It is important to
note that the 1-2-3-conjecture and closely related questions only consider simple graphs without
an isolated edge. Early articles studied the connection between x(G) and XZ(G)’ where XZ(G)
denotes the smallest integer k, for which G has the {1,2,..., k}-property. In [12], Karonski,
Fuczak, and Thomason state that “we do not even know whether a finite number of integer
weights is in general enough to achieve a vertex colouring.” The first graph-independent upper
bound for XZ(G) was provided by Addario-Berry et al. [1], who showed that XZ(G) < 30. Their
argument was improved by Addario-Berry, Dalal, and Reed [2], who reduced the upper bound to
16. Later, Wang and Yu decreased the bound to 13 [20], then Kalkowski, Karonski, and Pfender
showed that every simple graph without isolated edges has the {1,2, 3,4, 5}-property [11]. The
final steps were taken by Keusch, who first reduced the upper bound to 4 [13], then closed the
gap, and confirmed the 1-2-3-conjecture in 2024 [14].

Since every simple graph without an isolated edge has the {1,2, 3}-property, an interesting
related problem is to understand the structure of graphs with the {1,2}-property. A quite
early result was made by Addario-Berry, Dalal, and Reed regarding this topic. In [2], they
proved that according to the Erdés-Rényi model, a random graph G, , (where (0 < p < 1)) has
the {1,2}-property asymptotically almost surely. Later, in 2011, Chang et al. studied XZ(G)
for several graph classes [6]. They showed that a connected bipartite (multi)graph with an
even-sized bipartite class or with a leaf (and at least three vertices) has the {1, 2}-property.
They also proved that a bipartite graph G without an isolated edge has the {1, 2}-property,
if LdGT(u)J + 1 # dg(v) holds for each edge wv. From their observations, it follows that trees
with at least 3 vertices and r-regular bipartite graphs, where r > 3 have the {1, 2}-property.
They also formulated the problem of characterizing bipartite graphs with the {1, 2}-property.
In the same year, Lu, Yu, and Zhang verified that simple, 3-connected bipartite graphs admit
a proper {1,2}-edge-weighting [16]. In 2016, Thomassen, Wu, and Zhang proved that simple
bipartite graphs with minimum degree at least 3 have the {1, 2}-property [19], and in the same



article, they extended this argument to characterize the bipartite (multi)graphs with the {1,2}-
property.

1.2 Our contribution

In this section, we provide an overview of the structure of this thesis with emphasis on
our new results. In Section 2, we present some preliminary results before characterizing bi-
partite graphs with the {1, 2}-property in Section 3. These sections contain the related results
of Thomassen, Wu, and Zhang [19]. The authors only provide brief arguments for several
statements. Our objective is to elaborate on their results in a more detailed way.

Throughout this thesis, we study proper edge-weightings from a more algorithmic viewpoint.
We mentioned that it can be decided in polynomial time whether a graph has the {1, 2}-property.
Section 4 investigates a natural follow-up problem, whether a proper {1, 2}-edge-weighting can
be found in polynomial time. This is an intriguing question for multiple reasons. The first
reason is that the proofs in [19] do not trivially yield a polynomial-time algorithm. Namely, the
main lemma (see Lemma 2.3 in this thesis) admits a complicated proof, and it is not mentioned
in [19] whether it can be turned into a polynomial-time algorithm®. The second reason is
that, in contrast to other common problems (e.g. finding a perfect matching), we cannot use
self-reduction to find a proper {1,2}-edge-weighting, by which we mean the following. Fix
the weight of an arbitrary edge and check whether the weighting can be properly completed.
If it can, fix the weight of another edge and repeat; if it cannot, try the other weight on
the first edge and repeat. This type of reduction would require a polynomial-time subroutine
that decides whether a {1,2}-edge-weighting with weights fixed on a subset of edges can be
extended to a proper {1,2}-edge-weighting. However, Madarasi and Simon [18] showed that
this problem is NP-complete even for bipartite graphs for any distinct integers a, b. Therefore,
the aforementioned reduction would only be possible in polynomial time if P=NP were true.

We provide an affirmative answer for the given question using a totally different algorithmic
approach in Section 4. We show a connection with the degree constrained spanning tree problem
and give an efficient push-relabel algorithm to solve the related version of this problem, where
upper bounds are given for the degrees of an independent set of vertices. Using this as a
subroutine, we provide a polynomial algorithm to find a proper {1, 2}-edge-weighting of a given

bipartite graph.

1.3 Notation and terminology

In this section, we introduce our main notations and terminologies. Throughout this thesis,
G = (V,E) denotes a loopless undirected (multi)graph. When necessary for clarity, we use
notations V(G) and E(G) for the set of vertices and edges of G, respectively. A multigraph is a

graph where we allow more than one edge between the same pair of vertices, which are called

1Via personal communication, the authors claimed that a polynomial-time algorithm can be constructed using

an additional argument to the proof.



parallel edges. The number of edges between the vertices u and v is called the multiplicity of
uv and we denote it by mg(uv) or simply m(uv).

Let v be an arbitrary vertex of the graph G. Let Ng(v) or simply N(v) denote the set of
neighbors of v, and let Ag(v) or simply A(v) denote the (multi)set of edges incident with v. The
cardinality of A(v) is called the G-degree of v, which is denoted by di(v) or simply d(v). For a
set of vertices U C V, let Ag(U), or simply A(U) denote the set of edges incident with precisely
one vertex in U. The subgraph of G on U C V that contains exactly the edges connecting two
vertices of U is called the subgraph induced by U.

We introduce short notations for graphs obtained by removing vertices or edges. Let G — e
denote the graph obtained by deleting an edge e from G, that is, we have G —e = (V, E'\ {e}).
By deleting a vertex v from GG, we mean that we remove v and each edge incident with v. Let G—v
denote the graph obtained by deleting a vertex v from G, that is, G —v = (V \ {v}, E\ A(v)).
For a set of edges F' C F and a set of vertices U C V, let G — F and G — U denote the graphs
we obtain by deleting each edge of F' and each vertex of U, respectively. Let og(U) or simply
o(U) denote the number of connected components in G —U. For a connected graph G, a vertex
v of G is called a cutvertezr if G — v is disconnected. Analogously, an edge e is called a bridge if
G — e is disconnected. We call a connected graph 2-connected if it does not contain a cutvertex
and 2-edge-connected if it does not contain a bridge.

A maximal 2-connected subgraph is called a block, and a block is called an endblock if it
contains at most one cutvertex of G. If G is 2-connected, then the unique endblock of G is
itself, otherwise each endblock contains precisely one cutvertex of G. Note that if we represent
each block with one vertex and connect two vertices if the corresponding blocks have a common
cutvertex, we obtain a forest. This forest is usually called the block graph of G. A block is
an endblock if and only if it is a leaf in the block graph. Analogously, we say that a maximal
2-edge-connected, or in other words, bridgeless subgraph is a 2-edge-connected component. By
contracting each 2-edge-connected component into a single vertex, the resulting graph is also a
forest. Each edge of this forest corresponds to a bridge in G.

We call a graph G = (V, E) bipartite, if there exists a partition (S,T) of V' (the disjoint
union of S and T is V'), such that each edge of G connects a vertex of S and a vertex of T". The
two parts S and T are called bipartite classes, and we introduce the notation G = (S, T; E) for

the graph.

2 Preliminaries for the characterization

In this section, we present essential preliminary results. The argument behind characterizing
bipartite graphs with the {1,2}-property is strongly based on these ideas and findings. We
follow [19], although we reformulate some statements in a more relevant form. In addition to
the work of Thomassen, Wu, and Zhang, we present further observations and more detailed

arguments.



2.1 Bipartite graphs with an even-sized bipartite class

A proper {1,2}-edge-weighting can be quite easily obtained if one of the bipartite classes
has even cardinality. The main idea is that we search for a {1,2}-edge-weighting for which one
bipartite class has odd and the other has even weighted degrees. In fact, we consider a more
general problem. Let G = (V| E) be a connected graph and let f : V — Zs be a function. The
function f can be thought of as parity labels for the vertices of G: 0 and 1 correspond to even
and odd, respectively. We say that a {1,2}-edge-weighting = satisfies the parity labeling f, if
2z(v) = f(v) (mod 2) holds for each v € V. Notice that we have >, oy 2:(v) = 2- Y .cpx(e)
for any {1,2}-edge-weighting x. Hence, the condition }_, oy f(v) =0 (mod 2) is necessary for
the existence of a {1,2}-edge-weighting = that satisfies f.

It turns out that this condition is, in fact, sufficient. To our knowledge, this was first observed
by Lu, Yu, and Zhang [16]. They proved that any 2-vertex-coloring of a connected graph with
an even sized color class arises as an induced vertex-coloring of a {0, 1}-edge-weighting if we
consider the weighted degrees over Zs. We only consider weighted degrees modulo 2, thus, a
statement analogous to the one in [16] holds for {1,2}-edge-weightings. Note that the result in
question was also mentioned in [19], using the notion of f-factors modulo 2, which are subgraphs

that satisfy modulo 2 prescriptions on the degrees.

Lemma 2.1. Let G = (V, E) be a connected graph and let f : V. — Zy be a parity labeling.
Then G admits an {1, 2}-edge-weighting that satisfies f if and only if >, cy f(v) =0 (mod 2)
holds.

Proof. Tt suffices to show that the condition is sufficient. We prove this by giving an algorithm
to find the desired {1,2}-edge-weighting x. Let T'= (V, F’) be a spanning tree of G. We choose
a leaf s in T and appoint it as the root of T'. For an arbitrary vertex v # s, let p(v) denote the
parent of v in T', and let e, = vp(v) € F' denote the edge between v and its parent.

Let us call an edge e finished if the algorithm has already defined the weight z:(e). We repeat
the following general step until each edge of T is finished. We choose a non-root vertex v of T
with all incident edges other than e, already finished. Note that this is possible: we choose a
leaf of T — {e € F' : e is finished} in each step, which, in this way, remains a tree throughout
the algorithm. Then, we can define z(e,) so that z;(v) = f(v) (mod 2) holds, since one of the
two possibilities must be appropriate.

By the definition of the general step, we have z,(v) = f(v) (mod 2) for each v # s when
the algorithm terminates. The condition of the lemma is needed to ensure that this also holds
for v = s. Notice that we have >, oy f(v) = > ey 22(v) = 0 (mod 2). We know that the
congruency also holds for each pair of terms except the terms corresponding to s. Therefore,
it must also hold for s. This implies that the resulting {1,2}-edge-weighting x of T' satisfies
the parity labeling f. We extend this weighting to G by assigning weight 2 to each edge not
contained in 7. Since this does not change the parity of the weighted degrees, we obtain a
{1, 2}-edge-weighting of G that satisfies f. [ |



A natural follow-up question is the efficient implementation of the algorithm in the proof of
Lemma 2.1. We shall now give a linear time implementation using a depth-first traversal of the

tree.

Algorithm 1 Algorithm for finding a {1, 2}-edge-weighting satisfying parity labels.

Input: a connected graph G = (V, E), and a function f : V' — Zy for which >, oy f(v) =0
(mod 2).

Output: a {1, 2}-edge-weighting = : E — {1,2} of G that satisfies f.

ParityWeighting(G = (V, E), f):

if £ =( then
return &
end if
Find an arbitrary spanning tree 7' = (V, F') and a leaf s of T. > Use e.g. DFS.
Let t € Nr(s). > The vertex ¢ is the unique neighbor of s.

Let z : E — {1,2} be the {1, 2}-edge-weighting to compute.
WeightSubtree(T = (V, F), s, t, f, x)
for e ¢ F do
z(e) =2
end for

return z
WeightSubtree(T = (V, F), u, v, f, x):
for w € Np(v) \ {u} do
WeightSubtree(T = (V, F), v, w, f, x)

end for

if f(v) Z X weng@)\{u} T(vw) (mod 2) then
z(uwv) =1

else
z(uv) =2

end if

The correctness of the algorithm above follows from the construction of the subroutine
WeightSubtree(T = (V, F), u, v, f, x). It assigns weights to uv and the edges of the subtree
rooted in v so that for each vertex w of this subtree we have 3-,c ny () Z(ww') = f(w) (mod 2).
This is obvious if v is a leaf, and from that it follows by induction.

As a special case of Lemma 2.1, we obtain a corollary for bipartite graphs with an even-sized

bipartite class regarding the problem we aimed to solve originally.

Corollary 2.2. Let G = (S,T; E) be a connected bipartite graph, where S has even cardinality.
Then, G admits a proper {1,2}-edge-weighting for which each vertex of S has an odd weighted

degree and each vertex of T has an even weighted degree.

Proof. Let the vertices of .S have an odd and the vertices of T have an even parity label. Since



the number of vertices of odd label is even, Lemma 2.1 guarantees that the desired {1, 2}-edge-

weighting z exists. u

2.2 Deleting edges while preserving connectivity

If both bipartite classes have an odd cardinality, then for any {1, 2}-edge-weighting x, there
must be an edge uwv for which z,(u) and z,(v) have the same parity. To resolve this problem,

we continue with a lemma that provides an essential tool for the following proofs.

Lemma 2.3 (Thomassen, Wu, and Zhang [19]). Let g > 4 be a natural number. Let G = (V, E)

be a connected graph and A CV be a set of vertices satisfying the following conditions:
(1) A is an independent set of vertices,
(2) |Al <q,

(3) (i) dg(a) > q—1 holds for each a € A, or

(it) dg(a) > q holds for each a € A except possibly one verte,
(4) no vertex in A is incident with a bridge in G, and

(5) G does not fall into the following exceptional case: |A| = q = 4, each vertex of A has G-
degree 3, and G — A has sixz connected components, each of which is joined to two distinct

vertices of A.

Under these conditions, there exists an edge e, € A(a) for each a € A such that G—{e, : a € A}

1s connected.

Proof. Let us introduce the notation L4 = {e, : a € A} for the desired set of edges. We prove
the lemma by induction on ¢ and the number of edges. The base case is ¢ = 4 and |V| = 2,
where A contains at most one of the two vertices; thus, any edge e, satisfies the statement of

the lemma.

Case 1. G has a cutvertex z.
Let G1 = (V1, E1) and Go = (Va, E2) be the graphs for which G = G1 U Ga, V1 N Va = {2z} and
E1 N Ey =0 holds.

If z ¢ A, then A1 = ANV, and Ay = AN V; inherit properties (1) to (4), as each vertex
v € V; \ {z} satisfies dg, (v) = dg(v) for i = 1,2. If one of A;, Ay would fall into the exceptional
case in (5), also would G, which is a contradiction. Hence, it is possible to apply induction with
q to both GG1 and Go with the sets A1 and Ay respectively, since G1 and Go have strictly fewer
edges than G.

Now suppose that z € A. If A = {z}, then an appropriate e, exists by condition (4).
Otherwise, let w be a vertex of minimum G-degree in A\ {z}. We can assume that w € V;. If
each v € Ay \ {z} has G-degree at least ¢ (condition (3)(ii)), then first we apply induction to
G1, A1\ {z}, and ¢ with w being the exceptional vertex, then to Ga, A2, and ¢ with z being the

10



exceptional vertex. Otherwise, since w ¢ Ay, we have |A3] < g —1 and dg,(v) =dg(v) > q¢—1
for each vertex v of Ay. It follows that G and As satisfy properties (1) to (5) with ¢ = ¢ —1
((5) is satisfied because condition (3)(ii) is met). Therefore, if ¢ > 5, we can apply induction
to G, A, and ¢’ with z being the exceptional vertex, thus the previous argument proves the
statement if ¢ > 5. We are left with the case where ¢ = 4, all vertices in A have G-degree at
least 3 and both G and G2 have a vertex with G-degree precisely 3. If dg,(2) > 3 holds for
i =1 or i = 2, then it is possible to apply induction to G;, 4; and ¢, as all G;-degrees in A; are
at least 3, thus condition (3)(i) is satisfied. In this case, we can also apply induction to Gs3_;,
As_;\{z} and ¢, and the statement follows. Finally, suppose that dg,(z) = 2 for i = 1, 2. Since
no bridge is incident with z, the graph G; — z is connected for i = 1,2. By symmetry, we can
assume that |A; \ {z}| < 1. By induction to G2, A2 \ {z} and ¢, we can obtain a set of edges L.
Notice that if A\ {z} = {v}, then there exists an e,, € A(v) for which G; — z — e, is connected,
otherwise v would have an incident bridge in G. Consequently, for any e, € A(z) N Ey, the set
Ly = LU/{ey,e.} satisfies the statement of the lemma. If A; \ {z} =0, then Ly = L U {e.}

will do. We covered all possible cases and completed the proof of Case 1.

Case 2. (G is 2-connected.

Let d be a vertex of minimal G-degree in A and e; € A(d) an arbitrary edge. Consider the graph
G =G'(eq) =G —egandlet A = A'(ey) = A\ {d}. Since A is independent, no other vertex
in A is incident with the edge ey, thus, we have dg/(v) = dg(v) for each v € A’. Therefore,
G’ inherits properties (1) to (3) with ¢. Condition (5) is also fulfilled as |A’| < ¢. Under the
assumption that G’ does not have any bridges incident with a vertex in A’ property (4) holds
for G', hence, it is possible to apply induction to G’, A’, and q. Otherwise, let G” = G"(eq) be
the resulting graph after deleting all bridges from G’. The idea is to apply induction to each

connected component of G”.

Observation 1. No vertex in A’ is incident with at least two bridges in G’.

Suppose the opposite and let w € A’ be such a vertex. Since G is 2-connected (therefore, 2-edge-
connected) and the edge e4 can connect at most two 2-edge-connected components in G’, w has
at most two incident bridges. We have dg(w) = dg/(w) > g — 1 > 2, thus the 2-edge-connected
component containing w has at least one vertex distinct from w. If w had precisely two incident
bridges, then ey would connect the two 2-edge-connected components of G’ at the other ends

of the two bridges. As a result w would be a cutvertex in GG, which is a contradiction.

A consequence of this observation is that dgv(v) > dg(v) — 1 holds for each v € A’ If
condition (3)(ii) holds for G, then we have dgv(v) > dg(v) — 1 > ¢ — 1 for any vertex v
of A’. Hence, every connected component of G” (and the vertices of A in that component)
meets condition (3)(i) with ¢g. Conditions (1) and (2) are trivially satisfied. The connected
components of G” are 2-edge-connected, implying that (4) is fulfilled. Condition (5) also holds
because |A’| < ¢. In conclusion, it is possible to apply induction to the components of G”, and

the statement follows. It remains to consider the case where only (3)(i) is true for G.

11



Subcase 2a. ¢ > 5.

In this case, we have dgr(v) > dg(v) —1 > g — 2 for each v € A" and |A'| < g — 1, thus (3)(i)
holds for every connected component of G” (and the vertices of A in them) with ¢ = ¢ — 1
instead of ¢q. Since ¢’ > 4, the statement follows by induction to every connected component of
G" and ¢'. To apply induction, it remains to show that no component falls into the exceptional
case in (5). For the sake of contradiction, assume the opposite and let C' be such a component
of G”. Tt follows that we have |A| = ¢ = 5 and each vertex of A has G-degree 4. In addition,
every vertex of A\ {d} is in the same 2-edge-connected component and has an incident bridge
in G'. Therefore, the 2-edge-connected component C' has at least 4 incident bridges. Notice
that the tree of 2-edge-connected components in G’ can only be a path from the component
containing d to the component containing the other end of the edge ey, since otherwise G would
not be 2-edge-connected. This contradicts the previous observations; hence, the exceptional

case cannot occur and it is indeed possible to apply induction.

Subcase 2b. g =4.

If a vertex d € A of G-degree ¢ — 1 = 3 (minimum G degree) and an edge e; € A(d) can
be chosen such that all vertices of A’(e;) have G”(eq)-degree at least 3, then the statement
follows by induction to the connected components of G”(e4) and ¢q. Suppose that for any d € A
of G-degree 3, after the deletion of any edge e; € A(d), there exists a vertex of A’(eq) with
G" (eq)-degree 2. This means that this vertex has G-degree 3 and an incident bridge in G'(eq).
We call such a vertex problematic. Let d € A be any vertex of G-degree 3 and consider the
graph G —d. It is easy to see that every leaf in the tree of 2-edge-connected components of G —d
is connected to d, since otherwise G would contain a bridge. Moreover, an arbitrary e € A(d)
cannot connect d to a non-leaf component, as G — e would not contain any bridges. These
observations imply that the tree of 2-edge-connected components has precisely three leaves, one
component of degree 3, and every other component has degree 2. Equivalently, the tree is the
union of three paths connecting the component of degree 3 to each leaf. Let us introduce some
notations, as illustrated in Figure 1:

e Let M denote the component of degree 3.

o Let the other components be Cy1,Cia,...,Cik,; Ca1,Co2, . .., Cox, and C31,Caa, . .., Csp,,
where Cji, are the leaf components for i = 1,2,3, and Cj; (1 < j < k;) is the j-th
component on the path from M to Cj,.

o Denote the edge connecting Cj; to M by e;, and the edge connecting Cy, to d by e
(i=1,2,3).

o The vertex of M incident with e; is called w; (i = 1,2,3). Note that wuj,ue,us are not
necessarily distinct.

o Lastly, for i = 1,2, 3, let K; be the subgraph induced by {u;} U U?izl V(Cij).

Observation 2. Each of K, Ko, K3 contains a problematic vertex. In fact, wuq,uo,ug are

problematic.
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Ky

Figure 1: Illustration for the notations in the proof of Lemma 2.3.

If K; did not contain such a vertex, there would not exist a 3-degree vertex of A’ with an
incident bridge in G — €}, which would be a contradiction.

Due to symmetry, it suffices to show that u; is problematic. For the sake of contradiction,
assume the opposite. We will show that under this assumption, K; — u; contains precisely
one vertex of A" and that one is problematic. Since |A’| = |A| — 1 < 3 holds, the number of
problematic vertices is at most 3. Note that both K9 and K3 contain problematic vertices. If
K1 —wuq had at least 2 vertices of A’, then both Ky and K3 would have precisely one problematic
vertex and these two vertices would coincide. Notice that this unique problematic vertex must
be u = uo = wuz. The vertex u has two incident bridges in G — d, one in K5 and one in
K3, respectively. By hypothesis, u is distinct from w;, therefore, we have |V (M)| > 2. Since
da(u) = 3 holds, we have dps(u) = 1, which is a contradiction, since M is 2-edge-connected.

Let aq be the unique vertex of A’ in K1 — uq, and P be a path from d to the endpoint of e
other than u;. Note that a; is problematic and a; is contained in Ci; for an index 1 < j < ky.
Notice that there exists an edge e € A(aq)\ P, since dg(a1) = 3 holds. By construction, G —e is
connected and may contain bridges only in C;. From this, we obtain that no bridge is incident
with a vertex v € A\ {a1} in G — e. This contradicts our hypothesis, therefore u; is indeed

problematic.
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To complete the proof of the lemma, we discuss the possible configurations of the vertices
u1, uo, and ug. First, assume that wq, ug, and ug are pairwise distinct. This implies that
A = {d,uy,us,us} holds. Therefore, all vertices of A have G-degree 3 and every vertex of A’
can play the role of d. That is, for arbitrary ¢ = 1,2, 3, there are precisely 3 leaf components
in the tree of 2-edge-connected components of G — u;. Two leaf-components must be subsets
of M. This means that for each ¢ = 1,2,3, M — u; has two leaf-components, in other words, it
is a path. Therefore, M — u; — uo — u3 contains three connected components, each connected
to two of uy,u9,u3. As a result, the only possible configuration for G is the exceptional case
in (5) (see Figure 2a). Note that it is impossible for two of u; ,u2, and us to coincide while the
third is distinct from them, since M would contain a bridge.

Now, suppose that u; = us = us, let u denote this unique vertex. Under the assumption
that A = {d,u}, then, for example, Ly = {e1,eh} satisfies the statement of the lemma. If
there exists a pair 4, j for which Cj; contains precisely one vertex of A, say a, then — by the
same argument as before — an edge e, € A(a) can be chosen such that G — e, is connected
and contains no bridge incident with a vertex in A\ {a}. Therefore, we can apply induction to
G — eq, A\ {a}, and ¢ = 4. We are left with the case where A = {d,u,a;,a2} and a1, as are in
the same 2-edge-connected component, say C;;. Note that we have d¢,;(a1),dc,;(az) > 2. Due
to the 2-edge-connectivity of C;, each connected component of C = C;j — a1 — ag is connected
to both ay, as or to at least one of them with parallel edges. If a; is connected to a component of
C' with at least two edges, then deleting one of them, say e, would leave a connected graph that
does not have a bridge incident with a vertex of A\ {a;}. In this case, we can apply induction
to G —e, A\ {a;}, and ¢ = 4. Now suppose that a; and ay are connected to every connected
component of C’ with precisely one edge. In this case, each component of C’ is connected to
both a; and ag. If C’ has at least 3 components, then edges e,, € A(a1) and e,, € A(az)
can be chosen such that G — e,, — eq, is connected and there are no bridges incident with d
or u. The only criterion is that e, , €4, are incident with different components; this way, there
remains a component connected to both a; and as keeping the connectivity of C;;. Thus, we
can apply induction to G — €4, — €q,, {d,u}, and ¢ = 4. The last case is where C’ has precisely
two components, each connected to a; and ag with precisely one edge. Notice that under these
assumptions, both a1 and as have an incident bridge in G — d, since they have G-degree at
least 3. This also leads to the exceptional case in (5), although it is a different configuration
(see Figure 2b).

Having observed every possibility, we complete the proof. |

With the help of Lemma 2.3, we will be able to handle that there must be neighboring
vertices of weighted degrees of the same parity. We call a vertex v of G a (weighted) local
minimum (mazimum) if every neighbor of v has (weighted) G-degree more (less) than or equal
to the (weighted) G-degree of v. To demonstrate the main idea of the upcoming proofs, we
present the following corollary based on an analogous statement in [19] for f-factors modulo 2.

Here we state it directly for {1, 2}-edge-weightings.
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us u9 u a9

(a) Configuration 1. (b) Configuration 2.

Figure 2: Configurations of the exceptional case in the main lemma.

Corollary 2.4. Let G = (S,T; E) be a simple 3-connected bipartite graph with an odd number
of vertices in each bipartite class. Assume that s € S is a local mazimum of G-degree at least 4.
Let f: SUT — Zs be the following parity labeling:
0 ifveTU{s}
flv) =

1 otherwise.
Then G admits a proper {1,2}-edge-weighting which satisfies the parity labeling f.

Proof. Notice that if we construct a {1, 2}-edge-weighting which satisfies the given parity labels,
then the only conflicting edges may be those incident with s, since the other edges connect
vertices of weighted degrees of distinct parity. We resolve these possible conflicts by making s a
strict local maximum in weighted sense. It is not necessarily enough to assign weight 2 to each
edge incident with s. In addition to this, we have to ensure that each G-neighbor of s of the
same G-degree as s has an incident edge with weight 1.
The main idea of the proof is that we would like to apply Lemma 2.3 to the connected graph

G — s, the set A= {v € N(s):dg(v) =dg(s)}, which is the set of G-neighbors of s of the same
G-degree as s, and ¢ = dg(s). To begin with, we have to verify that these satisfy the conditions
of the lemma.
(1) A is independent, as G is bipartite and A is the subset of a bipartite class.
(2) Clearly, we have |A| < gq.
e (3)(i) Since G is simple, we have dg_s(v) = dg(v) —1 =dg(s) —1 = g — 1 for each v € A.

(

(

4) Since G — s is 2-connected, no bridge is incident with a vertex in A.

5) Suppose, for the sake of contradiction, that G — s falls into the exceptional case. The
deletion of two neighbors of s from G, say aq, ao, would leave a disconnected graph, since
the one component of the six components in G — s — A connected to both a; and as would
also be a component in G — a1 —as. This contradicts the hypothesis that G is 3-connected.

Now we can apply Lemma 2.3 to G —s, A and q. We obtain an appropriate edge e, € Ag(a)
for each vertex a € A for which G—s— Ly is connected, where Ly = {e, : a € A}. We define the
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Figure 3: Hlustration of the edges with fixed weight in Corollary 2.4.

parity labeling f' : (S\{s})UT — Zy as: f'(v) = f(v)—dr,(v) mod 2. This means that for each
edge e,, we change the parity label on both ends. Note that 3=, g\ fsp)ur f(v) = [S\{s}] is even,
as |S| is odd. Since L4 is a subset of the edges induced by the vertices of (S\{s})UT, the sum of
L s-degrees in this set is also even. Hence, we obtain 3=, s\ spyur (V) = Xoes\fshur f(v) —
Yve(s\fshur dr,(v) = 0 (mod 2). Consequently, G — s — L4 and f’ meet the conditions of
Lemma 2.1, thus G — s — L4 has a {1, 2}-edge-weighting that satisfies f’. Notice that if we
extend this weighting to G as explained at the beginning of the proof, the resulting weighting
x satisfies f, since s has an even weighted degree, and for an arbitrary vertex v # s we have
zz(v) = f'(v)+dp,(v) = f(v) (mod 2). Since s becomes a strict weighted local maximum, z is

a proper {1, 2}-edge-weighting that satisfies f. [ |

2.3 Simple bipartite graphs of minimum degree at least 3

Before characterizing the bipartite graphs with the {1,2}-property, we prove that a special
class of bipartite graphs has it. After several reduction steps, we will modify this argument to

prove the characterization theorem.

Theorem 2.5 (Thomassen, Wu, and Zhang [19]). Let G be a simple bipartite graph with
minimum degree at least 3. Then G has the {1,2}-property.

Proof. Let G = (S,T; E) denote the graph. We may assume that G is connected, since otherwise
we can apply the proof to each component. It suffices to consider the case where S and T have
odd cardinality, as, if not, the statement follows from Corollary 2.2. Let G’ = (V', E’) be an
endblock of G. If G’ # G, then G’ contains a unique cutvertex ¢y of G. We define a subgraph
G" = (V" E") of G’ as follows. If the deletion of any two neighboring vertices of G of the same
G-degree leaves a connected graph, we put G” = G’. Otherwise, we choose an edge ugvg, for
which ug and vg have the same G-degree, G’ — ug — v is disconnected, and of all possibilities,
the number of vertices in the smallest component H of G’ —ug— vy not containing cg is minimal.
We let G” be the subgraph of G’ induced by V(H) U {ug,vo}. Note that ¢y is not necessarily

distinct from ug and vg. Figure 4 illustrates the introduced notations.
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Figure 4: Hlustration of the notations in the proof of Theorem 2.5.

We continue by choosing a vertex wy which is a local maximum or minimum. In addition,
we would like to ensure that every neighbor of wg with a G-degree equal to that of wy is distinct

from each of ¢, ug, vg.

Case 1. Each vertex of G” has the same G-degree, say d.

We aim to choose wg from G” so that it is distinct from cg, ug, vg and is the neighbor of neither
of them. If G” = @, this is clearly possible: we can choose a vertex from the bipartite class
of ¢y distinct from cy. If G” # G’ — therefore, ug, vy exist — then we would like to choose a
vertex of H. By construction, cg is not contained in H, therefore a vertex of H may only be the
neighbor of ¢q if ¢y coincides with one of ug, vg. Hence, we only have to ensure that wq is the
neighbor of neither uy nor vy. Since G’ — ug — vg is disconnected and G” is connected, we have
dgr(ug),dgr(vg) < d. For each vertex v of H, we have dgn(v) = dg(v) = d. Therefore, each
bipartite class of G” has at least d vertices, as G is simple, and there must exist a vertex wq of
H in the same bipartite class as ug which is not the neighbor of vg. The chosen wq satisfies the

desired condition.

Case 2. The G-degrees of G” are not the same.

In this case, there exists a vertex of G” of G-degree greater or lower than the G-degree of ug
and vy (or ¢ if they do not exist). Let wgy be a vertex of maximum or minimum G-degree of G,
respectively. Therefore, wy is a local maximum or minimum distinct from cg, ug, vg and neither

of these three vertices can be a neighbor of wg of the same G-degree as wy.

Without loss of generality, we may assume that wqg is in the bipartite class S. We aim to
construct a {1,2}-edge-weighting = so that the weighted degrees in T'U {wo} have the same
parity and similarly all weighted degrees in S\ {wg} have the same parity, although these two
parities are different. This way, all edges between S \ {wg} and T' cannot be z-conflicting. To
ensure that the edges incident with wg are not z-conflicting either, we will make wg a strict
weighted local maximum or minimum. Therefore, for each edge e incident with wgy, we put
z(e) = 2 or z(e) = 1 if wy is a local maximum or minimum, respectively. This alone will not
guarantee the desired property of wg. Using Lemma 2.3, we will make sure that each neighbor
of wg of the same G-degree as wg has incident edges with both weights 1,2.

We continue with some useful properties of the G-neighbors of wy with the same G-degree
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as wo. Let A = A(wo) = {a € N(wo) : dg(a) = dg(wp)} denote the set of such vertices and let

a € A be any such vertex.

Property 1. The vertex a is distinct from ¢y, ug, and vy by the choice of wyg.

If all G-degrees of G” are the same, then we chose wg so that it is not the neighbor of any of
the three mentioned vertices. Otherwise, if G” # G’, then wy has a higher or lower G-degree
than wug, vg, and it can only be the neighbor of ¢y if it is one of ug,vg. If G” = G’, then wy was

chosen to have a higher or lower G-degree than cq.

Property 2. G — wg — a is connected, that is, a is not a cutvertex in G — wy.

Suppose the opposite. We will use the fact that wy and a are neighbors with equal G-degrees.
By the definition of G”, we have G # G’, since G’ — wq — a is disconnected. Therefore, wy and
a are vertices of H, as they are distinct from wug, vg. It follows that G —wg — a has a component
that is an induced subgraph of H, as H contains at least 3 vertices. This component contains

fewer vertices than H and does not contain ¢y, which contradicts the choice of ug and vyg.

We proceed with ensuring that wg is a strict weighted local minimum or maximum using

Lemma 2.3.

Case 1. dg(wg) > 4.
We would like to apply the idea of the proof of Corollary 2.4. That is, before applying
Lemma 2.1, we delete an incident edge e, for each a € A using Lemma 2.3. Let us observe
which conditions of Lemma 2.3 are automatically satisfied for G — wy, A, and ¢ = dg(wp).

e (1) Since G is bipartite, A is independent.

o (2) The cardinality of A is at most g, as it is a subset of N (wp).

e (3)(i) G is simple, thus, we have dg_q,(a) = dg(a) —1 = ¢ — 1 for each vertex a of A.

e (4) There is no vertex of A incident with a bridge in G — wy, since we have already seen

that none of them is a cutvertex or a leaf in G — wy.

It remains to ensure that G — wp does not fall into the exceptional case in (5) with a more

precise selection of wy. This is only necessary if we have dg(wg) = 4.

Subcase la. The G-degrees in G” are not the same.

We select wp so that not only is wp a vertex of minimum or maximum G-degree in G”, but it
also has a neighbor of G-degree distinct from that of wg. Note that such wy exists, for example,
on a path in G” that connects a vertex of G-degree 4 and a vertex of G-degree distinct from 4.

This implies that |A| < ¢ holds and the exceptional case cannot occur.

Subcase 1b. Each vertex of G” has G-degree precisely 4.

We claim that if any of c¢g, ug, vo exists, there is a unique component in G —wy — A that contains
each of them that exists. If only ¢y exists, this is clear. If ug and vy exist, wy is a vertex of
H, which is a component of G — ug — vg not containing ¢ if it exists. Therefore, the subgraph
G — V(H) is connected and contains each vertex of ¢, ug, v that exists. Since wp and each

vertex of A is contained in H, this proves our claim.
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We choose wg so that — in addition to the previous requirement that wy is not the neighbor
of any of ¢y, ug,vg — the largest component of G — wy — A(wp) or the one that contains the
existing vertices of ¢, ug, vg has the most vertices possible. Let C' denote this component.

Assume, for the sake of contradiction, that G —wg — A falls into the exceptional case in (5).
That is, G — wy — A has six connected components, each of them is connected to precisely two
vertices of A with single edges. It is easy to see that the components except for C' are subgraphs
of G”, therefore, they only contain vertices of G-degree precisely 4. Let w{, be any vertex of
a component C’ distinct from C' in G — wy — A which is not the G-neighbor of any vertex of
A. Note that such wy exists, since at most two vertices of C’ are neighbors of a vertex in A
and each vertex of C’ has G-degree 4. By the choice of w(,, we have A(w() U {w{} C V(C").
Hence, G — V(C") is the induced subgraph of the largest component of G — wj — A(wy) or the
component that contains the existing vertices of ¢g, ug, vg. Since C'is the subgraph of G—V (C")
with strictly fewer vertices, G — wg — A(w(,) contains a strictly larger component than C' which
contradicts the choice of wy. In conclusion, with additional requirements for the selection of

wp, we ensured that G — wy, A, and ¢ satisfy condition (5).

Now, we repeat the proof of Corollary 2.4. By applying Lemma 2.3 to G — wq, we obtain
an edge e, € A(a) for each vertex a of A such that G —wy — L4 is connected, where L4 = {e, :
a € A}. For each vertex a € A, we put z(e,) = 1 if wp is a local maximum and z(e,) = 2 if
wp is a local minimum. This guarantees that each neighbor of wy has a strictly higher or lower
weighted degree than wq, respectively.

Let us define base parity labels for the vertices of G — wg, which corresponds to a function
f:SUT — Zs. Note that we already fixed the weighted degree of wq, since we assigned weights
to each edge incident with it. Let the vertices of T'U{wp} have the parity of the weighted degree
of wy as base labels and let the vertices of S\ {wo} have the opposite parity. If we assign weight
1 to an edge e € E, we change the base parity label on both endpoints of e to obtain a parity
labeling f’. We constructed f’ formally in the proof of Corollary 2.4 for the case where we have
a local maximum.

We claim that an even number of vertices have an odd f’-label in G — wg. Notice that
an even number of vertices have an odd base label and changing the label on both ends of an
edge does not change the parity of the number of odd labels. Therefore, an even number of
vertices have an odd f’-label in G. It remains to verify that wo has an even f’-label. If wy
is a local maximum, then f’(wo) = f(wp) = 0 holds. If wy is a local minimum, then we have
f(wo) = 2zz(wp) = dg(wp) (mod 2) and the label is modified via each edge incident with wy.
Hence, we have f'(wg) = dg(wo) + dg(wp) =0 (mod 2), which proves our claim.

Apply Lemma 2.1 to the connected graph G — wy — L4 and f’ to obtain a {1,2}-edge-
weighting that satisfies f’. Extend this weighting to G with the fixed weights of the edges of
Ag(wg) U Ly. We claim that the resulting weighting z is a proper {1,2}-edge-weighting of
G. By modifying the parity labels before applying Lemma 2.1, we ensured that x satisfies the

base labels. Therefore, the edges between S\ {wo} and T connect vertices of distinct weighted
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degrees. The edges incident with wg are also not z-conflicting, since we made wg a strict

weighted local maximum or minimum. This completes the case where dg(wg) > 4.

Case 2. dg(wg) = 3.

Since Lemma 2.3 requires ¢ > 4, we deal with this case differently. Similarly to the previous
case, we choose wg with the additional requirement that the largest connected component of
G — wy — A(wp) containing the existing vertices of ¢g, ug, vp has the highest number of vertices
possible (if they do not exist, we maximize the size of the largest component). Note that wy
must be a local minimum, thus each edge incident with it gets weight 1. Hence, we aim to
construct a {1,2}-edge-weighting x, for which each vertex of T" has an odd weighted degree and
each vertex of S\ {wp} has an even weighted degree, and wy is a strict weighted local minimum.
This implies that each neighbor a of wy of G-degree 3 must have precisely one incident edge
with weight 1, and that edge must be awg. This means that we can fix some more weights: for
every vertex a € A, we put x(e) = 2 for each edge e € A(a) \ {awp}. Let M = G —wy — A
denote the graph we obtain by deleting wg and all its neighbors with G-degree 3. Note that the
bipartite classes of M are S\ {wp} and T\ A.

First, assume that M is connected. In this case, we can apply Lemma 2.1 for M and an
appropriately defined function f’: (S\ {wo})U (T'\ A) — Za. We only need to change the base
parity labels for the neighbors of wy with a G-degree distinct from 3, that is, for the vertices of
N (wp) \ A, since only these vertices of M have an incident edge with fixed weight 1. Therefore,
we define f' as

0 ifve (S\ {wo}) U(N(wp)\ A),
1 ifveT\ N(wp).

flv) =

Since both |T'| and | N (wy)| are odd, an even number of vertices have an odd label. By applying
Lemma 2.1, we obtain a {1, 2}-edge-weighting x that satisfies f’. We extend z to the remaining
edges as presented earlier. By the construction of f’; the resulting weighting = : F — {1,2}
satisfies the base labels and wy is a strict weighted local minimum, thus, z is proper.

Now suppose that M is disconnected. Note that we chose wy such that the connected
component of M = G — wy — A that contains the existing vertices of ¢y, ug, vg has the highest
number of vertices possible (if they do not exist, we maximized the largest component). By the
construction of G”, there can be only one component that contains any of cg, ug,vg. Let M’

denote this component, or, if none of ¢y, ug, vy exists, the largest component.

Subcase 2a. There exists a vertex of G-degree at least 4 contained in a component of M
distinct from M’.

We choose such vertex of maximum G-degree and denote it by w(. Notice that we can choose wy
such that it has a G-neighbor of distinct G-degree from that of w(, and wyj, is not the neighbor
of any of ¢y, ug, vy (if any of them exists). Therefore, we can repeat the earlier argument where

da(wp) > 4 with wy, instead of wy.

Subcase 2b. FEach component of M distinct from M’ only contains vertices of G-degree 3.
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@ wp
(a) The structure of M in Subcase 2b. (b) Proper {1, 2}-edge-weighting of Kj 3.

Figure 5: Illustration for the proof of Theorem 2.5.

We claim that |A| = 3, that is, each neighbor of wy has G-degree 3. In addition, M has a unique
component distinct from M’ and that is an isolated vertex of G-degree 3, which is the neighbor
of each neighbor of wy in G.

First, assume that |A| < 2. We prove that in this case G — wg — A is connected. Suppose
the opposite, that is, there exists a vertex w of G —wg — A which is not contained in M’. Notice
that wy has a neighbor u of G-degree at least 4, which must be contained in M’ by hypothesis.
Since w cannot be adjacent to u, a component of G —w — A(w) would be strictly larger than
M, since it would contain wqy and the vertices of M’, which contradicts the choice of wy.

We proved that |A| = 3 holds. Suppose, for the sake of contradiction, that a component
M" distinct from M’ contains at least two vertices. Notice that there exists a vertex w of M”
in the same bipartite class as A. Hence, each vertex of A(w) is contained in M" and therefore
the component of G — w — A(w) containing wy would be a strictly larger component than M’,
as it would contain wg and every vertex of M’. This contradicts the choice of wg, thus, each
component of M distinct from M’ is an isolated vertex with G-degree 3, which is therefore the
neighbor of each neighbor of wy.

In conclusion, G — wy — A contains two components: M’ and an isolated vertex wy,, which
is adjacent to each neighbor of wg (see Figure 5a). If M’ itself is a single vertex, we have
G = K3 3. A proper {1, 2}-edge-weighting of K33 can be easily given, for example as Figure 5b
shows. Otherwise, we would like to apply Lemma 2.1 to M — wy{,, which is, in fact, exactly M’.
Note that we already fixed some of the edge-weights: each edge incident with wgy has weight 1,
and any other edge incident with a vertex of A has weight 2. Hence, each edge incident with
w(, has weight 2. We define the parity labels f': V(M') — Zy for M’ as follows:

1 ifveV(M)NT=T\A
0 ifveV(M)NS =S8\ {w,wh}

f'(v) =

Since both |T'| and |A| are odd, an even number of vertices have an odd label. By Lemma 2.1,
we obtain a {1, 2}-edge-weighting z that satisfies f’. We extend this weighting to the remaining
edges as presented earlier. This way, the vertices of T'U {w¢} have an odd weighted degree, the
vertices of S\ {wo} have an even weighted degree, and wy is a strict weighted local minimum.

It follows that the resulting weighting is proper, which completes the proof of Theorem 2.5. W
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3 Characterization of bipartite graphs with the {1,2}-property

In what follows, we continue studying the results of Thomassen, Wu, and Zhang. In [19]
they gave a complete characterization of bipartite graphs with the {1, 2}-property. They showed
that the graphs without the {1, 2}-property are the so-called odd multi-cacti.

3.1 The class of odd multi-cacti

We present the aforementioned class of odd multi-cacti in two ways, following [19].

Odd combinations. Let £ > 1 be an odd natural number and let GGy,..., G, be pairwise
disjoint graphs. Assume that each graph G; has an edge u;v; with multiplicity at least two. We
construct a graph G as follows. First, delete precisely one edge between u; and v;. Then add the
edges v;u;y1 for i =1,...,¢ — 1 and vpu;. The resulting graph G is called an odd combination
of G1,...,Gy. Figure 6 illustrates this operation.

Notice that if G1, ..., Gy are bipartite graphs, then any odd combination G is also bipartite.
Another important feature of this operation is that it preserves the lack of the {1, 2}-property.
We claim that if G is the odd combination of Gi,...,G, and G admits a proper {1,2}-edge-
weighting z, then there exists an i = 1,2, ...,/ for which G; has the {1,2}-property. Consider
the edges viug, vous, ..., vp_1ug, vour. Since £ is odd, there must be two consecutive edges with
the same weight. That is, there exists an 4 for which z(v;—1u;) = z(vju;y1) = s, where we
take the addition and subtraction in the indices modulo ¢. The idea is to give this common
weight s € {1,2} to the deleted edge e of G;. Formally, we define a {1, 2}-edge-weighting 2 of
G; = (Vi, E;) as follows:

() = s if f=e,

x(f) otherwise.

Notice that u; and v; are still neighbors in G, as u;v; has multiplicity at least two in GG;. Another
important observation is that z;(w) = z,/(w) holds for each w € V;. For w ¢ {u;,v;} this is
obvious. For u;, the sets of incident edges in G and G; differ only in e and v;_1u;. By definition,
we have 2/(e) = x(v;_1u;), therefore, our observation holds for w; and similarly for v;. From
these two statements, it follows that z’ is a proper {1, 2}-edge-weighting of G;.

In conclusion, any odd combination of bipartite graphs that do not have the {1, 2}-property
is also bipartite and does not have the {1, 2}-property. The simplest bipartite graph without the
{1, 2}-property consists of two vertices connected with at least one edge. If we start from graphs
of this kind with at least two edges and take odd combinations, we obtain a class of bipartite
graphs without the {1,2}-property. Let us call an element of this class an odd multi-cactus.
More precisely, we can define odd multi-cacti as follows. Let Gy be the class of graphs with two
vertices connected with at least one edge. We define an increasing sequence of classes (Gp,)nen
recursively: let G, 41 denote the class of graphs which are contained in G, or can be obtained

as an odd combination of graphs in G,. We call the elements of G = |J,,cy Gn 0dd multi-cacti.
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Figure 6: Illustration of an odd combination.

Pasting cycles together. We give another description of odd multi-cacti, where cycles play
a key role. First, we discuss the required terminology. By a cycle, we mean a cycle of length
at least 3 in which each edge can have arbitrary multiplicity. A cycle in which each edge has
multiplicity 1 is called a simple cycle. A red—green coloring of a cycle of even length is an
alternate edge-coloring with colors red and green. Let us call a cycle of even length alternately
stmple if it admits a red—green coloring where the red edges have multiplicity precisely 1 and
the green edges have arbitrary multiplicity. Note that simple cycles are also alternately simple.

The key observation is that an alternately simple cycle of length 2 modulo 4 does not have the
{1, 2}-property. On the one hand, in a proper {1, 2}-edge-weighting, there cannot be consecutive
red edges with the same weight, since the green edge between them would be conflicting. On
the other hand, the length of the cycle is 2 modulo 4, thus there is an odd number of red edges.
These two properties contradict each other, which proves the key observation.

Now we define a different operation that preserves the lack of the {1,2}-property. Let G;
and G9 be graphs where ujv; € E(G1) and ugvy € E(G2) are edges of the same multiplicity. By
pasting the graphs G1 and G4 together along the edges uiv1 and usve we mean the following. We
take the disjoint union of G; and G, identify u; and us, then vy and v, and set the multiplicity
of the edge between the resulting vertices v and v to the common multiplicity of uiv; and usvs.
For an alternative definition of odd multi-cacti, we paste alternately simple cycles of length
2 modulo 4 together along green edges in a tree-like structure to form a connected graph as
follows. We start from an arbitrary alternately simple cycle and in each step, we paste a new
alternately simple cycle to the previous graph along green edges of the same multiplicity. The
graphs that can be obtained this way or consist of precisely two vertices connected with at least
one edge are also called odd multi-cacti. Figure 7 illustrates the described operation. It is worth
noting that changing the multiplicity of any green edge preserves the odd multi-cactus property.
In fact, we could define odd multi-cacti as the class of graphs which can be obtained by pasting
simple cycles together along green edges and then setting the multiplicity of the green edges to
any positive integer.

This description can also be formulated using an increasing sequence of graph classes
(Gr)nen+- Let Gy be the class of alternately simple cycles of length 2 modulo 4. Let G 4

denote the class of graphs which are contained in G/, or can be obtained by pasting an element
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Figure 7: Illustration of pasting alternately simple cycles together to form an odd multi-cactus.

of G/, and an alternately simple cycle of length 2 modulo 4 together along green edges of the
same multiplicity. Note that G/, denotes the class of graphs which can be obtained from at most
n alternately simple cycles. With our introduced notations, the class of odd multi-cacti based
on this description is G’ = Gy U Unen+ Gl since the two-vertex graphs cannot be formed by
pasting alternately simple cycles together, although they are considered odd multi-cacti.

By using the terminology odd multi-cactus in both descriptions, we indicated that the two

definitions are equivalent. We shall now formally prove this claim.
Claim 3.1. The two definitions of odd multi-cacti are equivalent.

Proof. Let G = Upen Gn and G/ = Go U U, en+ Gy, denote the set of odd multi-cacti defined in
the first and second descriptions, respectively. We aim to show that we have G = G'.

(C) By induction we prove that G, C G’ holds for each n € N, from which this direction
of the statement follows. The base case is obvious, as we have Gy C G’ by definition. Suppose
that G, € G’ holds and let G € G, 1 be an arbitrary graph. It suffices to consider the case
where G ¢ G,,. By definition, G can be obtained as an odd combination of appropriate graphs
Gi,...,Gy € Gy, where £ € N is odd. Some of these graphs might be two-vertex graphs with
multiple edges, assume that these are Gyy1,..., Gy, where 0 < ¢ < £. It suffices to consider the
case where t > 1, since otherwise G is an alternately simple cycle, that is, G € G]. By induction
and the increasing property of (G},), there exists a ¥ € N* for which we have Gy, ...,G; € G;.
This implies that these graphs can be obtained by pasting at most k alternately simple cycles
together along green edges. The idea is that taking an odd combination can be thought of as
pasting each of G1,...,G to an alternately simple cycle of length 2¢ along pairwise distinct
green edges. We shall make this observation precise. Let us denote the chosen multiple edge of
G; by uv; for each i = 1,..., ¢ (for the two-vertex graphs u;, v; are the two vertices). Note that
these must be green edges. Taking the odd combination of G, ..., Gy decreases the multiplicity
of ujvy, ..., upve by 1, although pasting does not. Therefore, we define G/, ..., G} by deleting
an edge between u; and v; for each i = 1,...,¢, respectively. Note that GY,..., G} are also
contained in G;. We define an alternately simple cycle u)vjubvh ... ujvy of length 2¢, and we
denote it by C. For each i = 1,...,¢, let u,v} be green edges of the same multiplicity as of u;v; in
G,. For i =1,...,t, we paste each G} to C along u;v; and u/v] and for practical reasons we also
call the resulting vertices u;, v;. Notice that the resulting graph is exactly the odd combination
of G1,...,Gy, which is, in fact, G. By construction, the multiplicity of u;v; decreases by 1, and
after the identifications, the single edges vjuj, ; are renamed as viu;41, where we consider the

addition in the indices modulo ¢. This means that G is formed by pasting together at most
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kt 4- 1 alternately simple cycles in total in the appropriate order. Hence, we have G € G, ;,
and therefore G € G'.

(D) Similarly, it is sufficient to prove that G/, C G holds for each n € NT. The proof is also
by induction where the base case is n = 1. Let G € G} be an arbitrary graph, that is, G is an
alternately simple cycle of length 4p+2 with green edges of multiplicities mq, mo, . .. mop41 € NT.
Notice that G' can be obtained by taking the odd combination of graphs with two vertices and
mi + 1,ma +1,...,mopt1 + 1 edges, respectively. A similar idea can also be applied in the
induction step. Obviously, it suffices to consider the case where G € G;,; \ G,,. Therefore,
G can be obtained by pasting a graph Gy € G, and an alternately simple cycle C' of length
4q + 2 together. We denote the vertices of C by wuy,v1,...,uzg+1, V2941, Where, w;v; are the
green edges, and we paste Gy and C' together along ugg41v24+1 and uwv € E(Gp). Add an edge
between u and v in G and call the resulting graph G{, which is, in fact, also contained in G),.
By induction, there exists a k € N for which we have G|, € G;. Assume that ujvy, .. - U24V2g
have multiplicities m1, ..., mg, in G, respectively. With these notations, G' can be formed as an
odd combination of G, and graphs with two vertices and m1+1,. .., mg,+1 edges, respectively.
Since these graphs are contained in G, we have G € Gi1 and therefore G € G.

In conclusion, we formulated the two operations in question using one another and proved

the equivalence of the two descriptions. |

Remark 3.2. The arguments presented extend to any distinct integers a and b. Therefore,

odd multi-cacti do not have the {a, b}-property.

3.2 Properties of odd multi-cacti

Before characterizing the bipartite graphs with the {1,2}-property, we consider two opera-
tions on odd multi-cacti, which we will use in the proof of the main theorem. One of them was
mentioned in [19]; however, to the best of our knowledge, the two operations were first studied
in detail by Bensmail, Mc Inerney, and Lyngsie later in [5]. They proved a statement that we
now present in two separate lemmas (Lemmas 3.4 and 3.5).

We already discussed that changing the multiplicity of a green edge in an odd multi-cactus
results in an odd multi-cactus. The first operation we observe is analogous to this: replacing a
red edge with parallel edges. Notice that if the odd multi-cactus is a simple cycle or a single
edge, we can interchange between red and green edges; thus, we obtain an odd multi-cactus by
this operation. Otherwise, the red—green coloring is unique since the graph contains parallel
edges or edges where two cycles are pasted together. These kinds of edges must be green and
define the rest of the coloring. Lemma 3.4 will provide an answer in this case. The statement
of this lemma was mentioned in [19], although its proof was left to the reader.

The second operation is replacing a single green edge of an odd multi-cactus with a path of
length 5. Notice that if no pair of alternately simple cycles is pasted together along this edge,
we obtain an odd multi-cactus, since we increase the length of a unique cycle by 4. The case —

not considered in [19] — where two cycles are pasted together along the green edge in question
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is answered in Lemma 3.5.

Let z be a {1,2}-edge weighting. Notice that for an edge uv of multiplicity at least 2, only
the sum of the edge-weights is relevant. We introduce the notation Z(uwv) for the sum of the
edge-weights between the adjacent vertices u and v, and we will refer to it as the sum of weights
of uv. Let z be a partial {1,2}-edge-weighting defined on a subset of edges ) # F C F and let
e € E be a weighted edge and f € E be an unweighted edge with a common endpoint. We call
a weight s € {1,2} a forbidden weight of f with respect to e if assigning weight s to f would

make e z-conflicting.

Lemma 3.3. Let G be a cycle of length 2 modulo 4. If G is not an odd multi-cactus, then it
has the {1,2}-property.

Proof. As usual, consider a red—green coloring of G. If G is not an odd multi-cactus, then there
exists at least one edge of multiplicity at least 2 in each color class. Notice that a {1, 2}-edge-
weighting is proper if and only if there are no consecutive edges of the same color which have
the same sum of weights. Therefore, we can handle the two color classes independently with
the same idea.

We present this method for green edges. Let us denote the vertices of G by w1, vy, ..., ug, Uk,
where u;v; (i = 1,...,k) are the green edges. Without loss of generality, we can assume that
upv, has multiplicity at least 2. We can weight the edges ujvi,...,up_1vr_1 in this order by
making sure that the sum of weights of wu;v; is distinct from u;_qv;_1 for each ¢ =2,...,k — 1.
We have at least two possibilities in each step, at least one of them is appropriate. For the sum
of weights of upv, we have at least 3 possibilities, since it has multiplicity at least 2. Therefore,
at least one of these possibilities must be different from both Z(ujvi) and ZT(ug_1vk—_1). By
assigning the appropriate sum of weights to uxvg, and repeating this method for the red edges,

we obtain a proper {1, 2}-edge-weighting of G. |

Lemma 3.4 (Bensmail, Mc Inerney, and Lyngsie [5]). Let G be a graph with at least 3 vertices
obtained from an odd multi-cactus other than a simple cycle by replacing a red edge with parallel

edges. Then G has the {1,2}-property.

Proof. The proof is by induction on n. For each n € N, we prove that if G is obtained from
an element of G/, by replacing a red edge with parallel edges, then the resulting graph has the
{1, 2}-property.

To start the induction, consider n = 1. The elements of G| are alternately simple cycles. By
hypothesis, G is not obtained from a simple cycle. Hence, it contains parallel edges from each
color class and the {1,2}-property of G follows from Lemma 3.3.

Assume that the statement is true for G/, and let G be a graph obtained from an element
of G/.1\ G, by replacing a red edge e with parallel edges. Then, G has a tree-like structure
of precisely n + 1 cycles of length 2 modulo 4 pasted together, each of which is alternately
simple except the one containing e. Since a tree has at least 2 leaves, there must exist an

alternately simple cycle C of length 4k + 2, where k > 1, that is a leaf and does not contain
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e. This means that C is only pasted to other cycles along a unique edge. Therefore, G is
formed by pasting a graph Gy and C together, where Gy is obtained from an element of G/,
by changing the multiplicity of e to its multiplicity in . Let us denote the vertices of C' by
UL, V1, - . ., U2k+1, V2k+1, Where u;v; are the green edges for ¢ = 1,...,2k + 1. Suppose that we
paste Gy and C together along the green edges uwv € E(Gp) and uggi1v9k+1. Increase the
multiplicity of uv in Go by 1 and denote the resulting graph by G{. Notice that G{, can also be
obtained from an element of G/, by changing the multiplicity of e to its multiplicity in G. By
the induction hypothesis, G{, admits a proper {1, 2}-edge-weighting x.

We would like to extend x to G. First, consider the remaining red edges: these must have
alternately different weights. Let the red edges voruory1 and vepy1u; receive the same weight
as the additional edge between wugy11 and very1 in Gyy. This way, the weighted degree of uag41
and vor11 remains the same in G as in Gfj. Since we have an odd number of remaining red
edges, they can be weighted with alternately different weights. The green edges also must
have alternately different sums of weights, while vorusgr1 and voriiu; cannot be conflicting
edges. Consider two different cases. If there exists a green edge wjv; (1 < j < 2k) with
multiplicity at least 2, then we can weight the green edges as follows. We can weight the edges
U1V, ..., uj—1vj—1 in this order such that voyyiu1, v1ug,...,vj_2u;_1 are not conflicting, since
in every step, one of the two possible sum of weights is appropriate. Similarly, starting from
the back, we can also assign weights to ujy1v;41,. .., usk, vor such that v 1ujyo, ..., vopuort1
are not conflicting. Since u;v; has multiplicity at least two, there are at least 3 possibilities for
the sum of weights. At least one choice makes neither v;_ju; nor vju;4q conflicting and yields
a proper {1,2}-edge-weighting of G. If each remaining green edge has multiplicity 1, then we
have to assign weights 1 and 2 alternately to the green edges. Since z is proper in G, ugg+1 and
vok+1 have different weighted degrees. This remains true for G, since the red edges vopuggt1
and vggy1u; have the same weight. There is at most one weight for each of uggvar and wjv;
which makes vopuor11 and vorr1u1 conflicting, respectively, these are the so-called forbidden
weights. Since the weighted degrees of usgy1 and vy are different, the two forbidden weights
in question cannot be the same. Therefore, we can assign different weights to usgvor and ujvy
so that vopusrs1 and voriiu; are not conflicting. Since there is an even number of remaining
green edges, we can finish the weighting by assigning alternately 1 and 2 to these edges. The
resulting weighting is proper in GG, which completes the proof. |

Lemma 3.5 (Bensmail, Mc Inerney, and Lyngsie [5]). Let G be a graph obtained from an odd
multi-cactus by replacing a single green edge along which two alternately simple cycles are pasted

together with a path of length 5. Then G has the {1,2}-property.

Proof. We prove this lemma similarly to Lemma 3.4 by induction. For each n > 2, we prove
that if G is obtained from an element of G/, with the operation in question, then G has the
{1, 2}-property. Note that the base case is n = 2, as at least two cycles are pasted together.
Let G be a graph obtained from an element of G5 and let usitisatov denote the path of
length 5 in question. Then G consists of two alternately simple cycles of length 2 modulo 4 that
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are pasted together along this path (pasting along a path could be formally defined analogously

to edges). Let C' and C’ be the two cycles with vertices u, s1,t1, S2,t2,v, U1, v1, . . . , Ugk, Vo) and
u, 51,11, 82,9, v, U, VY, . . ., Uy, Vyy, Tespectively. Note that w;v; (where i = 1,...,2k) and ujv)

(where j = 1,...,2() are the green edges. First, we weight the edges of usitisote and the
edges incident with u or v. Let the edges of usitisotov have weights 2,2,1,1,2 in this order.
Let the edges incident with w or v (that is, wvag, uvh,, vur,vu]) have weight 2. Therefore, the
weighted degrees of u, s1,t1, s2,t9,v are 6,4, 3,2, 3,6, respectively. It follows that the edges of
this path cannot be conflicting. Now, we can handle C' and C’ independently with the same
method, which we will present for C'. Since there is an odd number of red edges in C while
uvgr and vu; have the same weight, red edges can be weighted alternately with weights 1 and
2, thus the green edges will not be conflicting. If there exists a green edge u;v; of multiplicity
at least 2, we can weight the green edges as in the proof of Lemma 3.4. Step by step, we weight
UiV, . .., uj—1v;—1 in this order, then weight u;11vj41, ..., U2,V in the opposite order. Finally,
we weight wjv; appropriately, one out of at least 3 possibilities will yield a {1, 2}-edge-weighting
where no edge of C is conflicting. If every green edge is single, we weight them alternately with
weights 1 and 2. Therefore, the only conflicting edges could be uvgr and vu;. However, the
weighted degrees of vor, and uy are at most 4, while the weighted degree of u and v is 6, which
implies that these edges also cannot be conflicting. Repeating this method for C’, we obtain a
proper {1,2}-edge-weighting of G.

Now assume that the statement is true for G/, and let G be a graph obtained from an element
of G, ;. It can be seen as in the proof of Lemma 3.4 that G can be obtained by pasting together
an alternately simple cycle @ of length 2 modulo 4 and a graph G obtained from an element
of G/, by the operation defined in the statement of Lemma 3.5. Note that  and G are pasted
together along a green edge uv which was not replaced by a path. From this point, we can repeat
the argument in the proof of Lemma 3.4. We increase the multiplicity of uv by 1 and obtain
a graph G{), which can also be obtained from an element of G/, by the operation in question.
By the induction hypothesis, G{, admits a {1,2}-edge-weighting, which can be extended to G

as presented in the proof of Lemma 3.4. |

3.3 The characterization

In what follows, we bring together the results studied previously and prove the main theorem
of this thesis. In contrast to the proof of Theorem 2.5, the following proof uses mathematical

induction.

Theorem 3.6 (Thomassen, Wu, and Zhang [19]). A connected bipartite graph has the {1,2}-

property if and only if it is not an odd multi-cactus.

Proof. In Section 3.1, we observed that odd multi-cacti do not have the {1, 2}-property. Hence,
it suffices to prove that a connected graph without the {1, 2}-property must be an odd multi-
cactus. Suppose, for the sake of contradiction, that this statement is false and let G = (S, T'; )

be a counterexample with as few vertices as possible and, subject to this, as few edges as
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possible. Obviously, G' contains at least 3 vertices. It follows from Corollary 2.2 that both S
and T have odd cardinality. As mentioned in Section 2.3, after six reduction steps, we will
modify the proof of Theorem 2.5. Most of the reduction steps will deal with vertices of degree

fewer than 3, and the last one observes a property regarding parallel edges.

Property 1. FEach vertex of G has at least 2 neighbors.

Suppose, for the sake of contradiction, that s € S has only one neighbor ¢t. Since G — s is
connected and the bipartite class S\ {s} is even-sized, we can apply Corollary 2.2. We obtain
a proper {1, 2}-edge-weighting for which each vertex of S\ {s} has an odd, and each vertex of
T has an even weighted degree. We can extend this to a proper {1, 2}-edge-weighting of G by
assigning weight 2 to the edges incident with s. Although the weighted degree of s is even, it is
strictly smaller than the weighted degree of t. Hence, the resulting weighting is indeed proper,

which contradicts the choice of G.

Property 2. G contains a vertex with at least 3 neighbors.
Otherwise, G would be a cycle of length 2 modulo 4; therefore, it would either be an odd
multi-cactus or a graph with the {1, 2}-property by Lemma 3.3.

In the following three steps, we observe how the vertices of degree 2 may appear in G. Let
uius ... u be a path or cycle, that is, all vertices are distinct, except that possibly u; = uy
holds. We call this path or cycle G-suspended or simply suspended if the intermediate vertices

U9, ..., up_1 have G-degree 2 and w1, ux have G-degree at least 3.

Property 3. An endblock of G cannot contain a suspended path of length 2.

Suppose, for the sake of contradiction, that there exists a G-suspended path ¢ ste (where s € S)
which is contained in an endblock of G. Note that s cannot be the cutvertex of this endblock,
therefore G — s is connected. By Lemma 2.1, there exists a {1, 2}-edge-weighting of G — s, for
which the vertices of (S'\ {s})U{t1,t2} have odd weighted degree, and the vertices of T'\ {¢1, t2}
have even weighted degree. We extend this weighting to G by assigning weight 1 to the edges
sty and ste. In this way, the vertices of S\ {s} have an odd weighted degree and the vertices
of T'U {s} have an even weighted degree. By definition, ¢; and ty have G-degree at least 3,
thus they have strictly larger weighted degrees than s. In conclusion, the resulting weighting is

proper, which contradicts the choice of G.

Property 4. An endblock of G cannot contain a suspended path or cycle of length 4.
Suppose, for the sake of contradiction, that there exists such path or cycle tisitosots, where
s1 € S. If possible, we choose this path or cycle such that t3 is not a cutvertex.

Notice that if t3 is not a cutvertex, then G—s1—so—to—t3 is connected. By Lemma 2.1, there
exists a {1, 2}-edge-weighting = of G — s; — so — ta — t3 for which the vertices of {¢t1}US\ {s1, s2}
have an odd weighted degree and the vertices of T\ {t1} have an even weighted degree. We
extend this weighting to G by assigning weights 1, 1,2, 2 to the edges of t1s1tas2t3, respectively,
and giving weight 2 to each edge incident with ¢3. Therefore, the set of vertices with an odd

weighted degree is {t2} U S\ {s1,s2} and the set of vertices with an even weighted degree is
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{s1,82} UT \ {t2}. The only edges with endpoints of the same weighted degree parity are ¢;s;
and sot3. Since t1 and t3 have G-degree at least 3, we have z,(s1) = 2 < dg(t1) < z,(t1) and
2z(82) = 4 < 2dg(ts) = zx(t3), thus, these two edges are not z-conflicting either. Therefore, the
{1, 2}-edge-weighting x is proper, which contradicts the choice of G.

Now assume that we can only choose the path or cycle such that ¢3 is a cutvertex. By
symmetry, ¢; also must be a cutvertex. Since the path or cycle is contained in an endblock of
G, we have t1 = t3. Moreover, the cycle t1s1t9s9t1 itself forms the entire endblock. We apply
Lemma 2.1 to the connected graph G —s; —sg —t2 and obtain a {1, 2}-edge-weighting x for which
the vertices of S\ {s1,s2} have an even weighted degree and the vertices of 7"\ {t2} have an
odd weighted degree. We extend this weighting to G' by giving weights 2,1, 1,2 to the edges of
the cycle t1s1t989t1, respectively. The only z-conflicting edges may be s1t; and soty, although,
we have z,(t1) > 5 and z,(s1) = 2(s2) = 3. Hence, z is a proper {1,2}-edge-weighting of G,

which is a contradiction.

Property 5. An endblock of G cannot contain a suspended path or cycle of length at least 5.
Suppose that the statement is false and let t1s1t289t353 be a 5-long subpath of such a path or
cycle. That is, s1, t9, So,t3 have G-degree 2. We reduce the graph to G by deleting s1, to, s9, t3
and adding the edge t;s3, even if such edge already exists. Notice that if Gy is an odd multi-
cactus, then so is G, except if ¢1s3 is not an edge in G and becomes an edge along which cycles
are pasted together in Gy. However, in this case, t1s1f9s9t3s3 is a suspended path of length 5
and the {1, 2}-property of G follows by Lemma 3.5.

Now assume that Gy admits a proper {1, 2}-edge-weighting x. We claim that we can extend
this weighting to a proper {1, 2}-edge-weighting of G. We give the weight of the added edge
t1s3 to the edges t1s1 and t3s3 and assign the opposite weight to toss. Therefore, the weighted
degrees of t; and s3 remain the same, thus the only z-conflicting edges may be the edges
deleted from G. There are two possibilities to weight the unweighted edges st and sats: 2,1
or 1,2. Notice that there may only be at most one weight of sito that makes the edge t1s;
conflicting. Similarly, there can also be at most one forbidden weight of sot3 with respect to
t3ss. If the forbidden weights of s1to and sot3 were the same, then ¢; and s3 would have the
same weighted degrees, since t1s1 and t3s3 have the same weight. This contradicts the fact that
x is proper in Gy as t; and s3 are neighbors in Gy. Therefore, we can extend x to a proper
{1,2}-edge-weighting of G. By hypothesis, G is neither an odd multi-cactus nor a graph with
the {1,2}-property. We showed that this is also true for Gy, which contradicts the minimality
of G.

Property 6. An endblock of G cannot contain two vertices s,t of G-degree g + 1 connected
by precisely ¢ edges, where ¢ > 2.

Suppose, for the sake of contradiction, that s,¢ are such vertices. Replace the edges between
them with a single edge and let GGy denote the resulting graph. Suppose that Gy is an odd
multi-cactus. If there exists a red—green coloring of Gy where st is a green edge, then G is also

an odd multi-cactus, which is a contradiction. If the red—green coloring of Gy is unique and st
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is a red edge, then G has the {1,2}-property by Lemma 3.4, which also contradicts the choice
of G.

Now assume that the graph G admits a proper {1, 2}-edge-weighting . We would like to
extend this weighting to G. Let tg and sg be the other neighbors of s and ¢, respectively. We
will not modify x on edges distinct from st. Since z is proper in G, the weighted degrees of s
and ¢t must be distinct if we only assign new weights to the parallel edges between s and ¢. In
addition, we only have to ensure that sty and tsy are not z-conflicting. The sum of the edge-
weights between s and ¢ can be ¢,q+1,...,2q, which means ¢+ 1 > 3 possibilities. Notice that

at least one of them must yield a proper {1, 2}-edge-weighting of G, which is a contradiction.

In what follows, we modify the proof of Theorem 2.5. We will show that Properties 1 to
6 imply that G admits a proper {1,2}-edge-weighting, which contradicts the choice of G. We
define G’, ¢g, ug,v0, H and G” as in the proof of Theorem 2.5 (see Figure 4). Since G’ is an
endblock of G and G” is a subgraph of G’, the suspended paths in G may only contain precisely
3 edges by Properties 3 to 5. We would like to choose wg as a local minimum or maximum of
G-degree at least 3 similarly to the proof of Theorem 2.5. For the choice of wg, we reduce G
by replacing suspended paths of length 3 by the so-called blue edges. The rest of the edges are
called the white edges and the resulting graph is the white—blue graph. Note that the white—blue
graph contains exactly the vertices of G-degree at least 3. We choose wg from the white-blue
graph as in the proof of Theorem 2.5, except that wy may be the neighbor of ug or vy, even if
these three vertices have the same G-degree, since now parallel edges may occur. We can still
ensure that if wy and ¢y have the same G-degree, then these two vertices are not adjacent, by
choosing wy from the same bipartite class as cg.

Without loss of generality, we may assume that wg is contained in S. Similarly to the
proof of Theorem 2.5, we aim to construct a {1,2}-edge-weighting = for which the weighted
degrees of vertices of the white-blue graph in T'U {wp} have the same parity, and this also
holds for S\ {wp}, although these two parities are distinct. In addition to this, wq is a strict
weighted local minimum or maximum. To ensure that the latter property holds, we give weight
1 or 2 to the edges incident with wy if it is a local minimum or maximum, respectively. For a
suspended path wouvw, this means that vw must receive the opposite weight as wou. Therefore,
he weighted degree of w will be strictly greater or lower than that of wq if wq is a local minimum
or maximum, respectively. Since wg and w have G-degree at least 3, if we give weight 1 to uv,
neither wou nor vw will be conflicting.

Let us define the base parity labeling f based on the fixed weighted degree of wg. The
vertices of T' get the same parity label as the parity of the weighted degree of wg and the
vertices of S\ {wp} get the opposite parity. First, we delete wy and the intermediate vertices
of suspended paths of length 3 incident with wp from G. Let G* = G*(wp) denote the resulting
graph, which is, in fact, connected since wg is not a cutvertex.

We already defined the weights of the deleted edges, we shall modify the parity labels based
on these fixed weights. If we delete a white edge with weight 1, we modify the labels of both
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endpoints. Note that this does not change the parity of the number of odd labels. A blue edge
corresponds to a suspended path of length 3, where precisely one of the side edges has weight 1.
We delete the intermediate vertices and change the label on the unique remaining endpoint that
is incident with an edge of fixed weight 1. Since precisely one of the intermediate vertices had
an odd base label, the deletion of a blue edge also preserves the parity of the number of odd
labels.

We claim that the number of odd labels in G* is even after the modifications. Since the
number of odd base labels is even and a modification via either a white or a blue edge preserves
this parity, an even number of vertices in V(G*) U {wp} have an odd label. By the argument in

the proof of Theorem 2.5, wy has an even label after the deletions, which proves our claim.

Case 1. dg(wg) > 4.

We would like to apply Lemma 2.3 to an appropriate set of vertices. We observed that if a
vertex of G* is incident to wg via a blue edge in G, it must have a distinct weighted degree
from that of wy. Therefore, we define the set Ay = Ag(wp) as the set of G-neighbors of wy of
the same G-degree as wg that are joined to wg by only white edges.

The case where ug or vg is contained in Ay needs special treatment, as they may have an
incident bridge in G*. By hypothesis, G’ — ug — vp has at least 2 connected components, each
of them is connected to both ug and vy, since otherwise G’ would not be 2-connected. Hence,
there exist two edge-disjoint paths in G’ — ugvg between ug and vg. If we delete a vertex w
distinct from wug and vy from G’ — ugvg, there still exists a path between ug and vg. This implies
that G' — ugvy is also 2-connected. In fact, it is an endblock of G — ugvy.

Let A(wp) denote the set of vertices of Ag(wg) distinct from ug and vy if they exist. We

continue with two essential observations.

Observation 1. Any vertex a € A cannot be a cutvertex in G*. If ug and vg exist and one of
them is contained in Ay, then this also holds for G* — ugvg instead of G*.

If ug, v ¢ Ag, then the argument in the proof of Theorem 2.5 substantiates this statement. Now
assume that ug and vg exist and one of them is contained in Ay. Notice that the component
containing uy and vg contains the same vertices in G — wy — a and in G — wg — a — ugvy, since
there exists a path between ug and vy in G — wy — a — ugvg. In fact, this also holds for G* — a
and G* — a — ugvg. Therefore, the observation follows from the minimality of H if H has at
least 3 vertices of G-degree at least 3, since the argument in the proof of Theorem 2.5 remains
valid. If H has 2 vertices of G-degree at least 2, then a has a unique neighbor (ug or vg) in G*,

thus it is not a cutvertex and the observation follows.

This means that if ug or vy is contained in Ag, then we can handle the vertex in question
independently from A. We fix the weight of ugvy to the opposite of that of the edges incident
with wp, and focus on G* — ugvg and A = A(wy). If ugvy gets weight 1, we switch the parity

labels of ug and vy. Note that this preserves the parity of the number of odd labels.

Observation 2. For any vertex a € Ay, we have dg-(a) > 2.
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Assume, for the sake of contradiction, that dg=(a) = 1 holds. This implies that a and wy are
connected by precisely ¢ = dg(wg) —1 > 2 edges and both have G-degree ¢+ 1. This contradicts
Property 6.

We continue with observing when we can apply Lemma 2.3 to A in the connected graph G*
(or G* — ugvy if needed). Some of the conditions are satisfied automatically:

e (1) A is independent since it is a subset of one of the bipartite classes.

e (4) Observations 1 and 2 imply that no bridge is incident with a vertex of A.

Using case analysis, we investigate whether conditions (2) and (3) hold with an appropriate
q > 4. Let aq,...,a; denote the vertices of A in increasing order by G*-degrees. Notice that
the case where |A| = 1 can be handled, since there is no bridge incident with a vertex in A
in G*, thus any edge incident with the unique vertex of A will do. Therefore, without loss of
generality, we may assume that k& > 2. Notice that we have m(wpa1) < dg(wo) — (|N(wo)| — 1),
thus dg=(a1) = dg(a1) —m(wear) > |N(wp)|—1 holds. Since we have |A| < |N(wp)|, Lemma 2.3
can be applied if ¢ = [N(wp)| > 4, the only case where the desired set of edges does not exist
is the exceptional case in (5). Now assume that |N(wg)| < 3 holds. If we have dg=(a1) > 3 or
dg+(az) > 4, we can apply Lemma 2.3, since (3)(i) holds with ¢ = dg=(a1) + 1 or (3)(ii) holds
with ¢ = dg=(a2).

We are left with the case where we have dg+(a;) = 2 and dg+(az2) < 3. Notice that this
may only occur if we have dg(wp) < 5 since otherwise dg«(az) > 4. If dg(wg) = 5, then
there is a unique configuration for which the assumptions hold for a; and ay (see Figure 8a).
If dg(wp) = 4, and |A| > 2, several cases occur, where the lemma cannot be applied (see
Figures 2 and 8b to 8d). The possible exceptional cases are concluded in Table 1, where we
include the exceptional case in (5). Since no bridge is incident with a vertex of A in G*, upper
bounds can be given for the number of connected components in G* — A, in fact, we have
og+(A) < % > aca dg+(a). In most cases, the number of components in G* — A is low enough, so
that the desired set of edges L 4 exists despite the fact that the lemma cannot be applied. The
ideas behind these observations are detailed in Section 4. Figure 8 illustrates a configuration
of each exceptional case (except the one in Lemma 2.3), where og+(A) is equal to the upper

bound given in Table 1.

G*-degrees | Upper bound )
d(wp) | |N(wp)] Existence of L4 | Illustration
in A for o+ (A)

1 5 2 2,3 2 always Figure 8a
2 4 2 2,2 2 iff og«(A) <1 Figure 8b
3 4 3 2,3 2 always Figure 8c
4 4 3 2,3,3 4 iff og+(A) <3 | Figure 8d
5 4 4 3,3,3,3 6 iff og+(A) <5 Figure 2

Table 1: Exceptional cases where Lemma 2.3 cannot be applied.
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Wo Wo Wo

a1 as a1 ao al a2

(a) Ex. case 1. (b) Ex. case 2. (c) Ex. case 3.

Figure 8: Illustration of the exceptional cases in the proof of Theorem 3.6 where Lemma 2.3
cannot be applied. The thick edges illustrate the set of edges the deletion of which leaves a

connected graph, if it exists.

We ensure that the desired set of edges L 4 exists with a more precise choice of wq. If there
are vertices of different G-degrees in G (among vertices of G-degree at least 3), we chose wy
such that the common G-degree of ug and vg is distinct from that of wq, therefore, ug and vg
are not contained in A. In addition, we choose wg such that it has a G-neighbor with a different
G-degree from that of wg. Therefore, we have A C N(wp). It follows that we can apply
Lemma 2.3, except when exceptional case 3 occurs (see Figure 8c). However, the desired set of
edges L4 does exist in this particular case as well. Now assume that the G-degrees (at least
3) in G” are all the same. In this case, any vertex wp of G” is a local minimum and maximum
at the same time. We choose wg such that the component in G*(wg) — A(wp) containing the
existing vertices of ¢, ug, vp has the most vertices possible (if neither of these vertices exists, we
maximize the largest component). Let C' denote this unique component. Now, we extend the
argument in the proof of Theorem 2.5 where we showed that by choosing wg as presented, the
exceptional case in (5) of Lemma 2.3 cannot occur. We claim that the exceptional cases, where
the desired set of edges L4 does not exist, cannot occur. Notice that in each of these cases,
each component of G* — A is connected to precisely two vertices of A. Let C’ be a component of
G* — A distinct from C. We claim that there exists a vertex in C’ of G-degree at least 3 which
is not the neighbor of a vertex in A. Since C’ must be a subgraph of G”, each of its vertices (of
G-degree at least 3) has the same G-degree as wy. It follows that C’ contains at least 2 vertices
(of G-degree at least 3). Therefore, there exists a vertex of G-degree at least 3 in C’ that is in
the same bipartite class as A, which is indeed not adjacent to any vertex of A. As observed in
the proof of Theorem 2.5 this contradicts the choice of wy.

In conclusion, by the choice of wg, we ensured that the desired set of edges L4 exists. We
can construct an {1,2}-edge-weighting as presented in the proof of Theorem 2.5: we apply
Lemma 2.1 to G* — L4 (or G* —ugvg — L4 if needed), after we modify the labels on both ends
of the edges in L4 if they receive weight 1 (we do not modify if they receive weight 2). This
completes the proof if dg(wy) > 4.

Case 2. dg(wg) = 3.
In this case, A = N(wp) can only occur if wq is incident with only single white edges, since

wo being incident with parallel white edges would contradict Property 1 or 6. We extend the
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argument in the proof of Theorem 2.5. We choose wg such that the connected component of
G*(wp) — A(wp) containing the existing vertices of ¢y, ug, vp has the highest number of vertices
possible (if they do not exist, we maximize the largest component) and use the notation from
Case 1. If G* — A is connected or there exists a vertex of G* — A of G-degree at least 4 contained
in a component distinct from C, we can repeat the argument in the proof of Theorem 2.5.

We are left with the case where G* — A is disconnected and the components distinct from
C only contain vertices of G-degree 3 (or 2 if there are suspended paths of length 3). We claim
that if we have |A| < 2, then G* — A is connected, which is a contradiction. We observed that
there must exist a vertex u that is not contained in A and is adjacent to wg via a white or a
blue edge. If w is contained in C, we can repeat the argument in the proof of Theorem 2.5.
Otherwise, u is contained in C’ # C' and u must have G-degree 3, therefore it is only adjacent
to wp via a blue edge. Notice that wy is not contained in A(u), thus each vertex of A(u) is also
contained in C’. Hence, the component of G*(u) — A(u) containing C' is strictly larger than
C', which contradicts the choice of wp. It follows that we have |A| = 3 and we can repeat the

argument from the proof of Theorem 2.5, which completes the proof. |

4 Algorithm for finding a proper {1,2}-edge-weighting

In this section, our objective is to provide a polynomial-time algorithm for finding a proper
{1, 2}-edge-weighting of a bipartite graph. From the proofs in Sections 2 and 3, we can only
obtain complicated algorithms, which is especially true for Lemma 2.3. In what follows, among
other results, we present a stronger theorem than this lemma, which admits an algorithmic

proof.

4.1 Degree constrained spanning trees and applications

The proof of Lemma 2.3 uses complicated induction and case analysis. In addition, it is not
well understood why the case in (5) is the only exception under the other four assumptions. In
what follows, we present a connection between Lemma 2.3 and the degree constrained spanning
tree problem. Using this different approach, we can prove a stronger theorem than Lemma 2.3,
from which we can give a less complicated proof of this lemma.

The degree constrained spanning tree problem has several versions. Consider a general
decision version with only upper bounds. For a given graph G = (V, E) and a bound function
g:V — ZiU{oo}, we would like to decide whether there exists a spanning tree T" of G for which
dr(v) < g(v) holds for each vertex v € V. It is easy to see that this problem is NP-complete,
since the Hamiltonian path problem can be reduced to it in polynomial time. A Hamiltonian
path is exactly a degree constrained spanning tree for the bound function g = 2. Fortunately,
if prescriptions are only given for an independent set of vertices A C V, the problem can be
solved in polynomial time. There are several approaches: for example, it can be reduced to a

degree-prescribed root-connected orientation problem and can also be formulated as a matroid
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intersection problem [9].
For an independent set of vertices A, Lemma 2.3 gives sufficient conditions under which we
can leave an incident edge of each vertex of A while the graph remains connected. The following

claim highlights that this can be rephrased as a degree constrained spanning tree problem.

Claim 4.1. Let G = (V,E) be a connected graph and let A C V be an independent set of

vertices. Then the following statements are equivalent:

(i) There exists an edge e, incident to a for each a € A such that G — {eq : a € A} is

connected.
(i) There exists a spanning tree T of G for which dr(a) < dg(a) — 1 holds for each a € A.

Proof. Tt is obvious that condition (i) can be rephrased as follows: there exists a connected
spanning subgraph H of G for which dg(a) < dg(a) — 1 holds for each a € A. The subgraph
H corresponds to G — {e, : a € A}. It remains to show that the condition remains equivalent
if H has to be a spanning tree.

(73) = (7). This direction is clear, as a spanning tree is a connected spanning subgraph.

(i) = (). H is a connected spanning subgraph of G, therefore H contains a spanning
tree T. Since T is also a spanning tree of G, we have dr(a) < dg(a) < dg(a) — 1 for each
acA [ |

We continue with an essential result which gives a characterization for the existence of a
degree constrained spanning tree. We state the theorem in the form given in [9, page 293] and

we will prove it in Section 4.2.

Theorem 4.2 (Frank [9]). Let G = (V, E) be a connected graph and let A C'V be an independent
set of vertices. Let g : A — Zy U {400} be a function. Then the following statements are

equivalent:
(i) There exists a spanning tree T of G for which dr(a) < g(a) holds for each a € A.
(it) §g(X) > |X| 4+ 0c(X) — 1 holds for each subset X C A, where §(X) =>,cx 9(v).

For a connected graph G = (V, E) and a set of vertices X C V| we denote the number of edges
connecting a vertex of X and a vertex of V' \ X by ds(X). Note that if X is independent, then
we have dg(X) = Y ,ex da(v). As observed in Claim 4.1, we would like to apply Theorem 4.2
tog: A—Zy,g(v) =dg(v) — 1. For an arbitrary X C A, we have §(X) = >, cx(dg(v) —1) =
de(X) —|X|, since X is independent. Rearranging the inequality in the theorem, we obtain the

following corollary.

Corollary 4.3. Let G = (V, E) be a connected graph and let A CV be an independent set of

vertices. Then the following statements are equivalent:

(i) There exists an edge e, incident to the vertex a for each a € A such that G —{e, : a € A}

is connected.
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Figure 9: Illustration for the construction of the graph Gx.
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(it) da(X) > 2|X |+ og(X) — 1 holds for each subset X C A.

Using this corollary, we can give a much easier proof of Lemma 2.3. Let G = (V, E) be a
connected graph and let X C V be an independent set of vertices. For us, the only relevant
edges will be the ones incident with a vertex of X. Hence, we reduce our graph by contracting
each connected component of G — X into a single vertex. We denote the resulting graph by Gx.
Notice that the set of vertices C'x corresponding to the components of G — X is independent in
Gy, as two components cannot be connected. Since X is also independent, Gx is a bipartite
graph with classes X and Cx. We denote the set of edges of Gx by Ex. Note that we
have |Cx| = 0¢(X), dg(X) = |Ex| and dg(x) = dg, (z) for each z € X. In addition, the
edges of Gx and the edges of GG incident to a vertex of X are in a one-to-one correspondence.
The construction of Gx is illustrated by Figure 9. We continue with the alternative proof of

Lemma 2.3.

Proof. From Corollary 4.3, it is sufficient to verify that dg(X) > 2|X| + 0¢(X) — 1 holds for
each X C A. Since G is connected, the case where X = () is obvious. Let ) # X C A be an
arbitrary subset.

We claim that condition (4) implies that Gx is 2-edge-connected. In fact, we claim that an
edge of Gx is a bridge in Gx if and only if the corresponding edge is a bridge in G. Notice that
for an arbitrary edge e incident to a vertex of X in GG, each component of G — X is a subset of
a component of G — e. Hence, the components of Gx — ex and G — e are in a bijection, where
ex € Ex is the edge corresponding to e. In conclusion, Gx — ex is connected if and only if
G — e is connected, which substantiates our observation.

From the 2-edge-connected property of G'x, we deduce that each vertex of G x has Gx-degree
at least 2. It follows that we have

da(X) =|Ex| = ) day(c) > 2|Cx| = 206(X).

ceCx

Suppose that dg(X) > 4|X| — 2. Then, applying the two lower bounds for dg(X), we obtain
1 1
dg(X) = §dg(X) + idG(X) >oq(X)+2|X| -1,

which is exactly the desired condition. This observation will cover almost every possible case.

37



Firstly, assume that condition (3)(ii) holds for G. This means that at least | X| — 1 vertices
of X have G-degree at least q. The last vertex has G-degree at least 2 due to condition (4).
Since |X| > 1 and ¢ > 4 hold, we have

da(X) > (| X|=1)-¢+2>(|X]|-1)-44+2=4|X|-2.

Hence, the statement of the lemma follows.
Secondly, assume that (3)(i) holds for G. That is, each vertex of X has G-degree at least
qg—1. If ¢ > 5, we have

de(X) = [X]- (¢ - 1) > 41X > 41X - 2,

and the statement follows. Now assume that ¢ = 4. From conditions (2) and (3)(i) we have
|X| < 4 and dg(v) > 3 for each v € X. We consider three different cases according to the
cardinality of X. If |X| < 2, then we have dg(X) > 3|X| > 4|X| — 2; therefore, this case is
covered. We continue with | X| = 3. If there exists a vertex of X of G-degree at least 4, we
have dg(X) > 3|X|+ 1 = 4|X| — 2 and the statement follows. Otherwise, each vertex of X
has G-degree exactly 3. Since dg(X) > 20¢(X) holds, this implies that we have og(X) < 4
and dg(X)=9=2-34+4—-1>2|X|+ 0g(X) — 1. We are left with the case where |X| = 4.
Note that in this situation, we have X = A. If dg(X) > 3|X| + 2 = 4| X| — 2 holds, the desired
property follows. If dg(X) = 3|X| + 1 = 13, we can apply a previously used argument: since
13 > 20¢(X) holds, we have 0¢(X) <6 and dg(X) =13 =2-44+6—1 > 2| X|+0g(X)—1. Now
assume that dg(X) = 3|X|, that is, each vertex of X has G-degree precisely 3. If o¢(X) < 5,
the previous reasoning applies: dg(X) =12 =2-44+5—-1 > 2|X| + 0g(X) — 1 holds. As
12 > 20G(X), the only remaining case is 0g(X) = 6. This implies that each vertex ¢ € Cx has
G x-degree 2. Since X = A, this leads to the exceptional case in (5): A has 4 vertices, each of
them has G-degree 3, and each component of G — A is connected to precisely two vertices of A.

This completes the proof. |

4.2 Algorithmic proof of Theorem 4.2

In this section, we prove Theorem 4.2 using a quite different argument from the proof in [9].
The necessity of the condition follows quite easily, we prove this direction similarly as in the
mentioned book. For a given g : A — Z; U{oo}, let T be a spanning tree for which dp(a) < g(a)
holds for each vertex a € A. Let X C A be an arbitrary subset. It suffices to consider the
case where X # (). Notice that T remains connected if we contract each connected component
of G — X into a single vertex, unless T itself would not be connected. In other words, the
subgraph T” of G'x which contains exactly the edges of T  incident to a vertex of X is connected.
Since Gx contains |X| + og(X) vertices, T” contains at least |X| + o (X) — 1 edges. On the
other hand, T” satisfies the degree constraints for the vertices of X. It follows that 7" has at
most Y ,cx 9(v) = §(X) edges. From these two observations, we obtain the desired condition:
§(X) > |X| + o6(X) — 1.
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We continue by proving that this condition is, in fact, sufficient. Our first observation is

that we can reduce our graph to the bipartite graph G 4.

Claim 4.4. Let G be a connected graph, A CV be an independent set of vertices, and g : A —

Zy U{oo} be a function. The following statements are equivalent:
(i) There exists a spanning tree T of G for which dr(a) < g(a) holds for each a € A.
(i) There exists a spanning tree T' of G4 for which dp/(a) < g(a) holds for each a € A.

Proof. (ii) = (). Suppose that T” is a spanning tree of G4 for which the condition holds. This
can simply be extended to G by taking a spanning tree in each connected component of G — A.
The union of these spanning trees and the edges of G corresponding to the edges of T is a
spanning tree of G. It satisfies the degree constraints as the degrees of the vertices of A remain
the same.

(1) = (i7). Now suppose that T' is a spanning tree of G which satisfies the condition. As
observed at the beginning of this section, the edges of T' incident with a vertex of A form a
connected subgraph H' of G 4. Since H' is connected, it has a spanning tree 7. Notice that we
have dp/(a) < dg/(a) = dr(a) < g(a) for each a € A. Hence, T" is a spanning tree of G4 which

meets the desired condition. ]

Note that the second direction of this proof cannot be repeated if we have lower bounds
instead of upper bounds. It is also important to note that the inequality in Theorem 4.2 holds
for each subset X C A in G if and only if it holds in G4. In fact, we have dg(X) = dg,(X)
and og(X) = 0g,(X) for each X C A. This follows from the fact that Gx = (Ga)x, that is,
we obtain the same graph if we contract each connected component of G — X and G4 — X,
respectively, into a single vertex. This observation and Claim 4.4 together imply that it is
sufficient to prove Theorem 4.2 in the case where G is bipartite and A is one of the bipartite
classes.

We give an algorithm (see Algorithm 2) that provides either a spanning tree T" which satisfies
the given degree prescriptions or an X C A that violates the condition. We can assume that G
is bipartite and A is one of the bipartite classes. For a graph G, its subgraph H, and an edge e
contained in G but not in H, the notation H + e denotes the resulting graph if we add e to the
edge set of H. We define a level function 9 : A — N on the vertices of A. We will refer to ¥(v)
as the level of v. This induces a level function ¥’ : E — N on the edges, ¥'(e) := ¥(a) if a is the
unique endpoint of e contained in A. The algorithm maintains a spanning tree T with a set of
edges F'. For an edge e € F', the set of edges of G connecting the two components of T" — e is
called the fundamental cut of e with respect to 7" and we denote it by Qr(e). We call a vertex
a € A active if dr(a) > g(a) holds. We say that a level j € N becomes empty if only one vertex
v has level j, and the algorithm increases the level of v by 1; therefore, after the increment, no

vertex has level j.
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Algorithm 2 Push-relabel algorithm for the degree constrained spanning tree problem.
Input: a connected bipartite graph G = (A, B; E), and a bound function g : A — Z4 U {oo}.

Output: either a spanning tree T" of G for which dp(v) < g(v) holds for each v € A, or a subset
X C A for which §(X) < |X|+ 0g(X) — 1 holds.
DegConstSpanTree(G, A, g):

Let T be an arbitrary spanning tree of G.

for v € A do
Y(v) =0
end for

while Jv € A active do
Choose v € A active.
if 3w e A: (Y(w) < ¥(v) and Je € Ap(v) : If € Ag(w) N Qr(e)) then

T=T—e+f > Swap step.
else
PY(v) =3I(v) + 1 > Raise step.
if level ¥(v) — 1 became empty then
X ={ueA:9u)>9Ww)} > X is the set of vertices above the empty level.
return X
end if
end if
end while
return T

In several steps, we will prove that the algorithm solves the desired problem. To begin with,
we prove that the algorithm maintains two useful properties. We will refer to the two kinds of
steps of the algorithm as the swap step and the raise step. Note that the condition of the swap

step can be rephrased as follows: there exist two edges e € Ap(v), f € Qr(e) for which we have

V(f) <V (e).

Claim 4.5. The following two invariants remain true throughout the algorithm.
1. For any v € A, if ¥(v) > 0, then we have dr(v) > g(v).
2. For any e € F and f € Qr(e), we have ¥'(f) > ¥ (e) — 1.

Proof. At the beginning of the algorithm, the conditions are trivially satisfied. It suffices to

show that a single step of the algorithm maintains these conditions.

Invariant 1.
The raise step obviously preserves this property. Regarding the vertices of A, the swap step
only decreases the T-degree of an active vertex by one; the other T-degrees may only increase.

By the definition of an active vertex, the swap step also maintains Invariant 1.
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(a) Configuration 1. (b) Configuration 2.

Figure 10: Ilustration of the two possible configurations of the edges e, f, g and the components
C1,Cy, Cs.

Invariant 2.

First, we show that the raise step preserves this property. Suppose that the algorithm increases
the level of v and Invariant 2 was true before the increment. Notice that the condition can only
fail after the increment if e € Ap(v). However, according to the algorithm, we increase the
level of v, since we have ¥'(f) > ¥'(e) for each e € Ap(v) and f € Qr(e). This implies that
¥ (f) > ¥ (e) — 1 still holds after the increment, which is what we aimed to prove.

The difficult part of this proof is that the swap step preserves Invariant 2. Suppose that
Invariant 2 is true for 7" and we swap e for f € Qr(e), let T :=T — e+ f. Notice that ¥/(f) =
¥ (e) — 1 holds, and f is a minimal level edge in Q7(e). In addition, we have Q7 (f) = Qr(e).
Hence, for an arbitrary edge h € Q7/(f), we have ¥'(h) > ¥/(e) — 1 > ¢'(f) — 1. This leaves
us to show that any g € T — f = T — e, satisfies Invariant 2. First, we aim to show that
Q7(9) € Qr(9)UQr(e). Notice that 7" — f = T — e has two components, let Cp and C; denote
them. Both endpoints of g are in the same component, say Cy. Therefore, T" — f—g=T—e—g
has three components, as Cy splits into two components, we denote them by Cy and C3. There
are two possible configurations of the edges e, f, g and the components Cy, Co, C3 (see Figure 10)
since the endpoints of e and f not contained in C'; can be in the same or in different components.
First, suppose that e and f both connect C; and Cy (see Figure 10a). Notice that in this case,
we have Qr(g) = Q7(g), since both denote the set of edges between C3 and C7 U Co. Now
assume that e connects Cq and Cy, while f connects C and C3 (see Figure 10b). Suppose that
Qr(9) € Qr(g) and let h € Q7/(g) \ Q7 (g) be an arbitrary edge. Since h € Q7 (g), it must
connect Cy and C; UC5. On the other hand, h ¢ Qr(g), thus h cannot connect C3 and C7 U Cj.
This implies that h connects C; and Cy and h € Qr(e), from which the aimed statement follows.

It remains to show that we have ¢'(h) > 9¥(g) — 1 for an any h € Q7/(g). If h € Q1 (g), the
statement follows, as Invariant 2 holds for T'. Otherwise, h € Q7(e) and the second configuration
occurs, where we have f € Qr(g), as f connects C3 and C7 U Cy. Invariant 2 holds for T, thus
¥ (f) > ¥ (g) — 1 holds. Since f is the minimum level edge in Qr(e), we have ¥/ (h) > ¥ (f).
These two statements imply that ¢'(h) > ¢'(g) — 1, which completes the proof. [ |
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We continue with the claim that ensures that the algorithm is correct. Let 5, 9 and T
denote the level functions and the tree, respectively, when the algorithm stops. Let F denote

the set of edges in T.

Claim 4.6. Assume that the algorithm stops as a level becomes empty, and let X C A denote
the set of vertices above this level. Then we have §(X) < |X| + oq(X) — 1.

Proof. Assume that level j becomes empty, a € A is the last raised vertex. From Claim 4.5, we
can deduce two useful properties of T.

Invariant 1 ensures that we have d(v) > g(v) for each v € X. As a is the last raised vertex,
it is active and the inequality holds strictly. It follows that we have d=(X) = 3, cx ds(v) >
Y vex 9(v) = §(X). For arbitrary v € X and w € A\ X, we have d(w) < j —1 < J(v) — 2.
Analogously, for arbitrary e € Ag(X) and f € Ag(A\ X), we have & (f) < ¥(e) —2. From this
observation and Invariant 2, we obtain the following. If e € A%(X) holds, then there does not
exist an edge f € Ag(A\ X) = E\ Ag(X), which is contained in the fundamental cut of e with
respect to T. Hence, there cannot be an edge in GG, which connects two components of T-X.
Equivalently, T — X and G — X have the same components; therefore, we have 04(X) = oc(X).

The last step of the proof is to express d(X) in terms of | X| and 05(X). Consider (T)x,
that is, starting from f, we contract each connected component of T — X into a single vertex.
Notice that (f) x is also a tree. It is trivially connected, and if it contained a cycle, it could
be extended to a cycle of T, which is a contradiction. Since d=(X) is the number of edges in
(T)x, and (T)x has | X[+ 04(X) vertices, we have d=(X) = | X| + o4(X) — 1.

Combining these three results, we obtain the desired condition:
9(X) < d,z’:(X) = |X| —i—Uf(X) —1=|X|+o0a(X)-1.
|

It remains to prove that the algorithm terminates after finite steps. In fact, we are looking
for a polynomial upper bound for not only the number of swap or raise steps, but also the
running time of the algorithm. The number of raise steps can be bounded quite easily. Notice
that if ¥(v) = |A| holds for a vertex v € A, then a level below |A| must be empty. This implies
that the algorithm raises each vertex at most |A| times, and we obtain the upper bound | A|? for

the number of raise steps. Regarding the swap steps, the following claim provides an answer.
Claim 4.7. The algorithm performs at most |A| - dg(A) swap steps.

Proof. The proof is based on tracking the changes of the value o = 3 ;cp\p ¥ (f) throughout
the algorithm. Obviously, we have o« = 0 when the algorithm begins. A raise step only increases
the level of some edges; therefore, the value of o cannot decrease. Consider a swap step: suppose
that we delete e from T and add the edge f. By Invariant 2 and the rule of the swap step,
we have ¥'(e) = ¥/(f) + 1. It follows that any swap step increases the value of @ by 1. In

conclusion, the value of o may only increase, and the swap step must increase o by 1. These
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observations imply that the number of swap steps is at most feB\F v (f). Since ¥ (f) < |A]
holds throughout the algorithm for each edge f and we have |E| = dg(A), we obtain the desired
upper bound:
> V() <Al ENF| < |A] - dg(4)
FEE\F
|

Without striving for the optimal implementation, we discuss how we can execute a step of
Algorithm 2. For the currently chosen active vertex v € A and spanning tree T' = (A, B; F),
we would like to check whether there exist two edges e € Ar(v) and f € Qr(e) for which we
have ¥'(f) < ¢(e). By Invariant 2, it suffices to check an edge f if we have ¢'(f) = 9¥(v) — 1. A
brute force solution is that for each e € Ap(v) and f € E\ F for which ¢/(f) = 9¥(v) — 1 holds,
we check whether f connects the two components of T'— e. However, we can easily make this

subroutine faster using the following observation.

Lemma 4.8. Let G = (V, E) be a graph, and let T = (V, F) be a spanning tree of G. Let v € V

be a vertex and f € E\ F be an edge. The following statements are equivalent:
(i) There exists an edge e € Ar(v) for which we have f € Qr(e).
(it) The edge f connects two components of T —v or f € Ag(v) \ F holds.

Proof. Notice that the number of components in T' — v is precisely dr(v), and each component
is connected to v by precisely one edge of T'. For an edge g € Ar(v), let Cy denote the unique
component of T' — v that is connected to v along g and let V;; denote the vertices of C,. Let
e € Ap(v) be an arbitrary edge. Notice that Qr(e) contains exactly the edges between V. and
{v} UUgearmnie Vo

(1) = (ii). Suppose that we have f € Qr(e) for an edge e € Ar(v). Suppose that f ¢ Ag(v)
holds. Then, by our observation, there exists an edge g € Ar(v) \ {e} for which f connects a
vertex in V, and a vertex in V.

(1) = (1). If we have f € Ag(v) \ F, then f connects v and a vertex in V. for an edge
e € Ap(v), thus f € Qr(e) holds. If f connects two components of T' — v, say, Ce, and Ce,,
then we have e.g. f € Qr(e1). This completes the proof. |

We obtain the subroutine that decides whether there exist edges e € Ap(v) and f € Qr(e)
for which ¥/(f) < ¢(e) holds as follows. First, we identify the connected components of T'— v
and label each component with the unique edge e € A7 (v) that connects it to v (we introduced
notation C, for the component corresponding to e). This is possible in O(|A| + |B|) time,
for example using depth-first-search on 7. Let f € E \ F be an arbitrary edge such that
¥ (f) = 9(v) — 1. Notice that f cannot be incident with v. Therefore, by Lemma 4.8, there
exists an edge e € Ap(v) for which f € Qr(e) holds if and only if f connects two components
of T'— v. Hence, we continue with checking the latter condition for each relevant edge f. If

f connects the components C., and C.,, we have e.g. f € Qr(e1). If neither of the edges
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checked can be swapped, Lemma 4.8 ensures that the condition of the swap step is false. Since
each check runs in O(1) time, the desired subroutine runs in O(|E(G4)|) = O(dg(A)) time.
Therefore, the total running time of Algorithm 2 is O(|A| - dg(A)?).

Let us count the total running time of the algorithm that finds a spanning tree in the original
graph G = (V, E). Since the push-relabel algorithm runs on bipartite graphs, we begin with
estimating the running time of reducing G to G 4. The algorithm needs to construct G — A and
find the connected components of it, then identify the vertices of the same component. This
requires O(|E]) steps, since G is connected. Then the push-relabel algorithm runs on G4 in
O(|A| - dg(A)?) time. Finally, the algorithm has to find a spanning tree in each component of
G— A, which also requires O(| E|) steps. In conclusion, the algorithm runs in O(|E|+|A|-dg(A)?)
time.

This completes the proof of Theorem 4.2, since we showed that the algorithm terminates
in polynomial (therefore finite) number of steps and provides the desired spanning tree T' (the
edge-disjoint union of the output of Algorithm 2 and the spanning trees in the components of
G — A) or a witness X that violates the condition in the theorem, which substantiates that the

desired spanning tree cannot exist.

4.3 A polynomial-time algorithm

In this section, we discuss how to construct a polynomial-time algorithm to find a proper
{1, 2}-edge-weighting of an input bipartite graph G = (S,T; E). Since the reduction steps in
the proof of Theorem 3.6 are quite technical to implement, we present a high-level description of
the algorithm. We will use the notations |[SUT| = n and |E| = m. First, we present subroutines

that will be used in the algorithm.

ParityWeighting(G, f): The subroutine finds a {1, 2}-edge-weighting of the connected graph
G = (V, E) that satisfies the parity labeling f : V' — Zo for which an even number of vertices
have an odd label (see Algorithm 1). The running time of this subroutine is O(m).

LeaveableEdges(G, A): For a graph G = (V, E) and an independent set A C V, this sub-
routine finds an edge e, for each a € A such that G — {e, : a € A} is connected, or it
provides a witness that the desired edges do not exist. After reducing G to the bipartite graph
Ga = (A,C4; Ey), it calls DegConstSpanTree(G 4, A, g) (see Algorithm 2), where the bound
function is defined as g(v) = dg(v) — 1 for each v € A. If the desired spanning tree does not
exist, return the output violating subset X C A. Otherwise, the desired edges are contained
in the complement of F, where F' is the set of edges of the output spanning tree T. By the
definition of g, the algorithm can choose an edge e, € Ag(a) \ F for each a € A and output
Ly = {eq : a € A}. The graph G — L4 is connected, as F' is a spanning tree of it. This
subroutine runs in O(m + |A| - dg(A)?) time, which can be bounded by O(nm?) in terms of n

and m.

IsMulti-cactus(G): It decides whether an input connected graph G is an odd multi-cactus,

if so, it returns the cycle decomposition and red—green coloring of G. By cycle decomposition
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we mean the list of alternately simple cycles which are pasted together to form G. We briefly
present how this subroutine can be implemented. Note that for an edge uv it is only relevant
whether it has multiplicity at least 2 or not. Therefore, we label each parallel edge and reduce
the multiplicity of them to 1 to obtain a simple graph Gy. The idea is to search for a special
ear decomposition of Gy. An ear decomposition of a graph is the partition of the set of edges
into a sequence of ears (simple paths or cycles) such that the first ear is a simple cycle and the
endpoints of any other ear (which may coincide) are contained in at least one of the earlier ears
of the sequence while the intermediate vertices are not.

The subroutine searches for an ear that has adjacent endpoints. If we find such ear of length
incongruent to 1 modulo 4, stop, and return that G is not an odd multi-cactus. If we find
such ear of length 1 modulo 4, color the edge between the two endpoints of the ear green, and
color the edges of the ear alternately red and green starting with red. If there is a red edge of
multiplicity at least 2 in GG, stop, and return that G is not an odd multi-cactus. Otherwise, add
the cycle that is the union of the ear and the edge connecting the two endpoints to the list of
cycles and delete the ear from the graph. Repeat this procedure, while there exists an ear with
adjacent endpoints, and stop if a coloring conflict occurs, that is, the algorithm would color an
edge red while it is already green. If the remaining graph is a cycle of length 2 modulo 4, try
the two possible red—green colorings. If a coloring conflict or a parallel red edge arises in both
colorings, stop, and return that G is not an odd multi-cactus. Otherwise, return that G is an
odd multi-cactus and return the cycle decomposition and the appropriate red—green coloring. If
G consists of two vertices connected by at least 1 edge, return that G is an odd multi-cactus. If
the algorithm cannot find an ear with adjacent endpoints and the remaining graph has at least
3 vertices and is not a cycle of length 2 modulo 4, return that G is not an odd multi-cactus.
The algorithm yields a straightforward O(nm)-time implementation of the subroutine, which is
sufficient for the main algorithm, although we note that the subroutine can be implemented in

linear time.

Find12EdgeWeightingRed (G, uv): This subroutine takes as input a graph G = (V, E) and
an edge uv € E such that G is obtained from an odd multi-cactus by increasing the multiplicity
of the red edge wv, and it outputs a proper {1, 2}-edge-weighting of G. The subroutine IsMulti-
cactus can be modified for this purpose. We search for an ear which — in addition to the
conditions in IsMulti-cactus — does not contain wwv. Since the cycles are pasted together in
a tree-like structure, this ear exists except if G is obtained from a cycle. Then, we delete
this ear, increase the multiplicity of the edge between the two endpoints of the ear and call
Find12EdgeWeightingRed(Gy, uv), where Gy is the resulting graph. Then, the resulting edge-
weighting can be extended to G as in the proof of Lemma 3.4. If G is a cycle, then we obtain

a proper {1, 2}-edge-weighting following the proof of Lemma 3.3. The running time is O(nm).

Find12EdgeWeightingGreen(G, P): The input of this subroutine is a graph G = (V, E)
and a path P in G such that G is obtained from an odd multi-cactus by replacing a single green

edge along which cycles are pasted together by the path P of length 4h + 1, where h > 1. The
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subroutine gives a proper {1, 2}-edge-weighting of G as an output. Let v and v be the endpoints
of P. Similarly to the subroutine Find12EdgeWeightingRed, we will modify IsMulti-cactus as
follows. First, we search for ears that do not have u, v as endpoints. Then, if each ear has u and
v as endpoints, we leave ears so that the remaining graph is two cycles pasted together along
wv. This can be weighted and a weighting can be extended to the previous graphs as in the
proof of Lemma 3.5. This proof only describes this extension when we replace a 5-long subpath,
although it can be easily generalized to larger lengths by repeating the same 4-long pattern of

weights. This subroutine also runs in O(nm) time.

FindComponents(G): This subroutine finds the connected components of a graph G in

O(n + m) time using any linear-time search algorithm (e.g. DF'S).

FindBlocks(G): This subroutine finds the blocks of an input graph G. To the best of our
knowledge, the first efficient algorithm for this problem is attributed to Hopcroft and Tarjan.
They gave a DFS-based algorithm that also runs in O(n + m) time [10].

Find12EdgeWeighting(G):

Input: a connected bipartite graph G = (S, T; E).

Output: either a proper {1,2}-edge-weighting x, or the cycle decomposition of G if it is an
odd multi-cactus.

In what follows, we briefly conclude the steps of the algorithm obtained from the proof of

Theorem 3.6 with an emphasis on the running time.

1. If |S] or |T is even, call ParityWeighting(G, f) for the appropriately defined parity labels
f (each vertex of the even-sized class gets an odd label, the vertices from the other class

get an even label). Otherwise, continue.

2. Call IsMulti-cactus(G). If G is an odd multi-cactus, stop and output the cycle decompo-

sition of G. Otherwise, continue.

3. Call FindBlocks(G) and choose an endblock G’. This subroutine finds the unique cutvertex
co of G if G' #G.

4. Find the G-degree and number of neighbors of each vertex of G.

5. Execute the reduction steps in the proof of Theorem 3.6.

o If there exists a vertex s with only one neighbor, let z(e) := 2 for each e € Ag(s)
and call ParityWeighting(G — s, f) for the appropriately defined f. Stop, and output
the resulting weighting.

o Iterate through the vertices of G-degree 2 and find the suspended paths in G’.

o If there exists a suspended path or cycle of length 2 or 4, call ParityWeighting for
the appropriate graph and parity labeling and then extend this weighting following
the proof of Theorem 3.6. Stop and output the resulting weighting.
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o If there exists a suspended path or cycle of length k£ > 5, then let h > 1 be the
largest integer for which 4h + 1 < k holds. Replace a (4h 4 1)-long subpath P of
the suspended path in question with a single edge and let GGy be the resulting graph.
Note that the length of the path is at most 4 in Go. Call IsMulti-cactus(Gy). If
Gy is not an odd multi-cactus, then call Find12EdgeWeighting(G() recursively and
extend the resulting weighting to G. The proof of Theorem 3.6 only describes this
extension when we replace a 5-long subpath, although it can be easily generalized
to larger lengths by repeating the same 4-long pattern of weights. If Gy is an odd
multi-cactus, then call Find12EdgeWeightingGreen(G, P), then stop and return the
resulting weighting.

o Iterate through the vertices with two G-neighbors. If there exists a neighboring pair
of vertices u,v of G-degree q + 1 connected by ¢ edges, where ¢ > 2, decrease the
multiplicity of wv to 1. Call IsMulti-cactus(Gy), where Gg is the resulting graph.
If Gy is not an odd multi-cactus, then call Find12EdgeWeighting(G() recursively
and extend the resulting weighting as in the proof of Theorem 3.6. Otherwise, call

Find12EdgeWeightingRed(G, uv), then stop and return the resulting weighting.

6. Iterate through the adjacent pairs of vertices of the same G-degree in G’ and for each
pair u,v call FindComponents(G' — u — v). Find the graph G” (and define ug and v if

G’ — u — v is disconnected for some u,v) as defined in the proof of Theorem 3.6.

7. Find the local minimum or maximum wq of G”:

o Construct the white-blue graph and restrict the following two steps to it.

o If not all G-degrees of G” are the same, find a local minimum or maximum wy which
has a neighbor of distinct G-degree from that of wp (and is not adjacent to cg). If
possible, choose wq so that it has G-degree at least 4.

o If the G-degrees of G” are all the same, choose wgy such that the component of
G*(wp) — A(wo) containing cp, ug, vp (if any of them exists) has the most vertices
possible (if ¢g, up,vp do not exist, we maximize the largest component), where G*

and A are defined as in the proof of Theorem 3.6.

8. Construct the desired {1, 2}-edge-weighting.

o Suppose that dg(wp) > 4 holds. If ug € Ag(wp) or vy € Ag(wp), that is, ug or vy
is adjacent to wy via only white edges and has the same G-degree as wy, then call
LeaveableEdges(G™(wo) — ugvo, A(wp)). The choice of wy ensures that this returns a
set of edges La = {e, : a € A(wo)}, where €5 € A (ug)—ugu, (@) for each a € A(wp)
and G*(wp) — upvg — L4 is connected. Then, for the parity labeling f defined in
the proof of Theorem 3.6, run ParityWeighting(G*(wo) — L4 — ugvo, f). Otherwise,
run LeaveableEdges(G*(wq), A(wp)) and then ParityWeighting(G*(wy) — L4, f) for
the appropriately defined f. Finally, in both cases, extend the resulting {1, 2}-edge-
weighting to G as in the proof of Theorem 3.6.
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o If dg(wp) = 3 holds, by the selection of wg, G*(wgp) — A(wp) is connected or has
two connected components, and one of them is a single vertex. In these cases, call
Parity Weighting for the appropriate graph and extend it as described in the proof of
Theorem 3.6.

Without aiming for the best upper bound, let us estimate the running time of each step.
Steps 1, 3 and 4 and the first three substeps of Step 5 can be executed in O(m) running time.
Step 2 requires O(nm) time. Both of the last two substeps of Step 5 call IsMulti-cactus at
most n times, therefore they run in O(n?m) time. Finding the graph G” calls FindComponents
at most n? times, therefore the running time of Step 6 can be bounded by O(n?m). We can
perform Step 7 in O(nm) time in both cases. Regarding running time, the dominant subroutine
is LeaveableEdges, which makes the running time of Step 8 O(nm?). In conclusion, it turns out
that this algorithm finds a proper {1, 2}-edge-weighting of a bipartite graph in O(nm?) time if

one exists.

5 Concluding remarks

The present thesis focused on the complete characterization of bipartite graphs with the
{1, 2}-property. A natural generalization of this problem considers the weights a and b, where a
and b are arbitrary distinct integers. The proof of Theorem 3.6 strongly relies on the positivity
and distinct parity of the weights. In fact, it only extends to the case where a,b are positive
integers, a is odd, and b is even [19].

If we do not require positivity, examples besides odd multi-cacti arise among bipartite
graphs. For example, Lu gave a simple example in [15]: two 6-long cycles connected by a
3-long path has the {1, 2}-property but not the {0, 1}-property. Moreover, it turned out that
not all trees have the {0, 1}-property: Lyngsie dedicated an entire paper to the {0, 1}-property
and characterized trees that do not admit a proper {0, 1}-edge-weighting [17]. In contrast, the
same article shows that odd multi-cacti are the only 2-edge-connected bipartite graphs without
the {0, 1}-property.

The parity argument provided the basis for understanding the case of weights 1 and 2, or in
general, weights of distinct parity. If a, b are distinct non-null integers, without loss of generality,
we may assume that they are relatively prime. Therefore, the interesting case is where a, b are
distinct odd integers. Notice that in this case, the only conflicting edges may be the ones that
connect two vertices of the same degree parity. Elaborating on this simple observation, Bensmail,
Mc Inerney, and Lyngsie showed that for an odd integer a, a 2-edge-connected bipartite graph
has the {a, a + 2}-property if and only if it is not an odd multi-cactus [5].

It remains an open question whether odd multi-cacti are the only bipartite graphs without
the {a,b}-property for distinct positive integers a,b. Is there a more general argument that
does not depend on the parity of the weights or does there exist a pair a, b for which a different

kind of graph without the {a, b}-property arises?
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