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Introduction

Human opinion formation is an inherently complex process, as the influencing factors are
too many to count. Individual opinions are shaped by prior experiences, new experiences,
as well as signals and news from the real world. Besides these, there is also a strong social
aspect, since human opinions are greatly affected by one’s social circle and the interactions
taking place within it. Therefore, modeling opinion spread is twofold: besides describing
how opinions change, it is also important to model the social networks through which
opinions spread. In this thesis, our main focus is to introduce random network models of
social relations together with different models of opinion formation and spread. We pay
special attention to hypergraph- and simplicial complex-based models, as they provide a
more precise framework for group interactions.

The thesis begins by providing the definitions that are essential when working with
graphs, hypergraphs, and simplicial complexes. Afterwards, we turn to random network
models and their hypergraph extensions, which serve as the foundation for modeling
opinion. Namely, we consider the Erdős–Rényi model, the stochastic block model, and
their respective extensions to hypergraphs. We also briefly investigate the connectivity
threshold of Erdős–Rényi random graphs and hypergraphs. Then we focus on different
approaches to opinion spread, more precisely voter models and their hypergraph-based
versions. Thereafter, computer simulations are run and the results are examined through
various metrics. Lastly, we briefly consider alternative approaches to opinion modeling,
especially Bayesian learning.
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Chapter 1

Hypergraphs

Classical graph models describe interactions only in terms of pairwise connections. In
many real-world settings, social interactions occur in groups rather than exclusively be-
tween two individuals. Meetings, discussions, and social gatherings often involve multiple
participants simultaneously. Hypergraphs and abstract simplicial complexes extend graph-
based models by defining these interactions more precisely. In this chapter, we provide the
definitions of graphs, hypergraphs, and abstract simplicial complexes, and then explain
in greater detail the impact of higher-order networks on opinion models. All definitions
are taken from [1], and the examples are inspired by the same article.

1.1 Graphs

Definition 1.1.1 An undirected graph G = (V ; E) consists of a finite set V = fv1; : : : ; vNg
of N vertices and a set E � ffvi; vjgjvi; vj 2 Vg of edges.

1.2 Hypergraphs

An undirected hypergraph generalizes an undirected graph, allowing for edges with higher
cardinality. This means that edges can "connect" more than two nodes. Let P(X) denote
the power set of X, consisting of all subsets of X.

Definition 1.2.1 (Hypergraph) Let V = f1; 2; : : : ; Ng be a finite set, and E � P(V)

a finite collection of nonempty subsets of V. The tuple H = (V ; E) is called a hypergraph.
A hypergraph H is k-uniform if jej = k for every e 2 E .
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Example 1.2.2 (Hypergraph) Let V = f1; 2; 3; 4; 5; 6; 7; 8; 9g be the vertices of the hy-
pergraph and

E =

8>><>>:
f1; 2g; f1; 7g; f2; 3g; f2; 4g; f2; 5g; f3; 4g; f3; 7g; f4; 5g; f4; 6g; f5; 6g; f7; 8g; f8; 9g;

f1; 2; 3g; f4; 6; 9g;

f2; 3; 4; 5g

9>>=>>; :

be the given edges. Here, tuple H = (V ; E) is the example hypergraph.

1

2

3 4

5

6

7 8 9

1.2.1 Simplicial Complexes

An abstract simplicial complex is a hypergraph in which the set of hyperedges is closed
under inclusion. More precisely, for every hyperedge e 2 E , each of its nonempty subsets
d � e also satisfies d 2 E .

Definition 1.2.3 (Abstract simplicial complex) Consider a finite set of vertices V =

f1; : : : ; Ng. An n-simplex � = fv0; : : : ; vng is a nonempty set of n+ 1 elements of V, and
its dimension is defined as n. Given an abstract n-simplex �, we call a subset � � � a
face of �. An abstract simplicial complex K is a finite collection of such simplices that:

• � � � and � 2 K imply � 2 K

• fvg 2 K for all v 2 V

The dimension of an abstract simplicial complex K is defined as the largest dimension of
any simplex in K. The n-skeleton Kn of the abstract simplicial complex K is the union of
the dimensions 0; 1; 2; : : : n. The 0-skeleton K0 = V is the set of vertices of K, and the
1-skeleton is the graph associated with the simplicial complex.

7



Example 1.2.4 (Abstract simplicial complex) On nodes V = f1; 2; 3; 4; 5g let us
consider K, an abstract simplicial complex: K = ff1g; f2g; f3g; f4g; f5g; f1; 2g; f1; 3g; f2; 3g;
f2; 4g; f3; 4g; f3; 5g; f4; 5g; f1; 2; 3gg. Here, the simplicial complex has dimension 2, since
f1; 2; 3g is the largest simplex in K. The 0-skeleton is made out of the vertices f1g, f2g,
f3g, f4g and f5g. The 1-skeleton consists of the edges, namely f1; 2g, f1; 3g, f2; 3g,
f2; 4g, f3; 4g, f3; 5g, and f4; 5g. The 2-skeleton is the single simplex f1; 2; 3g. f1; 2; 3g is
a simplex since f1g; f2g; f3g; f1; 2g; f1; 3g; f2; 3g 2 K.

1

2

3

4

5

1.3 Higher-order interactions

Now that we have discussed the basic definitions, we can examine how modeling relational
data with hypergraphs differs. This is most easily explained through the example of co-
authorship.

Let us say we would like to model how the professors of a department have collabo-
rated on papers throughout the years. Building the graph seems straightforward. If two
professors have written a paper together, then we connect them with an edge. But how do
we model when more than two professors have worked on one paper? One solution would
be to connect all of them and make a complete graph on their nodes. However, in the
example of co-authors, this would not be completely precise, since this could also be in-
terpreted as every pair of professors writing a different paper together, and none between
the all of them. Another solution could be to use a higher-order graph, a hypergraph. In
this case, two people writing together could be represented with an edge, and multiple
people collaborating could be translated as a hyperedge. This way, the department’s col-
laborations can be accurately reconstructed from the hypergraph since every edge and
hyperedge has a precise interpretation.

In terms of opinion spread, hypergraphs can also be very useful, especially for modeling
group interactions. If we would like to model the opinion exchanges in a social gathering,
the same problem as with the co-authors arises. When two people exchange opinions, it
can simply be represented with an edge. But when multiple people are having a discussion
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where they are all expressing and forming opinions, connecting them all and forming a
complete graph is not entirely accurate. If we consider a sequence of pairwise interactions
and a continuous multi-minded conversation, the resulting opinions can be somewhat
different. Focusing solely on the changes in people’s opinions, in the case of a sequence
of two-party interactions, any shift in opinions is driven solely by the current speaking
partner. The evolution of the opinion, therefore, is a series of successive changes, each
triggered by the current partner. In contrast, during a group interaction, the opinion
change occurs in a single step and is influenced by the collective stance of the group as a
whole. Therefore, it is sensible in our models to treat one-on-one and group interactions
differently.

The last extension is of the abstract simplicial complexes. Abstract simplicial com-
plexes are easier to work with, and when modeling opinion spread, their presence is not
unwarranted. If we look at a group of people who belong to the same friend group, it is
reasonable to assume that every subset of them is also connected by friendship. Meaning
that if we have a hyperedge, it is not unrealistic to consider all of its subsets also part of
the hypergraph. Of course, this is only the case for opinion spreading, not for every hyper-
graph model (for example, it would not have worked with the example of co-authorship).
Therefore, in some cases, when modeling opinion spread, using abstract simplicial com-
plexes is logical. It is important to mention that simplicial complexes have other uses
outside of modeling. In topology and geometry, they can be used to study the “shape”
and higher-dimensional structure of data, for example, by identifying clusters, holes, or
connected components.
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Chapter 2

Random hypergraph models

Random graph models were introduced to capture the typical structural properties of
large and complex networks. Instead of fixing the exact edge set, these models assign
probabilities to possible connections. Hence, we can create robust networks that mimic
the properties of real-life networks. This chapter introduces three random hypergraph
models: the first two are different generalizations of the Erdős–Rényi random graph, and
the last one is the extension of the stochastic block model.

2.1 Erdős–Rényi random graph model

The earliest and most well-known random graph model is the Erdős–Rényi model (cited
as [15]), introduced in the 1950s. Since then, more random graph models have surfaced,
and random graph theory has grown to be an important area of research. The definitions
of this section are from article [2].

Definition 2.1.1 (Erdős–Rényi random graph) Consider the vertex set V = 1; 2; : : : ; n

and we connect each of the
�
n
2

�
pairs independently with probability p. Or in other words,

for each unordered pair of vertices, we introduce independent Bernoulli(p) random vari-
ables indicating the presence of edges. The random graph obtained this way is the Erdős–
Rényi random graph, and we will denote it by G(n; p).

From this definition, the extension to r-uniform hypergraphs is unambiguous.

Definition 2.1.2 (r-uniform Erdős–Rényi random hypergraph) We denote by G(n; p; r)

the r-uniform random hypergraph with vertex set V = f1; 2; : : : ; ng and edge set E defined
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as follows. For every subset e � V with jej = r, the hyperedge e is included in E indepen-
dently with probability p.

Equivalently, the indicator variables of the r-subsets follow independent Bernoulli dis-
tributions with parameter p.

When r = 2, the model G(n; p; 2) coincides with the Erdős–Rényi random graph
G(n; p).

We can use the Erdős–Rényi r-uniform hypergraph to build a random hypergraph
model that creates hyperedges containing f2; : : : ;mg (m � n) nodes with probabilities
fp2; : : : ; png. For this, we have to repeatedly use the r-uniform Erdős–Rényi hypergraph
model. We will call this the Generalization of Erdős–Rényi model for hypergraphs.

Definition 2.1.3 (Generalized Erdős–Rényi hypergraph model) Let V = f1; 2; : : : ; ng
be the vertex set, and m � n. For each r 2 f2; : : : ;mg, we independently construct an
r-uniform Erdős–Rényi hypergraph G(n; pr; r) on the same vertex set V.

More precisely:

• First, construct G(n; p2; 2), connecting each pair of vertices independently with prob-
ability p2.

• Next, construct G(n; p3; 3) on the same vertex set, adding each 3-element subset as
a hyperedge independently with probability p3.

• Continue in this manner for r = 4; : : : ;m, constructing G(n; pr; r) independently at
each step.

The resulting hypergraph contains hyperedges of sizes 2; : : : ;m, where each r-subset of
vertices is included independently with probability pr.

We denote this generalized Erdős–Rényi hypergraph model by

G(n; p2; p3; : : : ; pm):

Example 2.1.4 (Generalized Erdős–Rényi random hypergraph) We created two
graphs to illustrate the behavior of the model. Both hypergraphs were generated for n =
25 vertices, and both only contain hyperedges with cardinality 2 and 3. The first graph’s
parameters are: p2 = 0:03 and p3 = 0:008. This results in 17 edges and 20 hyperedges.
The second’s parameters were chosen to be: p2 = 0:05 and p3 = 0:002, resulting in 24
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edges, and 4 hyperedges. The figures for the chosen parameters demonstrate that for the
Generalized Erdős–Rényi hypergraph model, the distribution of hyperedges with cardinality
of 2 and 3 are independent. This independence property would also hold for hyperedges of
higher cardinality. This means that for this model, the distributions of the hyperedges with
different cardinalities are independent.

(a) G(25, 0.03, 0.008) (b) G(25, 0.05, 0.002)

Figure 2.1: Generalized Erdős–Rényi random hypergraphs.

However, there is another similar interpretation of the Erdős–Rényi random graph
model. This model has a recursive definition. We add the hyperedges in ascending order
based on their cardinality. In addition, a fixed hyperedge ei � E with cardinality d is
added to the hypergraph if all of its subsets of cardinality d � 1 are also part of the
hypergraph. We call this the Recursive Erdős–Rényi random hypergraph model.

Definition 2.1.5 (Recursive Erdős–Rényi r-uniform hypergraph) Let V = f1; 2; : : : ; ng
be the vertex set. We define the recursive r-uniform random hypergraph,

R(n; p1; : : : pr�1; r)

inductively on r as follows.

• For r = 2, we set
R(n; p1; 2) = G(n; p1; 2);

the classical Erdős–Rényi random graph.
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• For r > 2, assume that the (r � 1)-uniform hypergraph

R(n; p1; : : : pr�2; r � 1)

has already been constructed on V. Then R(n; p1; : : : pr�1; r) is obtained by selecting
each r-element subset e � V independently with probability pr�1, provided that all
(r � 1)-subsets of e are edges in R(n; p1; : : : ; pr�2; r � 1).

From the previous definition, we can easily create a new model, which has varying
hyperedge cardinalities. All we have to do is unite all the layers of R(n; p1; : : : ; pi�1; i) for
i = 1; : : : ;m.

Definition 2.1.6 (Recursive Erdős–Rényi hypergraph) Let V = f1; 2; : : : ; ng be the
vertex set and let m � n. For each r 2 f2; : : : ;mg, let

R(n; p1; : : : ; pr�1; r)

be the recursive r-uniform random hypergraph constructed as in the previous definition.
We define the recursive Erdős–Rényi hypergraph model as the hypergraph whose edge

set is given by

E =
m[
r=2

Er;

where Er denotes the edge set of R(n; p1; : : : ; pr�1; r).
We denote this model by

R(n;m; p1; p2; : : : ; pm�1):

Example 2.1.7 For the Recursive Erdős–Rényi hypergraph model we created three exam-
ples. All three examples have n=25 vertices, and hyperedges with 2 and 3 cardinalities.
The parameters of the first graph are (p1 = 0:1; p2 = 0:5), resulting 34 edges and 1 hyper-
edge. The second’s are (p1 = 0:18; p2 = 0:5), resulting in 56 edges and 5 hyperedges. The
last hypergraph’s parameters are (p1 = 0:25; p2 = 0:7), resulting in 82 edges and 30 hyper-
edges. These examples show that in the recursive model, the distribution of hyperedges of
cardinality three depends on the underlying structure of 2-edges. In particular, increasing
the probability of lower-order edges influences the occurrence of higher-order hyperedges.
More generally, hyperedges of higher cardinality depend on hyperedges of lower cardinality
(in the recursive construction).
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(a) R(25, 3, 0.1, 0.5) (b) R(25, 3, 0.18, 0.5) (c) R(25, 3, 0.5, 0.7)

Figure 2.2: Recursive Erdős–Rényi random hypergraph models.

2.2 Stochastic block model (SBM)

A stochastic block model is a random graph model designed to generate networks with
community structure. This makes it a useful tool for constructing the underlying network
for an opinion-spread model.

When modeling social interactions and the gradual convergence of opinions, it is im-
portant to acknowledge that real-world social ties are rarely formed at random. People
feel more comfortable and at ease with people of similar opinions. Therefore, individuals
tend to form lasting ties with groups that they share similar views with, meaning the
initial network is biased from the start. To reflect this, the network-generation process
should favor edges between nodes with aligned opinions. Leading to a network containing
blocks of the same opinion.

The stochastic block model introduced in this section works very similarly to the
Generalized Erdős–Rényi hypergraph model. However, when a new edge is added, the
model considers the distribution of opinions on the nodes of the hyperedge. If the opinions
match, then we add the edge to the graph with a greater probability. Hence, a model is
created, where relations are more likely to occur between individuals of similar opinions.

As with the previous section, we first state the definition for a graph, then extend it
to an r-uniform hypergraph, and finally from there, we define it for a general hypergraph.
The definitions in this section are cited from article [4], and inspired by [3].
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Definition 2.2.1 (Stochastic block model) Let V = f1; 2; : : : ; ng be the vertex set.
We assign to each vertex i 2 V a label

�(i) 2 f�1; 1g;

representing the two opinions, defining two communities.
Given the labeling �, we construct a random graph G = (V ; E) as follows. For each

unordered pair fi; jg � V, we include the edge fi; jg independently with probability

P(fi; jg 2 E) =

8<:p; if �(i) = �(j);

q; if �(i) 6= �(j);

where 1 � p > q > 0.
The random graph obtained this way is called the stochastic block model, and we denote

it by
SBM(n; p; q):

Definition 2.2.2 (r-uniform stochastic block hypergraph model) Let V = f1; 2; : : : ; ng
be the vertex set and let r � 2. Assign to each vertex i 2 V a label

�(i) 2 f�1; 1g

representing the two opinions.
We construct an r-uniform random hypergraph G = (V ; E) as follows. For every subset

e � V with jej = r, the hyperedge e is included independently with probability

P(e 2 E) =

8<:p; if all vertices in e have the same label;

q; otherwise;

where 1 � p > q > 0.
We denote this model by

HSBM(n; p; q; r):

In the case r = 2, this model coincides with the stochastic block model defined above.

Definition 2.2.3 (Generalized stochastic block hypergraph model) Let V = f1; 2; : : : ; ng
be the vertex set and let m � n. Assign to each vertex i 2 V a label

�(i) 2 f�1; 1g;

15



representing the two opinions.
For each r 2 f2; : : : ;mg, we independently construct an r-uniform stochastic block

hypergraph model on the same vertex set V as follows:

• First, construct the graph case (r = 2) by connecting each pair fi; jg � V indepen-
dently with probability 8<:p2; if �(i) = �(j);

q2; otherwise:

• Next, for r = 3, add each 3-element subset e � V independently with probability8<:p3; if all vertices in e have the same label;

q3; otherwise:

• Continue in this manner for r = 4; : : : ;m, adding each r-subset independently with
probability 8<:pr; if all vertices in the subset have the same label;

qr; otherwise;

where 1 � pr > qr > 0 for each r.

The resulting hypergraph contains hyperedges of sizes 2; : : : ;m, with probabilities de-
pending on whether the participating vertices belong to the same community.

We denote this generalized stochastic block hypergraph model by

HSBM(n; p2; q2; : : : ; pm; qm):

Example 2.2.4 (Stochastic block model for hypergraphs) For the Hypergraph Stochas-
tic Block Model, we generated three examples with n = 25 vertices and hyperedges with
cardinalities 2 and 3. Opinions were distributed independently and uniformly among the
vertices. In the first example, the parameters were set to (p2 = 0:07; p3 = 0:006; q2 =

0:04; q3 = 0:003), resulting in 13 edges and 2 hyperedges. In the second example, the pa-
rameters were set to (p2 = 0:1; p3 = 0:015; q2 = 0:02; q3 = 0:002), resulting in 14 edges and
6 hyperedges. In the third example, the parameters were set to (p2 = 0:14; p3 = 0:030; q2 =

0:008; q3 = 0:0008), resulting in 19 edges and 11 hyperedges. These examples illustrate
how the parameters influence the overall structure of blocks in the generated hypergraph.
In particular, the contrast between p and q determines the strength of the community
structure.
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(a) HSBM(25, 0.07, 0.04,

0.006, 0.003)

(b) HSBM(25, 0.1, 0.02,

0.0015, 0.002)

(c) HSBM(25, 0.14, 0.008,

0.03, 0.0008)

Figure 2.3: Hypergraph Stochastic Block Models.
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Chapter 3

Connectivity threshold for random

graphs and hypergraphs

This chapter investigates the phase transition of connectivity within Erdős–Rényi ran-
dom graphs and Erdős-Rényi k-uniform random hypergraphs. To define this, we focus on
finding the connectivity thresholds, meaning the critical value for the edge probability at
which the graph or hypergraph transitions from being almost certainly disconnected to
being almost certainly connected as the number of nodes tends to infinity.

First, we state the lemmas and theorems that help establish the connectivity thresh-
olds. The mentioned statements are from [9].

Lemma 3.0.1 8x 2 R, we have
1� x � e�x (3.1)

Proof. We define function f(x) = e�x � 1 + x, where f(x) � 0, 8x 2 R, which is
equivalent to 1 � x � e�x, 8x 2 R. The first derivative is f 0(x) = �e�x + 1, and the
second is f 00(x) = e�x > 0. Thus f is a convex function, which attains its minimum at
x = 0. Since f(0) = 0, it follows that f(x) � 0, 8x 2 R. �

Lemma 3.0.2 8x 2 R, where 0 � x � 1
2
we have

1� x � e�x�x
2

(3.2)

Proof. Since 0 � x � 1
2

is true, 1 � x � 1
2

is also true, we can use the logarithm
function. For this reason, f(x) = log (1� x) + x + x2 on the given interval is equivalent
to 1 � x � e�x�x

2 . The first derivative is f 0(x) = � 1
1�x + 1 + 2x = x(1�2x)

1�x (where x 6= 1
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stands). We can observe that if 0 � x � 1
2

is true then f 0(x) � 0 is also true, meaning
the function f is increasing on the interval. Therefore, the minimal value attained on this
interval is f(0) = 0. From this, we concur f(x) = log (1� x) + x + x2 � 0, 8x 2 R,
0 � x � 1

2
. �

Theorem 3.0.3 (Markov inequality) Let X be a non-negative random variable with
E[X] <1. Then, for every a > 0, we have

P(X � a) � E[X]

a
(3.3)

In particular, when X is non-negative and integer valued with E[X] � m, then

P(X = 0) � 1�m: (3.4)

Theorem 3.0.4 (Chebyshev inequality) Assume that the random variable X has vari-
ance V ar�(X) = �2. Then, for every a > 0, we have

P(jX � E[X]j � a) � �2

a2
: (3.5)

In particular, when X is non-negative and integer valued with E[X] � m and V ar(X) =

�2,

P(X = 0) � �2

m2
: (3.6)

3.1 Connectivity threshold for the Erdős–Rényi ran-

dom graph

In this section, we provide the proof for the connectivity threshold of the Erdős–Rényi
random graph. To accomplish this, we estimate the expected value and variance of the
number of isolated vertices and establish their relationship to the connectivity of the
graph. From these results, the threshold is calculated. The propositions, theorems and
proofs of this section are adapted from [9].

For the following propositions and theorems, we consider the standard Erdős–Rényi
random graph G(n; �

n
) as established in Definition 2.1.1. Unless otherwise specified, we

assume 1 < � < 1. Furthermore, we introduce C (v), denoting the number of vertices
connected to v, more formally:
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C (v) = fx 2 f1; 2; : : : ; ng : there exists a path of edges between x and vg

.
Consequently, jC (v)j denotes the number of vertices connected to v by a path. There-

fore, if jC (v)j = 1, then vertex v is isolated. Let Y =
Pn

i=1 IjC (i)j=1 be the variable for the
number of isolated nodes. Lastly, we say that An holds with high probability if for every
" > 0 there exists n0 such that for all n � n0, P(An) � 1� ".

Proposition 3.1.1 (Mean and variance of number of isolated vertices) For the Erdős–
Rényi random graph G(n; �), for every � � n

2
with � � 1

2
,

E�[Y ] = ne��
�

1 +O

�
�2

n

��
(3.7)

and for every � � n,
V ar�(Y ) � E�[Y ] +

�

n� �
E�[Y ]2 (3.8)

Proof. First we will prove expression (3.7), under conditions � � n
2

with � � 1
2
. Because

jC (i)j = 1 is equivalent to all edges stemming from the node being vacant, the probability
P�(jC (i)j = 1) = (1 � �

n
)n�1 is given. If we use this, and the expression (3.1) (more

precisely 1� x � e�x) for x = �
n
, we get the following for E�[Y ]:

E�[Y ] = E�

� nX
i=1

IfjC (i)j=1g

�
=

nX
i=1

E�[IfjC (i)j=1g] =
nX
i=1

P�(jC (i)j = 1) = nP�(jC (1)j = 1)

= n

�
1� �

n

�n�1

� ne��e
�
n

1
2
� � � n

2
is given, therefore for value x = �

n
the equation 0 � 1

2n
� �

n
� 1

2
is true

and we can use expression (3.2) (more precisely 1� x � e�x for 0 � x � 1
2
). By this, we

obtain:

E�[Y ] = nP�(jC (1)j = 1) � ne�(n�1)�
n

(1+�
n

) � ne��(1+�
n

) = ne��e�
�2

n

Since � � 1
2
, multiplying both sides by �

n
gives �

n
� 2�

2

n
, which implies that O

�
�
n

�
�

O
�
�2

n

�
. As proof, let us consider function f(n) 2 O

�
�
n

�
, then by definition there exists a

constant c > 0 such that jf(n)j � c�
n

for sufficiently large n. Using the inequality �
n
� 2�

2

n
,

we obtain jf(n)j � c�
n
� 2c�

2

n
, and therefore f(n) 2 O

�
�2

n

�
. Thus, O

�
�
n

�
� O

�
�2

n

�
.
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For this reason ne��
�
1�O

�
�2

n

��
� E�[Y] � ne��

�
1+O

�
�
n

��
implies ne��

�
1�O

�
�2

n

��
�

E�[Y] � ne��
�
1 +O

�
�2

n

��
, proving proposition (3.7).

Now, we prove (3.8). When � = n, there is nothing to prove; we can assume that
� < n. To calculate E�[Y

2] we use the interchangeability of nodes.

E�[Y
2] = E�

�� nX
i=1

IfjC (i)j=1g

�2�
= E�

� nX
i=1

I2
fjC (i)j=1g

�
+ E�

� nX
i;j=1;i6=j

IfjC (i)j=1gIfjC (j)j=1g

�

=
nX
i=1

E�[I2
fjC (i)j=1g] +

nX
i;j=1;i6=j

E�[IfjC (i)j=1gIfjC (j)j=1g]

Because of the nature of indicator variables E�[I2
fjC (i)j=1g] = E�[IfjC (i)j=1g] = P�(jC (i)j =

1). The term in the other sum is only non-zero if both vertices are isolated, therefore
E�[IfjC (i)j=1gIfjC (j)j=1g] = P�(jC (i)j = 1; jC (j)j = 1). Concluding, from this

E�[Y
2] =

nX
i=1

P�(jC (i)j = 1) +
nX

i;j=1;i6=j

P�(jC (i)j = 1; jC (j)j = 1)

= nP�(jC (1)j = 1) + n(n� 1)P�(jC (1)j = 1; jC (2)j = 1)

We can now compute the variance.

V ar�(Y ) = E�[Y
2]� E�[Y ]2

= nP�(jC (1)j = 1) + n(n� 1)P�(jC (1)j = 1; jC (2)j = 1)� n2P�(jC (1)j = 1)2

= n[P�(jC (1)j = 1)�P�(jC (1)j = 1; jC (2)j = 1)]+n2[P�(jC (1)j = 1; jC (2)j = 1)�P�(jC (1)j = 1)2]

The first term above can be bounded above by E�[Y ]. For the second term we first state
that the probability of two nodes being isolated at the same construction is P�(jC (1)j =
1; jC (2)j = 1) =

�
1� �

n

�n�1�
1� �

n

�n�2
=
�
1� �

n

�2n�3. For this reason, the second term is
equal to:

P�(jC (1)j = 1; jC (2)j = 1)� P�(jC (1)j = 1)2 =

�
1� �

n

�2n�3

�
��

1� �

n

�n�1�2

= P�(jC (1)j = 1)2

��
1� �

n

��1

� 1

�
=

�

n(1� �
n
)
E�[Y ]2

By substituting into the variance, we get (3.8).
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V ar� = E�[Y ] +
�

n� �
E�[Y ]2

�

When the number of isolated vertices is positive (Y � 1), it is clear that the graph
cannot be connected. More remarkably, the absence of isolated vertices (Y = 0) implies
that the random graph is connected with high probability. Thus, the threshold for con-
nectivity and the threshold for the disappearance of isolated vertices are the same. The
proposition is stated more precisely below.

Proposition 3.1.2 (Connectivity and isolated vertices) For all 0 � � � n and n >
2,

P�
�
G

�
n;
�

n

��
is connected

�
� P�(Y = 0): (3.9)

Moreover, if there exists an a > 1
2
such that � � a log n, then for n!1,

P�
�
G

�
n;

�
�

n

��
is connected

�
= P�(Y = 0) + o(1) (3.10)

From Propositions 3.1.1 and 3.1.2 (and by using the definitions before Proposition
3.1.1), the connectivity threshold can be given.

Theorem 3.1.3 (Connectivity threshold) For �� log n!1, the Erdős–Rényi ran-
dom graph is with high probability connected, while for �� log n! �1, the Erdős–Rényi
random graph is with high probability disconnected.

Proof. First, we begin by proving that when �� log n! �1 the Erdős–Rényi random
graph is, with high probability, disconnected, meaning that as n!1 the probability of
the graph being disconnected tends to 1. We calculate the limit of E�[Y ], when n ! 1
and for this we use (3.7).

E�[Y ] = ne��(1 + o(1)) = elogn��(1 + o(1))!1

Now, we utilize the second version of the Chebyshev inequality (3.6), and thereafter
(3.7).

P�(Y = 0) � V ar�(Y )

E�[Y ]2
=

E�[Y ] + �
n��E�[Y ]2

E�[Y ]2
= E�[Y ]�1 +

�

n� �
! 0:
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As a consequence of Proposition 3.1.2, the probability that the Erdős–Rényi graph is
disconnected tends to 1 as n!1.

Next, we prove that when � � log n ! 1, the Erdős–Rényi random graph is dis-
connected with high probability, that is, the probability of disconnection tends to 1 as
n ! 1. For this we use the Markov inequality 3.0.3, and equation (3.7) under the as-
sumption � � 2 log n.

P�(Y = 0) = 1� P�(Y � 1) � 1� E�[Y ]! 1

This proves that the Erdős–Rényi random graph is with high probability connected
when ��log n!1 and � � 2 log n. Since connectivity of G

�
n; �

n

�
is monotone increasing

in �, the result extends to the case � � 2 log n whenever �� log n!1. This completes
the proof that G

�
n; �

n

�
is connected with high probability as �� log n!1. �

3.2 Connectivity threshold for random hypergraphs

In the following, we introduce the extension of Theorem 3.1.3 for k-uniform Erdős–Rényi
random hypergraphs, based on a corollary found in cite [10]. In other words, we establish
the connectivity threshold for k-uniform Erdős–Rényi random hypergraphs.

Let us consider a k-uniform Erdős–Rényi random hypergraph, for this the definitions
were given in Chapter 2 in Definition 2.1.2. Referring to this, we denote the random
hypergraph with G(n; pk; k), where pk = �k

( n
k�j)

for a 0 � �k �
�
n
k�j

�
. We furthermore

give the definitions for j-sets, j-connectivity, j-component and j-connected hypergraph.
With the help of these definitions, we give the j-connectivity threshold for a k-uniform
Erdős–Rényi random hypergraph.

Definition 3.2.1 (j-set) Let V be a vertex set. A j-set is any subset J � V such that
jJ j = j.

Definition 3.2.2 (j-connectivity) Let H(V ; E) be a k-uniform hypergraph and let 1 �
j � k � 1. Two j-sets J1; J2 � V are said to be j-connected if there exists a sequence of
edges E1; : : : ; Em 2 E, such that

• J1 � E1 and J2 � Em,

• jEi \ Ei+1j � j for all 1 � i � m� 1.
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Remark 3.2.3 For j = 1, the j-sets are the nodes of the graph. When k = 2, the graph
is 2-uniform, meaning the hypergraph is a standard graph. When both conditions are true,
by the definition, two vertices are 1-connected when there exists a sequence of edges, where
each edge has one common node with the previous edge. This is exactly the formal defini-
tion for two vertices being connected in an ordinary graph.

Definition 3.2.4 (j-component) A j-component is a maximal collection of j-sets that
are pairwise j-connected.

Remark 3.2.5 For j = 1 k = 2, a 1-component is the maximal set of vertices such that
every pair of vertices is connected by a path, which matches the definition for a standard
graph’s component.

Definition 3.2.6 (j-connected hypergraph) A k-uniform hypergraph is said to be j-
connected if it contains a single j-component that includes all j-sets of the vertex set.

Remark 3.2.7 As the previous definitions matched, a 1-connected hypergraph also leads
back to a connected standard graph. Therefore, the given definitions are natural extensions
of the ones for ordinary graphs, and return them for j = 1 and k = 2.

Theorem 3.2.8 ([10] Connectivity threshold for random hypergraphs) Let
G
�
n;
�

�k

( n
k�j)

�
; k
�
be the random k-uniform Erdős–Rényi hypergraph. When �k � j log n!

+1, the k-uniform Erdős–Rényi random graph is with high probability j-connected. For
�k�j log n! �1 the k-uniform Erdős–Rényi random hypergraph is with high probability
j-disconnected.
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Chapter 4

Voter Models

In the previous chapter, we introduced three random graph models. Building on this
foundation, we now turn to models of opinion formation and spread. Specifically, we focus
on the voter model and two of its extensions to hypergraphs. The first model (cited [8])
provides a natural interpretation of the voter model on standard graphs. The second is
a possible extension to hypergraphs, introduced in this thesis. The third is a dynamic
hypergraph extension of the model (cited from [5]).

The voter model is perhaps the most simplified depiction of the human decision-making
process. The skeletal dynamics of the model were first proposed by Clifford and Sudbury in
1973. Their article (cited at [6]) introduced a model describing the struggle of two species
for territory. However, it was Ligett and Holley (cited [7]) who, in 1975, adapted the idea
and transformed the rivalry of species into an opinion spread model. The opinion model
established by their combined efforts became one of the most popular opinion dynamics
models. Therefore, now there are many versions of the model; the ones introduced in this
section are merely a few of many. But the primary idea of the voter model is something
that they all share. It could be summarized as follows:

There is a closed community before a two-candidate election, where every resident
will vote. Every resident is represented by a node, and an edge indicates some sort of
interaction between voters. At discrete timestamps, voters’ opinions change based on
their connections’ opinions and a stochastic rule of randomness. A voter’s opinion in any
given moment in time is denoted by either �1 if the person would vote for candidate A
at the moment or by 1 if they lean towards B.

From now on, for each node we denote its opinion by full and empty circles as follows:
� = fopinion of -1g and � = fopinion of 1g.
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4.0.1 The Standard Voter Model

First, we define a voter model for an ordinary graph in the simplest possible way. The
model can be found in [8].

Let us consider a simple undirected graph G = (V ; E), defined on a set of vertices
V = fv1; v2; : : : ; vNg and edges E = fe1; e2; : : : ; eMg. To each vertex we independently
assign a random variable �i 2 f1;�1g, for i 2 1; 2; : : : ; N , such that P (�i = 1) =

p�; P (�i = �1) = 1 � p� (where p� 2 [0; 1] is an arbitrary probability), representing
the initial distribution of opinions. At each time step t, the system evolves according to
the following stochastic update rule:

• We uniformly choose a vertex vi 2 V . Each vertex is selected with probability 1
N

.

• Let’s say the selected node is vi. We choose one of its neighbors vj 2 N (vi) uniformly
at random, where N (vi) denotes the set of neighbors of vi. Thus, each neighbor is
selected with probability 1

jN (vi)j .

• The selected vertex vi adopts the opinion of the chosen neighbor vj, while every other
vertex keeps its previous opinion. Thus, �i(t+ 1) = �j(t), whereas �k(t+ 1) = �k(t)

for all k 6= i.

Here, we can observe one of the most important qualities of the voter model: the
opinion of an individual is solely dependent on its neighbors’ opinions and the original
distribution of opinions. In this sense, agents do not form their opinions independently
based on external signals; instead, they purely aggregate the views within their surround-
ings.

4.0.2 The Noisy Voter Model

The model introduced new in this section could be categorized as the "the noisy voter
model" or as "the majority voter model". This new model includes more randomness and
more parameters than most models in the literature. The main idea behind it is that even
when in a large group interaction there is no consensus formed, the individuals taking
part in the conversation can still change their opinions independently of others as a result
of the discussion. From now on, we will refer to this as the noisy voter model.

Let us consider a random hypergraph (or abstract simplicial complex) H = (V ; E), set
upon vertices V = fv1; v2; : : : ; vNg, with edges E = fe1; e2; : : : ; eMg connecting them. To
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each vertex we assign independently a random variable �i 2 f1;�1g, for i = f1; 2; : : : ; Ng
such that P (�i = 1) = p�; P (�i = �1) = 1 � p� (where p� 2 [0; 1] is an arbitrary
probability), denoting the distribution of opinion. We also introduce probabilities p and q
(p; q 2 [0; 1]), where p defines opinion shift at the group level and q at the personal level.
So at discrete time-stamp t, we execute the following steps:

• We uniformly choose an edge ei 2 E . We select each edge ej 2 E with probability
1
M

for each j 2 f1; 2; : : : ;Mg.

• We calculate the majority opinion of the nodes of ei, denoted by ��, calculated as
�� = sgn(

P
j:vj2ei �j). When �� = 0, we change its value to f1;�1g with probability

P (�� = 1) = P (�� = �1) = 1
2
.

• With probability p, the group interaction leads to consensus on the selected edge.
Every vertex in ei holding the minority opinion changes its state to ��. With prob-
ability 1 � p, the group interaction does not produce consensus, and no opinions
change at this stage.

• Upon the condition that the group interaction does not produce consensus, each
minority vertex vj 2 ei changes its opinion to �� independently with probability q,
and remains unchanged with probability 1� q. Thus, for each such vertex,

P (�j = �� j no group consensus) = q; P (�j 6= �� j no group consensus) = 1� q:

Example 4.0.1 Let us consider a hyperedge e with cardinality five. Its vertices ordered as
fv1; v2; v3; v4; v5g with an opinion distribution f�1 = 1; �2 = 1; �3 = �1; �4 = �1; �5 = 1g.
Here, the resulting distribution of opinions is: P (8i : �i = 1) = p + q2(1 � p), P (�3 =

�1; �4 = �1) = (1� p)(1� q)2 and P (�3 + �4 = 0) = 2q(1� p)(1� q).
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p
1� p

(1� q)2

q(1� q)
q(1� q)

q2

Figure 4.1: Transition diagram for a five-vertex hyperedge opinion configuration.

4.0.3 The Adaptive Voter Model

The adaptive voter model integrates "peer pressure" into the regular voter model. Persis-
tent disagreement in group interactions can lead to the circle breaking up and its members
seeking new, more like-minded acquaintances.

This can be easily realized by making small adjustments to our previous model. The
new model keeps the majority opinion rules and combines them with new rewiring rules.
More precisely, it is possible for the majority to convince the minority, but when that
does not occur, the edge may break up and rewire. In the following, we are introducing
the adaptive voter model constructed in [5]. Defining the rewiring process for higher-order
hyperedges can be tricky. Therefore, the model works with 2-dimensional simplicial com-
plexes. Such a network can be generated by the recursive Erdős–Rényi random hypergraph
model (Definition 2.1.6 in Chapter 2).

Let K = (V ; E) be the abstract simplicial complex with vertex set V = fv1; v2; : : : ; vNg,
and edges E = fe1; e2; : : : ; eMg. As before, we independently assign a random variable
�i 2 f1;�1g to each vertex, for i = f1; 2; : : : ; Ng such that P (�i = 1) = p�; P (�i =

�1) = 1� p� (where p� 2 [0; 1] is an arbitrary probability), denoting the distribution of
opinion. We also consider probabilities p; q 2 [0; 1], where p again is responsible for the
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group consensus and q for the probability of rewiring. At given discrete t:

• Choose a 1-dimensional hyperedge e uniformly, independently and randomly from
the set of 1-dimensional hyperedges. If the opinions of the nodes found at the two
ends of the edge match, then nothing happens.

• If e is not part of a simplicial complex, then the following rules apply:

– With probability p, one of the nodes persuades the other. Here, we randomly
choose, with probability 1

2
, one node which adapts the other’s opinion.

7! 7!

– With probability 1� p, the edge breaks up, and one of the nodes rewires to a
node that matches its opinion. More precisely, we delete the edge. Select one of
the two vertices, both with probability 1

2
, and choose a vertex uniformly from

the nodes representing the same opinion, and draw an edge.

7! 7!

• If e is part of at least one simplicial complex, then:

– With probability q the majority rule occurs. If e is part of more than one
simplex, then we choose one of them, and the majority convinces the minority
with probability p, or nothing happens with probability 1� p.

7! 7!

– With probability 1�q, rewiring occurs; here, the edge e breaks up and rewires,
same as before, breaking up all simplicial complexes which contained it. As an
example:

7! 7!
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Chapter 5

Simulations and results

To better understand how each parameter and aspect of the opinion spread process con-
tributes to the outcome, we conducted computer simulations. Specifically, we implemented
the three random hypergraph models of Chapter 2 and the three voter models of Chap-
ter 4. We provide an analysis of said simulations based on four main focuses. First, we
evaluate the impact of the specific opinion spread models. Second, we investigate the role
of different random hypergraph models. Finally, we perform respective analyses on the
internal parameters of both the opinion models and the underlying graph structures.

5.1 Important definitions

Before examining the results more closely, it is necessary to settle some primary definitions.
In the following let G = (V ; E) be a graph or H = (V ; E) be a hypergraph with edge E 2 E
and opinion function � : V ! f�1; 1g.

Definition 5.1.1 (Inactive edge) We say that E is inactive if all vertices in E share
the same opinion, that is, �(v) = �(w) 8v; w 2 E.

Definition 5.1.2 (Active edge) We say that E is active if there exist two vertices in
E that have different opinions, that is, 9v; w 2 E �(v) 6= �(w).

Definition 5.1.3 (Consensus) We say that the system reached consensus if all vertices
share the same opinion, that is, �(v) = �(w) 8v; w 2 V.

Definition 5.1.4 (Absorbed state) We say that the system’s state is absorbed if there
are no active edges and consensus is not reached.
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5.2 About the code

There are three respective random hypergraph-generating functions programmed corre-
sponding to the definitions of Chapter 2. The generalized Erdős–Rényi function (2.1.3), the
recursive Erdős–Rényi random simplicial complex generator (2.1.6), and the Hypergraph
Stochastic Block Model (2.2.3). Apart from the hypergraph generator models, we also
programmed the three opinion spread models given in Chapter 4. These are the standard
voter model, the noisy voter model and the adaptive voter model. For all three functions,
the notations and structures programmed match the definitions given in Chapters 2 and
4, with one exception.

5.2.1 The exception: p4

Due to the definition of the adaptive voter model, with probability 1� q simplicial com-
plexes are destroyed by rewiring. Hence, simplicial complexes are constantly decreasing
in number and need to be supplemented during the simulations. We use the r-uniform
Erdős–Rényi random hypergraph model defined in Chapter 2 as 2.1.5 to fix this and create
the new 3-edges. The new parameter mentioned earlier is the parameter of the r-uniform
recursive Erdős–Rényi model, denoted by p4. Therefore, throughout the simulations, ev-
ery time we destroy a simplex, we run the hyperedge generating model. Meaning, that
for every three nodes, which are all fully connected by 1-dimensional edges, we create
the hyperedge with cardinality three connecting them with probability p4 2 [0; 1]. In
summary, the only difference between the definitions is p4, added to the adaptive voter
model, responsible for supplementing simplices.

5.2.2 The values of parameters

We provide the default values of the parameters, which are used unless stated other-
wise. The opinion distribution is fixed to be uniformly distributed between values 1

and �1. For the hypergraph generating model, we set the parameters so that every
node is expected to have around 15 2-edge connections, and 5 3-edge connections. This
means that the fixed settings are G(100; 0:15; 0:001) (for the generalized Erdős–Rényi
random hypergraph), R(100; 0:15; 0:3) (for the recursive Erdős–Rényi hypergraph), and
HSBM(100; 0:25; 0:05; 0:0025; 0:0005) (for the Hypergraph Stochastic Block Model). The
fixed values for the noisy voter model are p = 0:5 and q = 0:5, for the adaptive voter
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model they are p = 0:5, q = 0:5 and p4 = 0:3, while the standard voter model does not
have any parameters.

5.2.3 The handling of inactive edges

When all individuals participating in a discussion share the same opinion, it is unlikely
that any of them will change their stance. In such cases, there are no opposing viewpoints
or counterarguments, nothing that could cause a shift in opinions. As a result, members
of such groups can change opinions only through discussions with other, heterogeneous
groups.

This is also reflected in our models. If an edge is inactive, neither opinion dynamics
nor rewiring mechanisms can alter the configuration. One of the opinions of an inactive
edge can only change if it is also part of an active hyperedge in which it holds the minority
opinion. Change on the neighboring active edge, could change the shared node’s opinion,
resulting the inactive edge becoming active again.

For this reason, we can treat inactive and active edges differently. Since only active
edges can trigger opinion or structural updates, throughout the simulations, when we
select edges, we only have to consider active edges. Despite this, inactive edges can become
active edges again; therefore, we have to keep the system updated. However, this method
saves us a lot of iterations during the simulations. We use this new rule for the noisy and
adaptive models only, because for the standard voter model this would mean a significant
change in definitions.

5.2.4 Evaluating the results

To evaluate the results, we alternate between three methods, always using the one that
provides the most information for that specific scenario. The first is the number of simula-
tions that reached consensus, divided by the number of simulations. This is referred to as
the probability of consensus. This metric has several limitations. Firstly, it is calculated
once the simulations are over, meaning it cannot be used to demonstrate the process of
the spread. Second, when simulations are run for a relatively small number of steps (de-
pending on the size of the graph), the probability of consensus is typically very low for
all parameter values, making comparisons less informative. Lastly, when the process does
not lead to consensus, the reason cannot be inferred, it can either be because the state
has become absorbed or because the spread is still in progress.
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The second metric addresses some of these limitations by capturing the evolution of
the system over time. At each step, the size of the majority opinion is divided by the
total number of nodes and then averaged across multiple simulations. This is referred to
as the average majority opinion. Unlike the probability of consensus, this metric can be
used to track the progression of the opinion spread and is informative even for shorter
simulations. While this metric is versatile and has few disadvantages, it does not carry as
much information as the other two metrics.

The third metric captures information that is not communicated by the previous two.
It is the number of inactive edges divided by the number of all edges, referred to as
the ratio of inactive edges. The system only evolves until there are still inactive edges.
Therefore, in most cases (not all as we see later), this metric demonstrates how the system
has been progressing, and how close it is to finishing. The greatest disadvantage of this
metric is that while it communicates how fast the process is going and when it finishes, we
do not know how it finishes. Just from the number of inactive edges we can tell when the
system is still in progress, but when it is finished we cannot distinguish between absorbed
state and consensus.

All in all, to accurately determine the pace and result of all processes, we need all
three metrics.

5.3 Opinion spread models

We first focus on the effects of the different opinion spread models. To accomplish this, we
fix the graph generating model as the recursive Erdős–Rényi random hypergraph model,
with its parameters unchanged. Then we run simulations on it for the three opinion models
with their parameters also fixed. To analyze the results, we create figures that show the
average majority opinion and the ratio of inactive edges. We also define a function that
returns the average deviations for each model (it takes the average deviation from the
mean for each timestamp and averages it over time). This metric helps us to better
understand how close the different trajectories fall.
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