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1 Preface
The historical foundation of automata and formal language theory is linked to the evolution

of foundational computational models. In 1936 Alan Turing introduced the Turing machine,
which can be regarded as the birth of computer science. Seven years later, in 1943, Warren
McCulloch and Walter Pitts proposed a formal mathematical framework for the study of neu-
ral networks, which is widely considered the origin of finite automata theory. Although finite
automata are computationally less powerful than Turing machines, their structural restrictions
permit the derivation of significantly stronger decidability, closure, and structural theorems for
the language classes they recognize. After the early results of Stephen Kleene and Michael
O. Rabin the systematic classification of computational boundaries was achieved in 1959 when
Noam Chomsky introduced the Chomsky hierarchy, explicitly mapping formal grammars to cor-
responding abstract machine classes and logical frameworks. In the characterisation of finite state
automatons, the breakthrough came in 1965, when Kenneth Krohn and John Rhodes established
a bridge between automata theory and semigroup theory.

The thesis aims to give an insight into the main results related to regular languages using
a variety of algebraic structures. Throughout the thesis, the chapters get progressively more
abstract; the main result presented in the thesis is the Krohn-Rhodes theorem, which can be
thought of as the semigroup analogue of the Jordan–Hölder theorem.

The results presented in the thesis admit various generalisations and extensions. Finite
automata can be extended to operate on infinite inputs; these are known as ω-automata and
can be used for proving the decidability of the monadic second-order theory of the natural
numbers of one successor. Automata that not only accept or reject inputs, but also produce
outputs, are called transducers and are predominantly used in natural language processing.
Furthermore, if transition functions are equipped with probabilities, one obtains a so-called
probabilistic automaton, which can be thought of as a generalization of Markov chains and is
used for modelling stochastic processes.
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2 Chapter I

2.1 Introduction to Chapter I
In this section, I primarily follow Chapters 2 and 3 of the book by J. Richard Büchi [6].

Büchi presents a rather unusual approach to the basics of automata theory; his main focus is
studying the internal processes of automata through various structures, such as trees, matrices,
and lattices. I found this perspective suitable for my thesis, since the main goal of this chapter
is to understand deterministic semiautomata (deterministic automata without outputs). I will
not mention nondeterministic finite automata, as they operate essentially in the same way as
deterministic finite automata; moreover, it will become evident from Chapters II and III that
they possess the same computational power. For readers who are not familiar with the basics
of automata theory, I recommend the book by Jean-Éric Pin [1]. For more advanced reading, I
recommend the book by Ferenc Gécseg and István Peák [5].

2.2 Preliminaries for Chapter I:
Let F be a non-empty, finite set of characters; F is called an alphabet. We define Nk as the

set of all finite sequences over F ; this structure is also known as the free monoid generated by F ;
we will denote it by F ∗ or Nk depending on the context. The elements of F ∗ are called words.
The identity element of this monoid is the empty word, which we will denote by e. The set of
all non-empty words is denoted by F+.

For an arbitrary word w ∈ F ∗, its length is the number of characters in w; we will denote it by
ln(w). The binary operation of placing a word w1 to the left of a word w2 is called concatenation,
and is denoted by w1w2. With this operation, F ∗ forms a monoid with identity element e. The
set F ∗ is called the Kleene star of A. The words in F ∗ will be interpreted as input signals.

The collection of regular languages over the alphabet F is defined inductively as follows: the
empty set ∅ is a regular language; for each a ∈ F , the singleton language {a} is a regular language;
if L is a regular language, then its Kleene star L∗ is also a regular language (in particular, the
language {e} is regular); and if L1 and L2 are regular languages, then both L1 ∪ L2 and L1 · L2

are regular languages. No other languages over A are regular.
From this definition, it can be derived that regular languages are closed under several addi-

tional operations: if L1 and L2 are regular languages, then so are the intersection L1 ∩ L2, the
complement L1 = F ∗ \ L1, and L2 \ L1 for any regular language L2.

2.3 Fundamental concepts
Definition 2.1. A = ⟨A,F, a0, A0⟩ is a finite automaton of type F , if ⟨A,F ⟩ is a finite unary
algebra of type F , a0 ∈ A and A0 ⊆ A. Elements of A are called (internal) states of A. a0 is
called the initial state. The i-th element of F = {f1, . . . , fk} is called the i-th transition of A;
1, . . . , k are called input states of A. The members of A0 are called accepting states.

Definition 2.2. A finite automaton that has no accepting states is called a k-algebra.

Definition 2.3. Let A be a k-algebra, a ∈ A, x ∈ Nk. The binary response function of A is
defined using the following recursion:

a · e = a ∀a ∈ A

a · xj = a(x)fj for j ∈ {1, . . . , k}; x ∈ Nk
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The response function for an element x ∈ Nk is:

rp(x) := a0 · x

Here, the transition operation fx on A is defined:

afx = ax

(fe is the identity operator on A).

Remark 2.4. fa and fb may be equal for a ̸= b; in fact, this is often referred to as right-
congruence or Nerode equivalence.

Corollary 2.5. From these definitions,it is easy to show that

a · xy = (ax)y

rp(xy) = rp(x)y

And from this follows:
ax = ay =⇒ axv = ayv

rp(x) = rp(y) =⇒ rp(xv) = rp(yv) for all v element of Nk

Definition 2.6. A state a of A is called accessible if u is in the codomain of the response
function. The set of accessible states will be denoted by as(A). The state b is accessible from a
if ∃x ∈ Nk such that ax = b.

Definition 2.7. A k-algebra A is reduced if all states in A are accessible. Let rd(A) denote the
following algebra:

⟨as(A), a0, G⟩,

where G = {g1, . . . , gk} and gi := fi restricted to as(A) for i ∈ {1, . . . , k}.

Remark 2.8. as(A) = rp(Nk), so A and rd(A) have the same response function. In other terms,
A is reduced ⇔ a0 is the generator of A.

Definition 2.9. The following construct is called a right tree: Start with the empty word e.
Create a root node and label it e. For each transition fi, where i ∈ {1, . . . , k}, apply fi to e.
For every fi, create a root child node and label it with the word ei (equivalently, the result of
applying fi to e). Now proceed inductively: For every node labeled with a word x ∈ Nk, and for
every i ∈ {1, . . . , k}, create a descendant node, label it with the word xi. (this is just a visual
representation of the response function.)

Definition 2.10. The transition tree is obtained from the right tree by removing the vertices
that have already occurred. This is done from the root at each level from left to right.

Remark 2.11. This is an efficient method for finding as(A).
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Figure 1: The right tree and the transition tree

Lemma 2.12. If A is a finite k-algebra with n states, then every a element of as(A) can be
interpreted as a response a = rp(x) to an input signal x, where ln(x) < n, that is, there are at
most n levels in the transition tree of A.

Proof. Let a ∈ as(A). Then there exists y ∈ Nk such that

a = rp(y).

It is sufficient to show that if ln(y) > n, there exists z ∈ Nk such that

rp(z) = a and ln(z) < ln(y).

Suppose that a = rp(...) where

y = x1x2 . . . xs, s > n,

and x1, . . . , xs are input states. Let a0, . . . , as be the states that A passes through if x1, . . . , xs
are applied in succession; that is,

a0, a1 = a0 · x1, . . . , as = as−1 · xs = rp(y) = a.

Because there are n states in A and s ≥ n, there must be a repetition:

ap = aq for some 0 ≤ p < q ≤ s.

Therefore we have

a0 = a0, . . . , ap−1 · xp = ap, . . . , aq+1 = ap · xq+1, . . . , as = a

This represents the sequence of states that A passes through as the input signal progresses.

z := x1x2 . . . xpxq+1 . . . xs
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is applied. This also results in a, and z is strictly shorter than y, so

ln(z) < ln(y).

Definition 2.13. Let A = ⟨A, a0, f1, . . . , fk⟩ and B = ⟨B, b0, g1, . . . , gk⟩ be k-algebras. The
direct product of A and B is the k-algebra

A×B = ⟨A×B, a0 × b0, h1, . . . , hk⟩,

defined on the Cartesian product of the base sets of A and B, with initial state a0 × b0, and
transition functions

hi(a, b) := (fi(a), gi(b))

for all a ∈ A, b ∈ B, and for every i = 1, . . . , k. as(A×B) is called the reduced direct product.

Corollary 2.14. We can use the transition trees of A and B to understand the structure of
direct products. As a consequence of the last lemma, we will have at most nm states (given
|A| = n, |B| = m), and starting from the a0 × b0 node, we can build the transition tree of A×B
by a simultaneous graph traversal.

Definition 2.15. Let

A = ⟨A, a0, f1, . . . , fk⟩, B = ⟨B, b0, g1, . . . , gk⟩

be k-algebras. A mapping h : A→ B is called a homomorphism of k-algebras if it satisfies:{
h(a0) = b0,

h(afi) = h(a)gi for a ∈ A, i = 1, . . . , k.

The homomorphism is usually denoted by A ⇒ B, where B is called a homomorphic image
of A.

If h−1 exists, then h is called an isomorphism of k-algebras and is denoted by

A ∼= B.

Note 2.16. If A is reduced and A ⇒ B, then B is also reduced and the homomorphism is
uniquely determined.

Definition 2.17. The class of algebras isomorphic to A is called the isomorphism type of A and
is denoted by

A
∼=.

Note 2.18. A×B and B×A are in the same isomorphism type. Also, if A and B are reduced,
A×B is the smallest algebra having A and B as homomorphic images.

Lemma 2.19. Let A and B be reduced k-algebras. If C is a reduced k-algebra which has A and
B as homomorphic images, then ∃ g : C ⇒ A×B.

Proof. Let h1 and h2 be C ⇒ A, C ⇒ B respectively; define the mapping g by: ga = ⟨h1a, h2a⟩
for a ∈ C. This k-algebra is by definition the direct product of A and B. Since we know that A,
B, C are reduced, we can see that this is exactly the algebra given by the transition trees of the
reduced algebras, hence, it is reduced.
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Definition 2.20. Let A = ⟨A, a0, f1, . . . , fk⟩ be a k-algebra, B be a set, and h : A→ B. We say
that h is compatible with f1, . . . , fk whenever

h(a) = h(a′) ⇒ h(afi) = h(a′fi) for a, a′ ∈ A, i = 1, . . . , k.

Note 2.21. If such a mapping h exists, we can introduce a k-algebra structure on B such that
h becomes a homomorphism from A onto B. Hence, finding compatible mappings is equivalent
to finding homomorphisms.

Definition 2.22. α is a congruence on the k-algebra A, if α is a congruence relation, which
satisfies the following condition: If aα a′, then afi αa′fi for every a, a′ ∈ A, i = 1, . . . , k.

Remark 2.23. α is a congruence on A can be phrased as a homomorphism compatible with A,
which maps:

A → A/α = {aα, a ∈ A}

a 7→ aα

We will denote the set of all congruences of A as Con(A).

Definition 2.24. The quotient algebra of A is

A/α = ⟨A/α, aα0 , g1, . . . , gk⟩,

where gi is defined by:
(aα)gi = (afi)

α

for a ∈ A, i = 1, . . . , k.

Note 2.25. If A is a reduced k-algebra, there is a one-to-one correspondence between every
possible homomorphic image of A and the elements of Con(A). Because of the first isomorphism
theorem.

Definition 2.26. The ρ relation on the set A×B is called rectangular if:

(i) {a ∈ A | ∃b ∈ B : (a, b) ∈ ρ} = A

(ii) {y ∈ B | ∃x ∈ A : (x, y) ∈ ρ} = B

(iii) (a1ρb1)(a1ρb2)(a2ρb2) implies (a2ρb1)

Definition 2.27. The converse of a relation ρ denoted by ρ̌ is defined: xρy just in case yρ̌x.

Definition 2.28. Let α ⊆ A×B and β ⊆ B ×C be relations. The composition (product) of α
and β is the relation

α ◦ β = {(a, c) ∈ A× C | ∃b ∈ B such that (a, b) ∈ α and (b, c) ∈ β}

The 3rd condition regarding rectangular relations can be phrased as ρ ◦ ρ̌ ◦ ρ ≡ ρ.

Lemma 2.29. If ρ is a rectangular relation on A × B, then α := ρ ◦ ρ⌣ and β := ρ⌣ ◦ ρ are
equivalence relations on A and B, respectively.
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Proof. Let α := ρ ◦ ρ⌣. (The same reasoning applies to β). It is trivial that α is a relation on
A×A. We verify the three requirements for an equivalence relation:

Reflexivity: By condition (1), the domain of ρ is A. Thus, for every x ∈ A, there exists at
least one b ∈ B such that (x, b) ∈ ρ. By the definition of the converse, (b, x) ∈ ρ⌣. Consequently,
(x, x) ∈ ρ ◦ ρ⌣, which implies xαx for all x ∈ A.

Symmetry: If (a, x) ∈ α, then by definition (a, x) ∈ ρ◦ρ⌣. The converse of the composition
is

(ρ ◦ ρ⌣)⌣ = (ρ⌣)⌣ ◦ ρ⌣ = ρ ◦ ρ⌣.
Since α = α⌣, it follows that (a, x) ∈ α =⇒ (x, a) ∈ α.

Transitivity: We demonstrate transitivity by applying the rectangular property (condition
3). Substituting u := x into the specialized form of the condition:

(xαx) ∧ (xαv) ∧ (yαx) =⇒ (yαv)

Since reflexivity has been established (xαx is true), the implication simplifies to:

(xαv) ∧ (yαx) =⇒ (yαv)

Because the logical conjunction (∧) is commutative, we can rearrange the terms to the standard
transitive form:

(yαx) ∧ (xαv) =⇒ (yαv)

Thus, α is transitive.

2.4 Rectangular relation for k-algebras
Definition 2.30. The rectangular relation can be interpreted in terms of k-algebras; X ρU
exactly if ∃z ∈ Nk such that rpA(z) = a and rpB(z) = b for a ∈ A, b ∈ B.

Let δ be the generated compatible rectangular relation, defined as:

δ :=
⋂

{R ⊆ A×B | R is a compatible rectangular relation and ρ ⊆ R} .

Remark 2.31. aρb implies afiρbgi for i = 1, . . . , k ; afiρbgi is in ρ because the functions (rpA
and rpB) are homomorphisms, thus ρ has to be compatible with the transition functions of A
and B; the intuition is that the routes defined by rp(z) are basically the same in A and B.

Lemma 2.32. Since δ is a rectangular relation, α = δ ◦ δ⌣ and β = δ⌣ ◦ δ are compatible
equivalence relations on A and B.

Proof. We need to show that if X αY for arbitrary X,Y ∈ A, then Xfi αY fi.
Using the definition of α, we can say that there exists U ∈ B such tat (X,U) ∈ δ and

(U, Y ) ∈ δ⌣. The second part, by definition, is equivalent to saying that (Y, U) ∈ δ.
We know that δ is compatible with the transition functions of A and B, thus we can say that

(Xfi, Ugi) ∈ δ and (Y fi, Ugi) ∈ δ for every i = 1, . . . , k.
Now, taking the converse of the second expression, we get that (Ugi, Y fi) ∈ δ⌣. From this,

(Xfi, Y fi) ∈ δ ◦ δ⌣, which is exactly what we wanted: Xfi αY fi for i = 1, . . . , k.

Definition 2.33. As a result of the last lemma we can introduce A/α and B/β . These are
called the Merger of A and B. We will denote this by A ∧B.

Remark 2.34. We know A/α and B/β will be in the same isomorphism class, since the merger
is the greatest common homomorphic image of A and B.
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Lemma 2.35. Let A,B be reduced k-algebras. h1 : A → C, h2 : B → C; then there exists
h3 : A ∧B → C.

Proof. Let δ be the smallest rectangular relation containing ρ, γ := {(a, b) ∈ A × B | h1(a) =
h2(b) in C}, it is easy to see that γ is compatible:

h1(fi(a)) = li(h1(a)) = li(h2(b)) = gi(h2(b))

implies (fi(a), gi(b)) ∈ γ, where li is the transition function of C. Since every pair in ρ consists of
pairs that take the same sequence of transition functions to reach them, and the homomorphisms
h1, h2 preserve this property, they will result in the same element in C. Hence, these pairs are in
γ as well. From the definition, it follows that δ ⊂ γ. Since any two states a, a′ will merge to one
if they are in the same equivalence class: aαa′ implies h1(a) = h2(a

′), the same can be said for
β. We will define the transition functions on A/α by

h3(a
α) = h1(fi(a)) = li(h1(a)) = li(h3(a

α)).

Again, the same can be said for B, the homomorphism exists.

Algorithm for constructing the merger:
(1) First, we need to determine the elements of the relation ρ. We can do that by reading off

the elements of the transition tree of A×B. From ρ, we can generate δ by adding the minimal
number of elements that are required for the rectangular relation (in more algebraic terms: we
have to take the transitive closure of alternating paths of A and B).

(2) We can represent δ in a matrix form, where Di,j = 1 if (ai, bj) ∈ δ, and 0 otherwise. I
will denote this matrix by D. From D, we can create the matrices of the equivalence relations α
(Mα) and β (Mβ) using Boolean matrix multiplication:

DDT =Mα, where Mα is an |A| × |A| matrix,

DTD =Mβ , where Mβ is an |B| × |B| matrix.

Mα and Mβ can be written in block diagonal form because they represent equivalence relations.
(3) The blocks of Mα and Mβ will yield a one-to-one correspondence with the states of the

homomorphic image; the states of each block will “collapse” to one state in the merger (in more
algebraic terms, the blocks in Mα and Mβ represent the elements of gA/α and B/β). From
here, it’s easy to find the transition functions of the resulting algebra by looking at A and B and
treating each block as a single state.

2.5 Partial ordering on automata
Lemma 2.36. The homomorphic image relation establishes a partial ordering on the set of
isomorphism types of finite reduced k-algebras. For A and B, we define A ≥ B ⇐⇒ A ⇒ B.

Proof. We need to show that this relation is reflexive, antisymmetric, and transitive:
(1) Reflexivity is trivial due to the identity homomorphism A ⇒ A.
(2) Antisymmetry: If h1 : A ⇒ B and h2 : B ⇒ A, we need to show that A ∼= B. We know

that since A and B are reduced, the homomorphism is uniquely determined, so h2 must be the
inverse of h1, and by definition, we get that A and B are isomorphic.

(3) Transitivity: If h1 : A ⇒ B and h2 : B ⇒ C, we need to show that there is a homomor-
phism h3 from A to C. Let h3 := h2 ◦ h1; this will be an appropriate homomorphism.
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Definition 2.37. The set of all homomorphic images of a reduced k-algebra A forms a complete
lattice, with the meet being the merger and the join being the reduced direct product.

Remark 2.38. We know that this is a poset from the last lemma. It is fairly easy to see that
the merger, which is the largest common homomorphic image, and the reduced direct product,
which is the smallest master algebra, which has A and B as homomorphic images, are adequate
for the meet and join.

Corollary 2.39. The map
A/α 7−→ α

defines an anti-isomorphism between the lattice of quotient algebras SL(A) and the lattice of
congruences Con(A). In particular, for congruences α1, α2 on A,

α2 ⊆ α1 ⇐⇒ A/α2 ⇒ A/α1.

Moreover, for any family of congruences {αi} on A, we have

A
/(⋂

i

αi

)
∼=

⊗
i

(A/αi),

A
/(⋃

i

αi

)
∼=

∧
i

(A/αi).
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3 Chapter II

3.1 Introduction to Chapter II
In this section, I mainly follow the structure of two books: one by Jean-Éric Pin [1], and the

other by Stanley Burris and H. P. Sankappanavar [2]. The goal of this chapter is to show how
monoids and automata can be used to describe regular languages. Throughout the chapter, I
will present several fundamental results that can be obtained by elementary methods; however,
by using these constructions, we can also see how they operate in an algebraic sense.

3.2 Preliminaries for Chapter II:
Let S and T be semigroups. A map φ : S → T is called a semigroup morphism if for every

s1, s2 ∈ S, φ(s1s2) = φ(s1)φ(s2). If S and T are monoids, then φ is called a monoid morphism
if φ(1) = 1 is fulfilled. We say that a monoid T is a quotient of a monoid S if there exists
a surjective morphism from S to T . T divides S, denoted by T | S, if T is a quotient of a
submonoid of S. It is easy to see that the division relation is transitive: T1 | T2 and T2 | T3
imply T1 | T3. Let A be an algebra. A congruence θ on A is called fully invariant if for every
endomorphism (in other words a homomorphism, from A to itself) α on A, ⟨a, b⟩ ∈ θ implies
⟨α(a), α(b)⟩ ∈ θ, in other words, if two elements were in the same congruence class, then they
will remain in that class for every automorphism.

3.3 Languages accepted by a finite state automaton
Definition 3.1. An output of a finite state automaton A for an input x ∈ Nk is the state rp(x).
We say that the automaton accepts x if rp(x) ∈ A0, and rejects it if rp(x) ∈ A \A0.

Definition 3.2. We say that the language accepted by a finite state automaton A, denoted by
L(A), is the language consisting of exactly those elements that A accepts as input.

Definition 3.3. For a finite state automaton A, a ∈ A, w = x1 . . . xn ∈ F ∗, the range of w
applied to a, written Rg(w, a), is the set:

Rg(w, a) = {rp(ax1), rp(ax1x2), . . . , rp(ax1 . . . xn)},

where
Rg(1, a) = {a}.

Remark 3.4. From now on, I will use the notation w(a) instead of aw, where

w(a) = xn(. . . (x1(a)) . . . ) = ax1 . . . xn = aw.

Lemma 3.5. The language accepted by any finite state automaton A,

L(A) = {w ∈ F ∗ | w(a0) ∈ A0 },

is regular.

Proof. Let L(A) be the language accepted by A. We will do an induction on the number of
states in A.

If |A| = 0, then L(A) = ∅, which we know is regular.
If |A| = 1, we have two cases: if A0 = ∅, then L(A) = ∅, thus regular. If A0 = {a0},

the language L(A) is generated by the transition functions that act on a0 as the identity; the
language generated by their union and Kleene star operation is also regular.
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If |A| > 1, for the induction step, assume that for every finite state automaton B which has
fewer states than A, L(B) is regular, and A0 ̸= ∅. Our goal is to construct L(A) as a product
of two smaller languages.

Consider the set:

C = {(f1, f2) ∈ F × F | f1wf2(a0) for some w ∈ F ∗, f2(a0) ̸= a0, Rg(w, f2(a0)) ⊂ A \ {a0}}.

∀(f1, f2) ∈ C, Cf1,f2 = {w ∈ F ∗ | f1wf2(a0) = a0, Rg(w, f2(a0)) ⊂ A \ {a0}}.

Notice that Cf1,f2 is the language recognized by ⟨A \ {a0}, F, f2(a0), f−1
1 (a0) \ {a0}⟩. Since

this has one less state than A, by induction, it is regular.
We can extend this to all f ∈ {f(a0) ̸= a0}:

Ef = {w ∈ F ∗ | wf(a0) ∈ A0, Rg(w, f(a0)) ⊂ A \ {a0}}.

This language is also regular by induction and is accepted by the finite state automaton ⟨A \
{a0}, F, f(a0), A0 \ {a0}⟩.

We must further extend this language with the case f(a0) = a0:

E =

{⋃
f Ef · {f} if a0 /∈ A0,(⋃
f Ef · {f}

)
∪ {1} if a0 ∈ A0.

Informally speaking, E captures the part where the finite state automaton A departs from
a0 and terminates in A0 without re-entering a0 (except for f(a0) = a0).

Now, for constructing L(A), we have to make a set which accounts for all the paths that take
a0 to a0:

H =

{ f ∈ F | f(a0) = a0 } ∪ {1}
⋃

(f1,f2)∈C

{f1} · Cf1f2 · {f2}

∗

H is also regular due to closure and is clearly a real subset of L(A). Now, we can decompose
all the words in L(A) in the form

L(A) = E∗H.

Definition 3.6. Let A be a k-algebra and t /∈ F , let the deletion homomorphism

δt : (F ∪ {t})∗ → F ∗

be the homomorphism defined by:

δt(f) =

{
f for f ∈ FA,

1 for t.

Lemma 3.7. If the language L ⊆ (F ∪ {t})∗, where t /∈ F , is accepted by some finite state
automaton, then δt(L) is also a language accepted by some finite state automaton.

Proof. Let A = ⟨A,F ∪ {t}, a0, A0⟩ be an f.s.a. with L(A) = L. For w ∈ F ∗ define

Sw = {w(a0) : w ∈ (F ∪ {t})∗, δt(w) = w}.
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B = {Sw : w ∈ F ∗}.

This has to be finite as A is finite. For f ∈ F we define

f(Sw) = Sfw.

Now Sfw depends solely on Sw, not on w. Next let

b0 = S1,

and let
B0 = {Sw : Sw ∩A0 ̸= ∅}.

Then

⟨B,F, b0, B0⟩ accepts w ⇔ w(S1) ∈ B0 ⇔ Sw ∩A0 ̸= ∅ ⇔ w(a0) ∈ A0 for some w ∈ δ−1
t (w)

⇔ w ∈ L for some w ∈ δ−1
t (w) ⇔ w ∈ δt(L).

Theorem 3.8. A language L is regular if and only if there exists a finite state automaton that
accepts it.

Proof. By Lemma 3.5, it is enough to show that if a language is regular, then there exists a
finite state automaton that accepts it. We proceed by induction.

If L = ∅, then L is regular.
If L = {f}, then the finite state automaton with states {a0, a}, with the only transition

function f : a0 → a, accepts this language (if L = {1}, then a = a0, with all f ’s undefined).
Let L1 be the language accepted by ⟨A,F, a0, A0⟩ and L2 the language accepted by ⟨B,F, b0, B0⟩.
For L1 ∩ L2, the corresponding automaton is

⟨A×B,F, (a0, b0), A0 ×B0⟩.

For L1, it is the language accepted by

⟨A,F, a0, A \A0⟩.

For L1 ∪ L2, we use
L1 ∪ L2 = L1 ∩ L2,

by De Morgan’s identity. Since L1 and L2 are closed under complementation and intersection,
one can construct an automaton for this set using the previously defined operations.

For L1 · L2, to handle L1 · L2 we first expand F ∪ {t}. We define the new unary operation t
such that it maps each member of A0 to a copy of b0 of L2. Through this construction, we see
that L1 · {t} · L2 is the language of some finite state automaton; hence, if we apply the deletion
homomorphism, it follows that L1 · L2 is also the language of some finite state automaton.

For L∗
1, we can use the same idea; let L1 = L2. Now

L∗
1 = δt

[
(L1 · {t})∗ · L1 ∪ {1}

]
is also a language of some finite state automaton.

14



Figure 2: Automata for intersection, union, and star

3.4 Transition monoid of a finite state automaton
Remark 3.9. Let θ(x) denote {⟨w1(x), w2(x)⟩ | ⟨w1, w2⟩ ∈ θ}. Instead of F ∗, I will use T (x) =
⟨T (x), ◦, x⟩, where instead of concatenation we use composition, for example, instead of writing
fhgf we will write f(g(h(f(x)))), this construction is often referred to as term algebra. One can
see that the mapping θ → θ(x) is a lattice isomorphism between the congruences of F ∗ and the
fully invariant congruences of T (x).

Definition 3.10. The transition monoid of an fsa A is the monoid defined by T (x)/ν, where ν
is defined as uνv iff ∀a ∈ A : au = av. Here ν can be interpreted as the congruence induced by
the response function. We will denote this as M(A).

Remark 3.11. : Consider the automaton with four states, two transition functions:

a = (2, 3, 4, 4), b = (1, 3, 3, 3),

To determine the transition monoid, we proceed inductively by word length.
Step 1. Compute the transformations induced by words of length one.
Step 2. Introduce rewriting rules. If an input yields the same transition function as a previously
calculated one, we can introduce a new rewriting rule, for example, in this case

abb = (3, 3, 3, 3) = ab,

We obtain the rewriting rule.
abb→ ab.

or

a3 = (4, 4, 4, 4),

and
aba = (4, 4, 4, 4) = a3,
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thus
aba→ a3.

Iterating this procedure, one obtains a finite description of the transition functions. By the
congruence we introduced, this is exactly the transition monoid.

Theorem 3.12. If L = L(A) for some fsa A if and only if ∃θ ∈ Con(F ∗) : Lθ = L and
|Con(F ∗)/θ| is finite.

Proof. Right implication:
Let L(A) = L, L(x) = {w(x) | w ∈ L}

T (x)
α−→M(A)

β−→ ⟨A, a0, f1, . . . , fk⟩,
where α and β are defined as:

kerα = ν and β(xν) = a0.

By taking the preimages of α and β we can write L(x) as:

L(x) = α−1β−1(A0) =
⋃

p∈β−1(A0)

p/ker(α) = L(x)Ker(α).

Since ker(α) has finite index and is fully invariant on T (x), we get that ∃θ ∈ Con(F ∗) of
finite index, such that:

L(x) = L(x)θ(x), L = Lθ follows.

For the converse, let us consider θ with the given conditions and the automaton A =
⟨A,F, a0, A0⟩, where:

A = {w/θ | w ∈ F ∗}, f(w/θ) = fw/θ for f ∈ F, a0 = 1/θ,A0 = {w/θ | w ∈ L},

A = ⟨A,F, a0, A0⟩ accepts w ⇔ w(a0) ∈ A0 ⇔ w(1/θ) ∈ A0

⇔ w/θ ∈ A0 ⇔ w/θ = v/θ for some v ∈ L⇔ w ∈ L.

Remark 3.13. This construction is the same for both deterministic and nondeterministic au-
tomata. Since deterministic finite automata and non-deterministic ones can be described using
the same algebraic structures, they yield the same computational power.

Remark 3.14. From the last proof we have seen that monoids will play an important role in
our inquiry of regular languages, now we will rephrase our notions in terms of monoids.

3.5 Languages recoginsed by monoids
Definition 3.15. Let M,N be monoids, L be a subset of M (usually ⊆ denotes submonoid, but
I will use it for subset in this section), we say that a morphism φ : M → N recognises L, in
case, there exists a P ⊆ N such that L = φ−1(P ). In case φ is surjective, we say that it fully
recognizes L.

Definition 3.16. A congruence ∼ on M saturates a subset L ⊆ M if for all u, v ∈ M , u ∈ L
and u ∼ v implies v ∈ L. For a morphism φ from M , we denote its kernels congruence as: ∼φ

(where u ∼φ v ⇐⇒ φ(u) = φ(v)).
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Proposition 3.17. With the usual notation, the following are equivalent:

(i) L is recognized by φ

(ii) L is saturated by ∼φ

(iii) φ−1(φ(L)) = L

Proof. (i) =⇒ (ii): Assume that (i) is true, ∃x ∈ L, x ∼φ y, but y /∈ L. We know that
φ(x) ∈ P , by the congruence ∼φ we have φ(x) = φ(y), thus φ(y) ∈ P . This is a contradiction
since y ∈ φ−1(P ) = L.

(ii) =⇒ (iii): We will prove inclusion: L ⊆ φ−1(φ(L)) holds regardless of the saturation.
For the converse: let x ∈ φ−1(φ(L)), then φ(x) ∈ φ(L) there has to be an y ∈ L such takes φ(x)
as an image: φ(x) = φ(y), this exactly means x ∼φ y, this forces x to be in L.

(iii) =⇒ (i): This comes naturally by the observation that if we choose φ(L) for the P in
the definition, we get back the statement.

Definition 3.18. A monoid M recognises L ⊆ M if ∃φ : M → N morphism, which recognises
L, if it is surjective, then it fully recgonizes L.

Proposition 3.19. For any language L accepted by some fsa A,M(A) recognises L.

Proof. Let A be an fsa, L = L(A), and let

φ : F ∗ →M(A)

be the monoid morphism, we define P:

P := {φ(w) | w ∈ L} ⊆M(A).

We need to show that L = φ−1(P ):

w ∈ L ⇐⇒ w(a0) ∈ A0 ⇐⇒ φ(w(a0)) ∈ A0 ⇐⇒ φ(w) ∈ P

hence L = φ−1(P ).

Lemma 3.20. If a finite monoid M recognises a language L, then there exists a finite state
automaton A that accepts L.

Proof. Let φ : F ∗ →M be a monoid morphism and let P ⊆M such that L = φ−1(P ).
We define an fsa:

A = ⟨A,F, 1M , P ⟩,

where F is defined as:
s · a := sφ(a) for all s ∈M, a ∈ A.

To prove that A accepts L, it is enough to show that:1 · w = φ(w):

w ∈ L(A) ⇐⇒ 1 · w ∈ P ⇐⇒ φ(w) ∈ P ⇐⇒ w ∈ φ−1(P ) ⇐⇒ w ∈ L.

Hence L(A) = L.

Corollary 3.21. As a summary, we can say that the following three statements are equivalent:
L is regular, L is accepted by some fsa, L is recognised by a finite monoid.
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Definition 3.22. Let A be an arbitrary fsa, w1, w2, x, y ∈ F ∗; we say that w1 ≡L w2 is a
syntactic congruence on F ∗ if ∀x, y : xw1y ∈ L(A) ⇐⇒ xw2y ∈ L(A).

The monoid F ∗/ ≡L is called the syntactic monoid of the fsa A, the syntactic monoid of the
language L(A), and is usually denoted as ML.

Proposition 3.23. The syntactic congruence of a language L is the coarsest congruence that
satisfies Lθ = L.

Proof. For proving it is the coarsest, let us suppose Lθ = L, θ ∈ Con(F ∗); then for ⟨w1, w2⟩ ∈ θ
and x, y ∈ F ∗, ⟨xw1y, xw2y⟩ ∈ θ. If xw1y ∈ L ⇔ xw2y ∈ L, then xw1y/θ = xw2y/θ, and
L =

⋃
w∈L w/θ; hence θ ⊆≡L.

For Lθ = L: suppose that w1 ∈ L and w1 ≡L w2; then for arbitrary x, y ∈ F ∗ we have
xw1y ∈ L ⇔ xw2y ∈ L. Let x = y = 1. Now w1 ∈ L if and only if w2 ∈ L; consequently
L≡L = L follows.

Remark 3.24. In terms of monoids, L≡L = L means that ≡L saturates L. In other words,
if we have a surjective morphism φ : M → N , a subset L of M , and the natural morphism
ηL : M → ML, then φ recognises L if and only if there exists a morphis π : N → ML such that
ηL = π ◦ φ.

Lemma 3.25. Let φ : M → N be a surjective morphism, L ⊆ N ; then ML is isomorphic to
Mφ−1(L).

Proof. By definition, ML
∼= M/ ≡L and Mφ−1(L)

∼= M/ ≡φ−1(L). Let w1, w2 ∈ M and
x, y ∈ F ∗. Suppose that w1 ≡φ−1(L) w2; then xw1y ∈ φ−1(L) ⇔ xw2y ∈ φ−1(L). This further
implies φ(xw1y) ∈ L⇔ φ(xw2y) ∈ L. Since φ is surjective, φ(w1) ≡L φ(w2) follows.

Proposition 3.26. A monoid M recognises a language L if and only if ML |M .

Proof. From left to right, let φ :M → N be a morphism recognising L. Then µ : F ∗ → φ(F ∗)
also recognises L; by the last lemma, ML is a quotient of φ(F ∗), hence ML divides M .

Conversely, let ν : F ∗ → ML be the surjective natural morphism. If ML divides M , there is
a subset N of M and a surjective morphism π : N →ML. From the last remark, we know that
there has to exist a morphism φ from F ∗ to ML such that ν = π ◦φ. Let P = π−1(ν(L)). Then
L = ν−1(ν(L)) = φ−1(π−1(ν(L))) = φ−1(P ); hence, by definition, M recognises L.

Corollary 3.27. As a direct consequence, we can state that if M recognises L and M divides
N , then N also recognises L.

Proposition 3.28. The syntactic monoid of a language is isomorphic to the transition monoid
of its minimal automaton.

Proof. Let A = ⟨A,F, a0, A0⟩ be the minimal automaton recognising the language L. Our goal
is to show that if two words w1, w2 ∈ F ∗ are in the same syntactic congruence class, then they
have to define the same sequence of transition functions on the minimal automaton A.

Suppose that w1 ≡L w2, a ∈ A, and if a ∈ A, then ∃x ∈ F ∗ : a0x = a. Now, by definition,
w1 ≡L w2 if and only if ∀x, y ∈ F ∗, xw1y ∈ L ⇔ xw2y ∈ L. In terms of automata, this is
equivalent to a0xw1y ∈ A0 ⇔ a0xw2y ∈ A0; furthermore, aw1y ∈ A0 ⇔ aw2y ∈ A0. Hence, aw1

and aw2 define the same sequence of transition functions in M(A).
Conversely, suppose that w1, w2 define the same transition functions in M(A). Then if

xw1y ∈ L, we have a0xw1y ∈ A0, and since w2 by assumption defines the same transition
functions, we have xw2y ∈ L.

Corollary 3.29. As a consequence of Corollary 3.21, we can say that a language L is accepted
by some fsa if and only if ML is finite.
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4 Chapter III

4.1 Introduction to Chapter III
In Chapter II, we have seen that whenever we are talking about regular languages or automata,

the underlying structure is always a semigroup or monoid; more specifically, when we talk about
regular languages, we talk about specific kinds of subsets of the free monoid F ∗, while for
automata, we have the transition or syntactic monoid. In Chapter III, I will introduce a new
type of monoid, called a transformation monoid, which can be interpreted as the semigroup
version of symmetric groups. Using this, we can create the analogue of a composition series for
semigroups or automata more generally. We have seen that there can be many non-isomorphic
automata recognising the same regular language, so here, instead of trying to decompose our
structure in a partition sense, we will try to give it as a homomorphic image, using the notation
of division. In this section, I mainly followed Lallament’s book [3], but I have also included proofs
from Eilenberg’s book [4]. The main goal of the chapter is to prove one form of the Krohn–Rhodes
theorem; there are numerous newer proofs using holonomy decomposition or congruences [7], yet
I will present a more elementary one. Most of the proofs were written in the 1960s and 1970s
with outdated notations; my goal was to write a more comprehensible, thorough version using
modern notations.

4.2 Preliminaries for Chapter III:
Let S be a semigroup, and let T and M be subsets of S. We define TM as {tm | t ∈ T,m ∈

M}. We say that T is a subsemigroup if TT ⊆ T . If T is a group, then it is called a subgroup
of S. A subset M is called a right (left) ideal if MS ⊆M (SM ⊆M). S is right (left) simple if
∀a ∈ S, aS = S (Sa = S).

If M is a nonempty subset of S, then there is a least subsemigroup containing M , consisting
of all finite nonempty products of elements in M , denoted by ⟨M⟩. For a subsemigroup T of S,
M is called a set of generators of T if ⟨M⟩ = T .

The semigroup of all transformations on a set A, denoted Tr(A), is a semigroup of binary
relations f on A such that ∀x ∈ A,∃y ∈ A : (x, y) ∈ f , and (x, y′) ∈ f implies y = y′. A
transformation semigroup T = (A,M), often called a t-semigroup (or t-monoid, if it has an
identity element), consists of the set A and a subsemigroup M of Tr(A).

Note that a t-monoid can be interpreted as a monoid acting on a set with the property that
if xa = x′a for all a ∈ A, then x = x′; this characteristic is referred to as “faithful”. A t-monoid
essentially can be thought of as a generalization of the transition monoid.

A right translation on S is a transformation ρ ∈ Tr(S) such that (ab)ρ = a(bρ) for all a, b ∈ S.
Note that every monoid T can be embedded in the t-monoid (T, T ); this is called the monoid of
right translations on T . This is, in fact, Cayley’s theorem for monoids.

4.3 Transformation monoids and wreath product
Definition 4.1. The mapping (θ, φ) between the t-monoids (A, M) and (B, N) is called a
morphism, if θ : A → B and φ : M → N (θ, φ) satisfies the following conditions: φ(m1m2) =
φ(m1)φ(m2), φ(1M ) = 1N , θ(am) = θ(a)φ(m) a ∈ A m1,m2,m ∈ M ; it is called surjective
(injective) if both θ and φ are surjective (injective). If θ and φ are both bijections, T and T ′ are
called equivalent t-monoids. If A ⊆ A′ and M ⊆M ′, we say that T is a sub-t-monoid of T ′ and
write T ⊆ T ′.

Definition 4.2. We say that T divides T ′ if ∃T ′′ ⊆ T ′ such that there is a surjective morphism
from T ′′ to T , usually it is denoted as T | T ′.
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Definition 4.3. Let T1 = (A,M) and T2 = (B,N) be two t-monoids. Their wreath product
T1 ≀ T2 is the transition monoid M ≀N on the set A×B, where M wr N is defined as

MwrN = {(f, n) | f : B →M, n ∈ N}

and
(a, b)(f, n) =

[
af(b), bn

]
for every a ∈ A, b ∈ B, f : B →M , and n ∈ N

Proposition 4.4. T1 ≀ T2 is a t-monoid with the operation defined as

(f, n)(f ′, n′) = (g, nn′) with g(b) = f(b)f ′(bn)

for every (f, n), (f ′, n′) ∈M ≀N and b ∈ B.

Proof. The product obviously lies in (A×B,M ≀N). It is enough to show that

((f, n)(f ′, n′))(g, h) = (f, n)((f ′, n′)(g, h)).

For the left-hand side (LHS), by Definition

(f(b)f ′(bn), nn′)(g, h) = (f(b)f ′(bn)g(bnn′), nn′h).

For the right-hand side (RHS):

(f, n)(f ′(b)g(bn′), n′h) = (f(b)f ′(bn)g(bnn′), nn′h),

so LHS = RHS. Hence, associativity is proven. With the identity element (f ≡ 1, 1N ), this forms
a t-monoid.

Lemma 4.5. (T1 ≀ T2) ≀ T3 = T1 ≀ (T2 ≀ T3).

LHS: (T1 ≀ T2) ≀ T3
An element of (T1 ≀ T2) ≀ T3 looks like (x, y)(l, z), where x ∈ A1 ×A2, y ∈ A3, l : A3 →M1 ≀M2,
and z ∈ M3. Let x = (a1, a2) and y = a3. Let l(y) = (g, n) ∈ M1 ≀M2, where g : A2 → M1 and
n ∈M2. Let g(a2) = m1, n = m2, and z = m3.

By Definition

(x, y)(l, z) = [xl(y), yz]

= [x(g, n), yz]

= [(a1, a2)(g, n), a3m3]

= [a1g(a2), a2n, a3m3]

= [a1m1, a2m2, a3m3]

RHS: T1 ≀ (T2 ≀ T3)
An element of T1 ≀ (T2 ≀ T3) looks like (a, b)(r, k), where a ∈ A1, b ∈ A2 ×A3, r : A2 ×A3 →M1,
and k ∈ M2 ≀M3. Let a = a1 and b = (a2, a3). Let k = (g, h), where g : A3 → M2 and h ∈ M3.
Let r(a2, a3) = m1, g(a3) = m2, and h = m3.

By Definition

(a, b)(r, k) = [ar(b), bk]

= [a1r(a2, a3), (a2, a3)(g, h)]

= [a1m1, a2g(a3), a3h]

= [a1m1, a2m2, a3m3]
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Lemma 4.6. If T1 | T ′
1 and T2 | T ′

2, then

T1 ≀ T2 | T ′
1 ≀ T ′

2.

Proof. Let T1 = (A,M), T2 = (B,N) and T ′
1 = (A′,M ′), T ′

2 = (B′, N ′). Then

Ti | T ′
i ⇐⇒ ∃T ′′

i ⊆ T ′
i such that there is a surjective homomorphism ψi = (θi, ϕi) : T

′′
i → Ti.

Our goal is to construct a subsemigroup of T ′
1 wr T

′
2 that has T1 wr T2 as a homomorphic

image. To generate such a subsemigroup, we will define a set of functions:

D = {f ′ : B′ →M ′ | θ2(x) = θ2(y) ⇒ ϕ1(f
′(x)) = ϕ1(f

′(y))}

Now for the actual subsemigroup:

S = {(f ′, n′) ∈ T ′′
1 wr T ′′

2 | f ′ ∈ D}

We have to show that S is closed under the wreath product operation. Let (f ′, n′), (g′,m′) ∈ S.
Then

(f ′, n′)(g′,m′) = (h′, n′m′) with h′(b′) = f ′(b′)g′(n′b′).

Let x, y ∈ B′ such that θ2(x) = θ2(y). Then, since θ2 is a homomorphism,

θ2(n
′x) = ϕ2(n

′)(θ2(x)) = ϕ2(n
′)(θ2(y)) = θ2(n

′y)

Since f ′, g′ ∈ D, we get that:

ϕ1(f
′(x)) = ϕ1(f

′(y)), ϕ1(g
′(n′x)) = ϕ1(g

′(n′y)).

Thus
ϕ1(h

′(x)) = ϕ1(f
′(x)g′(n′x)) = ϕ1(f

′(x))ϕ1(g
′(n′x))

= ϕ1(f
′(y))ϕ1(g

′(n′y)) = ϕ1(f
′(y)g′(n′y)) = ϕ1(h

′(y)).

Hence h′ ∈ D, so S is closed.
Now we will define the required homomorphism: Let

µ : S → T1 wr T2

by
µ(f ′, n′) = (f, n),

where
f(b) = ϕ1(f

′(b′)) for any b′ ∈ B′ such that θ2(b′) = b,

moreover
n = ϕ2(n

′).

We have to show that µ is a homomorphism. Let (f ′, n′), (g′,m′) ∈ S. Then

(f ′, n′)(g′,m′) = (h′, n′m′) with h′(b′) = f ′(b′)g′(n′b′)

Applying µ, we obtain
µ((f ′, n′)(g′,m′)) = (h, nm),
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where
h(b) = ϕ1(h

′(b′)) = ϕ1(f
′(b′)g′(n′b′))

hence,
h(b) = ϕ1(f

′(b′))ϕ1(g
′(n′b′)).

We also know that,
µ(f ′, n′) = (f, n), µ(g′,m′) = (g,m),

(f, n)(g,m) = (k, nm) with k(b) = f(b)g(nb).

Since by definition:
θ2(n

′b′) = ϕ2(n
′)(θ2(b

′)) = nb,

also
g(nb) = ϕ1(g

′(n′b′))

follows. Therefore, we can write

k(b) = ϕ1(f
′(b′))ϕ1(g

′(n′b′)).

Thus h(b) = k(b) for all b ∈ B, and therefore

µ((f ′, n′)(g′,m′)) = (f, n)(g,m).

Consequently, µ is a homomorphism.
Finally, since ϕ1 and ϕ2 are surjective, µ is surjective. Therefore,

T1 wr T2 | T ′
1 wr T

′
2.

4.4 Division and wreath product closure
Definition 4.7. The wreath product-division closure T is the smallest collection of t-monoids
T such that: if T ′ ∈ T and T |T ′, then T ∈ T , and if T1, T2 ∈ T , then T1 ≀ T2 ∈ T .

Definition 4.8. T1 ≀ T2 ≀ · · · ≀ Tn is called a decomposition of a t-monoid T , if

T | T1 ≀ T2 ≀ · · · ≀ Tn.

Method for obtaining T :
From the original collection of t-monoids we will create a chain, for every k ∈ N:

C0 := T ,
C2k−1 := {T1 ≀ T2 | T1, T2 ∈ C2k−2 },

C2k := {T | T | T ′ for some T ′ ∈ C2k−1 }.

Then,

T =

∞⋃
i=0

Ci.

As a consequence of the last two lemmas, we have:

T ∈ T ⇐⇒ ∃T1, . . . , Tn ∈ T : T | T1 ≀ · · · ≀ Tn.
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Definition 4.9. Let M be a monoid. The augmented monoid of M , denoted by Mα, is the
t-monoid acting on the set M consisting of all right translations on M and the constant mappings
of M into itself.

That is Mα =M ∪CM , where CM is the set of all constant mappings on M . For any a ∈M ,
the constant mapping evaluating to a is denoted by ca. The product operations within Mα are
defined by the following rules for all a, b, x ∈M :

cax = cax, xca = ca, cacb = cb.

Lemma 4.10. If T | T ′, then Tα | T ′α.

Proof. Let T = (A,M), T ′ = (B,N), Tα = (A,Mα), and T ′α = (B,Nα). We assume that
there is a surjective morphism (θ, φ) : T ′′ → T , where T ′′ is a submonoid of T ′.

We can alter this morphism in such a way that θ remains the same and we only extend φ:

φα(x) = φ(x) for every x ∈ N,

φα(cb) = cθ(b) for every cb ∈ CB .

It is enough to show that (θ, φα) is a surjective morphism which preserves the action. The
surjectivity is trivial in this case. For the action: for any f ∈ Nα and b′ ∈ B, we require:

θ(f(b′)) = φα(f)(θ(b′)).

Case 1: If f = n ∈ N , then:

θ(n(b′)) = φ(n)(θ(b′)) = φα(n)(θ(b′)).

Case 2: If f = cb ∈ CB , the LHS becomes:

θ(cb(b
′)) = θ(b),

The RHS becomes:
φα(cb)(θ(b

′)) = cθ(b)(θ(b
′)) = θ(b).

Hence, the morphism preserves the action.

Lemma 4.11. (T ≀ T ′)α | Tα ≀ T ′α.

Proof. Let T = (A,M) and T ′ = (B,N). Our goal is to show an injection from

(T ≀ T ′)α = (A×B, (M ≀N)α)

to
Tα ≀ T ′α = (A×B,Mα ≀Nα).

Let (i, ψ) be the pair of mappings where:

i : A×B → A×B

is the identity map, and
ψ : (M ≀N)α →Mα ≀Nα

is defined by:

• ψ(f, n) = (f, n) for all (f, n) ∈M ≀N ,
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• ψ(c(a0,b0)) = (fa0 , cb0),

where c(a0,b0) is the constant mapping with value (a0, b0) on A×B, cb0 ∈ Nα is the constant
mapping with value b0 on B, and fa0 : B →Mα is defined by

fa0
(b) = ca0

for all b ∈ B,

where ca0
is the constant mapping with value a0 on A.

Lemma 4.12. If T = (S,M) is a t-monoid, ⟨A⟩ =M , and for any B ⊆ A, let

P = (MB)1 and Q = ⟨A \B⟩,

then
T | (S, P ) ≀ (Q,Qα).

Proof. First, we are going to define a subset on the wreath product, let

M1 = D ∪ E, where

D = {(i, q) | q ∈ Q, i(x) = 1 for x ∈ Q},

E = {(fp, cq) | p ∈ P, q ∈ Q, fp(x) = xp}.

Now we will show that this is, in fact, a sub-t-monoid; for that, it is enough to show that it is
closed under the operation, and the other properties will be inherited. There are four cases:

(i) (i, q)(i′, q′) = (i(x)i′(xq), qq′) = (i′, qq′),

(ii) (fp, cq)(f
′
p, c

′
q) = (fp(x)f

′
p(xcq), cqc

′
q) = ((xp)(xcq)p

′, c′q) = (fpqp′ , c′q),

(iii) (i, q)(f ′p, c
′
q) = (i(x)f ′p(xq), qc

′
q) = (f ′p(xq), c

′
q) = (fqp′ , c′q),

(iv) (fp, cq)(i
′, q′) = (fp(x)i

′(xcq), cqq
′) = (fp, cqq′).

These will hold for every q, q′ ∈ Q and p, p′ ∈ P , from here our goal is to find a surjective
morphism (θ, φ) from M1 to M . Let

θ(s, q) := sq, this makes sense, since Q ⊆ T

ForD we let φ(i, q) := q and for E we let φ(fp, cq) := pq. Proving surjectivity, letm ∈M , m /∈ Q,
m = a1 . . . ar, let ak be the last occurrence of an element of B (there has to be one, otherwise m
would be in Q). Now we can express m as pq, where a1 . . . ak = p ∈ P and ak+1, . . . , ar = q ∈ Q.
Thus, we can express every element of M as an image of φ, and consequently φ is surjective.

Lemma 4.13. Let A be a minimal set of generators, such that A generates the monoid M . If
for every B ⊆ A we have (MB)1 = M , then M is either a cyclic monoid or M = S1, where S
is a left simple semigroup.

Proof. If M is cyclic, then the statement is trivial. Now we have two cases:
Case 1: 1M ∈Ma for every a ∈ A, this impliesMa =M for ∀a ∈ A, from thisMx =M ∀x ∈

M follows, which means that every element has a left inverse. Since 1M can be expressed as
yx = 1M , where y is the left inverse of x and, one can find a z ∈ M such that zy = 1M , the
following equation will hold:

xy = (zy)(xy) = z(yx)y = zy = 1M ,
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hence M is a group (a special case of a left simple semigroup).
Case 2: Assume that M is not cyclic. Since one element do not generate M , we can choose

a ∈ A such that 1M /∈Ma. Let S :=Ma =M \{1M}. It is easy to see thatMa is a subsemigroup
of M . We claim that A ⊆ S. For every a ∈ A, Ma∪ {1M} =M.,hence for every a ∈ A we have:
Sa = S, since A is a generator it follows that Sx = S for every x ∈ S, hence it is leftsimple.

Now let b ∈ A. Since Mb ⊆ S and (Mb)1 =M , it follows that Sb = S for every b ∈ A. Since
A generates S, it follows that Sx = S for every x ∈ S. Therefore, by definition, S is left simple.

Remark 4.14. From the previous two lemmas, we can conclude that any finite t-monoid (A,M)
yields a decomposition (A,M) | T1 ≀ T2 ≀ · · · ≀ Tn, where Ti is either cyclic or left simple for every
i. This holds because if we apply Lemma 4.12, we will get two t-monoids (S, P ) and (Q,Qα).
For (S, P ), if P 1 =M , then by Lemma 4.13 it is either cyclic or left simple, if not then P 1 ⊂M ,
and we can apply Lemma 4.12 again, eventually the chain of these monoids terminate with a P ′,
where P ′ has only one generator, hence it is cyclic, or there has to be a subsemigroup in the chain
which doesn’t contain any proper left ideals, therefore it is left simple. The other monoids in the
product can be dealt with similarly. Our goal now is to further decompose these components.

4.5 A form of the Krohn–Rhodes decomposition theorem
Theorem 4.15. The decomposition of every finite t-monoid (A,M) can be further refined in the
form:

(A,M) | T1 ≀ T2 ≀ · · · ≀ Tn,

where Ti is either a simple group dividing M , or Ti is the t-monoid

F3 =

(
{0, 1},

{(
0 1
0 0

)
,

(
0 1
0 1

)
,

(
0 1
1 1

)})
.

Proof. According to the last remark, we will only consider three cases: (i) (A,M) is cyclic, (ii)
(A,M) is left simple semigroup with S1 = M , and (iii) a special case when (A,M) = (G,Gα),
where G is a group.

For the first case, we will follow a different method for periodic and aperiodic cyclic monoids:

Case 1: Suppose that (A,M) is a periodic cyclic monoid with a generator x. Our goal is to
decompose (A,M) as a cartesian product of an aperiodic t-monoid and a t-group. Since M is
periodic, it will have an idempotent element e different from 1M . Let G be the maximal subgroup
of M . The monoid (Ime,G) will obviously form a t-group, where Ime is the image of e on A.

Let B = (A \ Ime)∪ {s0}, where s0 /∈ A and let M ′ be the monoid generated by x′, where x′
is defined as:

ax′ =

{
ax if a ̸= s0 and ax /∈ Ime,

s0 otherwise.

The monoid (B,M ′) will account for the cyclic aperiodic aspects of (A,M); clearly, this is
some kind of partition with a dummy element s0.

We have to show that there exists an injective morphism (θ, φ) : (A,M) → (Ime,G)×(B,M ′).
This will be enough, because the Cartesian product is a special case of the wreath product, and
we will provide the proof for the decomposition of these components later.

Let:

θ(a) =

{
(a, s0) if a ∈ Ime,

(ae, a) if a /∈ Ime,
φ(x) = (ex, x′).

25



For this to be injective, we have to show that if θ(a1) = θ(a2), then a1 = a2. This is trivial
since:

- If a1, a2 ∈ Ime then (a1, s0) = (a2, s0), which clearly implies a1 = a2;
- If a1, a2 /∈ Ime, then (a1e, a1) = (a2e, a2) forces a1 = a2;
- If a1 ∈ Ime and a2 /∈ Ime, then (a1, s0) should be equal to (a2e, a2), for the equality we

would need a2 = s0, by assumption this would mean that a2 has to be in B, which cannot contain
s0, since s0 /∈ A, thus this scenario is not possible.

For φ: if φ(x) = φ(y), then (ex, x′) = (ey, y′) implies ax′ = ay′. These are t-monoids, and
these actions have to be faithful, so we have x′ = y′, since by the definition x′ is a restriction of
x (or y), we can say that they either take the value s0, or ax at the same time, hence x = y.

If (A,M) is an aperiodic cyclic monoid generated by x, we will denote M by Cn. Our goal is
to decompose (A,Cn) in the following form:

(A,Cn) | (B,Cα
m) ≀

(
{0, 1},

{(
0 1
0 0

)
,

(
0 1
0 1

)})
,

Where m ≤ n, B = A \ {d} for a d ∈ A \ Imx and Cm is generated by x′ = x|B .
For this we have to define a sub-t-monoid, let Y = (B × {0, 1}, ⟨y⟩), where

y =

(
f,

{(
0 1
0 0

)})
,

with f(0) = x′, f(1) = cdx.
We need a surjective morphism (ϕ, φ) : Y → (A,Cn), let

θ(b, z) =

{
b, if z = 0

d, if z = 1
, φ(y) = x.

First we have to show that (θ, φ) preserves action, we need:

θ((b, z)y) = θ(b, z)φ(y) for every b ∈ B, z = {0, 1}.

If z = 0: The LHS becomes
θ((b, 0)y) = θ(bx′, 0) = bx,

whereas the RHS is
θ(b, 0)φ(y) = bx.

If z = 1: The LHS becomes:

θ((b, 1)y) = θ(bcdx, 0) = θ(dx, 0) = dx,

while the RHS is dx as well.
It’s obvious that θ is a surjection, for φ, we have to inquire about the powers of y. For every

power k, we have

(a, z)yk =

{
(a(x′)k, 0) if z = 0

(cdxk , 0) if z = 1

From the proof of the action preservation (θ, φ), φ(yk) = (φ(y))k = xk follows.

Now our goal is to show that (A,Cn) is in the closure of F3. We will assume that for every
|B| < |A|, (B,Cm) is in F3. If we can show that (A,C0) = (A, 1α) is in F3, then we can give
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a decomposition for any transformation monoid using solely the elements in F3. For that, it is
enough to show that (A, 1α) | F3 × · · · × F3.

Let (B,N) ⊆
⊗k

i=1 F3 be a sub-t-monoid, where B contains the standard basis vectors and
N = I ∪ T , where I = (id, . . . , id) and T = {cz, . . . , cz} with z being 0 or 1.

Let the surjective morphism (θ, φ) : (B,N) → (A, 1α) be defined by:

θ(f1, . . . , fk) = ai if fi = 1 and fj = 0 for every j ̸= i

φ(t1, . . . , tk) =

{
cai

if ti = c1 and tj = c0 for every j ̸= i

idA if tm = id for all m

We have to check whether (θ, φ) preserves the action:

θ((f1, . . . , fk) · (t1, . . . , tk)) = θ(f1, . . . , fk) · φ(t1, . . . , tk)

The LHS:
θ(0, . . . , 0, 1, 0, . . . , 0) = ai (where 1 is in the i-th position)

The RHS:
θ(f1, . . . , fk) · φ(t1, . . . , tk) = aj · cai

= ai

The identity case trivially holds: aj · idA = aj , so we have LHS = RHS. In this instance,
surjectivity is also trivial.

Case 2: If (A,M) is left simple with M = S1, then for every s, t ∈ S, Ss = S and St = S, so
there has to be x, y ∈ S such that xs = t and yt = s. If we look at the image of s and t:

Im t = Im(xs) ⊆ Im s and Im s = Im(yt) ⊆ Im t,

they turn out to be the same for every s, t ∈ S.
If Im s = A, then (A,M) is a t-group. We will discuss this instance in the third case.
If Im s ⊂ A, let d ∈ A \ Im s, B = A \ {d}, M ′ =M |B , then

(A,M) | (B,M ′) ≀
(
{0, 1},

{(
0 1
0 0

)
,

(
0 1
0 1

)})
We will define a sub-t-monoid T = (H,N) of this product, where

H = (B × {0}) ∪ {(c, 1)}, c ∈ Im s;

N =

{(
1M ′ ,

(
0 1
0 1

))}
∪

{(
fs,

(
0 1
0 0

)) ∣∣∣∣∣ s ∈ S

}
,

where fs is defined for every s ∈ S as:

fs(0) = s|B , fs(1) = ts|B ,

where ts ∈ S is the element defined by: c · ts = d · s.
As before we need a surjective morphism (θ, φ) : T → (A,M), let

θ(b, 0) = b for b ∈ B, θ(c, 1) = d

and
φ

(
1M ′ ,

(
0 1
0 1

))
= 1M , φ

(
fs,

(
0 1
0 0

))
= s for all s ∈ S.
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We have to verify that (θ, φ) preserves the action for any s ∈ S:

(i) : θ

(
(b, 0)

(
fs,

(
0 1
0 0

)))
= θ(b, 0)φ

(
fs,

(
0 1
0 0

))
LHS = θ(bfs(0), 0) = bs ↾B= bs = RHS

(ii) : θ

(
(c, 1)

(
fs,

(
0 1
0 0

)))
= θ(c, 1)φ

(
fs,

(
0 1
0 0

))
LHS = θ(cfs(1), 0) = θ(cts, 0) = θ(ds, 0) = ds = RHS

(iii) : θ

(
(b, 0)

(
1M ′ ,

(
0 1
0 1

)))
= θ(b, 0)φ

(
1M ′ ,

(
0 1
0 1

))
LHS = θ(b, 0) = b = b1M = RHS

(iv) : θ

(
(c, 1)

(
1M ′ ,

(
0 1
0 1

)))
= θ(c, 1)φ

(
1M ′ ,

(
0 1
0 1

))
LHS = θ(c, 1) = d = d1M = RHS

Case 3: If (A,M) is a group with constant maps, our goal is to show that:

(A,M) | (A, I1) ≀ (G,G),

where G is the group of invertible elements of M , and I =M \G, its maximal ideal. Let M ′ be
a submonoid of I1 ≀G, defined as:

M ′ = {(fx, g) | x ∈ I1, g ∈ G},

where fx(g) = gxg−1 for every a ∈ A, g ∈ G, x ∈ I1.
M ′ is closed since:

(fx, g)(fy, h) = (fx(g
′)fy(g

′g), gh)

= (g′x(g′)−1g′gyg−1(g′)−1, gh)

= (g′xgyg−1(g′)−1, gh)

= (g′xfy(g)(g
′)−1, gh)

= (fxfy(g′), gh).

Whereas xfy(g′) ∈ I1, since x ∈ I1 and I is an ideal.
We need a surjective morphism (θ, φ) : (A×G,M ′) → (A,M):

θ(a, g) = ag and φ(fx, g) = xg

We need:
θ((a, g)(fx, g

′)) = θ(a, g)φ(fx, g
′)

The LHS:
LHS = θ(agxg−1, gg′) = agxg−1gg′ = agxg′ = (ag)(xg′) = RHS
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Figure 3: Cascade composition of automata

Remark 4.16. Note that this decomposition is not unique for a given t-monoid (A,M). The
group complexity of (A,M) is defined as the minimum number of group components Ti required
in such a decomposition. Even the decidability of this problem remained open until 2024, when
Stuart Margolis, John Rhodes, and Anne Schilling proved it to be decidable [8].

Remark 4.17. The decomposition of transformations can be phrased in terms of automata.
Using the notation of Lemma 4.5, consider the wreath product of (A1,M1) ≀ (A2,M2) ≀ (A3,M3)
transformation monoids ( this can be generalized for an arbitrary number of t-monoids). Starting
from a state (a1, a2, a3) ∈ A1 × A2 × A3, the action of an element of the product produces
(a1m1, a2m2, a3m3).

The third component of the product is solely determined by a3 and m3. The second compo-
nent depends on the current value of the third component through the function l : A3 →M1 ≀M2.
Similarly, the transformation acting on the first component depends on the second component
via the function g : A2 →M1.

The information flows only in one direction: the third component can influence the second,
and the second can influence the first (this is often referred to as a "loop-free product"). As
shown in Figure 3, this can be viewed as a "cascade" of automata connected according to these
dependencies. This construction is called the cascade composition or the α0-product of automata.
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I, the undersigned, declare that during the preparation of my thesis I used the following
AI-based tools for the tasks listed below:

Task Tools used Usage location Notes

Literature search Gemini 3.5, GPT-5.5 Whole thesis —

Formatting tables
and figures

Gemini 3.5, GPT-5.5 Whole thesis Refining dia-
grams produced
in Mathcha;
formatting this
declaration table.

Grammar and aca-
demic English

Gemini 3.5, GPT-5.5 Whole thesis Correcting gram-
mar and punctu-
ation; improving
academic tone.

Writing LATEX code Gemini 3.5, GPT-5.5,
Claude Sonnet 4.6

Whole thesis Improving the
appearance of
mathematical
formulae.

I did not use any AI-based tools other than those listed above.
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