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Measurable combinatorics

Summary

The chapters of this thesis are a loose collection of topics centred on an open problem regarding 
fractional spanning forests of graphings from [1]. Graphings are analogues of finite graphs in measurable 
combinatorics, and they also serve as limit objects for sequences of finite graphs in sparse graph limit 
theory. The question itself, posed by Bérczi, Borbényi, Lovász, and Tóth, is motivated by matroid theory.

In Section 1 we introduce some background on measurable combinatorics, matroid theory and 
present the open problem itself. In Section 2 we present connections between random walks and electric 
networks, and introduce weighted uniform spanning forests. In Section 3, we show that weighted uniform 
spanning trees have maximal entropy given their edge marginals, and use them to sketch a randomised 
algorithm for a log 𝑛

log log 𝑛  approximation of the Asymmetric Travelling Salesman problem. Furthermore, we 

approximate the number of bases in a matroid by finding a maximal entropy distribution. In Section 4 
we highlight some algorithms that have been successfully implemented on graphings. As a continuation 
of this Bachelor’s project, we hope to utilise maximal entropy spanning trees to settle Question 1.15, at 
least when the graphing is hyperfinite.

1 Beyond finite

1.1 Measurable combinatorics

First of all, what is measurable combinatorics? Briefly, we would like to extend classical combinatorial 
results to infinite graphs and measure a construction’s efficiency with measures. Oftentimes theorems 
using measures have a very direct connection to probability theory, simultaneously opening the door 
to probabilistic methods as well. An additional change of setting is that as soon as we start to use a 
measure, we lose the axiom of choice, prohibiting the use of arbitrary choices. Another difficulty in the 
step beyond finite is that infinite dimensional mathematical structures usually do not generalise finite 
theorems immediately, like in the world of functional analysis - as my functional analysis teacher told us, 
everything is true in finite dimension. Our initial goal with my supervisor was to investigate a question 
of this type, namely the extreme points of the infinite spanning tree polytope of a graphing.

This chapter (Section 1) serves as an introduction to the concept of infinite sparse graphs called 
graphings. Other than these, we will mention connections with discrete structures like matroids and 
contextualise the main problem.

As an example, imagine a large graph like the friendship-graph of a social network. Suddenly global 
questions like the number of components loses relevance. Furthermore, classical algorithms that run for 
an eternity and requires work to check whether their variables converge gives place to fast, randomised 
local methods. The results of previous papers have revealed the deep connections between algorithms 
which produce a continuous or measurable solution. In particular, nodes can see and communicate with 
each other within a fixed distance. For the applications see Section 4.

Maybe even these thoughts suggest, despite sometimes we can reduce an infinite problem to a discrete 
one with ease, usually we should do it with care and there are numerous tools that do worth a look.

As we mentioned earlier, we examine sparse graphs. These graphs has a fixed bound 𝑑 on their 
degrees. In the infinite case, let (Ω, 𝐵) be a Borel sigma-algebra. A graph 𝐺 (𝑉 (𝐺) = 𝐵) is Borel, if its 
edge-set is Borel in 𝐵 × 𝐵.

Definition 1.1 Graphing (measure preserving graph)

𝒢︀ = (Ω, 𝐵, 𝜆, 𝐸) where 𝜆 is a probability measure and for any two Borel sets

∫
𝐴

deg𝐵 𝑑𝜆 = ∫
𝐵

deg𝐴 𝑑𝜆 (1.1)

The relevance of graphings comes from graph-limit theory. In particular, given a sequence of finite 
graphs with uniformly bounded degrees, there is a precise notion of convergence, namely the Benjamini-
Schramm convergence, where the limit object is a graphing. The main idea is to fix a radius 𝑅 and 
examine the sequence of coloured neighbourhood statistics in a radius 𝑅. The degree bound provides 
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Measurable combinatorics 1 Beyond finite

that these statistics are finite dimensional, so the sequence of statistics can be embedded to a Euclidean 
space, where convergence is familiar.

The volume is Vol(𝐴) = ∫
𝐴

deg 𝑑𝜆, which can be used to calculate the average degree 𝑑0 = Vol(Ω).
When normalised, we get another probabilistic measure (the stationary distribution) 𝜆∗(𝐴) = Vol(𝐴)

Vol(Ω) . 

Using these one can define a finite measure on the product edge-sets: 𝜂(𝐴 × 𝐵) = ∫
𝐴

deg𝐵 𝑑𝜆. With the 

help of Caratheodory’s Theorem it can be extended to the sigma-algebra, which is concentrated on 𝐸(𝒢︀).

Claim

• Every Borel subgraph of a graphing is a graphing itself
• The intersection and union of two graphings on the same space are graphings

Example

Take a circle with a fixed irrational rotation and connect each point with its image. With the 
standard Lebesgue measure on 𝑆1 we get a graphing.

The measure-preserving condition means that not every infinite graph is a graphing. There is a very rich 
theory behind this question, which involves infinite group theory, measure theory and even geometry. 
As an example, we mention the following geometrical property:

Definition 1.2 Number of ends

Let 𝐺 be an arbitrary graph, then the number of its ends are sup{𝑐∞(𝑉 (𝐺) ∖ 𝑋) : 𝑋 ⊂ 𝑉 (𝐺) finite }, 
where 𝑐∞(𝑉 ) denotes the number of infinite components in the induced graph by the vertices of 𝑉 .

One equivalent definition of the number of ends is the following: let 𝐹1 ⊂ 𝐹2 ⊂ … be an increasing finite 
exhaustion of 𝐺, then the number of ends is  equal to lim 𝑐∞(𝐺 ∖ 𝐹𝑛).

It is an exercise to show that vertex transitive graphs can have only 0, 1, 2 or infinitely many 
ends. While components of graphings need not be transitive, a randomly chosen component satisfies a 
probabilistic homogeneity condition, called involution invariance or unimodularity (see [2, Chapter 18]). 
And the conclusion of 0, 1, 2 or infinitely many ends holds for such random graphs with probability 
1. Consequently, for example, the graph obtained by joining three one-way infinite paths starting at a 
common vertex cannot be a component of a graphing.

Example

• in ℤ2 there exists a one-ended spanning tree with a connected one-ended dual spanning tree
• but on 𝑇3 there is no one-ended connected spanning forest

Theorem 1.3

Suppose for a sequence 𝐺𝑛, 𝜇𝐺𝑛
 converges weakly to 𝜇. Then there exists a graphing 𝒢︀ with 𝜇𝒢︀ = 𝜇, 

which is said to be the limit.

We refer the interested reader to the book by Lovász [2], the concept of random rooted graphs, the graph 
of graphs, Bernoulli graphing and the study of local isomorphisms are all interesting topics that could 
be an entire thesis themselves. Instead, we will focus on connections with combinatorial problems.

3



1 Beyond finite Measurable combinatorics

1.2 Matroids

The theory of matroids is quite modern, it was built from the ground up in the past 100 years and even 
now they are an active topic of research. The reason for this is that they generalise linear algebra and 
graph theory.

Definition 1.4 Matroid

A matroid is a given (finite) ground set 𝑋 with a collection of independent sets 𝐼 ⊆ 𝑃(𝑋) satisfying:

1. ∅ ∈ 𝐼
2. downward closure: if 𝐵 ∈ 𝐼 and 𝐴 ⊆ 𝐵, then 𝐵 ∈ 𝐼
3. independent set exchange property: if 𝐴, 𝐵 ∈ 𝐼 and |𝐵| > |𝐴|, then ∃𝑏 ∈ 𝐵 ∖ 𝐴 such that 𝐴 ∪

{𝑏} ∈ 𝐼

Independent sets with maximal cardinality are called bases.

Implicitly we compared the size of two independent sets, this comparison can be generalised by a function 
called rank.

Definition 1.5 Rank

Rank is a set function 𝑟 : 𝑃 (𝑋) → ℕ over 𝑋 if it satisfies:

1. 𝑟(∅) = 0
2. ∀𝐴 ⊆ 𝑋 and ∀𝑥 ∈ 𝑋 : 𝑟(𝐴) ≤ 𝑟(𝐴 ∪ {𝑥}) ≤ 𝑟(𝐴) + 1
3. submodularity: ∀𝐴, 𝐵 ⊂ 𝑋 : 𝑟(𝐴 ∪ 𝐵) + 𝑟(𝐴 ∩ 𝐵) ≤ 𝑟(𝐴) + 𝑟(𝐵)

The axioms imply 𝑟(𝐴) ≤ |𝐴| and monotonicity: if 𝐴 ⊆ 𝐵 ⊆ 𝑋, then 𝑟(𝐴) ≤ 𝑟(𝐵) ≤ 𝑟(𝑋).
The nice thing about matroids is that their independent sets can be defined in a couple of ways, to 

be specific, via a rank function too.

Claim

1. A rank function characterises independent sets because of 𝐴 ∈ 𝐼 ⇔ 𝑟(𝐴) = |𝐴|
2. Given the collection of independent sets, one can build a rank function: if 𝐴 ⊆ 𝑋, then

𝑟(𝐴) = max
𝐴′⊆𝐴

{|𝐴′| : 𝐴′ ∈ 𝐼} (1.2)

Example

The linearly independent subsets of a Euclidean space as independent sets form a matroid, with the 
rank function being the dimension of the spanned linear subspace.

But how do matroids handle spanning trees? Let us define such a normalised rank function:

4



Measurable combinatorics 1 Beyond finite

Definition 1.6 Discrete normalised cyclic rank function

The normalised rank of 𝐹 ⊂ 𝐸:

𝜌𝐺(𝐹) = 1 − 𝔼𝑥[ 1
|𝐶𝐹 (𝑥)|

] (1.3)

where 𝐶𝐹 (𝑥) is the size of 𝑥’s connected component.

Example

Let 𝐺 be a finite graph with 𝑉 (𝐺) = 𝑛. Denote the component sizes in an 𝐹 ⊆ 𝐸(𝐺) induced graph 
be 𝑠1, …, 𝑠𝑘. Then grouping the vertices component-wise helps to transform the expected value into:

𝔼𝑥[ 1
|𝐶𝐹 (𝑥)|

] = ∑
𝑘

𝑖=1

𝑠𝑖
𝑛

⋅ 1
𝑠𝑖

= 𝑘
𝑛

(1.4)

So the rank is 𝜌𝐺(𝐹) = 1 − number of components in 𝐹
|𝑉 (𝐺)|

Given an optimisation problem on a certain graph, the solution may not be a spanning tree with integral 
edge weights. Hence it makes sense to define a polytope of a matroid:

Definition 1.7 Spanning tree polytope

𝑓 : 𝐸(𝐺) → [0, 1] is a fractional spanning tree on a graph 𝐺 if it satisfies:

1. ∑𝑒∈𝐹 𝑓(𝑒) ≤ 𝑟(𝐹) for all 𝐹 ⊂ 𝐸(𝐺)
2. ∑𝑒∈𝐸(𝐺) 𝑓(𝑒) = 𝑟(𝐸(𝐺)) = |𝑉 (𝐺)| − 1

Proposition 1.8

In a finite graph each fractional spanning tree is a convex combination of spanning trees.

As a corollary, there is an optimal integer solution to any linear programming (LP) task. One concise 
proof of this uses tightness.

Definition 1.9 Tight set

For a given 𝑓 in the spanning tree polytope, 𝐹 ⊂ 𝐸 is tight if 𝑓(𝐹) ≔ ∑𝑒∈𝐹 𝑓(𝑒) = 𝑟(𝐹)

Lemma 1.10

Both the union and the intersection of tight edge sets are tight.

Proof: Using the submodularity of the rank function:

𝑓(𝐹1) + 𝑓(𝐹2) = 𝑓(𝐹1 ∩ 𝐹2) + 𝑓(𝐹1 ∪ 𝐹2) ≤ 𝑟(𝐹1 ∩ 𝐹2) + 𝑟(𝐹1 ∪ 𝐹2) ≤ 𝑟(𝐹1) + 𝑟(𝐹2) (1.5)

☐
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1 Beyond finite Measurable combinatorics

This lemma is the key for a short proof:
Proof of Proposition 1.8: It is enough to show that spanning trees having a fractional edge are 

not extreme.
Out of the tight sets that contain a fractional edge, let 𝐻 be one with a minimal number of edges. 

Since it is tight and contains a fractional edge, it has to contain at least two fractional edges 𝑒1, 𝑒2. 
Because the graph is finite, it has finite number of edge sets. So all 𝐹 ⊂ 𝐸 sets that are not tight satisfies 
𝑟(𝐹) − 𝑓(𝐹) > 𝜀 for an 𝜀 > 0. Furthermore, we can assume that

𝜀 < min(𝑓(𝑒1), 𝑓(𝑒2), 1 − 𝑓(𝑒1), 1 − 𝑓(𝑒2)) (1.6)

By increasing the value of 𝑓 on 𝑒1 by 𝜀 and decreasing 𝑒2 by 𝜀, we obtain a spanning tree 𝑓1, while 
increasing 𝑒2 and decreasing 𝑒1 yields 𝑓2. It can be seen that 𝑓 = 1

2𝑓1 + 1
2𝑓2.

We should check for all 𝐹 ⊂ 𝐸 that ∑𝑒∈𝐹 𝑓1(𝑒) ≤ 𝑟(𝐹). If 𝐹  contains neither 𝑒1 nor 𝑒2, then 

∑𝑒∈𝐹 𝑓1(𝑒) = ∑𝑒∈𝐹 𝑓(𝑒) ≤ 𝑟(𝐹). In the other case, the choice of 𝜀 guarantees ∑𝑒∈𝐹 𝑓1(𝑒) ≤ 𝑟(𝐹) if 𝐹  

is not tight. But if 𝐹  is tight and contains 𝑒1, the minimality of 𝐻 ensures that 𝑒2 ∈ 𝐹  too, so in this 
case ∑𝑒∈𝐹 𝑓1(𝑒) = ∑𝑒∈𝐹 𝑓(𝑒) ≤ 𝑟(𝐹) holds as well. ☐

This proposition is useful even in its own right, but it also helps to prove the analogous result for 
graphings:

Exercise 1.11

Let 𝒢︀ be a graphing with 𝑓 : 𝑉 (𝒢︀) → [0, 1] in its spanning tree polytope. If there is a tight set 𝐹 ⊂
𝐸(𝐺) with finite connected components containing fractional edges of positive measure, then 𝑓 is 
not extreme.

The rank function connects matroid theory to the continuous measurable world. Analogous to our 
discrete spanning tree polytope, one can define the spanning tree polytope over a graphing too, which 
leads to a similar definition of rank function.

Theorem 1.12 Lovász’s Submodularity Theorem

Let 𝒢︀ be a graphing and let 𝜌𝒢︀(𝐹) = 1 − 𝔼𝑥[ 1
|𝐶𝐹 (𝑥)|] for a measurable set of edges 𝐹 . Then 𝜌 is 

submodular, meaning that it is indeed a rank function.

Another benefit of matroids is that they have a natural notion of duality, that works well with planar 
duality of graphs.

Definition 1.13 Duality with matroids

Let 𝑀 = (𝐸, 𝐵) be a matroid given by its bases. Then its dual is 𝑀∗ = (𝐸, 𝐵∗) where 𝐵∗ consist of 
the complements of the bases in 𝐵.

It is known that for finite planar graphs (𝑀𝐺)∗ = 𝑀𝐺∗ , where 𝐺∗ denotes the planar dual of 𝐺. 
Moreover, Whitney showed that when 𝐺 is 3-connected (not necessarily planar), 𝑀𝐺 determines 𝐺 up to 
isomorphism. As a consequence, he was able to show that planar embeddings of 3-connected graphs are 
unique. On the other hand, without the 3-connectivity assumption, the cycle matroid does not uniquely 
determine the graph. As an example, take a path of length 3 and a 3-star, their matroids are isomorphic. 
However, the following holds due to Whitney’s work ([3]):
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Measurable combinatorics 1 Beyond finite

Theorem 1.14

Let 𝐺1 and 𝐺2 be finite graphs with isomorphic cycle matroids 𝑀𝐺1
≃ 𝑀𝐺2

. Then 𝐺1 can be transformed 

to 𝐺2 with repeated application of three possible operations: vertex splits and joins at cut vertices, as 
well as so-called Whitney twists at cutvertex-pairs.

In a recent article, Borbényi, Terlov and Tóth ([4]) extended Whitney’s theorem to graphings. They 
showed that isomorphism of the cycle matroids implies isomorphism of the graphings assuming one of 
the graphings is weakly 3-connected, and infinite-ended. Weak 3-connectivity means no finite component 
can be created by the removal of at most 2 vertices. They also proved a full generalization of Theorem 
1.14 using 6 possible natural transformations analogous to the finite ones.

1.3 The main problem

In matroids, the extreme points of the base polytope are exactly the maximal independent sets, that is, 
the bases. Therefore, given a matroid, it is natural to ask what these extreme points are. In particular, 
in the cycle matroid of a finite graph, the answer is simple: the extreme points are the spanning trees. 
In [1], Bérczi, Borbényi, Lovász, and Tóth investigated this question for graphings, and characterised 
the so-called exposed points as hyperfinite essential spanning forests. Exposed points are extreme points 
with the additional property that they are unique maximizers of a linear functional, but in infinite 
dimensions, not all extreme points of a polytope are necessarily exposed. Essential spanning forests of a 
graphing 𝒢︀ are acyclig subgraphings ℱ︀ whose components have the same cardinality as those of 𝒢︀. That 
is, ℱ︀ spans all finite 𝒢︀-components; and vertices in infinite 𝒢︀-components have infinite ℱ︀-components, 
but these need not span the entire 𝒢︀-component. The authors left the case of extreme points open.

Question [1, Question 1.4.]

Given a graphing 𝒢︀, are all extreme points of the base polytope of the cyclic matroid of 𝒢︀ hyperfinite 
essential spanning forests?

Our ultimate goal was to inspect this question for hyperfinite graphings.

Definition 1.15 Hyperfiniteness

𝒢︀ graphing is hyperfinite if one of the following equivalent conditions is satisfied::

1. there exists edge subsets 𝐸1 ⊂ 𝐸2 ⊂ 𝐸2 ⊂ …, where ∪ 𝐸𝑖 = 𝐸 and each 𝐸𝑖 has only finite 
components;

2. for all 𝜀 > 0, there exists a 𝑋0 ⊂ 𝑉 (𝒢︀) with 𝜇(𝑋0) < 𝜀 such that 𝒢︀ ∖ 𝑋0 has only finite 
components;

3. for all 𝜀 > 0, there exists 𝑘 ∈ ℕ and a 𝑋0 ⊂ 𝑉 (𝒢︀) with 𝜇(𝑋0) < 𝜀 such that the size of each 
component in 𝒢︀ ∖ 𝑋0 is bounded by 𝑘.

Example

• the Canopy tree and and the biinfinite (ℤ) path are hyperfinite.
• the d-regular tree is not hyperfinite for 𝑑 ≥ 3.

The Canopy tree is a one-ended infinite binary tree growing towards the ancestors:

7



1 Beyond finite Measurable combinatorics

The following exercise states that in hyperfinite graphings, being in the base politope of the cycle matroid 
can be rephrased using finite subsets.

Exercise 1.16

Let 𝒢︀ be a hyperfinite graphing, and let 𝑓 : 𝐸 → [0, 1] be a measurable function on its edges. Let 𝛼 
denote the measure represented by 𝑓 , that is, 𝛼(𝐹) = ∫

𝐹
𝑓𝑑𝜂, where 𝜂 denotes the edge measure of 

𝒢︀. The following two are equivalent.

1) a) 𝛼 ≤ 𝜌;
b) 𝛼(𝐸) = 𝜌(𝐸) = 1.

2) a) ∀𝑉 ⊂ 𝑋 finite (𝜇 almost surely): ∑𝑒∈𝐸(𝑉 ) 𝑓(𝑒) ≤ |𝑉 | − 1;

b) 𝔼𝑥[deg𝑓(𝑥)] = 2.

Proof:

(2.𝑎) ⇒ (1.𝑎): Assume towards contradiction that there exists 𝑋′ ⊂ 𝑋,  𝜇(𝑋′) > 0, each of whose 
components fails (2.a). Since there are countably many connected finite graphs, there exists an 𝐹  with 
𝑘 nodes, and a 𝑊 ⊂ 𝑋′ node set with positive measure, such that all of the (𝑊, 𝐸(𝑊)) components are 
isomorphic to F.

Grouping together the equivalent nodes given by the graph isomorphisms, we get finitely many 
classes 𝐶1, …, 𝐶𝑘. Counting edges between the classes yields 𝜇(𝐶𝑖) = 𝜇(𝐶𝑗), specifically 𝜇(𝐶𝑖) = 𝜇(𝑊)

𝑘 . 
But here:

𝛼(𝐸(𝑊)) = ∫
𝐸(𝑊)

𝑓𝑑𝜂 = 1
2

∫
𝑊

(∑
𝑦∼𝑥

𝑓(𝑥𝑦))𝑑𝜇(𝑥)

= 1
2

∑
𝐶𝑖∼𝐶𝑗

𝑓(𝐶𝑖𝐶𝑗)𝜇(𝐶𝑖) = 𝜇(𝑊)
𝑘

∑
𝑒∈𝐸(𝐹)

𝑓(𝑒) > 𝜇(𝑊)
𝑘

(𝑘 − 1)
(1.7)

Since F is connected, 𝜌(𝐸(𝑊)) = 𝑘−1
𝑘 𝜇(𝑊) < 𝛼(𝐸(𝑊)) indeed contradicts (1.a).

(1.𝑎) ⇒ (2.𝑎): Again, assume towards contradiction that the statement fails on an 𝐸′ ⊂ 𝐸.

If the degree bound of the graphing is 𝑑, then using the hyperfiniteness of 𝒢︀, for an 𝜀 < 𝛼(𝐸′)−𝜌(𝐸′)
𝐷  

cut out 𝑋0 ⊂ 𝑋 with 𝜇(𝑋0) < 𝜀, leaving finite components. The choice of 𝜀 guarantees that the measure 
of the lost edges are small, hence plugging in 𝐸″ = 𝐸′ ∩ 𝐸(𝒢︀ ∖ 𝑋0) still gives 𝛼(𝐸″) > 𝜌(𝐸″).

Since 𝜌 is additive for edge sets spanned by disjoint node sets, we can find a class of isomorphic 
finite graphs with positive node measure. To finish the proof, we can refer to the argument shown in the 
first direction.

What remains is (1.𝑏) ⇔ (2.𝑏):

2 = 𝔼𝑥[deg𝑓(𝑥)] = ∫
𝑋

(∑
𝑦∼𝑥

𝑓(𝑥𝑦))𝑑𝜇(𝑥) = ∫
𝐸

2𝑓𝑑𝜂 = ∫
𝐸

2𝑑𝛼 = 2𝛼(𝐸) = 2 (1.8)

8



Measurable combinatorics 1 Beyond finite

☐

Note

The fact that 2 ⇒ 1 does not need hyperfiniteness suggests that spanning tree behaviour on almost 
every finite set is a significantly stronger criterion.

9
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2 From random walks to spanning trees

At first glance, random walks may seem unrelated to spanning trees. However, it turns out that random 
spanning trees are deeply connected to random walks by Wilson’s algorithm, which we will see in 
Algorithm 2.34. We will also develop techniques in the world of infinite graphs with applications in 
general probability theory. Most of this chapter follows Probability on Trees and Networks by Lyons and 
Peres [5].

2.1 Random walks

To begin with, we study how an initial distribution of a random walker evolves as random steps are 
taken. It is a basic result that as the time goes to infinity, the distribution of the walker always converges 
to a stationary distribution.

Definition 2.1 Random walk

Given a countable graph 𝐺, a (time-homogeneous) random walk on 𝐺 is a sequence of random variables 
(𝑋𝑡)𝑡∈ℕ taking values in 𝑉 (𝐺), satisfying the time-independent Markov property, i.e.

ℙ[𝑋𝑡 = 𝑗 | 𝑋𝑡−1 = 𝑖] = ℙ[𝑋1 = 𝑗 | 𝑋0 = 𝑖]. (2.1)

We collect these transition probabilities in the Markov-operator 𝑀 , whose entries are defined by 𝑀𝑖𝑗 =
ℙ[𝑋1 = 𝑗 | 𝑋0 = 𝑖]. We say the walk is symmetric if 𝑀𝑖𝑗 = 𝑀𝑗𝑖 for all 𝑖, 𝑗 ∈ 𝑉 (𝐺).

Example Simple random walk (SRW)

A simple random walk is a walk where the transition distribution is uniform at each vertex.
Let us note that the simple random walk on a finite 𝑑-regular graph 𝐺 is symmetric, and the 

Markov-operator can be expressed via the adjacency matrix of 𝐺 as 𝑀 = 1
𝑑𝐴𝐺.

Given 𝑀 , calculating the expected value of a function 𝑣 : 𝑉 (𝐺) → ℝ can be written in a concise form: 
(𝑀𝑣)(𝑖) = ∑𝑗 𝑀𝑖𝑗𝑣(𝑗). Conversely, right multiplication can be used to evolve the distribution of the 

walker. That is, if the walker’s position at time 𝑡 is described by a probability distribution 𝜋 = (𝜋1, …, 𝜋𝑛) 
on 𝑉 (𝐺) , then 𝜋𝑀  is the distribution at time 𝑡 + 1.

Definition 2.2 Stationary distribution

We call a probability distribution 𝜋 : 𝑉 (𝐺) → ℝ stationary if 𝜋𝑀 = 𝜋 i.e. it is a fixed point of the 
Markov operator.

It is easy to check that the uniform distribution 1
𝑛𝟙 is stationary.

Theorem 2.3

Let 𝐺 be a connected, non-bipartite finite graph. Then for any initial distribution 𝜋, we have 𝜋𝑀𝑘 → 1
𝑛𝟙.

Proof:

Since 𝑀  is symmetric, 𝑀  admits an orthonormal eigenbasis and each of its eigenvalues is real.
Let us examine the eigenvalues in depth.
1. for all 𝜆 eigenvalue |𝜆| ≤ 1: Assume by way of contradiction that 𝜆 > 1. Now let 𝑓 denote 

the corresponding eigenvector, and 𝑓(𝑖) its maximal entry. Then (𝑀𝑓)(𝑖) = 𝜆𝑓(𝑖) > 𝑓(𝑖). On the 
other hand, (𝑀𝑓)(𝑖) is the mean of the 𝑓-values at the neighbours of 𝑖, so by maximality of 𝑓(𝑖), 

10
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we have (𝑀𝑓)(𝑖) ≤ 𝑓(𝑖), which is a contradiction. Repeating the same argument for the maximal 
entry in absolute value shows 𝜆 ≥ −1 as well.

2. 𝜆 = 1 has multiplicity 1: A similar argument to the previous one shows that the maximal entry 
of the eigenvector is a mean of its neighbours in this case, meaning that the neighbours are all 
equal to this. Iterating this, the maximal entry determines the eigenvector.

3. 𝜆 = −1 is not an eigenvalue: again, the maximal entry in absolute value determines the absolute 
value of all the others. The −1 means that starting from a vertex, all of its neighbours should have 
the opposite sign. Iterating this leads to a 2-colouring, which shows that the graph is bipartite, 
contradicting our assumption.

Hence after sorting the eigenvalues we get 1 = 𝜆1 > 𝜆2 ≥ … ≥ 𝜆𝑛 > −1 with the corresponding eigen
vectors 𝑣𝑖. Also 𝑣1 = 1

𝑛𝟙 follows from the previous arguments.
Now let us transform 𝜋 to the orthonormal eigenbasis 𝑣𝑖, writing it as 𝜋 = ∑𝑛

𝑖=1 𝛼𝑖𝑣𝑖. Note that 

𝛼1 = ⟨𝜋,𝟙⟩
⟨𝟙,𝟙⟩ = 1

𝑛 .

𝜋 = 1
𝑛

𝟙 + ∑
𝑛

𝑖=2
𝛼𝑖𝑣𝑖

𝜋𝑀𝑘 = 1
𝑛

𝟙 + ∑
𝑛

𝑖=2
𝛼𝑖𝜆𝑘

𝑖 𝑣𝑖

(2.2)

If we denote the largest non-trivial eigenvalue in absolute value by 𝑔(𝐺) = max(|𝜆2|, |𝜆𝑛|), the norm of 
the difference is bounded by a quantity that converges to 0 as 𝑘 grows:

‖𝜋𝑀𝑘 − 1
𝑛

𝟙‖ ≤ 𝑔(𝐺)𝑘‖∑
𝑛

𝑖=2
𝛼𝑖𝑣𝑖‖ (2.3)

☐

For the purpose of this thesis let 𝜌(𝐺) denote the spectral radius of 𝐺. We have seen that a smaller 
spectral radius guarantees a faster convergence.

That is not the only useful property of the spectral radius.

Definition 2.4 Expander sequence

Let 𝐺𝑛 be a sequence of 𝑑-regular graphs with |𝑉 (𝐺𝑛)| → ∞. We say it is an expander sequence if 
𝜌(𝐺𝑛) ≤ 1 − 𝑐 for some 𝑐 > 0.

Practically, it means that random walk mixes quickly in each 𝐺𝑛 independent from its size, even though 
the degree remains constant.

We briefly mention the connection between the second largest eigenvalue 𝜆2 and the so-called Cheeger 
constant.

Definition 2.5 Cheeger constant

Given 𝐺 graph, its Cheeger constant is

ℎ(𝐺) = min
0≤|𝑆|≤ |𝑉 (𝐺)|

2

|𝜕𝑆|
|𝑆|

(2.4)

where 𝑆 ⊂ 𝑉  and 𝜕𝑆 = {𝑢 ∈ 𝑉 (𝐺) | 𝑢 ∉ 𝑆 and ∃𝑣 ∈ 𝑆 : (𝑢𝑣) ∈ 𝐸(𝐺)} is the outer vertex boundary 
of 𝑆.

The relationship between 𝜆2 and ℎ(𝐺) is the following.

11
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Theorem 2.6

Let 𝐺 be a finite graph. Then

1 − 𝜆2
2

≤ ℎ(𝐺) ≤ √1 − 𝜆2 (2.5)

As a consequence, being an expander sequence can be phrased equivalently using the Cheeger constant.

Proposition 2.7 Expander sequence 2

Let 𝐺𝑛 be a sequence of 𝑑-regular graphs with |𝑉 (𝐺𝑛)| → ∞. It is an expander sequence if there exists 
𝑐 > 0 such that ℎ(𝐺𝑛) ≥ 𝑐 for all 𝑛.

As an example, the paths of length 𝑛 do not form an expander sequence, as the (left) half of the graph 
has a small boundary. It is far from trivial to build an expander sequence deterministically, however 
the sequence of random 𝑑-regular graphs is an expander sequence with high probability. The following 
theorem of Alon and Boppana quantifies how good an expander sequence can be.

Theorem 2.8 Alon-Boppana

Let 𝐺𝑛 be a sequence of 𝑑-regular finite graphs with |𝑉 (𝐺𝑛)| → ∞. Then

lim inf 𝜌(𝐺𝑛) ≥ 2
√

𝑑 − 1
𝑑

. (2.6)

The value 2
√

𝑑−1
𝑑  might seem mysterious, but it is in fact the spectral radius of the 𝑑-regular infinite tree 

𝑇𝑑. The reason behind the theorem is that 𝑇𝑑 is the universal cover of any 𝑑-regular graph. Before we 
turn to the proof of Theorem 2.8, we investigate how the Markov operator behaves on 𝑇𝑑.

Note that the Markov operator still makes sense, it is an operator 𝑀 : 𝑙2𝑉 (𝐺) → 𝑙2𝑉 (𝐺) defined by 
the following equation.

(𝑀𝑓)(𝑣) = 1
𝑑

∑
(𝑢𝑣)∈𝐸(𝐺)

𝑓(𝑢) (2.7)

A simple calculation shows that 𝑀  is self-adjoint.

⟨𝑀𝑓, 𝑔⟩ = ∑
𝑣∈𝑉 (𝐺)

1
𝑑
𝑓(𝑢) ∑

𝑢∈𝑉 (𝐺)
𝑔(𝑣) = 1

𝑑
∑

(𝑢,𝑣)∈𝐸(𝐺)
𝑓(𝑢)𝑔(𝑣) = ⟨𝑓, 𝑀𝑔⟩ (2.8)

Recall from functional analysis that the spectral radius 𝜌(𝑀) coincides with the norm ‖𝑀‖ for normal 
operators, specially for self-adjoint operators as well. Moreover, with some work, one can show that the 
norm is computed by

‖𝑀‖ = lim
𝑛→∞

𝑛√‖𝑀𝑛𝟙𝑜‖, (2.9)

where 𝟙𝑜(𝑣) = {1 if 𝑣 is the root
0 else  denotes the characteristic vector of the root 𝑜 ∈ 𝑉 (𝑇𝑑).

12
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Definition 2.9

The norm of an operator is

‖𝑀‖ = sup
𝑓≠0

‖𝑀𝑓‖
‖𝑓‖

(2.10)

Using the characteristic vector of root 𝟙𝑜(𝑣) = {1 if 𝑣 is the root
0 else , it can be shown that expanding the norm 

gives a probabilistic interpretation:

‖𝑀𝑛𝟙𝑜‖
2 = ⟨𝑀𝑛𝟙𝑜, 𝑀𝑛𝟙𝑜⟩ = ⟨𝟙𝑜, 𝑀2𝑛𝟙𝑜⟩

= ℙ[SRW from root returns in the 2𝑛-th step] = 𝑝2𝑛(𝑜, 𝑜)
(2.11)

Now let us sketch a proof of lim𝑛→∞
2𝑛√𝑝2𝑛(𝑜, 𝑜) = 2

√
𝑑−1
𝑑 . Denoting the number of 𝑛-long returning 

walks by 𝑤𝑛(𝑜, 𝑜), we need 2𝑛√𝑤2𝑛(𝑜, 𝑜) → 2
√

𝑑 − 1.
An asymptotically good lower bound can be obtained by counting the 2𝑛 long returning walks to 

the root of the (𝑑 − 1)-ary tree instead of 𝑇𝑑. Every returning walk steps 𝑛 times toward the root and 𝑛 
times away. Catalan numbers count the number of such forwards-backwards sequences. Given a sequence, 
there are a little more than (𝑑 − 1)𝑛 walks that realise it, because at each node except the root, there 
are 𝑑 − 1 ways to move further and one to move closer to the root.

But there is a formula for Catalan numbers, specifically 𝐶𝑛 = 1
𝑛+1(2𝑛

𝑛 ) and we can approximate this 

explicitly by using Stirling’s formula for the binomial coefficient. So using 𝑛! ∼ (𝑛
𝑒 )𝑛√

2𝜋𝑛 yields

lim
𝑛→∞

2𝑛√𝑤2𝑛(𝑜, 𝑜) ≥ lim
𝑛→∞

(

(2𝑛

𝑒 )2𝑛√
2𝜋 ⋅ 2𝑛

((𝑛
𝑒 )𝑛√

2𝜋𝑛)
2 (𝑑 − 1)𝑛

)



1
2𝑛

= 2
√

𝑑 − 1 (2.12)

Now we turn to the proof of the theorem of Alon and Boppana:
Proof of Theorem 2.8:

Consider the following function:

𝑓(𝑣) = ( 1√
𝑑 − 1

)
𝑘

if dist(𝑜, 𝑣) = 𝑘 (2.13)

Plugging into 𝑀 , one can verify that 𝑓 is almost an eigenfunction for 𝜆 = 2
√

𝑑−1
𝑑 :

(𝑀𝑓)(𝑣) = 1
𝑑
(( 1√

𝑑 − 1
)

𝑘−1

+ (𝑑 − 1)( 1√
𝑑 − 1

)
𝑘+1

)

= 2
𝑑
( 1√

𝑑 − 1
)

𝑘−1

= 2
√

𝑑 − 1
𝑑

𝑓(𝑣)

(2.14)

Provided 𝑣 is not the root.
Unfortunately 𝑓 ∉ 𝑙2𝑉 (𝐺), because

⟨𝑓, 𝑓⟩ = 1 + ∑
∞

𝑘=1
𝑑(𝑑 − 1)𝑘( 1√

𝑑 − 1
)

2𝑘

= ∞ (2.15)

13
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Instead we will work with the truncated version

𝑓𝑘(𝑣) = {𝑓(𝑣) if dist(𝑜, 𝑣) ≤ 𝑘
0 else (2.16)

Now

⟨𝑓𝑘, 𝑓𝑘⟩ = 1 + 𝑘 𝑑
𝑑 − 1

(2.17)

and

⟨𝑀𝑓𝑘, 𝑓𝑘⟩ = 1√
𝑑 − 1

+ (𝑘 − 1)2
√

𝑑 − 1
𝑑

𝑑
𝑑 − 1

+ 1√
𝑑 − 1

(2.18)

Hence

⟨𝑀𝑓𝑘, 𝑓𝑘⟩
⟨𝑓𝑘, 𝑓𝑘⟩

→ 2
√

𝑑 − 1
𝑑

(2.19)

Projecting these to 𝑉 (𝐺) from 𝑉 (𝑇𝑑) we get ⟨𝑀𝑓𝑘, 𝑓𝑘⟩ = ⟨𝑀𝑓𝑘, 𝑓𝑘⟩ thanks to the linearity of the scalar 
product and the definition of ⟨⋅, ⋅⟩. Precisely, if 𝐺 is a 𝑑-regular graph with a covering map 𝜑 : 𝐻 → 𝐺. 
Then a function 𝑓 : 𝑉 (𝐻) → ℝ can be projected to 𝑉 (𝐺), specially 𝑓 : 𝑉 (𝐺) → ℝ with

𝑓(𝑢) = ∑
𝑣∈𝑉 (𝐺)
𝜑(𝑣)=𝑢

𝑓(𝑣) (2.20)

The only problem left is that these functions 𝑓𝑘 are not necessarily perpendicular to 𝟙, which is needed 
to be a valid eigenvector corresponding to the eigenvalue with 𝜌(𝐺). We are using the fact that the 
second largest eigenvalue can be obtained by 𝜆2 = sup𝑥∈𝟙⟂

⟨𝑀𝑥,𝑥⟩
⟨𝑥,𝑥⟩ .

But we can fix this too by removing the orthogonal projection 𝑐𝑘 = ⟨𝑓𝑘, 𝟙⟩, letting 𝑔𝑘 = 𝑓𝑘 − 𝑐𝑘
𝑛 𝟙 

completes the proof because 
⟨𝑀𝑔𝑘,𝑔𝑘⟩
⟨𝑔𝑘,𝑔𝑘⟩ ≥ 2

√
𝑑−1
𝑑 − 2𝜀 as the error of truncation vanishes. ☐

2.2 Electric networks

In the previous section we were concerned with simple random walks on finite regular graphs. In contrast, 
we will now relax most of these assumptions: the state space of the Markov chain need not be finite, 
there will be no regularity assumption, and the transition probabilities might be biased towards certain 
directions.

A physics enthusiast might think of such a biased random walk as an electron crossing a circuit, 
preferring to move towards the lower resistances. In this chapter we combine this intuition with the 
precision of probability theory. As we will see, this field borrows most of its notation from the world of 
physics, however the developed tools and ideas will be extremely useful in the right moment, when we 
jump back to a probabilistic theorem. The main goal of this chapter is to give insight into an intuitive, 
yet mathematically precise toolset. First of all, we try to answer whether a Markov chain (started at a 
given state) will visit another state almost surely.

Definition 2.10 Transience, recurrence

A random walk started at 𝑜 is recurrent if it visits 𝑜 again almost surely, and transient otherwise.

14
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Let us mention that there is an alternative definition: transience is equivalent to the expected number of 
visits to 𝑜 is finite. Consequently one can check in connected networks that if a random walk is transient 
starting from a vertex 𝑜, then it is transient started from any other. Hence, the definition of transience 
and recurrence can be meaningfully extended to networks.

A Markov chain is reversible with a transition probability function 𝑝, if there is a non-negative 
function 𝜋 on the state space which satisfies 𝜋(𝑥)𝑝(𝑥, 𝑦) = 𝜋(𝑦)𝑝(𝑦, 𝑥). This property makes it possible to 
construct an undirected weighted graph with weights 𝑐(𝑥, 𝑦) = 𝜋(𝑥)𝑝(𝑥, 𝑦). One can recover the Markov 
chain by stepping from 𝑥 to 𝑦 with probability proportional to 𝑐(𝑥, 𝑦). Precisely, at a given vertex, the 
walk chooses the next vertex with probability proportional to the connecting edge(s). When we omit the 
weights, we mean 𝑐 ≡ 1.

For a subset 𝐴 ⊂ 𝑉 , let 𝜏𝐴 denote the first time when the random walk started at 𝑟 hits 𝐴. In the 
𝑟 ∈ 𝐴 case the useful definition is 𝜏+

𝐴 , that is, the second time 𝐴 is visited.
If we are interested in whether a random walk hits 𝐴 or 𝑍 first, we can formulate it by

𝑃𝑥(𝜏𝐴 < 𝜏𝑍) = ∑
𝑦∼𝑥

𝑃𝑥(step to 𝑦 from 𝑥)𝑃𝑥(𝜏𝐴 < 𝜏𝑍 : step to 𝑦 from 𝑥)

= ∑
𝑥∼𝑦

𝑝(𝑥, 𝑦)𝑃𝑦(𝜏𝐴 < 𝜏𝑍)
(2.21)

Notice that considering 𝑃𝑥(𝜏𝐴 < 𝜏𝑍) as a function of 𝑥, Equation (2.21) states that it satisfies an 
averaging property. This motivates the next definition.

Definition 2.11 Harmonic function

A function 𝑓 is harmonic at 𝑥 if 𝑓(𝑥) = ∑𝑥∼𝑦 𝑝(𝑥, 𝑦)𝑓(𝑦). Similarly, 𝑓 is harmonic on a subset if it is 

harmonic on each of its vertices.

However, we will hardly ever require a function to be harmonic everywhere. Typically, we will specify 
the value of 𝑓 on a set 𝑊  and extend it harmonically on 𝑉 ∖ 𝑊 . In this case, we say that 𝑓 is absorbed 
off of 𝑊 . Despite having such a short definition, harmonic functions carry so much information about 
random walks that with the help of the following two exercises, one can easily prove the SRW on 𝑇3 is 
transient.

The following exercises, building on the Martingale Convergence Theorem, present the relationship 
between harmonic functions and recurrence versus transience of the random walk. In particular, they 
also show that the SRW on 𝑇3 is transient.

Exercise 2.12

Let 𝐺 be a (locally finite, connected) graph, and ℎ : 𝑉 (𝐺) → [0, 1] be a harmonic function with 
respect to a random walk. Let 𝑋𝑛 denote the position of the walker after n steps. Show that 
lim𝑛→∞ ℎ(𝑋𝑛) exists with probability 1.

Exercise 2.13

Prove that every bounded harmonic function is constant.

Exercise 2.14

Construct a non-constant bounded harmonic function on the 3-regular tree 𝑇3.

Beyond these exercises, we should emphasise the following properties of harmonic functions.
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Proposition 2.15

1. Maximum principle: if 𝑓 : 𝑉 → ℝ is harmonic on 𝑊  and the supremum is attained on 𝑊 , then 
𝑓 is constant.

2. Uniqueness principle: If 𝑓, 𝑔 : 𝑉 → ℝ are harmonic on 𝑊  and equal on 𝑉 ∖ 𝑊 , then 𝑓 = 𝑔.
3. Superposition principle: if 𝑓, 𝑔 are harmonic, then 𝛼𝑓 + 𝛽𝑔 is also harmonic for all 𝛼, 𝛽 ∈ ℝ.

The first is the consequence of the averaging property, while the second follows from the first by 
substituting ℎ = 𝑓 − 𝑔, and observing that ℎ is also harmonic.

As a result, when 𝐺 is finite, the uniqueness principle says that 𝑃𝑥(𝜏𝐴 < 𝜏𝑍) is the only harmonic 
function which is 1 on 𝐴 and 0 on 𝑍. Generally, the Dirichlet problem, as in harmonic analysis, asks 
whether a function defined on a subset can be extended to a function that is harmonic on the complement.

Proposition 2.16 Existence principle

If 𝑓0 : 𝑉 ∖ 𝑊 → ℝ is bounded, there exists an extension 𝑓 : 𝑉 → ℝ which is harmonic on 𝑊 .

Proof: Let 𝑋 denote the node that is first visited by the random walk in 𝑉 ∖ 𝑊 . Then 𝑓(𝑥) = 𝔼𝑥[𝑓0(𝑋)] 
works. ☐

We should mention that in the finite case existence follows from uniqueness. Roughly speaking, 
because 𝑓 is the solution of a linear system with an equal number of variables and equations.

Now let us delve into electric networks!

Definition 2.17 Electric network

An electric network is a weighted graph, where:

• the edge weights are called conductances (𝑐), their reciprocals are the resistances (𝑟 = 1
𝑐 ).

• a potential function (𝑣 : 𝑉 → ℝ) is 1 on a given 𝐴 and 0 on a 𝑍, moreover it is harmonic on the 
rest of the nodes.

• the associated current function 𝑖 on the edges is defined by 𝑖(𝑥, 𝑦) = 𝑐(𝑥, 𝑦)(𝑣(𝑥) − 𝑣(𝑦))

In [5], the term “voltage” is used for what we call potential. We deviate from it because our names fit 
the physics conventions. We think of 𝐴 and 𝑍 as elements of the network that are kept at a constant 
potential by some external device, for example a battery. By the existence principle, this induces a 
potential function on the rest of the nodes.

Note that 𝑖 is antisymmetric and if 𝑣 is harmonic on 𝑥 ∈ 𝑉 , then 0 = 𝑣(𝑥) ∑𝑥∼𝑦 𝑐(𝑥, 𝑦) −
∑𝑥∼𝑦 𝑐(𝑥, 𝑦)𝑣(𝑦) = ∑𝑥∼𝑦 𝑖(𝑥, 𝑦). In combinatorics, this is exactly the definition of a flow.

The following laws will be familiar from physics.

Laws of electric networks from physics 2.18

• Ohm’s law: 𝑣(𝑥) − 𝑣(𝑦) = 𝑖(𝑥, 𝑦)𝑟(𝑥, 𝑦)
• Kirchhoff’s node law: The current is a flow between 𝐴 and 𝑍.
• Kirchhoff’s cycle law: if 𝑥1 ∼ 𝑥2 ∼ … ∼ 𝑥𝑛 ∼ 𝑥𝑛+1 = 𝑥1 is a cycle, then

∑
𝑛

𝑘=1
𝑖(𝑥𝑘, 𝑥𝑘+1)𝑟(𝑥𝑘, 𝑥𝑘+1) = 0 (2.22)
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In our mathematical treatment Ohm’s law is the definition of the current, and Kirchhoff’s node law 
followed immediately. The cycle law is similarly easy to see, it states that the potential differences along 
a cycle sum up to 0. We also note that, out of these three laws, any two imply the third.

But how does this connect to random walks precisely? Let 𝐴 = {𝑎}. We have seen that 𝑃𝑥[𝜏𝑎 < 𝜏𝑍 ] 
is harmonic on each 𝑥 ∈ 𝑉 ∖ (𝑍 ∪ {𝑎}). That is, it is the unique harmonic extension, or in other terms 
the potential induced on the network by imposing potential 1 on 𝑎 and 0 on 𝑍. If 𝑃 [𝑎 → 𝑍] ≔ 𝑃𝑎[𝜏𝑍 <
𝜏+
𝑎 ] (which is basically the 𝐴 = {𝑎} case), then if we impose potential 𝑣(𝑎) = 1 on 𝑎 and 0 on 𝑍, we get 

a harmonic function on the entire graph by extending this. Using the Superposition principle, it turns 
out 𝑃𝑥[𝜏𝑎 < 𝜏𝑍 ] = 𝑣(𝑥)

𝑣(𝑎)

𝑃 [𝑎 → 𝑍] = ∑
𝑥

𝑝(𝑎, 𝑥)(1 − 𝑃𝑥[𝜏𝑎 < 𝜏𝑍 ]) = ∑
𝑥

𝑐(𝑎, 𝑥)
𝜋(𝑎)

(1 − 𝑣(𝑥)
𝑣(𝑎)

)

= 1
𝑣(𝑎)𝜋(𝑎)

∑
𝑥

𝑐(𝑎, 𝑥)(𝑣(𝑎) − 𝑣(𝑥)) = 1
𝑣(𝑎)𝜋(𝑎)

∑
𝑥

𝑖(𝑎, 𝑥)
(2.23)

The unit potential simplifies this to 𝑃 [𝑎 → 𝑍] = 1
𝜋(𝑎) ∑𝑥 𝑖(𝑎, 𝑥). However, sometimes we scale potentials 

to build up unit current for more concise formulas.
So 𝑣(𝑎) = ∑𝑥

𝑖(𝑎,𝑥)
𝜋(𝑎)𝑃(𝑎→𝑍) . If we think of current as a flow, the numerator is the total amount of 

current flowing. From the point of view of physics, analysing the denominator and the units of measure 
leads to a definition of effective conductance:

𝐶eff = 𝜋(𝑎)𝑃 [𝑎 → 𝑍] ≕ 𝒞︀(𝑎 ↔ 𝑍) (2.24)

Obviously there is an effective resistance ℛ︀(𝑎 ↔ 𝑍) ≔ 1
𝒞︀(𝑎↔𝑍)  as well, unless 𝒞︀(𝑎 ↔ 𝑍) = 0. In the latter 

case, ℛ︀(𝑎 ↔ 𝑍) = ∞.
Knowing the return probability to 𝑎, one can calculate the expected number of visits before the first 

hitting time of 𝑍: it is a geometric random variable with mean 𝑃 [𝑎 → 𝑍]−1 = 𝜋(𝑎)ℛ︀(𝑎 ↔ 𝑍), in the case 
of a unit current flow 𝑃 [𝑎 → 𝑍]−1 = 𝜋(𝑎)𝑣(𝑎). Conversely, if 𝒢︀𝑍(𝑎, 𝑥) is the expected number of visits to 
𝑥 before arriving the first time at 𝑍 starting from 𝑎, then 𝒢︀𝑍(𝑎, 𝑎) = 𝑃 [𝑎 → 𝑍]−1 = 𝜋(𝑎)𝒞︀(𝑎 ↔ 𝑍) and 
𝒢︀𝑍(𝑎, 𝑥) = 0 for 𝑥 ∈ 𝑍. We call 𝒢︀ the Green-function. It can be seen, that it is harmonic, which implies 
the following:

Proposition 2.19

𝐺 is a finite, connected network. If a potential is imposed on {𝑎} ∪ 𝑍 in a way that it builds up a unit 
current flow, then 𝑣(𝑥) = 𝒢︀𝑍(𝑎,𝑥)

𝜋(𝑥) .

A useful result of this proposition is that now we can state the following about edge crossings, which 
verifies our intuition regarding the flow rate of electric particles:

Proposition 2.20

𝐺 is a finite, connected network. Terminate a random walk starting at 𝑎 when it arrives at 𝑍. For each 
edge, let 𝑆𝑥𝑦 be the number of transitions along it. Then for a unit current flow 𝑖 (from {𝑎} → 𝑍): 
𝔼[𝑆𝑥𝑦] = 𝒢︀𝑍(𝑎, 𝑥)𝑝(𝑥, 𝑦) and 𝔼[𝑆𝑥𝑦 − 𝑆𝑦𝑥] = 𝑖(𝑥, 𝑦)

Proof: The expectation of the number of crossings is:
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𝔼[𝑆𝑥𝑦] = 𝔼[∑
∞

𝑘=0
𝟙[𝑋𝑘=𝑥,𝑋𝑘+1=𝑦]] = ∑

∞

𝑘=0
𝑃[𝑋𝑘 = 𝑥, 𝑋𝑘+1 = 𝑦]

= ∑
∞

𝑘=0
𝑃 [𝑋𝑘 = 𝑥]𝑝(𝑥, 𝑦) = 𝔼[∑

∞

𝑘=0
𝟙[𝑋𝑘=𝑥]]𝑝(𝑥, 𝑦) = 𝒢︀𝑍(𝑎, 𝑥)𝑝(𝑥, 𝑦)

(2.25)

According to Proposition 2.19, there is a connection between Green function and potential. Using the 
linearity of the expectation for all 𝑥, 𝑦:

𝔼[𝑆𝑥𝑦 − 𝑆𝑦𝑥] = 𝒢︀𝑍(𝑎, 𝑥)𝑝(𝑥, 𝑦) − 𝒢︀𝑍(𝑎, 𝑦)𝑝(𝑦, 𝑥) = 𝑣(𝑥)𝜋(𝑥)𝑝(𝑥, 𝑦) − 𝑣(𝑦)𝜋(𝑦)𝑝(𝑦, 𝑥)
= [𝑣(𝑥) − 𝑣(𝑦)]𝑐(𝑥, 𝑦) = 𝑖(𝑥, 𝑦)

(2.26)

☐

In an infinite network one should make sure that ∑𝑥∼𝑦 𝑐(𝑥, 𝑦) < ∞ for all 𝑥 ∈ 𝑉 , so that the 

random walk is well-defined. In the case of locally finite graphs (specifically 𝑑-regular graphs), the sum is 
indeed finite. However, our theory applies not only to simple graphs, but to multigraphs (with loops or 
parallel edges) as well, even with infinitely many edges. So when we identify a set of nodes, the obtained 
multigraph will be meaningful too, providing a way to handle infinite graphs.

Behaviour at infinity is typically investigated by a sequence of finite induced subgraphs which 
exhausts 𝐺. Precisely, we examine a {𝐺𝑛}𝑛∈ℕ, where 𝐺𝑛 ⊂ 𝐺𝑛+1 and 𝐺 = ∪ 𝐺𝑛 with the same conduc

tances on edges. Let 𝑍𝑛 = 𝐺 ∖ 𝐺𝑛 and 𝐺𝑊
𝑛  be the graph when identifying 𝑍𝑛 to a vertex 𝑧𝑛 in 𝐺. Then 

a random walk on 𝐺 which terminates at 𝑍𝑛 corresponds to one at 𝐺𝑊
𝑛  which terminates at 𝑧𝑛.

A random walk going towards infinity can be seen as a decreasing sequence of events [𝑎 → 𝑍𝑛], 
implying that the escape probability of 𝑎 defined by lim𝑛→∞ 𝑃 [𝑎 → 𝑍𝑛] exists. It is positive if and only 
if the walk is transient; equivalently the effective conductance from 𝑎 to ∞ in 𝐺: lim𝑛→∞ 𝒞︀(𝑎 ↔ 𝑧𝑛) is 
positive.

The following reduction principles help calculating the effective conductances or effective resistances 
in an electric circuit:

Proposition 2.21

Applying the following laws

• Series law: if 𝑤 ∈ 𝑉 (𝐺) ∖ (𝐴 ∪ 𝑍) is a node of degree two, we can delete this node and replace 
the neighbouring two edges with a single edge of resistance 𝑟′ = 𝑟1 + 𝑟2.

• Parallel law: two parallel edges can be replaced with one of conductance 𝑐′ = 𝑐1 + 𝑐2. Formally 
it is true not only for finite, but for infinitely many parallel edges too.

• Star-triangle (𝑌 − Δ) law: a node of degree 3 and its incident edges can be replaced with a 
triangle connecting the node’s neighbours with appropriate conductances.

does not change the potentials and currents flowing in the unchanged parts.

Proof: In the 𝑌 − Δ transformation if the star’s centre is 𝑤, the neighbours are 𝑢1, 𝑢2, 𝑢3 and

𝛾 =
∏𝑖 𝑐(𝑤, 𝑢𝑖)
∑𝑖 𝑐(𝑤, 𝑢𝑖)

=
∑𝑖 𝑟(𝑢𝑖−1, 𝑢𝑖+1)
∏𝑖 𝑟(𝑢𝑖−1, 𝑢𝑖+1)

(2.27)

then ∀𝑖 ∈ {1, 2, 3}:

𝑐(𝑤, 𝑢𝑖)𝑐(𝑢𝑖−1, 𝑢𝑖+1) = 𝛾 (2.28)
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with modulo 3 indices.
Checking Ohm’s and Kirchhoff’s laws verifies that these reductions do not change the current flowing 

through other parts of the network. ☐

Other than these, we can add loops (which just delays random walks) and dead ends (nodes with 
degree one).

Example Roulette

Someone enters a casino with 100 dollars and plays several rounds of roulette. Each round he plays 
with 10$, either doubling it with probability 18

37  or losing it with probability 19
37 . He stops playing 

once he has 200 dollars, or goes bankrupt. What are the chances of him leaving with 200$?

The process can be seen as a random walk on ℤ starting at 𝑎 = 10. The question is 𝑃 [𝜏𝐴 < 𝜏𝑍 ], using 
𝑍 = {0} and 𝐴 = {20}. Translating to the electric network language, we are interested in the potential 
at 𝑎 if we impose a unit potential on 𝐴 and ground 𝑍 with a suitable choice of conductances 𝑐(𝑖, 𝑖 +
1) = (𝑝

𝑞)
𝑖
 with 𝑝 = 18

37  and 𝑞 = 19
37 . Now we can use the series law to reduce this network to a path 

of length 2 with effective resistances 𝑟1 = ∑9
𝑖=0 ( 𝑞

𝑝)
𝑖
 and 𝑟2 = (∑19

𝑖=10 ( 𝑞
𝑝)

𝑖
). Converting these back to 

conductances, we can immediately answer the question because it is now just a single step proportional 

to the conductances, yielding 𝑐2
𝑐1+𝑐2

= 𝑟1
𝑟2+𝑟1

= ∑9
𝑖=0 (𝑞

𝑝)
𝑖

∑19
𝑖=0 (𝑞

𝑝)
𝑖 =

[(𝑞
𝑝)

10
−1]

[(𝑞
𝑝)

20
−1]

∼ 0.368.

Theorem 2.22 Reduction of finite planar networks

Series, parallel and star-triangle transformations suffice to reduce all finite planar networks.

For the proof see [6].
Our next aim is the analysis of the space of flows. Let 𝑙2(𝑉 ) be a real Hilbert space with the usual 

inner product (𝑓, 𝑔) = ∑𝑥∈𝑉 𝑓(𝑥)𝑔(𝑥) and 𝑙2−(𝐸) be the space of antisymmetric functions on 𝐸. This 

corresponds to each edge having a default orientation. We emphasise this with the notation 𝐸1
2

⊂ 𝐸, 

where 𝐸1
2
 contains either 𝑒 or 𝑒− for all 𝑒 ∈ 𝐸. A natural inner product is (𝜃, 𝜃′) = 1

2 ∑𝑒∈𝐸 𝜃(𝑒)𝜃′(𝑒) =
∑𝑒∈𝐸1

2

𝜃(𝑒)𝜃′(𝑒).

We can see, that these two spaces have natural connections: a potential difference on the nodes leads 
to current flowing on the edges, while a given flow on the directed edges imposes a net flow out of a 
vertex.

Definition 2.23

• coboundary operator is 𝑑 : 𝑙2(𝑉 ) → 𝑙2−(𝐸) with (𝑑𝑓)(𝑒) = 𝑓(𝑒−) − 𝑓(𝑒+)
• boundary operator is 𝑑∗ : 𝑙2−(𝐸) → 𝑙2(𝑉 ) with (𝑑∗𝜃)(𝑥) = ∑𝑒−=𝑥 𝜃(𝑒)

These operators are linear by their definitions, moreover they are adjoints of each other, i.e. ∀𝑓 ∈ 𝑙𝑉 ∀𝜃 ∈
𝑙2−(𝐸): (𝜃, 𝑑𝑓) = (𝑑∗𝜃, 𝑓) holds.

An immediate useful application is a concise form of Ohm’s law, namely 𝑑𝑣 = 𝑖𝑟. Similarly Kirchhoff’s 
node law can be expressed as 𝑑∗𝑖(𝑥) = 0 for all 𝑥 ∉ 𝐴 ∪ 𝑍.

The classical combinatorial meaning of flows, where one imagines them as water flowing through a 
series of pipes, needs further work to define in this context. Namely we call 𝜃 ∈ 𝑙2(𝐸) a flow between 𝐴 
to 𝑍 if 𝑑∗𝜃 is non-negative on 𝐴, non-positive on 𝑍 and 0 everywhere else. The total amount of flow, 
also called the strength of the flow is then Strength(𝜃) = ∑𝑎∈𝐴 𝑑∗𝜃(𝑎). We may call 𝜃 a unit flow, if 

Strength(𝜃) = 1. The flow conservation lemma assures that this definition is well-defined:
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Lemma 2.24 Flow Conservation

𝐺 is a finite graph with disjoint 𝐴, 𝑍 sets of nodes. If 𝜃 is a flow, then

∑
𝑎∈𝐴

𝑑∗𝜃(𝑎) = − ∑
𝑧∈𝑍

𝑑∗𝜃(𝑧) (2.29)

A consequence of this is if one specifies the node values to be constant on 𝐴, 𝑍 to be 𝛼, 𝜁 respectively, 
then (𝜃, 𝑑𝑓) = Strength(𝜃)(𝛼 − 𝜁). With these tools in our hands, let us introduce energy. Precisely in 
physics, it is total power (or heat) dissipation. Fundamentally it is defined as 𝑃 = 𝑖𝑣 on an edge, where 
the current and the potential difference are known. Plugging in conductances and resistances leads to 
many more identities.

To be consistent with the developed notation, given 𝑓, 𝑔 ∈ 𝐵(𝐸, ℝ) antisymmetric functions and a 
ℎ ∈ 𝐵(𝐵(𝐸, ℝ)), define (𝑓, 𝑔)ℎ = (ℎ𝑓, 𝑔) = (𝑓, ℎ𝑔) and ‖𝑓‖ℎ = √(𝑓, 𝑓)ℎ.

Definition 2.25 Energy

An antisymmetric 𝜃 ∈ 𝐵(𝐸, ℝ) has energy 𝜀(𝜃) = ‖𝜃‖2
𝑟

Using this notation and Ohm’s law yields 𝜀(𝑖) = (𝑖, 𝑖)𝑟 = (𝑖, 𝑑𝑣). Moreover, the previous lemma ensures 
that if we potentials 𝑣𝐴 on 𝐴 and 𝑣𝑍 on 𝑍 that builds up a unit flow, we get 𝜀(𝑖) = 𝑣𝐴 − 𝑣𝑍 = ℛ︀(𝐴 ↔
𝑍). Further generalising this, if we denote the unit flow imposed on 𝑒 with 𝜒𝑒 = 𝟙{𝑒} − 𝟙{−𝑒}, then

(𝜒𝑒, 𝜃)𝑟 = 𝜃(𝑒)𝑟(𝑒) (2.30)

and

( ∑
𝑒−=𝑥

𝑐(𝑒)𝜒𝑒, 𝜃)
𝑟

= 𝑑∗𝜃(𝑥) (2.31)

Then for all 𝑖 current flows we can write Kirchhoff’s node law as (∑𝑒−=𝑥 𝑐(𝑒)𝜒𝑒, 𝑖)
𝑟

= 0 and the cycle 

law as (∑𝑒∈ cycle 𝜒𝑒, 𝑖)
𝑟

= 0. Actually, these two laws suggest that it is worth looking at the spaces of 

stars and cycles in 𝑙2𝑒(𝐸).

Definition 2.26

• the space of stars, denoted with ★ is the linear subspace of 𝑙2−(𝐸) spanned by stars ∑𝑒−=𝑥 𝑐(𝑒)𝜒𝑒 

at 𝑥 for each 𝑥
• the space of cycles, denoted with ◇ is the linear subspace of 𝑙2−(𝐸) spanned by cycles ∑𝑒∈ cycle 𝜒𝑒

As one would expect, these are orthogonal to each other in the case of (⋅, ⋅)𝑟. What is more, the sum of 
these two subspaces generates 𝑙2−(𝐸), so if Kirchhoff’s cycle law says that 𝑖 ∈ ◇⟂, meaning that 𝑖 ∈ ⋆. In 
the reverse direction, every element of ⋆ raises a current. Taking any flow 𝜃 with the same sources and 
sinks as a given 𝑖 (meaning that 𝑑∗𝜃 = 𝑑∗𝑖), the superposition principle can be used to show that 𝜃 − 𝑖 
is orthogonal to ★ and consequently an element of ◇. We will call these flows sourceless flows. So the 
orthogonal decomposition of 𝜃 into ★ ⊕ ◇ is 𝑖 + (𝜃 − 𝑖). Using the two orthogonal projections 𝑃★, 𝑃◇, 
we just showed that 𝑖 = 𝑃★𝜃 and the Pythagorean theorem states that ‖𝜃‖2

𝑟 = ‖𝑖‖2
𝑟 + ‖𝜃 − 𝑖‖2

𝑟.
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Proposition 2.27 Thomson’s principle

𝐺 is finite, 𝜃 is a flow between 𝐴, 𝑍 and 𝑖 is a current flow such that 𝑑∗𝑖 = 𝑑∗𝜃. Then 𝜀(𝜃) ≥ 𝜀(𝑖), the 
equality holds if and only if 𝑖 = 𝜃.

The most beneficial result is the following principle:

Theorem 2.28 Rayleigh’s monotonicity principle

𝐺 is connected, given two conductance functions 𝑐 ≤ 𝑐′

• if 𝐺 is finite and 𝐴, 𝑍 disjoint, then 𝒞︀𝑐(𝐴 ↔ 𝑍) ≤ 𝒞︀𝑐′(𝐴 ↔ 𝑍)
• if 𝐺 is infinite with a given root 𝑟, then 𝒞︀𝑐(𝑟 ↔ ∞) ≤ 𝒞︀𝑐′(𝑟 ↔ ∞)

This can be proven with Thomson’s principle and the definition of energy. So if we know transience or 
recurrence for a graph, certain modifications do not change this property. Specifically, if the effective 
conductance according to 𝑐 is already positive, then it will be positive for 𝑐′ too, keeping the random 
walk transient. The removal of an edge can be seen as setting its conductance to zero, which decreases 
effective conductance. Further generalising this and remembering that a random walk is recurrent if the 
effective conductance from a node to infinity is 0, equivalently the effective resistance tends to infinity, 
a lower bound on effective resistance would be useful. Fortunately, we can combine these notions to get:

Proposition 2.29 Nash-Williams inequality

Given pairwise disjoint cutsets Π1, …, Π𝑛 separating 𝑎 from 𝑧 in a finite network, a lower bound on the 
effective resistance is

ℛ︀(𝑎 ↔ 𝑧) ≥ ∑
𝑛

𝑘=1
( ∑

𝑒∈Π𝑘

𝑐(𝑒))
−1

(2.32)

A Π cutset separating 𝐴 from 𝑍 means that every path has to include at least one edge of Π. Specifically 
if each Π𝑖 happens to separate 𝐴 from Π𝑖+1, then the right hand side can be thought of contracting 
(short) edges between cutsets to reduce the network to a parallel configuration.

This theorem naturally generalises to infinite networks, specifically 𝑎 ↔ ∞ as well with the usual 
trick of examining the limit of finite subnetworks and identifying their complements. As a showcase of 
this theorem we can state the recurrence on low-dimensional integer lattices:

Theorem 2.30 Pólya’s theorem

SRW on the nearest neighbour graph of ℤ𝑑 is recurrent for 𝑑 = 1, 2.

Proof: using dist as the graph distance (or taxi-metric in ℤ𝑑) the following cutsets provides unbounded 
effective resistance, which corresponds to zero effective conductance:

Π𝑛 = {𝑒 : 𝑑(0, 𝑒−) = 𝑛 − 1, dist(0, 𝑒+) = 𝑛} (2.33)

☐

For transience on denumerable networks we can extend our objects 𝑑, 𝑑∗ introduced for finite 
networks and unit flows to the infinite case by analogous versions on 𝑙2−(𝐸(𝐺), 𝑟) with a little care, 
because we always have to make sure that all functionals have finite norm.
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Theorem 2.31

If 𝐺 is a denumerable, connected network then a random walk is transient if and only if there is a unit 
flow of finite energy from a vertex to ∞.

So in the usual way of handling infinite networks we fix a vertex 𝑎 and take a sequence of finite subgraphs 
𝐺𝑛 of 𝐺 such that 𝑎 ∈ ∩ 𝑉 (𝐺𝑛). Since we are interested whether a random walk on 𝐺 started at 𝑎 would 
leave 𝑉 (𝐺𝑛), we contract 𝑉 (𝐺) ∖ 𝑉 (𝐺𝑛) to a single vertex 𝑧𝑛 and delete loops to obtain 𝐺𝑊

𝑛 . If we 
investigate the walk on 𝐺𝑊

𝑛  terminated at 𝑧𝑛, the unit current flow 𝑖𝑛 from 𝑎 to 𝑧𝑛 has energy 𝜀(𝑖𝑛) =
ℛ︀(𝑎 ↔ 𝑧𝑛). So the effective resistance on the infinite network from 𝑎 to ∞ being finite is equivalent to 
lim 𝜀(𝑖𝑛) being finite.

In particular, suppose 𝜃 is a unit flow on 𝐺 from 𝑎 to ∞ with finite energy, then the restrictions are 
unit flows as well, so using Thomson’s principle yields 𝜀(𝑖𝑛) ≤ 𝜀(𝜃|𝐺𝑊

𝑛
) ≤ 𝜀(𝜃) < ∞, which means that 

the network is transient. The other direction is slightly more technical.

Corollary 2.32

Let 𝐺 be a transient, connected network and 𝐺𝑛 be a sequence of finite, induced subnetworks which 
exhaust 𝐺. With the previously defined sequence 𝑖𝑛 on 𝐺𝑊

𝑛 , (𝑖)𝑛∈ℕ has a pointwise limit 𝑖 on 𝐺, which 
has minimum energy from 𝑎 to ∞. The corresponding potentials 𝑣𝑛 on 𝐺𝑊

𝑛  (with 𝑣𝑛(𝑧𝑛) = 0) have the 
unique limit 𝑣 on 𝐺 such that:

𝑑𝑣 = 𝑖𝑟
𝑣(𝑎) = 𝜀(𝑖) = ℛ︀(𝑎 ↔ ∞)

𝑣(𝑥)
𝑣(𝑎)

= 𝑃𝑥[𝜏𝑎 < ∞]  ∀𝑥 ∈ 𝑉 (𝐺)
(2.34)

Furthermore, a random walk started at 𝑎 crosses a directed edge 𝑒 𝑖(𝑒) times and visits a vertex 𝑥 
𝒢︀(𝑎, 𝑥) = 𝜋(𝑥)𝑣(𝑥) times in expectation.

The uniqueness can be derived from the strict convexity of energy.
This is what makes it possible precisely to push our notions of finite electric networks further. 

Obviously the challenge is to find one, one useful technique is to create them from random paths. 
Suppose 𝑃  is a probability measure on paths 𝑎 → 𝑧, provided that 𝑃  is absolute convergent, then 𝜃(𝑒) =
∑𝑛∈ℕ(𝑃 [𝑒𝑛 = 𝑒] − 𝑃 [𝑒𝑛 = −𝑒]).

Theorem 2.33 Pólya’s theorem 2

SRW on the nearest neighbour graph of ℤ𝑑 is transient for 𝑑 ≥ 3.

Proof: According to Rayleigh’s monotonicity principle it suffices to prove this for 𝑑 = 3. If 𝐿 is a 
uniformly distributed ray (on the unit sphere) from 0 to ∞, then 𝑃(𝐿) can be a closest path to it, i.e. 
one that stays within distance of 4. By recursively building this closest path, we get a measurable object. 
Letting a unit flow flow on this path, we should check whether it has finite energy. But the edge with 
a midpoint of distance 𝑅 from 0 has probability less than 𝐴

𝑅2  that it gets selected by the random ray. 
Additionally, there are at most 𝑂(𝑛2) edges between 𝑛 and 𝑛 + 1, so the energy is at most ∑𝑛 𝐶𝑛2𝑛−4 

which is finite. ☐

Due to spherical symmetries it should be easier to handle the continuous Brownian motion on ℝ3, 
we will not go into details now, but one could use this to show transience on ℤ3 and vice versa. Another 
interesting observation is that the series in the right hand side of Nash-Williams inequality barely diverges 
for 𝑑 = 2. This raises the question of where the boundary of recurrence is in [2, 3), specifically is it right 
after 2? Fortunately our tools are powerful enough to answer this and it turns out that the effective 
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resistance between edges of distance 𝑘 grows logarithmically for 𝑑 = 2, otherwise it is bounded. The 
proof is quite similar to the second version of Pólya’s theorem.

Another well-known family of infinite networks is the 𝑑-regular trees. As we mentioned earlier, simple 
random walks are transient on them for 𝑑 > 2. Note that these objects are exhibit hyperbolic rather than 
Euclidean geometric properties. Generally speaking, if a graph 𝐺 is roughly isometric (meaning that 
its graph-distance function behaves like the hyperbolic distance function) to a 𝑑-dimensional hyperbolic 
space, then the simple random walk on it is transient for 𝑑 ≥ 2.

2.3 Uniform spanning trees

We will examine another way to see random walks in this chapter by connecting them to spanning trees. 
The main objects will be finite undirected graphs, more generally recurrent graphs, however, we will say 
something about the transient case too.

Given a finite Markov chain with transition probabilities 𝑝(⋅, ⋅), we will choose a spanning tree 
proportional to its weight Ψ(𝑇 ) = ∏𝑒∈𝑇 𝑝(𝑒). At first sight, this results in a directed graph. If the Markov 

chain is reversible, then we can use familiar objects from electric network theory to express this as

Ψ(𝑇 ) = ∏
𝑒∈𝑇

𝑝(𝑒) =
∏
𝑒∈𝑇

𝑐(𝑒)

∏
𝑥∈𝐺

𝑥≠ root(𝑇 )

𝜋(𝑥)
(2.35)

Note that 𝜋(𝑥) = ∑𝑒−=𝑥 𝑐(𝑒) and 𝑝(𝑒) = 𝑐(𝑒)
𝜋(𝑒−) . This way we can get rid of the directed edges, moreover 

the fixed root ensures that a tree 𝑇 ’s probability is proportional to Ψ(𝑇)
𝜋(root(𝑇 )) , leading to Ξ(𝑇 ) = ∏𝑒∈𝑇 𝑐(𝑒) 

which is independent of the root. A nice thing about Ξ is that it can be seen that 𝑐 ≡ 1 means all 
spanning trees are equally likely, if 𝑐 ∈ ℤ𝐸 then we can replace weights with parallel edges and 𝑐 ∈
ℚ𝐸 is equivalent to the ℤ case when each edge’s weight is multiplied by the common denominator. In 
particular, irrational weights can be approximated as the limit of graphs with 𝑐 ≡ 1 (and a lot more 
parallel edges).

Precisely the bijective correspondence between Ψ and Ξ makes it possible to forget the edge 
directions. When we sample a directed rooted spanning tree with all of its edges directed toward its root 
(arborescence) from Ψ, forgetting the root and the directions we get an element from Ξ with the desired 
distribution and vice versa for a fixed root. In practice, we do not sample a random spanning tree from Ξ 
by listing all spanning trees and computing their weights. There are a few different ways that a random 
spanning tree can be generated more efficiently. We will focus on one of these, called Wilson’s method, 
because it can be extended to infinite graphs.

Algorithm 2.34 Wilson’s method

First of all fix an order of 𝑉 (𝐺) ∖ {𝑟}. The algorithm constructs a growing sequence of trees 𝑇 (𝑖) 
by taking 𝑇 (0) = {𝑟}. Then inductively if 𝑇 (𝑖) does not span 𝑉 (𝐺), choose first ant 𝑥 ∉ 𝑉 (𝐺) ∖
𝑉 (𝑇 (𝑖)) and perform a loop-erased random walk from 𝑥 to 𝑉 (𝑇 (𝑖)) tracing a path 𝑝. Now let 𝑇 (𝑖 +
1) ≔ 𝑇(𝑖) ∪ 𝑝.

By a loop-erased random walk we mean performing the random walk, and erasing cycles in the order 
they appear. The loop-erasure ensures that 𝑇 (𝑖) remains acyclic throughout the procedure. The next 
theorem provides that the generated trees are sampled from the desired distribution.

Theorem 2.35

Wilson’s method yields a random spanning tree rooted at 𝑟 with distribution proportional to Ψ for every 
finite, connected, undirected graph. Correspondingly when we forget the directions, the distribution is 
proportional to Ξ.
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Here we only present the key ideas of the proof. The details can be found in Chapter 4.1 of [5]. Remember, 
these distributions did not care about the choice of root. Another interesting fact is that the ordering of 
𝑉 (𝐺) ∖ {𝑟} does not matter. Actually we can completely get rid of the ordering by another formulation 
of Wilson’s method. For each vertex 𝑥 (not equal to 𝑟) generate a stack of (𝑆𝑥

𝑖 )𝑖∈ℕ neighbouring vertices 

according to the transition probabilities. This way we can simulate the method by taking a look at the 
top of 𝑥0’s stack, move to that neighbour, and popping off the used randomness from the stack. That is, 
we discard 𝑆𝑥0

0 , and reindex the remaining stack. We then continue by repeating the process from the 
newly entered vertex. The key observation is that we do not need to know the starting vertex in order 
to compute the eventual tree. Notice that the top nodes of the stacks determine a directed graph (the 
so-called visible graph), with outdegree 1 outside 𝑟, so if it contains a cycle, we pop the top entries of 
the corresponding stacks. We repeat the process until there are no cycles. The following lemma ensures 
that it is well defined:

Lemma 2.36

Starting from a given stack, the order of the popped cycles does not matter, either because there will 
be an infinite number of pops in each ordering or the set of popped cycles is the same.

Proposition 2.37

The pop process will stop almost surely, returning a spanning tree with the desired probability.

With this method it is possible to investigate questions like what is the expected distance in the generated 
tree from a node to another one. Guttmann and Bursill [7] conjectured from simulations that this distance 
grows like 𝑛5

4  between opposite corners of an 𝑛 × 𝑛 grid. It took twenty years to completely answer the 
question for planar lattices (by Masson [8]), which was later strengthened (by Barlow and Masson [9]) 
regarding the tail bounds.

Corollary 2.38

The distribution of loop-erased random walk between a pair of vertices 𝑥, 𝑦 equals the distribution of 
the path in the weighted uniform spanning tree from 𝑥 to 𝑦.

Another benefit of the stack argument is that it helps to show that reversed paths have the same 
distribution.

Although the previous theory was built for finite graphs, we can extend this method to infinite 
graphs with a little care similar to the methods we used in the study of electric networks. Since Wilson’s 
method relies on random walks, we can push the analogy further: on any recurrent network we can use 
Kirchhoff’s effective resistance formula for the unit flow 𝑖 from 𝑒− to 𝑒+ to describe the marginals of the 
weighted uniform spanning tree 𝑇 . Conversely, on transient networks this method can generate spanning 
forests rooted at infinity. We emphasise that these are not necessarily connected.

Theorem 2.39

Let 𝐺 be a recurrent network with a given edge 𝑒. Let 𝑖 be the unit current flow from 𝑒− to 𝑒+. If we 
sample a rooted tree using Wilson’s method, the resulting unrooted, weighted uniform spanning tree 𝑇  
has marginals:

𝑃 [𝑒 ∈ 𝑇 ] = 𝑃𝑒− [𝑒+ is first hit by traveling along 𝑒] = 𝑖(𝑒) = 𝑐(𝑒)ℛ︀(𝑒− ↔ 𝑒+) (2.36)

But what if we are interested in the presence of multiple edges in a random spanning tree? One can 
suspect that an edge being in the spanning tree reduces the need for the other. Formally it can be 
done by investigating the effect of edge contractions on the flow spaces, these are basically orthogonal 
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projections which slightly modify effective resistances. We also mention that the joint marginal of several 
edges is explicitly determined by the following theorem:

Theorem 2.40 Transfer-Current Theorem

Fix a finite set of distinct edges 𝑒1, …, 𝑒𝑘 ∈ 𝐸(𝐺). Let 𝑖𝑒𝑗 be the unit current flow from 𝑒−
𝑗  to 𝑒+

𝑗 , then:

𝑃 [𝑒1, …, 𝑒𝑘 ∈ 𝑇 ] = det [𝑖𝑒𝑙(𝑒𝑗)]𝑙,𝑗∈[𝑘]2
(2.37)

In particular, for distinct 𝑒, 𝑓 the presence of each is negatively correlated.

The proof consists of inductively applying the cycle law to a cycle formed by the given edges. The 
negative correlation is due to the reciprocity law. The negative correlation will be important when we 
highlight how weighted uniform spanning forests can lead to sharp randomized approximation algorithms 
for the Asymmetric Travelling Salesman Problem.

25



Measurable combinatorics

3 Maximal entropy

Going back to the main question of fractional spanning trees, they can be thought of as a distribution on 
spanning trees with given edge marginals. In this formulation, we are interested in the existence of such 
a distribution - which we call random spanning tree. In probability theory however it is often fruitful 
to examine not only just arbitrary distributions, as they can silently introduce additional structure, but 
one that carries no such. Another benefit is that an easy lower bound on this maximal entropy can help 
in set size approximation problems. In the following chapters, we will examine two applications of these 
features.

Another idea is that if one could characterise maximal entropy distributions in a given setting, it 
reduces the examinable solutions. What is more, sometimes it is known that there is only one such 
distribution. Sheffield [10] showed that the uniform measures on a sequence of finite induced subgraphs 
𝐺𝑛, which exhausts a connected amenable 𝐺, converge weakly to an Aut(𝐺) invariant measure 𝜇𝐺 on 
the essential spanning forests of 𝐺, and this is the only one with maximal entropy among all Γ ≤ Aut(𝐺) 
invariant measures.

Connecting these notions with the previous chapters, suppose we have a network with 𝑐 : 𝐸 → ℝ+ 
conductances. We can then sample a uniform random spanning forest with Wilson’s algorithm from 
a distribution 𝜂𝑐 ∈ Prob(ESF(𝐺)), where ESF denotes the set of essential spanning forests. Then the 
marginals 𝑓 : 𝐸 → [0, 1], 𝑓(𝑒) = ℙ𝜂𝑐

(𝑒 ∈ 𝑇 ) can be written as 𝑓(𝑒) = 𝑖𝑒(𝑒) denoting the unit flow from 

𝑒− to 𝑒+ along 𝑒. Then if we examine the set of measures on the essential spanning forests of 𝐺 which 
have a given marginal and maximise entropy:

𝜀𝐺,𝑓 = {𝜇 ∈ Prob(ESF(𝐺)) | ∀𝑒 ∈ 𝐸(𝐺) : ℙ𝜇(𝑒 ∈ 𝑇 ) = 𝑓(𝑒) and 𝜇 has maximal entropy} (3.1)

we may hope that 𝜀𝐺,𝑓 = {𝜂𝑐}. Unfortunately it is not even true in the finite case, but at least we can 
completely understand 𝜀𝐺,𝑓 .

Exercise 3.1

Suppose 𝐺 is connected and does not have cutpoints. Then if two conductance functions 𝑐1 and 𝑐2 
induce the same spanning tree distributions, then there is a constant 𝐾 ∈ ℝ+ such that 𝑐1 = 𝐾𝑐2.

Moreover, if 𝐺 does have a cutpoint, we can say the same on biconnected components: for each 
biconnected component 𝐶 there is a 𝐾𝐶 ∈ ℝ+ for which

𝑐2|𝐸(𝐶) = 𝐾𝐶 ⋅ 𝑐1|𝐸(𝐶) (3.2)

2

1

1

4

4

8

2

2

4

2

2

4

Proof: Let the common distribution be 𝜂 = 𝜂𝑐1
= 𝜂𝑐2

. Using Equation (2.35), we know for an arbitrary 

𝑇  tree that:

𝜂(𝑇 ) = 𝐾1 ∏
𝑒∈𝑇

𝑐1(𝑒) = 𝐾2 ∏
𝑒∈𝑇

𝑐2(𝑒) (3.3)

If we delete a given vertex 𝑣 and its neighbouring edges denoted by 𝐸∗
𝑣 from 𝐺, let us denote the obtained 

graph by 𝐺𝑣. If 𝐺𝑣 is connected, we can select a tree 𝑇𝑣 that spans it. By selecting an arbitrary 𝑓 ∈ 𝐸∗
𝑣, 

we obtain a 𝑇𝑓,𝑣 = 𝑇𝑣 ∪ {𝑓} spanning tree of 𝐺 with probability:
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𝜂(𝑇𝑓,𝑣) = 𝐾1𝑐1(𝑓) ∏
𝑒∈𝑇𝑣

𝑐1(𝑒) = 𝐾2𝑐2(𝑓) ∏
𝑒∈𝑇𝑣

𝑐2(𝑒) (3.4)

So by using

𝐾𝑣 =
𝐾1 ∏𝑒∈𝑇𝑣

𝑐1(𝑒)

𝐾2 ∏𝑒∈𝑇𝑣
𝑐2(𝑒)

(3.5)

we just obtained a system of equations for all 𝑣 ∈ 𝑉 (𝐺), 𝑓 ∈ 𝐸∗
𝑣 of type 𝑐2(𝑓) = 𝐾𝑣𝑐1(𝑓). For neighbouring 

𝑢, 𝑣 vertices we exploit the symmetry of conductances by

𝐾𝑢 = 𝑐1((𝑢𝑣))
𝑐2((𝑢𝑣))

= 𝐾𝑣 (3.6)

yielding 𝑐2 = 𝐾𝑐1 for a constant 𝐾.
This can be easily extended to biconnected components. ☐

3.1 How a maximal entropy spanning tree solves ATSP

This chapter showcases the power of drawing a spanning tree from a maximal entropy distribution. 
Roughly speaking, drawing from such distributions ensures that in expectation, we will not get any 
unwanted structure, which helps to round a fractional linear programming (LP) solution to an extreme 
point. We will follow the key ideas of [11].

Definition 3.2 Asymmetric Travelling Salesman Problem (ATSP)

Given a 𝐺(𝑉 , 𝐸) finite graph with a non-negative 𝑐 cost-function on its edges which satisfies triangle 
inequality for all node triplets 𝑢, 𝑣, 𝑤 ∈ 𝑉 : 𝑐(𝑢, 𝑣) ≤ 𝑐(𝑢, 𝑤) + 𝑐(𝑤, 𝑣), the goal is to find the shortest 
tour that visits every vertex at least once.

The name refers to the lack of symmetry of the cost function, since 𝑐(𝑢, 𝑣) = 𝑐(𝑣, 𝑢) does not hold 
necessarily. The symmetric version is the Travelling Salesman Problem (TSP). In practice, the input 𝐺 
graph is rarely a complete graph, the premise for the node triplets makes sense if we define 𝑐(𝑢, 𝑣) = ∞ 
(or to be a large number) on (𝑢, 𝑣) ∉ 𝐸 pairs.

Note that in the definition we said that the tour should visit each vertex at least once. If we extend 
𝑐 from 𝐸 to the whole product space 𝑉 × 𝑉 , the length of the shortest path, i.e. 𝑐(𝑢, 𝑣) = dist𝐺,𝑐(𝑢, 𝑣) 
is suitable. The benefit of this is that if we get a shortest tour, we can shortcut this to a Hamiltonian 
cycle by skipping already visited nodes. The triangle inequality ensures that by such skips, the acquired 
cycle cannot be longer.

Since finding a Hamiltonian cycle itself is NP hard, we (probably) cannot solve ATSP in polynomial 
time. However, it is a practically relevant question to ask for estimations. For example, Christofides’ 
algorithm is a simple, entirely combinatorial method to give approximate solutions to TSP with 𝑂(𝑛3) 
runtime. Precisely, it gives solutions with length up to 3/2 times the optimal one.

Dantzig, Fulkerson and Johnson formulated the linear programming relaxation as follows:
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Proposition 3.3 Subtour elimination polytope / Held-Karp relaxation

This LP approximates ATSP by giving a fractional capacity vector 𝑥 : 𝑉 × 𝑉 → [0, 1]

∀𝑆 ⊂ 𝑉 : ∑
𝑢∈𝑆,𝑣∉𝑆

𝑥(𝑢, 𝑣) ≥ 1 (3.7)

∀𝑢 ∈ 𝑉 : ∑
𝑣∈𝑉

𝑥(𝑢, 𝑣) = ∑
𝑣∈𝑉

𝑥(𝑣, 𝑢) = 1 (3.8)

with the objective function being

min ∑
𝑢,𝑣

𝑐(𝑢, 𝑣)𝑥(𝑢, 𝑣). (3.9)

Equation (3.7) guarantees the 2-edge-connectedness of the solution, while Equation (3.8) forces the 
degree to be 2 in the undirected sense. However, the ATSP solution is generally a directed Eulerian 
graph, meaning that each node has indegree equal to its outdegree and its connected in the undirected 
sense. Because it is individually easy to optimise them, in the past most of the algorithms started from 
an optimal solution to one of the two then tried to add a few edges to accomplish the other as well. This 
includes Christofides’ work too, moreover there are known Θ(log(𝑛)) approximating algorithms as well 
in the literature.

Our plan will be somewhat similar, starting from the optimal solution’s support graph 𝐺 = (𝑉 , 𝐴, 𝑥), 
we will augment a 𝑇 ⊂ 𝐴 spanning tree to an Eulerian graph. The size of this augmentation bounded 
by is a special property of 𝑇  called thinness.

Definition 3.4 Thinness

A tree 𝑇  of 𝐺(𝑉 , 𝐴) is 𝛼-thin with respect to 𝑥 : 𝐴 → ℝ+ if for all 𝑆 ⊂ 𝑉 :

||𝑇 ∩ 𝛿−(𝑆)| − |𝑇 ∩ 𝛿+(𝑆)|| ≤ 𝛼𝑥(𝛿(𝑆)) (3.10)

Also 𝑇  is (𝛼, 𝑠)-thin if it is 𝛼-thin and 𝑐(𝑇 ) ≤ 𝑠𝑐(𝑥).

There are quite a few notations here. First of all 𝛿−(𝑆) is the set of edges pointing into 𝑆, 𝛿+(𝑆) are the 
ones pointing out of 𝑆 and 𝛿(𝑆) is their union. Other than that, given 𝑆 ⊂ 𝐴 we abused notation with 
the shorthand 𝑥(𝑆) = ∑𝑒∈𝑆 𝑥(𝑒).

Theorem 3.5

Starting from an (𝛼, 𝑠)-thin spanning tree of 𝐴 with respect to 𝑥, there is an Eulerian connected subgraph 
𝐺 with cost (2𝛼 + 𝑠)𝑐(𝑥).

Proof: We can reduce this problem to the minimum cost circulation problem with lower capacities 𝑓𝑙 =
1 on 𝑇  and 𝑓𝑙 = 0 elsewhere, without upper capacities!

Hoffman’s circulation theorem states that if for all 𝑆 ⊂ 𝑉  we have 𝑓𝑙(𝛿−(𝑆)) ≤ 𝑓𝑢(𝛿+(𝑆)), then there 
exists a circulation satisfying the capacity bounds. Moreover, if the constraints are integer valued, the 
extreme points of the solution polytope are integer valued. Consequently, the minimal cost circulation 
is also integer valued. Importantly, it can be calculated in polynomial time.

Let 𝑦 denote the minimal-cost circulation. As 𝑦 is a circulation, the in-degree of each vertex equals 
its out-degree. As 𝑓𝑙 = 1 on 𝑇 , 𝑦 is an Eulerian augmentation of 𝑇 . Since we started from a tree, we got 
its connectedness for free, so the augmentation is connected too.
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We now exploit the thinness to upper bound the cost of 𝑦. We do this by finding a fractional-valued 
circulation 𝑦′ that satisfies convenient upper capacity bounds. Let

𝑓𝑢(𝑎) = {1 + 2𝛼𝑥(𝑎)  if 𝑎 ∈ 𝑇
2𝛼𝑥(𝑎)       else . (3.11)

The (𝛼, 𝑠)-thinness of 𝑇  implies that the assumption of Hoffman’s theorem is satisfied, so an 𝑦′ satisfying 
these bounds exists. By 𝑐(𝑦) ≤ 𝑐(𝑦′) it suffices to bound the cost of 𝑦′.

The following calculation finishes the proof:

𝑐(𝑦′) ≤ 𝑐(𝑓𝑢) = 𝑐(𝑇 ) + 2𝛼𝑐(𝑥) ≤ (2𝛼 + 𝑠)𝑐(𝑥) (3.12)

☐

So we reduced the ATSP to the problem of finding a thin tree. We can further simplify the question 
by finding an undirected 𝛼-thin tree 𝑇 . In particular, 𝑇  is 𝛼-thin with respect to 𝑥 if |𝑇 ∩ 𝛿(𝑆)| ≤
𝛼𝑥(𝛿(𝑆)). By scaling edge weights in the circulation problem, we can find (𝑂(𝛼), 𝑂(𝛼)) trees as well 
leading to an even simpler formulation, namely to find a thin tree without weights. However, in the 
undirected case it is more difficult to test a tree’s thinness.

The traditional way of rounding a fractional point of the ATSP to an integer vector is based on 
independent random choices for all edges. Formally, we let (𝑋𝑒)𝑒∈𝐸 denote the independent events of 

including 𝑒 ∈ 𝑇 . We set ℙ(𝑋𝑒) = 𝛼𝑥𝑒. The first good property of this construction is that any linear 
function over the LP solution will not change in expected value, that is,

𝔼[∑
𝑒∈𝐸

𝑓(𝑒)𝑋𝑒] = ∑
𝑒∈𝐸

𝑓(𝑒)𝑥𝑒. (3.13)

For 𝑓 = 𝑐, we get 𝔼[𝑐(𝑇 )] = 𝑐(𝑥), where, according to our convention, on the right hand side we used 
the standard dot product over the set of edges.

The second observation is that since 𝑋𝑒 are independent of each other, a Lipschitz function of the 
indicators is concentrated around its expected value. So a random spanning tree will be close to the 
optimal with high probability.

However, this simple edge-wise rounding does not preserve edge connectedness unless 𝛼 = Ω(log(𝑛)). 
For example, in the case of a complete 𝐺 with uniform 𝑥𝑢,𝑣 = 2

𝑛−1 , the degree of an arbitrary 𝑣 is zero 
with (1 − 2 𝛼

𝑛−1)𝑛−1 ≈ exp(−2𝛼), so 𝛼(𝑛) = Ω(log(𝑛)). Or conversely, log = 𝑂(𝛼). In turn, this implies 
𝔼[𝑐(𝑇 )] ≥ log(𝑛)𝑐(𝑥) giving 𝑂(log(𝑛))-thinness and an 𝑂(log(𝑛)) approximation algorithm for ATSP.

The main objective is to improve this by a factor of log(log(𝑛)). As we will see by the end of the 
chapter, this is the best approximation ratio that the thin-tree method can achieve.

A more sophisticated way of rounding a fractional solution is the following. Instead of picking edges 
independently at random, we draw a spanning tree from a certain distribution depending on 𝑥. As 
we have shown in Proposition 1.8, the spanning tree polytope is the convex hull of the spanning tree 
indicators. In fact, this is a special case of a general theorem for all matroids, applied to the cycle matroid 
of the graph. Recall that the spanning tree polytope consists of all the functions 𝑧 : 𝐸 → [0, 1] for which

∑
𝑒

𝑧(𝑒) = 𝑛 − 1

∀𝑆 ⊆ 𝑉 : ∑
𝑒∈𝐸(𝑆)

𝑧(𝑒) ≤ |𝑆| − 1
(3.14)

The second set of constraints is often required to hold on all edge sets. However, it can be seen that 
we get the same polytope when the constraints are on the induced subgraphs. Specifically if we choose 
𝑧(𝑒) = (1 − 1

𝑛)(𝑥(𝑢, 𝑣) + 𝑥(𝑣, 𝑢)), it is in the spanning tree polytope. Since it is a feasible point of a 
polytope, it can be written as the convex combination of the vertices 𝑧 = 𝛽1𝑇1 + … + 𝛽𝑘𝑇𝑘, where 𝑇𝑖 
are spanning trees and 𝛽𝑖 ≥ 0 with ∑𝑖 𝛽𝑖 = 1. This leads to a distribution 𝜇 on the spanning trees 
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with ℙ𝑇 ∼ 𝜇[𝑇 = 𝑇𝑖] = 𝛽𝑖, which can be seen as rounding. Another nice observation is that 𝜇 preserves 
marginal probabilities ℙ𝑇∼𝜇[𝑒 ∈ 𝑇 ] = 𝑧(𝑒). Consequently, linear functions are preserved in expectation, 
for example, 𝔼[𝑐(𝑇 )] = 𝑐(𝑧) = (1 − 1

𝑛)𝑐(𝑥).
Unfortunately, although our solution is now connected, edges being in our spanning tree might 

correlate positively with each other. This is a problem, because one can only use Chernoff bound-
like arguments to establish concentration around the expected value if correlations are non-positive. 
Ultimately, the uniform 𝑥 = 2

𝑛−1  on the edges of complete graph is a convex combination of the stars 
of the vertices. But these stars are not thin, because choosing 𝑆 to consist of the centre vertex of a 
star, |𝑇∩𝛿(𝑆)|

𝑥(𝛿(𝑆)) = 𝑛−1
2 ≤ 𝛼 is a contradiction. Fortunately we can solve this issue with a carefully selected 

distribution.
We use tools from convex programming to get the desired distribution. In convex programming one 

seeks to find the minimum of a convex function subject to a system of convex and affine multivariate 
inequalities. With the ellipsoid algorithm, one can approximate the optimal solution of the following:

∀𝑖 ≤ 𝑚 : 𝑓𝑖(𝑥) ≤ 0
∀𝑖 ≤ 𝑚′ : ℎ𝑖(𝑥) = 0

minimise 𝑓0(𝑥)
(3.15)

where each 𝑓𝑖 is convex and ℎ𝑖(𝑥) = 𝑎𝑇
𝑖 𝑥 for a given set of 𝑎𝑖 vectors. Using the Lagrange dual method, 

we can relax the constraints at the expense of introduced penalties in the objective function.

𝐿(𝑥, 𝜆, 𝜈) = 𝑓0(𝑥) + ∑
𝑚

𝑖=1
𝜆𝑖𝑓𝑖(𝑥) + ∑

𝑚′

𝑖=1
𝜈𝑖ℎ𝑖(𝑥) (3.16)

The Lagrange dual function is the optimal primal solution’s value for the given penalties, that is, 𝑔(𝜆, 𝜈) =
inf𝑥 𝐿(𝑥, 𝜆, 𝜈). It is straightforward to check that 𝑔 is concave. The interesting thing is that regardless 
of the original problem is convex or concave, the weak duality theorem states that for all 𝜆 ≥ 0, 𝜈 
and feasible 𝑥, 𝑔(𝜆, 𝜈) ≤ 𝑓0(𝑥), so

sup
𝜆≥0,𝜈

inf
𝑥

𝐿(𝑥, 𝜆, 𝜈) ≤ 𝑓0(𝑥∗) (3.17)

Contrary to linear programming, strong duality does not necessarily hold for convex programs. Never
theless, there is a sufficient condition: Slater’s theorem states that strong duality holds if there is an 
interior point in the feasible region.

Our goal is to choose a distribution that maximises “randomness”. The amount of randomness 
contained in a probability distribution is usually measured by entropy.

Definition 3.6 Entropy

Let 𝑋 be a countable set, and 𝑝 : 𝑋 → [0, 1] a discrete probability distribution. Then the entropy of 𝑝 
is, 𝐻(𝑝) = ∑{𝑥∈𝑋} −𝑝(𝑥) log(𝑝(𝑥)).

We can formulate the question of finding a maximal entropy distribution 𝑝∗ on the collection of spanning 
trees, denoted 𝜏 , having to satisfy the given marginal probabilities by the following convex program (CP).

∀𝑒 ∈ 𝐸 : ∑
𝑇∋𝑒

𝑝(𝑇 ) = 𝑧(𝑒)

∀𝑇 ∈ 𝜏 : 𝑝(𝑇 ) ≥ 0

sup ∑
𝑇∈𝜏

−𝑝(𝑇 ) log(𝑝(𝑇 ))
(3.18)
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With a short calculation one can check that for any 𝑝 satisfying these ∑𝑇 𝑝(𝑇 ) = 1 also holds. Moreover, 

this CP is bounded, because when we remove the marginal probability constraints, the optimum is the 
uniform distribution on at most 𝑛𝑛−2 spanning trees and it has entropy 𝐻∗ ≤ − log( 1

|𝜏|) ≤ log(𝑛𝑛−2) ≤
𝑛 log 𝑛. Strict concavity of the objective function combined with the compactness of the region means 
that the maximum is attained and it is unique.

Practically, although this CP has exponentially many variables, one can solve it with the ellipsoid 
algorithm. The technical details of this algorithm is out of the scope of this thesis.

We will now argue that the maximal entropy distribution is a weighted uniform distribution of 
spanning trees with the right choice of conductances. To see this, we use the Lagrangian dual function

𝐿(𝑝, 𝛿) = ∑
𝑇∈𝜏

−𝑝(𝑇 ) log 𝑝(𝑇 ) − ∑
𝑒∈𝐸

𝛿𝑒(∑
𝑇∋𝑒

𝑝(𝑇 ) − 𝑧(𝑒)) (3.19)

and solve sup𝛿 sup𝑝≥0 𝐿(𝑝, 𝛿). First, one can check that if 𝑧 is in the interior of the spanning tree polytope, 
then there is an interior point in the feasible region of the convex program, so Slater’s condition is 
satisfied, and strong duality holds. Second, we note that the contributions of the individual probabil
ities 𝑝(𝑇 ) are separable, therefore each 𝑝(𝑇 ) must minimise 𝑝(𝑇 ) log(𝑝(𝑇 )) − 𝑝(𝑇 ) ∑𝑒∈𝑇 𝛿𝑒. Taking the 

derivative with respect to 𝑝, we see that 0 = 1 + log 𝑝(𝑇 ) − ∑𝑒∈𝑇 𝛿𝑒, so 𝑝(𝑇 ) = 𝑒(∑𝑒∈𝑇 𝛿𝑒)−1 where the 

maximum is attained. With a change of variables 𝛾(𝑒) = 𝛿𝑒 − 1
𝑛−1 , one can see that 𝑝(𝑇 ) = ∏𝑒∈𝑇 𝑒𝛾(𝑒), 

so it is indeed a weighted uniform distribution with conductances 𝑐(𝑒) = 𝑒𝛾(𝑒). We have just established 
the following theorem.

Theorem 3.7

If 𝑧 is an interior point (of a finite graph’s spanning tree polytope), then there exist a conductance function 
𝑐 : 𝐸 → ℝ+ such that the marginals of the corresponding weighted uniform spanning tree distribution 
are exactly 𝑧, i.e. ℙ[𝑒 ∈ 𝑇 ] = 𝑧(𝑒). Moreover, 𝑐 is unique up to scaling.

Remark

Clearly, scaling the conductances does not change the weighted uniform spanning tree distribution. 
Our argument showed uniqueness of 𝑐 under the assumption that the weights of the trees are already 
scaled to sum up to 1. Uniqueness follows from Exercise 3.1, as 𝑐 being an interior point means 
that there are no tight edge sets, and consequently, no cutpoints in the graph. (The edge sets of the 
different components at a cutpoint would have to be tight.)

Example

We present a simple counterexample for the case where 𝑧 is not in the interior. Let 𝐺 be a triangle 
and 𝑧 = (1

2 , 1
2 , 1). This is not in the interior, because the last edge in itself forms a tight set. And 𝑧 

does not arise as the marginal of a weighted uniform spanning tree: all weights should be positive, 
but that would imply that all marginals are strictly less than 1.

To see that the weighted uniform spanning tree is thin with high probability, we need another strong 
result, namely a theorem of Benczúr and Karger.

Theorem 3.8

For any 𝑘-edge connected graph and 𝑟 ≥ 1, the number of cuts of value 𝑟𝑘 is at most 𝑂(𝑟𝑛2𝑟). Moreover, 
the same holds for weighted graphs, where the edge-connectivity parameter 𝑘 might take fractional values 
as well.

31



3 Maximal entropy Measurable combinatorics

Since we know the marginals 𝑧(𝑒), we can compute the expected number of edges in a cut: it is 𝑧(𝛿(𝑆)) ∼
𝑥(𝛿(𝑆)). Using a suitable deviation parameter 𝛼 = Θ( log 𝑛

log log 𝑛), the Chernoff bound implies that for all 

𝑆 ⊂ 𝑉 :

ℙ[|𝑇 ∩ 𝛿(𝑆)| > 𝛼𝑧(𝛿(𝑆))] ≤ ( 𝑒
𝛼

)
𝛼𝑧(𝛿(𝑆))

≤ 𝑛−3𝑧𝛿(𝑆) (3.20)

Applying the Benczúr-Karger theorem to the weighted graph 𝐺 = (𝑉 , 𝐸, 𝑧), there at most 4𝑛2𝑟 cuts 
of size at most 𝑟𝑘, where 𝑘 is the size of the minimum cut of 𝐺 = (𝑉 , 𝐸, 𝑧). By the definition of 𝑧, 𝐺 
is 2(1 − 1

𝑛) edge connected. So a union-bound argument for the existence of a violating cut 𝑆, 𝑆 with 
size |𝑇 ∩ 𝛿(𝑆)| > 𝛼𝑧(𝛿(𝑆)) is at most ∑∞

𝑟=2 4𝑛2𝑟𝑛−3(𝑟−1) ≤ 𝑂( 1
𝑛). This way sampling from the weighted 

uniform spanning tree distribution, we get an 𝛼-thin spanning tree with probability 1 − 𝑂( 1
𝑛).

The asymptotically better result stems from the “smarter” sampling method combined with the fact 
that Chernoff bound to the right tail is slightly stronger than for the left-tail:

ℙ[𝑋 > 𝛼𝔼[𝑋]] ≤ ( 𝑒
𝛼

)
𝛼𝔼[𝑋]

(3.21)

while

ℙ[𝑋 < 𝔼[𝑋]
2

] ≤ 𝑒−𝔼[𝑋] (3.22)

As a conclusion we mention that the recurring example of the complete graph with uniform 𝑧 = 2
𝑛−1  

weights induce the uniform distribution as the one with maximal entropy, so sampling a tree from it has 
a vertex of degree 𝜃( log 𝑛

log log 𝑛) with high probability leading to Ω( log 𝑛
log log 𝑛) thinness.

3.2 Counting bases

We will highlight interesting results of [12] in this chapter. As the reader might have seen previously, 
the notion of connecting matroid theory with continuous objects is often a realisable goal. Here we will 
utilise the fact that approximating a convex set’s volume is well understood, so we might try to say 
something about the number of bases in a matroid. Deterministically, this problem is NP-hard.

For a brief introduction of matroid theory see the Section 1.2 of this thesis. Generally speaking, the 
intersection of matroids is not necessarily a matroid and in a lot of cases a discrete combinatorial problem 
can be stated as an intersection of matroids. Crucially, matroid polytopes possess the property that the 
extreme points of their intersection are integral. Remember, the matroid base polytope is spanned by the 
characteristic vectors of the bases. So it is easy to optimise linear functions over the commonly spanned 
region.

Example Matching with matroids

Let 𝐺 = (𝑆, 𝑇 , 𝐸) be a bipartite graph. We can define two matroids 𝑀𝑆, 𝑀𝑇  on 𝐸 with independent 
sets 𝐼𝑆, 𝐼𝑇  such that

𝐼𝑇 = {𝐸′ ⊂ 𝐸 | ∀𝑡 ∈ 𝑇 : deg𝐸′(𝑡) ≤ 1}
𝐼𝑆 = {𝐸′ ⊂ 𝐸 | ∀𝑡 ∈ 𝑆 : deg𝐸′(𝑠) ≤ 1} (3.23)

then 𝑀𝑆 ∩ 𝑀𝑇  is a matroid and its independent sets are matchings between 𝑆 and 𝑇 . Since a 
maximal matching is simply the maximal independent set, the algorithm (matroid partition algo
rithm) behind the matroid intersection theorem finds it in polynomial time even for weighted graphs.

Intersection of three matroids is much harder as we arrive to the Hamiltonian path territory.
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Previously people tried to use the Markov Chain Monte Carlo technique on the basis exchange chain 
to approximate the number of bases. However, this walk mixes to uniform distribution in polynomial time 
only on balanced matroids. Although many matroids do not fall into this category, the cyclic matroids 
of graphs are such that the number of spanning trees can be approximated up to an 1 + 𝜀 factor in 
poly(𝑛, 1

𝜀) time.
A limiting factor is the result of Azar, Broder and Frieze [13] who proved that any deterministic 

polynomial algorithm that can query the independence oracle of a matroid on 𝑛 elements 𝑘 times, must 

have an approximation factor of at least 2Ω( 𝑛
log(𝑘)2

)
 when 𝑘 = 2𝑜(𝑛). In particular, if the matroid has rank 

𝑟 ≫ log 𝑛, then we get an approximation ratio 2Ω( 𝑟
log(𝑛)2

)
.

Denoting the set of bases by 𝐵𝑀 , i.e. the independent sets with maximal rank, the main result is 
the following, which is almost the best which is possible:

Theorem 3.9 Anari, Gharan, Vinzant approximation

For a matroid 𝑀  on 𝑛 elements with rank 𝑟 and an independence oracle, there is a deterministic 
polynomial-time algorithm that outputs a 𝛽 which satisfies:

max(2−𝑂(𝑟)𝛽, √𝛽) ≤ |𝐵𝑀 | ≤ 𝛽 (3.24)

This proof needs a lot of technicality, we will go through it step by step, but we will focus on the topics 
that are the scope of this thesis like entropy and skip others like multivariable analysis. Before we delve 
into the proof, we introduce a suite of notation and investigate entropy in general.

Given a probability distribution 𝜇 : 2[𝑛] → ℝ≥0, we consider its multiaffine generating polynomial:

𝑔𝜇(𝑧) = ∑
𝑆⊆[𝑛]

𝜇(𝑆) ⋅ ∏
𝑖∈𝑆

𝑧𝑖 (3.25)

When we use polynomial terminology for a probability distribution like 𝜇 is 𝑑-homogeneous or log-
concave, we mean apply them for the generating polynomial of the distribution.

The marginal probability of an element 𝑖 is 𝜇𝑖 = 𝑃𝑆∼𝜇[𝑖 ∈ 𝑆] = 𝜕𝑧𝑖
𝑔𝜇(𝑧1, …, 𝑧𝑛) |𝑧1=…=𝑧𝑛=1.

If we know the marginals, then we get an upper bound on the entropy of 𝜇 by 𝐻(𝜇) ≤
∑𝑛

𝑖=1(𝜇1 log( 1
𝜇𝑖

) + (1 − 𝜇𝑖) log( 1
1−𝜇𝑖

)) = ∑𝑛
𝑖=1 𝐻(𝜇𝑖). This is tight in the sense that when 𝜇 is the 

product distribution of 𝑛 suitable independent Bernoulli distributions, the equality holds. The following 
proposition shows a lower bound:

Proposition 3.10

For any log-concave distribution 𝜇 with marginals 𝜇1, …, 𝜇𝑛 ≥ 0: 𝐻(𝜇) ≥ ∑𝑛
𝑖=1 𝜇𝑖 log( 1

𝜇𝑖
)

Log-concavity is preserved under permuting the variables, evaluation, variable scaling, affine composition 
and even after differentiation. Generally if 𝑇 : ℝ𝑚 → ℝ𝑛 is an affine transformation with 𝑇((ℝ≥0)𝑚) →
ℝ(≥0)𝑛

, then 𝑔 ∘ 𝑇  is log-concave. The following theorem guarantees log-concavity of the generating 
polynomial:

Theorem 3.11

For any matroid, 𝑔𝑀(𝑧) is completely log-concave over the positive orthant. Moreover, if 𝑀  is simple, 
then 𝑔𝑀(𝑧) is completely log-concave.
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A simple matroid is just a matroid which has no loops or parallel edges, i.e. for all 𝑎 ∈ 𝑋 : {𝑎} ∈ 𝐼 and 
for all 𝑎 ≠ 𝑏 : {𝑎, 𝑏} ∈ 𝐼 . The referred article here relies on extensive multilinear calculus, which we skip 
for now, as it is out of the scope of this thesis.

The proof of Proposition 3.10 is basically a Jensen-inequality for a suitable expected value combined 
with Theorem 3.11.

But as a corollary we get

Corollary 3.12

For an 𝑟-homogenous and log-concave 𝜇 probability distribution

−𝑟 + ∑
𝑛

𝑖=1
𝐻(𝜇𝑖) ≤ 𝐻(𝜇) ≤ ∑

𝑛

𝑖=1
𝐻(𝜇𝑖) (3.26)

We can further boost the left-hand side when the dual of 𝜇, 𝜇∗ is log-concave. A dual can be defined 
similarly to the dual of matroids by taking complements, meaning that for any 𝑆 ⊆ [𝑛] let 𝜇∗(𝑆) =
𝜇([𝑛] ∖ 𝑆).

Corollary 3.13

If 𝜇, 𝜇∗ are both log-concave, then

1
2

∑
𝑛

𝑖=1
𝐻(𝜇𝑖) ≤ 𝐻(𝜇) ≤ ∑

𝑛

𝑖=1
𝐻(𝜇𝑖) − 𝑟 (3.27)

The key idea of the proof is to apply the previous corollary to the marginals of 𝜇 and 𝜇∗ using that the 
marginals of the dual are 𝜇∗

𝑖 = 1 − 𝜇𝑖.
Putting together the pieces we know that if 𝜇 is the uniform distribution on bases, 𝜇 is a log-concave 

distribution according to Theorem 3.11. It is easy to see that the dual distribution is uniform on the 
bases of the dual matroid by definition, meaning that it is also log-concave. So we can combine the 
previous two corollaries to get:

Corollary 3.14

Matroid 𝑀  on a groundset [𝑛] has rank 𝑟 with a uniform distribution 𝜇 on its bases. Then

max{1
2

∑
𝑛

𝑖=1
𝐻(𝜇𝑖), ∑

𝑛

𝑖=1
𝐻(𝜇𝑖) − 𝑟} ≤ 𝐻(𝜇) ≤ ∑

𝑛

𝑖=1
𝐻(𝜇𝑖) (3.28)

With a few tweaks we can extend these to non-uniform distributions too by the following theorem:

Theorem 3.15

Given a matroid 𝑀  on a groundset [𝑛] and 𝒑 ∈ 𝑃𝑀 , then there is a distribution 𝜇̃ supported on 𝐵𝑀  
with marginals 𝒑 = (𝑝1, …, 𝑝𝑛) such that 𝜇̃ and 𝜇̃∗ are both completely log-concave.

Specifically, 𝜇̃ and 𝜇̃∗ can be obtained by the limit of external fields (i.e., multiplicative weight scalings 
applied to the elements) applied to the familiar uniform distributions 𝜇, 𝜇∗.

Proof: We utilise convex programming tools.
Let 𝜇 : 2[𝑛] → ℝ≥0 be the uniform distribution concentrated on the bases of 𝑀 . Let us introduce the 

following concave program, which strikingly resembles Equation (3.18):
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𝜏 = max{∑
𝑛

𝑖=1
𝐻(𝑝𝑖) | 𝒑 = (𝑝1, …, 𝑝𝑛) ∈ 𝑃𝑀} (3.29)

We claim that the optimal solution gives an additive 𝑟-approximation to 𝐻(𝜇) = log(|𝐵𝑀 |) and a 
multiplicative 2-approximation. Practically, this can be solved with the ellipsoid method in the desired 
runtime.

If the maximum is attained at 𝒑, then let 𝛽 = 𝑒𝜏 . Taking logarithms in our theorem, we need to 
show that max(𝜏 − 𝑟, 1

2𝜏) ≤ 𝐻(𝜇) ≤ 𝜏 .
We know that 𝜇 = (𝜇1, …, 𝑚𝑛) ∈ 𝑃𝑀 . Combined with the sub-additivity of the entropy, we get

𝜏 ≥ ∑
𝑛

𝑖=1
𝐻(𝜇𝑖) ≥ 𝐻(𝜇) (3.30)

Claim

There is a probability distribution 𝜇̃ on the bases of 𝑀  such that 𝜇̃𝑖 = 𝑝𝑖 for all 𝑖 and both 𝜇̃ and 𝜇̃∗ 
are log-concave

Proof:

☐

Applying Corollary 3.12 and Corollary 3.13 to 𝜇̃ we get:

𝐻(𝜇̃) ≥ max(1
2

∑
𝑛

𝑖=1
𝐻(𝜇̃𝑖), ∑

𝑛

𝑖=1
𝐻(𝜇̃𝑖) − 𝑟) (3.31)

But the marginals of 𝜇̃ are equal to 𝑝𝑖 respectively, so the sums are equal to 𝜏  yielding

𝐻(𝜇̃) ≥ max(1
2
𝜏, 𝜏 − 𝑟) (3.32)

Since supp(𝜇̃) ⊆ supp(𝜇) and 𝜇 is the uniform distribution we get 𝐻(𝜇) ≥ 𝐻(𝜇̃), which completes the 
proof.

☐

With a slight modification we can count the number of independent sets of size 𝑘, since deleting all 
independent sets with more than 𝑘 elements we get the desired matroid. With a few tricks like contracting 
and deleting elements we can use the approximation algorithm to approximate the number of common 
bases of any two matroids. Sinclair and Jerrum [14] showed that for these types of problems one can 
utilise randomisation to trade off deterministic guarantees in order to obtain a better approximation 
factor:

Corollary 3.16

𝑀, 𝑁  are two matroids with rank 𝑟 on the same groundset of size 𝑛 given by independence oracles. 
Then for any 𝜀, 𝛿 > 0 there is a randomised algorithm running in 2𝑂(𝑟) poly(𝑛, 1

𝜀 , log(1
𝛿)) which outputs 

a 𝛽:

𝑃 [(1 − 𝜀)𝛽 ≤ |𝐵𝑀 ∩ 𝐵𝑁 | ≤ 𝛽] ≥ 1 − 𝛿 (3.33)
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4 Porting algorithms

In this section, we show how algorithms from finite combinatorics can sometimes be implemented on 
graphings.

4.1 Finding perfect matchings

An illustrative example is the study of perfect matchings by Lyons and Nazarov [15] in the case of non-
amenable groups. Classically if a bipartite finite graph is regular, it has a perfect matching. On the other 
hand, Laczkovich found a 2-regular infinite Borel graph which does not have a Borel perfect matching. 
Building on his idea, Klopotowski, Nadkarni, Sarbadhikari and Srivastava constructed counterexamples 
for regular infinite graphs of all even degrees.

The work of Lyons and Nazarov exploits expansion properties to ensure the existence of so called 
Factor of i.i.d. perfect matchings. The first ingredient of such a construction is a random vertex (or edge) 
labelling. Suppose we have a finitely generated group Γ and its Cayley graph 𝐺, alongside independent 
uniform [0, 1]-valued random variables assigned to each vertex (or edge). We will refer to such a collection 
as a configuration on 𝐺.

Note that 𝐺 has many symmetries. First of all, Γ acts on 𝐺 by graph automorphisms as well as 
on decorations of 𝐺: configurations, perfect matchings, independent sets, etc., can all be translated. 
Using the group action, we can formulate what it means for a randomized algorithm initialized by the 
random variables in the configuration to “use the same rule everywhere”. Formally, the algorithm will 
be a deterministic function from the set of configurations to, for example, the set of perfect matchings 
of 𝐺 that is measurable, and commutes with the action of Γ. We call such functions Γ-factors.

Example Random independent set

Given a configuration on a locally finite graph, let each vertex colour itself red if it has the largest 
label compared to its neighbours, blue otherwise. Then the set of red vertices is an independent set 
almost surely.

To make the definition precise, let Γ act on a probability space (𝑋, 𝜇) by measure-preserving transfor
mations. We call such an action a Γ-space.

Definition 4.1 Γ-factor

A Γ-factor is a function Φ : (𝑋, 𝜇) → (𝑌 , 𝜈) between two Γ-spaces that is measure-preserving and Γ-
equivariant. That is, 𝜈(𝐴) = 𝜇(Φ−1(𝐴)) for all 𝐴 ⊂ 𝑌 , and 𝑔Φ(𝑥) = Φ(𝑔𝑥) for 𝜇-almost every 𝑥 ∈ 𝑋 
and all 𝑔 ∈ Γ.

If 𝑋 = [0, 1]𝑉 (𝐺) is the set of configurations, and 𝜇 = 𝑢{𝑉 (𝐺)}
[0,1]  is the product of uniform measures, then 

we call Φ a Γ-factor of i.i.d. (The i.i.d. part refers to the Independent, Identically Distributed labelling.) 

Note that 𝑢{𝑉 (𝐺)}
[0,1]  is Γ-invariant, and hence any factor of it is also Γ-invariant. When we want to find a 

factor of i.i.d. perfect matching, 𝑌  is the set of perfect matchings of 𝐺. If the output value on a node or 
edge does not change when one alters the configuration outside a finite radius ball around the node, we 
say the factor is finite. If the radius is bounded, meaning it does not depend on the randomness, we call 
the factor a block factor.

This framework generalises to a wide variety of local problems, including graph colourings and edge 
orientations. For example, an orientation is a function on edges to the nodes of graph which maps an 
incident endpoint to each edge, and the collection of all orientations forms a space on which 𝐺 acts.
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Example Perfect matching on ℤ

If Γ = ℤ, there is only one invariant measure on perfect matchings, choosing each of the two perfect 
matchings with probability 1

2 . This measure is not mixing, because the choice of an edge determines 
all the others. However the product measure on the configurations does mix, far apart parts of 
the configuration are independent. This implies that edge-inclusion indicators for two distant edges 
are asymptotically independent under any factor of i.i.d process. Therefore, the invariant random 
perfect matching cannot be constructed as a factor of i.i.d. (It is the commutative property that 
guarantees the same behaviour at far away edges, and measurability assures that an edge’s choice 
can approximately be guessed based on a finite neighbourhood, ensuring almost independence.)

We will sketch the proof of the following theorem, contrasting the previous example.

Theorem 4.2 Lyons-Nazarov

If 𝐺 is a bipartite simple Cayley graph of a non-amenable group Γ, then there is a Γ-factor of i.i.d. edge 
set of 𝐺 that is a perfect matching almost surely.

Non-amenable means that 𝐺 has a positive Cheeger-constant. (Definition 2.5 applies, with the modifi
cation that we replace the min with an inf, and only consider finite subsets 𝑆 ⊂ 𝑉 ). Note the slight 
similarity in the edge boundary criterion in Hall’s marriage theorem. We exploit the positive Cheeger 
constant by investigating the spectral radius of the transition operator 𝑃  of the graph after establishing 
the necessary framework.

Let 𝑅𝛾𝑓 be the right regular representation of Γ defined by 𝑅𝛾𝑓 = (𝑥 ↦ 𝑓(𝑥𝛾)) for a given function 
𝑓 : Γ → ℝ and 𝛾 ∈ Γ. Then for a symmetric generating set 𝑆 ⊂ Γ (meaning that it is closed under 
inverses) the transition operator is defined as 𝑃 = |𝑆|−1 ∑𝑠∈𝑆 𝑅𝑠, which is self-adjoint, hence it has real 

spectrum.

Proposition 4.3

The spectrum of 𝑃  on 𝑙2(Γ) is the same as the spectrum of 𝑃  on 𝟏⟂ in 𝐿2([0, 1]Γ, 𝜇).

Let us introduce a bit of notation, 𝑋 = [0, 1]Γ and 𝐿2
0(𝑋, 𝜇) is the orthocomplement of constants in 

𝐿2(𝑋, 𝜇). We will use the fact that if 𝜌 is the spectral radius of 𝑃 , then by the theorem of Kesten, 𝜌 < 1 
if Γ is non-amenable. In this precise framework a measurable function Φ : 𝑋 → {0, 1}Γ is a Γ factor if it 
commutes with the automorphisms of 𝐺. For a given factor one may define 𝐵 = {𝜔 ∈ 𝑋 : (Φ(𝜔))(idΓ) =
1} measurable sets. Similarly for a measurable 𝐵 ⊂ 𝑋, the associated Γ-factor (Φ(𝜔))(𝛾) = 𝟏𝑅𝛾(𝜔)∈𝐵, we 

may write with a slight abuse of notation 𝛾 ∈ Φ(𝜔) if (Φ(𝜔))(𝛾) = 1 or even Φ𝜔. With the shorthand 
𝑏 = 𝜇(𝐵) and 𝑓𝐵 = 𝟏𝐵 − 𝜇(𝐵)𝟏 ∈ 𝐿2

0(𝑋, 𝜇) we get ‖𝑓𝐵‖2
2 = 𝑏(1 − 𝑏).

Lemma 4.4 Expansion lemma

If 𝐺 = (Γ, 𝑆) is a Cayley-graph, Φ : (𝑋, 𝜇) → {0, 1}Γ a Γ-factor and Φ′𝜔 is the set of vertices that are 
adjacent to 𝜑𝜔, then

𝑏′ = 𝑃(id ∈ 𝜑′𝜔) ≥ 𝑏 ⋅ 1
𝜌2(1 − 𝑏) + 𝑏

(4.1)

This proof relies on tools from standard spectral graph theory and functional analysis, which we omit 
and refer the interested reader to the paper of Lyons and Nazarov [15].
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Proposition 4.5 Mass Transport Principle

If Γ is a countable group and 𝑓 : Γ × Γ → [0, ∞] is diagonally invariant, then

∑
𝑥∈Γ

𝑓(id, 𝑥) = ∑
𝑥∈Γ

𝑓(𝑥, id) (4.2)

We will say mass transported from 𝑥 to 𝑦 by 𝐹  if 𝐹(𝑥, 𝑦, 𝜔) is defined on a Γ-invariant probability space 
and it is diagonally invariant. This definition implies 𝑓(𝑥, 𝑦) = 𝔼𝜔[𝐹 (𝑥, 𝑦, 𝜔)] is diagonally invariant.

Proof of Theorem 4.2: We will construct the matching in an infinite number of stages, but we 
make local adjustments finitely many times.

In order to get the stages work independently, we will break the [0, 1] labels into an infinite sequence 
of [0, 1] labels (which can be composed back to the original one).

Suppose we have a partial matching. A path is an augmenting chain if it goes from an unmatched 
vertex to another unmatched vertex and alternately uses edges of the matching (i.e. it is also an 
alternating path). By flipping the chain we mean removing currently matched edges and adding the 
currently not matched edges.

We start with an empty matching; in the 𝑛-th stage we consider chains of length at most 2𝑛 − 1 and 
assign a random variable to each. If a chain has larger value than all the others intersecting it (which is 
a finite number of chains thankfully to local finiteness), we will flip it, then iterate this process.

Note that a matched vertex stays matched, so the set of active chains strictly decreases. Also there 
is a positive probability that a chain gets the highest priority among the intersecting ones, so after 
infinitely many steps, there are no chains left.

To prove that the constructed series of matchings converge, we show that the status of each edge 
stabilises. Let us define vertex sets which can be reached with an alternating path of length at most 𝑘 as 
𝐴𝑘 - formally letting 𝐴0 be the set of currently unmatched vertices, then inductively 𝐴2𝑘+1 = 𝑁𝐺(𝐴2𝑘) 
and 𝐴2𝑘 = 𝑁𝑀(𝐴2𝑘−1) where 𝑁  is the neighbourhood function and 𝑀  is the actual matching.

It can be seen that as a consequence:
1. if 𝑥 ∈ 𝐴𝑘 is unmatched, there is indeed a chain of length at most 𝑘
2. if there is an adjacent 𝑥, 𝑦 ∈ 𝐴2𝑘, then one can construct a chain of length at most 4𝑘 + 1. Following 

the previous claim, we choose alternating paths from 𝑥0 ⇝ 𝑥 and 𝑦0 ⇝ 𝑦. If they are not disjoint, 
we get a short 𝑥0 ⇝ 𝑦0 path by going from 𝑥0 to the earliest common vertex then to 𝑦0 on the 
reverse of the 𝑦0 ⇝ 𝑦 alternating path. Conversely, if the paths are disjoint, then there is a chain 
𝑥0 ⇝ 𝑥 → 𝑦 ⇝ 𝑦0.

Let 𝜇(id ∈ 𝐴𝑘) = 𝜇({𝑤 : id ∈ 𝐴𝑘(𝜔)})
By definition, for all 𝑥 ∈ 𝐴2𝑘−1 (when 2𝑘 − 1 < 𝑛) there is a unique neighbour 𝑦 ∈ 𝐴2𝑘 matched by 

an edge. If 𝑥 sends mass 1 to 𝑦, then the Mass-Transport Principle ensures that 𝜇(id ∈ 𝐴𝑗) = 𝜇(id ∈
𝐴𝑗) for all 𝑗 < 𝑛. But the second consequence says that 𝐴2𝑘 is independent, so 𝜇(id ∈ 𝐴2𝑘) ≤ 1

2 .
Using Lemma 4.4 we know that 𝜇(id ∈ 𝐴2𝑘+1) ≥ 𝑐𝜇(id ∈ 𝐴2𝑘) for 𝑐 = 2

1+𝜌2 > 1 due to the expansion 

property of 𝐺 resulting from its non-amenability. By induction we get a sequence of upper bounds to 
𝜇(id ∈ 𝐴1) ≤ 𝑐−[𝑛+1

2 ] ≔ 𝑎𝑛.
Let the endpoints of each flipped chain send mass 1 to the vertices of the corresponding chain, the 

expected mass sent by the identity is finite, because the sum ∑∞
𝑛 2𝑛𝑎𝑛−1 is finite. This is equivalent to 

counting the expected number of neighbouring changes at each vertex.
Again, the Mass Transport Principle assures that the number of changes in expectation is finite, 

leading to the existence of the limit. ☐

The authors of this theorem have studied in depth certain geometric expansion properties as well. 
Moreover, Bowen, Kun and Sabok further extended these results in their work [16] in the context of 
hyperfinite graphings.

4.2 Local algorithms

In the process of designing an algorithm for infinite graphs, one of the most natural ideas is to start 
the solution on a finite chunk and then try to extend it. However, in order to get a factor of i.i.d. (or 
measurable) construction, it is forbidden to just pick arbitrary sets. For the sake of convenience, the 
graphs will be integer lattices from now on, most of times we examine graphs arising from groups.
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Definition 4.6 Schreier graph

If a finitely generated group Γ = ⟨𝑆⟩ acts on a set 𝑋, then the action’s Schreier graph is obtained by 
connecting each 𝑥 to 𝑠𝑥 along each 𝑠 ∈ 𝑆 and colouring it with 𝑠.

A common framework is the following: use random processes to break the lattice into finite parts 
(clusters) which form a tree-like hierarchy, construct solutions at the leaves and then try to build them 
upwards.

Definition 4.7 Hierarchy / toast

A partition ℋ︀ of the nodes of the graph is called a hierarchy if:

• each 𝐶 ∈ ℋ︀ cluster is finite
• each 𝐶 cluster has a unique surrounding parent denoted by 𝐶+

• out of two neighbouring clusters one is the parent of the other one

Crucially, hierarchies are guaranteed to exist on common symmetrical lattices as a result of a factor 
of i.i.d. processes, but they can be further manipulated to have large distances between non-adjacent 
clusters’ boundaries (we will call these 𝑘-spaced hierarchies if the distances are at least 𝑘). Furthermore, 
we can procedurally distinguish the clusters“ inner and outer regions, or even colour ℋ︀ with 𝑘 colours 
such that if 𝐶 has colour 𝑠 then 𝐶+ has 𝑠 + 1 (mod 𝑘). The main idea behind these is to use a site 
percolation (briefly, delete each vertex independently with a given probability) with critical parameter 
to break the lattice into finite components, then by random colourings merge clusters. While this serves 
as a high-level overview, the precise execution can be found in [17] and [18] regarding the construction of 
hierarchies. The key takeaway is, one can take the existence of such for granted in the case of hyperfinite 
graphs.

As an example, let us highlight an algorithm from the paper of Bencs, Hruskova and Tóth [17].

Definition 4.8 Schreier decoration

Schreier decoration is an oriented edge-colouring such that the resulting graph is the Schreier graph of 
an 𝔽𝑑 action.

39



4 Porting algorithms Measurable combinatorics

Algorithm 4.9 Schreier decoration of Λ2
□

On the 2-dimensional grid Λ2
□ there is a finitary Aut(Λ2

□) factor of ([0, 1]𝑉 (Λ2
□), 𝜇Λ2

□
), which is almost 

surely a Schreier-decoration and does not contain infinite monochromatic paths.

1. Use a ℋ︀ 𝑘-spaced hierarchy with a proper black and white two-colouring, a cluster’s colour 
determines what pattern it will use.

2. Define guards for each 𝑒 ∈ 𝐸(𝐺): these are the neighbouring edges which are perpendicular 
to 𝑒.

3. If a cluster is white, then it colours itself with red and blue 𝐶4’s, to make it factor of i.i.d., 
let the 𝐶4 with the largest sum of labels be red, this determines the colour of all the other 
edges in the connected component. On the other hand, if a cluster is black, then it colours 
all of its horizontal and verticals line with the same colour, respectively, colouring the edge 
with the largest label red and extend this to the boundary edges as well.

4. If there is an inner edge 𝑒 of a white cluster having one guard, which disagrees with the 
pattern on the boundary, let the guard correct its edge.

5. Each node has two red and two blue adjacent edges. One has to manually check the neigh
bourhood of the boundary edges, the key observation is the choice of guards provides that 
pairs of edges get recoloured.

6. There are no infinite monochromatic paths owing to inner patterns
7. So the colouring has been built up from finite monochromatic cycles, let them choose 

independently their orientation.
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