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Chapter 1

Introduction

1.1 Motivation

Many fundamental equations governing physical reality � from the motion of celestial bodies to
the dynamics of charged particles and molecular systems � can be formulated in the language of
Hamiltonian mechanics. This framework reveals geometric structures underlying the dynamics,
which naturally give rise to conservation laws.

However, in general, �nding analytical solutions to Hamiltonian systems is impossible. In
practice, one is therefore forced to rely on numerical integration to study the long-term behavior
of such systems.

The design of appropriate numerical methods is non-trivial. Standard integrators, such as
the classical Runge�Kutta family methods, were designed to solve ordinary di�erential equa-
tions accurately over short time intervals. However, when applied to Hamiltonian systems over
long time horizons, they fail to preserve the geometric structures of the system, leading to
arti�cial energy drift and qualitatively incorrect long-term behavior. In contrast, symplectic
integrators, are speci�cally designed to respect these geometric structures, yielding long-term
stability and physical accuracy.

The goal of this thesis is to provide a rigorous mathematical foundation of the theory of
Hamiltonian systems, to introduce fundamental properties of symplectic maps and to analyze
the key properties that any well-designed symplectic numerical method should preserve, and
�nally to study the Störmer�Verlet method as a prototypical symplectic integrator.

1.2 Overview of Hamiltonian dynamics

A Hamiltonian system is a dynamical system on a phase space 
 � R2d, governed by a smooth
function H : 
 ! R called the Hamiltonian, through the equations of motion

_p = �
@H
@q

; _q =
@H
@p

:

In mechanical systems, the Hamiltonian typically represents the total energy of the system. A
distinguished class is that of separable systems, where H(p; q) = T (p)+V (q) splits into kinetic
and potential energy; the harmonic oscillator and the Kepler problem are classical examples.
Non-separable systems, such as a charged particle in a magnetic �eld, require more careful
treatment in numerical simulation.

The Hamiltonian structure enforces important qualitative properties on the dynamics. Among
these, the most important is symplecticity: the �ow of a Hamiltonian system preserves the sym-
plectic structure of the phase space, which in particular implies the preservation of phase space
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volume (Liouville's theorem). Furthermore, through Noether's theorem, symmetries of the
Hamiltonian give rise to conserved quantities, or �rst integrals, of the motion.

1.3 Challenges of numerical simulation

Long-term integration of Hamiltonian systems is challenging because standard methods accu-
mulate errors in a non-physical way. Speci�cally, classical integrators exhibit an arti�cial energy
drift, causing the computed energy to gradually increase or decrease. Over time, this leads to
a qualitatively incorrect trajectory.

To avoid this, we need to utilize methods that mirror the geometric properties of the exact
�ow. A symplectic integrator is a numerical map �h : 
 ! 
 that is itself a symplectic trans-
formation, regardless of the step-size h. Such methods do not exactly conserve the Hamiltonian
H, but instead conserve a modi�ed Hamiltonian ~H that is exponentially close to H. As a con-
sequence, symplectic integrators exhibit bounded energy errors over exponentially long times,
a property that standard methods do not have.

This thesis analyzes the Störmer�Verlet method � in both its explicit and implicit formula-
tions � and demonstrates through numerical experiments on physically relevant systems (the
Kepler problem, the Hénon�Heiles system, and charged particle motion in a magnetic �eld) the
qualitative di�erence between symplectic and non-symplectic integration.
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Chapter 2

Hamiltonian systems

2.1 De�nition and fundamental properties

In this chapter, we introduce the formal de�nition of Hamiltonian systems. We �rst brie�y
discuss the Lagrangian formulation of a mechanical system. Consider a system with d 2 N
degrees of freedom. The con�guration of the system can be described by a vector q 2 Rd.
Thus, we say that the con�guration space Q is Rd (or an open subset of Rd). We denote by
_q 2 R d the generalized velocity vector of the system.

The set of the pairs (q;_q) forms the tangent bundle TQ � R2d of the con�guration space.
Now, the dynamics of the system is described by the Lagrangian function de�ned on TQ � R,
i.e., by L : TQ�R ! R. Although the Lagrangian is generally time-dependent, we will restrict
our discussion to the time-independent case.

The trajectories in the con�guration space, coupled with the possible generalized velocity
vectors, are governed by the Euler-Lagrange equations:

d
dt

�
@L(q;_q)

@_q

�
=

@L(q;_q)
@q

: (2.1)

We derive the Hamiltonian formulation of the system from the Lagrangian formulation by
introducing the conjugate momenta, denoted by the vector

p =
@L
@_q

(q; _q): (2.2)

Assuming that (2.2) de�nes a continuously di�erentiable bijection between_q and p, we
can invert Equation (2.2) to express the generalized velocities as a function of the coordinates
and momenta, _q = _q(q; p).Throughout this essay we restrict our attention to cases where this
assumption holds. Now the state of the system is described by a point (p; q) 2 R2d.

De�nition 2.1.1 (Phase space). The set 
 � R 2d of all possible states (p; q) is called the
phase space of the system.

In this formulation, the evolution of the system is governed by Hamilton's equations, which
we derive from the system's Hamiltonian. The Hamiltonian is obtained via the Legendre trans-
formation of the Lagrangian L:

H(p; q) := p > _q(q; p) � L(q; _q(q; p)): (2.3)

De�nition 2.1.2 (Autonomous Hamiltonian system). Let 
 � R 2d denote the phase space,
and let H : 
 ! R be a function of class at least C 2. This function is called the Hamiltonian
of the system. The equations of motion for the Hamiltonian system determined by H are:

_p = �
@H
@q

(p; q); _q =
@H
@p

(p; q); (p; q) 2 
: (2.4)
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Such systems are referred to as autonomous or time-independent Hamiltonian systems.

The next theorem shows mathematically that both formalism describe the same underlying
physical system.

Theorem 2.1.3. The Lagrange equations (2.1) and the Hamiltonian equations (2.4) are equiv-
alent.

Proof. First we show that a solution curve q(t) in the con�guration space Q yields a solution
to the Hamilton equations. Let q(t) � Q be a trajectory that satis�es the Lagrange equations
(2.1). Using De�nition 2.2 for the conjugate momenta and di�erentiating (2.3) with respect to
p we obtain

@H
@p

= _q + p > @_q
@p

�
@L
@_q

@_q
@p

= _q + p > @_q
@p

� p > @_q
@p

= _q:

Next we di�erentiate H with respect to q and again using the de�nition of the conjugate
momenta

@H
@q

= p > @_q
@q

�
@L
@q

�
@L
@_q

@_q
@q

= p > @_q
@q

�
@L
@q

� p > @_q
@q

= �
@L
@q

= �
d
dt

�
@L
@_q

�

= � _p:

Similarly, assume that (p(t); q(t)) � 
 is a solution of the Hamiltonian equations. Rear-
ranging (2.3) we obtain

L(q; _q) = p > _q � H(p; q);

here p is a function of q and_q, which we can obtain by taking the inverse of_q = @H
@p:

Hence di�erentiating with respect to _q yields

@L
@_q

= p +
@p
@_q

_q �
@H
@p

@p
@_q

= p;

here we used for the last equality that_q = @H
@p:

Di�erentiation with respect to q leads to

@L
@q

=
@p
@q

_q �
@H
@q

�
@p
@q

@H
@p

= �
@H
@q

;

where we made use of our assumption that_q = @H
@p.

Taking the time-derivative of p and substituting the previous two results yields

d
dt

�
@L
@_q

�
= _p = �

@H
@q

=
@L
@q

;

which is exactly the Lagrange equations, hence the equivalence holds.

Remark 2.1.4. In mechanical applications, the Hamiltonian H generally represents the total
energy of the system.

Remark 2.1.5. [8] If the Hamiltonian depends explicitly on time (H(p; q; t)), the system is
de�ned on the extended phase space 
 � I, where I � R is a time interval. In this case, the
energy of the system is generally not a conserved quantity.
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De�nition 2.1.6 (Symplectic matrix). Let us de�ne the matrix J 2 R 2d�2d as follows:

J =
�

0 I
�I 0

�
;

where I is the d � d identity matrix and 0 is the d � d zero matrix. This matrix is referred to
as the symplectic matrix.

Now, the system (2.4) can be written in the following compact form:

_y = J �1 rH(y); (2.5)

where y = (p; q) > 2 
. This formalism, together with the matrix J, de�nes the so-called
symplectic structure of the phase space.

Remark 2.1.7. Since H is twice continuously di�erentiable it follows that rH is locally
Lipschitz and because J is a constant matrix the vector �eld de�ned by (2.5) is also locally
Lipschitz. Therefore, from the Picard�Lindelöf theorem it follows that the solutions for any
initial value problem are locally unique.

We mention without proof some important, but rather straightforward properties of the
symplectic matrix J that will be used later.

Claim 2.1.8. The following properties hold for the symplectic matrix J:

ˆ det(J) = 1;

ˆ J > = �J (skew-symmetry);

ˆ J �1 = �J;

ˆ J 2 = �I, where I is the identity matrix of appropriate size.

ˆ kJk = kJ �1 k = 1

Remark 2.1.9. Throughout this thesis, k:k denotes the Euclidean 2-norm, i.e.: kxk = kxk2,
unless stated otherwise.

De�nition 2.1.10 (Separable Hamiltonian system). A Hamiltonian system is called separable
if the Hamiltonian can be written as the sum of two functions:

H(p; q) = T (p) + V (q): (2.6)

Here, T : Rd ! R represents the kinetic energy of the system, while V : Rd ! R denotes the
potential energy.

In the separable case, the equations of motion (2.4) take the following form:

_p = �rV (q); _q = rT (p):

Remark 2.1.11. Most classical mechanical systems are separable, where the kinetic energy
takes a quadratic form: T (p) = 1

2p> M �1 p (where M is the positive de�nite mass matrix). How-
ever, non-separable systems also exist (e.g., a charged particle in a magnetic �eld), where the
variables p and q are mixed within the Hamiltonian. This distinction is of utmost importance
for the selection of numerical methods; while e�cient explicit symplectic integrators can be
constructed for separable systems, non-separable systems typically require the implementation
of implicit schemes.
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2.2 Examples of Hamiltonian systems

In the following, we present some notable Hamiltonian systems that will be examined in detail
in subsequent chapters.

2.2.1 Harmonic oscillator

One of the most fundamental examples of Hamiltonian systems is the harmonic oscillator, which
is a system with 1 degree of freedom. This system describes the displacement of a point mass
attached to a spring from its equilibrium position.

Let q 2 R denote the displacement of the point mass and p 2 R the canonical momentum.
The system is separable, with the kinetic and potential energies taking the following forms:

T (p) =
1

2m
p2; V (q) =

1
2

Dq2;

where D is the spring constant. Thus, the Hamiltonian is:

H(p; q) = T (p) + V (q) =
1

2m
p2 +

1
2

Dq2:

Based on (2.4), the equations of motion are:

_p = �Dq; _q =
p
m

: (2.7)

The exact mathematical solution for this system is known. For any initial condition (p0; q0) 2
R2:

q(t) = q0 cos(!t) +
p0

m!
sin(!t);

p(t) = p 0 cos(!t) � q 0m! sin(!t);

where ! =
q

D
m is the angular frequency of the system.

Figure 2.1: Phase portrait of the harmonic oscillator (parameters: m = 1; D = 1). The blue
level sets indicate possible orbits with di�erent energies. The red curve shows the speci�c
solution corresponding to the initial condition (q0; p0) = (2; 1), while the red dot indicates the
starting position.
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2.2.2 Kepler problem

The Kepler problem is one of the most important examples of classical mechanical systems. It
has properties that only the harmonic oscillator shares. Namely, these two systems are the only
central force �elds in which every bound orbit is closed. That is, starting from any arbitrary
initial condition that results in a bound state will always yield an orbit that exactly returns to
its initial point. This result is known as Bertrand's theorem [2].

The Kepler problem is part of the family of two-body problems. A two-body problem consid-
ers the motion of two point masses and determines their motion as a function of time, assuming
that the system is isolated, that is the bodies are in�uenced solely by the interaction force act-
ing between them. Further, it assumes that the force is central, meaning it acts along the line
connecting the two bodies and the force depends only on the distance between them. Formally,
denote the position vector of mass m1 and m2 with r 1, r 2 respectively, and let q = r1 � r 2.
Now we can write the force as

F = F(jqj)q̂;

where q̂ is the unit vector pointing in the direction of q. Generally F is an arbitrary, scalar-
valued function of jqj, however the Kepler problem speci�es F to be inversely proportional to
the square of jqj. This law behind the Kepler problem is referred to as the inverse-square law.

Formally

F (jqj) = �
C

jqj 2 ;

where C is some constant whose sign determines the interaction between the two bodies: C > 0
corresponds to an attractive force, while C < 0 corresponds to a repulsive force. The potential
energy of the system is V (q) = � C

jqj :
The Lagrangian of the system is

L(q; _q) =
1
2

� j _qj2 +
C
jqj

;

where � denotes the reduced mass, which is

� =
m1m2

m1 + m 2
:

Using the de�nition of the conjugate momenta we have

p =
@L
@_q

= � _q:

Expressing _q as a function of p and applying the Legendre transformation to L we obtain the
Hamiltonian of the system

H(p; q) = p � _q(p) � L(q; _q(p))

=
p � p

�
�

1
2

�

�
�
�
�
p
�

�
�
�
�

2

�
C
jqj

=
jpj 2

2�
�

C
jqj

:

Consequently, the equations of motion of the Kepler problem are

_p = �
C

jqj 3 q; _q =
p
�

:

We now state a fundamental property of the Kepler problem regarding its conserved quan-
tities.
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Claim 2.2.1. The Kepler problem has three independent constants of motion:

1. The Hamiltonian H(p; q),

2. The angular momentum L = q � p,

3. The Laplace-Runge-Lenz vector: A = p � L � �C q
jqj

2.2.3 Charged particle motion in a magnetic �eld

Consider the motion of a particle with mass m > 0 and electric charge e 2 R in three-
dimensional space, exclusively in the presence of a magnetic �eld. Let the vector q(t) =
(q1; q2; q3)> 2 R 3 denote the position of the particle at time t, and let the vector p(t) 2 R3

denote the canonical momentum associated with the system.
Let B : R 3 ! R 3 be the static magnetic induction vector. Since the magnetic �eld is

divergence-free, there exists a vector potential A : R3 ! R 3 such that:

B(q) = r � A(q):

The Hamiltonian describing the dynamics of the system is:

H(p; q) =
1

2m
kp � eA(q)k 2 + e�;

where k � k denotes the Euclidean norm and � represents the electric scalar potential.
The system of equations describing the motion of the particle are:

_p =
e
m

(rA(q)) > (p � eA(q));

_q =
1
m

(p � eA(q)):

Remark. Due to the presence of the terms p � A(q) in the Hamiltonian above, the kinetic
energy depends on both the momentum and the position. Consequently, the system can not
be separated into the form H(p; q) = T (p) + V (q).

This means important considerations for numerical simulation. Explicit symplectic methods
are not directly applicable here. Therefore, to ensure long-term stability of the numerical
solution implicit integration schemes are required.

2.3 Conservation laws and energy

While the Hamiltonian formulation �usually does not materially decrease the di�culty of solving
any given problem� [2], it a�ords a �deeper insight into the formal structure of mechanics� [2].
Consequently, it provides a natural framework for the investigation of symmetries and conser-
vation laws. In the study of dynamical systems, knowledge of constants of motion (i.e. �rst
integrals) is of fundamental importance. Although the formulation itself may not simplify cal-
culations directly, the identi�ed �rst integrals allow for the reduction of the degrees of freedom
and provide essential invariants for verifying numerical integration schemes.

De�nition 2.3.1 (First integral). Let 
 � R 2d be the phase space, and consider the di�erential
equation _x = f(x). A continuously di�erentiable function I : 
 ! R is called a �rst integral
of the system if it is constant along the solutions of the system of equations. Formally, if x(t)
is an arbitrary solution of the system, then:

d
dt

I(x(t)) = 0; 8t:
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In the following claim, we establish one of the most important constants of motion for Hamil-
tonian systems.

Claim 2.3.2. For any autonomous Hamiltonian system, the Hamiltonian H(p; q) is a �rst
integral.

Proof. Let (p(t); q(t)) be an arbitrary solution of the system. Di�erentiating the Hamiltonian
with respect to time along the solution curve, we have:

d
dt

H(p(t); q(t)) =
@H
@p

� _p(t) +
@H
@q

� _q(t):

Substituting the Hamiltonian equations of (2.4):

d
dt

H =
@H
@p

�
�

�
@H
@q

�
+

@H
@q

�
�

@H
@p

�
= 0:

Before discussing further possible constants of motion for Hamiltonian systems, we introduce
an important theorem. To do so, we �rst provide the following de�nition:

De�nition 2.3.3 (One-parameter transformation group). Let M � R d be the con�guration
space. The family of mappings f�s : M ! M j s 2 Rg is called a one-parameter transformation
group if the following conditions are satis�ed:

ˆ For every real number s 2 R, there is an associated di�erentiable map �s : M ! M.

ˆ � 0(q) = q (8q 2 M).

ˆ � s � � r = � s+r 8s; r 2 R.

ˆ The map � : R � M ! M; �(t; q) := � t (q) is di�erentiable.

Example 2.3.4 (Translation). Let M = R and consider the system: f� s(q) = q + s j s 2 Rg.
This satis�es the four properties above.

Theorem 2.3.5 (Noether's Theorem, formulation following [4, Ch. 6, Thm. 3.2]). Consider a
system described by the Hamiltonian H(p; q) and the Lagrangian L(q;_q). Let f� s : s 2 Rg be
a one-parameter transformation group on the con�guration space such that the Lagrangian is
invariant:

L
�
� s(q); � 0

s(q) _q
�

= L(q; _q) 8s 2 R; 8(q; _q) 2 
: (2.8)

De�ne the vector �eld a : M ! R d as the derivative of the transformation at s = 0:

a(q) =
d
ds

�
�
�
�
s=0

� s(q): (2.9)

With this choice, the family of mappings f�sg constitutes the �ow of the vector �eld a.
Then the quantity

I(p; q) = p > a(q)

is a �rst integral of the Hamiltonian system.
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Proof. According to (2.8), L is constant along a transformation path, thus, its derivative with
respect to the parameter s is zero. Therefore, di�erentiating the left-hand side of (2.8) at s = 0,
we have:

d
ds

�
�
�
�
s=0

L
�

� s(q);
d
dt

(� s(q))
�

=
@L
@q

�
@�s
@s

�
�
�
�
s=0

+
@L
@_q

�
@
@s

�
�
�
�
s=0

�
d
dt

� s(q)
�

= 0:

By de�nition, @�s
@s

�
�
�
�
s=0

= a(q):

Furthermore, assuming the map �s is su�ciently smooth (at least C 1), the order of di�erenti-
ation can be interchanged:

@
@s

�
�
�
�
s=0

�
d
dt

� s(q)
�

=
d
dt

�
@�s
@s

�
�
�
�
s=0

�
=

d
dt

a(q) = _a(q):

Substituting these back into the �rst equation of the proof, using the de�nition of canonical
momentum (p = @L

@_q ) and the Euler�Lagrange equation (_p = @L
@q), we obtain:

0 =
@L
@q

� a(q) +
@L
@_q

� _a(q)

0 = _p � a(q) + p � _a(q):

Based on the product rule, the right-hand side is exactly the time derivative of the product
p � a(q):

d
dt

�
p> a(q)

�
= 0:

Thus, I = p > a(q) is constant in time.

In the following, we demonstrate some important consequences of Noether's theorem.

Corollary 2.3.6 (Conservation of directional momentum). Let v 2 R n be an arbitrary �xed
vector. The component of the momentum p in the direction v: I = p � v, is a �rst integral if
and only if there exists a transformation group for which the Lagrangian is invariant and the
vector �eld de�ned by (2.9) satis�es:

a(q) = v; 8q 2 M:

That is, the Lagrangian is invariant under spatial translation in the direction v.

Proof. Assume that p> � v is constant in time:

0 =
d
dt

(p(t) > � v) = _p(t) � v + p(t) �
d
dt

v =
@L
@q

� v:

Consider the transformation group f� s(q) = q + sv j s 2 R; q 2 Mg. Then d
ds � s(q) = v,

meaning a(q) = v. Furthermore:

d
dt

(� s(q)) =
d
dt

(q + sv) = _q:

Thus, writing (2.8):

d
ds

L(q + sv; _q) =
@L
@q

�
d
ds

(q + sv) =
@L
@q

� v = 0:

According to Noether's theorem, if the given transformation group satis�es the conditions
described above, then p> � a(q) = p > � v is constant in time, that is it is a �rst integral.
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De�nition 2.3.7 (Angular momentum). Consider the phase space 
 � R 6 of a point mass.
Let O 2 R 3 be a �xed point in the con�guration space. The angular momentum of the point
mass with momentum p, located at position q relative to O, is de�ned as: N = q � p.

Corollary 2.3.8. Let the con�guration space be M = R 3 and �x an arbitrary unit vector
n 2 R 3. If the Lagrangian is invariant under rotation about the axis n, then the quantity
I(p; q) = n � N is a �rst integral of the Hamiltonian system.

Proof. Let � s(q) be the vector q rotated by an angle s around the axis n. According to
Rodrigues' rotation formula:

� s(q) = (cos s)q + (sin s)(n � q) + (1 � cos s)(n � q)n: (2.10)

Let us verify whether this family of mappings forms a transformation group:

ˆ Di�erentiability: Since the formula is linear in q and has trigonometric dependence on s,
�(t; q) is in�nitely di�erentiable in both variables.

ˆ Identity: For s = 0, cos 0 = 1; sin 0 = 0; substituting these into the formula, we get
� 0(q) = q.

ˆ Group property: Consecutive rotations around the same axis are equivalent to a rotation
by the sum of the angles,so the group property is satis�ed: �s+r = � s � � r .

Since the conditions are satis�ed and L is invariant under rotation about the axis n, we can
apply Noether's theorem.
Di�erentiating � s(q) with respect to s:

d
ds

� s(q) = (� sin s)q + (cos s)(n � q) + (sin s)(n � q)n:

Evaluating this at s = 0:

a(q) =
d
ds

�
�
�
�
s=0

� s(q) = n � q:

Applying the theorem, we �nd that I(p; q) = p � (n � q) is a �rst integral of the system. Using
the cyclic permutation property of the scalar triple product (a � (b � c) = b � (c � a)):

I(p; q) = n � (q � p) = n � N:

That is, the projection of the angular momentum onto n is constant along the solutions.

Remark 2.3.9. Although Noether's theorem was formulated here based on the invariance of
the Lagrangian, the result is directly applicable to Hamiltonian systems as well. Since the
Hamiltonian is the Legendre transform of the Lagrangian (H(p; q) = p � _q � L(q; _q)), if the
Lagrangian is invariant under a point transformation acting on the con�guration space, then
the system's Hamiltonian remains invariant under the canonical form of the transformation on
the phase space. Thus, the derived conservation laws are also valid in Hamiltonian dynamics.
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Chapter 3

Symplectic maps

In this chapter, we �rst investigate the underlying symplectic structure of the phase space.
We derive that this structure is a fundamental and inherent property of Hamiltonian systems.
Then, we de�ne transformations of the phase space that respect both this symplectic structure
and the canonical formulation. Lastly, we discuss important properties of such maps.

3.1 The phase space and its symplectic structure

In this section, we formalize the geometric structure of the phase space by introducing the
symplectic 2-form and symplectic maps. Following this, we de�ne the �ow of a dynamical
system and examine its evolution through the variational equation. Ultimately, this leads to
Poincaré's theorem, which states that the �ow of a Hamiltonian system preserves the symplectic
structure.

De�nition 3.1.1 (Symplectic 2-form). Let 
 � R 2d be the phase space. The symplectic 2-form
is a bilinear map ! : 
 � 
 ! R de�ned as follows:

!(x; y) := x > Jy; (3.1)

where J is the symplectic matrix.

Remark 3.1.2. Let x = (p x ; qx ); y = (p y; qy) be arbitrary elements of the phase space. Then
the de�nition (3.1) can be written in the following form:

!(x; y) = p x � qy � q x � py (3.2)

Claim 3.1.3. The following properties hold for !:

(a) Skew-symmetric: !(x; y) = �!(y; x)

(b) Non-degenerate: If !(x; y) = 0 for all y, then x = 0.

Proof.

(a) Since J> = �J, we have:

!(x; y) = x > Jy = �x > J > y = �(Jx) > y = �y > Jx = �!(y; x):

(b) Assume that for some �xed x, !(x; y) = 0 for all y 2 R 2d. Then:

x> Jy = 0 8y:
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Since this holds for every vector y, it necessarily follows that:

x> J = 0 > =) J > x = 0:

And since det(J> ) = 1, i.e., J > is an invertible matrix, the equation has only the trivial
solution:

x = 0:

De�nition 3.1.4 (Symplectic linear map). A linear map A : R 2d ! R 2d is called a symplectic
map if it preserves the symplectic 2-form, that is:

!(Ax; Ay) = !(x; y) 8x; y 2 R 2d: (3.3)

Claim 3.1.5. A linear map A is symplectic if and only if A > JA = J.

Proof.
!(Ax; Ay) = (Ax) > J(Ay) = x > A> JAy = x > Jy; (3.4)

and since this equality holds for all x; y, it must satisfy: A> JA = J.

De�nition 3.1.6 (Symplectic map). A di�erentiable map f : R 2d ! R 2d is called symplectic
if for any x 2 R 2d, the Jacobian matrix of f at x, denoted by f 0(x), is a symplectic linear map.

De�nition 3.1.7 (Flow). Let 
 � R 2d be the phase space and f : 
 ! R 2d a smooth (at least
C1) function. Consider the following autonomous ordinary di�erential equation:

_y = f(y); y(0) = y 0: (3.5)

The map ' t : 
 ! 
 is called the �ow of the system if it assigns to any initial state y 0 2 

the solution of the equation at time t:

' t (y 0) := y(t); (3.6)

where y(t) is the solution of the above equation at time t subject to the initial condition
y(0) = y 0.

Remark 3.1.8. As we have seen in Remark (2.1.7) the solution to any initial value problem
is locally unique, this means that the �ow of the system is also locally unique.

Lemma 3.1.9 (Group Property). For an arbitrary �ow, the so-called group property holds:

' t � ' s = ' t+s ; 8t; s 2 R:

Claim 3.1.10. The �ow of any autonomous system is time-reversible, i.e.:

' t = (' �t )�1

Proof. From the group property it directly follows that:

' t � ' �t = ' 0:

But ' 0 is always the identity map. Therefore, '�1t = ' �t which is equivalent to ' t = (' �t )�1 .
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De�nition 3.1.11 (Variational equation). Consider the autonomous di�erential equation _y =
f(y), where f : R n ! R n is a di�erentiable function. Let y(t) be a solution to the equation.
The associated variational equation is:

_	(t) = f 0(y(t))	(t); 	(0) = I; (3.7)

where f0(y(t)) is the Jacobian matrix of f along the solution y(t).

Claim 3.1.12. If the Hamiltonian H(p; q) is at least C 2, then for the associated �ow, the order
of di�erentiation can be interchanged:

d
dt

�
@

@y0
' t (y 0)

�
=

@
@y0

�
d
dt

' t (y 0)
�

: (3.8)

Proof. Let y = (p; q), and let '(t; y 0) = ' t (y 0). Since H 2 C2 and the matrix J �1 is constant,
the vector �eld F (y) = J �1 rH(y) is C 1, which implies that the �ow '(t; y 0) is also of class
C1.

By de�nition of the �ow, '(t; y 0) is the solution satisfying the initial condition y(t 0) = y 0,
so it satis�es the equation of motion:

d
dt

'(t; y 0) = F ('(t; y 0)): (3.9)

Di�erentiating this equation with respect to the initial condition y 0:

@
@y0

�
d
dt

'(t; y 0)
�

=
@

@y0

�
F ('(t; y 0))

�
= DF('(t; y 0)) �

@
@y0

' t (y 0); (3.10)

where DF(y) = J �1 r 2H(y) is the Jacobian of the vector �eld.
Since both F and ' are C1, the product of their derivatives exists and is continuous, thus,

the left-hand side, @
@y0

( d
dt '(t; y 0)), exists and is continuous.

Let us show that the derivative in the reverse order,ddt (
@

@y0
' t (y 0)), also exists and is con-

tinuous. Since ' 2 C 1, the solution of the di�erential equation is equivalent to the following
integral equation:

'(t; y 0) = y 0 +
� t

t0

F('(s; y 0)) ds: (3.11)

Since the integrand is a composition of C1 functions (which is also C1), according to the Leibniz
integral rule di�erentiation with respect to the parameter can be brought inside the integral
sign:

@
@y0

'(t; y 0) = I +
� t

t0

DF('(s; y 0)) �
@

@y0
'(s; y 0) ds: (3.12)

According to the fundamental theorem of calculus, the time derivative of the right-hand side is
the integrand at time t, thus:

d
dt

�
@

@y0
'(t; y 0)

�
= DF('(t; y 0)) �

@
@y0

'(t; y 0): (3.13)

This expression, as seen earlier, exists and is continuous, and the result matches that of the
di�erentiation in the reverse order. Therefore, the order of di�erentiation can be interchanged.

Claim 3.1.13. Let H : R 2d ! R be a function of class at least C2. Consider the �ow ' t of the
associated Hamiltonian system. Then@

@y0
' t (y 0) is a solution to the variational equation (3.7).
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Proof. For a Hamiltonian system, the variational equation is:

_	(t) = J �1 r 2H(y(t))	(t); (3.14)

where y(t) = (p(t); q(t)).
By de�nition of the �ow, it satis�es the equation of motion:

d
dt

' t (y 0) = J �1 rH(' t (y 0)):

Di�erentiating the right hand side of the above equation with respect to y0 yields:

@
@y0

�
J �1 rH(' t (y 0))

�
= J �1 r 2H(' t (y 0)) �

@
@y0

' t (y 0):

According to the previous claim (3.1.12), the order of di�erentiation can be interchanged:

@
@y0

�
d
dt

' t (y 0)
�

=
d
dt

�
@

@y0
' t (y 0)

�
:

This implies that for the quantity 	(t) := @
@y0

' t (y 0):

_	(t) = J �1 r 2H(y(t))	(t);

where y(t) = ' t (y 0) is the solution trajectory starting at y 0.
Veri�cation of the initial condition: at t = 0, ' 0(y 0) = y 0, thus:

@
@y0

' t (y 0)

�
�
�
�
t=0

=
@y0
@y0

= I:

Therefore, @
@y0

' t (y 0) is indeed a solution to the variational equation.

Theorem 3.1.14 (Poincaré's Theorem [4, Thm. 2.4]). Let H : R2d ! R be a function of class
at least C2. Then the �ow ' t of the associated Hamiltonian system is a symplectic map for any
arbitrarily �xed t 2 R.

Proof. The proof follows the argument of [4, Thm. 2.4], expanded in detail through claims
3.1.12 and 3.1.13. According to Claim 3.1.5, it su�ces to show that:

�
@

@y0
' t (y 0)

� >

J
�

@
@y0

' t (y 0)
�

= J: (3.15)

Let us introduce the notation 	 t (y 0) := @
@y0

' t (y 0). With this, the condition (3.15) simpli�es
to the following form:

	 t (y 0)> J	 t (y 0) = J: (3.16)

For brevity, we will use the notations 	 t := 	 t (y 0) and r 2H := r 2H(' t (y 0)).
Let us examine the time derivative of the expression 	>t J	 t . According to Claim 3.1.13, 	 t is
a solution to the variational equation:

_	 t = J �1 r 2H	 t :
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Using the fact that r 2H is symmetric (since H 2 C2), and the properties from Claim 2.1.8
((J �1 )> = J and JJ �1 = I), the di�erentiation proceeds as follows:

d
dt

(	 >
t J	 t ) = _	 >

t J	 t + 	 >
t J _	 t

= (J �1 r 2H	 t )> J	 t + 	 >
t J(J �1 r 2H	 t )

= 	 >
t r 2H (J �1 )> J

| {z }
�I

	 t + 	 >
t JJ �1

| {z }
I

r 2H	 t

= �	 >
t r 2H	 t + 	 >

t r 2H	 t

= 0:

Thus, the expression 	>t J	 t is constant in time. At the time instant t = 0, ' 0(y 0) = y 0, so
	 0 = I, which implies:

(	 >
t J	 t )

�
�
t=0

= I > JI = J:

Since the expression is constant, 	>t J	 t = J for all t, therefore ' t is indeed a symplectic
map.

The following theorem shows that, in the context of dynamical systems, when discussing
symplecticity we can assume that the system

_y = f(y); y 2 


is, in a certain sense, Hamiltonian. More precisely, the system is called locally Hamiltonian if
for every point y0 2 
 there exists a neighbourhood K(y 0) � 
 and a function H : K(y 0) ! R
such that

_y = J �1 rH(y); 8 y 2 K(y 0);

or, equivalently,
f (y) = J �1 rH(y) on K(y 0):

Theorem 3.1.15 ([4, Thm. 2.6]). Let f : 
 ! R 2d be continuously di�erentiable. Then the
vector �eld de�ned by _y = f(y) is locally Hamiltonian if and only if its �ow ' t (y) is symplectic
for all y 2 
 and for all su�ciently small t.

3.2 Canonical transformations

The material in this section is based on [2, Ch. 9]. The results presented there in prose form
have been reformulated here as explicit de�nitions, claims and theorems.

Next, we turn our attention to transformations of the phase space. It is crucial that these
transformations modify the coordinates in a way that preserves the fundamental properties
of the underlying system. To ensure this, we look for mappings that transform canonical co-
ordinates into other canonical coordinates. Such transformations are referred to as canonical
transformations.

De�nition 3.2.1 (Canonical transformation). A transformation (p; q) 7! (P; Q) is a canonical
transformation if, in the new variables (P; Q), the equations of motion retain the Hamiltonian
form with a suitable Hamiltonian K(P; Q; t):

_P = �
@K
@Q

; _Q =
@K
@P

: (3.17)
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Claim 3.2.2. In the general case, for a time-dependent canonical transformation, the new
Hamiltonian K(P; Q; t) is related to the old Hamiltonian H(p; q; t) by:

K(P; Q; t) = H(p; q; t) +
@F
@t

(3.18)

where F is the generating function of the transformation.

Remark 3.2.3. If both the transformation and the Hamiltonian are time-independent, i.e.,
the coordinate change does not explicitly depend on time, then@F

@t = 0. In this case, the new
Hamiltonian is simply the old one expressed in the new variables: K(P; Q) = H(p; q).

Before deriving the method to construct such transformations, we state a fundamental the-
orem linking canonical transformations to the symplectic structure introduced in the previous
section.

Theorem 3.2.4 (Symplectic condition). Let H(p; q) be an autonomous Hamiltonian. Consider
a time-independent di�erentiable coordinate transformation � : (p; q) 7! (P; Q). Then � is
canonical if and only if its Jacobian matrix M(p; q) = @�(p;q)

@(p;q) is symplectic everywhere, that is:

M > JM = J; (3.19)

where J is the standard symplectic matrix. This is equivalent to the statement that canonical
transformations preserve the symplectic 2-form.

Proof. Let y(t) = (p(t); q(t)) be an arbitrary di�erentiable trajectory in phase space. The
corresponding trajectory in the transformed phase space is given by Y(t) = �(y(t)). For
simplicity, we denote the Jacobian matrix as M = M(p; q).
We know that the motion in the original variables satis�es_y = J �1 rH(y). Di�erentiating the
transformed trajectory with respect to t yields:

d
dt

Y(t) =
@�
@y

� _y(t) = M _y(t) = MJ �1 rH(y): (3.20)

Let K be the Hamiltonian on the transformed phase space. From Remark 3.2.3, we have the
identity H(y) = K(�(y)). Consider the components of the gradient r y H. By the chain rule,
for the coordinate i:

@H
@yi

=
@

@yi
K(�(y)) =

X

j

@K
@Yj

�
@�j (y)

@yi
=

X

j

@K
@Yj

� M ji : (3.21)

Consequently, the relationship between the gradients is given by:

r y H(y) = M > r Y K(Y): (3.22)

Substituting this result into Eq. (3.20), we obtain:

_Y = MJ �1 (M > r Y K(Y)) = (MJ �1 M > )r Y K(Y): (3.23)

For the transformed system to be Hamiltonian MJ�1 M > = J �1 must hold. Using the properties
J > = �J and J �1 = �J, we can rewrite the term on the left-hand side:

MJ �1 M > = �MJM > :

Thus, the condition simpli�es to MJM > = J. Taking the inverse of both sides, this is equivalent
to the de�nition of a symplectic matrix:

(MJM > )�1 = J �1 () (M > )�1 J �1 M �1 = J �1 () J = M > JM:

This con�rms that the transformation preserves the Hamiltonian structure if and only if M is
symplectic.
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3.2.1 Generating functions

We have established that a transformation is canonical if and only if it preserves the symplectic
structure. Now, we provide an equivalent characterization based on di�erential forms, which
provides a practical method for constructing such transformations.The following theorem is
taken from [4, Theorem 5.1].

De�nition 3.2.5 (Total di�erential). Let F : R 2d ! R be a di�erentiable function. The total
di�erential of F at a point x 2 R 2d is the linear map dF(x) : R2d ! R de�ned by:

dF (x)[v] =
2dX

i=1

@F
@xi

(x) v i = rF (x) � v

for any v 2 R 2d.

Theorem 3.2.6 (Existence of generating functions). A smooth transformation � : (p; q) 7!
(P; Q) is symplectic (canonical) if and only if there exists locally a scalar function F (p; q),
called the generating function, such that:

P> dQ � p > dq = dF; (3.24)

where dF is the total di�erential of F .

Remark 3.2.7. Equation (3.24) is fundamental for constructing canonical transformations,
since F creates a connection between the old (p; q) and the new (P; Q) coordinates. By ex-
pressing F as a function of a mixture of old and new variables (e.g., F1(q; Q) or F 2(q; P)),
one can derive the explicit relationships between the coordinates. Such a change of variables is
permissible due to the local invertibility of the transformation, allowing us to treat the mixed
coordinates as independent variables..

Type-1 Generating Function Let F := F 1(q; Q), where F1 is twice continuously di�eren-
tiable. The total di�erential of F 1 is:

dF1 =
�

@F1
@q

� >

dq +
�

@F1
@Q

� >

dQ

Substituting this into Eq. (3.24), we have:

P> dQ � p > dq =
�

@F1
@q

� >

dq +
�

@F1
@Q

� >

dQ: (3.25)

Comparing the terms for dq and dQ, we obtain the transformation equations:

p = �
@F1
@q

; P =
@F1
@Q

: (3.26)

Type-2 Generating Function Now, let us choose (q; P) as the independent mixed coor-
dinates. To express the transformation in terms of these variables, we perform a Legendre
transformation. Using the identity d(P> Q) = P > dQ + Q > dP, we can express the term P> dQ
as:

P> dQ = d(P > Q) � Q > dP: (3.27)

Substituting this into Eq. (3.24) and rearranging the terms to group the total di�erentials, we
get:

d(P> Q � F ) = p > dq + Q > dP: (3.28)
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We de�ne the generating function of the second type as F2(q; P) := P > Q � F . The total
di�erential of this function is mathematically given by:

dF2 =
�

@F2
@q

� >

dq +
�

@F2
@P

� >

dP:

Comparing the coe�cients of the di�erentials dq and dP, we obtain the transformation equa-
tions:

p =
@F2
@q

; Q =
@F2
@P

: (3.29)

Example 3.2.8. Let us consider the generating function F2(q; P) := q > P. Applying the
transformation rules from Eq. (3.29), we obtain:

p =
@F2
@q

= P; Q =
@F2
@P

= q: (3.30)

So the function generates the identity transformation, which is trivially canonical (symplectic).

Type-3 Generating Function Finally, we choose (p; Q) as the mixture of old and new
variables. The total di�erential of F 3(p; Q) is

dF3 =
@F3
@p

dp +
@F3
@Q

dQ:

We express �p T dq with the help of the identity d(p T q) = p T dq + q T dp:

�p T dq = q T dp � d(p T q):

Substituting this into equation (3.24) yields

dF = P T dQ � p T dq = P T dQ + q T dp � d(p T q):

Rearranging this we obtain
d(F + p T q) = P T dQ + q T dp:

Now de�ne F3(p; Q) := F (p; q(p; Q)) + p T q(p; Q): Matching the terms we obtain the trans-
formation equations

q =
@F3
@p

; P =
@F3
@Q

: (3.31)

3.3 Properties of symplectic maps

In this section we discuss some important properties of symplectic maps.

Claim 3.3.1 (Composition of symplectic maps). Let � 1 and � 2 be two symplectic maps. Then
the composition � = � 1 � � 2 is also a symplectic transformation.

Proof. Let M 1 and M2 be the Jacobian matrices of �1 and � 2, respectively. According to
the de�nition of symplectic maps (De�nition 3.1.6), both M 1 and M2 satisfy the symplectic
condition:

M >
1 JM 1 = J; M >

2 JM 2 = J:

By the chain rule, the Jacobian matrix of the composite map � is the product M = M1M 2.
We check the symplectic condition for M:

M > JM = (M 1M 2)> J(M 1M 2) = M >
2 (M >

1 JM 1)M 2 = M >
2 JM 2 = J:

Since the Jacobian of � satis�es the condition, � is symplectic.
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In the remaining of this chapter we discuss some important properties of symplectic maps
and thus Hamiltonian systems.

Theorem 3.3.2 (Volume preservation). Symplectic maps preserve the oriented volume of the
phase space.

Proof. We start from the de�ning condition of a symplectic matrix M (De�nition 3.1.4):

M > JM = J:

Taking the determinant of both sides and using the product rule for determinants (det(AB) =
det A det B):

det(M > ) det(J) det(M) = det(J):

We know that the determinant of a matrix and its transpose are equal (det M> = det M).
Furthermore, from Claim 2.1.8, we know that det J = 1 6= 0. Thus, we can simplify the
equation:

(det M) 2 det J = det J:

Dividing by det J:
(det M) 2 = 1 ) det M = �1:

Since the group of symplectic matrices is continuously connected to the identity matrix I
(see e.g. [7, Ch. 2]), i.e.: for every symplectic matrix M there exists a continuous function

 : [0; 1] ! Sp(2d), where Sp(2d) is the group of 2d � 2d symplectic matrices, such that


(0) = I; 
(1) = M:

Consider the composition det �
. We have seen that for any symplectic matrix 
(t) the determi-
nant det(
(t)) = �1. Since the determinant is a continuous function, det �
 is also continuous.
From det 
(0) = det I = 1 we conclude that det M = 1.

This implies volume preservation via the change of variables theorem for integrals. For any
bounded region D in the phase space, the volume of its image �(D) is:

Vol(�(D)) =
�

�(D)
1 dy =

�

D
j det M(x)j dx =

�

D
1 dx = Vol(D):

Remark 3.3.3 (Preservation of in�nitesimal phase space volume). We now consider the preser-
vation of in�nitesimal phase space volume. Let y(0) = y0 2 
 be an arbitrary initial value.
Denote with �y 1(0); : : : ; �y 2d(0) some arbitrarily chosen linearly independent in�nitesimal dis-
placement vectors around y0. These vectors span a 2d-dimensional parallelepiped around y0.
Let W(0) 2 R 2d�2d be a matrix such that

W(0) = [�y 1(0); : : : ; �y 2d(0)]: (3.32)

Denote with dV (0) the in�nitesimal volume of the parallelepiped. By de�nition of W(0), we
have that

dV (0) = det(W(0)):

Let us examine how this parallelepiped evolves with time. At time instant t, by the de�-
nition of the �ow, we have ' t (y 0) = y(t). Furthermore, denote with ~y i (t) = ' t (y 0 + �y i (0)).
Expanding this into a Taylor series around y0, and noting that �y i (0) is an in�nitesimally small
displacement vector, we obtain the displacement vectors at time t:

�y i (t) = ~y i (t) � y(t) =
@'t
@y0

(y 0)�y i (0) := M(t)�y i (0);
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where M(t) is the variational matrix (or monodromy matrix) associated with the �ow.
Denote with dV (t) the in�nitesimal volume of the parallelepiped at time t and let W(t) :=

[�y 1(t); : : : ; �y 2d(t)]. Using the above expression for �yi (t) and the multiplicative property of
the determinant, we obtain

dV (t) = det(W(t)) = det(M(t)W(0)) = det(M(t)) det(W(0)) = det(M(t))dV (0):

From the previous theorems, we know that dV (t) = dV (0) for Hamiltonian systems, which
immediately implies that det(M(t)) = 1. This explicit matrix formulation provides a practical
computational tool for verifying the volume preservation property of numerical integrators,
which will be utilized in Chapter 5.

Corollary 3.3.4 (No Asymptotic Stability). A Hamiltonian system cannot have asymptotically
stable equilibrium points.

Proof. Suppose, for contradiction, that y� is an asymptotically stable equilibrium point. By
de�nition, there exists a neighborhood U of y� such that for all y0 2 U, the �ow ' t (y 0) ! y �

as t ! 1.
This implies that the volume of the image of U under the �ow contracts to zero:

lim
t!1

Vol(' t (U)) = 0: (3.33)

However, according to claim (Claim 3.3.2), the �ow 't is volume-preserving for all t, so
Vol(' t (U)) = Vol(U) > 0. This is a contradiction. Thus, no such neighborhood U can ex-
ist.

Remark 3.3.5. A physical interpretation of this is that there are no attractors in a Hamiltonian
vector �eld.

De�nition 3.3.6 (Symplectic surface). Let G � 
 be a 2 dimensional sub-manifold. Let
g : T ! 
 be a continously di�erentiable function, such that g(T ) = G. The symplectic surface
of G is:

A(G) =
�

T
!

�
@g
@s

(s; t);
@g
@t

(s; t)
�

ds dt (3.34)

Claim 3.3.7. [4, Lemma 2.3] Let  : 
 ! R 2d be an arbitrary symplectic mapping on the
phase space 
. Then

A( (G)) = A(G)

holds for every 2-dimensional manifold G � 
 that admits a continuously di�erentiable parametriza-
tion g.

Proof. Let T � R 2 be the parameter domain such that g(T ) = G. The transformed manifold
 (G) can be parametrized by the composition ~g =  � g, de�ned on the same domain T .

To evaluate the symplectic area A( (G)), we �rst determine the tangent vectors of the
transformed manifold using the chain rule:

@~g
@s

(s; t) =  0(g(s; t)) �
@g
@s

(s; t);
@~g
@t

(s; t) =  0(g(s; t)) �
@g
@t

(s; t): (3.35)

Since  is a symplectic mapping, its Jacobian matrix M =  0(g(s; t)) is a symplectic linear
map for every (s; t) 2 T . This implies that for any vectors u; v 2 R2d:

!(Mu; Mv) = !(u; v):
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Substituting the tangent vectors into the de�nition of the area:

A( (G)) =
�

T
!

�
 0(g)

@g
@s

;  0(g)
@g
@t

�
ds dt

=
�

T
!

�
@g
@s

;
@g
@t

�
ds dt

= A(G):

Lastly we discuss the stability of Hamiltonian systems. As we have already seen in (3.3.4)
there cannot be an asymptotically stable equilibrium point or an asymptotically stable trajec-
tory. Now we shall see that the local stability of equilibrium points is also limited.

Theorem 3.3.8 (Eigenvalue Symmetry). Let y 0 be an equilibrium point. If � is an eigenvalue
of the Jacobian matrix of the linearized system at y0, then �� is also an eigenvalue.

Proof. Let S = r 2H(y 0). Since H is twice continuously di�erentiable, S is symmetric (ST = S).
The Jacobian is A = J�1 S.
Using the following properties of the symplectic matrix J to compute the transpose of A:
J > = �J and J �1 = �J, we get:

AT = (J �1 S)> = S > (J �1 )> = SJ:

Next, we apply the base transformation on A with J:

JAJ �1 = J(J �1 S)J �1 = SJ �1 = �SJ = �A > :

This means that A is similar to �A > . Therefore, the eigenvalues of A and the eigenvalues of
�A > are the same:

�(A) = �(�A > ):

Furthermore, since a matrix and its transpose have the same eigenvalues:

�(A) = �(�A > ) = �(�A):

Therefore, for any � 2 �(A), its negative �� is also an eigenvalue of A.

Corollary 3.3.9. Let y 0 be an equilibrium point of an arbitrary Hamiltonian system. Then
if there exists some � 2 �(A) for which Re� 6= 0 y0 is an unstable equilibrium point. More
speci�cally, y0 is either a saddle point or a saddle focus.
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Chapter 4

Symplectic numerical methods

Consider the initial value problem for a system of ordinary di�erential equations (ODEs) on
the extended phase space I � 
 � R � R n :

_y(t) = f (t; y(t)); y(0) = y 0: (4.1)

Since analytical solutions are rarely available for complex non-linear systems, we rely on numer-
ical approximations. One-step numerical methods start by discretizing the interval I:= [t 0; T ]
with points t 0 < t 1 < : : : < t N := T . We approximate the exact solution y(t) at discrete time
points tn . Let y n denote the numerical approximation, such that yn � y(t n ):
Let hn := t n+1 � t n denote the time step size. We introduce a mapping F (tn ; yn ; yn+1 ; hn ; f ),
which characterizes the speci�c numerical scheme. The step from tn to t n+1 is given by:

yn+1 = y n + h nF(t n ; yn ; yn+1 ; hn ; f ): (4.2)

Here, F is called the increment function of the method de�ned in (4.2).

De�nition 4.0.1 (One-step map). The numerical method de�ned by (4.2) induces a mapping
� h;t : 
 ! 
, called the one-step map (or numerical �ow), which assigns to any state y the
updated state after a step of size h starting at time t. It is implicitly de�ned by the relation:

� h;t (y) = y + hF(t; y; 	 h;t (y); h): (4.3)

Using this notation, the numerical solution sequence is generated by the iteration:

yn+1 = � hn ;t n (y n ): (4.4)

Remark 4.0.2. If the di�erential equation is autonomous the one-step map does not depend
explicitly on the time t. In this case, we simply write � h(y). This map � h is the numerical
approximation of the exact �ow ' h.

4.1 Why symplectic methods?

As we have seen, the �ow of a Hamiltonian system is symplectic, and its phase space possesses a
symplectic structure. Conversely, Theorem (3.1.15) shows that if a system's �ow is symplectic,
then it is locally Hamiltonian.
Therefore, in the context of symplectic integration, we restrict our attention to Hamiltonian
systems, more speci�cally, autonomous Hamiltonian systems, as introduced in De�nition 2.1.2.

In Chapter 3 we demonstrated that the symplectic structure of the phase space and the sim-
plecticity of the �ow fundamentally de�ne the system. Therefore, it is natural to look for
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numeric schemes that also preserve the symplectic structure. In this chapter, our main goal is
to introduce symplectic numerical methods and discuss their behavior in detail.

First, we de�ne symplectic numerical methods.

De�nition 4.1.1 (Symplectic numerical method). A one-step numerical method y n+1 = � h(y n )
is called symplectic if the mapping �h is symplectic. That is, its Jacobian matrix � 0

h(y) satis�es:

(� 0
h(y)) > J� 0

h(y) = J; 8y 2 
: (4.5)

A core di�erence between traditional, non-symplectic numerical schemes�such as standard,
explicit Runge-Kutta methods�and symplectic schemes lies in the focus of the error. While
non-symplectic methods aim to minimize the local error, that is, the error made in one step,
symplectic methods prioritize global behavior. They may be less accurate locally, but provide
much higher long-term stability and accuracy. Symplectic methods are part of the family of
geometric integrators. As the name suggests, these methods place a large emphasis on preserv-
ing the geometric structures of the systems.

As shown in Chapter 3, the �ow of a Hamiltonian system preserves volume in the phase space.
More generally, we saw that this holds for any symplectic map. Consequently, if we simulate
the long-term behavior of a Hamiltonian system with a non-symplectic scheme, the numerical
�ow might incorrectly deform the phase space volume. It could introduce arti�cial dissipation
or energy growth into the system. This causes the numerical trajectory to spiral inward or
escape to in�nity. These arti�cial features are unacceptable when investigating the long-term
evolution of dynamical systems.

Although symplectic methods generally do not exactly preserve the original Hamiltonian (or
other �rst integrals), the global error of the energy remains bounded over long time intervals.
Unlike standard methods, where energy drift is observed, symplectic schemes ensure that the
numerical energy oscillates within a narrow strip around the true value. This stability is the-
oretically grounded in Backward Error Analysis, which reveals that the numerical solution is
formally the exact �ow of a nearby, modi�ed Hamiltonian. We will discuss this property of
symplectic integrators in later chapters.

To illustrate these properties in practice, we present a numerical experiment using the har-
monic oscillator with mass m = 1 and spring constant D = 1. The simulation was performed
with a step size of h = 0:5 over a long time interval (tmax = 30000). As demonstrated in
Figure (4.1a), the standard 4th-order Runge�Kutta (RK4) method introduces arti�cial numer-
ical dissipation, causing the trajectory to spiral into the origin. In contrast, the symplectic
Störmer�Verlet method remains on a closed orbit, preserving the qualitative behavior of the
system despite the large step size. It is worth noting that although the Störmer�Verlet orbit
is closed, it does not perfectly coincide with the analytical energy level sets. Instead, it os-
cillates slightly around the exact energy value. This di�erence is highlighted in Figure 4.1b,
which compares the relative energy error of the two methods. While the standard RK4 method
exhibits an exponential loss of energy, the symplectic error remains bounded throughout the
entire simulation.
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(a) Numerical trajectories(q; p)

(b) Relative energy error(log scale)

Figure 4.1: Numerical simulation of the harmonic oscillator (m = D = 1, h = 0:5). (a)
Stroboscopic view of the numerical trajectories: the RK4's (red dots) dissipative nature can be
observed, while Störmer�Verlet (blue dots) seems relatively stable. (b) Time evolution of the
relative energy error: the error of the RK4 method grows exponentially, while the error of the
SV�method remains bounded.

Remark 4.1.2. Although time-reversibility is not equivalent to symplecticity, it is often the
case that a symplectic �ow is also time-reversible (for instance, this holds for any autonomous
Hamiltonian system). Consequently, when modeling such systems, the use of symmetric nu-
merical methods is advisable.

De�nition 4.1.3 (Symmetric numerical method). We say that a numerical method is sym-
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metric if its one-step map satis�es the condition:

� h = � �1
�h : (4.6)

Beyond its geometric motivation, symmetry has a direct implication for the orders of con-
sistency.

Theorem 4.1.4 (Order of symmetric methods, [4, Chapter 2, Theorem 3.2]). The order of a
symmetric numerical method is even.

Proof. Denote the local error at time t for step-size h with "loc(t; h) = y(t + h) � � h(y(t)). Let
the method be of order p, i.e.

" loc(t; h) = c p+1 (t)h p+1 + O(h p+2 ); cp+1 6� 0:

Consider the local error at time t + h and with a reverse step �h

" loc(t + h; �h) = y(t) � � �h (y(t + h)):

For brevity denote y1 := � h(y(t)), substituting this into the de�nition of the local error and
rearranging yields

y(t + h) = y 1 + " loc(t; h):

Substituting this into � �h (y(t + h)) and expanding it into a Taylor series around y1 gives

� �h (y(t + h)) = � �h (y 1 + " loc(t; h)) = � �h (y 1) + D� �h (y 1) � " loc(t; h) + O(k" loc(t; h)k 2):

Since the method is symmetric ��h = � �1
h , therefore � �h (y 1) = � �1

h (� h(y(t)) = y(t):
Writing the one-step map with the increment function we can write its derivative as

D� �h (y 1) = D
�
y1 � hF (t n+1 ; y0; y1; h; f )

�
= I � h@F(t n+1 ; y0; y1; h; f ) = I + O(h):

Substituting these two back into the identity for "loc(t + h; �h) we obtain

" loc(t + h; �h) = �" loc(t; h) + O(h p+2 ) = �c p+1 (t)h p+1 + O(h p+2 ):

Since the method is of order p the local error can also be written as

" loc(t + h; �h) = c p+1 (t + h)(�h) p+1 + O(h p+2 ) = (�1) p+1
�
cp+1 (t) + O(h)

�
hp+1 + O(h p+2 )

= (�1) p+1 cp+1 (t)h p+1 + O(h p+2 ):

Comparing the coe�cients of hp+1 yields

�c p+1 (t) = (�1) p+1 cp+1 (t):

Since cp+1 6� 0, there exists at least one t where cp+1 (t) 6= 0. Dividing the equation by �cp+1 (t)
implies

1 = (�1) p;

which holds if and only if p is even.

4.2 Principles of symplectic integration

After seeing not only the advantages, but also the necessity of using symplectic integrators for
Hamiltonian systems, we shall discuss how we can construct such schemes. In the following
subsections, we show two possible approaches to construct the numerical �ow �h.
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4.2.1 Splitting method

The presentation in this section follows [6, Ch. 4.2].
Assume that the Hamiltonian H can be split into n Hamiltonian functions Hi , i = 1; : : : ; n ,
such that:

H(y) = H 1(y) + : : : + H n (y); 8y 2 
 (4.7)

Consider the n vector �elds de�ned by Hi :

_y = J �1 rH i (y) (4.8)

Suppose that for each vector �eld the exact �ow 'h;i can be calculated explicitly.

Let us de�ne the numerical �ow � h as a composition of the exact �ows of the subsystems 'h;i .
Since the exact �ow of a Hamiltonian system is symplectic, and the composition of symplectic
maps is also symplectic, the resulting numerical integrator �h is symplectic regardless of the
composition. However, while the symplectic property is guaranteed for any composition, for
the map � h to be a valid numerical approximation of the original system H, speci�c conditions
must be met. The choice of the composition sequence and the time steps involved is governed
by the following requirements:

ˆ Consistency: The sequence of sub-steps must reconstruct the full evolution over time h.
This implies that for each subsystem Hi , the sum of the fractional time steps used in the
composition must equal the total step size h. Let f
i;j 2 R j j = 1; : : : ; m i g denote the
scaling coe�cients for the �ow ' h;i , where i = 1; : : : ; n. Then, the consistency condition
requires:

m iX

j=1


 i;j = 1; for all i = 1; : : : ; n:

This condition ensures that the method is at least �rst-order accurate.

ˆ Symmetry: To construct symmetric methods, the composition of the �ows must be
arranged in a palindromic sequence regarding both the choice of the vector �elds and
their time steps, meaning the method reads the same forwards and backwards.

More precisely, if the numerical �ow is de�ned as a composition of s sub-steps, then the
sequence of subsystems and the corresponding time-step coe�cients must mirror each
other around the midpoint of the composition. Satisfying this condition guarantees that
the method is symmetric.

Now we give two examples for concrete splitting methods.

Example 4.2.1 (Lie�Trotter splitting). The Lie�Trotter splitting represents the most straight-
forward composition scheme. Suppose, that H = H1 + : : : + H n , let:

� h = ' h;n � : : : � ' h;1 (4.9)

It can be easily seen that this composition does not satisfy the necessity conditions for symmetry.
An important property of every one-step method is its order of accuracy. The following theorem
shows that the Lie-Trotter is at least �rst-order, if the Hamiltonian functions are su�ciently
smooth.

Theorem 4.2.2 ([6, Ch. 4.2]). If the splitting H = H 1 + : : : + H n is such that every Hi is at
least twice continuously di�erentiable, then the method �h given by the Lie-Trotter method is
at least �rst-order.
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Example 4.2.3 (Strang-splitting). Suppose again that H = H 1 + : : : + H n . Let us de�ne the
numerical �ow as follows:

� h := ' h
2 ;1 � : : : � ' h

2 ;n�1 � ' h;n � ' h
2 ;n�1 � : : : � ' h

2 ;1: (4.10)

As we can see, the numerical �ow is symmetric; therefore, its order of accuracy is even, i.e., it
is at least of order 2.

In the speci�c case where n = 2, the Strang-splitting takes the form:

� h = ' h
2 ;1 � ' h;2 � ' h

2 ;1:

This method is widely known as the Störmer�Verlet method. We will dedicate Chapter 5 to
discussing this method in greater depth.

4.2.2 Methods based on generating functions

As established in Chapter 3, constructing canonical transformations by generating functions
o�ers a systematic way to derive symplectic integrators. Theorem 3.2.6 states that:a smooth
map � : (p; q) 7! (P; Q) is symplectic if and only if there exists a scalar function F (p; q) such
that the di�erential form P > dQ � p > dq = dF .

We can turn this theoretical existence into a constructive method, by expressing this gen-
erating function in terms of mixed variables (combining old and new coordinates). This allows
us to derive implicit equations for the numerical �ow.

As shown in Chapter 3, the transformation equations are:

ˆ Type 1 (F1(q; Q)):

p = �
@F1
@q

; P =
@F1
@Q

ˆ Type 2 (F2(q; P)):

p =
@F2
@q

; Q =
@F2
@P

(4.11)

ˆ Type 3 (F3(p; Q)):

q =
@F3
@p

; P =
@F3
@Q

: (4.12)

A geometric numerical method aims to approximate the exact time evolution of the system
from time t to t+h. Let (p; q) denote the numerical approximation at time t, and let (P; Q) =
� h(p; q) denote the approximation at time t +h. Consistency requires that for h = 0, the state
remains unchanged, meaning (P; Q) = (p; q) and thus �0 = Id. Consequently, for small time
steps h and f1, f2, the numerical �ow � h acts as a perturbation of the identity map:

�
P
Q

�
=

�
p
q

�

| {z }
Identity

+ h �
�

f1(p; q)
f2(p; q)

�

| {z }
Perturbation

+O(h 2):

Transformations of this form are referred to as near-identity maps. Our goal is to construct
symplectic numerical schemes that belong to this class of mappings.
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Lemma 4.2.4 ([4], Lemma 5.3). Consider a smooth mapping (p; q) 7! (P; Q) that is a near-
identity map.Then the mapping is symplectic if and only if there exists a suitable generating
function Fj , j = 1; 2; 3 such that one of the following relations regarding total di�erentials holds:

ˆ For mixed variables (P; q):

QT dP + p T dq = d(P T q + F 1(P; q))

ˆ For mixed variables (p; Q):

PT dQ + q T dp = d(p T Q � F 2(p; Q))

ˆ For midpoint variables:

(Q � q) T d(P + p) � (P � p) T d(Q + q) = 2 dF 3

�
P + p

2
;
Q + q

2

�

4.3 Comparison with non-symplectic methods

The presentation in this section follows [4, Ch. IX]. The proofs have been elaborated in greater
detail by the author.
In Section 4.1, we demonstrated through the example of the harmonic oscillator that the non-
symplectic Runge�Kutta 4 method introduces arti�cial energy dissipation. In contrast, the
symplectic Störmer�Verlet method preserves the Hamiltonian within a bounded region, fur-
thermore, the numerical simulation produced a closed trajectory, in agreement with the true
physical motion. In the next chapter we will present several further, more complex examples
in which the same qualitative phenomena can be observed. In this section, we explain the
underlying mechanism behind this behavior of symplectic methods using a powerful tool for
the analysis of numerical �ows: Backward Error Analysis.

In the previous example, the numerical trajectory appeared to coincide with the trajectory of
a slightly di�erent system, i.e., with that of a perturbed harmonic oscillator. Since a symplectic
method preserves the symplectic two-form and, as shown in Theorem 3.1.15, symplecticity
implies at least a locally Hamiltonian structure, it is natural to expect that the numerical
solution can be interpreted as the exact �ow of a nearby Hamiltonian system. This is the
informal idea behind modi�ed equations in the context of Hamiltonian systems. We now make
this precise for general autonomous di�erential systems.

De�nition 4.3.1 (Modi�ed Di�erential Equation). Let � h be the one-step map of a numerical
method applied to the autonomous di�erential equation

_y = f(y):

The modi�ed di�erential equation is de�ned as:

_~y = ~f h(~y) = f( ~y) +
1X

i=1

hi f i+1 (~y); (4.13)

constructed such that the exact �ow of this modi�ed system, denoted by ~'t (y), formally satis-
�es:

~' h(y) = � h(y): (4.14)
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Remark 4.3.2. It is important to note that, in general, the power series (4.13) does not
converge. However, for the sake of the theoretical derivation in the beginning of this section,
we will treat it as a convergent series. Later, we will demonstrate that by optimally truncating
this series, the di�erence between the �ow of the modi�ed system and the numerical �ow
becomes exponentially small with respect to the step size h.

Theorem 4.3.3 (Structure of the modi�ed equation). Assume that f is smooth and that the
one-step map of the numerical method admits a Taylor expansion

� h(y) = y + hf(y) +
1X

k=2

hkdk(y); (4.15)

with smooth coe�cient functions dk . If the method is of order p, then the (formal) modi�ed
equation can be written as

_~y = f( ~y) + h p� p+1 (~y) + h p+1 f p+2 (~y) + : : : ; (4.16)

where
� p+1 (y) := d p+1 (y) �

1
(p + 1)!

ep+1 (y); (4.17)

and ep+1 (y) denotes the (p + 1)-st elementary di�erential appearing in the Taylor expansion of
the exact �ow of _y = f(y).

Proof. We seek a formal modi�ed vector �eld of the form

~f h(y) = f (y) +
1X

j=2

hj�1 f j (y); (4.18)

such that its exact �ow ~' h satis�es ~' h(y) = � h(y) as a formal power series in h.
Expanding the �ow ~' h(y) in a Taylor series in time and repeatedly inserting_~y = ~f h(~y)

yields an expansion of the form

~' h(y) = y + hf(y) +
1X

k=2

hk
�

f k(y) + C k
�
f; f 2; : : : ; f k�1

�
(y)

�
: (4.19)

Here Ck(�) collects all contributions to the coe�cient of h k coming from the chain rule and from
lower-order terms, in particular, Ck depends only on f; f2; : : : ; f k�1 (and their derivatives), but
not on f k ; f k+1 ; : : :. Comparing (4.19) with the numerical expansion (4.15) and matching like
powers of h gives the recursive relations

f k(y) = d k(y) � C k
�
f; f 2; : : : ; f k�1

�
(y); k � 2: (4.20)

Next, consider the exact �ow ' h of the original system _y = f(y). Its Taylor expansion can
be written as

' h(y) = y + hf(y) +
1X

k=2

hk

k!
ek(y): (4.21)

Comparing (4.21) with the general form (4.19) in the special case f2 = � � � = f k�1 = 0 shows
that

Ck
�
f; 0; : : : ; 0

�
(y) =

1
k!

ek(y); k � 2: (4.22)

Assume now that � h is of order p. Then its expansion agrees with the exact �ow expansion
up to hp, which is equivalent to

dk(y) =
1
k!

ek(y); k = 2; : : : ; p: (4.23)
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We prove by induction that f 2 = � � � = f p = 0.
For k = 2, (4.20) together with (4.22) and (4.23) yields

f 2(y) = d 2(y) � C 2(f )(y) =
1
2!

e2(y) �
1
2!

e2(y) = 0:

Assume f2 = � � � = f k�1 = 0 for some 3 � k � p. Then (4.20), (4.22) and (4.23) give

f k(y) = d k(y) � C k
�
f; 0; : : : ; 0

�
(y) =

1
k!

ek(y) �
1
k!

ek(y) = 0:

Thus f 2 = � � � = f p = 0.
Finally, inserting f 2 = � � � = f p = 0 into (4.20) at k = p + 1 yields

f p+1 (y) = d p+1 (y) � C p+1
�
f; 0; : : : ; 0

�
(y) = d p+1 (y) �

1
(p + 1)!

ep+1 (y) = � p+1 (y);

which is exactly (4.17). Substituting this into (4.18) gives the claimed structure (4.16).

As we have already noted in Remark 4.3.2 that the modi�ed equation generally can not be
expected to converge. Therefore we introduce the truncated modi�ed equation, that is:

_~y = f( ~y) + hf 2(~y) + : : : + h N�1 f N (~y): (4.24)

We denote the truncated modi�ed vector �eld by ~f N , where ~f N (y) = f (y) +
P N

j=2 hj�1 f j (y):

Theorem 4.3.4. For any N 2 N there exists a modi�ed vector equation

_~y = f( ~y) + hf 2(~y) + : : : + h N�1 f N (~y);

such that its �ow satis�es
� h(y) = ~' h(y) + O(h N+1 ): (4.25)

Proof. Fix N 2 N. In the proof of Theorem 4.3.3 we derived the general �ow expansion

~' h(y) = y + hf(y) +
1X

k=2

hk
�

f k(y) + C k(f; f 2; : : : ; f k�1 )(y)
�

; (4.26)

and the coe�cient matching rule

f k(y) = d k(y) � C k
�
f; f 2; : : : ; f k�1

�
(y); k � 2; (4.27)

where Ck depends only on lower-order terms.
Denote the �ow of the modi�ed vector �eld ~f N with ~' h;N . Expanding ~' h;N up to order N

(similarly as in (4.26)) yields

~' h;N (y) = y + hf(y) +
NX

k=2

hk
�

f k(y) + C k(f; f 2; : : : ; f k�1 )(y)
�

+ O(h N+1 ):

On the other hand, by assumption the numerical map admits the expansion

� h(y) = y + hf(y) +
NX

k=2

hkdk(y) + O(h N+1 ):

Choosing f2; : : : ; f N recursively by (4.27) for k = 2; : : : ; N makes all coe�cients up to hN

coincide, hence
� h(y) � ~' h;N (y) = O(h N+1 ):
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Following the discussion of backward error analysis for autonomous systems, we turn back to
the speci�c case of Hamiltonian dynamics. We have seen that the symplectic structure is a
de�ning feature of these systems, and its preservation is essential for capturing the correct
physics.
In the context of backward error analysis, we demonstrated that a numerical method solves a
'nearby' modi�ed problem. However, mere proximity to the original vector �eld is not enough.
If the modi�ed equation is not Hamiltonian, the fundamental geometric structure is lost. This
can result in unstable or unrealistic behavior over long integration times, for instance, by
introducing arti�cial damping or energy accumulation into a conservative system.

We now show that this can be avoided by employing a symplectic numerical map.

Theorem 4.3.5. Let D � R 2d be a simply connected, open set. Let H : D ! R be a smooth
function on D, and apply a symplectic numerical map �h. Then the truncated modi�ed equation
(4.24) de�nes a Hamiltonian system for every N 2 N.

Proof. We prove by induction that for every N, there exist functions Hj : D ! R such that
f j = J �1 rH j for j = 1; : : : ; N. From this, it follows that the system de�ned by the truncated
modi�ed equation is Hamiltonian.
For N = 1 we simply have

f 1(y) = J �1 rH(y);

which is Hamiltonian by assumption.
Assume that the statement holds for some k 2 N. That is, the truncated vector �eld of

order k is Hamiltonian:

_~y = J �1 r
�
H( ~y) + hH 2(~y) + : : : + h k�1 Hk(~y)

�
= J �1 r ~Hk(~y):

Let ~' h;k denote the �ow of this vector �eld. Since the system is Hamiltonian, ~'h;k is a symplectic
map.
The numerical map � h matches this �ow up to order k, so the di�erence appears at the (k+1)-th
power of h:

� h(y) = ~' h;k (y) + h k+1 f k+1 (y) + O(h k+2 );

where fk+1 is the (k + 1)-th modifying function. Di�erentiating with respect to y, we get:

� 0
h(y) = ~' 0

h;k (y) + h k+1 f 0
k+1 (y) + O(h k+2 ): (4.28)

Using the fact that ~' 0
h;k (y) = I + O(h), and applying the symplectic condition (	 T J	 = J) to

both � h and ~' h;k , we expand the term �0T
h J� 0

h:

J = � 0
h(y) T J� 0

h(y)

=
�

~' 0
h;k + h k+1 f 0

k+1

� T
J

�
~' 0

h;k + h k+1 f 0
k+1

�
+ O(h k+2 )

= ~' 0T
h;k J ~' 0

h;k + h k+1
�

~' 0T
h;k Jf 0

k+1 + (f 0
k+1 )T J ~' 0

h;k

�
+ O(h k+2 )

= J + h k+1
�
Jf 0

k+1 (y) + f 0
k+1 (y) T J

�
+ O(h k+2 ):

(4.29)

Subtracting J and dividing by hk+1 , then letting h ! 0, we �nd that:

Jf 0
k+1 (y) + f 0

k+1 (y) T J = 0:

After rearranging we obtain:

Jf 0
k+1 (y) = �f 0

k+1 (y) T J = (f 0
k+1 (y) T J T )T = (Jf 0

k+1 (y)) T :
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Thus, the matrix Jf 0
k+1 (y) is symmetric. Since D is simply connected, the Poincaré Lemma

ensures the existence of a scalar function Hk+1 : D ! R such that

Jf k+1 (y) = rH k+1 (y);

or equivalently fk+1 = J �1 rH k+1 . This completes the induction.

We have arrived at one of the most important properties of symplectic numerical integrators:
a symplectic map conserves the energy of the original Hamiltonian system with a bounded
error. The following estimate generalizes [3, Thm. 5.1], where the result was established for the
second-order Störmer�Verlet method, to symplectic integrators of arbitrary order p.

Corollary 4.3.6 (Long-term energy conservation). Consider a Hamiltonian system with a
smooth Hamiltonian H : 
 ! R, and apply a symplectic numerical method of order p. Assume
that the numerical trajectory (yn ) remains within a compact set K � 
. Then, for the energy
along the numerical trajectory, the following estimate holds:

jH(y n ) � H(y 0)j � Ch p + C N hN t; (4.30)

where N 2 N is arbitrary, and 0 � t = nh � h �N . C and CN are independent of h and t.

Proof. Consider the truncated modi�ed equation obtained by truncating the series after the
N-th term. From Theorem 4.3.5, we know that this modi�ed vector �eld is Hamiltonian. Let
~H denote the Hamiltonian of this truncated system.

Since the numerical method is of order p, Theorem 4.3.3 implies that the modi�ed Hamil-
tonian is close to the original one:

jH(y) � ~H(y)j � C(y)h p; (4.31)

, where C(y) is a constant depending on y. Let CK := supy2K C(y). Using the triangle
inequality, we write the total energy error at step n:

jH(y n ) � H(y 0)j � jH(y n ) � ~H(y n )j
| {z }

�C K hp

+j ~H(y n ) � ~H(y 0)j + j ~H(y 0) � H(y 0)j
| {z }

�C K hp

: (4.32)

Now we estimate the middle term, that is the drift in the numerical energy. We write it as
a sum of local increments in the energy:

j ~H(y n ) � ~H(y 0)j �
n�1X

i=0

j ~H(y i+1 ) � ~H(y i )j: (4.33)

Since ~H is an invariant of the �ow ~' h, we have ~H(y i ) = ~H( ~' h(y i )). Substituting this into the
sum:

j ~H(y i+1 ) � ~H(y i )j = j ~H(� h(y i )) � ~H( ~' h(y i ))j:

According to Theorem 4.3.4, the local error between the numerical �ow �h and the �ow of the
truncated modi�ed equation ~' h is O(hN+1 ), i.e.:

k� h(y) � ~' h(y)k = O(h N+1 ):

Let K � � 
 be a compact set, such that K � K � and ~' h(K) � K � . Since ~H is continuously
di�erentiable, there exists and LN := supK �

jjr ~Hjj, such that:

j ~H(u) � ~H(v)j � L N jju � vjj; 8u; v 2 K �
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Using this property together with the local error estimate we have:

j ~H(� h(y i )) � ~H( ~' h(y i ))j � L N � K N � hN+1 :

Denote with CN := L N � K N and substitute this into the sum (4.33):

j ~H(y n ) � ~H(y 0)j �
n�1X

i=0

CN hN+1 = n � C N hN+1 :

Using the relation t = nh, we rewrite this as:

j ~H(y n ) � ~H(y 0)j � C N hN t:

Finally, substituting this and the estimates from (4.31) back into (4.32), we obtain:

jH(y n ) � H(y 0)j � Ch p + C N hN t:

Where C = 2CK

Remark 4.3.7. At �rst glance, choosing a large truncation index N seems bene�cial, as it
extends the time interval on which the energy error remains small (in case h < 1. However,
the constants CN grow factorially with N, so increasing N inde�nitely does not improve the
estimate. For a �xed step size h, there exists an optimal truncation index N(h) that minimizes
the error bound. This motivates the following analysis, where, under analyticity assumptions,
an exponentially small energy error can be achieved.

Throughout this discussion, we focus on autonomous Hamiltonian systems, but the approach
can be extended to any autonomous system satisfying the conditions below.

De�nition 4.3.8. Let D � C 2d be an open set. A function F : D ! C m is analytic if for every
y0 2 D there exists an R > 0 such that BR(y 0) � D, and for every z 2 B R(y 0), the function
F (z) can be expanded into a convergent Taylor series.

Let 
 � R 2d be the phase space. Consider the extension of the function J�1 rH to the
complex space C2d. Assume that for some y0 2 
 and R > 0, the function J �1 rH is analytic
and bounded by M on the complex ball B2R(y 0). Then according to Hairer et al. [4], the
coe�cient functions d k(y) of � h in BR(y 0) are analytic and bounded:

jjdk(y)jj � C d � � k�1
d ; 8y 2 B R(y 0): (4.34)

Furthermore the modifying functions fk of the modi�ed di�erential equation are also bounded
on the ball BR

2
(y 0):

jjf k(y)jj � C f � (� f k)k�1 ; 8y 2 B R
2
(y 0): (4.35)

Here Cd; Cf ; � d; � f are constants depending on the numerical integrator, the bound M and on
the radius R.

If the above properties and conditions hold (note that when J�1 rH is analytic and bounded
on D then the others are implied) then the following statement on the local error can be stated:

Remark 4.3.9. We only use the qualitative consequence of analyticity (geometric bounds on
the coe�cients and hence an exponentially small optimal truncation error). Sharper quantita-
tive estimates and complete proofs are available in [4, Ch. IX].
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Theorem 4.3.10. Fix y 0 2 
 and assume the above analyticity and boundedness conditions
hold on B2R(y 0). Then there exist constants C > 0 and h0 > 0, independent of h (but depending
on M, R and on the chosen integrator), such that if h � h0

4 , then there exists an optimal
truncation index N(h) 2 N for which

k� h(y 0) � ~' N;h (y 0)k � hCe � h 0
h : (4.36)

These conditions and bounds enable us to formulate and prove the following theorem on the
global energy error. This theorem constitutes one of the strongest arguments for symplectic
methods when modeling Hamiltonian systems.

Theorem 4.3.11 (Energy error under analyticity). Let y 0 = J �1 rH(y) on 
 � R 2d with
real-analytic H. Assume:

1. the Hamiltonian H extends complex-analytically to an open complex neighbourhood CK �
C2d of a compact set K � 
,

2. � h is a symplectic method of order p,

3. the numerical trajectory yn+1 = � h(yn ) satis�es yn 2 K for all n under consideration.

Then there exist h0; C > 0 and, for each 0 < h � h 0, an optimal truncation index N(h) and a
truncated modi�ed Hamiltonian ~HN such that

~HN (yn ) � ~HN (y0) = O(e �h 0=(2h) ) (4.37)

H(y n ) � H(y 0) = O(h p); (4.38)

uniformly for all n with nh � exp
�

h0
2h

�
.

Proof. Let � := dist(K; @CK ) > 0 and let R := �
2 . Then we have for any y 2 K:

B2R(y) � C K :

Since J�1 rH is analytic on C K it is trivially analytic on this ball. Consider the union of these
balls

K 2R :=
[

y2K

B2R(y)

, since K2R is the Minkowski-sum of two compact sets (K andB2R(0)) it is also compact.
Furthermore K2R � C K And because J�1 rH is analytic here it is also bounded . Denote with

M := sup
y2K 2R

jjJ �1 rH(y)jj

.
These constants M and R are independent of y and satisfy the previously mentioned conditions
for Theorem 4.3.10.Hence we have an h0 > 0 with which we have for every h � h0

4 an optimal
truncation index N(h) := N , such that

jj� h(y) � ~' N;h (y)jj � hCe � h 0
h ; 8y 2 K;

, where ~' N;h is the �ow of the truncated modi�ed di�erential equation.

From Theorem 4.3.5 we have that the truncated modi�ed equation de�nes a Hamiltonian sys-
tem, i.e.:

_~y = J �1 r ~HN (y) = J �1 r
�
H(y) + h pHp+1 (y) + : : : + h N�1 HN (y)

�
:
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Now M and R also satisfy the conditions for the boundedness of the coe�cients of the modi�ed
equation, that is for

K R
2

:=
[

y2K

B R
2
(y)

we have
jjJ �1 rH k(y)jj � C f (� f k)k�1 ; k = p + 1; : : : ; N; 8y 2 K R

2
: (4.39)

Choose h > 0 such that hCe�
h 0
h < R

2 . Then because the numerical trajectory (yn ) � K , we
have that ( ~' N;h (y n )) � K R

2
.

Let y i be an arbitrary point of the numerical trajectory then because the ball BR
2
(� h(y i )) is

convex the following bound holds:

j ~HN (� h(y i )) � ~HN ( ~' N;h (y i ))j � sup
u2B R

2
(� h (y i ))

jjr ~HN (u)jj � jj� h(y i ) � ~' N;h (y i )jj:

B R
2
(� h(y i )) � K R

2
for every yi , therefore with

L := sup
K R

2

jjr ~HN jj

the previous bound can be reformulated as:

j ~HN
�
� h(y i )

�
� ~HN

�
~' N;h (y i )

�
j � Ljj� h(y i ) � ~' N;h (y i )jj;

for every yi .
The optimal truncation index N = N(h) is such that h� f N � 1

e (see Hairer et. al. [4]).
Using this we have in KR

2
:

jjr ~HN (y)jj � jjrH(y)jj +
NX

k=p+1

hk�1 jjrH k(y)jj

� M +
NX

k=p+1

Cf (h� f k)k�1 � M + C f

NX

k=p+1

� 1
e

� k�1

� M + C f

1
ep

1 � 1
e

:= L

Now writing the energy error ~H(y n ) � ~H(y 0) as a telescopic sum and using the above bounds
and the fact that the �ow ~' N;h preserves the Hamiltonian~HN we obtain

�
�
� ~HN (y n ) � ~HN (y 0)

�
�
� �

nX

i=1

j ~HN (y i ) � ~HN (y i�1 )j

=
nX

i=1

j ~HN
�
� h(y i�1 )

�
� ~HN

�
~' N;h (y i�1 )

�
j

�
nX

i=1

L k� h(y i�1 ) � ~' N;h (y i�1 )k

� nLhC � e � h 0
h � LC � e � h 0

2h :

In the last inequality we made use of the condition that nh � e
h 0
2h .This concludes our proof

for the truncated modi�ed Hamiltonian ~HN .
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From Theorem 4.3.5 we have:

~HN (y) � H(y) = h pHp+1 (y) + : : : + h N�1 HN (y):

One can show that j~HN (y) � H(y)j = O(h p) uniformly on K, see [4, Thm. 8.1] for details. The
estimate for the original Hamiltonian then follows from the triangle inequality:

jH(y n ) � H(y 0)j � jH(y n ) � ~HN (y n )j
| {z }

= O(h p )

+ j ~HN (y n ) � ~HN (y 0)j
| {z }

= O(e �h 0=2h )

+ j ~HN (y 0) � H(y 0)j
| {z }

= O(h p )

= O(h p):
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Chapter 5

The Störmer�Verlet method

In this chapter, we present one of the most widely used symplectic numerical schemes applied
when modeling Hamiltonian systems. Using the theorems and claims discussed in previous
chapters, we will present certain properties of the method. Finally, we will simulate di�erent
Hamiltonian systems at the end of this chapter.

5.1 Derivation of the method

Consider the 2d-dimensional autonomous Hamiltonian system

_p = �
@H(p; q)

@q
; _q =

@H(p; q)
@p

:

Given a time interval [t0; T ], denote with t0; t1; : : : ; tN := T the uniform discretization of the
interval, with a time step h = t 1 � t 0. Furthermore, denote with pn and qn the numerical
approximation of the system state at time tn . For brevity, we will use the gradient notation
r qH := @H

@q and r p H := @H
@p.

Introduce intermediary half-step time points for every n = 0; 1; : : : ; N � 1: t n+ 1
2

:= t n + h
2 .

Assuming the approximations (pn ; qn ) are known (for n = 0 these correspond to the initial
conditions), we �rst compute pn+ 1

2
. To achieve this, we approximate the derivative of p at

time tn+ 1
2

using the backward di�erence quotient:

�r qH(p n+ 1
2
; qn ) �

pn+ 1
2

� p n

h
2

:

Rearranging this equation yields the intermediary step for p:

pn+ 1
2

= p n �
h
2

r qH(p n+ 1
2
; qn ):

Next, we approximate the integral of_q over the interval [tn ; tn+1 ] using the trapezoidal rule,
evaluated with the updated momentum pn+ 1

2
:

qn+1 � q n �
h
2

�
r p H(p n+ 1

2
; qn ) + r p H(p n+ 1

2
; qn+1 )

�
:

Reordering for qn+1 , we de�ne the position update as:

qn+1 = q n +
h
2

�
r p H(p n+ 1

2
; qn ) + r p H(p n+ 1

2
; qn+1 )

�
:
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Lastly, we approximate the derivative of p at tn+ 1
2

again, but this time using the forward
di�erence quotient and the newly computed position qn+1 :

�r qH(p n+ 1
2
; qn+1 ) �

pn+1 � p n+ 1
2

h
2

:

Rearranging for pn+1 gives the �nal momentum update:

pn+1 = p n+ 1
2

�
h
2

r qH(p n+ 1
2
; qn+1 ):

This derivation completes the standard p-�rst formulation of the Störmer�Verlet method:

pn+ 1
2

= p n �
h
2

r qH
�

pn+ 1
2
; qn

�
;

qn+1 = q n +
h
2

�
r p H

�
pn+ 1

2
; qn

�
+ r p H

�
pn+ 1

2
; qn+1

��
;

pn+1 = p n+ 1
2

�
h
2

r qH
�

pn+ 1
2
; qn+1

�
:

(5.1)

We note that, in general, this method is implicit. Alternatively, the method can be formulated
by �rst advancing the position variables q by a half-step, which yields the following q-�rst
formulation

qn+ 1
2

= q n +
h
2

r p H
�

pn ; qn+ 1
2

�
;

pn+1 = p n �
h
2

�
r qH

�
pn ; qn+ 1

2

�
+ r qH

�
pn+1 ; qn+ 1

2

��
;

qn+1 = q n+ 1
2

+
h
2

r p H
�

pn+1 ; qn+ 1
2

�
:

(5.2)

5.2 Explicit and implicit forms

Whether a method is explicit or implicit is of fundamental importance. Applying an implicit
numerical scheme requires solving a system of equations with an additional method. This can
signi�cantly increase the time and computational complexity of a simulation.

As we have seen, the Störmer�Verlet integration is generally an implicit method. However,
if the Hamiltonian system is separable(De�nition 2.1.10), that is, if H(p; q) = T (p) + V (q),
the method becomes explicit. Indeed, di�erentiating H with respect to p and with respect to
q we obtain

r qH(p; q) = rV (q); r p H(p; q) = rT (p):

Substituting into (5.1), we obtain the explicit Störmer�Verlet scheme:

pn+1=2 = p n �
h
2

rV (q n )

qn+1 = q n +
h
2

�
rT (p n+1=2 ) + rT (p n+1=2 )

�
= q n + hrT (p n+1=2 )

pn+1 = p n+1=2 �
h
2

rV (q n+1 )
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5.2.1 Solving the implicit Störmer�Verlet scheme

When simulating Hamiltonian systems whose Hamiltonian is non-separable, meaning the ki-
netic energy depends on the position or the potential energy depends on the momenta, the
explicit scheme is no longer applicable.

In both the p-�rst and q-�rst formulations, the �rst half-step and the subsequent full step
are implicit, as they require evaluating the gradient at the yet unknown state. To resolve this,
we reformulate each implicit equation as a root-�nding problem R(x) = 0 and apply Newton's
method to solve it iteratively. At each iteration step, this requires solving a linear system of
the form JR � �x = R(x k), where JR denotes the Jacobian of R. In the case of the p-�rst
formulation (5.1), the implicit equation for pn+ 1

2
reads:

R(p) = p � p n +
h
2

r qH(q n ; p) = 0;

with Jacobian

JR = I +
h
2

@2H
@p @q

:

The implicit equation for qn+1 is the following:

R(q) = q � q n �
h
2

�
r p H(p n+ 1

2
; qn ) + r p H(p n+ 1

2
; qn+1 )

�
= 0;

with Jacobian

JR = I �
h
2

@2H
@p @q

:

In the separable case H = T(p)+V (q), the mixed partial derivative vanishes, giving JR = I,
and Newton's method converges in a single step, thus giving the explicit scheme.

These additional computations increase both the time complexity and the implementation
e�ort of the simulation. In contrast, the explicit scheme requires only the state (pn ; qn ) at the
current time step and a direct evaluation of rqH and r p H at known quantities.

5.3 Properties: Accuracy, Stability, and Energy Behavior

In this section, we establish the fundamental properties of the Störmer�Verlet method, begin-
ning with the proof of its symplecticity. To do that, we introduce two formulations of the
symplectic Euler method, given by

pn+1 = p n � h r qH(p n+1 ; qn );

qn+1 = q n + h r p H(p n+1 ; qn );
(5.3)

and
qn+1 = q n + h r p H(p n ; qn+1 );

pn+1 = p n � h r qH(p n ; qn+1 ):
(5.4)

Let � A
h and � B

h denote the numerical one-step maps associated with formulations (5.3) and
(5.4), respectively. The Störmer�Verlet method can be constructed by composing these two
maps with a half-step sizeh

2 . We demonstrate this derivation for the p-�rst formulation.
Applying � A

h=2 to the initial state (p n ; qn ) yields the intermediate values

pn+ 1
2

= p n �
h
2

r qH(p n+ 1
2
; qn );

qn+ 1
2

= q n +
h
2

r p H(p n+ 1
2
; qn ):
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Subsequently, applying �Bh=2 to the intermediate state (pn+ 1
2
; qn+ 1

2
) results in

qn+1 = q n+ 1
2

+
h
2

r p H(p n+ 1
2
; qn+1 );

pn+1 = p n+ 1
2

�
h
2

r qH(p n+ 1
2
; qn+1 ):

Substituting the expression for qn+ 1
2

into the equation for qn+1 , we obtain

qn+1 = q n+ 1
2

+
h
2

r p H(p n+ 1
2
; qn+1 ) = q n +

h
2

�
r p H(p n+ 1

2
; qn ) + r p H(p n+ 1

2
; qn+1 )

�
:

This provides the correct update step for the position vector.The update formulas for pn+ 1
2

and
pn+1 follow directly from applying � A

h=2 and � B
h=2 respectively, completing the derivation.

Next, we show that the symplectic Euler method is indeed symplectic,from which it directly
follows that their composition Störmer�Verlet method is also symplectic.

Claim 5.3.1. The numerical methods de�ned by (5.3) and (5.4) are symplectic.

Proof. De�ne the Type-2 generating function (4.11) as

F2(p n+1 ; qn ) = p T
n+1 qn + hH(p n+1 ; qn ):

The transformation equation for pn given by F2 is

pn =
@F2
@qn

= p n+1 + hr qH(p n+1 ; qn ):

Rearranging this for pn+1 yields

pn+1 = p n � h r qH(p n+1 ; qn ):

Furthermore, the equation for qn+1 is

qn+1 =
@F2

@pn+1
= q n + hr p H(p n+1 ; qn ):

As can be seen, these expressions for pn+1 and qn+1 match the equations of the symplectic Euler
method 5.3. According to Theorem (3.2.6), this implies that the method (5.3) is symplectic.

Next, we de�ne the Type-3 generating function as F3(p n ; qn+1 ) = p T
n qn+1 � hH(p n ; qn+1 ): The

corresponding transformation equations are

q =
@F3
@p

; P =
@F3
@Q

:

Following a similar deduction, we obtain the equations for qn+1 and pn+1 de�ned by (5.4).
Therefore, by Theorem (3.2.6), it follows that the method is indeed symplectic.

Corollary 5.3.2. The Störmer�Verlet method is symplectic.

Proof. As we have seen, the one-step map of the Störmer�Verlet method, �SV
h , can be written

as the composition �Ah
2

� � B
h
2

or � B
h
2

� � A
h
2
. In either case, since the composition of symplectic

maps is symplectic, the map �SV
h is symplectic.

Now we establish the order of the Störmer�Verlet method. To achieve that �rst we show
that the method is symmetric.
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Claim 5.3.3 (Symmetry of the Störmer�Verlet method). The Störmer�Verlet method is sym-
metric, i.e. its one-step map satis�es (�SV

h )�1 = � SV
�h :

Proof. We will prove this result for the p-�rst implementation, the q-�rst version can be proved
in the exact same manner.

Applying the method to (pn+1 ; qn+1 ) with time-step �h yields

pn+ 1
2

= p n+1 +
h
2

r qH(p n+ 1
2
; qn+1 );

qn = q n+1 �
h
2

�
r p H(p n+ 1

2
; qn+1 ) + r p H(p n+ 1

2
; qn )

�
;

pn = p n+ 1
2

+
h
2

r qH(p n+ 1
2
; qn ):

Rearranging the above equations leads to

pn+ 1
2

= p n �
h
2

r qH(p n+ 1
2
; qn );

qn+1 = q n +
h
2

�
r p H(p n+ 1

2
; qn ) + r p H(p n+ 1

2
; qn+1 )

�
;

pn+1 = p n+ 1
2

�
h
2

r qH(p n+ 1
2
; qn+1 ):

Since starting from (pn+1 ; qn+1 ) with time step �h yields algebraic equations identical to
those for (pn ; qn ) with time step h, we conclude that (� SV

h )�1 = � SV
�h :

Theorem 5.3.4. The general order of the Störmer�Verlet method is 2.

Proof. First, we establish that the method is of even order. This is a direct consequence of
the method's symmetry and Theorem 4.1.4. Therefore, the general order must satisfy p 2
f2; 4; 6; : : : g.

To establish an upper bound, we now consider a speci�c Hamiltonian system for which the
Störmer�Verlet method restricts to a second-order approximation. Hence, the methods order
must be p � 2. This, together with the previous result, implies that the order is exactly 2.

Consider the example of the harmonic oscillator, introduced in Chapter 2, with spring
constant D = 1 and mass m = 1. Thus, the Hamiltonian of the system is

H(p; q) =
1
2

p2 +
1
2

q2:

According to Equation (2.7) the equations of motion are

_p = �q; _q = p:

The exact solution for initial condition (p0; q0) 2 R 2 is

q(t) = q0 cos(t) + sin(t);

p(t) = p 0 cos(t) � q 0 sin(t);

Applying the p-�rst version of the method starting from the exact initial conditions (q(t0); p(t0))
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with step size h yields the numerical approximation (q1; p1) at time h:

p1
2

= p(t 0) �
h
2

q(t0);

q1 = q(t 0) +
h
2

�
2p1

2

�
= q(t 0) + hp(t 0) �

h2

2
q(t0);

p1 = p 1
2

�
h
2

q1 = p(t 0) �
h
2

�
q(t0) + q(t 0) + h(p(t 0) �

h
2

q(t0))
�

= p(t 0) � hq(t 0) �
h2

2
p(t0) +

h3

4
q(t0):

Expanding p(t) around t0 into a Taylor series we obtain

p(t0 + h) = p(t 0) + h _p(t0) +
h2

2
•p(t) +

h3

6
p(3) (t 0) + O(h 4)

= p(t 0) � hq(t 0) �
h2

2
p(t) +

h3

6
q(t) + O(h 4):

Subtracting p1 gives

p(t0 + h) � p 1 =
�1
12

h3q(t) + O(h 4) = O(h 3):

Second, we expand q(t) into a Taylor series, again around t0

q(t0 + h) = q(t 0) + h _q(t0) +
h2

2
•q(t 0) + O(h 3)

= q(t 0) + hp(t 0) �
h2

2
q(t0) + O(h 3):

Subtracting q1 gives
q(t0 + h) � q 1 = O(h 3):

We conclude that the local error is

" loc(t; h) = O(h 3):

This demonstrates that the local error for this speci�c system is O(h3). Consequently, the
general order of the method cannot exceed 2. Since the method is symmetric and must have
an even order, we conclude that the Störmer�Verlet method is exactly of order 2.

As an immediate consequence of the order result above, we can now apply the general theory
developed in Chapter 4 to the Störmer�Verlet method speci�cally.

Since the order of the Störmer�Verlet is p = 2, Corollary 4.3.6 implies that when the
Hamiltonian H is smooth we have for energy error the following bound over polynomial time.

Corollary 5.3.5.
jH(y n ) � H(y 0)j � Ch 2 + C N hN t;

where 0 � t � h �N .

Remark 5.3.6. However, we emphasize that increasing N inde�nitely does not improve the
estimate. Although hN ! 0 as N ! 1, in case h < 1, the constant C N starts to grow
factorially beyond the optimal truncation index N(h). Thus, the bound diverges and becomes
meaningless.
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Furthermore, applying the general result of Theorem 4.3.11 to the Störmer�Verlet method
yields the following energy error bound over an exponentially long time interval.

Corollary 5.3.7. Under the assumptions of Theorem 4.3.11 numerical energy of the Störmer�
Verlet method satis�es

H(y n ) � H(y 0) = O(h 2);

where n is such that nh � exp(h0
2h ):

5.4 Applications and examples

5.4.1 Kepler problem

In Section 2.2.2, we brie�y introduced the Kepler problem. We recall the Hamiltonian function
of the system,

H(p; q) =
jpj 2

2�
�

C
jqj

;

which yields the following equations of motion

_p = �
C

jqj 3 q; _q =
p
�

:

We now turn to the numerical modeling of the problem by explicitly formulating the
Störmer�Verlet method for the Kepler system. We note that the Hamiltonian is separable,
therefore the equations take the simpler, explicit form:

pn+ 1
2

= p n �
h
2

C

jqn j3
qn ;

qn+1 = q n + h
pn+ 1

2

�
;

pn+1 = p n+ 1
2

�
h
2

C

jqn+1 j3
qn+1 :

For the sake of visualization we will restrict our attention to the 2D case. To investigate the
long-term stability of the numerical solutions, we compare the Störmer�Verlet method against
the standard fourth-order Runge�Kutta method (RK4). For the numerical integration, we
utilize a �xed time step of h = 0:3. Instead of integrating over a hardcoded time interval, the
maximum simulation is determined dynamically based on the analytical period of the orbit
(simulating up to 500 periods). Furthermore, we implemented an event-driven termination
condition: the integration automatically stops if the Runge�Kutta method su�ers a numerical
explosion (de�ned as the numerical trajectory exceeding �ve times the semi-major axis).This
adaptive approach ensures accurate tracking of the instability regardless of the initial conditions.

In our simulation we choose both the masses m1; m2 and the attraction constant C to be
1. This yields the reduced mass � = 1

2 . We choose the initial relative position vector to be

q0 =
�

1:0
0:0

�
and we choose the initial conjugate momenta as p0 =

�
0:0
0:8

�
: Substituting these

initial values into the Hamiltonian yields

H(p 0; q0) = �0:36;

which implies an elliptic trajectory.
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First, we display the numerical trajectories of both integrators, speci�cally highlighting the
�rst and the �nal orbits of the simulation to illustrate the phase space behavior over time.

Figure 5.1: Comparison of numerical integration methods for the Kepler problem. The Störmer�
Verlet method (left) preserves the orbital geometry, with the faint grey lines illustrating the
full trajectory bounded within an annulus. In contrast, the Runge�Kutta method (right) loses
energy and spirals inward, ultimately su�ering a numerical explosion due to the singularity at
the origin.

For the speci�c case presented in 5.1 the numerical explosion of the RK4 method occured at
t � 1293:0, resulting in exactly n = 4310 steps. As observed in the �gure, before the failure, the
RK4 trajectory spirals inward and passes excessively close to the attracting center, which is a
singularity of the system. As the distance jqj approaches zero, the magnitude of the conjugate
momentum diverges to in�nity, and the potential energy causes the Hamiltonian to unbounded
negative values. This extreme growth overwhelms the �xed step-size h = 0:3 and initiates the
subsequent numerical explosion.

In contrast, the Störmer�Verlet method yields a globally stable numerical trajectory. Al-
though the RK4 method exhibits superior short-term accuracy�with its �rst numerical cycle
coinciding almost perfectly with the exact trajectory, whereas the Störmer�Verlet method in-
troduces a visible error even in the �rst cycle�this local precision is not preserved. The
Störmer�Verlet scheme, however, almost perfectly maintains the elliptic geometry of the orbit
over the entire simulation. Furthermore, as observed in the �gure, the full numerical trajectory
remains strictly bounded within a well-de�ned annulus, demonstrating its long-term geometric
conservation.

To complete the comparison of the two numerical schemes, we analyze the energy errors. We
can see in 5.2 that numerical energy of the Störmer�Verlet oscillates tightly around the exact
energy throughout the whole simulation. On the other hand, the RK4 method introduces
arti�cial energy dissipation continuously, which starts to be visible around t = 600. As we have
already mentioned, the numerical trajectory of the RK4 method neares the singularity around
time t � 1290, which initiates the sudden drop and the subsequent energy explosion as can be
seen in the �gure.

To complete the qualitative comparison of the two numerical schemes, we analyze the evolu-
tion of the absolute energy, as shown in Figure 5.2. The numerical energy of the Störmer�Verlet
method oscillates tightly around the exact initial value (H0 = �0:36) throughout the entire
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simulation. This bounded behavior is a direct mathematical consequence of its symplectic
nature. As established by the backward error analysis in 5.3.7, the numerical energy error
of the Störmer�Verlet method relative to the original Hamiltonian is bounded by O(h2) over
exponentially long time intervals. This theoretical behavior is visually con�rmed here in Figure
5.2.

In contrast, the non-symplectic RK4 method, despite its higher local order, introduces
arti�cial, continuous energy dissipation. This energy loss becomes visible around t � 600.
As discussed previously, the shrinking orbit eventually forces the trajectory too close to the
singularity at the attracting center around t � 1293, which initiates the severe energy drop and
the subsequent catastrophic divergence.

Figure 5.2: Absolute energy of the Störmer�Verlet method (blue) and of the fourth order Runge�
Kutta method (yellow). The numerical energy of the Störmer�Verlet method remains strictly
close to the exact energy (black dashed line), whereas the RK4 method steadily dissipates
energy, culminating in a severe drop and a subsequent catastrophic divergence to in�nity.

To conclude our analysis of the Kepler problem, we compute the Experimental Order of
Convergence (EOC) for the Störmer�Verlet method to empirically verify its theoretical second-
order accuracy. The underlying principle is to perform the simulation using an initial time
step h1 aand record the resulting energy error E1 at a �xed stopping time. Subsequently, the
process is repeated with a halved time step h2 = h1

2 , yielding a new error E2. According to
the previously established theorems, the global energy errors should be of order p,where p is
the order of the method. This implies that E1 � C � h p

1 and E2 � C � h p
2. Dividing the two

approximations, applying the natural logarithm to both sides, and solving for p we obtain

p �
ln(E 1) � ln(E 2)
ln(h1) � ln(h 2)

:

By successively re�ning the step-sizes, we expect the computed values of p to consistently
approximate 2.
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Step size (h) Max Relative Error (E) EOC (p)

0:4000 6:3218 � 10�2 �

0:2000 1:4453 � 10�2 2:1289

0:1000 3:5351 � 10�3 2:0316

0:0500 8:7891 � 10�4 2:0080

0:0250 2:1942 � 10�4 2:0020

0:0125 5:4837 � 10�5 2:0005

Table 5.1: Experimental Order of Convergence (EOC) for the Störmer�Verlet method applied
to the Kepler problem. As the step size h is successively halved, the computed order p converges
precisely to the theoretical value of 2.

As demonstrated by the results in Table 5.1, the computed order p approaches 2 as h
decreases. This empirical evidence aligns with the theoretical O(h2) error bound established in
Corollary 5.3.7. This concludes our numerical analysis of the Kepler problem.

5.4.2 Hénon-Heiles System

The Hénon-Heiles system describes the motion of a star in an axisymmetric galaxy. Using
cylindrical coordinates, let r denote the radial distance of the star from the axis of symmetry,
z its height above the galactic plane, and � the azimuthal angle (the angle between a reference
direction and the projection of the star's position onto the galactic plane). We assume that the
galaxy has cylindrical symmetry; that is, the gravitational potential depends only on r and z.
This independence from the angle � allows us to reduce the dynamics onto the two-dimensional
meridian plane.

Since neither the kinetic nor the potential energy explicitly depends on the angle �, we have
@T
@� = @V

@� = 0. It follows that @L
@� = @T

@� �
@V
@� = 0, i.e., the Lagrangian is invariant under rotations

around the z-axis. Hence, Corollary 2.3.8 implies that the projection of the angular momentum
onto the z-axis is a �rst integral.

The Hamiltonian of the system in cylindrical coordinates is

H(r; �; z; p r ; p� ; pz) =
p2

r

2
+

p2
�

2r2
+

p2
z

2
+ V (r; z);

where pr ; p� ; pz denote the corresponding components of the conjugate momenta. From the
previous reasoning, we have p� = L z = const. We de�ne the e�ective potential as Ve� (r; z) =
V (r; z) + L 2

z
2r 2 . Substituting this into the Hamiltonian yields

H(r; z; p r ; pz) =
p2

r

2
+

p2
z

2
+ Ve� (r; z):

This completes the reduction to the meridian plane. In the following, we will use the notation
q1 = r; q 2 = z and p1 = p r ; p2 = p z.

In the standard formulation of the Hénon�Heiles problem Lz = 0. Then the e�ective
potential simpli�es to the following form

Vef f (q1; q2) = V (q1; q2) =
1
2

(q2
1 + q2

2) + �
�

q2
1q2 �

1
3

q3
2

�
;

where � is some arbitrary constant scaling the nonlinear perturbation.
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If � = 0, the Hamiltonian becomes H(p1; p2; q1; q2) = 1
2
(p2

1 + p2
2) + 1

2
(q2

1 + q2
2). Thus, the

system reduces to a two-dimensional harmonic oscillator, which is integrable and has a known
analytic solution (see Subsection 2.2.1). In their seminal article, Michel Hénon and Carl Heines
[5] investigated the possible existence of a third constant of motion in stellar dynamics. Their
work has since become a cornerstone of nonlinear dynamics and deterministic chaos. In this
thesis, following their original approach, we set the scaling parameter to � = 1.

First, we explore the numerical trajectories in the configuration space R2. To understand
these dynamics, we first examine the underlying topology of the physical structure, as illustrated
in Figure 5.3. The potential V (q1; q2) forms a central “potential well” surrounded by three saddle
points and three open valleys (escape channels) where the potential diverges to �1. The height
of these saddle points determines a critical total energy level, Ecrit = 1

6�2 . Since we set � = 1,
this critical energy is Ecrit = 1

6
. The equipotential curve at exactly V = 1

6
(highlighted in red in

Figure 5.3) forms a closed equilateral triangle that connects the three saddle points. Because
the kinetic energy is strictly non-negative, a particle can only move in regions where its total
energy H is greater than or equal to the local potential V (H � V ). This results in two,
fundamentally different long-term behavior of the trajectories:

Bounded Motion
�
H � 1

6

�
: If the initial position q0 is inside the triangular region and the

initial momenta p0 yield a total energy H � 1
6
, the trajectory is permanently trapped.

The particle does not have sufficient energy to cross the saddle points, and due to the
conservation of energy, the motion remains bounded within the potential well forever.

Unbounded Motion
�
H > 1

6

�
: If the total energy exceeds the critical threshold

�
H > 1

6

�
, the

bounding triangle “opens up” at its vertices. The potential barrier is breached. While
the particle may exhibit complex, transient chaotic motion within the central region for
some time, the configuration space is no longer closed. Consequently, with probability 1,
the trajectory will eventually exit through one of the three escape channels, accelerating
towards infinity as V ! �1. This immediate divergence also occurs if the initial position
q0 is chosen outside the bounded region.

Figure 5.3

We proceed with the numerical integration of the trajectory from a given initial point.
Again, we compare the long-term behavior of the Störmer–Verlet method and the fourth–order
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