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Chapter 1

Introduction

Elliptic curves lie at the intersection of the fields algebra and geometry. They are a geo-
metric set equipped with an algebraic structure. It is the next case after the more or less
understood linear and quadratic equations in Diophantine geometry.

One of the most widespread application of elliptic curves is cryptography. One of the
advantages of elliptic curve based cryptography, that we can reach the same security with
less bits, than RSA.

The Diffie-Hellman key exchange protocol is used to generate shared secrets for further
communication. It is based on the assumption that the discrete logarithm problem, given a
generator of a group and an element, determine which power should we raise the generator
to get the element, is hard. In the protocol, the two parties agree on a public group and
generator, generate a random group element for themselves, and share the corresponding
power of the generator. Then they raise the other’s element to their power, and this results
in the same element of the group at both parties, which can be then used to generate a
secret.

ECDH is the Diffie-Hellman key exchange, using not Z/pZ× as the group, but rather
an agreed upon elliptic curve over a finite field. It is used in many places, usually with
the same few curves.

Another widespread protocol using elliptic curves is ECDSA, a digital signature scheme.
It can be used to verify the sender of a message. It also relies on the group structure, but
it uses the geometry as well, using the x coordinate of a point to calculate the signature.

Instead of using purely the group structure of an elliptic curve, we can use maps
between elliptic curves, isogenies, for cryptography. One of the reasons for research, is
the search for post-quantum protocols, methods, which cannot be broken fast with an
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algorithm running on a quantum computer. (For example Shor’s algorithm factorizes
large numbers fast, therefore breaking RSA, and computes the discrete logarithm fast,
breaking the Diffie-Hellman key exchange.) The branch of cryptography that relies on the
hardness of finding isogenies between elliptic curves is called isogeny-based cryptography.

Supersingular curves are an interesting subset of elliptic curves over finite fields. They
have non-commutative endomorphism rings and are used exclusively in some crypto-
graphic protocols. More precisely, their endomorphism rings are maximal orders in certain
positive rational quaternion algebras. The positive definite property of the quaternion al-
gebra endows endomorphism rings with a natural Euclidean lattice structure coming from
the quaternion norm. The main question of the thesis is how the geometry of the lattice
determines the isomorphism class of the supersingular elliptic curve.

The thesis is structured as follows. First, I will go through basic definitions and theo-
rems concerning elliptic curves (focusing more on the finite field case). Then I will move
on to basic properties of lattices and quaternion algebras. Then I will cover the Deur-
ing correspondence, an equivalence of categories between supersingular elliptic curves
and maximal orders in a certain quaternion algebra. Finally, I will discuss recent results
[1],[2],[3] showing that successive minima of the Gross lattice of the endomorphism ring
of a supersingular elliptic curve determines the elliptic curve up to Galois conjugacy.
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Chapter 2

Elliptic curves

An elliptic curve has two defining characteristics. It is defined as an algebraic variety, but
also has a group, specifically Abel-group structure. In this chapter we will first define the
elliptic curve, and the group operation on it, we see how the Weierstrass form can be used
for simple notation, go over the basics of maps between elliptic curves, and define what
does it mean if a curve is supersingular.

2.1 General definitions

Firstly we should define what an elliptic curve is.

Definition 2.1.1 (Projective plane curve). A curve in a projective plane over a field K is
the set of projective points where a given f(x, y, z) ∈ K[x, y, z] homogeneous polynomial
is zero.

Definition 2.1.2 (Elliptic curve). An E elliptic curve over a field K is a nonsingular
3rd-order projective plane curve, with an O distinguished point.

This shows the algebraic variety characteristics of elliptic curves, but we missing the
other one. For that we will define the group operation (denoted with +) on the points of
E. To define the operation we will need a very strong theorem from projective geometry.

Theorem 2.1.3 (Bézout). If deg f = n deg g = m, and f and g does not have a
non-constant common denominator, then Cf ∩ Cg has nm elements (with multiplicity).

In our case this means that a 3rd-degree plane curve, and a line, (which is a 1st-degree
plane curve) will always have 3 intersection points (with multiplicity). Let us denote the
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line connecting points P and Q with l(P,Q), and the third point of the curve on the line
l(P,Q) with (PQ). For proving the associativity we will need an other theorem.

Theorem 2.1.4. Let C1, C2, C3 be 3rd-degree coprime projective plane curves. Then if
C3 contains 8 points from C1

⋂
C2, then it will contain the 9th point as well.

Definition 2.1.5. Let E be an elliptic curve with the distinguished point O, and P and
Q two points on the curve. Let R = (PQ), then P +Q will be (OR)

Proposition 2.1.6. An elliptic curve with the defined operation will be an Abel-group,
with O as the identity.

Proof: Because l(P,Q) is symmetric, the operation will be symmetric therefore if we
prove that it is a group it will be an Abel-group. To prove that it is a group we check
whether the group axioms hold.

• Identity: Because R and O both are on l(P,O), therefore l(O,R) = l(P,O) so (OR)

will be P thus we showed that P + O = P , and from the previous argument it
follows that O + P = P .

• Inverse: Let S = (OO) (i.e. the third point of the curve on the tangent line inO which
intersects the curve at O with multiplicity of at least two), and −P = (PS). Then
when we calculate −P +P , R will be (−PP ) = S, and because of the multiplicity of
the tangent line intersecting the curve at O, (SO) = O, so −P +P = P +(−P ) = O

• Associativity: Let P , Q, and R be three points of the curve, C3 be our elliptic curve,
and C1 and C2 the union of the lines l(P,Q), l(R,P+Q), l((QR), O) and l(P,Q+R),
l(Q,R), l((PQ), R) respectively. All three curves will contain O, P , Q, R, (PQ),
(QR), P +Q and Q+R. The 9th intersection of C1 and C2 will be the intersection
of l(R,P + Q) and l(P,Q + R), which according to Theorem 2.1.4 will also be on
C1. This means, that (P (Q + R)) = ((P + Q)R), and after following the last step
in the definition P + (Q+R) = (P +Q) +R

Q. E. D.

2.2 Weierstrass form

The definition of elliptic curves is a bit general making it hard to talk about them. To
address this problem we introduce the Weierstrass form, mostly presenting results from
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[4, Chapter III], starting with the following proposition [4, Chapter III. Proposition 3.1].

Proposition 2.2.1. For every elliptic curve E defined over K there exists an isomorphic
curve given with a Weierstrass equation defined over K:

C : Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3

with the distinguished point being (0 : 1 : 0)

Substituting x = X/Z and y = Y/Z we can write the equation in its affine form as

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

If char K ̸= 2, 3 we can use the two substitutions presented in [4, Section III.1] to reduce
the form even more. The merged substitution is

(x, y) →
(
x− 3 (a21 + 4a4)

36
,
1
2
(y − a1x− a3)

108

)
This leads us to the definition given in [5, Definition 2], which, if char K ̸= 2, 3 will define
at least one representative from all isomorphism class of elliptic curves.

Definition 2.2.2 (Weierstrass form). An elliptic curve over K given with the equation

Y 2Z = X3 + aXZ2 + bZ3

or in affine form as
y2 = x3 + ax+ b

where 4a3 + 27b2 ̸= 0 with the distinguished point O = (0 : 1 : 0)

The point O will be the only point on the line at infinity, therefore it is usually called
the point at infinity of the curve. This means the line at infinity is a tangent line of the
curve, intersecting the curve at O with multiplicity of three (resulting (OO) = O), and
for any point P ̸= O l(PO) is parallel with the y-axis. Also note that the curve will be
symmetric with the x-axis as axis, so the inverse of a point will be its mirror image. For
general points of the curve we can define the group operation with coordinate operations.

Proposition 2.2.3. Let E be an elliptic curve over K given in its Weierstrass-form. Then
the group operation will be the following:

• If one of the points is O the result will be the other point,
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• If the points are inverse of each other, the result will be O,

• In all other cases (x1, y1) + (x2, y2) will be (λ2 − x1 − x2, λ(x1 − x3)− y1), where
λ =

3x2
1+a

2y1
if the two points are the same and λ = y2−y1

x2−x1
otherwise.

We already stated, that every elliptic curve will be isomorphic to a curve given in the
Weierstrass-form, but it is important to examine which curves given by the Weierstrass
equation will be isomorphic to each other. Luckily for us [5, Proposition 6] provides an
easy characterization for isomorphic curves.

Definition 2.2.4 (j-invariant). For an elliptic curve E given in the Weierstrass-form, the
j-invariant is

j(E) = 1728
4a3

4a3 + 27b2

Proposition 2.2.5. Two elliptic curves given in their Weierstrass-form are isomorphic
over K̄ if, and only if they have the same j-invariant.

2.3 Isogenies

Definition 2.3.1 (Isogeny). If E and E ′ is two elliptic curves defined over the same field,
then an isogeny Φ : E → E ′ is a non-constant algebraic map which sends the point at
infinity of E to the point at infinity of E ′.

It is not immediately obvious, why would isogenies be useful. Firstly we should note
the theorem [5, Theorem 8].

Theorem 2.3.2. An isogeny between two elliptic curves is a group morphism, and has
finite kernel.

Now that we established that isogenies preserve both characteristics of elliptic curves,
we present another theorem, [5, Definition 25 and Theorem 29] stating an other very
useful property of isogenies, but first we need to define the degree of an isogeny.

Definition 2.3.3 (Degree of isogeny). By composing an isogeny Φ with the function field
of the curve it maps to, we get a subfield of the function field. The degree of Φ is the
index of the subfield.

Proposition 2.3.4. A degree of an isogeny is always finite.
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Theorem 2.3.5 (Dual Isogeny theorem). Let Φ : E → E ′ be an isogeny with degree m.
Then there exists a unique isogeny Φ̂ : E ′ → E with degree m, such that composing the
two isogenies either way, it results in the multiply-by-m endomorphism on the appropriate
curve. The so-called dual isogeny has the following properties:

• deg Φ = deg Φ̂

• ˆ̂
Φ = Φ

• The dual isogeny of the composition or summation of two isogenies is the composi-
tion or summation of the dual isogenies.

From the theorem it immediately follows that being isogenous is an equivalence relation
on the elliptic curves over a certain field.

An endomorphism is an isogeny from a curve to itself. The simplest endomorphism
beside the identity are the multiplication-by-m isogenies, where m ∈ Z. We define multi-
plication with whole numbers as adding a point to itself m times (with the negative sign
meaning taking an inverse), and the multiplication-by-m isogeny as multiplying all points
of the curve by m.

We already mentioned two possible operations on isogenies. If the first isogeny maps
to, where the second one maps from, we can take their composition. If the isogenies are
between the same two curves we can define addition of the two isogenies as pointwise
addition (with the group operation). If the isogenies are endomorphisms i. e. are between
a curve and itself, both of these can be defined, and it can be shown that they work well
with each other, and with these two operations the endomorphisms of an elliptic curve
form a ring.

Beside the multiplication-by-m we have to note one other important endomorphism
of elliptic curves over finite fields.

Definition 2.3.6 (Frobenius endomorphism). Let E be an elliptic curve over a finite
fields with q elements. Then the Frobenius endomorphism is defined as

(X : Y : Z) → (Xq : Y q : Zq)

2.4 Supersingularity

[5] offers multiple characterization of supersingularity. The first definition uses the struc-
ture of the m-torsion group. If m is not a multiple the characteristics of the field, the
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m-torsion group does not contain information.

Proposition 2.4.1. If m is not divisible by the characteristics of K, then the m-torsion
group of an elliptic curve E over a field K, denoted by E[m], is isomorphic to (Z/mZ)2

If char K = p > 0, then the pi-torsion groups have two possible structures.

Definition 2.4.2. Let E be an elliptic curve over a field K, where char K = p > 0. Then
there is two cases for the pi-torsion group of E. The curve is

• Ordinary if E[pi] ∼= Z/piZ ∀i

• Supersingular if E[pi] is only the point O for ever i

For curves over finite fields [5, Theorem 21] describes an other characterization of
supersingularity, using the Frobenius endomorphism.

Theorem 2.4.3 (Hasse). The Frobenius endomorphism π of an elliptic curve E over
a field Fq satisfies the following equation for some |t| ≤ 2

√
q, called the trace of the

Frobenius endomorphism.
π2 − tπ + q = 0

Proposition 2.4.4. An elliptic curve E defined over Fq is supersingular if and only if
char Fq divides the trace of its Frobenius endomorphism.

Supersingular elliptic curves are an interesting subset of elliptic curves. For example
any two supersingular curve over a field K are isogenous over the algebraic closure, but
their l-isogeny graphs are a bit more complicated than of ordinary curves. We will discuss
an other property of them in Chapter 5.
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Chapter 3

Lattices

Lattices can be thought of as generalizations of the grid, similarly how parallepiped is a
generalization of the square. They are simple mathematical objects, therefore they can be
found in a wide variety of places, but have some strong theorems. In this chapter we will
go over a few properties of lattices, mainly using [6] and [7] as source.

3.1 Basics

Definition 3.1.1 (Lattice). A L ⊂ Rn is a lattice if it is a discrete subgroup of Rn

The discrete property originates from topology, but shows, that topologically a lattice
is not interesting. Therefore [6, Lecture 1] introduces a proposition which connects it to
a property coming directly from a norm on Rn

Proposition 3.1.2. A non-trivial subgroup of Rn is discrete if and only if the minimal
distance between its elements exists and is strictly positive.

We can define the dimension or rank of a lattice separately from the dimension of
the containing space. It is just the dimension of the set above R, the maximal number
of linearly independent vectors. When defined separately we can talk about full rank
lattices, when the dimension of the lattice equals the dimension of the containing space.
However usually we will always assume full rankness, because lower dimensional lattices
are contained in a subspace of Rn, embedded into a RdimL.

Similarly to a basis of a vector field, we can define the basis of a lattice as well.

Definition 3.1.3 (Basis of lattice). The basis of a lattice is a set of independent vectors
from the lattice, which Z-span is the whole lattice.
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The following theorem, [6, Lecture 1 Theorem 7] continues the similarity.

Theorem 3.1.4. Any lattice admits a basis.

Sometimes we write the basis as a matrix in Rn×k (or Rn×n for full rank ones), with
the columns as the elements of the basis. The rank of the lattice coincides with the rank
of such matrix.

We also define the fundamental parallelepiped as the one spanned by the elements of a
basis. We can see that in the full rank case, the n-dimensional volume of the fundamental
parallelepiped is the determinant of the basis in matrix form, called the covolume of the
lattice.

As in vector fields, the basis of a lattice is not unique, but can be transformed into
any other basis, with the following proposition.

Proposition 3.1.5. Let B ∈ Rn×k be a basis of a lattice L. Then for any unimodular
matrix U ∈ GLk BU is a basis of L, and all basis of L arises this way.

Lattices are essentially Z modules (with the basis as independent generator set), with
the added complexity, that they are embedded into Rn, and can inherit the inner product
and norm from there.

With the inherited inner product we can define the Gram-matrix of a lattice.

Definition 3.1.6 (Gram-matrix). Let the basis of a lattice be B ∈ Rn×k. Then the Gram-
matrix of the lattice is G ∈ Rk×k such as Gi,j = (B·,i, B·,j). In case of the standard inner
product G = BBT

3.2 Minkowski’s theorems

In this section we introduce two of Minkowski’s theorems. First we prove a theorem
originally stated for the lattice Zn, which can be easily generalized, that states that a
sufficiently large and nice set contains more than one point from a lattice.

Theorem 3.2.1 (Minkowski). Let L ⊂ Rn be a full-rank lattice, and H ⊂ Rn closed
convex centrally symmetric set (with the origin as center), which volume is at least 2n

times of the volume of the basis parallelepiped. Then H contains an other point from L

besides the origin.
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Proof: Because H is closed, we only have to prove for sets with strictly greater volume
than 2n times of the basis parallelepiped.
If we assume that H ∩ L = {O}, then ∀λ1 ̸= λ2 ∈ L

(
1
2
H + λ1

)
∩
(
1
2
H + λ2

)
, because if

we have a point in the intersection 1
2
h1 + λ1 =

1
2
h2 + λ2, then 0 ̸= λ1 − λ2 =

1
2
(h1 − h2) ∈

H ∩ L. Let X be the basis parallelepiped, and Pλ = X ∩
(
1
2
H + λ

)
⊂ X ∀λ ∈ L.

Let us denote the volume function with V (·). We know that
∑
λ∈L

V (Pλ) ≤ V (X), and

V (Pλ) = V
(
(X − λ) ∩ 1

2
H
)

where the X − λ sets cover the plane, and their intersection
has zero volume. Thus

∑
λ∈L

V (Pλ) = V (1
2
H) = 1

2n
V (H) ≤ V (X) which is a contradiction.

Q. E. D.
For the next theorem, discussed in [7, Section 6], we have to define the Minkowski

successive minimums.

Definition 3.2.2. Let H ⊂ Rn be a convex set, and L ⊂ Rn a lattice. Then the i-th
successive minima is

λi = inf{λ ∈ R | dimR⟨λH ∩ L⟩ ≥ i}

More simply written the i-th successive minima is the smallest dilate of H which
contains at least i independent vector from L.

It is easy to see that λi ≤ λj ∀i ≤ j. Minkowski’s second theorem states that the
product of the successive minimas is somewhat bounded by the volume of the set.

Theorem 3.2.3. Let H ⊂ Rn be a convex set, and L ⊂ Rn a full rank lattice. Then

1

n!

n∏
i=1

2

λi(H,L)
≤ V (H)

Covol L
≤

n∏
i=1

2

λi(H,L)
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Chapter 4

Quaternion algebras and maximal

orders

After the introduction of imaginary numbers it was discovered that the complex plane
provides an interesting description of the standard two dimensional plane. After this, it
began a search for a similar structure, only in three dimension. It was Hamilton, who dis-
covered, after dropping the commutativness, the now so-called Hamiltonian quaternions.
Later Frobenius proved that a three dimensional structure does not exist furthermore, all
finite-dimensional associative division algebras over R are, up to isomorphism, R, C and
H.

4.1 Algebras

First we present the basic definitions from [8, Chapter 2].

Definition 4.1.1 (Algebra). An algebra over a field K is a ring R for which exists a
homomorphism that maps from K to R such that the image of K lies in the center of the
ring.

Definition 4.1.2 (Center). The center of a ring R is

Z(R) = {α : αβ = βα ∀β ∈ R}

Depending on the properties we differentiate multiple algebras. If the image of the field
is the whole center, then we say it is a central algebra. An algebra is a division algebra,
if every nonzero element has a multiplicative inverse (also known as a skew field).
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Now we turn our attention to a specific set of algebras.

Definition 4.1.3 (Quaternion algebra). AB algebra over a fieldK is a quaternion algebra
if ∃i, j ∈ B such that 1, i, j, ij is a K-basis for B, i2, j2 ∈ K×, and ij = −ji.

We will denote a quaternion algebra with K(a, b), where a = i2 and b = j2.For example
the Hamiltonian quaternions are R(−1,−1).

With the conjugation map, defined similarly as the conjugation in complex numbers,
usually denoted with ,̄ we can define the reduced trace and norm of the elements of a
quaternion algebra.

Definition 4.1.4. Let α = a+ bi+ cj + dij ∈ K(p, q)

Tr(α) = α + ᾱ = 2a

N(α) = αᾱ = a2 − pb2 − qc2 + pqd2

An arbitrary element α of a quaternion algebra will be the root of the quadratic
polynomial:

x2 + Tr(α)x+N(α)

An algebra is said to have degree 2 if its every element satisfies a quadratic polynomial.
The following proposition [8, Theorem 3.5.1] characterizes when is an algebra a quaternion
algebra.

Proposition 4.1.5. Let B be a division algebra over a field K, where char K ̸= 2. Then
the following are equivalent:

• B is a quaternion algebra

• B is noncommutative, and has degree 2

• B is central, and has degree 2

It is handy to know that a division algebra can only have squared dimension over its
center. Furthermore a n2 dimensional division algebra over a field K can be embedded
into Mn2(K), but it can be shown, that it can be embedded into Mn(K̄) as well, where
K̄ is the algebraic closure of K.
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4.2 Ramification

Sometimes we will not give the quaternion algebra with the squares of the generators,
but with where is it ramified. For this we introduce the definition of ramification from [5,
Section 7].

First we show a theorem about the behavior of a quaternion algebra over R.

Theorem 4.2.1. The quaternion algebra with generators squaring to a and b over R is
isomorphic to either H or M2(R)

If a or b is positive, then the quaternion algebra will not be a division algebra. Taking
i2 = a ≥ 0, (i−

√
a)(i+

√
a) = 0, therefore the algebra is not without a zero divisor, thus

it can not be H. It can be shown that this is an equivalence.
Similar theorem holds for the p-adic numbers Qp. A quaternion algebra taken over the

local field will be isomorphic to the two by two matrix ring, or a skew field over Qp similar
to the Hamiltonian quaternions over R. With this we can define ramification at p.

Definition 4.2.2. Q(a, b) is split at p if and only if Q(a, b)⊗Qp =M2(Qp). (It is defined
at ∞ with Q∞ = R.) Else the quaternion algebra is said to be ramified at p.

An equivalent definition is also given using the norm form.

Definition 4.2.3. (Norm form) The norm form of Q(a, b) is

t2 − ax2 − by2 + abz2

Definition 4.2.4. We say that the quaternion algebra Q(a, b) is split at a prime p, if the
norm form has nontrivial roots over Qp.

A quaternion algebra B can be ramified at multiple primes, but the set of numbers
where it is ramified, denoted with Ram B cannot be arbitrary. As [8, Corollary 14.2.3]
states:

Proposition 4.2.5. Let B be a quaternion algebra. Then Ram B is finite, and has an
even number of elements.

The main importance of studying ramification places comes from the fact that central
simple algebras over number fields satisfy the local-global principle (often called the Hasse
norm theorem) which implies that ramification places determine the isomorphism class of
the quaternion algebra.
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We will only be interested in quaternion algebras over Q that are ramified at a prime p
and at infinity, denoted with Bp,∞. [5, Proposition 51] gives a handy theorem for converting
between the two forms.

Proposition 4.2.6. Let p be a prime. Then Bp,∞ is isomorphic to

• Q(−1,−1) if p = 2

• Q(−1,−p) if p = 3 mod 4

• Q(−2,−p) if p = 1 mod 8

• Q(−r,−p) if p = 5 mod 8 where r = 3 mod 4 that is not a square modulo p

4.3 Orders

Orders will be where lattices, and rings meet, and as we will see in the next chapter
characterizes the endomorphism ring.

Definition 4.3.1. (Order) An order O in a ring B is a subring that is also a lattice.

Similarly to other algebraic structures, we can define the maximality of an order.

Definition 4.3.2 (Maximal order). An order is maximal, if there is not a different order
containing it.

Sometimes we speak about R-orders. Here R is embedded in the center of the algebra,
and the only difference in definition is, that its defined as an R lattice instead of a Z
lattice.

In [8, Section 10.1] we can see a general example for orders. Take an L lattice in an
algebra. Then the set OL = {α ∈ B | αL ⊂ L} will be an order. From the associativity
and distributivity of multiplication, and the transitivity of the subset relation we can show
that it will be a subring. Because the original lattice was a module of a set in the center
of the algebra, OL will be as well.

[8, Lemma 10.2.10] is a lemma showing that a localization will behave similarly.

Proposition 4.3.3. Let B be a finite dimensional F algebra, and L ⊂ B is an R-lattice.
Then the following are equivalent.
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• L is an R order

• L(p) is an R(p) order for all primes in R

• L(m) is an R(m) order for all maximal ideals in R

[8, Lemma 10.4.3] is a similar theorem for maximal orders.

Proposition 4.3.4. Let B be an F algebra, and O ⊂ B an R order. O will be maximal
if and only if O(p) is a maximal R(p) order for all primes in R.
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Chapter 5

Deuring correspondence

In this chapter we will first present how the previous topics connect with a theorem from
Deuring. We will show that the endomorphism ring of an elliptic curve has a very specific
structure. This can also be used to characterize supersingular curves. In the two cases,
where the endomorphism ring consists more than the multiply-by-m endomorphism, we
can talk about curves with complex, or quaternion multiplication. We will present the
Deuring correspondence from [5, Section 20], which states a bijection between structures
defined around the curve, and structures defined around the algebraic structures isomor-
phic to the endomorphism ring.

5.1 Structure of the endomorphism ring

We show that the endomorphism ring of elliptic curves can only have three specific struc-
tures. We will follow the sketch laid out in [4, Exercise 3.33].

Let K be a, not necessarily commutative, but associative, Q-division algebra, such
that every element satisfies a quadratic equation with coefficients from Q, and α, β ∈ K

Proposition 5.1.1. If β ̸∈ Q(α) then Q(β) ∩Q(α) = Q

Proof: If α ∈ Q it is trivial. Else the minimal polynomial of α is of degree 2, therefore
the set {1, α} is a basis in Q(α), and similar holds for β. For any element γ in their
intersection we can write the equation:

a+ bα = c+ dβ
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where a, b, c, d are the coefficients when expressing γ as a linear combination of the corre-
sponding basis. If d ̸= 0 then β = a+bα

d
∈ Q(α) which would be a contradiction. So d = 0,

thus γ ∈ Q. Q. E. D.

Proposition 5.1.2. If α ̸∈ Q and αβ = βα then β ∈ Q(α)

Proof: If α and β commute then Q(α, β) is commutative, therefore it is not only a division
ring, but a field extension of Q. |Q(α, β) : Q| is finite as both α and β is algebraic over Q.
The minimal polynomial of γ ∈ Q(α, β) is at most of degree 2. If γ would be a double root
of this, then mγ(x) = (x − γ)2 = x2 − 2γ + γ2, where 2γ ∈ Q, which is a contradiction,
therefore Q(α, β) is separable. Consequently Q(α, β) is a simple extension meaning the
is a δ such that Q(α, β) = Q(δ). But because δ is a root of a quadratic polynomial,
|Q(δ) : Q| ≤ 2, and because |Q(α) : Q| = 2 it follows that |Q(α, β) : Q(α)| = 1 so
β ∈ Q(α) Q. E. D.

Proposition 5.1.3. If α2, β2 ∈ Q, α ̸∈ Q, and β ̸∈ Q(α) then αβ + βα ∈ Q.

Proof: It is easily verifiable that αβ + βα commutes with both α and β, therefore as
stated in proposition 5.1.2 it is in both Q(α) and Q(β), but the intersection of the two is
Q as said in proposition 5.1.1. Q. E. D.

Proposition 5.1.4. There exists an α′ such that Q(α) = Q(α′) and α′2 ∈ Q

Proof: We know that α is a root of a quadratic polynomial, let that be x2 + px + q.
Let α′ = α + p

2
It is trivial, that α ∈ Q(α′) and α′ ∈ Q(α), and from the polynomial,

α′2 = (α+ p
2
)2 = α2 + pα + p2 = p2 − q ∈ Q Q. E. D.

Proposition 5.1.5. Let α, β ∈ K× fulfilling α2, β2 ∈ Q.Then ∃β′ ∈ K such that Q(α, β) =

Q(α, β′) and β′2, (αβ′)2 ∈ Q

Proof: If α ∈ Q, β ∈ Q or β ∈ Q(α), β′ = β is a good choice as in any of the cases α
and β commutes, therefore (αβ)2 = α2β2.

Else let β′ be (αβ)′ as defined in the proof of proposition 5.1.4. It follows that Q(α, β) =

Q(α, β′) and β′2 ∈ Q. As discussed previously (αβ)′ can be written as p + q(αβ), where
p, q ∈ Q. Then (α(αβ′))2 = (pα + qα2β)2 = p2α2 + q2α2 + pqα2(αβ + βα) ∈ Q because
the conditions for proposition 5.1.2, and so the proposition apply. Q. E. D.

Proposition 5.1.6. If α ̸∈ Q, β ̸∈ Q(α), α2, β2, (αβ)2 ∈ Q, then αβ = −βα.
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Proof: Let αβ + βα = q From proposition 5.1.3 we know that q ∈ Q. Left multiplying
with αβ we get (αβ)2 + α2β2 = qαβ. The left hand site is in Q, therefore the right hand
side should be as well, thus q must be 0, meaning αβ = −βα. Q. E. D.

Using these propositions we can prove the following theorem.

Theorem 5.1.7. Let K be a Q-division algebra such that every element of K satisfies a
quadratic equation with coefficients form Q. Then either K = Q, K is a quadratic field,
or K is a quaternion algebra.

Proof: If K ̸= Q, there exists α ̸∈ Q. With proposition 5.1.4 we can assume that α2 ∈ Q.
If K = Q(α) then K is a quadratic field. Else there is a β ̸∈ Q(α). Using proposition 5.1.4
and 5.1.5 we can choose α and β, so α2, β2, (αβ)2 ∈ Q, and as stated by proposition 5.1.6,
then αβ = −βα. Therefore if K = Q(α, β), then K is a quaternion algebra.
Let γ ̸∈ Q(α) with similar normalization as β (i. e. γ2, (αγ)2 ∈ Q, and so αγ = −γα).
Using the anticommutative property twice (once for α and β, once for α and γ) we can see
that αβγ = βγα, so as proposition 5.1.2 states βγ ∈ Q(α). It follows that γ ∈ Q(α, β),
so K cannot be bigger than Q(α, β) Q. E. D.

Theorem 5.1.8. The endomorphism ring of an elliptic curve is either Z, an order in an
quadratic field or an order in a quaternion algebra.

Proof: Let us denote the multiply-by-m endomorphism with [m]. Because endomor-
phisms keep the group structure, all [m] is in the centrum of the endomorphism ring.
Let K be the pairs (ϕ, [m]) where ϕ ∈ End(E) and m ∈ Z, factored with the equivalence
relation (ϕ, [m]) ∼ (ψ, [n]) ⇐⇒ ϕ[n] = ψ[m]. Let us define the operations as follows

(ϕ, [m]) · (ψ, [n]) = (ϕψ, [m][n]) = (ϕψ, [nm])

(ϕ, [m]) + (ψ, [n]) = (ϕ[n] + ψ[m], [mn])

K will be a ring with these operations. We can embed Q in K with n
m

→ ([n], [m]), and
because of the multiply-by-m commutes with every endomorphism, it will be in the center
of K, and we can take the multiplicative inverse as (α, [m])−1 = ([m]α̂, [degα]), where α̂
is the dual isogeny of α. Thus we showed that K is a Q division algebra.
All endomorphisms of an elliptic curve are a root of a quadratic equation (α2 − α Trα+

degα = 0), therefore all element of K will be a root of a quadratic polynomial, namely
(α, [m]) will be the root of x2 − ([Trα], [m])x+ ([degα], [m2]) = 0.
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Because End(E) is an order in K, after using theorem 5.1.7 we proved the theorem.
Q. E. D.

The structure of the endomorphism ring can be even more narrowed down. It is an
order in Q (then the endomorphism ring is Z containing only the multiply-by-m endo-
morphisms), an imaginary quadratic field, or a maximal order in the quaternion algebra
ramified exactly at infinity and p, where p is the characteristics of the underlying field.
Moreover in only in certain cases can it be the last one, which provides us with an alter-
native characterization of supersingularity.

Theorem 5.1.9. The endomorphism ring of an elliptic curve is a maximal order in a
quaternion algebra if and only if the curve is supersingular.

5.2 Complex multiplication

As discussed in [5, Section 11] there is a one-to-one correspondence of complex latices, and
elliptic curves over the complex numbers. The isogenies also correspond as the following
theorem from [5, Section 11] states.

Theorem 5.2.1. Let E E ′ elliptic curves over C with the corresponding lattices Λ Λ′.
Then there is a bijection between E → E ′ isogenies and α complex numbers, where
αΛ = Λ′

For all lattices mΛ ⊂ Λ ∀m ∈ Z, these will correspond to the multiplication-by-m
endomorphism. The whole endomorphism ring will be OΛ defined as in section 4.3. When
OΛ is two dimensional, the curve is said to have complex multiplication by OΛ.

Let us show some definitions of additional structures on the side of the complex plane
from [5, Section 7].

Definition 5.2.2. Let O ⊂ K be an order in an imaginary quadratic number field. Let
Ell(O) be the set of isomorphism classes of elliptic curves with complex multiplication by
O.

Definition 5.2.3. A fractional ideal is a full rank Z lattice in a K quadratic number field.
An I fractional ideal is integral if it is a subset of its order I ⊂ OI , principal if ∃α ∈ K,
such that I = αOI , and invertible if there is a I−1 fractional ideal, such that II−1 = OI .

With extending the greatest common divisor for almost arbitrary subsets of Q we can
define the norm of a fractional ideal.
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Definition 5.2.4. Let the norm of a fractional ideal I be the greatest common divisor of
the norms of its elements.

Definition 5.2.5. Let O ⊂ C be an order. Let us denote with I(O) the set of invertible
fractional O ideals, and with P(O) the set of principal fractional ideals. These will be
groups. Then the ideal class group of O will be Cl(O) = I(O)/P(O)

In [5, Theorem 77] it is shown that the correspondence between complex structures
and elliptic curves with complex multiplication can be extended as follows. An order
corresponds to the endomorphism ring. Then an integral invertible fractional ideal will
correspond to a horizontal isogeny, the conjugate ideal to the dual isogeny, an integral
principal ideal to an endomorphism. The ideal norm will be the degree of isogeny, and the
ideal class group will be Hom(E,E ′). The concrete theorem, [5, Theorem 77] is:

Theorem 5.2.6. Let Fq be a finite field, O an order in an imaginary quadratic number
field, and Ell(O) the set of isomorphism classes of elliptic curves with complex multipli-
cation by O. Then for every E ∈ Ell(O) there is a bijection between Cl(O), and Ell(O).

In [5, Corollary 78] this is then used to show properties of the isogeny graph.

5.3 Quaternion multiplication

In this section we will discuss the so called Deuring correspondence. It is similar as the
previously shown correspondence with curves with complex multiplication, only it is with
supersingular elliptic curves.

We will mostly show definitions and theorems from [5, Section 20]. Let E be a super-
singular elliptic curve defined over Fp2 with O ⊂ Bp,∞ maximal order as its endomorphism
ring.

Definition 5.3.1 (Subgroup scheme). A subgroup scheme is a pair (H, pr) where H ≤ E

and r ∈ Z. We can define the following:

• Rank: #H · pr

• Intersection: (H1, p
r1)

⋂
(H2, p

r2) = (H1 ∩H2, p
min(r1,r2))

• Partial ordering: (H1, p
r1) ≤ (H2, p

r2) if and only if H1 ≤ H2 and r1 ≤ r2
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Definition 5.3.2 (Scheme theoretic kernel). The scheme theoretic kernel of a φ isogeny
is E[φ] = (kerφ, degφ/#kerφ). The second part is called the inseparable degree of an
isogeny (with the separable one being #kerφ).

Now we define a subgroup scheme to an ideal, and an ideal to a subgroup scheme.

Definition 5.3.3. Let I be an integral left O ideal. Then

E[I] =
⋂
a∈I

E[a]

Definition 5.3.4. Let H be a subgroup scheme

I(H) = {a ∈ O | H ≤ E[a]}

[5, Theorem 96, 98, and 101] are three theorems named Deuring correspondence I-III,
each stating a bijection.

Theorem 5.3.5 (Deuring correspondence). Let E be a supersingular elliptic curve with
endomorphism ring isomorph to O ⊂ Bp,∞. Then

I. The ideal-subgroup scheme maps are a bijection between subgroup schemes and
integral left O ideals.

II. This induces a bijection between the isomorphism class of supersingular elliptic
curves defined over Fp2 and fractional left O ideal classes.

III. Hom(−, E) defines an equivalence of categories supersingular elliptic curves defined
over Fp2 and invertible left End E modules with nonzero homomorphism.
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Chapter 6

Recent results

In this chapter we will look at three, more or less recent results. Each article studies re-
covering information about supersingular elliptic curves from limited information about
the maximal order in a quaternion algebra, to which the curves endomorphism ring is iso-
morphic to. More precisely, these papers study how lattice theoretic properties determine
the isomorphism class of the maximal order. As discussed before, maximal orders in Bp∞

are 4-dimensional lattices (with an inner product induced from the reduced norm). It is
relatively simple to show that isomorphism class of these lattices determines the maximal
order up to isomorphism (i.e., the Gram matrix of the associated bilinear form is enough
to determine the order itself). Surprisingly, much less information is already enough to
determine the isomorphism class, namely the successive minima of these lattices (in a
suitable basis this can be more or less viewed as only knowing the diagonal entries of the
Gram matrix). In the following sections we discuss how these papers prove the aforemen-
tioned result and we also discuss results concerning lattice theoretic properties of maximal
orders.

6.1 Constructing a curve

We have seen that the endomorphism ring of a supersingular elliptic curve is a maximal
order in Bp,∞. [1] is about the opposite problem, they give an algorithm for constructing
a supersingular elliptic curve with a given order as its endomorphism ring.

The article introduces the Gross lattice of an order, and state some of its properties.
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Definition 6.1.1 (Gross lattice). Let O ⊂ Bp,∞ be an order. Then its Gross lattice is

OT = {2x− Trx | x ∈ O}

.

This will be a rank 3 Z lattice in Bp,∞. Three generators can be derived from the three
non-unit generators of O. We are only interested in unique orders up to conjugation, and
as stated in [1, Lemma 4] being conjugate is the same in O as in OT . Let us denote with
∼ when two sets or points ar conjugate, that is S ∼ P ⇐⇒ ∃c ∈ Bp,∞ S = cPc−1. The
article calls two conjugate orders as being the same type.

Proposition 6.1.2. Let O,O′ ⊂ Bp,∞ be two orders. Then O ∼ O′ if and only if OT ∼ O′T

[1, Lemma 2] gives a property of maximal orders.

Proposition 6.1.3. If O ⊂ Bp,∞ is a maximal order, then detOT = 4p2

The paper dismisses the case when an order has more than two units in it early on,
stating that then, depending the cardinality of units it is one of two cases, the j-invariant
is either 0 or 1728, and we can predefine curves for these two cases.

The article defines the i-th successive minima as the minimal Di number such that
there is i independent vector with length (norm) at most Di. Note that this is the same
as the Minkowski successive minima with the unit ball as the examined set.

The paper’s main results are given in two theorems. Each one states, that under some
conditions, short vectors characterize the order, and therefore the isomorphism class of
elliptic curve with endomorphism ring isomorphic to the given order.

Theorem 6.1.4. Let p > 168, and O,O′ ⊂ Bp,∞ maximal orders. If O and O′T have the
same successive minima D1 ≤ D2 ≤ D3, and D1D2 <

16
3
p, then O ∼ O′

The second theorem places conditions on how representation behaves, instead of re-
quiring the same successive minima.

Definition 6.1.5 (Representation). A number k ∈ Z is optimally represented in a lattice
L if ∃x ∈ L such that N(x) = k

Definition 6.1.6 (Optimal representation). A number k ∈ Z is optimally represented in
a lattice L addition to being represented by x, if x = ay for some a ∈ Z and y ∈ L, then
a = ±1
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The article denotes the number of elements representing a given k with θ(k), and the
number of elements optimally representing a given k with θ′(k)

Theorem 6.1.7. Let p > 286, O,O′ ⊂ Bp,∞ two maximal orders. Denote the successive
minima of OT with D1 ≤ D2 ≤ D3, and let x and y be elements with norm of D1 and D2

respectively. Then if the three successive minima, N(x+y), and N(x−y) are represented
optimally in O′T , θ′OT (D3) ≤ θ′O′T (D3), and D1D2 ≤ 16

3
p, then O ∼ O′.

The article also gives an algorithm, that computes the minimal polynomial of the
j-invariant of the isomorphism class of elliptic curves defined over Fp2 that has an endo-
morphism ring isomorphic to an order O given by its Z basis, and p. The given algorithm
is polynomial in p.

6.2 Gross lattices

[2] continues on the same line as [1], examining pieces of information about the Gross
lattice, and tries to recover as much from as little as possible.

The paper condenses its main results into two theorems.

Theorem 6.2.1. Let p ≥ 7, E a supersingular elliptic curve defined over F̄p. Let D3 be
the third successive minima of its gross lattice. Then

• j(E) = 0 if and only if D3 =
4p+1
3

• j(E) ∈ Fp\{0} if and only if p ≤ D3 ≤ 8p
7
+ 7

4

• Otherwise j(E) ∈ Fp2\Fp and D3 ≤ 3p
5
+ 5

For the second theorem we need to define when is an order maximally embedded.

Definition 6.2.2 (Maximal embedding). An O ⊂ Bp,∞ maximal order is maximally em-
bedded by an order I in an imaginary quadratic number field K, if there is an embedding
of K in Bp,∞ where the image of I is the intersection of O and the image of K.

Theorem 6.2.3. Let p ≡ 3 mod 4, E a supersingular elliptic curve defined over F̄p with
j-invariant in Fp. The order isomorphic to its endomorphism ring is maximally embedded
by Z

[
1+

√
−p

2

]
if the third successive minima of its Gross lattice is either p or p + 1 (the

latter occurring if and only if j(E) = 1728).
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The article also explores the geometry of Gross lattices. After defining orthogonality,
and well roundedness, it states the following theorem.

Definition 6.2.4 (Well-rounded). A rank r lattice is well rounded if its r successive
minimas are equal.

Theorem 6.2.5. Let E be a supersingular elliptic curve defined over F̄p, where p ≥ 3.
Then the Gross lattice of the curve is neither orthogonal, nor well rounded.

In the case when p = 2, there is a unique supersingular curve, its gross lattice is
well-rounded, but not orthogonal.

It also gives an algorithm, that for certain cases computes all possible normalized
Gram matrices for supersingular elliptic curves with a j-invariant in Fp, with a given first
successive minima.

The normalized Gram matrix is the Gram matrix of a successive minimal basis, where
the first row is non-negative. They achieve this by multiplying the second and the third
vector with −1 if necessary. In at most three dimension all lattices admit a successive
minimal basis, that is a basis where the i-th vector’s norm is the i-th successive minima.

6.3 Elements with prescribed norms

The third article, [3], has results strengthening the theorem [1, Theorem 1]. It recovers
information as the two other, but rather than directly about the curve, such as its j-
invariant, it recovers information about its endomorphism ring.

Firstly lets look at the strengthening of Theorem 6.1.4.

Theorem 6.3.1. Let p be an odd prime, O1 and O2 index r orders in maximal orders
of Bp,∞. If their gross lattices have the same successive minima D1 ≤ D2 ≤ D3, and
D1 ≥ 8r2 then O1 ∼ O2.

The next results relies heavily on this. They prove that the theta function of the lattice
determines the successive minima of its Gross lattice, from that it follows that the theta
function determines the order.

Definition 6.3.2 (Theta function). Let L be a lattice with a quadratic form Q. Then its
theta function is

θL(q) =
∑
x∈L

qQ(x)
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Note that it is the same as
∑
n

(#elements with norm n)qn If two lattices have the same

theta function they are called isospectral. [3] states that being isospectral is equivalent to
being isometric for lattices with dimension up to three, and shows that it holds as well
for maximal orders (but does not hold generally).

Theorem 6.3.3. If O,O′ ⊂ Bp,∞ isospectral maximal orders, then O ≃ O′

For an other result they establish a local-global principle for having generators with
norms from a given set. From that they prove the following.

Theorem 6.3.4. Let S ⊂ Z+ be an infinite set, with elements coprime to p. Then for an
O ⊂ Bp,∞ maximal order there exists a set, that generates O as a Z-module, and contains
only elements with norms from S.

At first glance, with S being an infinite set, this sounds as it really is. [3] gives us a
very handy application.

Let l be a coprime to p. Then any power of l is a coprime to p. Letting S be the set of
powers of l the theorem states that the order is generated as a Z module by its elements
with a norm equal to a power of l. Because the norm in the order corresponds to the
degree of the endomorphism, this means that endomorphisms of degree lk generate the
endomorphism ring, which in turn means that circles in the l-isogeny graph will generate
the endomorphism ring as a Z-module.
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Alulírott Hajós BaLázs nyilatkozom, hogy a szakdolgozatom elkészítéséhez NII alapú

eszközt nem használtam.
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