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Chapter 1

Introduction

Reachability problems are fundamental questions of combinatorial optimization, investigat-
ing the connectedness and distance of two objects in a combinatorial structure. These prob-
lems cover a wide spectrum of discrete and algorithmic mathematics, ranging from simple
algorithms to exchange procedures in complex structures. Beyond general academic interest,
reachability problems have a significant impact on industrial solutions. A classic example
from everyday life is route planning, efficient algorithms provide the best route, thus the
shortest commute for billions daily. Another application is in the telecommunication in-
dustry where offering sufficient network coverage while minimizing overall costs is a crucial
problem. While in core, all reachability problems are centered around finding a path between
two objects, these problems can be naturally divided into two categories.

1.1 Determining reachability

The first category contains problems focused on determining the reachability of pairs of
objects. These problems do not require an optimal solution, just an algorithmic proof or
other means of verification that two objects are reachable from each other. Examples for
this type of problems range from simple questions, to complex problems. Many of these are
from the field of matroid theory.

Given two bases X and Y of a matroid M, it is guaranteed that there is a sequence
of elementary exchanges between them by the exchange axiom of matroids. White [21],
in 1980, proposed a generalization of this exchange to multiple bases. His conjecture
is still outstanding, even for the question of basis-pair exchanges. We call a transition
from X = (Xl, .. -Xi—la Xini—i-la --'7Xj—17Xjan+1 . 7Xn) to X' = (Xl, --~>Xi—1a Xz +e—
f, X1, Xjo1, Xj —e+ f, X 41, ..., X)) between sequences of bases X and X" a symmetric
exchange if e € X; — X; and f € X; — X; and X; +e — f,X; + f — e are bases of M.
Sequences of bases X and ) are equivalent if they can be obtained from each other through
a sequence of symmetric exchanges. By noticing that the multiset of elements of the bases
remain unchanged during a symmetric exchange, we can conclude that this property is a
necessary condition for two sequences X and ) to be equivalent; this property is called



compatibility. Two sequences of bases X and ) are compatible if the number of occurrence
of an element of the base set of the matroid is the same in X and )Y for every element e of
the ground set, |[{i| e € X;,1 <i<n}| =[{j|eec; 1<j<n}|. White conjectured that
this necessary condition is also sufficient. Using the previously introduced notation, White’s
conjecture can be phrased in the following way:

Conjecture 1.1 (White). Let X and Y be basis sequences of the same length. Sequence X
18 equivalent to Y if and only if they are compatible.

This conjecture is still wide open, even more than forty years after its proposal.

1.2 Determining the distance

The second category of reachability problems includes questions where the connectedness of
the system is already established and the focus is on finding the maximal distance of objects.
Many famous problems and algorithms fall into this category. Well-known examples can be
found in graph theory, for example shortest path algorithms. These play a crucial role in
graph theory, the algorithms of Dijkstra or Bellman and Ford [4,10] are frequently used tools
in theoretical computer science as well as in industrial optimization.

During the discussion of White’s conjecture, we did not examine the length of the ex-
change distance. The exchange distance of two objects is the minimal number of exchanges
required to transform the objects into each other. During an exchange we remove one ele-
ment from the current object and add a new one. A similar question to White’s conjecture,
regarding bases of a matroid was asked by Gabow [11]. It asks about the minimum num-
ber of symmetric exchanges needed to transform basis B; into basis Bs. Here a symmetric
exchange is an exchange from the basis pair (A, B) to (A’, B") where A’ = A — e+ f and
B’ = B — f + e are bases. The aim of the problem is to transform (B, Bs) to (Bs, By) using
the minimal possible number of symmetric exchange steps.

Question 1.2. Given two basis pairs By and By of a matroid M. What is the minimal
symmetric exchange distance between By and Bs?

Wiedemann formulated a conjecture based on this question [22]. He proposed that the
symmetric exchange distance of any two bases B; and Bj is always at most the rank r of
M. This is clearly the minimal reasonable upper bound because B; and Bs have size r and
if they are disjoint then at least r exchange steps are necessary to transform them into each
other.

Conjecture 1.3 (Gabow). Let By and By be the bases of a matroid M with rank r. Then
the symmetric exchange distance of (By, By) and (Ba, By) is at most r.

This second category includes another famous problem that we will discuss in detail in
this thesis. Hirsch conjectured that the distance of any two vertices of a polyhedron, along
the edges is bounded by the difference of the size and dimension of the polyhedron [13].

This thesis is devoted to the question of reachability, focusing on the length of the ex-
change sequences.



1.3 Polyhedral reachability

Polyhedral reachability is an important topic of combinatorial optimization and operations
research. Closely connected to linear programming, it mainly examines the graph of poly-
hedra and polytopes. The high research interest in the topic is due to its connection to
optimization problems. A wide range of problems can be reformulated into polyhedral ques-
tions where the polyhedron contains the solutions of an inequality system. A neat property
of this setup is that in a sense, the vertices of the polyhedron correspond to optimal solu-
tions. Specifically if there exists an optimal solution by a criterion, there is also one optimal
among those corresponding to the vertices. This radically reduces the searching space for
optimal solutions. Also, if an optimal solution exists by a given criterion, we can find it by
iterating the vertices starting from one, and always moving to a neighbor in the graph of
the polyhedron that corresponds to a better solution. An exact algorithm for this problem
was found by Dantzig in 1946 [8]. This algorithm is widely known as the simplex algorithm.
This algorithm, in its original form, as proposed by Dantzig, is not polynomial, it has an
exponential worst case complexity [18]. A better, polynomial algorithm, called the Ellipsoid
Method was found by Khachiyan in 1979 [16]. Instead of iterating through vertices, his
algorithm consistently decreases the space of possible optimal solutions. While theoretically
polynomial, in practice this algorithm is ineffective and other alternatives such as the original
simplex algorithm or the interior point method of Karmarkar is used instead [15].

For reachability problems, another aspect of polyhedral combinatorics is even more rele-
vant. Namely, the minimal distance of vertices in the graph of the polyhedron or polytope.
This problem was examined by Hirsch who proposed that there is a path between any pair
of vertices in the polyhedron graph of length at most n — d where n is the number of facets
and d is the dimension of the polyhedron [13]. This kind of polyhedral reachability is also
interesting because we can link other reachability problems to polyhedral reachability.

1.4 Our results

In the following we offer a preview to the main own results included in this thesis. The first
result is about the equivalence of the Hirsch conjecture for polytopes and another conjecture
called the 2-simplex conjecture. The latter states that if two d dimensional simplices include
the origin in their interiors then there is an exchange sequence between them that preserves
this property at each step.

Theorem 1.4. The bounded Hirsch conjecture and the two simplex conjecture are equivalent.

The other main result is a graph theory claim. This is a special case of a proposed
generalization of the 2-simplex conjecture for oriented matroids.

Theorem 1.5. Let D = (V| E) be a directed graph on n vertices and s,t € V. Suppose A
and B are st-embracing spanning trees of D. Then there exist st-embracing spanning trees
A=T,T,...,T;—1,T, = B with q < n—1 such that |T,_1AT;| = 2 and |T;NB| > |T;-1N B|
for all i € [q].



1.5 Structure and organizing

This thesis is divided into 6 chapters.

The very first chapter gives a broad introduction to the topic of the thesis.

In the second chapter, we introduce the notations and conventions used throughout
this paper.

The third chapter is devoted to the Hirsch conjecture. It includes historical context
with longstanding results, as well as the recent counterexample to the conjecture.

The fourth chapter is centered around the 2-simplex problem. We examine some basic
properties and its connection to the Hirsch conjecture.

In the subsequent chapter, we introduce a generalization of the problem into oriented
matroid theory. We examine this generalization in detail for graphs.

In the last chapter of this thesis, we explore an analogous problem for families of sets.



Chapter 2

Preliminaries

The goal of this chapter is to give an overview of basic definitions and results that we rely
on.

2.1 Basic definitions and notations

Throughout this document, we use numerous notations that we define in the following.

We denote the set of positive integers by Z*, the set of real numbers by R. We denote
the d-dimensional real space by RY. For integers k and ¢ with k < /¢, we write [k, (] =
{k,k+1,...,0}; when k = 1, we simply write [¢] = [1,¢]. Given a ground set S, aset X C S
and an element y € S, the sets X \ {y} and X U {y} are often abbreviated as X — y and
X + vy, respectively. We use the notation A\ B and A — B interchangeably, both denoting
the set difference. We denote the symmetric difference of sets, (A\ B) U (B \ A) by AAB.

2.2 Polyhedral combinatorics

We call a set P C R a polyhedron if it is the intersection of a finite number of closed half
spaces. We call a set Q@ C R? a polytope if Q) is the convex hull of some points Ay, ..., A; €
R? k € Z*. Equivalently, P is a polytope if it is a polyhedron and bounded, that is for
all z € P : ||z|] < Mp for a suitable Mp > 0. We call the (d — 1)-dimensional faces of a
d-dimensional polytope facets, the d — 2 dimensional faces ridges, the general k-dimensional
faces (0 < k < d) k-faces. The I-skeleton of a polytope P is the set of the 1-dimensional
faces (edges) of P. Let Gp be the graph created from the 1-skeleton of P as edges. The
diameter of P is the smallest number r of edges such that there is a path between any two
vertices of P in Gp that consists of at most r edges. A d-dimensional polytope P is simple
if every vertex of P is part of exactly d facets.



2.3 Directed graphs

For a directed graph D = (V, E) with vertex set V and arc set E, we write n = |V/| and
m = |E|. Given a subset of arcs ' C F, the sets of arcs in F' entering and leaving a vertex
v € V are denoted by 0% (v) and 6% (v), respectively. For u,v € V, a directed path from
u to v is a sequence of arcs (eq,...,ex), where e; = v;_jv; € E for ¢ € [k], with vy = w,
v, = v, and all vertices vy, ..., v, being distinct. A spanning tree of D is a subset T C E
whose underlying undirected graph forms a spanning tree on V', while a cycle of D is a subset
C' C FE whose underlying undirected graph forms a cycle. For u,v € V', we denote by T[u, v]
the unique path inT" from u to v, traversed starting at u and ending at v, with arcs oriented
asin D. Note that this path need not be a directed u-v path. Any directed graph D = (V, E)
defines an oriented matroid by taking the graphic matroid on E and encoding orientations
through signed circuits. Each circuit corresponds to a cycle in the underlying undirected
graph: choosing a traversal of the cycle, an edge is signed positive if its orientation in D
agrees with the traversal and negative otherwise. The resulting signed circuits define the
oriented graphic matroid of D. Note that, given an arc e = uv € F, a spanning tree B is
e-embracing precisely when Blu, v] is a directed u-v path in B. By a slight abuse of notation,
we call a spanning tree B uv-embracing if Blu,v] is a directed path, no matter whether uv
is an arc of D or not.

2.4 Oriented matroids

For basic definitions on oriented matroids, we refer to [5]. An oriented matroid M = (E,C)
on a finite ground set E can be defined via its collection C of signed circuits, where each
C € Cis apair (CT,C7) of disjoint subsets of F representing the elements with positive and
negative signs, respectively, satisfying the following axioms.

(C1) Nontriviality: 0 ¢ C.

(C2) Symmetry: If C' € C, then —C' = (C~,C") € C.

(C3) Incomparability: If C7,Cy € C and C C Cy, then C) = Cy or C7 = —Cs.

(C4)

C4) Circuit elimination: If C},Cy € C, C; # —Cy, and e € C;" N C;, then there exists
Cs € C such that Cf C (CfUCy) —eand Cy C (C; UCY) —e.



Chapter 3

Hirsch’s conjecture

The aim of this chapter is to introduce the Hirsch conjecture (1957) [9,13] that was a major
unsolved problem of polyhedral combinatorics, until proven false by Santos in 2012 [20]. The
conjecture was originally formulated for polyhedrons. This version of the conjecture was
proven false by Klee and Walkup in 1967 [19]. Their construction involved a 4-dimensional
polyhedron with 8 facets that had a diameter of 5. This motivated the restatement of the
conjecture for bounded polyhedrons, polytopes. For the rest of the thesis we understand
this bounded version under the Hirsch conjecture, unless specifically stated otherwise. The
bounded Hirsch conjecture asks about the length of the shortest path between two vertices
in the 1-skeleton of a bounded polytope. Specifically it states that there is a path of length
at most n — d between any pair of vertices in the 1-skeleton, if the polytope is d dimensional
and has n facets.

Conjecture 3.1 (Hirsch). The diameter of a d dimensional polytope with n facets is at most
n—d.

The value n — d is a reasonable choice as the expected minimal distance that holds for
every polytope. For instance the d-dimensional simplex has d 4+ 1 facets and its diameter is
1, which is n — d in this case. In small dimensions, the conjecture seems to hold, for example
in 2 dimensions, an n-facet polytope has a diameter of || which is at most n —d = n—2 for
non-degenerative polytopes. Surprisingly the conjecture is not true, contradicting the initial
examples for small polytopes. The high dimensionality of the counterexample explains why
no such construction has been found for decades. The conjecture was finally disproved by
Santos in 2012 using a 43-dimensional polytope with 86 facets [20].

3.1 Counterexample

In his counterexample, Santos used a special class of polytopes, spindles to prove that they
have larger diameter than n — d. A d-spindle is a d-dimensional polytope P having two
distinct vertices u and v such that every facet of P contains exactly one of them. The length
of the spindle is the distance of u and v in Gp, the 1-skeleton of the spindle. Santos used
the following, stronger version of the d-step conjecture, tailored for spindles.
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Figure 3.1: A 3-dimensional spindle with 12 faces. Note that its diameter (3) is shorter than
the difference between its number of facets (12) and dimension (3). Therefore the Hirsch
conjecture holds for this polytope.

Theorem 3.2 (Strong d-step conjecture for spindles). For every d-dimensional spindle P,
with n facets and length [, there exists another spindle P’ of dimension n — d, with 2n — 2d
facets and with length at least | +n — 2d.

The power of this theorem shows if we find a d-dimensional spindle, P that has a length
larger than d. Then, the spindle P’, created according to Theorem 3.2, has a length of
l+n —2d > n—d. Therefore the diameter of P’ is larger than the difference between the
number of its facets and dimension, contradicting the Hirsch conjecture. The counterexample
of Santos involves a 5-dimensional spindle, P having 48 facets and 322 vertices with a length
of [ = 6. This polytope clearly satisfies [ > d, therefore the derived spindle P in 48 — 5 = 43
dimensions and 86 facets has a diameter larger than 86 — 43 = 43. This disproves the
conjecture of Hirsch.

3.2 The d-step conjecture and the Hirsch conjecture

While the counterexample directly disproves the Hirsch conjecture, it builds on past results,
specifically on a result of Klee and Walkup [19] establishing a connection between the d-step
congjecture and the Hirsch conjecture.

Conjecture 3.3 (d-step conjecture). The diameter of a d-dimensional polytope with 2d
facets is at most d.

10



Klee and Walkup proved the following theorem establishing an equivalence between the
d-step conjecture and the Hirsch conjecture for bounded polytopes:

Theorem 3.4. The Hirsch conjecture and the d-step conjecture are equivalent.

This means that in order to adequately understand the Hirsch conjecture, it is enough
to consider polytopes with 2d facets in d dimensions. Klee and Walkup also proved that at
both the Hirsch conjecture and the d-step conjecture, it is enough to examine the distance of
vertices x and y of the investigated polytope P, that have no facet in common. The key idea
behind this result is that if x and y lie in the same facet F' then the shortest path between
x and y entirely in F' is shorter than n — d, where n is the number of facets of P and d
is its dimension. The argument for this is inductive. Assume we have proved the Hirsch
conjecture for polytopes with dimension at most d — 1. Then the path between x and y in
F has length at most ng — (d — 1) where ng is the number of ridges of F. This is at most
(n—1) — (d—1) = n — d because each ridge of F' is the intersection of F' and another facet.

3.3 Reduction to simple polytopes

This section features results that highlight a class of polytopes, namely the simple polytopes,
that are sufficient to consider when establishing bounds for the Hirsch conjecture. Any di-
ameter upper-bound found for these holds for general polytopes as well. In their 1967 article,
Klee and Walkup established some reductions to the classes of polytopes with potentially
small diameters [19]. Among other properties, they proposed that for every polytope P in
d dimensions there is another simple polytope, P’ with an equal or longer diameter. This
result has the following two implications: First, if the Hirsch conjecture were true for simple
polytopes then it would be true in general. This consequence is not very far reaching because
the Hirsch conjecture is known to be false. However, the second implication yields a method
that will be remarkably useful in later chapters of this thesis. This consequence basically
states that if we indirectly assume something that would imply the Hirsch conjecture for
simple polytopes then our assumption must be false. We will use this idea to prove Theorem
4.2.

11



Chapter 4

The 2-simplex problem

4.1 0-embracing sequences

In this section we introduce a problem from algorithmic geometry that is closely related to
the Hirsch conjecture. In particular, the Hirsch conjecture would follow from a statement
for a special case of our problem. We extend this problem to oriented matroids, generalizing
to a more abstract setting and connecting it to a graph theory application.

Before stating the problem, we need to define 0-embracing sets and exchanges. We call
a set S C R? 0-embracing if the convex hull of S contains the origin in its interior. We call
an exchange from the set S; C R? to Sy C R? a 0-embracing exchange if both S; and S, are
0-embracing sets and |S; \ Sa| = |S2\ S1| = 1. The sequence (Si, Sa, ..., S,) of R? dimensional
sets is a 0-embracing exchange sequence if the exchange S; — S;y1 is a 0-embracing exchange
for all 1 < ¢ < n. The 0-embracing distance of set S and T is the minimal number of 0-
embracing exchanges required to transform S into T'. This value equals to the length of the
shortest 0-embracing sequence, S = Sy, ..., S, =T minus 1. We call a polytope 0-embracing
if the set of its vertices is 0-embracing. Caoduro, Khodamoradi, Paat, and Shepherd [6]
raised the following problem:

Given two full-dimensional 0-embracing sets A, B C RY, is it always possible to transform
A into B by a polynomial-length sequence of exchanges, where each step replaces a point of
the current set with a point from AU B and every intermediate set remains 0-embracing?

Note that without the full-dimensionality the answer is clearly no. As a counterexam-
ple, consider two segments that intersect in the origin. There is no 0-embracing exchange
sequence between these segments as the other 4 segments connecting the endpoints of the
segments do not include the origin. In the following we will assume the full dimensionality
of the sets and examine the question in this case.

We call the minimum number of such exchanges the 0-embracing exchange distance of A
and B. We show that the Hirsch conjecture is equivalent to a special case of the previous
question:
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Figure 4.1: Two zero embracing tetrahedrons in blue and one in red. Note that we can
change the vertex T of the red tetrahedron to S in a 0-embracing exchange.

Conjecture 4.1 (Two simplex conjecture). Given two simplices A, B C R?, such that no
d-element subset of the vertices, S1USs, embraces the origin. Then the 0-embracing distance
of A and B is at most d + 1.

The conjecture states that the lowest possible number of exchanges is achievable as both
A and B contain d 4 1 vertices. We believe that the equivalence of the two conjectures was
implicitly known before; however, since we could not find a complete proof and also could
not get an affirmative answer from the researchers we asked, we decided to include the proof.

4.2 The two simplex conjecture implies the Hirsch conjecture

In this section we investigate the relationship of Hirsch’s conjecture and the two-simplex
conjecture. Through the following theorem, we verify that there does not necessarily exist a
(d + 1)-length 0-embracing sequence between any pair of d-dimensional simplices.

Theorem 4.2. Let Sy and Sy be d-dimensional simplices such that no subset of the vertices
of S1 and Sy of size at most d embraces the origin. If every pair of such d-dimensional
simplices S1 and Sy has a 0-embracing distance at most d+ 1 then every (d+ 1)-dimensional
simple polytope with 2d + 2 facets has a diameter of length at most d + 1.

Proof. As the first step of the proof, we rephrase the simplex conjecture in the language
of polyhedral combinatorics. A (d + 1)-dimensional polytope P with 2d + 2 faces can be
represented as a linear system, P = {z € R**2|M,x = b,,z > 0} where M, is a (d + 1) x
(2d 4 2) matrix. To accurately represent the setting of theorem, where the polytope is d + 1
dimensional and has 2d + 2 facets, choose b, € R4 to be the vector whose first d entries are
0 and its last entry is 1 and M, a (d+1) x (2d+2) matrix whose columns are the coordinates
of the points in S; U .S;, augmented by an additional row consisting entirely of 1’s.

First, determine the dimension and number of facets of P. The polytope P is embedded
in R?*+2. However the equation system Mz = b restricts = to a smaller subspace. Matrix
M has rank d + 1 because its first d + 1 columns are the coordinates of a d-dimensional
simplex. This means that the rows of M are linearly independent. Therefore, each row of
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the restriction Mz = b decreases the dimension of P by one. Altogether, this means that
P is actually (2d +2) — (d + 1) = (d + 1)-dimensional. The facets of P correspond to the
inequality = > 0. This corresponds to 2d + 2 facets, one for each non-negativity constraint
x; > 0. Therefore P is a (d+ 1)-dimensional polytope with 2d+ 2 facets. Since no d points of
S1U Sy embrace the origin, there is no point of P that has more than d+ 1 zero coordinates.
It means that every vertex of P has exactly d + 1 zero coordinates (as they have at least
d + 1 zeros by being vertices). However, this means that P is a simple polytope.

Each exchange of a point in S7 with a point in S, can then be interpreted as traversing
an edge of the polytope P = {x € R?***? | M,z = b,,x > 0}. Therefore, if G denotes the
1-skeleton of P, then following a path in G yields a sequence of exchanges in which, at each
step, one point is removed from the current simplex and replaced by another point from
S1 U Sy, while preserving the property that the origin lies in the convex hull.

Vertices of P correspond to inclusion-minimal subsets whose convex hull contains the
origin. Under nondegeneracy, these are 0-embracing simplices. Therefore, the existence of a
0-embracing exchange sequence between S; and Ss of length at most d + 1 implies P having
a diameter at most d + 1.

As the next step of the proof we verify that for every (d+1)-dimensional polytope Py with
2d + 2 facets, Py = {x € R*™*2 | Moz = by, x > 0} with by € R¥! My € REAFD*24+2)  there
exists a (d + 1)-dimensional polytope P in the form of P = {x € R?***? | M,z = b,,x > 0}
such that P and F, have identical 1-skeletons. We prove this by transforming P, into P
while retaining the structure of the 1-skeleton.

First, we multiply My and by by an invertible (d + 1) x (d + 1) matrix L such that after
this transformation the last row and column of M; = LM, contains positive entries only. In
the following we prove that such a matrix L exists. If one of the columns of M, was entirely
filled with zeros, then there would be no corresponding facet of Fy to that column, meaning
that Py would be an unbounded polyhedron, not a polytope, leading to a contradiction.
Therefore, we may assume that M, has no fully-zero columns.

Lemma 4.3. Let M be an n x k matrix M, (k,n € Z") such that P = {Mxz = b,x > 0}
defines a bounded polyhedron for some b € R™. Then there exists an n X n invertible matrix
L such that the last row and column of LM consists of positive elements.

Proof. Given M, the last row of LM depends only on the last row of L, denoted by . We
begin the proof by showing the existence of a suitable vector for [,,. We will use Gordan’s
alternative theorem, a corollary of Farkas’s lemma [12]. The theorem states that exactly one
of the systems y" M > 0 or {Mxz = 0,2 > 0,2 # 0} has a solution. If 4y M > 0, taking y = [,,
guarantees that the last row of LM consists of positive numbers. Therefore, we need to prove
that the only solution to {Mx = 0,z > 0} is the origin. Since P is a bounded polytope,
it cannot contain a ray. This means that there is no point xy € P and direction v € R"
with v > 0,v # 0 such that M(zo + Av) = b for all A > 0. Because Mz, = b, this reduces
to Mv = 0. The non-existence of such direction v implies that the set {Mz = 0,2 > 0}
contains only the origin, which guarantees that a suitable [,, exists.

In the second part of the proof, we prove that we can set the first n—1 rows of L, denoted
by IT,...,IT | such that L is invertible and the last column of LM consists of positive entries.

14



Denote the last column of M by m,,. We choose each entry of I, ...,I1 randomly from the
normal distribution on R. If [7'm, < 0 for some 1 < i < n then we reverse [;, that is [; := —1;.
The probability of [7'm,, = 0 is zero, because if the first n — 1 entries of /; are fixed then there
is only one possible value for the last entry to fulfill [J'm,, = 0. Similarly, the probability of
l1, ..., 1, being linearly dependent is 0 because for each 2 < i < n, [; lying in (ly,...,l;_1) has
probability of zero. Therefore, the probability that the last column of LM contains a zero
or L is not invertible is 0. Consequently, there exists an n x n invertible matrix L such that
the last row and column of LM consists of positive elements. O]

Now we can continue to transform the matrix My of F. Let M| be a matrix created
from the columns of My, augmented by by as a (2d + 3)rd column, that is M) = (My|b).
Multiplying M/ by an applicable (d+ 1) x (d+ 1) invertible matrix, L from the left, we get a
(d+1) x (2d + 2) matrix M, := LMy and b, := Lby € R**! where the last row of M) consist
of positive numbers and all elements of b; are positive. Second, we multiply each row, M []
of My and bi[i] of by, by a constant \; such that by[i] := b1[i]\; = 1, M, is constructed by
performing the row multiplication on each applicable rows of My: Ms[i] := M [i]\;. This step
does not alter the structure of the polytope as the last column consisted of positive elements
only. After this step, we perform an invertible linear transformation A on both M, and by
such that Aby, = (0,...,0,1)T. Since A is an invertible linear transformation, the solutions
of Myx = by are the same as the solutions of AMyz = Aby,. We transform by = (1,...,1)7
(which contains (d + 1) ones) into (0, ...,0, 1) (which contains d zeros and 1 one). Therefore
the transformation matrix is

1 -1 0 0

0O 1 -1 0
A=10 0 1 ,

Co 1 -1

o o0 ... 0 1

a (d+ 1) x (d+ 1) matrix with ones in the main diagonal and (-1)s in the superdiagonal.
Note that this transformation keeps the positivity of the last row of the matrix.

Finally, we multiply each column of AMs; = Mj to ensure that the last row consists of
ones. More formally, we multiply M3 by a diagonal matrix D from the right whose jth
element in the diagonal is 1/(M3)a41,j, which is positive. Since the last row of M, is positive,
so is the last row of AM, because multiplication by A does not alter the last row. Denote
the matrix and result vector after this normalization by M, := M3D and keep by = b3 with
noting the scaling of variables.

This new equation Myx = by is in the form of M,z = b, while the 1-skeleton of F,
remained unchanged during the transformations. Therefore Py = {x € R?*¥*? | Moz =
bo,z > 0} has the same 1-skeleton as P = {x € R**"? | M,z = b,,z > 0}. Consequently,
for every polytope P, there exists a polytope P which can be derived from the two simplex
problem. For better understanding of the transformation algorithm, refer to Example 4.4.

15



In the last part of the proof, we will use the equivalent expression of the polytope of the
(d + 1)-step problem and the 2-simplex problem. Suppose that the 0-embracing distance of
two simplices S7 and Sy is at most d + 1.

If P is the 2d 4 2-dimensional polytope defined earlier in the proof of Theorem 4.2,
this means that the distance between the vertices of P corresponding to S; and Sy, in the
1-skeleton of P, is at most d + 1. However we can transform any simple d-dimensional
polytope Py with 2d + 2 facets to the form of P.

Let A and B be two vertices of Fy, such that there is no facet of F, that contains
them both. In P, denote the vertices corresponding to A and B by A, and B,. Since the
transformation from P, to P preserves the 1-skeleton, there is no facet of P, containing
both A, and B,. However, this means that the columns in M, where the coordinates of
A, and B, are non-zero, correspond to two 0-embracing simplices, S; and S;. By the 2-
simplex conjecture, which we assume to hold by hypothesis, there is a 0-embracing exchange
sequence between S; and 95 of length at most d+ 1. But this sequence corresponds to a path
between A, and B, in P, thus between A and B in F,. This means, however, that there is
a path between A and B in the 1-skeleton of P, of length at most d 4+ 1. This is true for all
pairs of vertices of Py that have no common facets. As Py can be any (d + 1)-dimensional
simple polytope, we proved that the 2-simplex conjecture implies the d-step conjecture for
simple polytopes. However, Klee and Walkup [19] proved that it is enough to prove that the
validity of the Hirsch conjecture for simple polytopes implies the validity for all polytopes
and that it is enough to consider vertices with no common facets to establish the validity
of the d-step conjecture. Therefore the 2-simplex conjecture implies the d-step conjecture in
all cases, which is equivalent to the Hirsch conjecture. O

Example 4.4. For better understanding, we visualize the transformation of the equation
Moz = by into M,z = b, for a 6-dimensional polytope P’

0 miz2 miz mia 0 mg I
MQZL’ = ma1 0 0 Mmog4 Mas 0 r = 0 = b()
ms1 0 m33 M34 M35 M3 B3
m/1,1 m/1,2 m/1,3 m/1,4 m/1,5 m/1,6 1
Mz = LMyx = | my; my, m’273 My 4 M5 m’276 T = s =01
mg,l mé,z mé,:s m§,4 mé,s m%,ﬁ 5

1,1 Q12 A13 AdAi14 Q15 Q1p 1 0
Mg.ﬁE, = AMQ.’L'/ = Q21 G292 A23 dAg24 Q25 26 .ﬁE, =A]l = 0 = b3
as; asp 33 (34 (35 (36 1 1
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Corollary 4.5. There exist two d-dimensional simplices, S1 and Sy such that their O-
embracing distance is larger than d 4 1.

Proof. In Theorem 4.2, we proved that if any two d-dimensional simplices had a 0-embracing
distance at most d + 1, then the d-step conjecture would be true. However, together with
the Hirsch-conjecture, it was proved false by Santos. Therefore there exist simplices S; and
Sy, with a 0-embracing distance longer than d + 1. O]

4.2.1 The d-step conjecture implies the two simplex conjecture

In the previous section, we proved that the Hirsch conjecture follows from the 2-simplex
conjecture. In this section, we verify the reverse of the statement.

Theorem 4.6. If every simple (d + 1)-dimensional polytope P with 2d + 2 facets, has a
diameter of at most d + 1 then every pair of 0-embracing d-dimensional simplices have a
0-embracing distance of at most d + 1.

Proof. We utilize the setting already established in the previous section. Specifically, we use
the simple polytope P whose vertices correspond to the 0-embracing simplices and its edges
to 0-embracing exchanges. Polytope P is (d+ 1)-dimensional and has 2d + 2 facets, therefore
the d-step conjecture applies to it. This means that length of the diameter of P is at most
d+ 1. This implies, however, that there is a (d + 1)-long 0-embracing sequence between any
pair of simplices in R?, consequently the 2-simplex conjecture holds. O

Remark 4.7. There is no practical significance of Theorem 4.6 because the d-step conjecture
has been disproved. The d-step conjecture is equivalent to the Hirsch conjecture, therefore
the Hirsch conjecture implies the 2-simplex conjecture as well.

Corollary 4.8. Theorem 4.2 and Theorem 4.6 together prove that the 2-simplex conjecture
and the Hirsch conjecture are equivalent. This further implies that there is a dimension d
and d-dimensional simplices S1 and Sy such that their 0-embracing distance is larger than
d—+1.

4.3 Finiteness of the O-embracing distance

So far we have explored the minimal possible O-embracing distance for all pairs of simplices.
However, so far no upper bound on the 0O-embracing distance was discussed. FEven the
existence of a finite 0-embracing sequence between any pair of d-dimensional simplices Sy, S,
has not been verified. In the following, we present the proof of Caoduro et al. for the
latter [6].
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Theorem 4.9. The 0-embracing distance of any two d-dimensional simplices Sy and Sy is
finite.

Proof. In the proof of Theorem 4.2, we created a polytope P such that traversing an edge
of the 1-skeleton of P was equivalent to a 0-embracing exchange in the vertex set S U Sy
and for each such exchange, there was an edge in the 1-skeleton. The 1-skeleton of every
polyhedron is connected (in fact for every d-dimensional polyhedron, the 1-skeleton is d-
connected [2]). Therefore, traversing along the edges in the 1-skeleton of P yields a finite
0-embracing sequence between S; and Ss. ]
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Chapter 5

Matroidal extension

Any finite set £ C R? defines an affine matroid M = (E,C), where a subset X C F
is independent if its vectors are affinely independent. A minimal dependent set in M is
called a circuit. Each circuit can be assigned a sign pattern based on a nontrivial linear
combination of its elements that sums to zero, resulting in a signed circuit. Reversing all
signs yields another valid signed circuit, so each circuit gives rise to a pair of oppositely
signed circuits. In this way, one obtains an oriented matroid from the underlying affine
matroid. If F is full-dimensional, then the bases of M correspond to subsets of E defining
simplices; note that the rank of M is d + 1. A basis contains the origin precisely when, in
the signed fundamental circuit of 0 oriented so that 0 has negative sign, every other element
is positive. Equivalently, the vertices of the corresponding simplex then form a 0-embracing
basis. Therefore, Conjecture 4.1 asserts that the 0-embracing exchange distance between
any two 0-embracing bases of the oriented affine matroid is at most the dimension plus one.
As an extension to general oriented matroids, we propose the following.

Conjecture 5.1. The e-embracing exchange distance of two e-embracing bases of a rank-r
oriented matroid is at most r.

Closely related problems have been considered in the context of bounding the diameter
of the cocircuit graph of an oriented matroid; see [1]. That work studies linear and poly-
nomial diameter bounds, and establishes positive results for oriented matroids of low rank
and corank, as well as for small ground sets via computer verification. In contrast to Con-
jecture 4.1, a key difference in the abstract oriented matroid setting is that it remains open
whether any exchange sequence between two bases meeting the conjecture’s conditions exists
at all, regardless of its length. This is in sharp contrast to the unoriented setting: if A and
B are bases of an unoriented matroid M, the exchange axiom guarantees the existence of
a sequence of exchanges transforming A into B, and the shortest such sequence has length
|A\ B|. No analogous statement holds in the oriented setting, not even for the oriented
graphic matroid of directed graphs; see Example 5.2.

As a first step towards the general setting, we verify that the conjecture holds when
M is the oriented graphic matroid of a directed graph (Theorem 1.5). In fact, we prove a
slightly stronger statement: there exists an exchange sequence of length at most r which
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is monotone in the sense that the intersection with the target basis does not decrease at
every step. We also highlight the connection between our problem and certain conjectures on
exchange distances of basis-pairs, and show that no analogous strengthening of the conjecture
is possible (Example 5.6).

5.1 Graphic oriented matroids

This section is devoted to proving Conjecture 5.1 for the oriented graphic matroid of a
directed graph. This result is particularly interesting in light of the fact that, unlike in the
unoriented setting, one cannot necessarily transform one basis A into another B by using
|A\ B| exchanges, as shown by the following example.

Example 5.2. Let D = (V, E) denote the directed graph where V' = {s,t,u,v,w} with
arc set E = {su, sv,uw,vw, ut,vt}. Let A = {su,vw,vw,ut} and B = {sv, uw, vw, vt}; see
Figure 5.1. Note that transforming A into B with |A \ B| exchanges requires, at each step,
exchanging one arc from A\ B with one from B\ A. Hence, the first arc to remove from A
must be either su or ut. However, for either of these arcs, there is no arc in B \ A whose
addition would restore a directed s-t path, showing that no exchange sequence of length two
exists.

It is worth mentioning that exchanging vw with sv, then ut with vt, and finally su with
vw yields an st-embracing exchange sequence that transforms A into B.

For ease of discussion, we restate the conjecture in graph-theoretic terms, obtaining a
clean formulation about directed trees that avoids matroid terminology.

Theorem 5.3. Let D = (V,E) be a directed graph and s,t € V. Suppose A and B
are st-embracing spanning trees of D. Then there exist st-embracing spanning trees A =
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To, Th, ..., Ty—1,T, = B with ¢ < n—1 such that |T,_1AT;| = 2 and |T; N B| > |T;_1 N B| for
all i € [q].

Proof. We present an algorithm that constructs a sequence A = Ty, Ty,...,T,.1, 1T, = B
satisfying the conditions of the theorem in two phases. The high-level idea is as follows:
in the first phase, we modify A by successively adding the edges of Bls,t] \ A, obtaining a
spanning tree A’ with A’[s,t] = Bls,t]; in the second phase, we replace the edges of A"\ B
with those of B\ A" in an arbitrary order, without altering this directed s-t path.

Let B[s,t] = (f1,..., fx), where f; = v;_1v; for i € [k], with the convention vy = s and
v, = t. For the first phase, we need the following technical claim.

Claim 5.4. Let T be an st-embracing spanning tree of D with Bls,v; 1] C T and f; ¢ T for
some i € [k]. Then there exists e € T such that T' =T — e+ f; is an st-embracing spanning
tree with B[s,v;] € T'[s,v;].

Proof. Clearly, T — e + f; is a spanning tree if and only if e € T'[v;_1,v;]. Let e be the last
arc along this path not contained in B[v;, t]. Since f; ¢ T, such an arc exists and has at least
one endpoint on the path Blv;, t]. If e ¢ T'[s,t], then T — e + f; satisfies the conditions of
the theorem. Otherwise, e lies on the directed path T'[s,t]. By the choice of e, this implies
e € 6" (v;) for some j € [i, k] with Bl[i,j] C T. Therefore, T — e + f; contains the directed
paths Bls,v;] and T'[v;,t], and hence a directed s-t path. ]

By repeated application of Claim 5.4, we obtain a sequence of at most |Bls,t]|| ex-
changes that transforms A into a spanning tree A’ through st-embracing spanning trees,
with A'[s,t] = B[s,t]. By the basis exchange axiom for the underlying unoriented graphic
matroid of D, for every arc e € A’ \ B there exists f € B\ A’ such that A’ —e + f is
again a spanning tree. Since such an exchange does not affect the directed path A'[s, t], we
can transform A’ into B by performing exactly |B \ A’| exchanges so that all intermediate
spanning trees are st-embracing.

Since at every step of the algorithm we add an arc from B, the intersection of each
intermediate spanning tree with B does not decrease in any step; however, it may stay the
same when the deleted arc e lies in B as well. Therefore, concatenating the two exchange
sequences defined above yields a sequence of at most |B][s, t]|+|B\ A’| = |B| = n—1 exchange
steps through st-embracing spanning trees satisfying the conditions of the theorem. O]

A nice feature of Theorem 1.5 is that it guarantees a polynomial-length exchange sequence
and, when the two spanning trees are disjoint, allows transforming one basis into the other
along a shortest possible sequence of exchanges that preserves the st-embracing property at
every step. Indeed, for disjoint spanning trees, n—1 exchanges are necessary, and the theorem
shows that this many steps also suffice. For a finer distinction that applies more generally
to oriented matroids, we call an embracing exchange sequence A =Ty, Ty,...,T7,-1,T, = B
monotone if |T; N B| > |T;—1 N B| for all i € [¢], and strictly monotone if ¢ = |A\ B|. Using
this terminology, Theorem 1.5 establishes the existence of a monotone embracing exchange
sequence in oriented graphic matroids. Note that if A and B are disjoint, then r is a lower
bound on the number of exchanges required to transform A into B. Hence, for disjoint
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bases, Conjecture 4.1 would imply the existence of a strictly monotone embracing exchange
sequence. In light of Theorem 1.5, it is natural to ask the rather optimistic strengthening
of the conjecture: Does a monotone e-embracing exchange sequence always exist? Unfor-
tunately, however this conjecture fails for affine oriented matroids as shown in Corollary
4.8.

5.2 Matroid exchange analogues

Let M = (S,B) be a matroid where B denotes the family of bases, and let A,B € B. A
symmetric exchange takes elements e € A\ B and f € B\ A such that both A —e + f and
B— f+eremain bases. Gabow [11] conjectured that for a rank-r matroid M with two disjoint
bases A and B, it is always possible to transform the pair (A, B) into (B, A) by a sequence
of exactly r symmetric exchanges. This problem is closely related to a broader question
posed by White [21], who studied when two ordered pairs of bases (A, B) and (A’, B") can
be connected by a sequence of symmetric exchanges. The conditions AN B = A’ N B’ and
AU B = A U B, called compatibility, are clearly necessary for such a transformation, and
White conjectured that they are also sufficient. Building on these ideas, Hamidoune [7]
proposed an optimization variant that unifies Gabow’s and White’s settings.

Conjecture 5.5 (Hamidoune). For any compatible basis pairs (A, B) and (A',B’) in a
rank-r matroid, the first pair can be transformed into the second using at most r symmetric
exchanges.

There is a clear similarity between Conjectures 5.1 and 5.5, which raises the question of
whether the former can be strengthened by allowing symmetric exchanges. More formally,
given two e-embracing bases A and B of a rank-r oriented matroid, one may ask whether
there always exists a sequence of at most r symmetric exchanges transforming (A, B) into
(B, A) such that every intermediate pair in the sequence consists of e-embracing bases. We
show that such a strengthening is not possible, even when the oriented matroid in question
is an affine matroid and the bases are disjoint.

Example 5.6. Let A = {u,v,w} and B = {z,y, 2z} be the vertex sets of two 0-embracing
simplices in the plane whose vertices lie on the unit circle in the clockwise order u, x, y, v, w, z.
Suppose further that the diameter passing through w intersects the circle at a point lying
between u and x; see Figure 5.2. These conditions imply that the only symmetric exchange
preserving the O-embracing property of the simplices is the exchange of v and y. Performing
this exchange yields the simplices A" = {u,y,w} and B" = {z,v,z}, for which the only
possible symmetric exchange is again that of y and v.
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Chapter 6

A Diameter Problem for Sets

The goal of this chapter is to provide an insight into an aspect of the Hirsch conjecture that
is not in the main focus of the research into the topic. We will explore a problem closely
related to reachability problems discussed so far. The problem was proposed by Kalai in a
series of blogposts in 2008 [14]. The content of the chapter is in close connection with the
previously examined topics.

6.1 Characterization of the diameter problem

The problem involves a family F of sets with d elements over an n-element base set .S, and
asks for the diameter of this set family. What makes this proposal interesting, is that it
uses a non-standard concept for the diameter of F. In contrast to the standard concept of
diameter in combinatorial set theory, max{|AAB|: A, B € F}, the diameter used by Kalai
is the maximal exchange distance between any two sets A, B € F. Exchanges can be made
along the edges of a graph G(F) derived from F. The vertices of G(F) are the sets of F
and there is an edge between vertices A, B € F if |AN B| = d — 1. Note that this definition
very much resembles those that we used for simplices, graphs, and oriented matroids. For
reasons becoming apparent later, we make the following assumption about all subset A of
the ground set. Let F[A] denote the subfamily of sets of F entirely containing A.

Main assumption: G(F|[A]) is connected for all A C S with non-empty F[A].

Having these definitions and assumptions made, we now can formulate the main question
of this chapter.

Question 6.1. What is the maximum possible diameter of F, in terms of n and d?

Let us denote the answer to this question by F(d,n) in terms of n and d. In the following,
we present some observations that connect the setting, outlined above, to a more familiar
one. Let P be a simple d-dimensional polytope. Its facets Fi, ..., F,, correspond to linear
inequalities which uniquely define P. We generate F from P as follows. The simplex P is a
simple d-dimensional polytope, thus every vertex is part of exactly d facets. Therefore, the
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idea to use sets corresponding to vertices over the base set of facets, naturally arises. Denote
the set of indices corresponding to facets containing v, by S,. These sets clearly contain
|Sy| = d elements. Let F be the family of sets S, for all v vertices of P. Now consider what
the edges of G(F) are. Clearly, S, and S,, should be connected if |S,NS,,| = d—1. For simple
polytopes, this is equivalent to v and w being connected by an edge. This means that the
1-skeleton of P is isomorphic to G(F). We may make another observation by considering the
intersection of facets. Accurately, this means choosing a set A of facets and take all vertices
that are part of all of these facets, that is vertices v having A C S,. Therefore the set of
vertices v having A C S, form a sub-d dimensional face.

At this point, it is worth examining the set F'[A] = {T'— A | T € F[A]} with the base
set S — A. For this set, similar conditions hold as for F with the base set S. Indeed, every
element of F has size d — |A|. Furthermore, by the condition we assumed for F, we also
know that G(F|[A]), and in fact for all of its subset, in the form (F|[A])[B] with B C S — A,
G((F[A])[B]) is connected. It is easy to consider that G(F|[A]) is isomorphic to G(F’). This
means that F'(d—|A|,n’) is an upper bound for the length of the diameter of G(F[A]) where
n' is the size of the union of the elements of F.

6.2 An n-linear upper bound

In the following we present Kalai’s proof for the linearity of F'(d,n) in terms of n for a fixed
d. His proof heavily relies on the following result by Barnette [3].

Theorem 6.2 (Barnette). Any two vertices of a d-polyhedron can be joined by a path which
does not visit any facet more than 3973 times.

Proof. For d = 3, the theorem was proved by Klee [17], we use this result without further
note. For d > 3 we use induction. Let P be a d-polyhedron and let x and y be two of its
vertices. We consider a sequence of facets, Hy, ..., H,, satisfying the following conditions:

1. x is a vertex of H;
2. y is a vertex of H,,
3. H; and H;,; have common vertices for all 1 <i < m

Among all possible sequences of Hy, ..., H,, we choose one with m minimal. Now we will
show a sequence x = I'y,...,I'; = y such that I' is suitable for the proof of the theorem. Let
x; be a vertex of H;_1 N H; for all i« = 2,...,m. By induction, there is a path I'; between z;
and x;,.1 on the edges and vertices of H; that visits each d — 2 dimensional subfacets of H;
at most 397 times. Let the path between x and y consist of these I'; paths from z; to z;,1,
that is I' = [JT';. By the inductive bound on I';, each subfacet G N H; is visited by I at most
394 times. Observe that there can be no facet G of P that touches more than three facets
from {Hy,..., H,,}. Otherwise the indices of the first and last facet in Hy, ..., H,, touching
G, would differ by at least 3. However, replacing the facets between these two with G' would
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contradict that m was the smallest number of traversed facets between x and y. Each H; is
touching at most 3 facets, consequently at most 3 H;s. Therefore, each H; is visited at most
3 - 3%7* times by I as each of its maximum 3 (d — 2)-faces H; N H; is visited at most 3974
times. [

|

H;g3

Figure 6.1: Each H; on a shortest path has at most 3 other neighbors from the shortest path.

We can directly use Theorem 6.2 to establish the upper bound F'(d,n) < 3?3n. This bound
is indeed linear in n, however exponential in terms of d.

6.3 A generalized recursive bound

In this section we introduce a generalization, proposed by Kalai, of the graph of the set
family F in order to get a recursive upper bound on the combinatorial diameter of G(F).
So far we only considered two sets of F neighboring if they shared d — 1 vertices, in the
following we generalize this idea. Let G(F) be a graph whose vertices are the sets of F and
two vertices are connected if they share at least k elements from the base set S, that is there
is an edge between S, and S, if |S, NS,| > k. Note that G(F) is the same as Gy4_1(F). We
denote the maximum possible diameter of G (F) among all F with parameters d and n by

Claim 6.3. If G1(F[A]) is connected for every A with non-empty F[A]| then G(F[A]) is
connected for all A with non-empty F[A] as well.

We use this claim without proof in the rest of this chapter. After establishing this
connection between GG; and G, we proceed to a recursive upper bound on F'(d,n).

Claim 6.4. F(d,n) < Fy(d,n) - F(d — k,n — k) for all 1 <k < min(n, d).

Proof. Let R and T be two sets in F. Let R = S1,5s,...,5; = T be a path in Gg(F)
between R and T, that is [S; N S;11| > k for all 1 < i < ¢t. We may choose S, ..., Sy such
that t < Fy(d,n) as it is guaranteed that such path exists. Let B; be a subset of S;_; N S;
such that B; has exactly k elements. Now examine F'[B;] = {Q — B; | Q € F[B;]}. This
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set contains sets of size d — k from a potential ground set of size n — k. Furthermore,
by the main assumption about F, it is connected, thus by Claim 6.3, Gq—x—1(F'[B;]) is
connected. Therefore, there is a path in Gg_y_1(F'[B;]) between S;_; — B; and S; — B;
that is at most F'(d — k,n — k) long. However, this implies a path of length at most
F(d,n) < Fy(d,n) - F(d — k,n — k) between R and T in G(F). O

We can use this estimation to provide an upperbound for F'(d,n) in some special cases.
The bound is particularly useful when d and k are small compared to n.

Example 6.5. Assume for simplicity that 4 divides d. Consider the case n = 3d and choose
k = d/4 for our estimation. Choose a monotone sequence of exchanges R = Sy,..., S, =T
with S; T C S;11 NT. In the following we prove that such selection is possible.

Lemma 6.6. Let F be a family of d-element sets on an n-element base set, satisfying the
main assumption. Then for every R, T € F there exists t > 0 and sequence R = Sy, ..., S; =
T of sets of F, such that S;NT C S;y1NT.

Proof. We prove the lemma constructively. Assume we have already found R = 5y, ..., 5;
satisfying the condition of S;NT C S;.1 NT for all 1 < 7 < 7. By the main assumption,
G(F[S; N T]) is connected. Therefore, there is a shortest path in G(F[S; N T]) from S; to
T, let S;y1 the second vertex of this path (the first after S;). Clearly S;NT C S;yy N T
because each vertex of this path is contained in G(F|[S;NT1]). Finally, we need to verify that
there exists an index ¢ with S; = T. Since |S; N T'| is a monotone non-decreasing value, it is
enough to prove that there is a finite number of indices i that share the same value |.S; N T'|
and consequently set S; NT. However, this is true because after each step when S; N7 did
not change, we chose a predetermined S;;; from a shortest path in G(F[S; N T]) where j is
the minimum index such that S; N1 = S; NT. We either reach the end of this path, 7" or
|S; N'T| increases during the process. This way, we proved that there is a finite number of
sets S; on the constructed path with a fixed |S; N T7|. O

Now we are able to continue the analysis of Example 6.5. Denote by U; the last set
in Sy,...,5 with |Uy N R| = d/4. Similarly, denote by U, the last set of Sy, ..., S; having
Uy NUy| = d/4. Kalai noted that |Uy NT| > d/4, in other words, R,U;,Us, T is a path
in Gg/4(F). Of course, if Uy NT| already contains at least d/4 elements then we do not
even need to define Uy to acquire the subsequent results. In the following, we assume that
Uy N R| > d/4. We present the proof of Kalai’s statement in the following. Let us count
how many elements are in the union R U U; U U,. First, R contains d elements. The set U,
contains 3d/4 new elements compared to R. The set U, contains d/4 common elements with
Uy and less than d/4 common elements with R, otherwise we would have chosen a different
U;. Therefore Uy has at least d/2 new elements compared to R U U;. This means that
RUU, UU, has at least d +3d/4+d/2 = gzd elements. However, the base set of F contains
only 3d elements, thus Us and T have at least d/4 elements in common.

In this example n = 3d was chosen somewhat arbitrarily. If we replace it by n = rd and
repeat the same argument as in the example, we get that Fy/o,—o)(d, rd) < 7.
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