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Abstract

We will use a method developed by Duke, Imamoglu, and Téth to treat positive definite
binary Hermitian forms with entries in the Eisenstein ring R = Z + Zw, where w is a primitive
third root of unity. Such forms may also be interpreted as 4-dimensional lattices with extra
symmetries coming from R. We will construct a smooth partition of unity with respect to the
group SLy(R), which is in fact rational in terms of the entries of the form. We will use this
partition of unity to derive analytic class number formulas for positive definite R-integral binary
Hermitian forms of a fixed discriminant.



Chapter 1

Introduction

In this paper, we use the method introduced by [1] to establish an analytical formula to
calculate the class number of both the positive definite symmetric matrices over the integers, Z,
and the positive definite Hermitian matrices over the Eisenstein ring, R = Z + Zw, where w
represents a primitive cube root of unity. Using algebraic techniques, we define a fundamental
domain and construct an isomorphic mapping from this domain for symmetric positive definite
matrices over Z to a tetrahedron. Similarly, we create an isomorphism from the fundamental
domain of positive definite Hermitian matrices over R to a four-dimensional convex polytope.
For both types of positive definite matrices, we define an isomorphism that maps each matrix to
a unique point, with these points collectively forming a convex cone. Using volume formulas,
we define an equivariant partition of unity and apply Lemma([3.2]to determine the class numbers.
We let Hp denote the Hurwitz class number, the number of S Lo (R)-orbits weighted by their
stabilizers, and show that

D2 2a+b1+2d
o= Y
3 d((l+d)((l+b1+d)(a+b2+d)(a+b1—b2+d)

where the sum is over (% Z) positive definite Hermitian matrices over 2 of determinant D.



Chapter 2

Background and motivation

Definition 2.1. Let us define the quadratic forms of n variables in the following way:

Q= {Q ‘ Q:R" 2R, Q(u1,22,m0) = ) 0ymiy, i € R}

1<i<j<n

Lemma 2.2. Q is a vector space, and further
QO~S
Where S stands for the vector space of the symmetric n X n matrices over R

Proof. Let us define a ¢ function (as later will be shown: isomorphism) that maps from S to Q:
Satisfying that if p(M) = @, then

(1, xo, ...,lL’n)TM(ZL‘l,ZEQ, ey ) = Q(x1, ..y Ty)

Equivalently

n

Z 2Mijl’¢3§'j + Z M'L'sz? = Z Qg TiLj,

1<i<j<n i=1 1<i<j<n

It is identical to
Q5 = 2Mz] for ¢ 7é']

and
gy = My

Here, M;; stands for the i-th row’s j-th element in M.
This means ¢ is an isomorphism, consequently Q ~ S

Definition 2.3. Let us define the inner product on the vector space S in the following way:

(A, B) = tr(AB)



We verify the properties of an inner product:
Bilinearity:

(A+ B,C) = tr((A + B)C) = tr(AC) + te(BC) = (A, C) + (B, C)

(M, B) = tr(A\A)B) = Mr(AB) = MA, B)

Symmetry:
(A,B) =tr(AB) = tr(BA) = (B, A)

Positive-Definiteness:

(A, A) = (A?) = zn: A2 >0

ij=1
and (A, A) = 0if and only if A;; = 0 forall 1 <4, j < n, equivalently if and only if A =0
Thus, (A, B) = tr(AB) is an inner product on S.

Definition 2.4. The following is a group action of GL,,(R) on S:

olg): S— S

For a g € GL,,(R), let
p(g)X = gXg"

Let us verify that ¢ is a group action:

0:GL,(R) xS =S

Identity property:
We note that for any X € S, the identity element of GL,,(R), e, which is the identity matrix

1,,, acts trivially
ple)X =eXel = X

Associativity:
p(gh)X = (gh)X(gh)" = ghXh"g" =

= g(hX1")g" = ¢(9)(p(h)X) = p(9)p(h) X
forall g, h € GL,(R) and X € S. This means ¢ is a group action.

Definition 2.5. The orthogonal group on R”, O(n) is defined as:
O(n) = {g € GL.(R) | 99" =g"g = I.}

The elements of O(n) are said to be orthogonal.

Lemma 2.6. If g is orthogonal, then p(g) preserves the inner product on S

Proof. We want to show that tr(AB) = tr((v(g9)A)(e(g9)B))
Rewrite it using the definition of ¢ (g)X:

tr((¢(9)A)(¢(9)B)) = tr(gAg" gBg")



If ¢ is orthogonal g* g = I,,, then

tr((¢(9)A)(¢(g)B)) = tr(9ABg") = tr(ABg" g)

Because tr(XY) = tr(Y X). Using g7 g = I,, again:

tr((¢(g)A)(¢(g9)B)) = tr(AB)

Lemma 2.7. ¢(g) is a linear transformation

n+1 n+1
S:R(Q)—HK(Q)

with an ("3') x (") transformation matrix M*, satisfying det(M*) = det(g)"*"

Proof. To prove linearity, note that
P()(X +Y)=9(X +Y)g" = gXg" +9Yg" =p(9)X +¢(9)Y

and
e(9)(AX) = gAX)g" = Mg Xg" = Ap(9)X, VAER

The claim about the determinant will only be used for n = 2. Since ¢(g) is a linear trans-
formation from a vector space to itself, there exists a transformation matrix M*, satisfying

M*v = ¢ (p(g)X) Vo€ R?
Where X is the matrix corresponding to the vector v. (i.e. ¢(X) = v)
Denote
_ (a8
9= ('y 5)

Note that «d — v # 0. To determine M™* in the standard basis, one needs to calculate
v(9) (60), »lg)(75)and ©(g) (§7)

This yields:
o? 2a8 B2
M* = | ay By+as 88
~v2 2v8 82

Therefore
det(p(g)) = det M* = a®6® — 3a2Bv8* + 3a8°7*0 — 27 = (ad — Bv)* = det(g)®.

For a more elegant, yet more advanced proof, see

Definition 2.8. Let us use the following notation:
PD,(R) :=={Q € Q | v"Qu >0, Yo € R*\ {0} }

Here PD,,(R) stands for n x n positive definite symmetric matrices over R. As we have previ-

n+1
ously shown, Q ~ ]R< ’ >, consequently, there exists an isomorphic ¢ mapping of PD,,(R) to

(")

some P, C R )



Lemma 2.9. P, is a convex cone.

Proof. Because
v (Q 4 P)v = v Qu 4+ vT Pu

if @, P € PD,(R), then Q + P € PD,,(R) as well.
vT(AQ)v = W Qu, VA ER

Consequently, if X € PD,,(R), then AX € PD,,(R) for all A\ > 0. Equivalently, if z € P, then
Ax € P, forall A > 0, so P, is a cone.

If 0 < A < 1, then for all X,Y € PD,(R) AX, (1 — \)Y € PD,(R) as well. And it was
previously shown that AX + (1 — \)Y € PD,(R) also.

Therefore, forall X, Y € P,and 0 < A < 1, AX + (1 = \)Y € P, so P, is a convex cone.
]

For example P; is the infinite cone given by the inequalities
a>0, ac—b* > 0.

Definition 2.10. We will now restrict the group action to SL,(Z) C PL,(Z), and define the
equivalence. We say X ~ Y/, if there exists g € SL,,(Z) such that

p(g)X =Y

Lemma 2.11. The relation ~ defined above is an equivalence relation.

Proof. Reflexive: ¢(1,)X = X so X ~ X
Symmetric: X ~ Y < there exists g € SL, (Z) satisfying

e(9)X =gXg' =Y

This means that .

_ -1 _ _
X=gV(s") =gY()

Therefore Y ~ X
Transitive: If X ~ Y < there exists g € SL,(7Z) satisfying

p(9X =gXg" =Y
and Y ~ Z < there exists h € SL,(Z) satisfying
o(h)Y =hYh! = Z

Then
p(hg)X = p(h)(p(9)X) = p(h)Y = Z
so X ~Y 0

Lemma 2.12. Every () € P can be written as
AAT = Q
For A € GLy(R)



Proof. Using the spectral theorem, () can be diagonalized by an orthogonal matrix:

Q=)
For h € O(2) and A\, u € R* the eigenvalues of Q).

Therefore .
@=(n (0 5) (1 (4 5))

Now we will introduce a corresponding lattice to each symmetric positive definite matrix.
If

]

Q = AAT

We say the following lattice corresponds to the symmetric positive definite matrix, ():

n
r = E ozial-}
i=1

Where «; € Z and qa; are the i-th row vectors of the matrix A.

EQ:{xER”

Definition 2.13. Two lattices £ and £’ are said to be equivalent if
pelLepecl
for all p € R™ vectors. We denote this by £ ~* L.
Q) — L is a correspondence, the following lemma shows it:

Lemma 2.14. Whenever
AAT = BBT

fOl" A, B e GLQ(R), ﬁAAT ~* LBBT'

Proof. If AAT = BB”, then (B~*A)(B~tA)f = I,,s0 B~*A € O(2). Denote B™*A = O
Therefore A = OB, expressing B’s column vectors:

B= (bl byl ... bn>
This implies:
UB = (Ub1 Ub, ...)Ubn)
Since
¢:v+— Uv

is an automorphism of the integer lattice, Z", A and B’s row vectors define equivalent lattices.
O

Therefore, the previously defined ) — L function is well-defined.
The following property holds for the two above equivalence classes:

Lemma 2.15. () ~ P, ifand only if Lo ~* Lp.



Proof. First, I will show thatif Ly ~* Lp, then ) ~ P, for
Q= LqoL{, and P = LpL}

With LP - (p17p27 Jpn) and LQ = (Q1> q2, - Qn)
Since p1, pa, ..., Py, vectors are in £ p they must also be in L, so there exist a1, a2, ..., 0y, €

7, such that .
Z Qijd; = Pi
j=1

We arrange them into a matrix A (A’s i-th column’s j-th element is a,;). The following
property holds for A:
Lp=ALg

Since p; are linearly independent, A is invertible (not necessarily over Z). Similarly, there exists
an invertible matrix B with integer entries such that:

Lo = BLp

Since neither det(Lg) nor det(Lp) is 0, we can write the following:

. det(Lp) . 1
~det(Lg)  det(B)

Since A and B are over the integers, their determinants must also be an integer, consequently
det(A) = det(B) = £1,s0 A € SL,(Z) or diag(—1,1,1,..)A € SL,(Z), without loss of
generality we assume A € SL, (7). And rewriting () and P:

det(A)

P =LpL}, = (ALg)(ALq)" = A(LoL{)AT = AQAT
so P~ Q.
Let us prove the other direction: if P ~ @), then Lp ~* L. Use the same notations as in
the first half of the solution, and let g be the element in S L,,(Z) for which p(g)P = Q.
Therefore,
gLpLpg" = (gLp)(gLp)" = LoLg
Since g € SL,(Z):

v gU

is an automorphism of the integer lattice, Z". Therefore, the row vectors of the matrix gL p are
linear combinations of the row vectors of the matrix Lp, since the determinant of g is 1, they
span equivalent lattices.

The statement of 2. 15| completes the proof. O

Definition 2.16. On a lattice £ let us say that rS,, + L is a sphere packing, when .5, is the
open n-dimensional unit sphere, r € R*, and ’+ stands for the Minkowski sum, if and only if
(rS, + P)N (rS, + Q) = {} if Q and P are distinct points on the lattice L.

We say that a Dirichlet-Voronoi cell of a point (equivalently vector) v € L is the following:

D(v) = ﬂ {w‘2<w—v,u—v) < (u+v,u—v)}

ueLl
(Basically, the points in R™ that are closer (or equally close) to v than to other points on the
lattice)



Definition 2.17. We say that the density of a lattice L is

An(7Sn)
0(L) = su —
( ) rE]R{ﬂrSn—I—EIi)s a packing An(D(O))

Where ), refers to the Lebesgue measure of dimension n.

Definition 2.18. We say that the kissing number of a lattice £ is k(L) is the maximum number
of vectors v € L such that S, N rS,, + v # {}, where S,, + L is a packing.

If X ~Y then Lx ~* Ly, s0

X0 =y

Where Z,, is the integer lattice of dimension 7.

Let M (X) be the set of points v € Z,, where X attains its minimum, one can also observe
that

card{ M (X)} = card{M(Y)}

if Lx ~* Ly.

And also

det(Y) = det(g)* det(X) = det(X)

Let us say 7(X) and r(Y) are the biggest radii where r(X)S,, + Lx and 7(Y")S,, + Ly are
packings, respectively. Due to the geometric meaning of r(.X), one can easily see that

. This means that the density of the packing r(X)S,, + X is

wy, min X (v)™/?

27y /det(X)

Where w,, stands for the Lebesgue measure of the n-dimensional unit circle, S,,. Using the fact
that \,,(D(0)) = 4/det(X), because the determinant represents the Lebesgue measure of the
n-dimensional parallelepiped formed by the basis of £, and it can be decomposed into D(0).
It is exactly the same for each matrix equivalent to X.
It is easy to see that the kissing number of each sphere in the packing 7(X)S,, + Lx is

k(X) = card{M(X)}

This is again the same for each Ly ~* Lx and consequently for all Y ~ X.

n+1

When we observe the positive definite quadratic forms as points of P,, C ]R( ’ ) there
exists a fundamental domain with respect to the above group action. The fundamental domains
that we observe are convex polyhedra given as an intersection of halfspaces given by certain
inequalities among the entries of the matrix.

We will show below that for n = 2 the fundamental domain is given by the following
inequalities:

{(22) ] 2]l < e < a}.

The fundamental nature of this will be demonstrated later in



Theorem 2.19. Let D > 0 be fixed. The class number of the symmetric positive definite matri-
ces with integer entries and determinant D is finite.

Proof. Using 2|b| < ¢ < a:

2
C<ac=D+ <D+

4
So 3
ZCQ S D
There are finitely many options for ¢ and consequently also for b. Since
_D—pP
B &

There are finitely many possibilities for a too.
O

Our goal is to derive a formula for these class numbers. The aforementioned Theorem
guarantees that there are only finitely many distinct classes up to isomorphism. Therefore, it
suffices to study their representatives within the fundamental domain, which still provides a
complete picture of the geometry of all lattices over R.



Chapter 3

An important lemma

A practical approach to prove Hurwitz-type formulas is to simplify them by constructing
equivariant partitions of unity.

Definition 3.1. For a countable group, I" acting on a space X and a mapping p : X — C, such
that

Zp(fy:c) =1, Ve e X

yel’

we say that p induces a ['-equivariant partition of unity. In the case of |['| = oo, we require that
the series be absolute convergent.

Lemma 3.2. Assume that I" acts on X, andY C X is a finite union of h orbits

h
Y = JTy;.
j=1
Forally; j € {1,2, ..., h} denote the stabilizer of y; the following way:
Uy ={yellvw; =y}

If|ITj| < ocoforall j € {1,2,...,h}, and p induces an equivariant partition of unity, then

> = 2P

yey

Proof. Given that Y is the union of the orbits I'y;, the sum can be rearranged as shown below:

Do)=Y sy

yey Jj=1 yel'y;

Every y € I'y; can be written as gy; for some g € I'. But for all v € I'; gvy; = gy;, therefore:

PIDINOED IV DIL )

J=1yeTy; ver

Since p induces an equivariant partition of unity:

;%Zp(vyﬂ =D

vel j=1

10



Chapter 4

Example: construction of an equivariant
partition of unity for binary quadratic
forms

In this section, we will find an analytic expression for the class number of the symmetric
positive definite 2 X 2 matrices over Z, with a certain determinant. Firstly, let us observe the
matrices over R. A general representative of these matrices is:

(5 )

e(g): RP =R X +— p(g9)X

Observe the linear transformation

Let M be the set of points, representing reduced symmetric positive definite matrices such
that
21| <c<a

As introduced in the first section, P, is the set of points that represent symmetric positive
definite matrices in R3.

Lemma 4.1 (Lagrange reduction, [Sl]). Ps has the following polyhedral decomposition:

U elo)m.

gePSLy(Z)

Here by a polyhedral decomposition, we mean that the polyhedra p(g) M are either disjoint
or meet at a common face.

Proof. Using the following steps, we can reduce any positive definite matrix to one in M.
Stepl:
(51 (52) = (e ")
Where 2|b'| = 2|b + nc| < ¢ = ¢ for a suitable n.

Step2: If ¢ > a use



If we do these steps iteratively, since the absolute value of each entry decreases after a finite
number of steps, the reduced matrix satisfies 2|b| < ¢ < a.
Therefore

P |J eloM

geEPSL2(Z)

A direct calculation (see, e.g., [S]) shows that if x,y € intM and p(g)r = ¢(h)y then
g=handx =y.
0

For y € P, let us introduce the following half-space:
F,={z¢ 772] (x,y) <1}
Lemma 4.2. The following holds for all y € Ps:

vol(P,NFy) = > vol(p(g)MNF,)
gEPSLo(Z)

Proof. Since P, has the above polyhedral decomposition, the equality holds. [
Lemma 4.3. For all matrices y € P,, g € PSLo(R) and measurable sets S C R? the following
holds:
vol(p(g)S N EF,) = vol(S N F,ryy,)
Comment: Later, it will be used for M and P.

Proof. Because
p(9)S = {p(g)zlz € S}
we can get the following set equality:

Fy0e(9)8 = {z € p(9)S(z,y) <1} = {p(g)z]z € 5, (p(9)2,y) < 1}

Due to the determinant volume scaling theorem, for all measurable sets H C R3:

vol(¢(g)H) = det(p(g)) vol(H) = vol(H)

holds for all g € PSLy(R), because det(p(g)) = det(g)® =1
Therefore

vol(p(g)S N F,) =vol({z € S| (p(g)z,y) <1})
Recalling the definition of inner product:

((9)zy) = tr(gzg"y) = tr(2g"yg)
The second equality holds because tr(ab) = tr(ba). Note that (g7 )y = g7yg. Rewriting
the inner product:

(0(9)z,y) = (2, 009" )y)
Therefore

vol(p(g)S N F,) = vol({z € S‘ (z,0(g")y) < 1}) = vol(S N Fogmyy)

12



Note that since g € PSLy(Z) < g* € PSLy(Z) the previous two lemmas show that

vol(PaNF,)) = Y vol(M N Fygy,).
geEPSL2(Z)

P, cone

M tetrahedron

The boundary of the half-space F,

13



On the left hand side vol(P, N F}) depends only on the determinant of y. In fact, we have
the following.

Lemma 4.4.
T

vol(P,NF) = —
(P20 ) 12det(y)?

Proof. Due to the spectral theorem, every y € P, can be diagonalized by an orthogonal matrix:

_p (N 0\,
y=nh < 0 M) h
Where h is an orthogonal matrix over R of determinant 1, and A and p are positive real numbers.
Since det h = 1, we can apply resulting in:

vol(Py N Fy) = vol(Py N Fyry,) = vol({z € Pa|(z, gp(hT)y) < 1})

Note that: \
™ 0
o(h')y = (0 u)

Reintroducing it into the original equality:

vol(P, N E,) = vol ({(a,b,c)|]Aa+ pc < 1,a > 0,ac — b* > 0})

Let us use the following substitution:

(l‘, Y, Z) = ()‘av \/A_/d% NC)

(a,b,c) — (z,y, z) is an affine transformation, so the following holds for the volume:

vol ({(a,b,c)[Aa+ pc < 1,a>0,ac—b*>0}) =

= Ag—iL:;VOl({($,y7Z)|$+y< 1,x>0,xz—y2 >0})

This can be readily computed using the following integral:

1 pl—z pzz T
/ / / ldydz de =—

14



We know that det(y) = Au, therefore:

T

vol(PsNE,) = ———

(P2 v) 12 det(y)%
O

Lemma 4.5. 1
(MNE,)=
vol(M N F) 6c(a+b+c)(a—b+c)
Where

_f(a b
Y=\ ¢
Proof. Define the vectors

1 1
U1 = (0707 1)71)2 = (17 57 1) , U3 = (17 _57 1)

It is easy to see that they define M. By ’define’ I mean that
M = {)\11)1 + Aguy + )\3U3|/\i € R+}

Therefore M N F), is a tetrahedron spanned by a;v;, asvs, aisus, where o; € RT such that
(i, y) = 1. By span I mean that

MﬁFy:{Oélm—i-ozzvz—i—agvg]aiER+,&1+a2+a3§1}

Let us solve these equations:

And for i = 2, 3:
1 (677 (677 a
S (203 (30) = alak b =1
With a + sign, when 7 = 2 and a — sign, when ¢ = 3.
Therefore
1 1 1
o =-, ag=——— 3= ———
YT TP a+b+e Y a—b+c
Using the determinant tetrahedron volume formula:
1 a1V |a1a2a3|
vol(M N F,) = 5 ‘det (gggg)’ ==

Since
a+c>2v/ac > 2|b| > |b]

holds, all the above values for «; are positive. 0
Theorem 4.6. Fory = (¢°) let
2 det(y)? 1
ply) = T  cla+b+c)a—b+c)
Then p induces a partition of unity as in[3.2]
Proof. As we saw in[4.2}

vol(P,NF,) = Y vol(e(g)M NF,)
gEPSLo(Z)

15



Due to 4.3}

vol(P. N F,) = Z vol(M N Flg)y)

9EPSL2(Z)
And finally, because of 4.4]and [4.5}
™ ™
S VMO Fyg)=—— > plelgy) = 5
9EPSLa(2) 12det(y)? jepszy) 12 det(y)>
Therefore

gEPSLy(Z)

4.1 Application to class numbers

Fix a determinant D > (. To apply Lemma we need to show that positive definite
integral binary quadratic forms of determinant D have finitely many I' = P.S Ly(Z)-orbits and
that each representative has a finite stabilizer group.

That for a fix D = det(y) the class number is finite over PSLs(Z), as established in Theo-
rem We denote this class number by h.

We introduce the following notation:

Mp={ye M| det(y) =D, ye My(Z) NS}
Can be expressed as:
Mp={y;|j=1,..,h}
Also .
Pp = U Ly,
Where Pp stands for the subset of P, with D determinant and integer entries. This follows

from the fundamental nature of M.
Therefore, applying [3.2] we can conclude that:

h
S LY o)
j=1 L] yePp

We now make a remark about the stabilizer groups I';. As we have previously shown in

@ Y can be written as
T
yj = ajaj

for a; € GLy(R)

Lemma 4.7.
I; = PSLy(Z) Na;O02)a; "

j
is a finite group.

16



Proof.
L, ={g€ PSLy(Z) | gy;g" = y;}

We know that

9y;9" = (9a;)(g9a;)" = ajal

Equivalently,
(a;'ga;)(a; ' ga;)" = I
So it means
(a;'ga;) € O(2)

It is the same as

g € a;0(2)a;"

Since the intersection of a compact set (a;0(2)a; ') and a discrete set (S Ly(Z)) is finite, the
results are proved. [

Denote 0 = a}l ga; € O(2), and let k(z) represent the characteristic polynomial of g. Since
g € PSLy(Z), k’s coefficients are integers.

k(z) = 2% — tr(g)z + det(g)

We know that
tr(g) = tr(aj_loaj) = tr(oajaj_l) = tr(o)
Since o is orthogonal, 0%, + 03, = 1 = 03, + 03,, which implies | tr(0)| < 2.
If tr(o) = 42, then 0 = +1,, which leads to ¢ = +15. Since only Iy € PSLy(7Z), this gives
us one possibility for g for each y € P.
This reduces the problem to the case where the characteristic polynomial of g is either
2+ 1,22 +x+1lora?—ax+ 1.

In each case g can be written as
1

g=5js"
due to the Jordan Canonical form Theorem, where
i=(%x)

with k(z) = (z — x1)(x — x5), for 1,25 € C
If we can find a matrix ¢’ over real numbers such that k(¢’) = 0, then g can be expressed as:

g = Sg,S_l

Where s~ € GLy(R).

Recalling the original equation:

(sg's My(sg's™)" =y

Equivalently
d (S—ly (8—1)T> g7 = sy (S—1>T

At this point, it becomes straightforward to compute s~y (s‘l)T, which in turn allows us
to determine s and subsequently reveals the only possible g in each case.
Case 1, g is the root of 22 + 1:

17



g=07")
Therefore

= Oé]g

sy (S_I)T

So
y = (Vas)(Vas)"
And
9= Was) (Y3 (Vas)™!
Having both y and g expressed in the aforementioned manner leads to the conclusion that g
Yy
v/ det(y)
If \/det(y) is not rational, g ¢ PSLy(Z). Therefore, if det(y) is not a perfect square, this
case does not yield solutions.
The Case 2-3 where g is the root of 2% & x + 1 is treated similarly, such stablizers can only

arise when det y = 3n2.
We use the corresponding rational canonical form for ¢':

! 0 _]_
9=\1 71
Similarly to the above Case, g = sg’s~!. Therefore gyg’ =y < ¢' (8_1y (3_1)T> gt =
sy (s
Note that s~'y (s71)" is symmetric.
To find the form preserved by ¢, we look for a symmetric matrix H such that ¢'H (¢')" = H.

Solving this gives us:
2 +1
H= (il 2 )

Therefore, since g = sg’s~! preserves 7, we have:

Sfly(sfl)T —a (fl :i;l)

is over integers if and only if 1s over integers.

So y can be written as:

v=tvas) (F 7)) wasr

Taking the determinant of both sides reveals the following condition:

det(y) = det(y/as)? - det <f1 i;)
det(y) = (adet s)* - (4 — 1)

det(y) = 3(adet s)?
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g = (Vas) (ﬁ’ ;}) (Vas) ™

Having both y and g expressed in the aforementioned manner leads to the conclusion that g

is over integers if and only if Y isover integers.
det(y)/3
If \/det(y)/3 is not rational, g ¢ PSLy(Z). Therefore, if det(y)/3 is not a perfect square,
this case does not yield solutions.
Therefore, for D # n? 3n?: |T';| = 1 so in this case

3
2D 1
h==" 2.
T cla+b+c)a—b+c)
ac—b%=D,

a>0
A numerical approach can be implemented to approximate this formula. I developed an
algorithm that iterates over the matrices where b < by and a,c > 0 to compute the afore-
mentioned sum. Although computational constraints prevent us from evaluating the sum for
an arbitrarily large b, the formula provides a robust approximation. The resulting values are

presented in the following table:

D 2 5 6 7 8 10 n 13 14 15 7 18 19 20 2 22 23 24 26 28
25 0.998324 1992209 1.98B575 1987551 2975166 1.981510 3.962340 1976729 3.944086 3.948554 3.936848 2956073 3.932531 5.891723 3.925538 1965262 5.882676 5866904 5.849679 3.885808
50 0999555 1997740 1.997565 1996853 2.995023 1995245 3.990333 1994037 3.988161 3.986001 3.984365 2.988095 3.983072 5975124 3.980465 1989472 5.968669 5.964899 5960066 3.574904
100 0999888 1999421 1999339 1999193 2998659 1.998955 3.997443 1998598 3.996868 3996647 3.995912 2996999 3.995551 5993303 3.995283 1997666 5992104 5992313 599157 39931
200 0999974 1999864 1.999830 1999795 2.999669 1999724 3.999402 1999643 3.999242 3.999146 3.999051 2.999240 3.998941 5998303 3.998830 1999367 5.998072 5997969 5.997896 3.998404

h 1 2 2 2 3 2 4 2 4 4 4 3 4 6 4 2 6 6 6 4
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Chapter 5

The geometry of binary Hermitian forms

5.1 Hermitian forms

Use the following notation:

0= {X: (% Z) ‘a,deR,beC}

Similarly to the positive definite symmetric quadratic forms, the elements of Q can be rep-
resented as vectors, but now in R%.

For instance,
X — (CL, d, bl, bg)

is a bijection, where b = by + bsi.
Definition 5.1. Let us define the inner product in a similar way. On the vector space Q:
(A, B) = tr(AB)
We verify the properties of an inner product:
Bilinearity:
(A+ B,C) =tr((A+ B)C) = tr(AC) + tr(BC) = (A, C) + (B, C)
(M, B) =tr((M)B) = Mr(AB) = M(A, B)

Symmetry:
(A,B) =tr(AB) = tr(BA) = (B, A)

Positive-Definiteness:
(A, A) = r(A?) = a® + d® +2[b]* > 0

and (A, A) = 0if and only if a = |b| = d = 0, therefore b = 0, s0 A = 0.
Thus, (A, B) = tr(AB) is an inner product on S.

Definition 5.2. Let us define the group action on Q. Let us say GLy(C) acts on Q in the
following way:

o(9)X = gXg"
And
©(g) : X — 0(9)X
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Proposition 5.3. ©(g) is a Q — Q linear mapping, with a transformation matrix M, such that
det(M) = det(g)*

Proof. We need to verify that p(g) X € Q, or equivalently:

T
(gX §T> =gXg"

It can be shown in the following way:

(gX§T>T — (gXg") =gX ' g"

Since YT = X, the claim follows.
To prove linearity, note that

P()(X +Y)=g(X+Y)g" =9Xg" +9Y7 =0(9)X +¢(9)Y

and
e(9)(AX) = gAX)g" = Mg X7 = Ap(9)X, VAER

Since ((g) is a linear mapping from Q ~ R* to itself, there exists a 4 x 4 transformation
matrix, M, such that
Muv = p(g)X

whenever v and X correspond. We will show that det(M) = det(g)™.
Since Cartan decomposition g can be written in the following form:

g = l{?le’Q

Where k1, ko are special unitary matrices over C (i.e k1, ko € SU(2)) and D is a diagonal matrix
over R, containing A and y. Clearly with this choice det g = Apu.
Since ¢ is a group action (and consequently associative):

©(g) = p(k1)p(D)p(ks)

Therefore
det(p(g)) = det(p (k1)) det(p(k2)) det(p(D))

Since k; is unitary, det(y(k;)) is 1, therefore

det(p(g)) = det(p(D))
A0
b= (0 M)

z y\ ([ Nx Ay
#P) <@ Z) - (M@ NQZ)

Writing ¢ (D)’s M’ transformation matrix in the identity basis:

Where

R

r_ 1t

M =100xmo0
0 0 0 p2



Therefore
det(M’) = det(D)*

Consequently
det(p(g)) = det(M) = det(g)*

Definition 5.4. Let S denote the set of positive definite Hermitian 2 x 2 forms:

S={XecQ|v"'Xv>0YveC\{0}}
Definition 5.5. We define P* C R* as

P = {(a,bl,bg,d) | a-+d> O7ad_b% _bg = 0}
Lemma 5.6. The following property holds:

S ~P*

=i 4

is positive definite if and only if its eigenvalues are positive real numbers.
They are roots of the characteristic polynomial:

Proof. A matrix

K(X) = A2 = (a+d)\+ (ac — |b?)

Therefore, both a + d and ac — |b|*> must be positive, since they are the sum and product of
the roots, respectively.
If the discriminant of k:

(a+d)* —4(ad — |b]?)

is non-negative as well; both roots are positive real numbers. A(k) > 0 holds, since:

(a+d)* — 4(ad — |b]*) = (a — d)* + 4/b|?
O
Lemma 5.7. P* is a convex cone in R*

Proof. Since[5.6)P* ~ S so, it is sufficient to see that if X € S, then AX € S also for A € RY.

7T (AX)v = \v! Xv
for all v € C?, therefore X € S & A\X € S for A € R*.
Again because of [5.6]it is enough to show that if

X, Ye§ then A X+ (1-NY €S

for 0 < A < 1. We already saw that AX and (1 — \)Y" are positive definite, so we want to show
thatif X,Y € S,then X +Y € S.

(X 4+Y)o=7"Xv+7 Yo >0

forall v € C?\ {0}, consequently P* is a convex cone.
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Lemma 5.8. Every X € S ~ P* can be decomposed in the following way:
X =AA"
Where A € GLy(C).

Proof. Due to the spectral theorem, an X Hermitian matrix can be diagonalized by a unitary
matrix: T
X=UJU

We also know that all eigenvalues of X are positive real numbers, because it’s positive definite,

so .J can be written as: J = (AOQ £2> , where \2, ;2 are the the eigenvalues of X . Then

A=U (i)

satisfies the above criteria. O]

5.2 Some volume calculations

For a vector y € Q let:
Fy = {z € Q) < 1}

Lemma 5.9. Foreveryy € P*, g € PSLy(R) and S C R* measurable set the following holds:

vol(p(g)S N F,) = vol(SN Fso@T)y)
Proof. Because
©(9)S = {p(9)z|z € S}
the following set equality can be established:
FyNo(g)S ={z € v(9)S|(z,y) < 1} = {p(9)z|z € S, (p(9)z,y) < 1}
Due to the determinant volume scaling theorem, for all measurable H C R*:
vol(gH) = det(¢(g)) vol(H) = vol(H)

holds for all g € PSLy(R), because det(¢(g)) = det(g)* = 1.
Therefore

vol(p(9)S N Fy) = vol({z € S| (2(g)2,y) < 1})
Recalling the definition of inner product:

(p(9)z,y) = tr(gzg" y) = tr(27" yg)
The second equality holds, because tr(ab) = tr(ba). Note that (g )y = g yg. Rewriting
the inner products:

(0(9)z,y) = (z,0(3" )y)
Therefore

vol(p(g)S N F,) = vol({z € S‘ (z,0(G")y) < 1}) = vol(SN Fw(gT)y>
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Lemma 5.10. Forall y € P*:

vol(P* N F,) = vol(P* N Fso@T)y)

Where vol stands for the 4-dimensional Lebesgue measure.
Since 5.9t

vol(p(g)P* N F,) = vol(P* N F (;r),)
P* = ¢(g)P*, because z = p(g) (¢(g71)x).

Lemma 5.11. Forall y € P*:

% v
VOI(P N Fy) = m

Proof. Using the spectral theorem for every y € P* there exists a h unitary matrix, such that:

p(h) (33) =v.
Since | det(h)| = 1, there exists a matrix r in the form of r = (;* 9) such that det(hr) = 1,

0 1
and
p(r) (o3) = (o)
. Therefore:
o(hr) (o5) =y
Additionally,
p(Fo)@n) =109
For

Vi VA
7 SRR/ S

Therefore there exists a matrix g, with determinant of 1, such that:

©(g) (8 2) = vy, equivalently (g 3) = (g
Because of B.10t

vol(P* N F,) = vol (73* N F¢(§T>y> = vol({z € P*|{z, (@ )y) < 1})

Since

We can calculate the volume:

1
vol({z € P*|(z,0(@" )y) < 1}) = 5\701({(@, b1, by, d) € R ad—b3—b5 > 0, 1 > vya+yd > 0})

Since the volume of the parallelepiped formed by the vectors (1,0,0,0),(0,1,0,0),(0,0,1,0)
and (0,0,0,1) is 2.
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Using substitution:
T =7a,y ="yb,z=7by,w=rd
The above volume is

1
2—74V01({(:L‘,y,z,w) ERYow—y*—22>0, 1 >x+w>0})

It can be calculated using the integral:

1 1 11—z Vzw \/ Tw—y? T
—/ / / / 1dz dy dw dx = —
2 x=0 w=0 Y=—+/TWw z:—w/xu)fyz 48

T m
4874 48det(y)?

Therefore

vol(P*NF,) =
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Chapter 6

Construction of a partition of unity

6.1 Hermitian forms and the Eisenstein ring

Let
a,beZ,w=

—1+/3i
2

R:{a—l—bw

be the ring of Eisenstein integers. (It is commutative and a Euclidean domain.)
Definition 6.1. Let
PSLy(R) :={(2%)] a,b,c,d € R,ad — bc =1} /{+]5}

Let
Q" ={X=(%")]adeZbeR}.

The group PSLs(R) acts on binary Hermitian forms via . Q* is an analogue of the positive
definite integral binary forms over Z. Our goal is to derive a class number formula for these
forms when the determinant is fixed. We start with determining a polyhedral decomposition of
Q with respect to the group PSLy(R).

Definition 6.2. We define P C R* the following way:

P ={(a,by,by,d) | a+d>0,ad — b7 — b5+ byby > 0}
Lemma 6.3. P ~ P*, moreover P = T'P*, for

10
01
00

gbi (%Z) — ((l,bhbg,d)T

Is an isomorphism where b = b, + bow for by, by € R. Therefore it is also equivalent to P* ~ S,
where the corresponding vector to the above matrix is (a, b, b,, d)?, where b| + byi = b for
by, b € R.

Since by + bow = b} + bhi, by = b + \b/—%, and by = % This implicates the above transition
matrix. H

oglglo
= o OO0

Proof. P ~ S, because
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A

Figure 6.1: F' and the Eisenstein integers

Let us use the notations in the figure.

The blue points represent the Eisenstein integers, the axes are the real and imaginary axis,
and the hexagons are the Dirichlet-Voronoi cells of each Eisenstein integer.

We let F' = F} U F;. Explicit descriptions of the planar domains Fy, F5 will be given in the
next section.

Definition 6.4. Let M be the following domain:

M:{(Zg)‘ogagd,andgeF}.

Clearly M = M, U* M5, where M; and M, are defined as follows:
M; = (“b)‘0<a<dandé€Fi
bd =t = a

Theorem 6.5. M is a fundamental domain for the action of SLs(R) on Q.
This means that ‘P has the following polyhedral decomposition:

P= |J eoM= ] (eloMiUp(gM>)

gEPSLy(R) gePSLy(R)

Proof. We propose a method to transform a fixed positive definite Hermitian form, /, into
a reduced form, H' € M. Let a be the smallest number that can be expressed in the form
(zm =) H (%), where z1, 2o € R. Consequently, the greatest common divisor of z; and 2, in
the Eisenstein ring is 1. Therefore there exist wy, ws € R, such that det (3} ) = 1. Denote

21 w1

9= (22 w2)
p(g)H = (% f)
. .. . b
We will now follow similar steps as in the real case to obtain — € F'.
a

(o L 0 (ef) = @ Btz
Play—zow 1 By ) — \ Bt(itzaw)a v

Since the above illustrated hexagonal Dirichlet-Voronoi cells partition C, é is in one of them.

a
. .. ) + + )
If it’s in the Dirichlet-Voronoi cell of —x; — xow, then B+ (@1 + zow)a = é + 21 + 2w 18

a a
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inside 0’s Dirichlet-Voronoi cell. So it’s either in £’ or in the image of F' rotated by 120° or
240°. Denote b’ = 5 + (21 + xow)a and d' = o/

2 0 bl _ b/
2 (50 (Fa) = ()
This rotates %/ by 120°, so after at most two applications, a form

= (34)

can be achieved, where 2 € F.

Since a’s minimality, (0 1) H' (9) =d > a.

The final step, that p(g)z = @(h)y for z,y € int(M) if and only if g = h and = = y can be
found in [2]]. OJ

6.2 Explicit description of the polyhedron )

Using the description via matrices the condition z € Fj or F, can be expressed as a set of
inequalities. The same holds for the property that a matrix is positive definite. For example we
will use the fact that for such matrices a, d > 0.

b

— € Fj if and only if

a

0 < R(b)
(5 == (D)
a 3 a
b
(1) =5 ()
It will be convenient to use a different description, via a change of basis. Use the following
correspondence between Q and R*:

wl&

(5q) — (a,b1, b2, d)
Where b = by + bow, where by, by € R.

Define the set of points corresponding to matrices in M; as M and to matrices in M as M.
Rewriting the above inequalities:

Ml = {(Cl, b17627d)

by < 201, by < 2by, by + by < a, dﬁa}

Since it’s defined as the intersection of 4 hyper-half-spaces, it’s a(n infinite) simplex. There-
fore, we may notice that M can be expressed the following way:

M = {Oéﬂ)l + U2 + ai3v3z + CY4U4‘C¥Z' € R+}

o\ 7 I\ T 3\
_[o _[o _ {3 _
vl—<0> ,v2—<0> ,113—(1) andv4—(
1 1 3

We can do similar calculations for M, and get:

For

y

W =W

My = {oqw; + asws + azws + agwy|o; € RT}
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For

0 T ! T 3 T 3 T
v =w; = | g , Uy =wa = | g , V3 =wsg = | 1 and wy = |
1 1 3 3

So the fundamental domain, M can be written as M = M; U* M,, where M; and M,
are 4-dimensional infinite simplexes, with a common facet.

6.3 Construction of a partition of unity

Recall that by Theorem [6.5] the following lemma holds:

Lemma 6.6. Forall y € P:

vol(PNF,) = Z vol(p(g)MNEF,) = Z (vol(p(g)MiNE,)+vol(p(g)M2NE))

gE€SL2(C) gE€SL2(C)

Where vol stands for the 4-dimensional Lebesgue measure.

If T is a simplex:

4 4
T .= {v‘ v = Zaivi,ai > O,Zai < 1}
i=1 i=1

For given, linearly independent 4-dimensional vectors vy, vs, V3, V4.
And T\, is the following infinite simplex:

4
Ty = {U‘ V= Zaivi,ai > O}
i=1
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Now we present a lemma:

Lemma 6.7. For every 4-dimensional y vector that is not orthogonal to either of the vectors v;:

B vol(T)
vol(Toe N Fy) = | tr(v1y) tr(vay) tr(vsy) tr(vey)|

Proof. Let S, be the hyper-plane defining F,, hyper-half-space:

Sy = {v] (v,y) = 1}

Denote the intersection of the lines A\v; and the hyper-plane S, as follows:

av; € Sy & (au,y) =1

Since «; € R scalar, and the inner-product is linear:

1 _ (v, y) o a; (v, y) _

(y) oy (oY)
Recalling the definition of the inner product:

)

1
Q; =
tr(vy)
Because of the simplex volume formula, and the fact that the identity basis’s vectors form a
parallelepiped with volume 2:

vol(T') = 18

1 b
8 det(l’i)‘

1 a1V1
vol(Too N F) = 5 ’det (ggzg) ’ = |y agazay| vol(T')

Q4v4

Substituting the above results into «; gives the expression we aimed to prove. [
Proposition 6.8.

1

1 1 1
1 Fy)=——"
vol(MN £y 144 (d(a+d)(a+bl+d)) (a+bg+d+a+bl—b2+d>

Proof. Due to it is sufficient to compute tr(vy), where v is one of the spanning vectors of
M or M:

(69), (59), (23@2J§w)7 and either (13251§2w) or (1351?))

These can be easily calculated:

tr(§9) (i ) =a+d
tr (575 %5) (4 nHRR) = 3(a+ by + d)
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tr (132@ 1+32w) (b1-‘fb2§ b1+12l+2w) = 3(61 + b2 + d)

tr (1 3515%) (5, 5% ") =3(a+ by — by + d)

1
By substituting these values, and vol(M;) = T

U1 1
det | 22 || = —:
8 vy 16

1
1 F,) =
VO (./\/llﬁ y) 144d(a+d)(a+b1+d)(a+b2+d)

And for Ms:

1
1 F,) =
vl Me N b = e T dat b T da t b~ b )

Adding these up, because M = M; U* M, we get the desired result.

Theorem 6.9. For y = (b1 Show lerdbw) let

 det(y)? 2a + by + 2d

37 dla+d)(a+b +d)(a+by+d)(a+ b — by +d)

p(y) :

Then p induces an equivariant partition of unity as in[3.2]

Proof. As we saw in[6.6}

vol(PN F,) = Z vol(p(g)M N Fy)

gEPSLy(R)

Using[5.9
vol(PNF,) = > vol(Mn Fyy,)

gEPSLa(R)
Since 5.11

1 det(y)? = Z vol(M N Fiyg)y)

48
gePSLa(R)

According to Lemmal6.8] we have:

~48det((g)y)?

™

vol(M N Fig)y) = p(e(9)y)

Since det(y) = det(¢(g)y), p induces a P.S Ly( R)-equivariant partition.
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6.4 Summary: the class number formula

Let us fix D = det(y). To apply Lemma [3.2] we need to show that the number of PSL,(R)
orbits on Qf, = {y € Q* | det(y) = D} is finite, that each y has a finite stabilizer. We start
with the finiteness of the class number.

Theorem 6.10. For a fixed determinant, D, the class number is finite.

b
Proof. Since — € F".
a
V3|bl < a

And as it was previously stated:
a<d

Analogously to the real case:
2

a2§ad:D+|b|2§D+%

Consequently,
2(12 <D
3

So there are finitely many options for a and there are finitely many options for b as well, using
the fact that the set of points representing an Eisenstein integer forms a nowhere dense set in
C. ]

Now, I turn to the proof of the finiteness of the stabilizer.

Lemma 6.11.
I =a;U(2)a;' N PSLy(R)

Where y; = aja;’, such a decomposition exists due to And U(2) stands for the group of
unitary matrices over C.

Proof. We can do the exact same thing as in 4.7/

T
g €T & (g9a;)(ga;) = aja;"

Multiplying by aj_l the right and by (a_jT) ! the left:

——T
(a;"9a;) (a5 905) =1
Equivalently,
aj_lgaj e U(2)
So

g € a;U(2)a;"

And since g € PSLy(R), it’s equivalent with

g € CLjU(2)CL;1 N PSLQ(R)
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Since T'; is the intersection of a compact and a discrete set, |I';| is finite.

When PSLy(R) acts on P, with p(y) = C vol(M N F,), since[6.9} p induces an PSLy(R)-
equivariant partition of unity. Let us use the following notations:

MED) ={y € M;|det(y) = D,z € Q*}

Mp = {y € M|det(y) = D,z € 9} = MP Uu* M{P)
Pp ={y € Pldet(y) = D,z € Q"}
Since M p is a fundamental domain, M p can be written as:
Mp = {y1, Y2, -+ Yn}
And .
Pp = U Ly;

Definition 6.12. The Hurwitz class number of positive definite binary Hermitian forms over the
Eisenstein ring is

where I'; is the stabilizer group of y;:

;= {g € PSLy(R) | v(9)y; = y;}

It was shown by Hurwitz that this is a more natural constant than the number of orbits h.
Among others, this (and not i) appears in many results of analytic number theory. Using
and our Theorem [6.9] we have the following corollary

Theorem 6.13. Let D > 0 be given and let Hp be the Hurwitz class number of Q7,, the set of
positive definite binary Hermitian forms over the Eisenstein ring R of discriminant D. Then

D? 2a + by + 2d
o= Y
3T d(a+d)(a+b1—|—d)(a—|—bg+d)(a+b1 —bg+d)

where the sum is over (% Z) € 9p.
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