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Introduction to representation theory of finite groups

When encountering abstract groups for the first time in an algebra course, it is easy to under-
stand the definitions and yet not the subject. We are handed a set and a binary operation, but
the axioms alone rarely reveal what the elements are actually doing. Grappling with these
structures purely in the abstract can feel unintuitive. Representation theory is the branch of
mathematics that renders these structures more tangible. It gives a concrete body to the group
by representing its elements as linear transformations, meaning that the abstract group oper-
ation manifests simply as matrix multiplication. In this way, representation theory provides
abstract groups with a concrete anatomy. It translates otherwise opaque algebraic problems
into the easier to visualize, computationally familiar domain of linear algebra.

If we examine the history of the subject, it started around the end of the 19th century. Fer-
dinand Georg Frobenius started to investigate the topic in 1896 [1] after receiving a letter
from Dedekind about a rather difficult problem concerning group determinants. Frobenius’
invention of the theory of characters to solve the problem led to more discoveries: in the fol-
lowing years, Issai Schur [2] (1905) and William Burnside [3] (1911) also joined the work,
and the theory was rapidly formalized and expanded. As is often the case with mathematics,
applications of the theory were found in physics: in quantum mechanics, if a physical system
has some symmetry, the solutions to the equations governing the system will naturally form
a representation of this symmetry group. Today many fields of mathematics have also found
use of the concepts brought about by representation theory.

Formally, a representation of a group G over a field k is defined as a group homomorphism
p:G— GL(V),

where V is a vector space over k and GL(V) is the group of invertible linear transformations
of V. In this context, V is referred to as the representation space of G. Equivalently, we
can view V as a module over the group algebra k[G]. To understand the structure of these
representations, our primary strategy is to decompose them into irreducible representations—
those that admit no nonzero proper invariant subspaces. For finite groups, a fundamental
result of this theory is Maschke’s theorem, which guarantees that under suitable conditions
every representation can be completely decomposed into a direct sum of irreducible ones.

This thesis serves as an introduction to the representation theory of finite groups. After re-
calling the necessary background, we develop the basic language of representations and prove
several central results, including Maschke’s theorem, Schur’s lemma, and the decomposition
of the group algebra. We then work through a range of examples before placing the theory in
a broader context through categorical interpretations, tensor products, dual representations,
and further character-theoretic results.!

Unless stated otherwise, G is always assumed to be finite, and representations are finite-
dimensional over the complex numbers C. Thus, by default, characters will be treated as
complex-valued class functions.

1 Previous knowledge

This thesis assumes the reader is familiar with the foundational concepts of abstract algebra
at the level of a typical undergraduate curriculum (e.g. [9], [10], [11]). The key definitions
and theorems that are presupposed are listed below for clarity.

1.1 Group theory

Definition 1.1 (Group). A set G with a binary operation - : G x G — G is a group if it satisfies
associativity, identity, and invertibility axioms. An abelian group satisfies the commutativity
axiom.

Definition 1.2 (Subgroup and coset). A subset H C G is a subgroup (H < G) if it is a group
under the operation of G. For g € G, the set gH = {gh | h € H} is a left coset of H in G.

1Standard references for the subject include [4], [5], [6], [7], and [8].




Theorem 1.1 (Lagrange’s theorem). If G is a finite group and H < G, then the order of H
divides the order of G, i.e., |H| | |G|.

Definition 1.3 (Normal subgroup and quotient group). A subgroup N < G is normal (N <G)
ifgNg=t = N forall g € G. If N < G, the set G/N of left cosets forms a quotient group under
the operation (g1 N)(g2N) = (9192)N.

Definition 1.4 (Group homomorphism). A map ¢ : G — H between groups is a homomor-
phism if ¢(g192) = ¢(g1)d(ge) for all gy, go € G. The kernel is ker(¢) = {g € G | $(g) = en } and
the image is im(¢) = {¢(9) | g € G}.

Theorem 1.2 (Homomorphism theorem). If ¢ : G — H is a group homomorphism, then

G/ ker(¢) = im(9)

Definition 1.5 (Commutator subgroup and abelianization). The commutator of two elements
g,h € Gis
[9,h] = ghg™'h™".

The commutator subgroup |G, G] is the subgroup generated by all commutators. The quotient
G* =G/[G,G]
is called the abelianization of G.

Definition 1.6 (Group action). A (left) group action of a group Gon aset X isamap G x X —
X, denoted (g, ) — g -z, satisfyinge-z = z and (g192) -2 = g1 - (g2 - z) for all g1, 90 € G,z € X.

Theorem 1.3 (Orbit-stabilizer theorem). Let G act on a set X. For an element x € X, the orbit
is O, ={g-x| g€ G} and the stabilizeris G, ={g € G | g- x = z}. Then |G| = |0,||G.|.

Definition 1.7 (Conjugacy class). Let G be a group and let g € G. The conjugacy class of g is
Clg(g) = {hgh™! | h € G}.
Elements in the same conjugacy class are called conjugate.

Definition 1.8 (Centralizer). Let G be a group and let g € G. The centralizer of g in G is

Cc(g) ={h € G| hg = gh}.

1.2 Linear algebra

Since representation theory sends abstract group elements to linear transformations, we first
come to an agreement on the basic vocabulary of vector spaces and linear operators.

Definition 1.9 (Vector space). A vector space V over a field k is an abelian group under addi-
tion, equipped with a scalar multiplication £ x V' — V satisfying standard axioms.

Definition 1.10 (Dual vector space). Let V be a vector space over k. The dual vector space is
V* = Homg (V, k),
the space of all linear maps from V to k.

Definition 1.11 (Linear transformation and GL(V)). Amap T : V — W between vector spaces
is a linear map if it preserves vector addition and scalar multiplication. The set of all invertible
linear transformations from V' to itself forms the general linear group, denoted GL(V).

Definition 1.12 (Trace). Let V' be a finite-dimensional vector space over k andlet T : V — V
be a linear operator. The ¢race of T, denoted Tr(T), is the sum of the diagonal entries of any
matrix representing 7" in a basis of V. This number is independent of the chosen basis.

Definition 1.13 (Tensor product of vector spaces). Let V and W be vector spaces over k.
Their tensor product is a vector space V ® W equipped with a bilinear map V x W — V ®, W,
(v,w) — v ® w, such that every bilinear map V' x W — U factors uniquely through a linear
map V ® W — U. Elements v ® w are called pure tensors.



Definition 1.14 (Subspace, direct sum). A subset W C V is a subspace if it is a vector space
under the operations of V. If U, W are subspaces of V such that V =U+W and UNW = {0},
then V is the direct sum of U and W, denoted V =U @ W.

Definition 1.15 (Basis and dimension). A set of vectors {v; } is a basis for V if they are linearly
independent and span V. The number of vectors in a basis is the dimension of V.

Theorem 1.4 (Rank-nullity theorem). For a linear map T : V — W, dim(V) = dim(ker(7T")) +
dim(im(T")).

Definition 1.16 (Eigenvalues and eigenvectors). For a linear operator 7' : V' — V, a non-zero
vector v € V is an eigenvector with eigenvalue )\ € k if T'(v) = Av.

1.3 Ring and module theory

Viewing representations merely as vector spaces with a group action is insufficient in some
cases, as such it is useful to enclose the action into multiplication by elements of a ring, which
takes us to modules.

Definition 1.17 (Ring). A ring R is a set with two binary operations, addition and multipli-
cation, such that (R, +) is an abelian group, multiplication is associative, and the distributive
laws hold. An algebra over a field £ is a ring A which is also a vector space over k, such that
the ring and vector space operations are compatible.

Definition 1.18 (Unital ring). A unital ring is a ring R equipped with a multiplicative identity
element, conventionally denoted by 1, such that for all a € R:

Definition 1.19 (Module). Let R be a ring. A left R-module is an abelian group M equipped
with an operation R x M — M, referred to as scalar multiplication, which satisfies associative
and distributive axioms strictly analogous to those of a vector space.

Definition 1.20 (Unital module). Let R be a unital ring with multiplicative identity 1. A
left R-module M is termed a unital module if, for all m € M, the action of the ring’s identity
element satisfies:

1-m=m

Remark 1.1. Hereafter, unless explicitly stated otherwise, all rings and modules considered
within this thesis are assumed to be unital.

Remark 1.2. A module over a field & is precisely a vector space over k. An abelian group is a
module over the ring of integers Z.

Definition 1.21 (Submodule and homomorphism). A submodule N C M is an additive sub-
group closed under scalar multiplication. An R-module homomorphism isamap f: M — N
that preserves both the group and module structures.

Definition 1.22 (Simple and semisimple modules). A non-zero module M is simple (or irre-
ducible) if its only submodules are {0} and M itself. A module is semisimple (or completely
reducible) if it is a direct sum of simple submodules.

2 General representation theory

2.1 Maschke’s theorem and complete reducibility
A central question in representation theory is whether complex representations can be broken
down into simpler components.

For finite groups, this property is guaranteed by Maschke’s theorem, provided the field char-
acteristic is compatible with the group order.



Definition 2.1 (Character). Let p : G — GL(V) be a finite-dimensional representation of a
group G over a field k. The character of p is the function

Xp:G—k

defined by
Xp(9) = Tr(p(g)).

Definition 2.2 (Class function). Let G be a group and let & be a field. A function f: G — kis
called a class function if

f(hgh™") = f(9)

for all g, h € G. Equivalently, f is constant on conjugacy classes.

Definition 2.3 (Subrepresentation). Let V be a representation of G. A subspace U C V is
called a subrepresentation or G-invariant subspace if

g-uelU
forallg e Gandallu € U.
If U is a subrepresentation, the quotient vector space V/U becomes a representation of G by
g-(v+U)=(g-v)+U.
This is called the quotient representation.

Definition 2.4 (Intertwiner and isomorphism of representations). Let (V,p) and (W, o) be
representations of G. A linear map
T:V->W

is called a G-linear map, homomorphism of representations, or intertwiner if

T(p(g)v) = o(9)T(v)
for all g € G and v € V. The vector space of all such maps is denoted by
Homg (V, W).
An isomorphism of representations is an invertible intertwiner. If such a map exists, we write
V=Ww.

Definition 2.5 (Irreducible representation). A nonzero representation V' of a group G is called
irreducible if its only subrepresentations are {0} and V itself.

Definition 2.6 (Permutation representation). Let G act on a finite set X. The associated
permutation representation is the representation of G on the vector space with basis {e, | z €
X}, where

g€y =€gy.
Definition 2.7 (Faithful representation). A representation p : G — GL(V) is called faithful
if p is injective.

Definition 2.8 (Inner product of characters). Let x and 1) be complex-valued class functions
on a finite group G. Their inner product is defined by

(o) = ﬁ S x(9)elg).
geG

Definition 2.9 (Regular representation). Let G be a finite group. The left regular represen-
tation of G is the representation on the vector space k[G]| where G acts by left multiplication:

g-en = €egh.

Theorem 2.1 (Maschke’s theorem [12]). Let G be a finite group and k be a field such that
char(k) 1 |G|. Let V be a representation of G and U C V be a G-invariant subspace. Then there
exists a G-invariant complement W such that V =U @ W.



Proof. We use the standard averaging argument (cf. [5, §1.3], [6, §1.2]). Since U is a subspace
of the vector space V', we know from linear algebra that there exists a vector space complement
Wy such that V = U @ W,. However, W, is not necessarily G-invariant.

Let mp : V' — U be the projection map associated with this decomposition. That is, for any
v =u+w (Where u € U,w € Wy), mo(v) = u. Note that 7 is a linear map, but not necessarily
a G-linear map (an intertwiner).

We construct a G-linear map by “averaging” m; over the group. Define 7 : V' — V by:
m(v) Z g-7o(g -1, v)
IG | =2

Note that the factor 7 G‘ exists because char(k) 1 |G|.

We claim that 7 is the desired G-equivariant projection onto U.

1. Image of 7 is in U: Since V is a representation, for any v € V, g7! - v € V. Thus
7o(g~!-v) € U. Since U is G-invariant, multiplying by g keeps the vector in U. As U is a
subspace, the sum remains in U.

2. 7 fixes U: Let u € U. Then g~! - u € U. By definition of m, mo(¢g~! - u) = g~ - u. Thus

pointwise:
1 G|
u g- . u = u = u=mu
|G| 2 e QZ Gl

Therefore, 7 is a projection onto U (i.e., 72 = ).
3. 7 is a G-intertwiner: We check the naturality condition. Let h € G.

~1
w(h-v) = |G|Zg mo(g™ h-v)

geG

IG|Z (ht) - mo(t™" -v)

teG

=h-7(v).

Since 7 is a G-linear projection, let W = ker(r). Since 7 is a homomorphism, the kernel is a
subrepresentation. Thus V = im(7) & ker(r) = U & W as G-modules. O



2.2 Schur’s lemma

While Maschke’s theorem helps us decompose objects, Schur’s lemma describes the morphisms
between the simple objects [2].

Lemma 2.2 (Schur’s lemma). Let V and W be irreducible representations of G over a field k.
Let ¢ : V — W be a G-linear map.

1. If V and W are not isomorphic, then ¢ = 0.
2. If V. =W, and k is algebraically closed (e.g., k = C), then ¢ = X\ -id for some scalar \ € k.

Proof. Part 1: Let ¢ : V — W be an intertwiner. Consider ker(¢). This is a submodule of V.
Since V is irreducible, the kernel must be either {0} or V.

¢ Ifker(¢) =V, then ¢ = 0.
¢ Ifker(¢) = {0}, then ¢ is injective.

Now consider im(¢). This is a submodule of W. Since W is irreducible, the image must be {0}
or W.

¢ Ifim(¢) = {0}, then ¢ = 0.
e Ifim(¢) = W, then ¢ is surjective.

Thus, if ¢ # 0, it must be both injective and surjective, i.e., an isomorphism. If VV 2 W, no
such isomorphism exists, so ¢ must be 0.

Part 2: Let V = Wand k = k. Let ¢ : V — V be a G-linear map. Since V is a finite-
dimensional vector space over an algebraically closed field, the operator ¢ has at least one
eigenvalue \ € k. Define a new map ¢ = ¢ — X -idy. Since ¢ is G-linear and the identity is G-
linear (it commutes with everything), their linear combination v is also G-linear. The kernel
of ¢ is the set of eigenvectors with eigenvalue A. Since A is an eigenvalue, ker(¢)) # {0}. Since
V is irreducible and ker() is a non-zero submodule, we must have ker(¢)) = V. Therefore,
1 = 0, which implies ¢ = X - idy . O



2.3 The group algebra and Wedderburn decomposition

We will now view representations as modules over a specific ring: the group algebra.

Definition 2.10 (Group algebra). The group algebra k|G| is the vector space over k with ba-
sis elements {e, | ¢ € G}. Multiplication is defined distributively by extending the group
operation:

Y agg] - <Z bhh> = > (aghn)(gh)
geG heG g,heG

A representation (V, p) of G is equivalent to a left k[G]-module structure on V.

Consider k[G] as a module over itself (the left regular representation). By Maschke’s theorem,
this module decomposes into a direct sum of irreducibles V;:

el = DV
i=1

where n; is the multiplicity of V; in the regular representation.

By the Wedderburn-Artin theorem (cf. [10, Chapter XVII], [5, §6]), any semisimple ring (like
k[G)) is isomorphic to a product of matrix rings over division rings. Since k = C is algebraically
closed, the only finite-dimensional division ring over k is k itself. Thus:

461 = @) Ma, (€)

where My, (C) is the ring of d; x d; matrices.

There is a natural isomorphism relating the group algebra to the endomorphisms of its irre-
ducible representations:

kG = éEnd(m)

Comparing dimensions on both sides of this isomorphism yields the fundamental dimension-
ality formula.

* The dimension of k[G] as a vector space is |G/|.
* The dimension of End(V;) (which is isomorphic to M, (C)) is d7, where d; = dim(V;).

Theorem 2.3 (Sum of squares formula).

T

Gl =Y (dimV;)?

i=1

Furthermore, checking the multiplicity n; of V; in the regular representation reveals that n; =
d;. This explains why every irreducible representation appears in the regular representation
with multiplicity equal to its dimension.



3 Theorems

The purpose of this section is to collect several standard theorems from the character theory of
finite groups which will be used in the examples that follow. Some of these results are included
here mainly as structural background: they explain why character tables have the form they
do, how irreducible representations can be detected and counted, and how representation-
theoretic information is related to the group structure. Full proofs of all these results would
take us beyond the intended scope of this thesis, so we state them here as classical facts. The
theorems collected here form part of the core of the classical theory; see [5], [6], [8], and [7].

Theorem 3.1 (Maschke’s theorem). previously discussed
Lemma 3.2 (Schur’s lemma). previously discussed
Maschke’s theorem and Schur’s lemma tell us how representations decompose and how simple

pieces communicate with each other. The next question is how many such simple pieces a
group has, and over an algebraically closed field this is solely dependent on conjugacy classes.

Theorem 3.3. Let k be an algebraically closed field with char(k) t |G|. The number of isomor-
phism classes of simple k[G]-modules is equal to the number of conjugacy classes of G.

Theorem 3.4. Let p : G — GL(V) be a representation of a finite group G. The character
Xp : G = kis a class function, i.e., x,(hgh™") = x,(g) for all g,h € G.

Theorem 3.5. Two representations of a finite group G over an algebraically closed field of
characteristic 0 are isomorphic if and only if they have the same character.

Once characters separate representations, they become a convenient computational tool. The
reason for this is that irreducible characters behave like an orthonormal basis for the space
of class functions.

Theorem 3.6 (First orthogonality relation). Let x; and x; be the characters of two non-isomorphic
irreducible representations of a finite group G over C. Then

(i) = ﬁ S i@ (9) = b

geG
where 0;; is the Kronecker delta.

Theorem 3.7 (Second orthogonality relation). Let Cy,...,C, be the conjugacy classes of a finite
group G, and let x1, . .., x, be the irreducible complex characters of G. Forany g € C;and h € C;,

we have ;

—_ . |Gl
ZXk(g)Xk(h) = 0ij ic.l
k=1 v

When g € C;, the factor |G|/|C;]| is equal to |C(g)| by the orbit-stabilizer theorem applied to the
conjugation action.

Theorem 3.8. Let V be a representation of G with character xv, and let V = VZ™ @. .. V,&mr
be its decomposition into irreducible representations V; with characters x;. The multiplicity m;
is given by the inner product m; = (xv, Xi)-

Theorem 3.9. A representation V with character yy is irreducible if and only if (xv, xv) = 1.

Theorem 3.10. Let Vy,...,V, be the distinct irreducible representations of G over C, with di-
mensions d; = dim(V;). Then
=3
i=1

Theorem 3.11. The dimension d; of an irreducible representation V; divides the order of the
group, |G|.

The results above explain how to calculate in representation theory. Character theory can

also be used to prove purely group-theoretic facts: Burnside’s solvability theorem is one of the
classical examples of this use case.

10



Theorem 3.12 (Burnside’s p®q® theorem [13]). If G is a group of order p®q®, where p and q are
prime numbers and a,b are non-negative integers, then G is solvable.

Here solvability has the following meaning.
Definition 3.1 (Solvable group). A group G is called solvable if its derived series
GO =g, Gt = (g™, g™

eventually reaches the trivial subgroup.

Character-theoretic proofs of Burnside’s theorem are given in [7, 8].
Definition 3.2 (Induced character). Let H < G, and let ¥ be a character of H. The induced

character Ind% (¢) is the class function on G defined by

(Indﬁwg):ﬁ Y (e lga).
m’fngGH

This class function is the character of the induced representation.

Theorem 3.13 (Frobenius reciprocity [14]). Let H < G be a subgroup. Let 1 be a character of
H and x be a character of G. Then

(Indf (), )& = (¥, Res (X)) m

where Ind denotes the induced character and Res denotes the restricted character (see [5, $7.2]).

11



4 Abelian examples

Abelian groups provide the simplest setting in which to apply the general theory. We begin
with the concrete example of Z/3Z, and then generalize the calculation to arbitrary finite cyclic
groups.

4.1 Representations of Z/3Z

Let G = Z/3Z = {e, g, g%}, where g is a generator satisfying g3 = e. This is a cyclic group of

order 3. Since G is abelian, all its irreducible complex representations are one-dimensional.
A one-dimensional representation is a homomorphism p : G — GL;(C) = C*.

The homomorphism p is completely determined by the image of the generator g. Let p(g) =
A € C*. The relation g® = e implies:

p(g”) = (p(9))° = N°
Since p(e) must be the identity in C*, which is 1, we must have:
N=1
This means that A must be a cube root of unity. The solutions in C are:

\e {1’e2m/3’e4m/3}

Let w = e2™/3. The possible values for A are 1,w,w?. Each choice of A defines a distinct

irreducible representation.

The group G has 3 conjugacy classes (since it is abelian, the classes are {e}, {g}, and {¢*})
and therefore must have exactly 3 irreducible representations. We have found all of them.

1. The trivial representation, p;: Let A = 1.

* pi(e) =1
* pi(g) =1
* m(g?) =1

2. The representation p.: Let \ = w.

* poe)=wl=1
* pg) =wl=w
* p2(g?) = w?

3. The representation ps: Let A = w?.

* psle) = (W)’ =1
* p3(g) = (W) = w?
* p3(g?) = (W) =uw!=uw

Since the representations are one-dimensional, the characters are the values of the homomor-
phisms. The character table for G = 7Z/37Z is:

le 9 ¢
x1 |1 1 1
x2 |1 w w?
xs |1 w? w

We can verify the sum of squares of dimensions, where d; = dim(p;) = x;(e):

3
dodi=1"+1+1=3=|G|

i=1

12



4.2 Representations of cyclic groups Z/nZ

The representation theory of finite abelian groups is relatively straightforward, as Schur’s
lemma guarantees that all of their irreducible representations over an algebraically closed
field are one-dimensional. We generalize the results previously obtained for Z/3Z to arbitrary
cyclic groups.

Let G = Z/nZ be the cyclic group of order n, generated by an element g such that g™ = e. Since
G is abelian, every element forms its own conjugacy class. Consequently, there are exactly n
conjugacy classes and therefore n distinct irreducible complex representations.

Let the irreducible representations be denoted by pr, : G — C* for k = 0,1,...,n — 1. Be-
cause these representations are one-dimensional, the representation itself is identical to its
character y;. The relation ¢" = e requires that:

(or(9)" = pr(g™) = pr(e) =1

This implies that py(g) must be an n-th root of unity. Let w = ¢2™*/" be a primitive n-th root
of unity. We can uniquely define the n irreducible representations by mapping the generator

g to the successive powers of w:

pr(g) = w*

For an arbitrary element g™ € G, the character value is given by the homomorphism property:

The character table of Z/nZ can thus be written as an n x n matrix where the entry in the
k-th row and m-th column is w*™. This matrix is intimately related to the discrete Fourier
transform, which essentially performs a change of basis into the irreducible characters of a
cyclic group.
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5 Non-abelian examples

In the previous section, abelian groups had only one-dimensional irreducible representa-
tions over C. Moving to non-abelian groups makes the theory more intriguing, because non-
commutativity forces higher-dimensional representations to appear.

5.1 Representations of the quaternion group

The quaternion group Qg is the non-abelian group of order 8 with the relations (cf. [7, Chap-
ter 18])

=5 =k =ijk=-1
and elements {+1, i, £j, +k}. The center of the group is Z(Qs) = {1,—1}. The conjugacy
classes of g are:

* Cy={1}

* Oy ={-1}

* Cy={i,—i}

* Cy={j,—j}

o C5={k,—k}
As there are 5 conjugacy classes, there are 5 irreducible complex representations. Let their
dimensions be di,...,ds. The sum of the squares of the dimensions equals the order of the
group:

di +d3+di+di +ds =|Qs| =8
The number of one-dimensional representations is the order of the abelianization, |Qs/[Qs, Qs]|-
The commutator subgroup is [Qs, Qs] = {1, —1}. The quotient group Qs/{1, —1} is isomorphic
to the Klein four-group V, & Z/27Z x Z/27Z, which has order 4. Therefore, there are 4 one-
dimensional representations (d; = dy = d3 = ds = 1). Substituting this into the sum of
squares equation yields:

P+ 124+1°4+ 124+ d2=8 = d2=4 = ds =2

Thus, Qs has four 1-dimensional irreducible representations and one 2-dimensional irre-
ducible representation.

5.1.1 One-dimensional representations
The one-dimensional representations are homomorphisms p : Qs — C*, which must contain
the commutator subgroup [Qs, Qs] = {1, —1} in their kernel. These representations therefore

factor through the quotient group Qs/[Qs, Qs] = V4. The characters are determined by their
values on the images of the generators 7 and j, which must be +1.

5.1.2 The two-dimensional representation

The remaining irreducible representation, ps, is 2-dimensional. A standard realization in
GL2(C) is given by:

Ps(i)—<é f) p5<ﬂ'>—<_01 (ﬁ), ”5““)‘(? é)

The character of this representation, s, is the trace of the representation matrices.

1 0
x5(1) =Tr (O 1) =2
-1 0
* XS(_l)_Tr<O _1) =—2
® XS(g) =0 fOI'g € {Zv _ivjv _jvk7 _k}

14



5.1.3 Character table of (g

The complete character table for )5 is constructed by combining the one-dimensional charac-
ters (lifted from V) and the character of the two-dimensional representation.

Ci={1} Co={-1} C3={+i} Ci={+£j} C5={+k}
Y1 1 1 1 1 1
Yo 1 1 1 1 1
X3 1 1 -1 1 -1
Ya 1 1 1 1 1
Ys 2 2 0 0 0
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5.2 Representations of the dihedral group D,
D, is the group of symmetries of a square, order 8.
Dy = {r, r2r3. 1, s, sr, sr27sr3}
The conjugacy classes are:
. {1} size 1

. {r?} size 1 (this is in the center)

1

2

3. {r,r3} size 2 (rotations by +90°)

4. {s,sr*} size 2 (reflections across the diagonals)
5

. {sr, sr3} size 2 (reflections across the lines connecting the midpoints of opposite sides)
There are 5 classes, hence 5 irreps. The dimensions satisfy Y d? = 8, leading to four 1D reps
and one 2D rep (similar to Qg).

The 1D characters correspond to homomorphisms to C* mapping into {+1}. The 2D repre-
sentation is the standard geometric action on the plane. The character table is:

D, 1 »2 r[21 s[2] srl2]
x1 |1 1 1 1 1
x2 |1 1 1 -1 -1
x3s |1 1 -1 1 -1
xa |1 1 -1 -1 1
x5 | 2 -2 0 0 0

5.3 Comparison with (g

Recall the character table of Qs derived previously:

Qs |1 -1 i[21 jI21 k2l
v |11 1 1 1
v |1 1 1 1 -1
vs |1 1 1 1 -1
va |1 1 1 -1 1
vs 12 -2 0 0 0

5.4 The non-uniqueness of character tables

A well examined question in representation theory is: Does the character table of a group
G uniquely determine the group G up to isomorphism? The answer is no. The comparison

between the dihedral group D, and the quaternion group )5 is a classical example (cf. [8,
Chapter 2], [7, §18]).

By mapping the conjugacy classes appropriately (e.g., r> + —1, r < i, etc.), the character
tables of D, and Qg are identical. However, Dy % Qs.

¢ In Dy, there are 2 elements of order 4 and 5 elements of order 2.

* In Qs, there are 6 elements of order 4 and only 1 element of order 2 (—1).

This proves that the character table contains a lot of information about G, but we cannot
reconstruct the group isomorphism class solely from it.

This example also highlights the different amount of information encoded in the category of
representations Rep;, depending on the categorical structure we consider:

16



* As an abelian category: If we view Rep, strictly as a semisimple abelian category, it
contains even less information than the character table. Over C, Rep; is equivalent to a
direct sum of vector space categories @@._, Vectc. Therefore, it is completely determined
by r, the number of simple objects (conjugacy classes).

* As a tensor category: The character table determines the Grothendieck ring, since
products of characters determine tensor product decompositions. Here the Grothendieck
ring is meant only as the ring with basis the irreducible representations and multiplica-
tion given by the fusion coefficients; this abstract ring structure records tensor-product
decompositions but not the character values on conjugacy classes, and so it does not in
general recover the full character table. For D, and Qg, both the character tables and
the corresponding fusion rules coincide.

¢ Tannaka-Krein duality: To fully and uniquely reconstruct the group G, we must view
Rep. as a rigid symmetric monoidal category equipped with a forgetful fiber functor
w : Rep; — Vectc. By Tannaka-Krein duality [15, 16], this structure is sufficient to
distinguish D, from Qg and recover G as the group of tensor automorphisms of w (up to
isomorphism).

17



6 Symmetric groups examples

The symmetric group S,, has a prominent place in finite group theory: Cayley’s theorem states
that every finite group embeds into some symmetric group; as such understanding these rep-
resentations gives a universal family of examples.

6.1 Representations of the symmetric group S;

The symmetric group Sz is the group of permutations of a three-element set. It has order
|S3] = 3! =6,

and is the smallest non-abelian group. Its character table provides one of the simplest non-
trivial examples of the character-theoretic methods developed above (cf. [6, Lecture 1]; see
also [5, §5.3] for the dihedral groups, using S3 & Dj).

6.1.1 Conjugacy classes

Cycle type determines conjugacy in symmetric groups. The possible cycle structures for 3
elements are:

1. Identity: (1)(2)(3) or 13. Size: 1.
2. Transpositions: (12), (13), (23) or 1'2!. Size: 3.
3. 3-cycles: (123), (132) or 3. Size: 2.

There are 3 conjugacy classes, so there are 3 irreducible complex representations. Let their
dimensions be d;, d3, d3s. By the sum of squares formula:

di+ds+d;=6

The only integer solution is 124-12+22 = 6. Thus, we expect two 1-dimensional representations
and one 2-dimensional representation.

6.1.2 Constructing the representations

1. The trivial representation (U): Maps every o € Sz to 1. xy = (1,1, 1).
2. The sign representation (U’'): Maps o to sgn(o).

¢ Even permutations (Identity, 3-cycles) map to 1.

* Odd permutations (Transpositions) map to -1.

® Xu = (17_111)

3. The standard representation (1): Consider the natural permutation action of S5 on C3
by permuting basis vectors eq, es, 3. Let this representation be W. Its character xw (o) is the
number of fixed points of the permutation o.

¢ Identity fixes 3 points: xw (e) = 3.
* Transposition (12) fixes e3 (1 point): xw((12)) = 1.
* 3-cycle (123) fixes 0 points: xw ((123)) = 0.

The representation W is not irreducible. The subspace spanned by (1, 1,1) is invariant (the
trivial representation). By Maschke’s theorem, we can decompose W = U @ V. The character
decomposes as xyw = xv + xv. Thus, xv = xw — xv-

* xv(e)=3—-1=2.
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* xv((12))=1-1=0.
o xv((123)=0—-1=—1.

We can check irreducibility using the inner product:
1 2 2 2 1
<XV7XV>:6(1-2 +30 +2(—1)):6(4+0+2):1

Thus, V is the missing 2-dimensional irreducible representation.

6.1.3 Character table of S5

Ss | (1) (12)[3]1 (123)[2]
Xtriv 1 1 1
Xsgn | 1 -1 1
Xstd 2 0 -1

We observe that the tensor product of the sign rep and the standard rep is xsgn-xsta = (2,0, —1),
which is isomorphic to the standard rep.

19



6.2 Young tableaux and the symmetric group

Before analyzing larger symmetric groups, we must introduce the combinatorial machinery
used to classify their representations. The representation theory of the symmetric group S,
over C is completely governed by the integer partitions of n; see [17, 18] and [6, Lectures 4-6].

Definition 6.1 (Partition). A partition of a positive integer n, denoted \ - n, is a sequence of
positive integers A = (A1, A2, ..., Ag) such that \y > Ay > --- > A4 and Zle A =n.

There is a natural bijection between the conjugacy classes of S,, and the partitions of n, as
two permutations are conjugate if and only if they have the same cycle type. By the general
theory of finite groups, this means the number of irreducible representations of S;, is exactly
the number of partitions of n.

To construct these representations, we use visual tools known as Young diagrams and Young
tableaux.

Definition 6.2 (Young diagram and Young tableau). The Young diagram associated with a
partition A F n is a finite collection of boxes arranged in left-justified rows, where the i-th row
contains )\; boxes. A Young tableau is obtained by filling the boxes of a Young diagram with
the integers 1,2, ..., n, each appearing exactly once.

Definition 6.3 (Standard Young tableau). A standard Young tableau (SYT) is a Young tableau
in which the entries strictly increase across each row (from left to right) and down each column
(from top to bottom).

Definition 6.4 (Tabloid). Let ¢t be a Young tableau of shape A. Two tableaux of shape \ are row
equivalent if each row contains the same set of entries in both tableaux. The row-equivalence
class of ¢ is called a tabloid and is denoted {¢}. The symmetric group S,, acts on tabloids by
permuting the entries.

Definition 6.5 (Row and column stabilizers). For a tableau ¢, the row stabilizer R; < S,, is
the subgroup of permutations preserving each row of ¢ as a set. The column stabilizer C; < S,
is the subgroup preserving each column of ¢ as a set.

Definition 6.6 (Polytabloid and Specht module). Let AM/* be the complex vector space with
basis the tabloids of shape \. For a tableau ¢, the associated polytabloid is

e = Z sgn(o) o{t}.

oeCy

The Specht module S* is the S,-subrepresentation of M* spanned by all polytabloids e; of
shape .

It is a foundational theorem of representation theory that the Specht modules {S* | A - n}
form a complete set of pairwise non-isomorphic irreducible complex representations of S,,; see
Sagan [17, §2.3], James [18, §4], or Rodrigues—Dias da Silva—Silva—Torres [19].

The dimension of the irreducible representation S* is exactly equal to the number of standard

Young tableaux of shape A. This dimension can be computed using the hook length formula.

Theorem 6.1 (Hook length formula [20]). Let A - n be a partition. For each box x in the Young
diagram of )\, define its hook length h(x) as the number of boxes strictly to its right in its row,
plus the number of boxes strictly below it in its column, plus 1 (for the box itself). The dimension
dy of the corresponding irreducible representation is given by:

n!

D= Lo i)

Combinatorial proofs and variants appear in [17, §3.10].
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6.3 Representations of the symmetric group S,

The symmetric group S; has order 4! = 24. Conjugacy is determined by cycle type, giving the
five classes listed below (cf. [6, §2.3]1, [7, §18]):

1. Identity: 1%, size 1. Representative: e.

2. Transpositions: 2112, size 6. Representative: (12).

3. Double transpositions: 22, size 3. Representative: (12)(34).
4. 3-cycles: 3'11, size 8. Representative: (123).
5

. 4-cycles: 41, size 6. Representative: (1234).

Since there are 5 conjugacy classes, there are 5 irreducible representations. The partitions of
4 are (4), (3,1), (2,2), (2,1,1),and (1,1,1,1). Let us construct them:

1. The trivial representation (y;): Corresponding to the partition (4), this 1-dimensional
representation maps every element to 1.

2. The sign representation (y2): Corresponding to (1, 1,1, 1), this 1-dimensional represen-
tation maps permutations to their sign (+1).

3. The standard representation (y3): Corresponding to (3,1), this representation arises
from the natural permutation action of S; on C*. The character of this natural action counts
the fixed points of the permutation. Decomposing this 4-dimensional representation into the
trivial representation and a 3-dimensional representation gives the standard representation.
The character y3(g) is the number of fixed points of ¢ minus 1.

4. Tensor product of standard and sign (y4): Corresponding to (2,1, 1), the tensor prod-
uct of the standard representation and the sign representation yields another irreducible 3-
dimensional representation. Its character is x4(9) = x3(9) - x2(9)-

5. The 2-dimensional representation (x5): Corresponding to (2, 2), we can find the dimen-
sion using the sum of squares formula:

P+12 432432 +d: =24 = 20+d: =24 = ds =2

This representation can be explicitly constructed using the normal Klein four-subgroup V; =
{e, (12)(34), (13)(24), (14)(23)}. The quotient group S, /Vj is isomorphic to Ss. Pulling back the
2-dimensional standard representation of S3 through the quotient map yields this irreducible
representation of Sy.

The complete character table for S, is:

Sy | e (12)[6] (12)(34)[3] (123)[8] (1234)[6]
i |1 1 1 1 1
Yo | 1 1 1 1 1
xs | 8 1 1 0 1
Ya |3 -1 -1 0 1
s | 2 0 2 -1 0
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6.4 Representations of the general symmetric group S,

The representation theory of the general symmetric group .S,, completely generalizes the spe-
cific examples of S5 and S, considered previously. As established, the conjugacy classes of S,
are in a canonical bijection with the integer partitions of n, denoted A - n. Consequently, the
number of distinct irreducible complex representations of S,, is exactly the partition function
p(n).

For any n > 2, we can immediately identify the structure of its one-dimensional representa-
tions and its standard representation before constructing the full set using Young tableaux.

6.4.1 One-dimensional representations

To find the one-dimensional representations, we must consider the abelianization of S,,, which
is S, /[Sn, Sn]. For n > 2, the commutator subgroup of S,, is the alternating group A4,,. The
quotient group S, /A, is isomorphic to Z/2Z. Since the abelianization has order 2, there are
exactly two 1-dimensional representations for any n > 2:

1. The trivial representation (U): Maps every permutation ¢ € S, to 1. This corre-
sponds to the partition A = (n).

2. The sign representation (U’'): Maps every permutation o € S, to its sign, sgn(c) €
{1, —1}. This corresponds to the partition A = (1,1,...,1) = (1™).

6.4.2 The standard representation

For any n, S,, acts naturally on an n-dimensional complex vector space C" by permuting the
standard basis vectors e, es,...,¢e,. This permutation representation, W, has a character
xw (o) equal to the number of points fixed by the permutation o.

The vector v = e; +ex+- - - +€, is invariant under all permutations, so it spans a 1-dimensional
trivial subrepresentation. By Maschke’s theorem, there is a complementary (n—1)-dimensional

invariant subspace:
n
i=1

The subspace V forms the standard representation of S,,, which is always irreducible. Its
character is given by xv(0) = xw (o) — 1. This corresponds to the partition A = (n —1,1).

V{(Il,...,zn)ecn

6.4.3 Specht modules and the sign tensor

As discussed earlier, every partition \ - n yields a unique irreducible Specht module S*. An
elegant symmetry in the representation theory of S,, arises from the tensor product with the
sign representation.

If we take the Specht module S* and tensor it with the sign representation, the resulting
representation is also irreducible. In fact, it corresponds to the conjugate (or transposed)
partition \*, which is obtained by reflecting the Young diagram of ) across its main diagonal:

S eU =5y

For example, tensoring the trivial representation (n) with the sign representation yields the
sign representation (1™). A representation is isomorphic to its tensor product with the sign
representation if and only if its Young diagram is symmetric across the main diagonal (a self-
conjugate partition).
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7 Alternating groups

After the symmetric groups, their index-two subgroups, the alternating groups, lend them-
selves as the point to continue and see how representations restrict and sometimes split.

7.1 Representations of the alternating group A,

The alternating group A, < S, consists of the even permutations and has order 12. When
restricting the conjugacy classes of S, to A4, each class either remains a single conjugacy
class or splits into two equal-sized classes; the 3-cycles in S, (size 8) split into two distinct
conjugacy classes in A4, each of size 4 (cf. [7, Chapter 18]). The 4 conjugacy classes of A, are:

1. C;: The identity {e}, size 1.

2. C5: The double transpositions {(12)(34), (13)(24), (14)(23)}, size 3.

3. C5: The 3-cycles conjugate to (123) in A4: {(123), (134), (142), (243)}, size 4.
4. Cy: The 3-cycles conjugate to (132) in A4: {(132), (143), (124), (234)}, size 4.

With 4 conjugacy classes, we expect 4 irreducible representations. A, has a normal subgroup
Vi = {e,(12)(34), (13)(24), (14)(23)}. The quotient A,/V, has order 12/4 = 3, and is therefore
isomorphic to Z/37Z. This abelian quotient group provides three 1-dimensional representa-
tions. Let w = €27%/3, Pulling these back to A, gives three characters that evaluate to 1 on the
elements of V; and take values 1, w,w? on the 3-cycles.

Let the dimension of the fourth representation be d,. The sum of squares formula dictates:
P+1?4+12+di=12 = 3+d3=12 = d; =3

This 3-dimensional representation is simply the restriction of the standard representation
of S; to As. Geometrically, it corresponds to the rigid rotational symmetries of a regular
tetrahedron in R®. Since it was irreducible in S, and its norm in A, remains 1:

(X4, Xa) = % (1(3)% +3(—1)* + 4(0)* + 4(0)%) = %(9 +3)=1

we conclude that it remains irreducible when restricted to A,4.

The character table of A, is:

Ay | e (12)(34)[3] (123)[4]1 (132)[4]
x1 | 1 1 1 1
x2 | 1 1 w w?
x3 | 1 1 w? w
Xs4 | 3 -1 0 0
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7.2 Representations of the alternating group A;

The alternating group As is the group of even permutations of five elements. It has order

5!
As| = = = 60.
4s] = 2

This group is especially important because it is the smallest nonabelian simple group, and
its representation theory is naturally tied to the geometry of the icosahedron (cf. [6, §3.1], [7,
§20], [21D).

7.2.1 Conjugacy classes of A5

The conjugacy classes of A are obtained from the cycle types of even permutations in Ss.
However, the class of 5-cycles in S5 splits into two conjugacy classes in As; this split also
appears in the geometric picture of A5 as a rotation group [22].

The conjugacy classes are as follows:

Class [ 1A 24 34 54 5B
Representative | e (12)(34) (123) (12345) (13524)
Size 1 15 20 12 12

The class 2A consists of the double transpositions, the class 34 consists of the 3-cycles, and
the two classes 54 and 5B consist of the two types of 5-cycles inside As.

Since A5 has five conjugacy classes, it has five irreducible complex representations.

7.2.2 Irreducible dimensions

Let the dimensions of the irreducible complex representations of A; be
dl» an d37 d47 d5'

By the sum of squares formula,

> d? =|As| = 60.
i=1

Since As is simple and nonabelian, its abelianization is trivial. Therefore, it has only one
one-dimensional representation: the trivial representation.

Thus one of the dimensions is 1. The remaining four dimensions must satisfy
d3 +d3 + d3 + d? = 59.
The irreducible dimensions are
1, 3,3, 4, 5.

Luckily,
12432+324424+52=1494+9+ 16 + 25 = 60.

7.2.3 The three-dimensional representations

The group As is isomorphic to the rotation group of the icosahedron, or equivalently of the
dodecahedron [21]. Therefore, it has a natural faithful representation on R3, which can be
complexified to a representation on C3.

This gives one of the irreducible three-dimensional representations. Its character is obtained
geometrically from rotations.

For a rotation in R? through angle 6, the eigenvalues are



so the trace is
1+ 2cos(6).

The relevant rotations are:
¢ the identity, with trace 3;
* rotations of order 2, with angle =, giving trace
1+ 2cos(m) = —1;
* rotations of order 3, with angle 27/3, giving trace
1+ 2cos(2m/3) = 0;
* rotations of order 5, with angles 27 /5 and 47 /5.

Define
14+4/5
7

Then
1+ 2cos(27/5) = ¢, 1+ 2cos(4n/5) = —p L.

Thus one three-dimensional character is

X2 = (37 _la 0) 2 _gpil)'
The other three-dimensional character is its Galois conjugate:

X3 = (37 _1a 07 _90_17 90)

7.2.4 The four-dimensional representation

The group As acts naturally on the set {1,2,3,4,5}. This gives a permutation representation
on C°.

The character of this permutation representation counts fixed points. Therefore, its values
are:
Xperm = (57 17 2a Oa 0)
The vector
(1,1,1,1,1)

) ) ) )

spans a trivial subrepresentation. Removing this trivial component gives the four-dimensional
standard representation:
V = {(21,22,23,24,25) €C® | &y + 20 + 23+ 24 + 25 =0} .
Its character is
X4 = Xperm — X1-

Hence
X4 = (4707 17 _17 _1)

7.2.5 The five-dimensional representation

The remaining irreducible representation has dimension 5. Its character can be determined
using the orthogonality relations and the sum of squares formula.
Itis

X5 = (57 17 _17 070>

We can verify that it is orthogonal to the trivial character:

1
<X5,X1>:@(1'5+15'1+20'(*1)+12'0+12'0):0-
Its norm is

1
(X2 x5) = 55 (1+25+15-14+20-1+12:0+12-0) = 1.

Therefore x5 is irreducible.
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7.2.6 Character table of A5

The full character table of As is:

As |1A 24 3A 5A 5B
Size | 1 15 20 12 12
i | 1 1 1 1 1
X2 |3 -1 0 ¢ —p!
xs | 3 -1 0 —p' o
Ya | 4 0 1 -1 -1
s | 5 1 -1 0 0
where
14++/5
b=
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8 Further examples

The final examples broaden the range of groups beyond the basic small cases. The dihedral
family is well understood from introductory group theory. It gives a uniform non-abelian
calculation. The Frobenius group illustrates how character theory behaves for a less familiar
semidirect product.

8.1 Representations of the dihedral group D,

The dihedral group D,, is the symmetry group of a regular n-gon, containing n rotations and
n reflections, for a total order of | D,,| = 2n. It can be presented by generators and relations as:

D,=(rs|rm=1s=1srs=r"1)
The representation theory of D,, relies heavily on the parity of n. We therefore split the clas-

sification into two cases: n odd and n even.

8.1.1 Case 1: n is odd
Let n = 2m + 1. Conjugacy classes: There are m + 2 conjugacy classes:

* The identity {1} (size 1).
* m pairs of rotations {r*,7=*} for k = 1,2,..., m (size 2 each).

e All n reflections are conjugate: {sr* | 0 < k < n} (size n).

Thus, we expect m + 2 irreducible representations.

One-dimensional representations: The commutator subgroup of D,, is generated by el-

ements of the form r%sr’sr~%r~%. Using srs = r~!, we find that the commutator subgroup

is (r?). Since n is odd, 7? generates the entire rotation subgroup (r). The abelianization is
D, /(r) = 7Z/27. Hence, there are exactly two 1-dimensional representations:

1. x1: The trivial representation (x1(r) = 1, x1(s) = 1).

2. x2: The sign representation (x2(r) = 1, x2(s) = —1).

Two-dimensional representations: We need m additional representations. For each in-

teger k € {1,2,...,m}, we can define a 2-dimensional representation p; : D, — GL3(C)
corresponding to the rotation of the plane by angle 27k /n:
_ (cos(2mk/n) —sin(27k/n) (1 0
pr(r) = <sin(27rk/n) cos(2wk/n) )’ pr(s) = 0 -1

The character ¢, of this representation is:

o (1) = 2cos(2mkj/n)
* Yp(sr?) =0
These m representations are pairwise non-isomorphic and irreducible. The sum of the squares

of the dimensions verifies we have found all representations: 2(12) + m(2%) = 2 + 4m = 2 +
2(n—1) =2n = |D,]|.

8.1.2 Case 2: n is even
Let n = 2m. Conjugacy classes: There are m + 3 conjugacy classes:

* The identity {1} (size 1).
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* The half-turn rotation {r™} (size 1). This element is in the center of D,,.
* m — 1 pairs of rotations {r*,7=*} for k = 1,2,...,m — 1 (size 2 each).

* Two distinct classes of reflections: those whose axes pass through vertices {sr?*/} (size
m), and those whose axes bisect edges {sr?/*1} (size m).

Thus, we expect m + 3 irreducible representations.

One-dimensional representations: The commutator subgroup is again (r?). However, be-
cause n is even, (r?) has index 4 in D,,. The quotient group D,,/(r?) is isomorphic to the Klein
four-group V; = Z/27Z x 7/27Z. Consequently, there are four 1-dimensional representations.
They evaluate to +1 on the generators r and s:

1. x1: Trivial (x1(r) =1, x1(s) = 1)
2. X2t x2(r) = 1,x2(s) = —1

3. x3t x3(r) = —1,x3(s) =1

4. x4t xa(r) = =1, x4(s) = -1

Two-dimensional representations: We require m — 1 additional representations. We use
the exact same matrix representations p; defined in the odd case, but restrict the parameter
kto1,2,...,m — 1. The characters v, are identical in formula: 1 (r/) = 2cos(27kj/n) and
Yr(sr?) = 0. These m — 1 representations are irreducible. Checking the sum of squares
formula:

41+ (m—-1)(2*) =4+4m —4=4m=2n=|D,

This confirms we have classified all the irreducible complex representations of D,,.

8.2 Representations of the Frobenius group of order 21

We now consider a nonabelian group of order 21, a basic example of a Frobenius group. The
calculation uses induction from the normal Sylow subgroup (cf. [5, §8.2], [8, Chapter 6]). Let

G:C7>403.

Since
Aut(C7) = Cﬁ,
there exists an element of order 3 in Aut(C7). We choose the automorphism
a v a’,

since
22=8=1 (mod 7).

Thus the Frobenius group of order 21 has the presentation
G={a,b|la" =1, =1, bab~* = a?).

Here (a) = C is a normal subgroup, and (b) = C5 acts nontrivially on it.

8.2.1 Conjugacy classes

The subgroup (a) is normal. Conjugation by b sends
a’ — a*.
The nontrivial powers of a therefore split into orbits under multiplication by 2 modulo 7:
{a,a? a*}, {a®,a®,a%}.

The remaining elements lie in the two cosets (a)b and (a)b?. These form two conjugacy classes
of size 7.

28



Thus the conjugacy classes of G are:

Class |1 A A B B
Representative | 1 a a® b b°
Size 1 3 3 7 7
where
A: {a’a27a4}7 A/ = {a37a57a6}7
and

B={a'b|0<i<6}, B ={a'b*|0<i<6}.

Since there are five conjugacy classes, there are five irreducible complex representations.

8.2.2 One-dimensional representations

The commutator subgroup contains (a), so the abelianization is
G/|G,G] = Cs.
Therefore, G has exactly three one-dimensional representations. Let

W= 627”/3.

The three one-dimensional characters are given by

xe(@) =1,  xp(b)=w",  k=0,1,2.

8.2.3 Higher-dimensional representations

Since the sum of the squares of the dimensions of the irreducible representations must equal
|G| = 21, and we already have three one-dimensional representations, the remaining dimen-
sions must satisfy

12 +1% + 12+ df + dz = 21.

Hence
dj +d2 =18,

SO
dy =ds = 3.

Thus G has two irreducible representations of dimension 3.

These arise by inducing nontrivial characters of the normal subgroup (a) = C; to G. Let
¢ = e2milT,
For j=1,...,6, define a character 0, of (a) by
0;(a) = ¢.
For characters we use the usual conjugate action
09(x) = 0(g™ " zg).

Since b~'ab = a*, the action of b sends 6; to 6,;; equivalently, b sends 6; to 6»;. Thus the
nontrivial characters of C; split into two orbits:

{61792764}7 {93795796}'

Inducing either orbit gives one of the two irreducible 3-dimensional representations.
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8.2.4 Character table

Let
a=C¢+¢+¢t a=¢+C+ ¢
Since
T+HC+CHE+H+ P+ =0,
we have
a+a=-—1.
The character table of G is:
G|1 A A B B
Yoll 1 1 1 1
xill 1 1 w w?
x2 |1 1 1 w? w
v |3 a @ 0 0
1/)2 3 «@ (0% 0 0

Here xo, x1, x2 are the one-dimensional representations coming from the quotient G/{a) = Cs,
while 11,15 are the two irreducible representations of dimension 3 induced from nontrivial
characters of {(a).

The dimension check confirms that all irreducible representations have been found:

P+12+124+32+32=21=|G|
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9 A categorical perspective

While representation theory is traditionally formulated in the language of linear algebra, it
can also be expressed categorically: groups may be viewed as one-object categories, represen-
tations as functors, and intertwiners as natural transformations. This viewpoint also clarifies
constructions such as restriction, induction, and Frobenius reciprocity [23], [24].

9.1 Basic categorical notions

We also define the categorical notions used later in the thesis.

Definition 9.1 (Category). A category C consists of a class of objects, a set of morphisms
between each pair of objects, identity morphisms, and an associative composition operation.

Definition 9.2 (Functor). A functor F' : C — D assigns to every object of C an object of D and
to every morphism of C a morphism of D, preserving identities and composition.

Definition 9.3 (Natural transformation). Let F,G : C — D be functors. A natural transfor-
mation « : F' = G assigns to every object X of C a morphism

ax : F(X) = G(X)

such that the corresponding naturality square commutes for every morphism in C.

Definition 9.4 (k-linear category). A category C is called k-linear if each morphism set Hom¢ (X, Y)

is a vector space over k and composition of morphisms is bilinear.

Definition 9.5 (Simple object and short exact sequence). In a category of modules or repre-
sentations, a non-zero object S is simple if its only subobjects are 0 and S. A sequence

0-ALBS oS0

is short exact if f is injective, g is surjective, and im(f) = ker(g). It is split exact if A is a direct
summand of B, equivalently if B~ A ¢ C.
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9.2 Groups as categories

To view representation theory through category theory, the first step is to treat a group not
only as a set with an operation but as a category with one object whose morphisms are the
group elements.

A group G can be viewed as a small category C with a single object *. In this category:

* The set of objects is Ob(C) = {x}.
* The set of arrows Arr(C) corresponds to the elements of G.
¢ Composition of arrows corresponds to the group operation: go f =g¢g- f .

¢ The identity arrow 1, corresponds to the identity element e € G.

9.3 Representations as functors

Once the group is written as a category, the definition of a representation is quite natural. It
is a structure-preserving map from the abstract one-object category into the concrete category
of vector spaces.

A representation of G on a vector space V over a field k is equivalent to a functor ' : C — Vecty,
where Vect,, is the category of vector spaces over k.

¢ The functor F maps the single object * to the vector space V.

¢ The functor 7' maps each arrow g € G to an invertible linear transformation F(g) €

GL(V).

The functor axioms ensure that F(e) = idy and F(gh) = F(g) o F'(h), which are precisely the
conditions for a group representation.

9.4 Intertwiners as natural transformations

Given two representations (functors) G : C — Vecty, a homomorphism of representations
(or intertwiner) is a natural transformation « : ' = G. Since C has only one object, the
natural transformation consists of a single component «.. : F(x) — G(x), which is a linear
map ¢ : V — W. The naturality condition implies that for every arrow g € G, the following
diagram commutes:

F(x) 295 F(x)

ax) 29 G
This condition is equivalent to ¢ o F/(g) = G(g) o ¢, meaning ¢ is a G-linear map.

Definition 9.6 (Restriction). Let H < G, and let V' be a representation of G. The restriction
of V to H, denoted Res$; (1), is the same vector space V with the action restricted to elements
of H.

Definition 9.7 (Induced representation). Let H < G, and let W be a representation of H.
The induced representation from H to G is

Indf7 (W) = k[G] @) W.

9.5 Categorical interpretation of Maschke’s theorem

In categorical terms, we ask if the category of representations Rep, is a semisimple category.

Definition 9.8 (Semisimple category). A k-linear abelian category is called semisimple if
every short exact sequence splits. Equivalently, every object is a finite direct sum of simple
objects.
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Remark 9.1 (Categorical interpretation). In the language of homological algebra, Maschke’s
theorem states that every short exact sequence of G-modules:

0-U—=>V->V/U=0

splits. This implies that the category Rep; has global cohomological dimension 0 (i.e., Exté (A,B) =
0 for all representations A, B).

9.6 Categorical interpretation of Shur’s lemma

In categorical terms, Shur’s lemma completely characterizes the sets Homgep,, (V, W) when
V and W are irreducible.

Corollary 9.1 (Categorical structure of simple objects). Let {V;};cr be a set of representatives
of the isomorphism classes of irreducible representations of G over C. Schur’s lemma implies:

dimCHomc;(Y/}7 ‘/J) = (Sij
This means the “skeleton” of the irreducible part of the category Rep; looks like a set of disjoint
points, with only scalar multiplications as self-loops.
9.7 Adjunctions and Frobenius reciprocity
One of the most often used tools in category theory is the concept of adjoint functors [23,
Chapter IV]. Let C and D be categories. A functor L : C — D is left adjoint to a functor
R : D — C (denoted L - R) if there is a natural isomorphism between the hom-sets:

D(L(c),d) = C(c, R(d))

In the context of representation theory, the induction functor Indg is left adjoint to the re-
striction functor Resg. Frobenius reciprocity [14] is simply the statement of this adjunction:

Hom (Ind$; (W), V) = Homy (W, ResS, (V)
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10 Tensor products and monoidal structure

One of the structural deficiencies of the definitions provided so far is that we can add rep-
resentations (direct sum), but we have not yet discussed how to multiply them. In category
theory, a category equipped with a multiplication operation that behaves like a tensor prod-
uct is called a monoidal category [23, Chapter VII]; tensor categories refine this framework
by adding compatible linear structure (cf. [25]).

10.1 The tensor product of representations

Let V and W be two representations of G over k. The vector space tensor product V ®, W
becomes a representation of G via the diagonal action:

pvew (9) = pv(9) ® pw(g)

For pure tensors v ® w, this action is defined as:

g-(w@w)=(g9-v)®(g-w)
Proposition 10.1 (Character of the tensor product). The character of the tensor product is the
product of the characters. For all g € G:
xvew(9) = xv(9) - xw(g)

Proof. Let A = py(9) and B = pw(g). Let A\q,..., A\, be the eigenvalues of A and pg,...,unm
be the eigenvalues of B. The eigenvalues of the Kronecker product A ® B are the pairwise
products A;;. The character is the trace, which is the sum of eigenvalues:

xvew(9) = Tr(A® B) = Z Aiftj = (Z )\z') Zuj =xv(9)  xwl(g)

10.2 Dual representations and internal Hom

The category Rep, of finite-dimensional representations is not merely monoidal; it is rigid
monoidal in the sense of [25, §2.10]. That is, every object has both a left and a right dual,
given by the usual dual representation.

Given a representation V, the dual vector space V* = Hom(V, k) carries a natural G-action.
To ensure that the evaluation pairing is invariant, we define the action on a functional f € V*

by:
(9- )= flg™"-v)

The inverse is necessary to satisfy the homomorphism property p(gh) = p(g)p(h) (this corre-
sponds to the contravariance of the Hom functor).

Proposition 10.2. The character of the dual representation is the complex conjugate of the
character (over C):

xv+(g) = xv(9)

Using the tensor product and duals, we can define the internal Hom in the category. The
space of linear maps Homy,(V, W) (not necessarily equivariant) becomes a representation via:

Hom, (V. W)=V @ W

The character is xtom(v,w)(9) = Xv (9)xw (9)-
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10.3 Categorical definition of Hom-sets

We previously stated Schur’s lemma regarding the space of intertwiners Homg (V, W). We can
now recover this set using the internal structures of the category. The fixed point subspace of
a representation U is defined as U® = {u c U | g-u = u,Vg € G}.

The set of G-equivariant maps is simply the G-invariant subspace of the internal Hom:
Home (V,W) = (Homy (V, W))“ = (V* @ W)¢

This identity connects the algebraic structure of the tensor product with the categorical mor-
phisms.
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11 Further character-theoretic results

To close the mathematical discussion, we present further-reaching theorems. These results
show how the algebraic and combinatorial properties of characters restrict both representa-
tions and the structure of the group.

11.1 Burnside’s theorem (linear independence of representations)

Often called the Burnside density theorem [3, §4.1], this result establishes a connection be-
tween irreducibility and the size of the algebra generated by the representation. In particular,
it states that if a representation is irreducible, its operators generate the largest possible al-
gebra: the entire endomorphism ring of the vector space (cf. [10, Chapter XVII, §3]).

Theorem 11.1 (Burnside’s theorem on linear independence). Let G be a finite group and let
p: G — GL(V) be an irreducible representation over an algebraically closed field k. Then the
linear span of the matrices {p(g) | g € G} is the entire space of endomorphisms End(V') = My(k),
where d = dim(V).

Proof. Let A = span,{p(g) | g € G}. By definition, A is a subalgebra of End(V), and V is
naturally a module over A. Because p is an irreducible representation of G, V is a simple
A-module (i.e., it contains no non-trivial A-invariant subspaces).

We can view the assertion A = End(V') through two distinct algebraic lenses:

Method 1: Wedderburn-Artin theorem (assuming char(k) { |G|). We can extend p by
linearity to an algebra homomorphism p : k[G] — End(V). The image of p is precisely the
span A. From our previous discussion on the structure of the semisimple group algebra, the
Wedderburn-Artin theorem gives an isomorphism:

k|G = EB End(V;)

where Vi, ..., V, are the pairwise non-isomorphic irreducible representations of G. Since V' is
one of these irreducible representations, say VV = V;, the homomorphism / exactly corresponds
to the projection map from the direct sum onto the j-th component End(V;). In any direct sum
of algebras, the natural projection onto a single component is surjective. Therefore, the image
A =1im(p) is the entirety of End(V).

Method 2: Schur’s lemma and Jacobson density. By Schur’s lemma, since k is alge-
braically closed and V is a simple A-module, the only A-module homomorphisms from V' to
itself are scalar multiples of the identity. Thus, the commuting algebra is End 4 (V) = k - idy.
The Jacobson density theorem states that if V' is a simple A-module with commuting ring
D = Enda(V), then for any linearly independent vectors v;,...,v, € V over D and any
wi,...,w, € V, there exists an element a € A such that a - v; = w; for all ;. In our set-
ting, D = k and V is finite-dimensional. This means A can replicate the action of any arbi-
trary linear transformation on a basis of V. Hence, A must be the full endomorphism ring

11.2 Burnside’s theorem on vanishing characters

This theorem describes a property of the character table: any irreducible character of degree
strictly greater than one must evaluate to zero on at least one group element. This provides a
constraint on the distribution of values within a character table, implying that every nonlinear
irreducible row must contain at least one zero [8, §3].

Theorem 11.2 (Burnside’s theorem on vanishing characters). Let G be a finite group and let
x be an irreducible complex character of G with degree d = x(1) > 1. Then there exists at least
one element g € G such that x(g) = 0.

Proof. Suppose, for the sake of contradiction, that x(g) # 0 for all g € G.
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Let ¢ be a primitive |G|-th root of unity in C. For any g € G, the character value x(g) is the
trace of a matrix of finite order, which means it is a sum of roots of unity. Consequently, x(g)
is an algebraic integer, belonging to the ring of integers of the cyclotomic field K = Q(¢).

The Galois group G = Gal(K/Q) is isomorphic to (Z/|G|Z)*. For each integer k coprime to |G|,
there is a Galois automorphism o, € G acting by 7(¢) = ¢*.

Let p be a representation affording x. If the eigenvalues of p(g) are Ay, ..., A\, then each ); is
a |G|-th root of unity and

x(9) = tr(p(9)) = A + -+~ + Aa.
Applying o, gives
ok(x(9) = ok(A1 + -+ Xa) = AT+ + AL,
because o}, preserves addition and sends each |G|-th root of unity to its k-th power. But this
last sum is precisely

Therefore

ar(x(9)) = x(g")-
This defines an action of G on the set of elements of the group G given by ¢ — g¢*, which
partitions G into disjoint orbits. Let O be one such orbit, and fix a representative g € O.

As o ranges over the Galois group G, the term o(x(g)) evaluates to x(h) for elements h € O.
By the orbit-stabilizer theorem, each i € O is hit exactly ¢ = % times. Therefore, we can
express the sum of squared absolute values over the orbit as:

S )P == 3 lolx(o))P?

heO oeg

Because x(g) is a non-zero algebraic integer, its algebraic norm Ng/q(x(9)) = [[,cg o(x(9)) is
a non-zero rational integer. Hence, the absolute value of the product of its Galois conjugates

must be at least 1:
[T letx@)P? = [Nk /g(x(9))* > 1
oc€eg

Applying the arithmetic mean-geometric mean inequality to the |G| positive real numbers
o(x(9))[?, we obtain:

1

IEd
ﬁ > lox(9))* > (H O'(X(g))|2> S

oceg oeg

Thus, 3, ¢ lo(x(9))* > |G].
Substituting this lower bound back into our orbit sum yields:

> = 2 S leta)P = 7 = jo

heo o€g

This fundamental inequality, >, . [x(h)[* > |O], holds for every orbit O in G. The identity
element e forms an orbit of size one, O. = {e}, and its contribution is exactly |x(e)|> = d°.
For all other orbits, we apply the established lower bound. By the first orthogonality relation,
we know that the sum of the squares of the moduli over the entire group must equal |G|.
Partitioning the sum into orbits gives:

Gl = @P=d+ > Y xmP=d+ ) |0
9eG 0#0, heO 0+£0.
Since the sum of the sizes of all non-trivial orbits is exactly |G| — 1, we arrive at the inequality:
|G| > d* +|G| -1
Subtracting |G| from both sides leaves: ,
1>d

Since d is a positive integer, this forces d = 1. However, this contradicts our initial assumption
that the irreducible character has degree d > 1. Therefore, our assumption must be false, and
there must exist at least one g € G for which x(g) = 0. O
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12 Conclusion

When I started this thesis, the idea of understanding a group by watching it act on a vector
space struck me as a smart practical approach. By the end it still is a good approach, but led
to surprisingly deep questions in itself. Nevertheless, the multiplication table becomes more
understandable once the group is allowed to move things around.

Starting from group actions on vector spaces, we moved to the module-theoretic viewpoint
through group algebras, where the same objects acquire a more flexible language. Maschke’s
theorem and Schur’s lemma were used to gain some level of insight into character theory.
Using finite groups to observe the mechanics of the theorems was quite enlightening for me.

Many topics remain for further study, among them modular representations, infinite and con-
tinuous groups, and the representation theory of Lie groups. With more mathematical appa-
ratus those will surely pose an interesting challenge as well.
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