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Abstract

Shannon asked a question. It turned out to be hard. A colorful area was born: Lovász’ geometric, Haemers’
linear algebraic, and Zuiddam’s abstract preordered semiring point of view. I have read a number of papers on
the topic and want to summarize them into a logical, interconnected series of chapters.

Chapter 1 introduces the original problem of Shannon: what is the so-called Shannon capacity of a given graph?
Then we walk through the most basic ideas to give a good bound on it. My intention is to show how colorful
the list of these upper bounds is. Ideas are borrowed from linear programming, geometry, algebra.

Chapter 2 focuses on the linear algebra motivated Haemers bound and its generalization.

Chapter 3 is about the asymptotic spectrum of Strassen semirings. Zuiddam noticed that a theorem of Strassen
provides a way to unify all the upper bounds on the Shannon capacity, which are, in a sense, ”nicely behaving”.
I find it fascinating how this point of view connects the previous ideas.

Chapter 4 is to give a few glimpses into the deeper structure of the asymptotic spectrum of graphs.
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Chapter 1

The Shannon capacity of graphs

1.1 Notation

The nonnegative integers will be denoted by N, the positive integers will be denoted by N≥1.
If it doesn’t cause confusion, G stands for a simple graph (usually finite). Its vertex and edge sets are V and E,
respectively. Adjacency will be denoted with xy ∈ E or x ∼ y. For the complement of the graph, we write G.
The strong graph product of two graphs G and H is the graph G⊠H, where V (G⊠H) = V (G)× V (H) and
(g, h)(g′, h′) ∈ E(G⊠H) iff ((g, h) ̸= (g′, h′)) and (g = g′ or gg′ ∈ E(G)) and (h = h′ or hh′ ∈ E(H)).
The disjoint union of two graphs G and H is the graph G⊔H, where V (G⊔H) = V (G)⊔V (H) and E(G⊔H) =
E(G) ⊔ E(H).
The lexicographic product of two graphs G and H is the graph G⋉H, where V (G⋉H) = V (G)× V (H) and
(g, h)(g′, h′) ∈ E(G⋉H) iff gg′ ∈ E(G) or (g = g′ and hh′ ∈ E(H)).
Kd will denote the complete graph on d points.
If S ⊆ V (G), then we will denote with G[S] the subgraph of G induced by S. That is V (G[S]) = S and E(G[S])
is the set of all edges in E(G) between points in S.
Matrices are usually denoted with capital letters, scalars and vectors with lowercase.
I will denote the identity matrix, the subscript in In is for indicating the size of it. Similarly, O is the zero
matrix, J is the all-1 matrix.
The symbols ≥ and ≤ will be used in different contexts and denote different things. On the real numbers, it
means the standard order relation. On symmetric matrices, A ≥ B means that A− B is positive semidefinite.
And later on, it will be used for any general preorder relation. Specifically in graphs, I will use it for the
cohomomorphism preorder.
The set [n] is equal to {1, 2 . . . , n} for every positive integer n.
The Kronecker delta δij is defined as 1 if i = j, and 0 otherwise.

1.2 The Shannon capacity

A general idea in mathematics is that if we want to understand an object, we assign other objects to it, which,
in some sense, capture the behavior, some properties of the original one. For example, assigning real numbers,
polynomials, matrices to a given graph.
The central question of my thesis is about one special graph parameter, the Shannon capacity. It has an
information theoretic background, originating from a paper of Shannon [Sha56].
Suppose we want to transmit messages with a given alphabet over a noisy channel. We are interested in the
zero-error capacity of a given channel. That is, how much information can we transmit, such that the receiver
can uniquely decode every arriving message?
We will think about the noise of the channel as some confusability between the characters of the given alphabet.
One can define the graph G of confusability as follows. The characters of the alphabet will be the vertices of a
graph. There is an edge between different vertices if the characters they represent can be confused.
If we restrict ourselves to only one-character-long messages, then the maximum number of different messages we
can transmit without confusion is the independence number of G. It will be denoted as α(G). Thus, if we start
sending lots of letters after another, then the capacity of the channel is at least α(G) ”units of information” per
letter.
Shannon asked if we could do better and how much better if we sent the letters in larger blocks. Suppose that
now we send two characters. Then the receiver will confuse two two-long messages if they are confusable in the
first letter and at the same time in the second letter too. The confusability graph of the two-long messages will
be G⊠2 = G⊠G. It is enough if the receiver can separate the two messages at any letter. So with this technique
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we can achieve α(G⊠2) ”units of information” per two letters, that is 2
√
α(G⊠2) ”units of information” per

letter.
Generally with n-long blocks we will achieve n

√
α(G⊠n) ”units of information”. So, as taking longer and longer

blocks, asymptotically, the capacity will be

Θ = sup
1≤n

n

√
α(G⊠n) = lim

n→∞
n

√
α(G⊠n)

This number is called the Shannon capacity of the graph G. The second equality is intuitively clear. Making
bigger blocks doesn’t make the capacity worse in the long run.

Lemma 1.2.1 (Fekete). Suppose that for a sequence of real numbers (an)n∈N≥1
we have an + am ≤ an+m for

every n,m ∈ N≥1 (ie. it is superadditive). Then

sup
1≤n

an
n

= lim
n→∞

an
n

Remark 1.2.2. Multiplying by (−1), we get that inf and lim are the same for subadditive sequences. Using

logarithms, we get statements with a
1/n
n for supermultiplicative and submultiplicative sequences of positive

reals.

Proof. Fix a number N and consider every integer in the form n = Nk + i with 0 ≤ k and 0 ≤ i < N . From
superadditivity, we get

kaN + ai ≤ an =⇒ aN
N + i/k

+
ai

Nk + i
≤ an

n

This means that for a given ε > 0 we can find a large n0 (implying a large k) such that for all n ≥ n0, we have
aN/N − ε ≤ an/n. Since N was arbitrary, this means that the supremum and the limit indeed coincide.

It is easy to see that α is supermultiplicative, as if A is an independent set in the graph G and B is an
independent set in the graph H, then A×B is an independent set in G⊠H.
Finding the independence number of a given finite graph is known to be NP-complete, so it is already hard in
itself. According to the past 70 years, computing the Shannon capacity is something even harder. In fact, we
don’t know the exact value, even of Θ(C7), the capacity of the seven-cycle.

1.3 Basic bounds

Here I describe the most basic upper bounds for Θ. It’s obvious that any such bound must also be an upper
bound for the independence number. So looking at upper bounds for α is a good place to start.

Definition 1.3.1. The clique covering number of a graph G (denoted by β) is the smallest number of cliques
in G that cover every vertex. Equivalently, it is the chromatic number of the complement of the graph.

The equivalence comes from the observation that cliques in G correspond to independent sets in G. And the
chromatic number is just the minimum number of independent sets of vertices that cover every vertex.
Clearly α(G) ≤ β(G) = χ(G) as the vertices of an independent set of G must be covered by different cliques. We
claim that Θ(G) ≤ β(G) is also true, since β(G) is submultiplicative with respect to the strong graph product.

If the cliques (Ai)
a
i=1 cover G and the cliques (Bj)

b
j=1 cover H then (Ai × Bj)

i=a,j=b
i=1,j=1 cover β(G ⊠ H), so

β(G⊠H) ≤ β(G)β(H). So we get β(G⊠n) ≤ β(G)n from which

α(G⊠n) ≤ β(G⊠n) ≤ β(G)n

α(G⊠n)1/n ≤ β(G)

Θ(G) = sup
1≤n

α(G⊠n)1/n ≤ β(G)

In fact, we proved the following.

Lemma 1.3.2. If f is a submultiplicative (with respect to the strong graph product) upper bound on α, then it
is an upper bound for Θ.

Proof.
α(G⊠n)1/n ≤ f(G⊠n)1/n ≤ f(G)
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Example 1.3.3. Consider a bipartite graph G with no isolated points. It contains no triangle, hence every clique
cover of it contains only edges (K2) and points (K1). So its clique covering number is the minimum number of
edges that cover every vertex. But for a bipartite graph, this is exactly the maximum number of independent
vertices in G. That is, α(G) = β(G).
Since every vertex from an independent set must be covered by different edges, we have α(G) ≤ β(G). For the
other direction, note that an independent set of G is the complement of a vertex cover in G. And for a bipartite
graph, the minimal size of a vertex cover equals the maximal size of a matching: M . So we can cover the
vertices with α(G) = |V (G)| −M edges: take a maximal size matching and some further edges for the vertices
not yet covered.
Of course, if G has isolated points, then they contribute the same amount to α and β. So the equality holds for
every bipartite graph.

Example 1.3.4. It is interesting that we have α(G) = β(G) for the complements of bipartite graphs also. If
there is any edge, then both numbers are 2.
A graph G is said to be perfect if α(H) = β(H) for all induced subgraph H of G. For example, the bipartite
graphs are all perfect. There’s a theorem saying (called the weak perfect graph conjecture, proved by Lovász)
that actually G is perfect iff G is.

Example 1.3.5. The idea used for bipartite graphs can be helpful in other cases. For example, let’s compute
β(G) for G being the Petersen graph. Since G contains no 3-cycle, we want an edge covering again. That is,
β(G) equals the number of vertices minus the size of the largest matching. So in our example β(G) = 10−5 = 5,
since it has a perfect matching. However we have α(G) = 4.

Remark 1.3.6. From Fekete’s lemma, we can deduce another useful remark.

Θ(G) = lim
n→∞

α(G⊠n)1/n = lim
nk→∞

α(G⊠nk)1/nk = Θ(G⊠k)1/k

This means that if f(G) is an upper bound for Θ(G) for every graph, then f(G⊠k)1/k is also an upper bound
for every positive integer k. If, for example, f is submultiplicative, then f(G⊠k) ≤ f(G)k, so in this way we
might get better and better bounds.

Definition 1.3.7. If f is an upper bound for Θ then we denote with fasym (called the asymptotic version of f)
the following upper bound for Θ:

fasym(G) = inf
1≤k

f(G⊠k)1/k

If f is submultiplicative, then we can change the inf to a lim in the definition. (Apply Fekete’s lemma.)

Remark 1.3.8. Note that (fasym)asym = fasym since

(fasym)asym(G) = inf
1≤m

(
inf
1≤k

f(G⊠mk)1/k
)1/m

= inf
1≤m,k

f(G⊠mk)1/mk = fasym(G)

1.3.1 Linear programming

Next, we will improve the bound β through a seemingly different approach: linear programming.
The idea is to consider the linear program relaxation of the integer linear program for the clique covering. The
integer linear program would be

• every clique is chosen or not (0 or 1 weight)

• for every vertex, the number of cliques it is in is at least 1

• minimize the chosen cliques

β(G) = min

{ ∑
C clique

q(C)

∣∣∣∣ for every clique C: q(C) = 0 or 1; for every vertex x:
∑
x∈C

q(C) ≥ 1

}
The relaxation will be

• to every clique a weight between 0 and 1

• for every vertex, the sum of weights of cliques it is in is at least 1

• minimize the sum of weights on the cliques

4



βLP (G) = min

{ ∑
C clique

q(C)

∣∣∣∣ for every clique C: q(C) ≥ 0; for every vertex x:
∑
x∈C

q(C) ≥ 1

}
Considering the dual program

βLP (G) = max

{ ∑
x vertex

w(x)

∣∣∣∣ for every vertex x: w(x) ≥ 0; for every clique C:
∑
x∈C

w(x) ≤ 1

}
Corollary 1.3.9. Denote with ω(G) the size of the largest clique in G. Choosing w(x) = 1/ω(G) will be feasible
for the dual program, hence βLP ≥ |V (G)|/ω(G).

Of course, βLP ≤ β for every graph. Shannon was the first to prove that Θ ≤ βLP also stands for every graph.
Following the paper [HTS18], there is the following generalization:

Definition 1.3.10. For a subset S ⊆ V (G) of the vertices of the graph, we denote with GS the induced subgraph.
Given a graph parameter f , we define

fLP (G) = min

{ ∑
S⊆V (G)

q(S)f(GS)

∣∣∣∣ for every S ⊆ V (G): q(S) ≥ 0; for every vertex x:
∑
x∈S

q(S) ≥ 1

}

Or the dual version

fLP (G) = max

{ ∑
x vertex

w(x)

∣∣∣∣ for every vertex x: w(x) ≥ 0; for every S ⊆ V (G):
∑
x∈S

w(x) ≤ f(GS)

}
Remark 1.3.11. It is worth checking that this definition indeed generalizes the relaxation we did with β. So
choosing f = β we get the same βLP .

First definition = max

{ ∑
x vertex

w(x)

∣∣∣∣ for every vertex x: w(x) ≥ 0; for every clique C:
∑
x∈C

w(x) ≤ 1

}

Second definition = max

{ ∑
x vertex

w(x)

∣∣∣∣ for every vertex x: w(x) ≥ 0; for every S ⊆ V (G):
∑
x∈S

w(x) ≤ β(GS)

}
It is clear that every feasible w for the second definition is feasible for the first one, as for every clique C we
have β(C) = 1. Suppose that w is feasible for the first definition and S ⊆ V (G). Then GS can be covered with
k = β(GS) cliques: C1, . . . , Ck. So w is feasible for the second definition as

∑
x∈S

w(x) ≤
k∑

j=1

∑
x∈Cj

w(x) ≤
k∑

j=1

1 = β(GS)

Remark 1.3.12. If f(C) = 1 for every clique, then every w feasible for fLP is feasible for βLP , so fLP ≤ βLP . We
will later see that in some sense βLP is ”an important maximal element” among the bounds we are interested
in.

We have the following theorem on the behavior of fLP inherited from f .

Theorem 1.3.13 (Properties of fLP ).

1. If f is an upper bound for α, then fLP is also.

2. If f is submultiplicative, then fLP is also.

3. fLP is subadditive, if f is superadditive, then fLP is additive.

Proof. Quite straightforward according to [HTS18]. The proof can be found in the Appendix 5.1.

Remark 1.3.14. If f was a submultiplicative upper bound for α (hence an upper bound also for Θ by 1.3.2),
then fLP is automatically an upper bound for Θ by 1.3.2. For example, this is the case with βLP .

Example 1.3.15. Let’s compute βLP for the odd cycle C2k+1. If we choose for every edge q = 1/2, then it will
be a feasible solution, with value (2k + 1)/2. So βLP (C2k+1) ≤ (2k + 1)/2.
On the other hand by 1.3.9 we know that βLP (C2k+1) ≥ (2k + 1)/2.
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Theorem 1.3.16. The bound βLP is additive and multiplicative.

Proof. We consider the first definition of βLP .

βLP (G) = min

{ ∑
C clique

q(C)

∣∣∣∣ for every C clique: q(C) ≥ 0; for every x vertex:
∑
x∈C

q(C) ≥ 1

}
=

= max

{ ∑
x vertex

w(x)

∣∣∣∣ for every x vertex: w(x) ≥ 0; for every C clique:
∑
x∈C

w(x) ≤ 1

}
The set of cliques of G1 ⊔ G2 is the disjoint union of cliques separately from G1 and G2. Hence, if q1, q2 are
feasible solutions for the graphs G1 and G2, then take q1 on the cliques of G1 and q2 on the cliques of G2 to
get a feasible solution for G1 ⊔ G2. Similarly, if w1, w2 are feasible for G1, G2, then take w1 on the vertices
of G1 and w2 on the vertices of G2 to get a feasible solution for G1 ⊔ G2. From these, the subadditivity and
superadditivity follow, from which additivity.
If q1, q2 are feasible for G1 and G2, then let q be the following for G1 ⊠ G2. Take q(C) = q1(A)q2(B) ≥ 0 for
every clique that is the product of two cliques: A is a clique in G1, B is a clique in G2. And take q(C) = 0 for
every other clique of G1 ⊠G2. This q will be feasible, as for every (x, y) vertex of G1 ⊠G2∑

(x,y)∈C

q(C) =

(∑
x∈A

q1(A)

)(∑
y∈B

q2(B)

)
≥ 1 · 1 = 1

And since we also have ∑
C clique
in G1⊠G2

q(C) =

( ∑
A clique
in G1

q1(A)

)( ∑
B clique
in G2

q2(B)

)
,

submultiplicativity follows.
If w1, w2 are feasible for G1 and G2, then let w be the following for G1⊠G2. Let w((x, y)) = w1(x)w2(y) ≥ 0. If
C is any clique in G1 ⊠G2, then C ⊆ A×B for the two cliques A = {x ∈ V (G1) : ∃y ∈ V (G2) with (x, y) ∈ C}
and B = {y ∈ V (G2) : ∃x ∈ V (G1) with (x, y) ∈ C}. That is∑

(x,y)∈C

w((x, y)) ≤
∑
x∈A
y∈B

w((x, y)) ≤
(∑

x∈A

w1(x)

)(∑
y∈B

w2(y)

)
≤ 1 · 1 = 1

so w is feasible. And we also have∑
(x,y)

w((x, y)) =

(∑
x

w1(x)

)(∑
y

w2(y)

)

so supermultiplicativity follows.

Remark 1.3.17. From multiplicativity it follows that (βLP )asym = βLP . We continue with a lemma to show the
even stronger equality βasym = βLP .

Lemma 1.3.18.
β(G) ≤ (1 + ln(ω(G)))βLP (G)

Proof. I cite the proof from [Sch03], where it is Theorem 64.13.
We proceed by a greedy-type argument. Let’s choose iteratively a maximum-size clique from the nodes we
haven’t covered yet. Repeat this until we have a clique cover of the graph. Let’s denote these cliques in this
cover by C1, . . . , Ck. Then β(G) ≤ k.
Now we construct a feasible solution for the dual linear program definition of βLP .

βLP = max

{ ∑
x vertex

w(x)

∣∣∣∣ for every vertex x: w(x) ≥ 0; for every clique C:
∑
x∈C

w(x) ≤ 1

}
Let C(x) be the clique that covers the vertex x. We claim that w(x) = 1/(|C(x)|(1+ln(ω(G))) is an appropriate
choice. From this, we could conclude that k/(1 + ln(ω(G))) ≤ βLP , which would end the proof.∑

x vertex

w(x) =
1

1 + ln(ω(G))

∑
x vertex

1

C(x)
=

k

1 + ln(ω(G))
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Consider an arbitrary clique C with vertices v1, . . . , v|C|, where the vertices are in the order in which they were
covered in our algorithm. Then for each i = 1, . . . , j we have |C(vi)| ≥ |C| − i + 1. This is because when we
covered vi, then vi+1, . . . , v|C| were not covered yet, but they form a clique of size |C| − i+ 1.
This means that

∑
x∈C

w(x) =
1

1 + ln(ω(G))

|C|∑
i=1

1

|C(vi)|
≤ 1

1 + ln(ω(G))

|C|∑
i=1

1

|C| − i+ 1
≤ 1 + ln |C|

1 + ln(ω(C))
≤ 1

Corollary 1.3.19.
βasym = βLP

Proof. With the lemma, we have the following inequalities:

βf (G
⊠n) ≤ β(G⊠n) ≤ (1 + ln(|V (G⊠n)|))βf (G⊠n)

βf (G)
n ≤ β(G⊠n) ≤ (1 + n ln(|V (G)|))βf (G)n

βf (G) ≤ β(G⊠n)1/n ≤ (1 + n ln(|V (G)|))1/nβf (G)

where (1 + n ln(|V (G)|))1/n → 1 as n→ ∞.

1.3.2 Fractionalizing

There is another way we can make better bounds from known ones. This is fractionalizing. We will see that
βLP is the same as βf .

Definition 1.3.20. For a graph parameter f , we define its fractional version

ff (G) = inf
1≤d

f(G⋉Kd)

d

(We ”blow up” the graph, replace every vertex with a copy of Kd.)

Remark 1.3.21. Note that (ff )f = ff since

(ff )f (G) = inf
1≤k

ff (G⋉Kk)

k
= inf

1≤k
inf
1≤d

f((G⋉Kk))⋉Kd

kd
= inf

1≤k,d

f(G⋉Kkd)

kd
= ff (G)

We start to introduce some abstract notation called graph homomorphisms and cohomomorphisms. They are
to generalize the concept of an induced subgraph.

Definition 1.3.22. Given two graphs G and H, we say that f : V (G) → V (H) is a graph homomorphism
if it takes edges to edges, i.e., if ab ∈ E(G) then f(a)f(b) ∈ E(H). (We usually say that it is a G → H
homomorphism.)
We say that f : V (G) → V (H) is a graph cohomomorphism if it takes non-edges to non-edges, i.e., if a ̸= b, ab /∈
E(G) then f(a) ̸= f(b), f(a)f(b) /∈ E(H). (We usually say that it is a G→ H cohomomorphism.)

Example 1.3.23. For example if G is an induced subgraph of H (V (G) ⊆ V (H) and E(G) is the set of all
edges in E(H) between points in V (G)) then the embedding of V (G) to V (H) is a homomorphism and a
cohomomorphism also.
If G is a spanning subgraph of H (G is obtained from H by edge deletion only, V (G) = V (H)), then the identity
on the vertices f : V (G) → V (H) is a homomorphism and the identity on the vertices g : V (H) → V (G) is a
cohomomorphism.

Lemma 1.3.24. Here are some important properties of the graph cohomomorphisms.

1. If there is a G→ H and a H → L cohomomorphism then there is a G→ L.

2. There is a Kn → G cohomomorphism iff n ≤ α(G).

3. There is a G→ Kn cohomomorphism iff β(G) ≤ n.

Proof. 1. It is clear that the composition of cohomomorphisms is a cohomomorphism. 2. The image of Kn

in G must be a set of independent points. Any set of independent points is an image of a suitable Kn. 3.
The preimage of every point in Kn must be a clique. Any clique cover corresponds to a suitable G → Kn

cohomomorphism. (Vertices covered by the same clique can be mapped to the same point in Kn.)
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Corollary 1.3.25. If there is a G→ H cohomomorphism, then α(G) ≤ α(H).

From the observation of this corollary, it is natural to ask for a good upper bound for α to respect this
”monotonicity”.

Definition 1.3.26. We say that a graph parameter f is monotone (with respect to cohomomorphisms) if the
existence of any G→ H cohomomorphism implies that f(G) ≤ f(H).

Theorem 1.3.27. If f is an upper bound on α, then ff is also. If f is submultiplicative and monotone, then
ff is also.

Proof. If α(G) ≤ f(G) for every G, then

f(G⋉Kd)

d
≥ α(G⋉Kd)

d
= α(G)

So ff (G) ≥ α(G) follows.
For submultiplicativity, we use the monotonicity of f :

f(G⋉Kd1
)

d1

f(H ⋉Kd2
)

d2
≥ f((G⋉Kd1

)⊠ (H ⋉Kd2
))

d1d2
≥ f((G⊠H)⋉Kd1d2

)

d1d2

because there is a (G⊠H)⋉Kd1d2
→ (G⋉Kd1

)⊠(H⋉Kd2
) cohomomorphism. To see this, label the vertices of

the two graphs with (g, h, a, b) ∈ V (G)×V (H)× [d1]× [d2]. If in the first graph (g, h, a, b) and (g′, h′, a′, b′) are
not equal and not adjacent, then (g = g′ and h = h′ but (a, b) ̸= (a′, b′)) or ((g, h) and (g′, h′) are not adjacent
in G⊠H). Either way, they are not adjacent nor equal in the second graph either.
For monotonicity, suppose that there is a f : G→ H cohomomorphism. Then there is a f ′ : G⋉Kd → H ⋉Kd

cohomomorphism taking the vertex (g, a) to (f(g), a) for every a ∈ [d].

Theorem 1.3.28. βf = βLP

Proof. There will be a very visual bijection between rational feasible solutions q for the linear program and
clique coverings of the G graph’s ”blowups”.
The C cliques of G ⋉ Kd are exactly the sets in form: C = {(x, ix) : x ∈ V (G), ix ∈ Kd} where the first
coordinates of these vertices form a CG clique in G.
If we have a clique cover of G ⋉ Kd, then count the number of C cliques in the cover that reduce to a given
clique CG in G. If this number is k, then let q(CG) be k/d ≥ 0. For every fixed x, the subgraph {x} ×Kd will
be covered. So at least d cliques from the cover will reduce to a clique that contains x. So

∑
x∈CG

q(CG) ≥ 1.
In the other direction, if the rational numbers q(D), as D runs through the cliques of G, have a common
denominator d, then consider the following clique covering of G ⋉Kd. Go through every clique of G. If q(D)
has a dominator k, then take k cliques of G ⋉Kd that reduce to D, and if it is possible, then cover different
vertices. For every vertex x ∈ V (G), we have

∑
x∈D q(D) ≥ 1. So we can cover at least d vertices in {x} ×Kd.

Hence, we’ll get a cover in the end.
Since the linear program has rational coefficients, there is a rational optimal solution. So the two bounds are
indeed equal.

Remark 1.3.29. Note that from the theorem it follows that the infimum in the definition of the fractional clique
covering is a minimum and always rational. This is because the optimum of the linear program will be attained
as a rational number, and we can consider the corresponding clique cover of a blowup.

Remark 1.3.30. Every clique covering of the blowup can be reduced to a covering where all the cliques are
disjoint. (For every vertex x, we forget that it is in all but one clique.) From this, it follows that in an optimal
rational solution

∑
x∈C q(C) = 1 for every vertex x.

We close this part with the following observation.

Theorem 1.3.31. If f is monotone (with respect to cohomomorphisms) and subadditive, then ff ≤ fLP .

Proof. Suppose that all the coefficients are rational in the linear program for fLP . Then there’s an optimal
solution with rational coefficients. Let d be a common denominator for the numbers q(S) as S runs through
the subsets of V (G). Now consider the disjoint union of the graphs GS , such that we take as many copies of
each GS as the numerator of q(S).

Ĝ :=
⊔
dq(S)GS
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Since we have
∑

x∈S q(S) ≥ 1 for every x ∈ V (G), there will be a cohomomorphism G ⋉Kd → Ĝ. Just take

every vertex to a different vertex, and if one vertex of G⋉Kd is in the form (v, i), then take it to the v vertex
of a copy of a GS graph. Then from the monotonicity and subadditivity of f :

f(G⋉Kd)/d ≤ f(Ĝ)/d ≤
∑

S⊆V (G)

q(S)f(GS)

This means that ff (G) ≤ fLP (G) in this case.
In general, we can approximate from above the optimal q(S) solution of the linear program with rational feasible
solutions. Then the reasoning above would work, and then go to zero with the error.

Remark 1.3.32. From this theorem naturally arises the question of the usefulness of fLP . I believe the point of
fLP is that, as it is just the solution of a linear program, it is well computable if f is. It also follows that it has
a dual characterization: a maximum, instead of a minimum. For ff , we do not have a general dual definition.
We don’t even know whether the infimum in its definition is attained as a minimum. Or don’t know how to
compute it in general.

We will turn our attention to fractionalizing one special bound in the second chapter.

1.4 The Lovász theta

Here come some brief extract and combined ideas from [Lov79], [Lov19].
One breakthrough was in 1979, when Lovász [Lov79] proved that Θ(C5) =

√
5. He used an idea which became

a strong tool against the inaccessible Θ. Geometric representations and matrices can help, because the tensor
product is something similar to the strong graph product.

1.4.1 The definition

Given a finite graph G, with |V (G)| = n, we’ll index its vertices with [n].

Definition 1.4.1. We call the vectors u1, . . . , un ∈ Rd an orthonormal representation of the G graph (|V | = n)
if each ui is a unit vector, and whenever i and j are nonadjacent vertices, then vi and vj are orthogonal.

Definition 1.4.2. If (u1, . . . , un) is an orthonormal representation of the graph G (|V | = n), then its value is
defined as

min
||c||=1

(
max
1≤i≤n

1

(cTui)2

)
A vector c where the minimum is attained is called a handle of the representation.

Definition 1.4.3. The parameter ϑ(G) is the minimum value over all orthonormal representations of G.

Remark 1.4.4. The set of orthonormal representations of a given G with |V | = n is a compact subset of Rn2

,
so the minimum ϑ(G) is indeed attained.

Remark 1.4.5. The parameter ϑ is monotone with respect to cohomomorphisms. If (u1, . . . , un) is an orthonor-
mal representation for G and there is a f : H → G cohomomorphism, then choosing for every x ∈ H vertex the
vector that corresponds to f(x), we get an orthonormal representation of H.

Remark 1.4.6. In fact, given an orthonormal representation (u1, . . . , un) with value t, we can easily choose a
representation (u′1, . . . , u

′
n) and ||c|| = 1 such that for for all 1 ≤ i ≤ n we have 1/(cTui)

2 = t.
Just let 0 ≤ αi = 1/(

√
tcTui) ≤ 1 and replace every ui with a vector that has n new coordinates that are zero

except in the i-th coordinate:

u′i =

(
αiui√
1− α2

i ei

)
and let c′ be just c extended with n zeros.

Lemma 1.4.7. ϑ(G⊠H) ≤ ϑ(G)ϑ(H)

Proof. The tensor product of the orthonormal representations is an orthonormal representation for the graph
product. If (u1, . . . , un) is for G and (w1, . . . , wm) is for H then the vectors in the form of ui⊗wj are appropriate
for G⊠H. (Where 1 ≤ i ≤ n and 1 ≤ j ≤ m.)

Lemma 1.4.8. α(G) ≤ ϑ(G) ≤ β(G)
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Proof. Let (u1, . . . , un) be an orthonormal representation for G with handle c. The vectors corresponding to
any independent set in G, let’s say ui where i ∈ I, are pairwise orthogonal unit vectors, so

1 = c2 ≥
∑
i∈I

(cTui)
2 ≥ |I|/ϑ(G)

For the second inequality, suppose we can cover G with m cliques. The nodes of G covered by the same clique
can get the same ui standard unit vector. Choosing the identical 1/

√
m vector for the handle, we get an

orthonormal representation of G with value m.

Theorem 1.4.9. Θ(G) ≤ ϑ(G)

Proof. ϑ is a submultiplicative upper bound for the independence number, hence we are done by 1.3.2.

1.4.2 Computation

One of the ϑ parameter’s excellent features is that we can compute it.

Theorem 1.4.10. ϑ(G) is the minimum among the largest eigenvalues of the matrices A = ((aij))
n
i,j=1 satisfying

(aij = aji) and (aij = 1 if i = j or i and j are nonadjacent)

Remark 1.4.11. Finding the minimum of the largest eigenvalues is the same as finding the minimal t ∈ R for
which tI −A is positive semidefinite for all A of the type above.

Proof. Let Opt be the minimum among the largest eigenvalues of the prescribed matrices.
Suppose that a matrix A = ((aij)) satisfies the desired properties and its largest eigenvalue is λ. Then λI − A
is positive semidefinite and there are vectors x1, . . . , xn such that λ − 1 = λ − aii = x2i and −aij = xTi xj for
every i ̸= j.
Let c be a unit vector perpendicular to every xi and let ui =

1√
λ
(c+ xi). Then

u2i =
1

λ
(1 + x2i ) = 1

If i and j correspond to nonadjacent nodes in G then

uTi uj =
1

λ
(1 + xTi xj) = 0

And we also have cTui = 1/
√
λ. We can conclude that (u1, . . . , un) is an orthonormal representation of G with

value at most λ. So ϑ(G) ≤ Opt.
Let (u1, . . . , un) be an optimal orthonormal representation with handle c for G where we also have ϑ(G) =
1/(cTui)

2 for every i ∈ [n]. (Here we use 1.4.6.) We construct a matrix A with the given properties such that
its largest eigenvalue is at most ϑ(G). So we would get Opt ≤ ϑ.

Let aii = 1 and aij = 1− uT
i uj

(cTui)(cTuj)
if i ̸= j. The matrix A = ((aij)) satisfies the properties.

And ϑ(G)I −A =MTM ≥ 0 where the i-th collumn of M is (c− ui

(cTui)
):

−aij =
(
c− ui

(cTui)

)T(
c− uj

(cTuj)

)

ϑ(G)− aii =
1

(cTui)2
− 1 =

(
c− ui

(cTui)

)2

Remark 1.4.12. There is some intuition behind this definition. Let’s call B the adjacency matrix of G. Then
I + B satisfies the desired properties in the theorem, and we know that it contains a principal minor with all
1’s and size α(G). From the interlacing properties of the eigenvalues of a symmetric matrix and its principal
submatrices, we get that the largest eigenvalue of I + B is an upper bound for α(G). So ϑ(G) is just the
refinement of this idea.
The interlacing property that was mentioned is the following linear algebraic theorem:

Suppose A ∈ Rn×n is a symmetric matrix, and B ∈ Rm×m is a principal submatrix of it. If A has
eigenvalues α1 ≤ · · · ≤ αn and B has eigenvalues β1 ≤ · · · ≤ βm, then

αk ≤ βk ≤ αk+n−m for k = 1, . . . ,m
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In our application, the largest eigenvalue of A is larger than any eigenvalue of B.

Theorem 1.4.13.
ϑ(G) = max

B
tr(JB)

where B ranges over all positive semidefinite symmetric matrix ((bij))
n
i,j=1 with

(bij = 0 if i ̸= j and they are adjacent) and (tr(B) = 1)

Remark 1.4.14. Some intuition behind this formulation comes from the fact that if we restrict the B matrices
to have rank 1, then the maximum is actually α(G). (Then B is in the form xxT , and we must have xixj = 0
for all ij ∈ E. To make tr(JB) as big as possible, we need as many nonzero coordinates for x as possible. These
nonzero coordinates represent independent vertices in the graph.)

Proof. This is the dual problem for the semidefinite program defined in the previous theorem. I read Schwarcz
Tamás’ work here [Sch18] and [Lov19]. The scalar product A ·B for matrices is just an abbreviation for tr(AB).
See the Appendix 5.2 for more.
Now we have the following semidefinite program (let Eij be the symmetric matrix where the i-th row’s j-th
element and the j-th row’s i-th element are 1-s and every other element is 0.)

max

{
J ·B

∣∣∣∣Eij ·B = 0 if ij ∈ E; I ·B = 1;B ≥ 0

}
The dual program is

min

{
t ∈ R

∣∣∣∣tI + ∑
ij∈E

yijEij ≥ J

}
= min

{
t ∈ R

∣∣∣∣aij = 1 if ij /∈ E; tI −A ≥ 0

}
= ϑ(G)

And the two values are equal since both programs have strictly feasible solutions: B = I/n for the primal, for
the dual, after fixing A, one can always find a large enough t. Choose it larger than all the eigenvalues of A.

1.4.3 Properties

From the dual program characterization of ϑ(G), we can harvest further nice properties.

Lemma 1.4.15. If (u1, . . . , un) is an orthonormal representation for G and (w1, . . . , wn) is for G then for any
c, d vectors we have

n∑
i=1

(cTui)
2(dTwi)

2 ≤ c2d2

Proof. It is not hard to see that ui ⊗wi are pairwise orthogonal unit vectors. So we can calculate the absolute
value of the projections of c⊗ d to them.

Corollary 1.4.16. If (w1, . . . , wn) is an orthonormal representation for G and d is a unit vector then

n∑
i=1

(dTwi)
2 ≤ ϑ(G)

Corollary 1.4.17. n ≤ ϑ(G)ϑ(G)

Theorem 1.4.18. If (w1, . . . , wn) ranges over all orthonormal representations for G and d ranges over all unit
vectors, then

ϑ(G) = max

n∑
i=1

(dTwi)
2

Proof. Consider a feasible B for the dual semidefinite program for ϑ(G). We prove that there exists an or-
thonormal representation w1, . . . , wn for G and a unit vector d such that tr(JB) ≤

∑n
i=1(d

Twi)
2. This would

prove the theorem.
Since B is positive definite, there are vectors v1, . . . , vn with bij = vTi vj . Since bij = 0 if i ̸= j and i, j are
adjacent in G, the vectors wi = vi/|vi| (if vi = 0, then choose a unit vector perpendicular to all others) form an
orthonormal representation for G. Now

n∑
i=1

|vi|2 = tr(B) = 1
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tr(JB) =

n∑
i,j=1

vTi vj =

( n∑
i=1

vi

)T( n∑
j=1

vj

)
=

∣∣∣∣ n∑
i=1

vi

∣∣∣∣2
If

∑n
i=1 vi = 0, then any d would give 0 ≤

∑n
i=1(d

Twi)
2. Otherwise choose d = (

∑n
i=1 vi)/|

∑n
i=1 vi|. Then,

from the Cauchy-Schwarz inequality

n∑
i=1

(dTwi)
2 =

( n∑
i=1

|vi|2
)( n∑

i=1

(dTwi)
2

)
≥

( n∑
i=1

|vi|(dTwi)

)2

=

( n∑
i=1

dT vi

)2

=

=

(
dT

n∑
i=1

vi

)2

=

(
(
∑n

i=1 vi)
T (

∑n
i=1 vi)

|
∑n

i=1 vi|

)2

=

∣∣∣∣ n∑
i=1

vi

∣∣∣∣2 = tr(JB)

Theorem 1.4.19. ϑ(G⊠H) = ϑ(G)ϑ(H)

Proof. We already know the submultiplicativity. For the supermultiplicativity, let (v1, . . . , vn) and (w1, . . . , wm)
be the orthonormal representations of G and H, and c and d are the corresponding unit vectors where the
maximums are attained in the previous theorem. Then the vectors vi ⊗wj form an orthonormal representation
for G ⊠H. Since E(G ⊠H) ⊆ E(G⊠H), they are also an orthonormal representation for G⊠H. With the
unit vector c⊗ d:

ϑ(G⊠H) ≥
n∑

i=1

m∑
j=1

(
(c⊗ d)T (vi ⊗ wj)

)2
=

( n∑
i=1

(cT vi)
2

)( m∑
j=1

(dTwj)
2

)
= ϑ(G)ϑ(H)

Theorem 1.4.20. ϑ(G ⊔H) = ϑ(G) + ϑ(H)

Proof. Let v = (v1, . . . , vn) ⊆ Rk be an optimal orthonormal representation for the original definition of ϑ(G),
with handle c ∈ Rk. Similarly let w = (w1, . . . , wm) ⊆ Rl be optimal for ϑ(H), with handle d ∈ Rl. Then we can
put these vectors in Rk+l: keep the first k coordinates of the vectors for G and fill the remaining l coordinates
with zeros, and keep the last l coordinates of the vectors for H and fill the first k with zeros. Let’s call these
vectors v′1, . . . , v

′
n, c

′, w′
1, . . . , w

′
m, d

′. It’s clear that the v′i and w
′
j vectors form an orthonormal representation

for G ⊔H. We want to choose the best handle for this representation. Consider the unit vectors in the form
λc′ + µd′ where λ2 + µ2 = 1:

max
1≤i≤n

1

((λc′ + µd′)T v′i)
2
= max

1≤i≤n

1

((λc′)T v′i)
2
=
ϑ(G)

λ2

max
1≤i≤m

1

((λc′ + µd′)Tw′
i)

2
= max

1≤i≤m

1

((µd′)Tw′
i)

2
=
ϑ(H)

µ2

So the value of this representation for the disjoint union is at most max{ϑ(G)/λ2, ϑ(H)/µ2}. If we choose
λ2 = ϑ(G)/(ϑ(G) + ϑ(H)) and µ2 = ϑ(H)/(ϑ(G) + ϑ(H)), we can conclude that ϑ(G ⊔H) ≤ ϑ(G) + ϑ(H).
For the opposite, suppose that the vi and wj vectors are optimal orthogonal representations for G and H in
the dual definition of ϑ. With an appropriate orthogonal transformation, we can suppose that they have the
same optimal unit vector d: ϑ(G) =

∑n
i=1(d

T vi)
2 and ϑ(H) =

∑m
j=1(d

Twj)
2. Then the union of the vi and wj

vectors is an orthonormal representation of G ⊔H. Hence

ϑ(G ⊔H) ≥
( n∑

i=1

(dT vi)
2

)
+

( m∑
j=1

(dTwj)
2

)
= ϑ(G) + ϑ(H)

Theorem 1.4.21. ϑ = ϑLP = ϑf

Proof. Since ϑ is monotone and additive, we have ϑf ≤ ϑLP ≤ ϑ by 1.3.31. So it is enough to prove ϑf ≥ ϑ.
Suppose that the vectors vi from an orthonormal representation for G and d is a unit vector with ϑ(G) =∑n

i=1(d
T vi)

2. Then consider the orthonormal representation for G⋉Kl, where for a vertex indexed with (i, k)

(k ∈ V (Kl)) we choose the vector vi. Since G⋉Kl = G⋉Kl, we get

ϑ(G⋉Kl) ≥ l ·
n∑

i=1

(dT vi)
2 = l · ϑ(G)
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That is

ϑf (G) = inf
l

ϑ(G⋉Kl)

l
≥ ϑ(G)

Corollary 1.4.22. Since we have known, that ϑ ≤ β, we now know that ϑ ≤ βf also holds.

1.4.4 Computation at special cases

There are polynomial algorithms solving the semidefinite optimization problem for ϑ. More precisely, there are
algorithms computing ϑ, with at most ε additive error, polynomial time in n and log(1/ε). (It is Theorem 11.11.
in [Lov19].) This is a very strong result, but sometimes in theory we want to know the exact value of ϑ.
Without proof, I mention the two most basic lemmas from the original paper of Lovász [Lov79], that can be
used to find the exact value.

Lemma 1.4.23. If Aut(G) is vertex transitive then ϑ(G)ϑ(G) = n

Lemma 1.4.24. If G is regular and its adjacency matrix’s largest and smallest eigenvalues are λ and µ, then

ϑ(G) ≤ −nµ
λ− µ

And equality holds if Aut(G) is transitive on the edges.

Example 1.4.25.

ϑ(C2k+1) =
(2k + 1) cos(π/(2k + 1))

1 + cos(π/(2k + 1))
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Chapter 2

Fractional Haemers bound

Here comes what I read in [BC19] about the fractional Haemers bound. In [Lov79] Lovász asked if it is true
that Θ = ϑ? Or is it true that at least Θ is also multiplicative? A few months later Haemers found a graph G
where Θ(G) < ϑ(G) and Θ(G)Θ(G) < Θ(G⊠G) disproving both conjectures. [Hae79] He used linear algebraic
considerations establishing bounds for the Shannon capacity.

2.1 The Haemers bound

Definition 2.1.1. Let’s label the vertices of a graph G with [|V (G)|]. Then a V × V matrix M = ((mij)) over
a given field F fits the graph G if mii = 1 for all i ∈ V and mij = 0 for all ij /∈ E.

This is a generalization of the adjacency matrix of G and provides a connection between the strong graph
product of graphs and the Kronecker product of matrices. It is easy to see that if A fits G and B fits H then
A⊗B fits G⊠H.
If A fits G, then α(G) ≤ rankA because in A the columns corresponding to independent points in G are
independent vectors. The Haemers bound comes from this observation.

Definition 2.1.2. H(G;F) is the minimum rank attained by the matrices over F that fit G.

We know that rank(A⊗ B) = rank(A) · rank(B) for any two matrices over F. Suppose that A fits G (over F).
Then A⊗n fits G⊠n and we also have rank(A⊗n) = rank(A)n. All in all

Θ(G) = sup
n

(
α(G⊠n)

)1/n ≤ sup
n

(
rank(A⊗n)

)1/n
= rank(A)

Remark 2.1.3. We just observed that H is a submultiplicative upper bound on α.

Theorem 2.1.4. For every F and G we have H(G;F) ≤ β(G).

Proof. If we have a covering of the vertices of G with β(G) cliques, then we can consider the matrix mij = 1 if
i and j are covered by the same clique and mij = 0 otherwise. This M = ((mij)) fits G and has rank at most
β(G).

Constructing graphs with nice algebraic structure can yield examples of H(G;F) < ϑ(G). We examine here the

graphs Jp
n from [BC19]. The vertex set is

(
[n]
p+1

)
and A ∼ B whenever |A ∩B| ̸≡ 0 (mod p).

Theorem 2.1.5. If char(F ) = p and (p+ 2) | n, then

H(Jp
n;F) = α(Jp

n) = n

And for fixed p and all large n

ϑ(Jp
n) ≥

(
p

(p+ 1)2
+ o(1)

)
n2

Proof. Consider the incidence matrix of all the (p + 1) subsets of [n]. That is M ∈ F[n]×( [n]
p+1) and the entries

are Mi,A = 1 if i ∈ A and Mi,A = 0 if i ̸∈ A. Then MTM fits Jp
n over F as F has characteristic p (meaning that

p+ 1 ≡ 1 (mod p)). So H(Jp
n;F) ≤ rank(MTM) ≤ n.

On the other hand, using that (p + 2)|n, we can partition [n] into p + 2 sized sets: I1, . . . , Ik. If A,B ⊆ Ii
are sets of size p + 1, then either A = B or |A ∩ B| = p. So the union of the sets

(
I1
p+1

)
, . . . ,

(
Ik
p+1

)
form an

independent set in Jp
n. It’s size is

(
p+2
p+1

)
k = (p+ 2) n

p+2 = n.
The proof of the lower bound on ϑ uses the algebraic structure called association schemes. It can be found in
the Appendix. 5.3.2
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Unfortunately, we don’t know much about the computational complexity of this parameter. We don’t have any
kind of dual representation here to help us.
The Haemers bound is not even multiplicative. (An example is C5 ⊠ C5. It is easy to see that H(C5;F) ≥ 3,
but β(C5 ⊠ C5) ≤ 8.) This motivates the fractional Haemers bound.

2.2 Equivalent formulations for the fractional Haemers bound Hf

In the case of fractionalizing H, the underlying algebraic view provides nice characterizations. Here come five
useful equivalent definitions for the fractionalization of H(G;F).

Definition 2.2.1 (Fractional Haemers bound).

1. The first definition is the previously mentioned definition 1.3.20. We ”blow up” each vertex of G into d
independent vertices. After that, take an infimum over d.

Hf (G,F) = inf
1≤d

H(G⋉Kd,F)
d

2. Let Md
F(G) be the set of d-representations of G over F: matrices over F with rows and columns indexed by

V × [d], such that for the blocks:

1. Mvv = Id

2. Muv =Mvu = Od for all uv /∈ E

Hf (G;F) = inf
1≤d

{
rank(M)

d
:M ∈ Md

F(G)

}
3. For d ≤ n an (n, d)-representation of G over F is an assignment to each v ∈ V a pair (Av, Bv) ∈ (Fn×d)2,
such that:

1. AT
v Bv = Id

2. AT
uBv = AT

v Bu = Od for all uv /∈ E

Hf (G;F) = inf
1≤d≤n

{
n

d
: G has an (n, d)-representation over F

}
4. A rank-r-representation is a matrix M whose rows and columns are indexed by {(v, i) : v ∈ V, i ∈ [dv]},
where each dv is a positive integer assigned to v. And for the blocks:

1. rank(Mvv) ≥ r

2. Muv =MT
vu = Odu×dv

for all uv /∈ E

Hf (G;F) = inf
1≤r

{
rank(M)

r
:M is a rank-r-representation of G over F

}
5. For d ≤ n an (n, d)-subspace-representation is a collection of subspaces {Sv ≤ Fn : v ∈ V } with:

1. dimSv = d

2. Sv ∩
( ∑

uv/∈E

Su

)
= {0}

Hf (G;F) = inf
1≤d≤n

{
n

d
: G has an (n, d)-subspace-representation over F

}

Proof. A quick proof of the equivalence.
Definitions (1) and (2) are trivially the same from the definition of the lexicographic product G⋉Kd and the
definition of a matrix fitting G.
Equivalence of (2) and (4) is from Gaussian elimination on the rows. It is clear that every d-representation is
a rank-d-representation. And given a rank-r-representation for G, we can turn it with only row operations to
a matrix which has a submatrix that is an r-representation. (Use Gaussian elimination with row operations in
Mvv for every v vertex. This way we keep the Odu×dv

zero blocks.)
Equivalence of (2) and (3) is from the fact that the rank of a matrix M ∈ Fn×n is at most d iff it is in the form
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ATB for some A,B ∈ Fd×n.
In the case of definition (5), it is clear that every d-representation M , with rank(M) = n can be considered as
an (n, d)-subspace-representation: for every v vertex of G, take the subspace Sv, generated by the rows of M
indexed by {v} × [d].
If we have an (n, d)-subspace-representation, then we can make an (n, d)-representation from it. Define for every
v ∈ V the following pair (Av, Bv) ∈ (Fn×d)2. The columns of Av are basis vectors in the subspace Sv labeled as
av,1, . . . , av,d. The columns of Bv are the vectors bv,1, . . . , bv,d such that for every i, j ∈ [d] we have aTv,jbv,i = δij
and aTu,jbv,i = 0 for every uv ̸∈ E. Since av,i is linearly independent of the vectors au,j where uv ̸∈ E or u = v,
but i ̸= j, there always exists a suitable bv,i.

2.3 Inequalities

Theorem 2.3.1.
Θ(G) ≤ Hf (G;F) ≤ βf (G)

Proof. We saw that H is submultiplicative: if A fits G and B fits H, then A ⊗ B fits G ⊠H, so H(G ⊠H) ≤
rank(A⊗B) = rank(A) · rank(B). And from the definition, it’s also clear that H is monotone (with respect to
cohomomorphism). If A fits G and there is a f : H → G cohomomorphism, then the submatrix of A induced
by the indices of the f(H) vertices fits H. And of course this matrix has maximum rank rank(A). So the
submultiplicativity of Hf will come from the submultiplicativity and monotonicity of the Haemers bound. (See

the theorem about fractionalizing. It is essentially just the observation that if A ∈ Md1

F (G) and B ∈ Md2

F (H)

then A⊗B ∈ Md1d2

F (G⊠H)) So we finished the first inequality by 1.3.2.
The second inequality comes from H(G;F) ≤ β(G).

Theorem 2.3.2.
Hf (G⊠H;F) = Hf (G;F)Hf (H;F)

Proof. We saw the submultiplicativity in the previous theorem 2.3.1. It remains to prove supermultiplicativity.
LetM ∈ Md

F(G⊠H) for some d. For a fixed u, v ∈ V (G), we’ll denote with [M ]uv the submatrix ofM consisting
all the blocks of the form M(u,x)(v,y) for x, y ∈ V (H). Now we can consider M as a matrix with blocks [M ]uv
with size (d · |V (H)|) × (d · |V (H)|). If uv /∈ E(G), then [M ]uv = Odu×dv because (u, x) and (v, y) can’t be
neighbors in G ⊠H. Let r := minv∈V (G) rank([M ]vv), then for all v ∈ V (G) we have rank([M ]vv) ≥ r. So M
can be seen as a rank-r-representation of G. So Hf (G;F) ≤ rank(M)/r
If we consider for a fixed v ∈ V (G) the block [M ]vv then it is also a matrix with d× d sized blocks ([M ]vv)xy =
M(v,x)(v,y). It can be seen as a d-representation of H. So Hf (H;F) ≤ r/d.
Putting everything together, we have

Hf (G;F) · Hf (G;F) ≤
rank(M)

r
· r
d
=

rank(M)

d

so taking the infimums will give Hf (G;F) · Hf (H;F) ≤ Hf (G⊠H;F)

Corollary 2.3.3.
Hf (G;F) ≤ inf

n
H(G⊠n;F)1/n

Proof. Hf (G;F)n = Hf (G
⊠n;F) ≤ H(G⊠n;F)

Remark 2.3.4. It is open whether there is equality above: Hf (G;F) = lim
n→∞

H(G⊠n;F)1/n

Remark 2.3.5. It would also be interesting to know whether the infimum in the definition of Hf is always a
minimum, attained at a finite d as in the case of βf .

Theorem 2.3.6.
Hf (G ⊔H;F) = Hf (G;F) +Hf (H;F)

Proof. It follows from the fact that H(G ⊔ H;F) = H(G;F) + H(H;F). The proof of this is that matrices
M = ((mij)) that fit G ⊔H are in one-to-one correspondence with pairs of matrices (MG,MH) that fit G and
fit H. If i ∈ G and j ∈ H or vice versa, then mij = 0. The elements where both i, j ∈ G form MG and the
elements where both i, j ∈ H form MH .

It is always an interesting question, what the new parameter gives for odd cycles. For the fractional Haemers
bound, we have the next lemma. (Proof can be found in [BC19].)
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Lemma 2.3.7.

Hf (C2k+1;F) = k +
1

2

2.4 Separation results

The first natural question is whether Hf (G;F) is even better than H(G;F ). Are there graphs where Hf (G;F)
is better than the other known bounds? The answer is yes.

Theorem 2.4.1. There is a graph G where Hf (G;F) is strictly smaller then H(G;F) and ϑ(G).

Proof. Using the Jp
n graphs: vertex set is

(
[n]
p+1

)
and A ∼ B whenever |A ∩B| ̸≡ 0 (mod p). If char(F ) = p and

(p+ 2) | n and 8 ∤ n:

Hf (J
p
n ⊠ C⊠3

5 ;F) =
125

8
n /∈ Z

ϑ(Jp
n ⊠ C⊠3

5 ) = 53/2
(

p

(p+ 1)2
+ o(1)

)
n2

H(Jp
n ⊠ C⊠3

5 ;F′) ≥ Hf (J
p
n ⊠ C⊠3

5 ;F′) ≥ 125

8
n

And we know that H(G,F) is always an integer, which ends the proof with large n.

The second natural question is whether the Hf (G;F) bounds different parameters for different fields F. It turns
out that this is also true for fields with different characteristics. So there is an infinite family of new upper
bounds on Θ. I will also present this separation according to [BC19].

Theorem 2.4.2. For any field F of nonzero characteristic and ε > 0, there exists an explicit graph G = G(F; ε)
so that if F′ is any field with char(F′) ̸= char(F), then

Hf (G;F) < ε · Hf (G;F′)

In the paper [Alo98], Alon used a nice tool to bound H(G;F). This will be the essence of the proof.

Definition 2.4.3. Let a graph G and a field F be given. Consider assigning to every v ∈ V (G) a polynomial
and a vector (Pv, xv) ∈ F[x1, . . . , xn] × Fn. Such a collection of pairs is said to represent G if Pv(xv) ̸= 0 for
every v ∈ V (G) and if uv /∈ E(G) then Pu(xv) = Pv(xu) = 0.

Lemma 2.4.4. If a collection {(Pv, xv) : v ∈ V (G)} represents G, then H(G;F) ≤ dim spanF{Pv : v ∈ V (G)}

Proof. Consider the matrix M = ((muv)) ∈ FV (G)×V (G) with muv = Pu(xv)/Pu(xu). This will fit G. And if
for S ⊆ V (G) the polynomials {Pj : j ∈ S} are dependent over F, then the rows {mj· : j ∈ S} will be also
dependent over F.

Fix (not necessarily distinct) primes p, q and a positive integer n. Then we define the following Bp,q
n graphs:

V (Bp,q
n ) =

(
[n]

pq−1

)
and X ∼ Y iff |X ∩ Y | ≡ −1 (mod p).

Lemma 2.4.5. Let p and q be (not necessarily distinct) primes.

1. If char(F) = p, then

H(Bp,q
n ;F) ≤

p−1∑
i=0

(
n

i

)
2. If q ̸= p and char(F′) = q, then

H(Bp,q
n ;F′) ≤

q−1∑
i=0

(
n

i

)
3. If F′′ is any field with char(F′′) = 0 or char(F′′) > p, then

H(Bp,p
n ;F′′) ≤

p−1∑
i=0

(
n

i

)
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Proof. The proof uses similar ideas in all cases. I write down precisely only the first one.
For a vertex X ∈

(
[n]

pq−1

)
in Bp,q

n we can choose the polynomial PX ∈ F[x] in n variables:

PX(x) =

p−2∏
i=0

(⟨1X ,x⟩ − i)

where 1X is the indicator vector of the set X. Since |X| = pq − 1 ≡ −1 (mod p) we have PX(1X) ̸= 0. If

Y ∈
(

[n]
pq−1

)
has |X ∩ Y | ̸≡ −1 (mod p), then PX(1Y ) = 0 over F. All the values in the coordinates are 0 or

1 in any indicator vector. So reducing PX along every variable, by repeatedly applying the identity x2 = x,
we get a polynomial P̂X that also has the properties above. So {(P̂X ,1X) : X ∈

(
[n]

pq−1

)
} represents Bp,q

n . Each
polynomial is a multilinear polynomial in n variables of degree at most p− 1, so

H(Bp,q
n ;F) ≤ dim span

{
P̂X : X ∈

(
[n]

pq − 1

)}
≤

p−1∑
i=0

(
n

i

)
For the second and third cases, one can consider the polynomials

QX(x) =

q−2∏
i=0

(⟨1X ,x⟩ − i) RX(x) =

p−1∏
i=1

(⟨1X ,x⟩ − (ip− 1))

with the indicator vectors, and reduce them in the same way to multilinear polynomials.

From this, we get the following lemma for the fractional Haemers bound.

Lemma 2.4.6. For distinct primes p, q and a number ε > 0, there is an integer np,q = np,q(ε) so that if F is a
field of characteristic p and F′ is a field of characteristic q, then whenever n ≥ np,q,

H(Bp,q
n ;F) < ε · Hf (B

p,q
n ;F′)

Further, there is an integer np,p = np,p(ε) so that if F′′ is any field with either char(F ′′) = 0 or char(F ′′) > p,
then whenever n ≥ np,p,

H(Bp,p
n ;F) < ε · Hf (B

p,p
n ;F′′)

Proof. We use that α(G⊠G) ≥ |V (G)| for any G graph. (Consider the vertices indexed as (v, v) in the product
for v ∈ V (G).) By the previous lemma(

n

pq − 1

)
≤ α(Bp,q

n ⊠Bp,q
n ) ≤ Hf (B

p,q
n ⊠Bp,q

n ;F′) = Hf (B
p,q
n ;F′) · Hf (B

p,q
n ;F′) ≤ Hf (B

p,q
n ;F′) ·

q−1∑
i=0

(
n

i

)
From this we have Hf (B

p,q
n ;F′) = Ω(n(pq−1)−(q−1)) = Ω(npq−q). And also by the previous lemma

Hf (B
p,q
n ;F) ≤ H(Bp,q

n ;F) ≤
p−1∑
i=0

(
n

i

)
So Hf (B

p,q
n ;F) = O(np−1). Since p− 1 < pq − q, we are done with the first part. For the second part, consider(

n

p2 − 1

)
≤ α(Bp,p

n ⊠Bp,p
n ) ≤ Hf (B

p,p
n ⊠Bp,p

n ;F′′) = Hf (B
p,p
n ;F′′) · Hf (B

p,p
n ;F′′) ≤ Hf (B

p,q
n ;F′′) ·

p−1∑
i=0

(
n

i

)

Hence Hf (B
p,p
n ;F′′) = Ω(n(p2−1)−(p−1)) = Ω(np2−p) and we have Hf (B

p,p
n ;F) = O(np−1) again. Since p− 1 <

p2 − p, we are done again.

Now we harvest the main separation result.

Proof of 2.4.2. Let char(F) = p ̸= 0. The previous lemma shows that we are almost done: there are graphs
where F is better than any other given field with a different characteristic. The natural idea is to take the
product of all these graphs. However, we don’t want to take an infinite product of graphs, just a finite one.
And we also want to ”keep the amount of separation” between the fields while taking the product.
What I mean by this is that we want the following. If for a field F′ with characteristic different from p we have
Hf (G;F) < ε · Hf (G;F′), then Hf (G;F) ≤ Hf (G;F′′) also holds for any other field F′′. For example, we would
achieve this if Hf (G;F) were exactly α(G).
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This is the motivation of the following ”H(·;F)-universal” graphs GF(n). Let V (GF(n)) = {(a, b) ∈ (Fn)2 : ⟨a, b⟩ =
1} and (a, b) ̸∼ (c, d) iff ⟨a, d⟩ = ⟨b, c⟩ = 0. Now a graph G has a matrix that fits it with rank n iff there is a
G→ GF(n) cohomomorphism.
From this, it is clear that H(GF(n);F) ≤ n and since the (ei, ei) ∈ (Fn)2 pairs of standard basis vectors form an
independent set, we have n = α(GF(n)) = H(GF(n);F).
Now with the notation of the previous lemma set n := max{np,q : q ≤ p, q prime}. Let Np,q := H(Bp,q

n ;F) and
Gp,q = GF(Np,q). Now the following graph will satisfy the demands:

G =
∏
q≤p

q prime

Gp,q

If F ′ is a field with characteristic not p, then there is a prime q′ ≤ p with

Hf (Gp,q′ ;F) = H(Gp,q′ ;F) = Np,q′ = H(Bp,q′

n ,F) < ε · Hf (B
p,q′

n ;F′) ≤ ε · H(Gp,q′ ;F′)

where the last inequality follows from the fact thatH(Bp,q′

n ;F) = Np,q′ implies a Bp,q′

n → Gp,q′ cohomomorphism.
For any other q ≤ p primes, we also have

Hf (Gp,q;F) = H(Gp,q;F) = Np,q = α(Gp,q) ≤ Hf (Gp,q;F′)

so we finished the proof.

Remark 2.4.7. Notice that the universal graphs defined in the proof are not necessarily finite. But if F is a
finite field, then they are also finite.

Remark 2.4.8. In the same manner we can define universal graphs over a given field F to the (n, d)-representations:
V (GF(n, d)) = {(A,B) ∈ (Fn×d)2 : ATB = Id} and (A,B) ̸∼ (C,D) iff ATD = CTB = Od. Any given graph G
has an (n, d)-representation iff there is a G→ GF(n, d) cohomomorphism. And, as previously,⌊

n

d

⌋
= α(GF(n, d)) ≤ Hf (GF(n);F) ≤

n

d

considering the independent set in the form of {(Ai, Ai) : 1 ≤ i ≤ ⌊n/d⌋} where Ai = [e(i−1)d+1] · · · [eid]. The
Haemers bound is just the case d = 1.

Remark 2.4.9. As far as I know, it is an open problem what can we say when the field has zero characteristic.
Or what happens when the fields have the same characteristic? In 2018, at the Building Bridges II. conference
Lex Schrijver asked whether the followings hold (overline means algebraic closure here):

lim
p→∞

Hf (G;Fp) = Hf (G;Q)? lim
p→∞

Hf (G;Fp) = Hf (G;Q)?

2.5 Some words about HLP

The idea of the linear programming variation fLP for a bound α ≤ f comes from [HTS18]. I originally
came across this after the paper [BC19] about Hf . In the end, Bukh and Cox asked if there are graphs,
where ϑ(G) < H(G;F), but Hf (G;F) < ϑ(G). They mention that Hu, Tamo, and Shayevitz answered this
affirmatively. As I previously said, HLP could be useful if one wants to compute bounds for Hf . However, it
can be omitted for the reasoning.

The idea is to choose appropriate positive integers a and b such that G = aJ ⊔ bC5 will work, where J is any
graph with H(G;F) < ϑ(J). (We know that such J graphs indeed exist, for example from 2.1.5.)

H(aJ ⊔ bC5;F) = aH(J ;F) + bH(C5;F) = aH(J ;F) + 3b

ϑ(aJ ⊔ bC5) = aϑ(J) + bϑ(C5) = aϑ(J) +
√
5b

Hf (aJ ⊔ bC5;F) = aHf (J ;F) + bHf (C5;F) ≤ aH(J ;F) +
3

2
b

So it is enough to choose a and b such that

(3/2−
√
5)b < (ϑ(J)−H(J ;F))a < (3−

√
5)b
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Chapter 3

Asymptotic spectrum

It turns out that the set of finite graphs can be considered as an algebraic object called a semiring. Disjoint
union and strong graph product will take the place of addition and multiplication. And with the graph cohomo-
morphisms, we will be able to define a preordering on the graphs that also respects the previous two operations
in some sense.
This structure gives us very strong tools due to the work of Strassen. He was originally interested in the
computational complexity of matrix multiplication. In this problem, one can break down the task to smaller
blocks. If these subtasks can be solved faster, then the original problem will have an improvement in time. For
example, Strassen found a way to compute the product of two 2× 2 matrices, such that it uses multiplication
only 7 times. This means that for two 2n × 2n matrices, by repeatedly dividing them into 2× 2 block matrices,
we can multiply them in O(7n) steps, instead of the standard O(8n) = O((2n)3) step method. In this way,
we get an algorithm for multiplying two n × n matrices in O(nlog2 7) time, instead of O(n3). A major open
problem in this field is finding the smallest ω (called the matrix multiplication exponent), such that there is an
algorithm for multiplying two matrices in O(nω) time. Strassen defined the semiring of 3-dimensional tensors
to investigate this question.
Zuiddam observed in his thesis [Zui18] that there is a connection between finding the matrix multiplication
exponent and the Shannon capacity of a graph. Both questions are about, in a sense, ”asymptotic” behavior of
the given objects. The duality theorem of the so-called Strassen semirings makes this correspondence clear.
I will follow the papers [Sch], [Zui18], [AJ23].

3.1 The Theorem

For the fundamental theorem of Strassen preorders, I follow the paper [Sch] and write down also the steps of
the proof from [Sch] for completeness.

Definition 3.1.1. A (commutative) semiring is a set S with two binary operations: addition (+) and multi-
plication (·), such that (S,+) and (S, ·) are commutative monoids with identity elements 0 and 1, and we also
have 0 · r = 0 for all r ∈ S and a · (b+ c) = a · b+a · c for all a, b, c ∈ S. (We will abbreviate a · b with ab and for
all n ∈ N the n-fold sum of 1 with n.) (One can naturally picture semirings as siblings of R≥0 with the usual
addition and multiplication.)

In the following, we’ll work over a fixed semiring S.

Definition 3.1.2. A preorder on a set is a transitive, reflexive binary relation. A preorder ≤ on the semiring
S is called Strassen if it satisfies the following axioms:

• for all n ∈ N we have n ≤ n+ 1 and n+ 1 ≰ n (embedded N)

• if a ≤ b, then a+ c ≤ b+ c and ac ≤ bc for all a, b, c ∈ S (semiring preorder)

• for every a, b ∈ S if b ̸= 0, then a ≤ nb for some n ∈ N (Archimedean property)

(So N is embedded nicely in S: the usual order is preserved, and we have an Archimedean property. And the
preorder behaves well with the operations of the semiring.)

As we have only a preorder, there could be elements of the semiring that are incomparable. However, we
can easily extend the preorder by defining other relations. We want to do this in a way that we preserve the
connection with the semiring structure. Doing this, we’ll make the preorder more ”rigid” in a certain sense,
and from this ”rigidity” we get further algebraic properties. And it turns out that making the order total we
arrive at R≥0 in a certain sense.
Strassen defined the following asymptotic order.
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Definition 3.1.3. The asymptotic (pre)order ≲ associated with the Strassen preorder ≤ on S is:

a ≲ b ⇐⇒ ∃r : N≥1 → N≥1 ∀n ∈ N≥1 : an ≤ r(n)bn and inf
n≥1

r(n)1/n = 1

The motivation behind this definition of the asymptotic preorder is similar to the definition of the Shannon
capacity. We are interested in the ”asymptotic values” of the semiring elements. From the third axiom, we
know that for every n there is r(n) ∈ N with an ≤ r(n)bn. But if this r(n) turns out to be relatively smaller
and smaller, then a ≲ b.
It’s obvious that ≲ extends ≤. From Fekete’s lemma, we get the following.

Lemma 3.1.4. In the definition of the asymptotic preorder, we can assume that lim
n→∞

r(n)1/n = 1 and also that

r(n) is nondecreasing.

Proof. If an ≤ r(n)bn and am ≤ r(m)bm then an+m ≤ r(n)r(m)bn+m. So we can assume that r(n + m) ≤
r(n)r(m) and use Fekete’s lemma.
We can also take r′(n) = maxk≤n r(n). We know that r(n)1/n < 1+ ε for all large enough n ≥ N . And there is
M such that r(n)1/M < 1+ε for all n < N . So for all n ≥M we get that r′(n)1/n = maxk≤n r(k)

1/n < 1+ε.

Remark 3.1.5. From the inf definition, it is clear that

a ≲ b ⇐⇒ ∃(xn)n∈N ⊆ N≥1 series and ∃r : N≥1 → N≥1 that ∀n ∈ N≥1 : axn ≤ r(xn)b
xn and inf

n≥1
r(xn)

1/xn = 1

The following technical lemmas show that the asymptotic order behaves well indeed with the semiring structure.

Lemma 3.1.6. If ≤ is Strassen then ≲ is Strassen and ≲ is equal to ⪅. (We’ll call ≲ closed in this case, i.e.,
a preorder is closed if it is Strassen and equal to its asymptotic preorder.)

Proof. Because ≲ is an extension of ≤, it also has the Archimedean property and n ≲ (n + 1). Suppose that
n+ 1 ≲ n, then there exists r(k) with limk→∞ r(k)1/k = 1 and (n+ 1)k ≤ r(k)nk which contradicts that in ≤
we have N nicely embedded.
If an ≤ r(n)bn then ancn ≤ r(n)bncn. And supposing that r(n) is nondecreasing:

(a+ c)n =

n∑
k=0

(
n

k

)
akcn−k ≤

n∑
k=0

(
n

k

)
r(k)bkcn−k ≤

n∑
k=0

(
n

k

)
r(n)bkcn−k ≤ r(n)(b+ c)n

It is only left to prove that ≲ is closed. Suppose that we have limn→∞ r(n)1/n = 1 with an ≲ r(n)bn. Then
for every n there is limk→∞ tn(k)

1/k = 1 with (an)k ≤ tn(k)(r(n)b
n)k. Choose for every n a number kn such

tn(kn)
1/kn < 2. Then ankn ≤ tn(kn)r(n)

knbnkn where

(tn(kn)r(n)
kn)1/nkn = (tn(kn)

1/kn)1/nr(n)1/n < 21/nr(n)1/n −−−−→
n→∞

1

So using 3.1.5 along the sequence nkn we can conclude that a ≲ b.

Lemma 3.1.7. If ≤ is closed then for all a, b, c ∈ S:

• a+ c ≤ b+ c =⇒ a ≤ b (additive cancellation)

• ac ≤ bc and c ̸= 0 =⇒ a ≤ b (multiplicative cancellation)

• na ≤ nb+ 1 for all n ∈ N =⇒ a ≤ b (gap property)

Remark 3.1.8. The name of the gap property comes from the picture that the closed preorders don’t see
infinitesimals. ”If we have a ≤ b + 1/n for all n then a ≤ b”. Other way thinking, if a ̸≤ b then there is an n
such that na ̸≤ nb+ 1 or ”a ̸≤ b+ 1/n”. If a ̸≤ b then there is a ”gap” between them.

Proof. (Multiplicative cancellation) Assume that ac ≤ bc and c ̸= 0. Then from induction anc ≤ bnc as
an+1c = anac ≤ anbc ≤ bnbc = nn+1c. From the Archimedean property, we have k, l ∈ N such that 1 ≤ cl ≤ k.
Hence an ≤ ancl ≤ bncl ≤ kbn for every n. As infn≥1 k

1/n = 1, we have a ≲ b, so by the closedness of the
preorder we have a ≤ b.
(Gap property) Suppose that na ≤ 1 + nb for all n ∈ N. If b = 0 then a = 0 must also hold from the
Archimedean property, and that 1 ≰ 0. So we can assume that b ̸= 0 and choose k ∈ N with 1 ≤ kb.
Then na ≤ nb + 1 ≤ (n + k)b. For any m ∈ N there is a large n ∈ N such that (n + k)m ≤ 2nm. So
nmam ≤ (n+ k)mbm ≤ 2nmbm and using the multiplicative cancellation we get am ≤ 2bm. From this it follows
again that a ≤ b.
(Additive cancellation) Assume that a+c ≤ b+c. Then a similar induction, as for the multiplicative cancellation,
gives na+ c ≤ nb+ c for every n ∈ N. Choose k ∈ N with c ≤ k. Then na ≤ na+ c ≤ nb+ c ≤ nb+ k for every
n ∈ N. Replacing n by nk we get nka ≤ nkb + k. Then from the multiplicative cancellation: na ≤ nb + 1 for
every n ∈ N. So from the gap property a ≤ b.
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The next lemma is a general step to make a Zorn lemma argument while working toward a total extension.

Lemma 3.1.9. If ≤ is closed and a ≰ b, then there exists a Strassen ⪯ containing ≤ such that b ⪯ a.

Proof. Define ⪯ in the following way:

x ⪯ y ⇐⇒ ∃c : x+ ac ≤ y + bc

It is clear that ⪯ contains ≤ if we choose c = 0. It follows then that ⪯ is reflexive and has the Archimedean
property. We also get b ⪯ a from c = 1.
For transitivity, suppose that x ⪯ y and y ⪯ z. So there are c and d with x+ ac ≤ y + bc and y + ad ≤ z + bd.
And so x+ a(c+ d) ≤ y + bc+ ad ≤ z + b(c+ d), meaning that x ⪯ z.
For checking that ⪯ is a semiring preorder, suppose that x ⪯ y. Then for some c we have x+ac ≤ y+ bc. Since
≤ is Strassen we then have x + z + ac ≤ y + z + bc and xz + acz ≤ yz + bcz meaning that x + z ⪯ y + z and
xz ⪯ yz.
Finally, we have to check that N is embedded well in ⪯. We get from ≤ that n ⪯ n+1 for every n ∈ N. Suppose
that n+ 1 ⪯ n for some n ∈ N. Then there is a c with n+ 1+ ac ≤ n+ bc. We use that ≤ is closed and cancel
with n to get 1 + ac ≤ bc, so ac ≤ bc. Since 1 ≰ 0 we know that c ̸= 0 and can cancel the c to get a ≤ b. This
would be a contradiction, so n+ 1 ⪯̸ n for every n ∈ N.

Finally this lemma and the theorem say that Strassen preorders are truly ”living” in R≥0.

Lemma 3.1.10. If ≤ is Strassen, then there exists a monotone ϕ : S → R≥0 homomorphism.

Proof. From Zorn’s lemma, every Strassen preorder is in an inclusionwise maximal Strassen preorder, since the
union of an ascending chain of Strassen preorders is Strassen.
This maximal Strassen preorder must be closed, otherwise its asymptotic order would be larger. And it must
be total as if there would be two incomparable elements, then with the previous lemma we can make a larger
Strassen preorder where these two elements are now comparable.
In the following, we can assume that ≤ is total, because if we find a monotone S → R≥0 homomorphism for an
extension, then it’s also monotone for the original preorder.
Next, we will use the concept of the so-called fractional rank and fractional subrank. For every a ∈ S we define

L(a) =

{
k

n

∣∣∣∣k, n ∈ N, 1 ≤ n, k ≤ na

}
U(a) =

{
k

n

∣∣∣∣k, n ∈ N, 1 ≤ n, na ≤ k

}
Note that these sets are well-defined disjunct sets in the sense that if k/n = k′/n′ then k ≤ na ⇐⇒ k′n =
kn′ ≤ nn′a ⇐⇒ k′ ≤ n′a (using that ≤ is a semiring preorder and has the cancellation property since it is
also closed) and similarly na ≤ k ⇐⇒ n′a ≤ k′. And these sets are never empty, since for every a ∈ S we have
0 ≤ a ≤ k for some k ∈ N.
Because we assumed that ≤ is total, we can conclude that these two sets cover all nonnegative rational numbers
disjunctively: L(a) ⊔ U(a) = Q≥0. We can define ϕ(a) := supL(a) = inf U(b).
It is straightforward that L(a) + L(b) ⊆ L(a + b) and L(a)L(b) ⊆ L(ab). If k ≤ na and k′ ≤ n′b then

kn′ + k′n ≤ nn′a+nn′b = nn′(a+ b) so k
n + k′

n′ =
kn′+k′n

nn′ ∈ L(a+ b). And kk′ ≤ nn′ab so k
n · k′

n′ =
kk′

nn′ ∈ L(ab).
This means that ϕ(a) + ϕ(b) ≤ ϕ(a+ b) and ϕ(a)ϕ(b) ≤ ϕ(ab).
Similarly we get that U(a) +U(b) ⊆ U(a+ b) and U(a)U(b) ⊆ U(ab). If na ≤ k and n′b ≤ k′ then nn′(a+ b) ≤
n′k + nk′ and nn′ab ≤ kk′. So ϕ(a) + ϕ(b) ≥ ϕ(a+ b) and ϕ(a)ϕ(b) ≥ ϕ(ab) also holds.
Monotonicity of ϕ comes from the fact that if a ≤ b, then L(a) ⊆ L(b), hence ϕ(a) ≤ ϕ(b).

Remark 3.1.11. Generally, the fractional subrank and fractional rank of an element a ∈ S are defined as supL(a)
and inf U(a) for a closed preorder. They are generally monotone (with respect to the preorder), superadditive,
supermultiplicative and subadditive, submultiplicative, respectively. In the case that the preorder is also total,
they are equal.

Theorem 3.1.12 (Strassen’s semiring theorem). Let ≤ be Strassen. Then for all a, b ∈ S : a ≲ b if and only if
ϕ(a) ≤ ϕ(b) for each monotone homomorphism ϕ : S → R≥0.

Proof. Let a ≲ b and ϕ : S → R≥0 be a monotone homomorphism. If we have an ≤ r(n)bn with limn→∞ r(n) = 1
then we have ϕ(an) ≤ ϕ(r(n)bn) so ϕ(a) ≤ r(n)1/nϕ(b) and we are done with the first direction.
Suppose that a ̸≲ b. Because ≲ is closed, this means that there is an n ∈ N with na ̸≲ nb + 1. So there is a
Strassen ⪯ extension of ≲ where nb+ 1 ⪯ na. Then there is a monotone S → R≥0 homomorphism of ⪯, call it
ϕ. This ϕ will be monotone with respect to ≤ also, and will have ϕ(nb+ 1) ≤ ϕ(na) so ϕ(b) < ϕ(a).
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3.1.1 The zero element

The definition of a semiring with Strassen preorder in [Sch] and [AJ23] slightly differs. The first (which was also
our first) definition is in some sense more general, so we walked through the duality theorem with this setup.
However, in the application, usually the second definition is completely enough, and easier to work with.
Note that from our axioms of a Strassen semiring, if ab = 0, then a = 0 or b = 0. And if a + b = 0, then
a = b = 0. To see this, suppose that a ̸= 0 ̸= b. Then from the Archimedean property, there are n,m ∈ N≥1

with 1 ≤ na and 1 ≤ mb. From this, we can get that 1 ≤ nmab, so ab = 0 would contradict 1 ≰ 0. Suppose
that a ̸= 0, then there is again an n such that 1 ≤ na. Since 0 ≤ nb we have 1 ≤ n(a+ b) from which a+ b ̸= 0.

Now, for the second axiom set, we do not require the existence of a neutral element 0 for addition and having
0 · a = 0 for all a ∈ S. We require only the existence of a well embedded N≥1 but a stronger Archimedean
property: 1 ≤ a ≤ n for every a ∈ S with a suitable n ∈ N≥1. And we also need one extra axiom, which would
be unnecessary if we have a 0 element: a ≤ a+ b for every a, b ∈ S.
We’ll see that later on, this definition (semiring without zero element) could make theorems easier, one doesn’t
have to think about degenerate sub-cases.
If we have a Strassen semiring with this new definition, then we can easily add a 0 element. Just define
a+ 0 = 0 + a = a and 0 · a = a · 0 = 0 and 0 ≤ a for every a ∈ S.
On the other hand, if we have the first definition for the Strassen semiring S and there is a 0, then from 0 ≤ 1
it follows that 0 = 0 · a ≤ 1 · a = a for every a ∈ S. But deleting this 0 element doesn’t mean that now we
have 1 ≤ a for every a ∈ S. The second definition is stronger in the sense that there aren’t any ”very small”
elements.

Definition 3.1.13 (Strassen semiring v2).
A Strassen semiring is a set S with a preorder, and two binary operations: addition (+) and multiplication (·).

The operations have the following axioms:

• a+ b = b+ a for all a, b ∈ S

• (a+ b) + c = a+ (b+ c) for all a, b, c ∈ S

• a · b = b · a for all a, b ∈ S

• (a · b) · c = a · (b · c) for all a, b, c ∈ S

• 1 · a = a for all a ∈ S

• a · (b+ c) = (a · b) + (a · c) for all a, b, c ∈ S

The preorder ≤ has the following axioms:

• for all n ∈ N≥1 we have n ≤ n+1 and n+1 ≰ n

• if a ≤ b, then a + c ≤ b + c and ac ≤ bc for all
a, b, c ∈ S

• a ≤ a+ b for all a, b ∈ S

• for every a ∈ S we have 1 ≤ a ≤ n for some
n ∈ N≥1

Note that in case of this second definition, all monotone S → R≥0 homomorphisms are in fact S → R≥1.

3.2 Topology

Strassen’s theorem is a powerful tool to understand the asymptotic preorder. It says: ”Just understand the
monotone homomorphisms to R≥0”. We will call the set of these homomorphisms the asymptotic spectrum:
X (S,≤), when it is not ambiguous, just X . So we aim to study the spectrum.
We define a weak topology on the set X , the coarsest topology such that the point evaluations are continuous:

eva : X → R≥0 : ϕ 7→ ϕ(a)

for each a ∈ S.

Theorem 3.2.1. The weak topology above is compact Hausdorff.

Proof. The Hausdorff property is straightforward. If ϕ, ψ ∈ X are distinct, then there is an a ∈ S with
ϕ(a) ̸= ψ(a). Then eva(ϕ) ̸= eva(ψ) and we can separate them in R≥0 so the preimages separate ϕ and ψ.
For the compactness, we use the Archimedean property of the preorder and the fact that being a monotone
homomorphism is a closed condition in the continuous functions from X to R≥0.
For every a ∈ S there is an na ∈ N with a ≤ na. So we can embed X in

∏
a∈S [0, na]: ϕ 7→ (ϕ(a))a∈S .

According to Tychonoff’s theorem
∏

a∈S [0, na] is compact. And X is closed as being a monotone homomorphism
means that ϕ(0) = 0, ϕ(1) = 1, ϕ(a + b) − ϕ(a) − ϕ(b) = 0, ϕ(ab) − ϕ(a)ϕ(b) = 0 for all a, b ∈ S and
ϕ(a)− ϕ(b) ∈ [0,∞) for all a, b ∈ S, b ≤ a.

X = ev−1
0 ({0})∩ev−1

1 ({1})∩
⋂
a,b

(
eva+b−eva−evb

)−1
({0})∩

⋂
a,b

(
evab−evaevb

)−1
({0})∩

⋂
b≤a

(
eva−evb

)−1
([0,∞))
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Corollary 3.2.2. It follows that if we are interested only in the spectrum of some elements a1, . . . , ak ∈ S, then
the set X (a1, . . . , ak) = {(ϕ(a1), . . . , ϕ(ak)) ∈ Rk

≥0|ϕ ∈ X} is compact, since this set is the continuous image of

a compact set: (eva1
, . . . , evak

) : X → Rk
≥0.

3.3 Rank and subrank

Working in a Strassen semiring, the embedded N is an important subset; it gives a basic frame for the whole.
What I mean is that on the one hand, we have the Archimedean property, and on the other hand, every element
of the asymptotic spectrum fixes the embedded natural numbers. During the proof of Strassen’s semiring
theorem, we have already defined the fractional rank and subrank functions. However, taking one step back,
there are the rank and subrank functions. They are of great interest already in their own right.

Definition 3.3.1. The rank of an element a ∈ S is R(a) = min{k ∈ N : a ≤ k}. The subrank of an element
a ∈ S is Q(a) = max{k ∈ N : k ≤ a}. (These are just the generalized ceiling and floor functions.)

Lemma 3.3.2. R(a) is monotone, subadditive, and submultiplicative. Q(a) is monotone, superadditive, and
supermultiplicative.

Proof. Monotonicity is clear from the properties of preorders. The subadditivity, superadditivity, submultiplica-
tivity, and supermultiplicativity are clear from the fact that Strassen preorders respect the semiring operations.
If a ≤ k and b ≤ k′, then a+ b ≤ k+ k′ and ab ≤ kk′. If k ≤ a and k′ ≤ b, then k+ k′ ≤ a+ b and kk′ ≤ ab.

Remark 3.3.3. It is clear that if R(0) = Q(0) = 0 and if a ̸= 0, then 1 ≤ R(a). If we know that 1 ≤ a, then
1 ≤ Q(a), but otherwise there might be situations where Q(a) = 0.

Definition 3.3.4. The asymptotic rank and subrank of an element a ∈ S is defined by

R(a) = inf
1≤n

R(an)1/n Q(a) = sup
1≤n

Q(an)1/n

Remark 3.3.5. From Fekete’s lemma R could be defined also as a limit:

R(a) = lim
n→∞

R(an)1/n

If we know that 1 ≤ a, then we could also use Fekete’s lemma for the asymptotic subrank, as the elements of
the series are all positive:

Q(a) = lim
n→∞

Q(an)1/n

We’ll see that considering only the semiring element with 1 ≤ a isn’t a great restriction. In our applications,
every nonzero element will have this property.

Lemma 3.3.6. R(a) is monotone, sub-additive, sub-multiplicative. Q(a) is monotone, super-additive, super-
multiplicative considering only values a ∈ S with 1 ≤ a.

Proof. We prove the lemma for the asymptotic rank. The asymptotic subrank could be done similarly.
If a ≤ b, then an ≤ bn for every positive integer n. So R(an)1/n ≤ R(bn)1/n from which R(a) ≤ R(b).
Since the rank function is submultiplicative, and we have the limit version for the definition of the asymptotic
rank:

R(ab) = lim
n→∞

R(anbn)1/n ≤ lim
n→∞

R(an)1/nR(bn)1/n = R(a)R(b)

Finally note that i ≤ k⌈i/k⌉ so R(ai) ≤ R(ak)⌈i/k⌉ ≤ R(ak)i/kR(ak) (for natural numbers i and k ≥ 1). Now
fix a k and use also the sub-additivity of the rank

R(a+ b) = lim
n→∞

R

(
(a+ b)n

)1/n

= lim
n→∞

R

( n∑
i=0

(
n

i

)
aibn−i

)1/n

≤ lim
n→∞

( n∑
i=0

(
n

i

)
R(ai)R(bn−i)

)1/n

≤

≤ lim
n→∞

(
R(ak)R(bk)

n∑
i=0

(
n

i

)
R(ak)i/kR(bk)(n−i)/k

)1/n

= lim
n→∞

(
R(ak)R(bk)(R(ak)1/k +R(bk)1/k)n

)1/n

=

= R(ak)1/k +R(bk)1/k

If k → ∞ then this gives R(a+ b) ≤ R(a) +R(b).
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Now we are going to derive a very nice characterization of these asymptotic rank and subrank functions from
Strassen’s theorem. We’ll see that there is a slight difference here between the rank and subrank.

Theorem 3.3.7 (Dual characterization of the asymptotic rank). For every a ∈ S with 1 ≤ a we have

R(a) = sup{ϕ(a)|ϕ ∈ X}

Proof. It is clear that for every ϕ ∈ X , ϕ(a)n = ϕ(an) ≤ R(an), so sup{ϕ(a)|ϕ ∈ X} ≤ R(a).
For the other direction let x := {ϕ(a)|ϕ ∈ X}. By the extra assumption on a, we have that 1 ≤ x. Now for
every ϕ ∈ X we have ϕ(a) ≤ x. So ϕ(am) ≤ xm for every m ∈ N and every ϕ ∈ X . Hence ϕ(am) ≤ ⌈xm⌉ also
holds, and this means that for every m ∈ N we have am ≲ ⌈xm⌉ by Strassen’s theorem. Now we can choose for
every m a series rm(n) of positive integers, such that

amn ≤ rm(n)⌈xm⌉n and rm(n)1/n → 1

R(amn)1/mn ≤ rm(n)1/mn⌈xm⌉1/m and rm(n)1/n → 1

Taking n → ∞ at first we get that R(a) ≤ ⌈xm⌉1/m. Then we use that 1 ≤ x and take m → ∞ to get
⌈xm⌉1/m → x, so R(a) ≤ x.

Remark 3.3.8. From the proof we could see that requiring instead of 1 ≤ a, only that 1 ≤ sup{ϕ(a)|ϕ ∈ X} (for
example knowing that there is a ϕ with 1 ≤ ϕ(a)) is perfectly enough.

In the case of the asymptotic subrank, we work only with 1 ≤ a elements. However, other pathological situations
could arise. This is the reason behind the next definition.

Definition 3.3.9. We say that an element a ∈ S is gapped if there is a number k ∈ N such that 2 ≤ ak, or
1 ≤ a and there is a ϕ ∈ X such that ϕ(a) = 1.

Theorem 3.3.10 (Dual characterization of the asymptotic subrank). For every gapped a ∈ S we have

Q(a) = inf{ϕ(a)|ϕ ∈ X}

Proof. If 1 ≤ a is gapped beacause there’s a ϕ ∈ X with ϕ(a) = 1, then inf{ϕ(a)|ϕ ∈ X} = 1. And there can be
no n ∈ N with 2 ≤ an (since this would imply 2 ≤ ϕ(a)n = 1), so R(a) = 1 also.
Let y := inf{ϕ(a)|ϕ ∈ X}. If a is gapped because for a suitable k ∈ N we have 2 ≤ ak, then it is clear that
1 ≤ y. It is clear again that Q(an) ≤ ϕ(a)n for every n ∈ N, ϕ ∈ X , so Q(a) ≤ y.
Then we have the following implications similarly. For every ϕ ∈ X we know that y ≤ ϕ(a). Then for every
m ∈ N and ϕ ∈ X we know that ym ≤ ϕ(am), so ⌊ym⌋ ≤ ϕ(am). This means that ⌊ym⌋ ≲ am by Strassen’s
theorem. Now we can choose for every m a series rm(n) of positive integers, such that

⌊xm⌋n ≤ rm(n)amn and rm(n)1/n → 1

Since 2 ≤ ak, for every 0 < h, if n is large enough we have rm(n) ≤ 2hn ≤ 2⌈hn⌉ ≤ ak⌈hn⌉. Using this bound

⌊ym⌋n ≤ amn+k⌈hn⌉

⌊ym⌋
n

mn+k⌈hn⌉ ≤ Q(amn+k⌈hn⌉)
1

mn+k⌈hn⌉

Now we take n→ ∞, then h→ 0 and finally m→ ∞ to get (we use in the last step that 1 ≤ y)

⌊ym⌋
1

m+kh ≤ Q(a) ⌊ym⌋ 1
m ≤ Q(a) y ≤ Q(a)

Remark 3.3.11. We used strongly in the proof that a is gapped. Indeed, there are semirings where the theorem
doesn’t hold for a not gapped element.
Consider the polynomial semiring N[x] with the preorder p ≤ q if and only if

p(2) ≤ q(2) and p is a power of x whenever q is a power of x

It is not hard to see that this is Strassen, and the variable x is not gapped. As 2 is not a power of x, we never
have 2 ≤ xk. But 4 ≤ 2x ≤ 4 implies that ϕ(x) = 2 for all ϕ ∈ X . Since 1 = x0 ≤ x we have

Q(x) = 1 ̸= 2 = inf{ϕ(x)|ϕ ∈ X}
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Remark 3.3.12. We saw previously that X is compact, so the supremum and infimum in the dual characteriza-
tions are, in fact, a maximum and a minimum. If 1 ≤ a and b is gapped, then

R(a) = max{ϕ(a)|ϕ ∈ X} Q(b) = min{ϕ(b)|ϕ ∈ X}

Remark 3.3.13. There are fractional versions of the previous two theorems using the asymptotic preorder.

sup{ϕ(a)|ϕ ∈ X} = inf{n/m ∈ Q≥0|ma ≲ n}

inf{ϕ(a)|ϕ ∈ X} = sup{n/m ∈ Q≥0|n ≲ ma}

For example, the proof of the first equality is the following. If ma ≲ n, then by Strassen’s theorem, for all ϕ ∈ X
we have ϕ(ma) ≤ ϕ(n), that is ϕ(a) ≤ n/m. And if ϕ(a) ≤ n/m for all ϕ ∈ X , then by the other direction of
Strassen’s theorem we get ma ≲ n. The second equality follows similarly.

3.4 Intermezzo: basic examples

For a deeper understanding, we take a small intermezzo to examine some basic classes of Strassen preorders,
and more concrete examples. In the remaining part of the thesis, we’ll use the second definition of Strassen
semirings to omit the zero element and to have 1 ≤ a for every element in the semiring.

Example 3.4.1. The positive integers N≥1 with their natural addition, multiplication, and order form the most
basic example of a Strassen semiring. All the rank, subrank and their asymptotic versions are just the identity
function. There is only one element in the asymptotic spectrum, the embedding of N≥1 to R≥1.

Example 3.4.2. The set R≥1 with the natural operations and order also satisfies every axiom for being a
Strassen preordered semiring. The rank and subrank functions are the ceiling and floor functions. However,
their asymptotic versions become the identity again, since for every r ≥ 1:

lim
n→∞

⌈rn⌉1/n = lim
n→∞

⌊rn⌋1/n = r

Since the asymptotic spectrum contains again just the identity function from R≥1 → R≥1, the previous equalities
also follow from 3.3.7 and 3.3.10.

Example 3.4.3. Let X be a compact Hausdorff topological space. Then we can consider the semiring S =
C(X,R≥1) of continuous functions from X to R≥1, with the pointwise operations. Let f ≤ g iff f(x) ≤ g(x)
for all x ∈ X, this will be a Strassen preorder. Only the Archimedean property is nontrivial; it comes from the
compactness of X.
In this case, the rank and subrank are respectively the ceiling and floor of the maximum and the minimum of
the given function. The asymptotic rank and asymptotic subrank are just the maximum and minimum of the
functions.
Let’s examine the asymptotic spectrum of S. It’s clear that the point evaluation maps: x̂ : f 7→ f(x) are in
the asymptotic spectrum. It turns out that every element in the spectrum is in this form. Suppose that ϕ is
a monotone S → R≥1 homomorphism and for every x ∈ X there is a fx ∈ S with fx(x) = x̂(fx) ̸= ϕ(fx).
From compactness of X there exists a finite set of functions: fx1

, . . . , fxn
such that for every y ∈ X there is an

i ∈ [n] with ϕ(fxi
) ̸= fxi

(y). (Since the sets {y ∈ X|fx(y) ̸= ϕ(fx)} form an open cover of X.) Now again from
compactness, there’s an M ∈ N with ∪n

i=1imfxi
∪ {ϕ(fxi

)|i ∈ [n]} ⊆ [1,M − 1]. Take

f(x) =

n∑
i=1

fxi(x)M
i−1 v =

n∑
i=1

ϕ(fxi)M
i−1

Then f(x) = v never occurs, but ϕ(f) = v. This means that for a large enough m ∈ N we have m(f − v)2 ≥ 1,
but using ϕ on both side would give 0 ≥ 1.
This observation with the duality theorem of Strassen semirings 3.1.12 imply that the asymptotic preorder of
this semiring is the same as the original one, the pointwise f ≤ g. I.e. ≤ is closed.
The closedness of ≤ can be seen more easily. Suppose, that f ≲ g, i.e. there is a sequence of positive integers,
with r(n)1/n → 1 and fn ≤ r(n)gn. Then for a given x ∈ X we have f(x) ≤ r(n)1/ng(x), implying that
f(x) ≤ g(x).
For the forthcoming density theorem we will see the importance of semirings in this form.

3.5 Density theorem

We have already seen that we can endow the asymptotic spectrum X with a compact Hausdorff topology, such
that the point evaluation maps â : ϕ 7→ ϕ(a) are continuous for every a ∈ S. In fact, these maps give an
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embedding
Ψ: S → C(X ,R≥1)

a 7→ â

If we consider C(X ,R≥1) as in 3.4.3, then this is indeed a semiring homomorphism that preserves the preorder.

It’s clear that Ψ respects the semiring operations: â+ b̂ = â+ b and âb̂ = âb. Also, if a ≤ b, then â ≤ b̂ pointwise
by the monotonicity of the elements of X .

Definition 3.5.1. We call a function between two preordered sets f : (S,≤S) → (S′,≤S′) an order embedding
if for all a, b ∈ S we have a ≤S b ⇐⇒ f(a) ≤S′ f(b).

If we know that â ≤ b̂, i.e., for all ϕ ∈ X we have ϕ(a) ≤ ϕ(b), then from the duality theorem of Strassen

semirings 3.1.12 we can conclude that a ≲ b. However â ≤ b̂ may not imply a ≤ b. So Ψ is an order embedding
only for the asymptotic preorder on S, and generally not for the original preorder.
In fact, what the duality theorem actually states is that a ≲ b ⇐⇒ â ≤ b̂.

This Ψ raise the questions: how is S ”sitting” in C(X ,R≥1)? What can we say about elements of C(X ,R≥1)
that are not in the image of Ψ? To answer these, we recall the following form of the Stone-Weierstrass theorem.

Theorem 3.5.2 (Stone-Weierstrass). Let X be a compact Hausdorff space and let A be a Q-subalgebra of
C(X,R) that contains a nonzero constant function. Then A is dense in C(X,R) under the sup-norm iff A
separates the elements of X.

Remark 3.5.3. The term Q-subalgebra means that it is a Q-vector space and closed under multiplication.

Applying this for C(X ,R≥1) gives the density theorem.

Theorem 3.5.4. The Q-span of Ψ(S) is dense in C(X ,R) under the sup-norm. That is, for any f ∈ C(X ,R),
for every ε > 0, there are a, b ∈ S and n ∈ N≥1 such that for all ϕ ∈ X it holds that∣∣∣∣ b̂(ϕ)n − â(ϕ)

n
− f(ϕ)

∣∣∣∣ = ∣∣∣∣ϕ(b)n − ϕ(a)

n
− f(ϕ)

∣∣∣∣ < ε

Proof. We know that X is compact Hausdorff and the Q-span of Ψ(S) is a Q-subalgebra that contains 1̂. If
ϕ, ψ ∈ X are different, then there is an a ∈ S, such that â(ϕ) = ϕ(a) ̸= ψ(a) = â(ψ). Thus A separates the
elements of X . We can apply the Stone-Weierstrass theorem to conclude that QΨ(S) is dense in C(X ,R) under
the sup-norm.

So we can conclude that the embedded S ”fills very well” C(X ,R≥1). Finally, I want to show a beautiful
consequence of this. (This was one of my favorite theorems while writing my thesis.)

Theorem 3.5.5. Let (S,≤S) and (S′,≤S′) be Strassen semirings and let

f : S → S′

be a semiring homomorphism which is also an order embedding. (That is a ≤S b if and only if f(a) ≤S′ f(b).)
Then the map from the asymptotic spectrum of S′ to the asymptotic spectrum of S

f∗ : X (S′) → X (S)

which maps ϕ to the composition ϕ ◦ f , is surjective.

Remark 3.5.6. Consider the case when S is a subsemiring of S′. Then the map f∗ : X (S′) → X (S) will be the
restriction: f∗ : ϕ 7→ ϕ|S . The meaning of the surjectivity of f∗ is that every asymptotic spectrum point of S
can be extended/lifted to an asymptotic spectrum point of S′. If we understand X (S′), then we understand
X (S) also.

Proof. Since f is an order embedding for the pair of preorders ≤S and ≤S′ , the asymptotic preorders also inherit
this through their definition

a ≲S b ⇐⇒ f(a) ≲S′ f(b)

By the duality theorem and using the notation f∗ for the map X (S′) → X (S) : ϕ 7→ ϕ ◦ f

f(a) ≲S′ f(b) ⇐⇒ ∀ϕ ∈ X (S′) : ϕ(f(a)) ≤ ϕ(f(b)) ⇐⇒ ∀ψ ∈ f∗(X (S)) : ψ(a) ≤ ψ(b)

We claim that f∗ is continuous. Let’s consider any subbasis element for the open sets in X (S). It is in the form
{ψ ∈ X (S)|ψ(a) ∈ U} for some a ∈ S and an open U ⊆ R. (Since we defined the topology on the asymptotic
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spectrum as the coarsest topology where the point evaluations are continuous.) The preimage of it in f∗ is
{ϕ ∈ X (S′)|ϕ(f(a)) ∈ U}, which is clearly open in X (S′).
It is obvious, that f∗(X (S′)) ⊆ X (S) from f being a semiring homomorphism and an order embedding. Since
X (S) and X (S′) are compact Hausdorff spaces, the continuity of f∗ implies that f∗(X (S′)) closed.
Assume indirectly, that there is a ψ0 ∈ X (S)\f∗(X (S′)). Then by Urysohn lemma (X (S) is compact Hausdorff),
there is a continous function g : X (S) → [−1, 1] with g(f∗(X (S′))) = 1 and g(ψ0) = −1.
Applying the density theorem 3.5.4 with ε = 1/2, there are a, b ∈ S and n ∈ N≥1 such that for all ψ ∈ f∗(X (S′))
we have

1

n
(b̂(ψ)− â(ψ)) > 1− ε =

1

2

and
1

n
(b̂(ψ0)− â(ψ0)) < −1 + ε = −1

2

The first one implies (using the equivalences at the beginning of the proof) that a ≲S b. While the second
implies that a ≲S b can’t hold.

3.6 The semiring of graphs

We built up in the previous sections the general framework of Strassen semirings and their asymptotic spectrum.
During this whole abstraction, our goal was to better understand the Shannon capacity of graphs. Now we are
ready to harvest the semiring of finite graphs.

We will denote the set of nonempty finite graphs with G. We can endow it with a semiring structure by taking
the disjoint union as addition, and the strong product as multiplication.
K1 = K1 will be the multiplicative identity element. The commutativity of the operations is clear, as their
definitions are symmetric in the variables. The distributive property is also easy to check from the definitions:
(G ⊔H)⊠ L = (G⊠ L) ⊔ (H ⊠ L).
To make G a Strassen semiring, we also need a preorder compatible with the operations. We choose the
cohomomorphism preorder, i.e., G ≤ H if and only if there is a G → H cohomomorphism. The identity
function shows that G ≤ G for every graph, and 1.3.24 shows that this ≤ is transitive.
Next, we check if it satisfies the (second kind of) axioms of a Strassen preorder. The Kn graphs have the role of
the embedded N≥1. We have the trivial embedding maps for Kn ≤ Kn+1 and 1.3.24 shows, that Kn+1 ̸≤ Kn.
With the trivial embeddings we also have K1 ≤ G ≤ K|V (G)| and G ≤ G ⊔H.
Finally if G ≤ H, as there is a f : G → H cohomomorphism, then G ⊔ L ≤ H ⊔ L and G ⊠ L ≤ H ⊠ L.
This is because in the first case, we can extend f to be the identity on L. In the second case, we have a
cohomomorphism (g, l) 7→ (f(g), l).

We will denote the asymptotic spectrum of G with X (G). The elements f ∈ X (G) are the monotone, additive,
multiplicative G → R≥1 functions, with f(K1) = 1. The second and third parts of 1.3.24 show that the rank
and subrank functions are β and α respectively. This means that for every f ∈ X (G) we have α ≤ f ≤ β. And
in fact, from multiplicativity Θ ≤ f ≤ βf . (Using that βasym = βf by 1.3.19.)
The main theorem 3.1.12 states that G ≲ H iff f(G) ≤ f(H) for every f ∈ X (G). Where ≲ means here the
asymptotic cohomomorphism preorder. The asymptotic rank and subrank will be

lim
n→∞

β(G⊠n)1/n = βasym(G) = βf (G) lim
n→∞

α(G⊠n)1/n = Θ(G)

The duality forms of the asymptotic rank 3.3.7 and subrank 3.3.10 establish the equalities

βf (G) = max
f∈X (G)

f(G) Θ(G) = min
f∈X (G)

f(G)

At first, we know the latter only when G is gapped. If G is a clique, then G ≤ K1, hence G ≲ K1, hence
f(G) = 1 = βf (G) = Θ(G) for every f ∈ X (G). Otherwise, G has at least two non-adjacent vertices, hence
K2 ≤ G, hence it is gapped.
It is interesting to note that βf ∈ X (G) by 1.3.16 and 1.3.13. Hence, the first equality is trivial from the f ≤ βf
observation. However, as [Hae79] pointed out in his paper, Θ isn’t in the asymptotic spectrum. But due to the
compactness of the asymptotic spectrum, for every G there’s an f ∈ X (G) such that Θ(G) = f(G).

We now have the hope to find Θ for every graph, as it is enough to understand all monotone semiring homo-
morphisms from G to R≥1. This motivates mathematicians to study X (G) and characterize all of its elements.
In short, all known elements of it are βf , ϑ, Hf for every field, and a parameter called the fractional orthogonal
rank. (In the previous chapters, we dealt with the monotonicity, additivity, and multiplicativity of the first
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three kinds. And βf (K1) = ϑ(K1) = Hf (K1;F) = 1 is clear.) From the separation lemma for Hf over fields
with different characteristic 2.4.6, we can also conclude that X (G) is infinite.
It’s a major open problem to find more spectrum points, e.g., what is the f ∈ X (G) for which Θ(C7) = f(C7)?
Another interesting problem is to give some nice characterization of the sets X (G) = {f(G) : f ∈ X (G)} ⊆ R≥1

for a G ∈ G? We know that X (G) is always compact, but is it always an interval?

I want to show one other angle to look at this semiring. We have the compact topological space X (G), where
graphs are Ĝ : X (G) → R≥1 continuous functions. (From the density theorem 3.5.4, we know that the Q-

span of these Ĝ graphs is dense in C(X (G),R).) In this language, X (G) is the image of Ĝ, βf (G) = max Ĝ,

Θ(G) = min Ĝ. And G ≲ H means exactly that Ĝ ≤ Ĥ holds pointwise.

We can similarly define the semiring of nonempty infinite graphs with the same operations and preorder. One
extra thing is that we demand a finite clique covering number to have the Archimedean property. (I.e. for an
n ∈ N≥1, there is a G → Kn homomorphism.) In this way, we arrive at the semiring G∞. (We can choose
an arbitrary cardinality κ and consider nonempty graphs with at most κ vertices and a finite clique covering
number. In this way, G∞ is indeed a set containing the finite graphs G.)
The theorems also work in G∞ as in G. One notable difference is that we don’t know whether the asymptotic
rank βasym = limn→∞ β(G⊠n)1/n is in X (G∞).
As G is a subsemiring of G∞, we can apply the extension theorem 3.5.5. We can derive that every asymptotic
spectrum point of G has a lift up in G∞. For example there’s an extension of βf from G to G∞. But we don’t
know if, for example, βasym = βf also remains true. From another point of view, this theorem is about the fact
that if we understand X (G∞), then we also know X (G).
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Chapter 4

Investigations around the asymptotic
spectrum of graphs

4.1 Asymptotic spectrum distance

In this section, I collect the most basic parts of [BBZ24], which contains some further applications of the
asymptotic spectrum of graphs. If it doesn’t cause confusion, we’ll abbreviate X = X (G) and X∞ = X (G∞).

Definition 4.1.1. For two graphs G,H, we define the asymptotic spectrum distance by

d(G,H) = sup
F∈X

|F (G)− F (H)|

Remark 4.1.2. With this definition of the function d, we don’t get a true metric, since d(G,H) = 0 may occur
with G ̸= H. However, by factorizing with the asymptotic equivalence (G ≲ H and H ≲ G), we indeed get a
metric.

Remark 4.1.3. We saw previously that a graph G can be considered as a Ĝ ∈ C(X ,R≥1) function on the compact
topological space X . So the distance function d is just the maximum norm (supremum is always attained by
compactness) on the function space C(X ,R≥1).

Remark 4.1.4. For graphs in G∞ we similarly define

d(G,H) = sup
F∈X∞

|F (G)− F (H)|

From 3.5.5 we see that this indeed extends the d defined on finite graphs.

Lemma 4.1.5. If the sequence of graphs (Gi)i∈N converges to the graph H in the asymptotic spectrum distance,
then (Θ(Gi))i∈N converges to Θ(H).

Proof. We know from 3.3.10 that Θ(G) is just the minimum of the function Ĝ. And it is easy to see that the
C(X ,R≥1) → R≥1 function f 7→ min f is a continuous function.

Lemma 4.1.6. Let (Gi)i∈N be a sequence of graphs and let H be a graph. If for every F ∈ X we have that
(F (Gi))i∈N is monotone in i ∈ N and converges to F (H), then Gi converges to H.

Proof. This is just Dini’s theorem in the context of the asymptotic spectrum distance. The functions Ĝi from
C(X ,R≥1) converges pointwise, monotonously to Ĥ. Thus also converges uniformly.

The next lemma helps us to find the distance of a vertex-transitive graph from its induced subgraphs. This
lemma will also play an important role in the next chapter.

Lemma 4.1.7. Let G be a vertex transitive graph and S ⊆ V (G). Then G ≤ KN ⊠G[S] with

N =

⌈
|V (G)|
|S|

ln |V (G)|
⌉

Proof. The idea is to cover the vertices of G with images of S through automorphisms of G, i.e. with
π1(S), . . . , πN (S) such that each πi ∈ Aut(G). (An automorphism is a bijection on the vertices of G that
preserves edges and non-edges.) If we choose for every v ∈ V (G) a pair (i, s) ∈ [N ] × S, such that v = πi(s),
then ϕ : V (G) → KN ⊠ G[S] would be a cohomomorphism. Suppose that v and u maps to (i, s) and (j, t).
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Of course, i ̸= j implies that the images are nonadjacent because of the first coordinate. And if v ̸= u are
nonadjacent and i = j, then s = πi(v) and t = πi(v) are nonadjacent because πi is an automorphism. Hence,
the images are nonadjacent due to the second coordinate.
It remains to find a suitable N , such that a previously described cover of the vertices exists. Choose uniformly,
independently N automorphisms of G: π1, . . . , πN . Because G is vertex transitive, the probability that for a

given i a vertex is covered by πi(S) is the same for every vertex: |S|
|V (G)| . So the probability that there is a vertex

that is not covered with some πi(S) is at most

|V (G)|
(
1− |S|

|V (G)|

)N

≤ exp

(
−N

|S|
|V (G)|

+ ln |V (G|)
)

as 1− x ≤ e−x. So if N > |V (G)|
|S| ln |V (G)|, then this probability is smaller then one. This means that there is

a case where every vertex is covered. (Since ln |V (G)| is never rational (the case |V (G)| = 1 is trivial), we can
take the ceiling.)

Lemma 4.1.8. Let G be a vertex-transitive graph and S ⊆ V (G). Let F ∈ X . Then

F (G[S]) ≤ F (G) ≤ |V (G)|
|S|

F (G[S])

Proof. The first inequality is trivial, since F is monotone under cohomomorphisms and G[S] ≤ G.
For the second inequality, note that G⊠k remains vertex-transitive and G[S]⊠k = G⊠k[Sk] for every k. Applying
4.1.7 to it yields G⊠k ≤ ENk

⊠G[S]⊠k, where Nk = ⌈|V (G)k||S|−kk ln |V (G)|⌉. Applying F to both sides and
taking m-th root gives the second part as m→ ∞.

Corollary 4.1.9. The inequalities also hold with Θ, i.e.

Θ(G[S]) ≤ Θ(G) ≤ |V (G)|
|S|

Θ(G[S])

Proof. The first part is trivial again. For the second part, one can choose F ∈ X by 3.3.10 with Θ(G[S]) =
F (G[S]) and apply the lemma for F .

4.2 The fractional graphs

It was already mentioned that finding the exact value for Θ(C2k+1), the Shannon capacity of odd cycle graphs,
is an open problem even for k = 3. However, their slight generalization, the fractional graphs, could play an
important role in the context of the asymptotic spectrum distance. They have some properties reminiscent of
the rational numbers.

Definition 4.2.1. For any p, q ∈ N with p/q ≥ 2 we let Ep/q be the graph with vertex set V = {0, . . . , p − 1}
and with distinct u, v ∈ V forming an edge if u− v (mod p) < q or v− u (mod p) < q, that is, if their distance
modulo p is strictly less then q.

Example 4.2.2. For example En/1 = Kn. And En/2 = Cn, the cycle graph on n vertices.

We’ll examine the most basic properties of the fractional graphs. First, we will use a useful lemma from [HN04].

Definition 4.2.3. Given graphs G,K, we denote with n(G,K) the maximum number of vertices of a subgraph
of G homomorphic to K. I.e., n(G,K) is the maximum number of vertices of a subgraph H of G, such that
there is an H → K homomorphism.

Example 4.2.4. α(G) = n(G,K1).

Lemma 4.2.5 (No Homomorphism Lemma). Given graphs G,H,K with H being vertex-transitive. If there is
a homomorphism f : G→ H, then

n(G,K)

|V (G)|
≥ n(H,K)

|V (H)|

Proof. List all of the subgraphs of H homomorphic to K with n(H,K) vertices: H1, H2, . . . ,Hq. Then, using
vertex-transitivity, each node of H is in the same number of times in the subgraphs, let’s say p times. So,
counting the vertices of the subgraphs in two ways, we get p|V (H)| = qn(H,K).
Let Gi be the subgraph of G induced by the nodes of f−1(Hi). Then all Gi homomorphic to K and we get the
bound |V (Gi)| ≤ n(G,K). Each node of G will be mapped to a node of H that is p times in the H1, H2, . . . ,Hq

graphs. So each node of G will be p times in the graphs G1, G2 . . . , Gq. This means that p|V (G)| ≤ qn(G,K),
which proves the claim.
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Lemma 4.2.6. Let p/q, p′/q′ ≥ 2 then p/q ≤ p′/q′ iff there is a Ep/q → Ep′/q′ cohomomorphism.

Proof. If p/q ≤ p′/q′ then x 7→ ⌊xp′/p⌋ is a cohomomorphism needed.
For the other direction, we use the No Homomorphism Lemma. To use it for cohomomorphisms, we are
interested in the complement of our fractional graphs. Note that generally α(Ka/b) = b and of course Ka/b is
vertex-transitive. So n(Ka/b,K1)/|V (Ka/b)| = b/a and we are done. (The maximum number of vertices in a
clique in Ea/b is at least b, just consider 0, 1, . . . , b− 1. And WLOG 0 is in the largest clique. Its neighbors are
1− b, . . . ,−1, 1, . . . , b− 1 but there is no edge between i = 1, . . . , b− 1 and i− b = 1− b, . . . ,−1. So there can
be at most b nodes in the clique.)

This means that in fact for p/q = p′/q′ we have cohomomorphically equivalent graphs Ep/q and Ep′/q′ . That
is, there is an Ep/q → Ep′/q′ cohomomorphism and an Ep′/q′ → Ep/q cohomomorphism too.

Lemma 4.2.7. βf (Ep/q) = p/q

Proof. We saw in the previous proof that ω(Ep/q) = q. Hence by 1.3.9 we know that βf (Ep/q) ≥ p/q. On the
other hand, taking every clique formed by q consecutive nodes ({i, . . . , i+ q − 1}) with 1/q weight, will give a
feasible solution for the minimization program for βLP , with value p/q.

We’ve arrived at the most noticeable similarity with the order of the rational numbers.

Corollary 4.2.8. Let p/q, p′/q′ ≥ 2 then p/q ≤ p′/q′ iff Ep/q ≲ Ep′/q′ .

Proof. If p/q ≤ p′/q′ holds, then we saw, that Ep/q ≤ Ep′/q′ . Hence we get Ep/q ≲ Ep′/q′ . If Ep/q ≲ Ep′/q′ ,
then βf (Ep/q) ≤ βf (Ep′/q′). That is, p/q ≤ p′/q′.

Remark 4.2.9. While the fractional graphs are ordered as the rational numbers, in many other ways, they do
not behave similarly. For example, the strong graph product and disjoint union do not respect this similarity.
It is not true in general that Ep/q ⊠ Er/s and Epr/qs are asymptotically equivalent.

The paper [BBZ24] used these fractional graphs to study continuity properties of the asymptotic spectrum
point. They showed that for example the function Q≥2 → R≥1 : p/q 7→ F (Ep/q) is right-continuous for every
F ∈ X . This implies (4.1.6), that if pn/qn converges to a/b from above, then Epn/qn converges to Ea/b in the
asymptotic distance. The main ingredient is the following lemma combined with 4.1.8.

Lemma 4.2.10. Let p, q be relatively prime, p/q ≥ 2 and 0 < p′ < p, 0 < q′ < q with pq′ − p′q = 1. Then
removing one node from Ep/q is homomorphically equivalent to Ep′/q′ .

They also proved that G with the asymptotic distance is not complete. The idea is to find a Cauchy sequence
of fractional graphs Epn/qn , such that pn/qn converges to an irrational number s. Then they used the fact that
for finite graphs βf is always rational. So if Epn/qn converges to G, then pn/qn = βf (Epn/qn) converges to s,
giving the contradiction.
With a family of infinite graphs, they found the closure of the finite fractional graphs and described some further
properties of this infinite family.

They demonstrated that these fractional graphs can also be used to find lower bounds for Θ. One example is
that 148/27 ≤ 11/2, so C11 ≤ E148/27. With some nice lattice structure ({t · (1, 11, 112) : t ∈ Z148}) there is an

independent set of size 148 in E⊠3
148/27, hence Θ(C11) ≥ 1481/3 ≈ 5, 29.

Lattices play an important role in [BPZ25] related to lower bounds on the Θ of fractional graphs. This is
because big independent sets in a power of a fractional graph can be realized as a packing in a torus.

4.3 Probabilistic refinement

In his paper [Vra19], Vrana introduced another extension of the world of X . The idea is to fix a probability
distribution P on the vertices of the graph G and consider only the induced subgraphs of G⊠n, where the
distribution of the vertices are close to P : the vertices of G⊠n are n-long sequences of the vertices of G, we
choose only the sequences where their distribution is close to P , then take the induced subgraph on these
vertices.

Definition 4.3.1 (Probability distributions and n-types).
A probability distribution on a finite set X is a function P : X → [0, 1] with

∑
x∈X P (x) = 1.

We say that P is an n-type if nP (X) ∈ N for all x ∈ X .
The set of probability distributions on X will be denoted by P(X), the set of n-types by Pn(X).
Bε(P ) will denote the open ε-ball around P with the total variation distance.
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For an n-type P ∈ Pn(X) the type class Tn
P ⊆ Xn is the set of strings in which x occurs nP (x) times for all

x ∈ X.
For a subset U ⊆ P(X) we define

Tn
U =

⋃
P∈U∩Pn(X)

Tn
P

Definition 4.3.2. The (Shannon) entropy of a probability distribution P ∈ P(X) is

H(P ) = −
∑
x∈X

P (x) log2 P (x)

where 0 log2 0 = 0 by convention.

Lemma 4.3.3. |Pn(X)| ≤ (n+ 1)|X|

Lemma 4.3.4. For every P ∈ Pn(X) we have

1

(n+ 1)|X| 2
nH(P ) ≤ |Tn

P | ≤ 2nH(P )

Definition 4.3.5. For an U ∈ P(V (G)) we denote by G⊠n[Tn
U ] the subgraph of G⊠n induced by the vertices

that are in Tn
U .

Definition 4.3.6. A probabilistic graph is a pair (G,P ), where G is a nonempty finite graph and P ∈ P(V (G))
is a probability distribution on its vertices. Two probabilistic graphs are isomorphic if there is an isomorphism
between the graphs that preserves the distribution. The set of probabilistic graphs is denoted by Gprob.

Definition 4.3.7 (Probability distribution operations).
If P ∈ P(X) and Q ∈ P(Y ), then P ⊗Q is the element of P(X × Y ) given by (P ⊗Q)(x, y) = P (x)Q(y).
If P ∈ P(X), Q ∈ P(Y ) and p ∈ [0, 1], then pP⊕(1−p)Q is the element of P(X⊔Y ) given by (pP⊕(1−p)Q)(x) =
pP (x) if x ∈ X and (pP ⊕ (1− p)Q)(x) = (1− p)Q(x) if x ∈ Y .
If f : X → Y is a function between finite sets and P ∈ P(X), then the pushforward f∗(P ) ∈ P(Y ) is defined as
f∗(P )(y) =

∑
x∈f−1(y) P (x).

The following main theorem of Vrana summarizes an underlying convex structure of the graph parameters of
Gprob. It turns out that every asymptotic spectrum point of G has a probabilistic refinement indeed.

Theorem 4.3.8. Let f ∈ X (G). Then for every probabilistic graph (G,P ) the limit

f(G,P ) := lim
ε→0

lim sup
n→∞

n

√
f(G⊠n[Tn

Bε(P )])

exists. Consider F (G,P ) = log f(G,P ) as a function F : Gprob → R. It satisfies the following properties:

(P1) for any graph G the map P 7→ F (G,P ) is concave

(P2) if G,H are graphs and P ∈ P(V (G)× V (H)) then

F (G⊠H,P ) ≤ F (G,PG) + F (H,PH) ≤ F (G⊠H,P ) + I(G : H)P

where PG, PH denote the marginals of P on V (G) and V (H), I(G : H)P = H(PG) +H(PH) −H(P ) is
the mutual information with H(P ) the Shannon entropy

(P3) if G,H are graphs, PG ∈ P(V (G)), PH ∈ P(V (H)) and p ∈ [0, 1] then

F (G ⊔H, pPG ⊕ (1− p)PH) = pF (G,PG) + (1− p)F (H,PH) + h(p)

where h(p) = −p log p− (1− p) log(1− p)

(P4) if ϕ : H → G is a cohomomorphism and P ∈ P(V (H)) then F (H,P ) ≤ F (G,ϕ∗(P ))

And f can be recovered as f(G) = maxP∈P(V (G)) f(G,P ).

Remark 4.3.9. The f(G,P ) and F (G,P ) = log f(G,P ) are called the probabilistic refinement and the loga-
rithmic probabilistic refinement of f . Note that since f ∈ X (G) we have f ≥ 1. So we can always take the
logarithm in the definition.
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Theorem 4.3.10. Let F : Gprob → R be a map satisfying properties (P1) to (P4). Consider the function
f : G → R≥0

f(G) =

{
maxP∈P(V (G)) 2

F (G,P ) if G is nonempty

0 if G is empty

Then f ∈ X (G) and its logarithmic probabilistic refinement is F .

Corollary 4.3.11. Since properties (P1) to (P4) are convex conditions, the whole X inherits some kind of
convexity property. For example, the theorems imply that

f(G) = max
P∈P(V (G))

√
ϑ(G,P )Hf ((G,P );F2)

is an element of X .

From the main theorems, using the convex structure of properties (P1) to (P4), Vrana also proved the following
refinement for X .

Theorem 4.3.12. Let f1, f2 ∈ X be incomparable elements in the sense that there are graphs G1, G2 with

f1(G1) < f2(G1) f2(G2) < f1(G2)

Then there is an f ∈ X and a graph G such that f(G) < min{f1(G), f2(G)}.

The main ingredient of the proof of 4.3.8 is to apply 4.1.7 to the type classes induced subgraphs and use the
bounds on the size of type classes 4.3.4. The bounds from this lemma will be sufficient to prove the properties
of the logarithmic probabilistic refinements.

Lemma 4.3.13. Let G be a graph, m,n ∈ N≥1, P ∈ Pm(V (G)) and Q ∈ Pn(V (G)). Then

G⊠m[Tm
P ]⊠G⊠n[Tn

Q] ≤ G⊠(m+n)

[
T

(m+n)
mP+nQ

m+n

]
≤ KN ⊠G⊠m[Tm

P ]⊠G⊠n[Tn
Q]

for some N ∈ N satisfying

N ≤ (n+ 1)2|V (G|)(m+ 1)2|V (G)|2(n+m)H(nP+mQ
n+m )−mH(P )−nH(Q)
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Chapter 5

Appendix

5.1 Properties of fLP , proof of 1.3.13

Theorem 5.1.1 (Properties of fLP ).

1. If f is an upper bound for α, then fLP is also.

2. If f is submultiplicative, then fLP is also.

3. fLP is subadditive, if f is superadditive, then fLP is additive.

Proof. Remember that

fLP (G) = max

{ ∑
x vertex

w(x)

∣∣∣∣ for every vertex x: w(x) ≥ 0; for every S ⊆ V (G):
∑
x∈S

w(x) ≤ f(GS)

}
If T is a set of independent vertices, then w(x) = 1 if x ∈ T , w(x) = 0 if x ̸∈ T is a feasible solution. Because
T ∩ S remains independent in GS , so

∑
x∈S w(x) ≤ α(GS) ≤ f(GS). This w has value |T |, hence the first

statement follows.
For the second statement, consider the other formulation of fLP :

fLP (G) = min

{ ∑
S⊆V (G)

q(S)f(GS)

∣∣∣∣ for every S ⊆ V (G): q(S) ≥ 0; for every vertex x:
∑
x∈S

q(S) ≥ 1

}
Suppose that qG and qH are optimal solutions for the graphs G and H, respectively. Then define for every
U ⊆ V (G) × V (H) the following solution q(U) = qG(S)qH(T ) if U is in the form U = S × T for some
S ⊆ V (G), T ⊆ V (H), and q(U) = 0 otherwise. This is feasible, as for every vertex (g, h) in G⊠H:∑

(g,h)∈U

q(U) =
∑

(g,h)∈S×T

qG(S)qH(T ) =

(∑
g∈S

qG(S)

)(∑
h∈T

qH(T )

)
≥ 1 · 1 = 1

And the value of this q shows the submultiplivativity of fLP :∑
U⊆V (G)×V (H)

q(U)f((G⊠H)U ) =
∑

S×T⊆V (G)×V (H)

qG(S)qH(T )f((G⊠H)S×T ) ≤

≤
∑

S×T⊆V (G)×V (H)

qG(S)qH(T )f(GS)f(HT ) =

( ∑
S⊆V (G)

qG(S)f(GS)

)( ∑
T⊆V (H)

qH(T )f(HT )

)
= fLP (G)fLP (H),

where the inequality follows from the submultiplicativity of f .
If qG and qH are optimal, then on G ⊔H the following q will be feasible: q(U) = qG(S) + qH(T ) if U = S ⊔ T
with S ⊆ V (G), T ⊆ V (H). The value of this q is fLP (G) + fLP (H), so subadditivity of fLP follows.
If f is superadditive, then suppose that wG and wH are optimal solutions for the maximization. Then w(x) =
wG(x) if x ∈ G and w(x) = wH(x) if x ∈ H is a feasible solution for the maximization problem of fLP (G⊔H).
For every U = S ⊔ T , where S ⊆ V (G) and T ⊆ V (H):∑

x∈U

w(x) =

(∑
x∈S

wG(x)

)(∑
x∈T

wG(T )

)
≤ f(GS) + f(HT ) ≤ f((G ⊔H)S⊔T )

This w has value
∑

x∈V (G) wG(x) +
∑

x∈V (H) wH(x) = fLP (G) + fLP (H). Hence, the subadditivity follows in
this case. Together with subadditivity, this implies additivity.

Question 5.1.2. Is it true that (fLP )LP = fLP ?
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5.2 Semidefinite optimization

Using the notation of [Lov19], we will denote by S the linear space of real symmetric matrices and by P ⊆ S the
cone of positive semidefinite matrices. We will denote by P ′ the set of positive definite matrices, which is just
the interior of P . I will denote symmetric matrices with capital letters, scalars and vectors with lowercase. And
I will use A ≥ B (or A > B) to denote that the symmetric matrix A − B is positive semidefinite (or positive
definite). The scalar product A ·B for matrices is just an abbreviation for tr(AB).

Definition 5.2.1. A primal semidefinite program and its dual program are the following optimization problems.

sprimal = sup

{
C ·X

∣∣∣∣Ai ·X = bi for i ∈ [k];X ≥ 0

}

sdual = inf

{ k∑
i=1

yibi

∣∣∣∣ k∑
i=1

yiAi ≥ C

}
Lemma 5.2.2. (Farkas lemma) Let L ⊆ S be a linear space of symmetric matrices. Then exactly one of the
following holds:

1. There exists X ∈ L ∩ P \ {0}

2. There exists Y ∈ L⊥ ∩ P ′

Theorem 5.2.3. If both the primal and dual have feasible solutions and the dual has a strictly feasible solution,
then the primal optimum is attained and sprimal = sdual.

5.3 Association schemes

Here come the important things from [Sch79], [BH12],[Sch81]

Definition 5.3.1. A pair (X,R) is a (symmetric) association scheme if R = (R0, . . . , Rn) is a partition of
X ×X and

1. R0 = {(x, x)|x ∈ X}

2. for all 0 ≤ i ≤ n and x, y ∈ X we have (x, y) ∈ Ri ⇐⇒ (y, x) ∈ Ri

3. for all 0 ≤ i, j, k ≤ n and (x, y) ∈ Rk we have |{z ∈ X|(x, z) ∈ Ri and (y, z) ∈ Rj}| = pkij

(It is the same as coloring the edges of the complete graph on v = |X| vertices with n colors. Each color class
forms a regular graph on the v vertices. And for every 1 ≤ i, j, k ≤ n choice of colors, all edges with color k are
in the same number of i, j, k colored triangles.)

Remark 5.3.2. We have p000 = 1 and for 1 ≤ i ≤ n we denote vi = p0ii the valency of the regular graph formed
by Ri. For i ̸= j we have p0ij = 0.

Remark 5.3.3. Strongly regular graphs are a special case, where n = 2. The edges then form R1, and the edges
of the complement are R2.

There’s another alternative (trivially equivalent) definition of association schemes with matrices. This charac-
terization helps to work with these structures due to their algebraic representation.
Let Ai be the adjacency matrix of the Ri classes for each i = 0, . . . , n. So these are v × v size 0 − 1 matrices
with

1. A0 = I (condition for R0)

2. Ai = AT
i , they are symmetric

3. AiAj = AjAi =
∑n

k=0 p
k
ijAk

4.
∑n

i=0Ai = J (as R = (R0, . . . , Rn) is a partition of X ×X.)

A set of matrices that satisfy these conditions is called a Bose-Mesner algebra. These matrices span an n+ 1-
dimensional commutative algebra over R. (They are linearly independent due to the fourth property.)
Because of the commutativity and symmetry, they can be simultaneously diagonalized. This means that the
algebra is isomorphic to the direct sum of (n + 1) copies of R. So there’s a unique other basis of the algebra
which plays an important role: E0, . . . , En with
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1. Ei = E2
i

2. EiEj = δijEi

3.
∑n

i=0Ei = I

We can further assume that E0 = 1
vJ , since it is clear that 1

vJ is one of the minimal idempotent elements of
the algebra.
Then we have the following changes of basis

Ai =

n∑
j=0

P j
i Ej Ei =

1

v

n∑
j=0

Qi
jAj

From the first equation and the orthogonality of the basis of idempotents, we can see that the columns of Ej

are eigenvectors of Ai with eigenvalue P j
i because AiEj = P j

i Ej . We denote with µj the rank of Ej , so this is

the dimension of the corresponding eigenspace for P j
i . For every i, it is a common eigenspace. (Of course, for

fixed Ai, there might be equal P j
i eigenvalues. The whole eigenspace of Ai for this concrete value is then the

span of the columns of all the corresponding Ej-s.)
Observe that since E0 = 1

vJ we have µ0 = 1 and P 0
i = vi.

Lemma 5.3.4.
Qj

i =
µj

vi
P j
i

Proof. Let Rj
i =

µj

vi
P j
i . We prove that for the matrices R = ((Rj

i )) and P = ((P j
i )) we have RTP = PTR = vI

which implies that indeed Rj
i = Qj

i .

n∑
j=0

P j
kR

j
l =

n∑
j=0

P j
k

µj

vl
P j
l =

1

vl

n∑
j=0

µjP
j
kP

j
l =

1

vl
tr(AkAl) =

1

vl
tr

( n∑
i=0

piklAi

)
=

1

vl
tr(p0klI) = vδkl

5.3.1 Delsarte LP bound for M-cliques

The straightforward generalization of cliques in association schemes are the M -cliques.

Definition 5.3.5. Given 0 ∈ M ⊆ {0, . . . , n} we call a Y ⊆ X and M -clique if for all x, y ∈ Y we have
(x, y) ∈ ∪i∈MRi.

For every Y ⊆ X, we can compute a good measure of its distribution in X.

Definition 5.3.6. The inner distribution of a given Y ⊆ X is the vector a = (a0, . . . , an) where ai =
|(Y×Y )∩Ri|

|Y |

Delsarte’s bound comes from the following observation.

Theorem 5.3.7. aQ ≥ 0

Proof. Let χ be the characteristic vector of Y . Then ai =
1

|Y |χ
TAiχ. Since Ei is positive semidefinite (all of

its eigenvalues are 0 or 1 as its minimal polynomial divides x2 − x), we have

0 ≤ vχTEiχ = χT
n∑

j=0

Qi
jAjχ = |Y |

n∑
j=0

Qi
jaj = |Y |(aQ)i

Because
∑n

i=0 ai = |Y |, we can use this to give an upper bound for the size of an M -clique.

|Y | ≤ max

{ n∑
i=0

ai

∣∣∣∣a0 = 1; ai = 0 for i /∈M ;

n∑
j=0

ajQ
i
j ≥ 0 for all i = 0, . . . , n

}
=

= min

{ n∑
i=0

bi

∣∣∣∣b0 . . . , bn ≥ 0; b0 = 1;

n∑
i=0

biP
i
j = 0 for j ∈M \ {0}

}
The equality comes from the duality of linear programming.
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Proof.

Solution = max

{ n∑
i=0

ai

∣∣∣∣a0 = 1; ai = 0 for i /∈M ;

n∑
j=0

ajQ
i
j ≥ 0 for all i = 0, . . . , n

}
=

max

{
1 +

∑
j∈M\{0}

aj

∣∣∣∣Qi
0 +

∑
j∈M\{0}

ajQ
i
j ≥ 0 for all i = 0, . . . , n

}
The condition for i = 0 is unnecessary in the right: 1 +

∑
j∈M\{0} aj = Q0

0 +
∑

j∈M\{0} ajQ
0
j ≥ 0 will hold in

the optimal solution. (Since Q0
j = µ0

vj
P 0
j = µ0 = 1.) And we have Qi

0 = µi

v0
P i
0 = µi/1 · 1 = µi, so:

Solution = max

{
1 +

∑
j∈M\{0}

aj

∣∣∣∣ ∑
j∈M\{0}

−Qi
jaj ≤ µi for all i = 1, . . . , n

}
=

min

{
1 +

n∑
i=1

µici

∣∣∣∣c1, . . . , cn ≥ 0;

n∑
i=1

−Qi
jci = 1 for j ∈M \ {0}

}
=

min

{
1 +

n∑
i=1

µici

∣∣∣∣c1, . . . , cn ≥ 0;

n∑
i=1

µi

vj
P i
j ci = −1 for j ∈M \ {0}

}
=

min

{
1 +

n∑
i=1

µici

∣∣∣∣c1, . . . , cn ≥ 0; vj +

n∑
i=1

P i
jµici = 0 for j ∈M \ {0}

}
=

min

{ n∑
i=0

bi

∣∣∣∣b0 . . . , bn ≥ 0; b0 = 1;

n∑
i=0

biP
i
j = 0 for j ∈M \ {0}

}
With bi = µici and using that P 0

j µ0 = vj for all j.

5.3.2 Connection with ϑ

Suppose we have a graph G = (X,E) where the edges are E = ∪i/∈MRi. Then M -cliques are exactly the
independent sets in G. It turns out that in this case, the bound of Delsarte coincides with the Lovász theta.

Theorem 5.3.8. Given an association scheme (X,R), R = (R0, . . . , Rn) and M ⊆ {0, . . . , n}. If G = (X,E)
is a graph with E = ∪i/∈MRi then

ϑ(G) = max

{ n∑
i=0

ai

∣∣∣∣a0 = 1; ai = 0 for i /∈M ;

n∑
j=0

ajQ
i
j ≥ 0 for all i = 0, . . . , n

}
Proof. We use that

ϑ(G) = max

{
tr(BJ)

∣∣∣∣B is symmetric positive definite; tr(B) = 1; bij = 0 if ij ∈ E

}
If Delsarte’s bound is attained at a0, . . . , an then let

((bij)) = B =

n∑
k=0

ak
vvk

Ak

We have tr(B) = tr( a0

vv0
I) = 1 since tr(Ai) = 0 for i ̸= 0. We know that ak = 0 for k /∈M so bij = 0 for ij ∈ E.

And the eigenvalues of B are for l = 0, . . . , n the numbers

n∑
k=0

ak
vvk

P l
k =

n∑
k=0

ak
vµl

Ql
k ≥ 0

so B is positive definite. And we have

tr(BJ) =

n∑
k=0

ak
vvk

tr(AkJ) =

n∑
k=0

ak

So Delsarte’s bound is at most ϑ(G).
For the other direction, we use that

ϑ(G) = min

{
largest eigenvalue of A

∣∣∣∣A is symmetric; aij = 1 if ij /∈ E

}
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We use the dual version of Delsarte’s bound:

min

{ n∑
i=0

bi

∣∣∣∣b0 . . . , bn ≥ 0; b0 = 1;

n∑
i=0

biP
i
j = 0 for j ∈M \ {0}

}
Suppose that the minimum is attained at b0, . . . , bn. Let λ =

∑n
k=0 bk and

A = λI −
( n∑

k,l=0

bl
µl
Ql

kAk

)
+ J = λI −

n∑
k=0

( n∑
l=0

bl
µl
Ql

k − 1

)
Ak = λI −

n∑
k=0

( n∑
l=0

bl
vk
P l
k − 1

)
Ak

Then A is clearly symmetric and since
∑n

l=0 blP
l
k = 0 if k ∈ M \ {0}, we have aij = 1 if ij ̸∈ E and i ̸= j. If

i = j, then
∑n

l=0
bl
v0
P l
0 =

∑n
l=0 bl = λ, so we also have aii = 1. And the eigenvalues of λI −A are the numbers

(for i = 0, . . . , n):
n∑

k=0

( n∑
l=0

bl
µl
Ql

k − 1

)
P i
k =

( n∑
k=0

bl
µl
vδli

)
− vδi0 ≥ 0

Hence A has largest eigenvalue at most λ. So ϑ(G) is at most Delsarte’s bound.

Remark 5.3.9. Usually, what people call Delsarte’s bound for theM -cliques is a slightly better bound. We know
that the inner distribution vector is nonnegative: a ≥ 0. With this modification, we can get a better bound for
α(G) than ϑ(G) called ϑ′(G).

Computation of ϑ(Jp
n) in 2.1.5. The underlying association scheme is the following. The vertex set is X =(

[n]
p+1

)
. And Ri contains the pairs (A,B) ∈ X ×X where |A ∩ B| = (p + 1) − i for i = 0, . . . , p + 1. Now Jp

n is

the graph such that its edge set is E =
⋃

i̸=0,1,p+1Ri.
We can compute ϑ(G) from Delsarte’s linear program

max

{
1 + a1 + ap+1

∣∣∣∣Qi
0 + a1Q

i
1 + ap+1Q

i
p+1 ≥ 0 for all i = 0, . . . , p+ 1

}
=

= max

{
1 + a1 + ap+1

∣∣∣∣µi + a1
µi

v1
P i
1 + ap+1

µi

vp+1
P i
p+1 ≥ 0 for all i = 0, . . . , p+ 1

}
=

= max

{
1 + a1 + ap+1

∣∣∣∣a1P i
1

v1
+ ap+1

P i
p+1

vp+1
≥ −1 for all i = 0, . . . , p+ 1

}
So we need to compute v1, vp+1, P

i
1 and P i

p+1. It is easy to count the valencies in R1 and Rp+1: v1 = (p+1)(n−
p− 1) and vp+1 =

(
n−p−1
p+1

)
.

For the P -parameters, we omit the calculations. (Their computation is nontrivial. It can be found in [Del73]
in the section about Johnson schemes.) It turns out, that (for large n) P i

1 = (p+ 1− i)(n− p− 1− i)− i and
P i
p+1 = (−1)i

(
n−p−1−i
p+1−i

)
.

So the condition for a given i is

(p+ 1− i)(n− p− 1− i)− i

(p+ 1)(n− p− 1)
a1 + (−1)i

(
n−p−1−i
p+1−i

)(
n−p−1
p+1

) ap+1 ≥ −1

For large n this reads as (o(1) → 0 as n→ ∞)(
p+ 1− i

p+ 1
+ o(1)

)
a1 +

(
(p+ 1)!

(p+ 1− i)!
+ o(1)

)
(−1)i

ni
ap+1 ≥ −1 for i = 0, . . . , p

−
(
1 + o(1)

)
1

n
a1 +

(
(p+ 1)! + o(1)

)
(−1)p+1

np+1
ap+1 ≥ −1 for i = p+ 1

We can choose a1 = n+ o(n) and ap+1 = p
(p+1)2n

2 + o(n2) so that they are both satisfied.

For a1 we can choose the o(n) term, so that the i = p+ 1 is satisfied. Then, for ap+1 we can choose the o(n2)
term, so that the i = 1 is satisfied. For every other i the condition is trivially satisfied if i is even, since both
terms are positive. And if i > 1 is odd, then the second term is o(1), so the condition is also satisfied.
Hence, we get the lower bound for ϑ.
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5.4 My favorite open problems

1. Is Θ computable in any sense?

2. Is it true that (fLP )LP = fLP ?

3. Is for every f in the asymptotic spectrum f = fLP ? Is for every f in the asymptotic spectrum f = ff?

4. Is Hf attained as a minimum? Is it true, that Hf (G;F) = lim
n→∞

H(G⊠n;F)1/n?

5. How can we separate the Hf bounds over every field with finite graphs? (Are they incomparable if one is
not a subfield of the other?)

6. Is it true, that lim
p→∞

Hf (G;Fp) = Hf (G;Q)?

7. Is X (G) ⊆ R connected for every G graph?

8. Is it true that every spectrum point comes from a linear-like semiring family? [Fri21]

9. Is G dense in G∞ with the asymptotic spectrum distance? Is G∞ complete with the asymptotic spectrum
distance?

10. Is there for every finite graph a non-trivial sequence of finite graphs converging to it?
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Köszönetnyilváńıtás
Az utóbbi kilenc hónapban változó lendülettel haladt a szakdolgozat projektem. A hegyek és völgyek távlatából
most mégis úgy érzem, hogy megérte beleolvasni ebbe a témába.
Hálás vagyok mindenkinek, aki seǵıtett abban, hogy megszülessen a szakdolgozatom! Köszönöm tanáraimnak,
hogy az elmúlt három évben azon voltak, hogy megértsem az összefüggéseket! Hálás vagyok, hogy azt is
megmutatták, hogy mennyire izgalmasak és szépek ezek a szeretágazó részei a mateknak! Az algebra, az
anaĺızis, a geometria, a valszám, az algoritmusok (és még sorolhatnám) mind kedvesek lettek a sźıvemnek.
Ezért volt ennek a szakdolgozatnak is az a célja, hogy minél változatosabb gondolatok jelenjenek meg benne.
Külön köszönöm Petinek, aki felh́ıvta a figyelmemet a matematikának erre a kis szegletére! Köszönöm, hogy
meghallgatta, ami a fejemben összeállt és utána seǵıtett átolvasni, jav́ıtgatni a meǵırt szövegeimet!

MI nyilatkozat
Aluĺırott Seres-Szabó Márton nyilatkozom, hogy szakdolgozatom elkésźıtése során az alább felsorolt feladatok
elvégzésére a megadott MI alapú eszközöket alkalmaztam:

Feladat Felhasznált eszköz Felhasználás helye Megjegyzés

Táblázatkésźıtés OpenAI ChatGPT
(GPT-5.5 modell)

MI nyilatkozat

Nyelvhelyesség átnézése Grammarly Teljes dolgozat

A felsoroltakon túl más MI alapú eszközt nem használtam.
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