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Introduction

In cryptocurrency markets, perpetual futures have emerged as a popular derivative
product that allows traders to gain exposure to the price movements of cryptocurren-
cies without the need for a fixed maturity date. These contracts are designed to closely
track the underlying spot price of the cryptocurrency, making them an attractive tool for
both speculation and hedging. For example a Bitcoin miner can use perpetual futures to
hedge against the risk of a decline in the price of Bitcoin, while a trader can use them
to speculate on the future price movements of Bitcoin without having to worry about the
contract expiring. The unique structure of perpetual futures, which includes periodic fund-
ing payments to maintain price convergence with the spot market, has led to significant
interest from both academics and practitioners in understanding their pricing dynamics
and empirical properties.

There is a growing body of literature that seeks to model the pricing of perpetual fu-
tures and to analyze their empirical behavior in cryptocurrency markets. For example
Ackerer, Hugonnier and Jermann (2024) provide a theoretical framework for pricing per-
petual futures in discrete time, while Gornall and Strebulaev (2024) analyze the empirical
properties of perpetual futures in cryptocurrency markets. He and Krishnamurthy (2022)
also provide insights into the fundamentals of perpetual futures and their role in financial
markets.

In this thesis, we will first provide an overview of perpetual futures, including their
definition, history, and empirical properties. We will then delve into the theoretical foun-
dations of perpetual futures pricing in discrete time, following the framework established
by Ackerer (2024) with us proving most key results ourselves. After that we will simu-
late perpetual futures in discrete time to check whether the theoretical results hold in a
simulated environment while also discussing how the different variables affect the pricing

and the spot-perpetual futures spread. In the following chapter, we will analyze Ackerer’s



continous-time model, while proving their results ourselves and correcting the error in

|Corollary 3.2.0.1] Finally, we examine whether the theoretical results are consistent with

observed market prices of perpetual futures in practice. The initial specification of the
model does not appear to fit the empirical data particularly well; however, we show that a

simple modification of the model leads to a substantial improvement in the fit.



Notations

Notation 0.0.1. For a random variable X, we write EF[X] to denote the conditional ex-
pectation of X given the probability measure P. Similarly, EF[X] denotes the conditional

expectation of X given F, sigma-algebra and the probability measure P.
Notation 0.0.2. P|, denotes the restriction of the probability measure P to A.

Notation 0.0.3. P ~ Q denotes that measures P and Q are equivalent.

[oe]

o 1» wewrite 0, T oo if o, is increasing

Notation 0.0.4. For a series of stopping times (0,)

and lim,_,, 0, = o0.

Notation 0.0.5. (X, Y), denotes the quadratic covariation of X and Y at time t.



1.0 Foundations, History, and Properties

of Perpetual Futures

1.1 Defining Perpetual Futures

Perpetual Futures contracts are fairly newly introduced financial products, that do not
have a fixed maturity date. They remain open until one of the parties closes the position.

Cash flows occur at fixed intervals, usually 8 or 24 hours in pratice. Formally:

[ee)

Definition 1.1.1. A perpetual futures contract with the price of {F};2, written on an un-
derlying asset with spot price {S,}°, is a swap agreement between two sides, a long and
a short side. Opening the poision is costless and after the opening, both sides can termi-
nate their poisition at any t time. The sides, to stay in the contract, must meet these two
requirements:

1. Foreacht € {0,1,...} the long and the short sides must exchange an F ; adapted cash
flow: k(Fy — S ), where k denotes a scaling parameter determining the magnitude
of the funding rate relative to the price gap. If this value is positive, the short side
pays the long one, if negative, the long side pays the short one, if zero, no cash flow
occurs.

2. Both sides need to post mark-to-market margins to cover any losses in their margin

accounts.[l6|]

Informally: Perpetual Futures is a financial product without maturity date, where the
one in the short position pays the one in the long position if the price of the underlying
asset has risen in the last time interval and the one long position pays the one in the short
position if it has decreased. The following graph contains the price of the underlying

asset’s price change and the total cash flow of the perpetual futures based on it:[2]]
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On the picture we can see that payoft strongly correlates with the underlying asset’s
price change, however it does not equal the total change. We can say that perpetual futures
are almost identical to a portfolio that contains a regular futures for every period. The
cash flow is not closely identical to a regular futures’ cash flow however, because regular
futures would only pay at the expiration, its cash flow is O before that.

Comparison to regular futures

Regular futures Perpetual futures
Expiration date Fixed, finite Does not exist, can be held indefinitely
Settlement At expiration When one side closes the position
Cash flow date Only at expiration Periodically (usually every 8 hours)
The change of the Similar to the change of the
Cash flow value . . ' '
underlying asset’s price underlying asset’s price

As of May 2026, perpetual futures contracts are mainly available on cryptocurrencies
as underlying assets, but their use is expanding to other asset classes as well. The reason
for this could be that cryptocurrencies are more volatile than traditional assets, or the
fact that, unlike most assets, cryptocurrencies are traded 24/7, so the perpetual futures’
cash flow can be more frequent and more significant than in traditional assets. Moreover,
perpetual futures are also very useful for hedging purposes, especially for crypto miners,

who can use them to hedge against the price risk of their mined coins.



1.2 The brief history of Perpetual Futures

The idea of the perpetual option is attributed to Robert J. Shiller[9] and dates back to
1993. His main goal was to create perpetual claim on an asset that is illiquid. For example
a house (illiquid asset) can generate rents as cash flow (which is liquid).

Perpetual futures for cryptocurrencies were first introduced by BitMEX in 2016[6] and
they almost immediately gained great attention in the crypto space, as they were a very
effective hedging tool for crypto miners.

The cryptocurrency exchange, Deribit had its inception in February 2017, it was the
second exchange that provided perpetual futures. Deribit provides data ever since then.[S]]

Kraken (later called CryptoFacilities) was the third perpetual futures adopter and the
first regulated exchange to do so. Like Deribit, Kraken has also provided data for all its

existence since January 1, 2018.[5]]

1.3 Empirical Properties

The following graphs represent the price of the Bitcoin and a Perpetual Futures based

on them in November and December of 2023 in USD.[2]]
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As you can see, the spot and the futures price move together (apart from the end of
December, when the market presumably closed). If the futures price moves away from
spot price, it moves back not much later.

If we look at the difference between the perpetual futurues payoff and the change of

the spot price, we can see that it grows almost linearly:
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The difference between the perpetual futures payoft and the change of the spot price
is not exactly constant, but it is very close to being constant. This suggests that the cash
flow of the perpetual futures is almost identical to the change of the spot price, which is

consistent with our intuition about perpetual futures being similar to a portfolio of reg-



ular futures. The difference arises probably because perpetual futures are continuously
marked-to-market, so profits and losses are realized and paid out over time, while a spot
position keeps all gains invested in the asset until the end. This creates a financing/rein-
vestment effect: futures Profit and Loss (PnL) stops compounding once realized, whereas
spot PnL continues to compound. The gap looks almost linear because this effect accu-
mulates at an approximately constant financing rate, essentially the integrated funding/in-

terest differential, so the divergence grows roughly proportionally with time.



2.0 Perpetual Futures in discrete time

In this chapter we are going to take a look at how Perpetual Futures work in discrete

time.

2.1 The underlying model[1]

Let the time be discrete and be indexed by 7 € {0, 1, ...}. Let (2, F, P) be a probability
space, where {J,},5o denotes the filtration.

There are two currencies on the market, which we index with a and b, for example,
a can be the USD, and b can be a cryptocurrency, like Bitcoin. Let x; be the g exchange
rate in t and x} = xl,’ for example if Bitcoin’s current price in ¢ = 6 is 650008, then x¢ =
65000 and x; = m ~ 0,000015384. In ¢ all investors can freely convert b into a at the
exchange rate of x;, and a into b at the exchange rate of x;, both without transaction costs.
Moreover it is also possible to invest in risk-free bonds denominated in both currencies.
For i € {a, b}:

Bz = +ri)Bi;,,  Big=1,

where r;, denotes the risk free return on currency i at time ¢ and B;, denotes the discount
factor of i at £. We assume that for every i € {a,b} and ¢ € {0, 1,...} r;, > —1 applies and
that r;, is adapted to the J filtration.

To ensure the absence of arbitrages between these two assets, we assume that there
exists a Q, probability measure for that Q,|;, ~ P|, foreacht € {0, 1, ...} and the discounted

value of x; is a martingale under Q,;:

EQa

t

By, B
[b’ Y]- b Vi<

—X| =
Ba,s Ba,t

10



Furthermore, there also exists a Q) probability measure such that Q,|; ~ P|, and

BLl \ Ba 4
E® [ - xj] =Yy Vi<,
By, By,
2.2 Pricing Perpetual Futures in discrete time[1]

A perpetual linear futures contract provides exposure to one unit of currency b from
the point of view of an investor whose unit of account is a. Let f; denote the price of
the perpetual futures in ¢. In principle, both a and b can be either fiat or crypto currencies,
however, in practice a is most often a purely crypto currency and or a stablecoin equivalent

of a fiat currency, such as USDT.

Entering a contract in any ¢ is costless (just like in [Definition 1.1.1)) and in every s €

{t+ 1,1+ 2,1+ 3,...} the long receieves f; — f;—; in currency a. If the contract had finite

maturity date, say 7', then the price of the futures would be

T
EC [Z fi- fH] = B%[fr - f].

s=t+1

Because this contract has a finite maturity date, if fr = x7 does not apply, we can create

an arbitrage portfolio from the underlying asset and the futures, so
E% [fr = fi] = B [xr = fi] = B® [x] - f;

Since entering a futures contract requires no initial payment, its value at initiation must
be zero. Thus, for a finite maturity futures contract that pays f; — f,_ in every s € {f +
1,t+2,t+3,...,T}

E% [x7] = f,

must apply.

So for a futures contract with finite maturity 7, the futures price converges to the spot
price at maturity, fr = xr, since otherwise arbitrage opportunities would arise. Without
a fixed maturity, however, we need an alternative mechanism to keep the futures price
anchored to the underlying spot price. This is achieved by the introduction of a periodic
funding payment. The exact specification of this funding payment varies across exchanges

but generally consists of two predictable components: A premium part (denoted by p,) and

11



an interest part (denoted by i,). At date ¢ + 1:
I = UX;,

where the factor ¢, is set by the exchange to reflect the possibly time varying interest rate

differential between the two currencies, while

Pt = K(fi = X1),

where k; > 0 controls the strength of the anchoring of the futures price to the spot price.
This premium component ensures that the futures prices remain close to the spot price by
introducing an automatic correction mechanism: Intuitively, if the futures price is above
the spot price at date ¢, then long investors will have to pay the amount p, = x,(f; —x;) > 0
at date ¢ + 1. This makes the short side more attractive and therefore generates an excess
demand for short positions which ultimately lowers the futures price. Likewise, if the
futures price is lower than the spot price at date ¢ then holders of long positions know they
will receive the amount p, = —«,(f; — x;) = k,(x, — f;) > 0 at date r + 1 which makes the
long side more attractive and makes the futures price increase.

With these definions the cash flow from the short position to the long position at ¢ + 1
is

(fis1 = D) — k(i = x0) — 1 x;.

Because entering the position is costless, to prevent arbitrage, it is necessary that

E2 [(fi1 = f) = k(fi = x) —t,x] =0 V1 >0.

Theorem 2.2.1.
T-1 T j
pa— Qll - — . . —_—
f=E [Dlﬂz] ;(U J(KJ Yx;| Yo<i<T-1. (21)
In particular, if T =t + 1, then
K — L
f = EtQa 1t+ Kixt] ) (2.2)

Proof in the



Remark 2.2.2. If f; is a solution of
t—1
£=f+B] |+
i=1

is also a solution for any 8 € R*.

Proof in Appendiy]

However, if f, was convergent, then for any g8 > 0, f* will be divergent and, thus,
cannot constitute a viable futures price process. To rule out such solutions we impose the

following no-bubble condition:

lim E%

T—o0

T-1 1
[]_[HKi]fT}:o Vi >0 (2.3)

i—t

Theorem 2.2.3. Assume that

E2

o J 1
Z 1—[ 1+ K‘] I = ‘f'xf} < (2.4)

j=t \ i=t

Then the process

(i
fi=BY Z(]_[ 1+K‘)(Kj—t,->x,-] 2.5)

| Jj=t !

is a unique solution to that satisfies the[no-bubble condition)
Proof in

Remark 2.2.4. Neither the no-bubble condition| nor|Equation (2.4) can be relaxed in the

theorem if one would like to derive a meanigful futures price.

If the funding coeflicients and the interest rates are constant then the expectation on
the right hand side of [Equation 2.5| then can be computed in closed form without the need

to specify the stochastic dynamics of the underlying exchange rate:

Corollary 2.2.4.1. If' < « and r, and r, are constants, such that

1 1+r,
<1,
1+x\l1+nr

then the perpetual futures price

(k=0)(1 +r1p)
X,
rp,—r, + k(1 +1p) !

ﬁ:

13



is increasing in r, as well as decreasing in r, and t, and converges monotonically to the

spot price as the premium rate Kk — 0.

Proof in[Appendix|
2.3 Inverse Futures Pricing in discrete time[1]

The inverse futures contract offers exchange between one unit of currency b and cur-
rency a. Unlike the linear contract, it is margined and funded in currency b. In priciple,
these can be both fiat and crypto currencies, however, in practice, b is most often a cryp-
tocurrency (such as Bitcoin or Ethereum) and a is a fiat currency, such as USDT. The
contract size is expressed in units of a and fixed to one. As a result, the b-denominated
cash flow at date # + 1 from holding a long position in the inverse perpetual futures over
the period from date ¢ to date # + 1 is

1 1 1(1 *) I
— = K| X, | - LX,
1 4 tf;[ t 7t

t+1 t

where f! denotes the price of the inverse perpetual futures at date 7, k! is the premium
rate, ¢! is the interest rate factor and x' = xl, denotes the price of one unit of a in units of b.

Since entering the inverse futures is costless, to prevent arbitrage, it is necessary that

1 1 1
E2 [(T - —1) —«! (_1 - x;k) - fo;"] =0 Vt>0,
t+1 f; ft

where Q) is the risk-neutral probability measure associated with currency b. Rearranging

1 I o 1 kKF=d\
il vl R
oK ) 1+«

Iterating this equation similarly to the we can derive that

T-1 1 1 T-1 J 1
() Zl g

i=t j=t \ i=t i

this equation yields that

I_Qb

7
t

Ve<T-1.

Similarly to the linear case, we can also derive ano-bubble condition

14



-1
1 1
lim EZ l_[ =0 Vr>0.
T—eo 1+« fT
This yields the following result, similar to[Theorem 2.2.3}

Theorem 2.3.1. If

then the process

Lo
1 I\
ﬁ11+ﬂyﬁ‘9“]
i=t 1

is a unique solution to the inverse perpetual futures pricing equation that satisfies the

no-bubble condition|

Corollary 2.3.1.1. If /! < «! and r, and r, are constants, such that
1 1+7r,
<1,
1+ \1+r,

then the inverse perpetual futures price is

7 ra—rb+/<’(l+ra) 1 ra—rb+/<’(1+ra)

fi = W -1 +r)  x W) +ry °

which is increasing in ry, as well as decreasing in r, and !, and converges monotonically

to the spot price as the premium rate k' — oo.

24 Simulating Perpetual Futures in discrete time

Using the Python programming language, we examine within a theoretical framework
whether the perpetual futures price converges to the spot price. To make the convergence
more clearly visible in the simulations, we intentionally use relatively large values for the
premium sensitivity parameter « and the interest rate factor ¢. In practice, these parame-
ters are typically much smaller, implying that convergence occurs more gradually and is
therefore less visually pronounced than in the figures presented below. The corresponding
implementation can be found in

Unless stated otherwise, the figures in this chapter are generated using the following

parameter values: u = 0.08, 05 =0.2,0,=0.1,k=5,¢=1, r, = 0.06, and r, = 0.04.

15



The results are presented below.

Ifx=0

In this case the futures price does not seem to converge to the spot price, but follows a

Brownian-motion-like process, which is consistent with the mechanism discussed earlier.

Spot, Perpetual Price and Spread
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If we make the process deterministic by making the spread’s volatility term zero, the
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This result is consistent with the earlier result, because this exactly matches the price

of the perpetual future in|Corollary 2.2.4.1)when x = 0.
Ifk<0

In this case, the futures price appears to diverge toward +oo.

16



Previously, we argued that convergence of the futures price to the spot price occurs
because the premium component acts as a stabilizing force: when the futures price lies
below the spot price, the premium increases the futures price, while when it lies above the
spot price, the premium decreases it. Consequently, the futures price is driven toward the
spot price.

However, if « is negative, this stabilizing mechanism reverses. In this case, the pre-
mium causes the futures price to increase when it is already above the spot price and to
decrease when it is below it. As a result, deviations from the spot price are amplified rather

than corrected, leading to divergence of the futures price toward infinity.
Spot, Perpetual Price and Spread
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Moreover, larger values of |«| lead to faster divergence. This behavior is consistent with

the mechanism discussed earlier:
Spot, Perpetual Price and Spread
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For these figures we used « = =5 and k = —7, respectively, while keeping the other parameters the same as before.
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Ifk>0
The futures price seems to converge to the spot price as expected:

Spot, Perpetual Price and Spread
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Moreover, larger values of « lead to faster convergence, which is consistent with the
mechanism discussed earlier:

Spot, Perpetual Price and Spread
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For these figures, we use k = 5 and « = 10, respectively, together with a large initial spot—futures gap to make the convergence more

visible. In practice, this gap is typically much smaller, so the convergence is less pronounced.

18



Other simulation results
If the interest rate factor ¢ is further from «, the spread seems to have a higher volatility:

Effect of Different ( Values

----- Spread (iota=0.5)
..... Spread (iota=3)
S Spread (iota=4.9)
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w
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Changing the risk free rates (r, and r,) does not seem to have a significant effect on
the spread (here simulated with r,):

Effect of Different r; Values
0.03

0.02 1

0.01 A

Spread
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—0.01 ~
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In contrast, changing the volatility of the underlying exchange rate (o) seems to have

a significant effect on the spread’s volatility:

19



Spread for Different g, Values
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By making x much higher, the spread comes back to O faster, however if « is too high,

= 500):

it becomes very volatile after reaching it (here simulated with «

Spot, Perpetual Price and Spread
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Changing u or og does not seem to have a significant effect on the spread, however,

f, with u increasing and o

they do have a significant effect on the futures price itsel

decreasing the futures price. This is consistent with the fact that the futures price is a
20

martingale under Q,.



3.0 Perpetual Futures in continous time

In this chapter we are going to take a look at how to price Perpetual Futures work in

continous time.

3.1 The underlying model[1]

Let the time be continous and be indexed by ¢ € [0, 00). Let (Q, F, F, P) be a filtered
probability space, where & = N;»o{JF;} denotes the filtration. All processes are assumed to
be adapted to the F filtration.

Just like in the discrete time case, there are two currencies on the market, which we
index with a and b, for example, a can be the USD, and b can be a cryptocurrency, like
Bitcoin. Let x; be the 2 exchange rate in 7 and x; = 1.

In ¢ all investors can freely convert b into a at the exchange rate of x;, and a into b

at the exchange rate of x;, both without transaction costs. Moreover it is also possible to

invest in risk-free bonds denominated in both currencies. The price assets of this satisfy
dBi’[ = ri’[B[’,dt, BI,O = 1 Vi c {Cl, b},

where r;; > —1 denotes the risk free return on currency i at time ¢ and B;, denotes the
discount factor of i at ¢.

Just like in discrete time, to ensure the absence of arbitrages between these two assets,
we assume that there exists a Q, probability measure for that Q,|, ~ P|; for each ¢ € [0, o)
and the discounted value of x, is a martingale under Q,:

By, B
ix‘Y = 2 x;, VYt<s.
Ba,s Ba,t

EQa

t

21



Furthermore, there exists a Q) probability measure such that Q,|; ~ P|, and

BLl \ Ba 4
E® [ - x:] =Yy Vi<,
By, By,
3.2 Pricing Perpetual Futures in continuous time[1]

Let 7; and 7, be two stopping times such that 7; < 7;. Let

dCt = dﬁ - Kt(ﬁ - )Ct)dt - L[)Ctdl

denote the cash flow from the short position to the long position at time .
In analogy with the discrete-time model the discounted cash flows between 7, and 7,

is given by

T2 1 75 1
f-rl Ba,tdct - fﬁ Bg,z (dft - Kt(fz - )Ct)dl‘ — L[X;dl).

Since entering the position is costless, to prevent arbitrage, it is necessary that

TZ 1
ETQI“ [f B dCt]:O V1. <1, 1,7, €3,
T1

a,t

where T denotes the set of all stopping times of the filtration F.

Let
|
M, = ](; Ba,sdc“" 3.1
M, is a local martingale under Q, because for any 7; < 75,
ES [M., - M| = E% [ f N Bl dCt] =0.
Corollary 3.2.0.1. o
dft = B, dM, + k,(f; — x,)dt + 1, x,dt.
and thus,

!
t S
e b Kudt £y f e i (e, — Lg)Xsds
0

is a local martingale under Q,.

Proof in the
Just like in the [discrete time casel
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Remark 3.2.1. If f; is a solution to the [perpetual futures pricing equation} then for any
B R,

1
f;* :ﬁ+ﬁ€fokudu

is also a solution.

Proof in the
To rule out such solutions we impose the following no-bubble condition:

T

lim B2 [e=h" % 1 =0 vr20, (3.2)

n—oo

[

-1 T cois alocalizing sequence.

From this we can derive the following result, similar to

where (0,)

Theorem 3.2.2. Assume that

EtQ [f e b Kudit o lexsds] < o0,
t

then the process

fi= E,Q [fw e b Kudt (g LS)Xst] 3.3)

is a unique solution to the perpetual futures pricing equation that satisfies the
lcondition

This can be proven very similary to the [discrete time case]

Similarly to the if the funding coefficients and the interest rates are con-
stant, then the expectation on the right hand side of can be computed in
closed form without the need to specify the stochastic dynamics of the underlying ex-

change rate:

Corollary 3.2.2.1. If« < k and r, and r, are constants, such that k + r, — r, > 0, then the
perpetual futures price is

K—1

ﬁ_

=X
K+71r,—171,

which is increasing in r, as well as decreasing in r, and t, and converges monotonically

to the spot price as the premium rate k — oo.

Proof in the
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3.3 Inverse Futures Pricing in continuous time[1]

Just like in discrete time, the inverse futures contract offers exchange between one
unit of currency b and currency a. Unlike the linear contract, it is margined and funded
in currency b. Proceeding as in the case of the linear contract shows that the arbitrage

restriction for the inverse contract is given by

T2 1
E% f —dC/|=0 V1 <1 1.1 €T,
T] Bhl‘

where

1
dc! —d(f) I(F—xf)dt dxrdt
t t

denotes the cash flow from the short position to the long position at time z.

Similarly to the we can derive that

"1
M, = f dc!
0 Bb,s

is a local martingale under Q, and thus,

t Id“ f b d" —Hxtds (3.4

is also a local martingale under Q,. To ensure the absence of bubbles, in this case, we
impose the condition

r 1
lim EZ [e-fo Kud“—l] =0 V>0,

t—00

where (0,)”, T oo is a localizing sequence. We can then derive that

flt ]EQ” [[me_fokd”( — ds]

is the unique solution to the inverse perpetual futures pricing equation that satisfies both

Equation [3.4] being a locale martingale and the no-bubble condition. This yields the fol-

lowing result, similar to [Corollary 3.2.5}

Corollary 3.3.0.1. If/ < «! and r, and r;, are constants, such that k' +r, — r, > 0, then
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the inverse perpetual futures price is

y ro—r,+ & 1 ry—1p+ K

flet s =,

k' =d) xF (k! = df)

which is increasing in r;, as well as decreasing in r, and !, and converges monotonically

to the spot price as the premium rate k' — oo.
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4.0 Comparison to market prices

In this chapter we are going to compare the perpetual futures prices derived in Theo-
rem[2.2.4.1]to the actual market prices of perpetual futures. We will also discuss how well

the model fits the data and what are the possible reasons for any discrepancies.

4.1 Fitting the model to the data

There are multiple issues that we need to address before we can fit the model to the
data. First, the model assumes that x and ¢ are constant, however, in practice, they are
time-varying. Second, the model assumes that the premium rate « and the interest rate
factor ¢ are exogenous processes, however, in practice, they are determined endogenously
by the market. To address this issue, we estimate « and ¢ from the data using a simple
regression model. Third, for the model, we require the risk free rate of Bitcoin, which is
not directly observable, however, on Binance, this is approximately 0.27 —0.28% per year,
so in the model, we set r, to 0.275% per year.

For the perpetual futures and spot prices, we use 5-minute interval data obtained from
the Tardis database and processed using TardisProject, developed by Baldzs Kralik.[8]]
For the risk free rate of the USD, we use the 5-minute US Treasury yield data from the
Federal Reserve Economic Data (FRED)[4]. We are fitting the model to the data from
January 1, 2026 to May 21, 2026.

The code for fitting the model to the data can be found in|Codes
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4.2 Result and discussion of the naive fitting

The estimated and the empirical futures price seem to be very close to each other,

which is consistent with the fact that they are both anchored to the spot price:

Actual vs Model-Implied Futures Price

—— Actual Futures Price
95000 1 —— Model-Implied Futures Price

90000 1

— 85000+

usDT

< 80000 4

Price

75000+

700004

65000 4

2026-01 2026-02 2026-03 2026-04 2026-05
Time

From the figure, the empirical and estimated perpetual futures prices appear to fit each
other very closely. However, this visual similarity is largely driven by the fact that fluc-
tuations in the spot price are much larger than the spread between the empirical and
model-implied futures prices. As a result, even a relatively poor fit in the spread may
be difficult to detect when comparing the price levels directly. To assess the fit of the
model more accurately, we therefore examine the difference between the empirical and

estimated spreads, shown in the following figure:

Actual vs Model-Implied Spread
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This does not seem to fit the data very well, however, the estimated and empirical
spreads have the same sign and are of the same order of magnitude. Given that the spot
exchange rate is on the order of tens of thousands of USD, this is not a case where one
quantity exceeds the other by one or two orders of magnitude. The main differences seems
to be that the empirical spread is much more volatile than the estimated spread, and that
the estimated spread seems to have a higher mean than the empirical spread.

However, formal tests show that the model does capture some important features of the
data, such as the mean-reverting dynamics of the basis and the stationarity of pricing er-
rors, which are consistent with the existence of an effective anchoring mechanism linking

the spot and futures markets.

4.3 Fitting r, = 0

In practice, traders in perpetual futures markets are often unable to invest in risk-free
bonds denominated in USDT due to various market frictions, including transaction costs
such as bid-ask spreads. As a result, they may not be able to fully earn the theoretical
risk-free rate on their USDT holdings.

To address this, we can set r, = 0 in the model, which yields the following perpetual

futures price:
(k=01 +1p)
rp+ k(1 +r) "

fi=

Fitting the model with r, = 0 yields the following result for the empirical and the
estimated spreads:

Actual vs Model-Implied Spread
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This seems to fit the data much better than the previous model, with the estimated
spread being much closer to the empirical spread.

Although the difference between the empirical and estimated perpetual prices already
appears small, examining the ratio of the pricing error relative to the spot price reveals
that the discrepancy is even smaller in relative terms. The following figure presents the
distribution of this pricing error ratio:

Distribution of Pricing Error

35
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Pricing Error

The distribution shows that the pricing error is typically below two basis points, in-
dicating that the model-generated prices track the empirical perpetual prices with a very
high degree of accuracy.

However, to check the fit of the model more rigorously, we can use formal tests, such
as ADF or RMSE.

Let the basis be defined as the percentage deviation of the futures price from the spot
price, basis, = xiz -

The results of these tests are the following:

e Funding regression (price discovery via funding rates):

— Basis significantly explains funding rates (8 = 0.134, p < 107'!).
— Positive and highly significant coefficient indicates that funding increases with

basis.
— Model explains a modest share of variation (R* = 0.105).
— Conclusion: Reject Hy; funding acts as a statistically significant anchoring mech-

anism.
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e Error correction model (mean reversion in basis):

— Strong negative adjustment coefficient (1 = —0.904, p < 107%).

— Relatively high explanatory power (R? = 0.453).
— Adjustment speed indicates very strong correction toward equilibrium.
— Conclusion: Strong evidence of statistically significant mean reversion in basis.

e Stationarity test (ADF on pricing error):

— ADF statistic: —18.57, far below all critical values.

— p < 107% strongly rejects the unit root hypothesis.

— Pricing error is stationary.

— Conclusion: Results strongly support equilibrium anchoring between spot and

futures prices.

e Correlation analysis:

— Correlation between basis and model-implied spread: —0.355.
— The moderate negative relationship suggests that the model captures part of the

observed pricing structure, although substantial variation remains unexplained.

e Predictive performance (RMSE):

— Model RMSE: 9.42 vs naive benchmark RMSE: 36.12.
— The theoretical model substantially improves pricing accuracy relative to the

naive benchmark.

e Basis explanatory regression:
— Model explains a modest but statistically significant portion of variation (R*> =

0.126).
— Slope coefficient is negative and highly significant (8 = —0.732, p < 10713,
— Intercept is not statistically significant at the 5% level.
e Residual autocorrelation (Ljung—Box test):
- p =0.097 at lag 10.
— Cannot reject the null hypothesis of no autocorrelation.
— Residuals appear approximately independently distributed.
¢ Overall conclusion:

— Strong statistical evidence supports an equilibrium relationship between spot,

futures, and funding rates.
— Pricing errors are stationary and strongly mean-reverting.
— The theoretical model substantially outperforms the naive benchmark, although

part of the short-term variation remains unexplained.
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Since the parameters of the model are estimated and evaluated on the same sample,
the reported goodness-of-fit measures should be interpreted as in-sample measures of fit
rather than as evidence of genuine out-of-sample predictive performance.

Overall, the empirical results provide strong evidence that perpetual futures prices
maintain a stable long-run equilibrium relationship with spot prices. The statistically sig-
nificant funding regression, strong mean-reverting dynamics in the basis, and stationarity
of pricing errors all support the existence of an effective anchoring mechanism linking
the two markets. Although the model does not fully explain short-term fluctuations, the
empirical results suggest that the theoretical framework captures most important features
of perpetual futures pricing dynamics, particularly the equilibrium relationship between

spot prices, futures prices, and funding rates.
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5.0 Conclusions and Future Directions

This thesis studies the discrete- and continuous-time models presented in Ackerer,
Hugonnier, and Jermann [[1]]. Several results were reproduced and corrected, and numeri-
cal simulations were conducted to assess the performance of the framework.

The model was further compared to observed market prices, where a minor adjustment
was shown to significantly improve its empirical fit, despite the inherent limitations of the
setting.

While the results obtained provide a coherent validation of the framework, several di-
rections for future research remain open. Possible directions for future research include
extending the present results to perpetual American options in both discrete and contin-
uous time, in analogy with the perpetual futures setting. Another natural extension is to
generalize Theorem [2.2.4.1] by relaxing the assumption that « and ¢ are constant, replac-
ing it with weaker regularity conditions, and adapting the model validation procedure
in Chapter [ accordingly. Finally, an empirical avenue of interest is the calibration and
performance assessment of everlasting options, as introduced in Ackerer (2024) [1]], in
comparison with observed market prices.

Overall, the results support the consistency of the framework and highlight its potential

for both theoretical extensions and empirical applications.

32



A.0 Appendix

A.l Proofs

Proof of Theorem [2.2.1]
Rearranging to f; this yields that

EZ [(fis1 = £) = k(fs = %) = ux,] = BZ [frr] = fi = k(fs = X) — ux,

Ji= EzQa [ft+1] — Kify + KXy — 11X

(L+x)fi = EzQa [fie1] + (ke = )

1 K — L 1 K — L
= EZ + L Ly, =E + L "x|.
/i 1 + «; ! [ﬁ+1] 1+ K,xt 1+ thz+1 1+ K,xt
Applying this to fi,1:
for = Qe 1 fon + Kivl = Uiyl
t+1 t+1 —1 ¥ K t+2 —1 ¥ K t+1]»
thus
K — L 1 1 Kie1 — L K — L
= EQ“ + ! ! — EQa EQa + u + t t —
f ! [l + thm 1+ Ktxt] G N S I Kt+1ft+2 1+ k1 el 1+ K,x[
= E% ! ! fia1 + (k Lis1)Xie1 + (K — 1)x
= Ly 1+ P 1+ P t+1 1+ P 1+ P t+1 t+1)A1+1 1+ P t t)AL] -
Similarly, iterating this fori = ¢+ 2,¢+3,...,T — 1 yields that
-1 T-1( j 1
_ 1% )y
fi = E (1;[ 1+Ki)fT+;[D 1+Ki](K] Lj)x]]
forall0<r<T-1. O
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Proof of Remark[2.2.2]

-1
£r=f+B] | +k) = E®
i=1

—

Lo

=1
+8] [(+x) =
i=1

T-1 1 T-1 T-1 J 1 -1
=5\ 1+K,.] fi—ﬁ];[(lﬂq) "2 (];[1+Kl_)<x,,-—tj>x,}+ﬁi[11<1+f<l>=

[/ T-1 1 T-1 J 1 t—1 t—1
= E% [i:, e f;+;[];l1+Ki](Kj—Lj)xj]—ﬁ1;[(1+Ki)+ﬁ];1(1+,<t)=

0 -1 1 ) T-1 J 1
=E~ (l:t 1+K,)fT + 2. [D s l)(KJ Lj)x]]
O
Proof of Theorem[2.2.3]

Infequation (2.1)|the left hand side is independent of 7 (if # < T — 1), so the right hand

side must also be independent of 7. Therefore, forany t < 7 — 1,

T-1 1 T-1 j |
(it Stz -+

i=t j=t \i=t

B2

Because the linearity of the expectation operator, this can be rewritten as

0 T-1 1 0 T-1( 1
o [ e

i=t j=t \i=t

Taking the limit of both sides:

T-1
1
1 Qa
Tl'l—>rl;lo {Et [(H 1 =+ Kl.)fT

i=t

+E%

T-1( Jj 1
S oo f - s

j=t \i=t

It is known that if a sequence {a,} satisfies lim,_,., a, = 0 and another sequence {b,} is
convergent with lim,,_,, b, = L, then lim,,_,(a,+b,) = L. Equivalently, lim,_,.(a,+b,) =

lim, o by,

Because of the|no-bubble condition|and the [absolute convergence of the second addend|

(which trivially yields its regular convergence), we can apply this to the previous equation,
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thus:

T-1 1 b T-1 J 1
3 Qa Qa
o2 (1 )] o= | 2

T-1( J
= |5 oo
j=t \ i=t

(Kj - Lj)xj}} =

:ﬁ'

Because of the absolute convergence of this expected value, we can also apply the domi-

nated convergence theorem, which yields that

T-1( j T-1
. 1 .
fi = Jim B 2 [n 1+ K.](Kf 1| = B {Th_{?o [Z
j=t \ i=t ! J=t
o | (17 L 7
:Eta Z l—[ 1+ x (Kj—Lj).xJ'
j=t \ i=t ! ]
which is what we wanted to prove.
Proof of Corollary
Using[2.5] we get that
0 o0 Jj 1 0 00 J
Jo=E7 Z l_[ 1+« S Z l_[
J=t 1=t J=t 1=t
0 ¢ 1y K=t _o [ &
—)E* | = Ex
(= 0 JZ:;(I+K) o e ]Z:;

In the underlying model, we assumed that

J

[

i=t

1
1+«

o

1+r,

By B
£O [Lx] _ B
Ba,s Ba,t
where B;; = (1 + r;)*, meaning that
By ; 1 +r,) 1+r)
EtQa ﬁxj _ Etga ( i’b) x| = xt( i’b) _
B, ; (1 +ry)/ (1 +ry)
thus o
L+r\"’ 1+r
[P _ b _ a
B, [xj]_xl(1+ra) _xt(1+rb
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Writing this back to the previous equation:

K—LEQa 1 -

- It K—1 1Y (1+r)"
| = EQa a
L+&" [;(1+K) x’} 1+x " [Z(1+K) xt( ) ]

= 1+7,
[
K—1

1 1+r, e & 1 1+raj
_1+Kx[;(l+/<.1+rb) _1+KXIZ( )

= l1+k 1+r,
It is known that for 0 < @ < 1, the equality Y72, @' = ﬁ holds

Therefore assumption of
1 (1+r,
<1,
1+x\l1+nr

1 1+ 1 1
;(1+K'l+rb):1 ( -

algebraically yields that

_ 1+ +rp)

1 1+rg A+ +r)—(1471,) L+l +r)—(1+7r)
T+x 1+r/,) A+x)(1+73) ( X b) = ( a)
Writing this back to the previous equation:

K—1 w— 1 1+raj K—1 1+ +7r)
ft:1+thZ( ) -

Li\T+k Ten) ~ 1wk Qa0 +n) —(+r)

(k=0 +1) +1p)

B (k=0)(1 +rp) 3
T A+ 00400+ -+ " Ar0(+rm) —A+r) "

(k=0)(1 +1p)
= Xt.
rp—ra+ k(141"

O
Proof of Corollary[3.2.0.1]

From Equation [3.Twe can derive that under Q,,

1 1
dM[ = —dC, =

Ba,t = Ba,t df; — k(fs — x)dt — yx,d1),

thus

dﬁ = Ba,tht + Kt(ﬁ - X;)dl‘ + thtdt.

Let D, = e o K Using the product rule for stochastic differentials, we get that

d(D.f;) = Ddf; + fidD, + d(D, f),,
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since dD, = —«,D,dt and D is of finite variation, we get that d(D, f), = 0O, thus
D, dfi+ f,dD,+d{D, f), = D, df,— kD, f,dt = D, (B, dM, + k,(f; — x,)dt + v, x,dt)—«,D, fdt.
Rearranging this yields that

d(D.f,) = D:B,,dM, + Dk, f; — k:X; + 1, X, — k. f)dt = DB, ,dM, + D,(t, — k;)x.dt.

Therefore,

! !
thl = ﬁ) + f DsBa,SdMs + f DS(LS - Ks)xsds’
0 0

thus
T t S [ S
e hrdip — g4 f e b sy — k) xds + f e b g, am,,
0 0

rearanging this yields that

. ! " d s
e—fo Kuduﬁ + f e_fo K"d”(KS —)xds = fo + f e‘fo kuduBa,deS'
0 0

The right side is the sum of a constant and the integral of a local martingale, which
itself is a local martingale. Therefore, the right side is the sum of two local martingales,

which is also a local martingale under Q,,.

Proof of Remark[3.2.1]

1 d s 1 s ! S
e h K e f e b Kudi (g — 1) xds = e h Kudit( f, +ﬁef0 Kudity f e h faudt (o — 1) xyds =
0 0

!
=B+ (e‘fo K“d”f, + f e b Kudt (e Ls)xxds) .
0

The right side is the sum of a constant and a local martingale, which is also a local mar-

tingale under Q,. O

Proof of Corollary[3.2.2.1]
Using we get that

fi = E,Q [fm eI Kdu (e L)xsds] = (k- L)E,Q“ [fw eI Kd”xsds] =
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= (k — L)E[Q" [ f e"““"’xsds] .
t

In the underlying model, we assumed that

B, B
EtQa [ixs] = ﬁxh
Ba,s

where B; ; = ¢**, meaning that

thus

EIQa [-xs] — xte(ra_rh)(s_l).

Writing this back to the previous equation:

fi = (k — )EZ [ f e_'('(s_’)xsds] = (k — )EZ [ f e KO x a0 g g | =
t t

— (K _ L).Xt f e—(K+r;,—r,,)(s—t)ds.
t

Let u := s — t, then du = ds, thus
fi=(k- L)x,f e~ KErTTu gy
0

It is known that for 0 < a, the equality fom e "du = é holds, thus by using the assumption

that « + r, — r, > 0, we get that

K—1 K—1

00
fi= (- L)x,f e T ra gy — X = X;.
0

K+71,—1, K+71r,—1,
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A2 Codes

Spot price vs Perpetual Futures price

import pandas as pd

import matplotlib.pyplot as plt

#Increase plot text sizes

plt.rcParams.update({"font.size": 16,"axes.titlesize": 20, "axes.labelsize": 18,"xtick.
labelsize": 14,

"ytick.labelsize": 14,"legend. fontsize": 14})

cols = ["open_time","open","high","low","close","volume","close_time","quote_volume","

count","taker_buy_volume","taker_buy_quote_volume","ignore"]

spot = pd.read_csv("BTCBUSD-8h-2023-11.csv")

if "open_time" not in spot.columns:

spot = pd.read_csv("BTCBUSD-8h-2023-11.csv", names=cols)

perp = pd.read_csv("BTCUSDT-8h-2023-11.csv")

if "open_time" not in perp.columns:

perp = pd.read_csv("BTCUSDT-8h-2023-11.csv", names=cols)

spot = spot[spot["open_time"] != "open_time"]

perp = perp[perp["open_time"] != "open_time"]

spot["time"] pd.to_datetime(spot["open_time"], unit="ms")

perp["time"] = pd.to_datetime(perp["open_time"], unit="ms")

spot = spot[["time","close"]].rename(columns={"close":"spot_price"})

perp = perp[["time","close"]].rename(columns={"close":"perp_price"})

spot["spot_price"] = pd.to_numeric(spot["spot_price"], errors="coerce")

perp["perp_price"] = pd.to_numeric(perp["perp_price"], errors="coerce'")

spot

spot.dropna() .sort_values("time")

perp = perp.dropna().sort_values("time")

df = pd.merge_asof(spot, perp, on="time", direction="nearest")

#print ("Merged rows:", len(df))
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df["basis"] = df["perp_price"] - df["spot_price"]

df["premium_pct"] = ((df["perp_price"] - df["spot_price"])/df["spot_price"] * 100)

plt.figure(figsize=(12,6))

plt.plot(df["time"], df["spot_price"], label="Spot")
plt.plot(df["time"], df["perp_price"], label="Perpetual")
plt.legend )

plt.title("Spot vs Perpetual")

plt.grid(True)

plt.show()

#plt. figure(figsize=(12,6))
#plt.plot(df["time"], df["basis"])
#plt.title("Basis")
#plt.grid(True)

#plt.show()

#plt.figure(figsize=(12,6))
#plt.plot(df["time"], df["premium_pct"])
#plt.title("Premium (%)")
#plt.grid(True)

#plt.show()

#print ("Graphs created successfully.")
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Spot change vs Total Payoff

import pandas as pd

import matplotlib.pyplot as plt

#Increase plot text sizes
plt.rcParams.update({"font.size": 16,"axes.titlesize": 20, "axes.labelsize": 18,"xtick.
labelsize": 14,
"ytick.labelsize": 14,"legend. fontsize": 14})

spot_file = "BTCUSDT-8h-2023-11.csv"
perp_file = "BTCBUSD-8h-2023-11.csv"
funding_file = "BTCBUSD-fundingRate-2023-11.csv"

spot = pd.read_csv(spot_file, header=None)

spot.columns = ["open_time","open","high","low","close","volume","close_time",

"quote_volume","trades","taker_buy_base","taker_buy_quote","ignore"]

perp = pd.read_csv(perp_file, header=None)

perp.columns = ["open_time","open","high","low","close","volume","close_time",

"quote_volume","trades","taker_buy_base","taker_buy_quote","ignore"]

funding = pd.read_csv(funding_file)

print ("Funding columns detected:", funding.columns)

time_candidates = ["fundingTime","calc_time","time","timestamp"]

for ¢ in time_candidates:
if ¢ in funding.columns:
funding["time"] = pd.to_datetime (funding[c], unit="ms")
break
else:
raise ValueError("No timestamp column found in funding file")
rate_candidates = ["fundingRate","funding_rate","lastFundingRate","last_funding_rate","

rate"]

for ¢ in rate_candidates:
if ¢ in funding.columns:
funding["fundingRate"] = pd.to_numeric(funding[c],errors="coerce")
break
else:

raise ValueError(f"No funding rate column found. Columns are: {funding.columns}")
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funding = funding[["time", "fundingRate"]].dropna()

spot["time"] = pd.to_datetime(spot["open_time"], unit="ms")

perp["time"] = pd.to_datetime(perp["open_time"], unit="ms")

spot = spot[["time", "close"]].rename(columns={"close": "spot_price"})

perp = perp[["time", "close"]].rename(columns={"close": "perp_price"})

spot["spot_price"] = pd.to_numeric(spot["spot_price"])

perp["perp_price"] = pd.to_numeric(perp["perp_price"])

df = pd.merge(spot, perp, on="time", how="inner")

df = pd.merge_asof(df.sort_values("time"), funding.sort_values("time"),on="time",

direction="backward")

df = df.dropna()

df["price_pnl"] = df["perp_price"].diff(Q)

df["funding_pnl"] = df["fundingRate"] * df["perp_price"]

df["perp_payoff"] = (df["price_pnl"].fillna(®) - df["funding_pnl"].fillna(0)).cumsum()
df["spot_payoff"] = (df["spot_price"] - df["spot_price"].iloc[0])

df["diff"] = - df["perp_payoff"] + df["spot_payoff"]

plt.figure(figsize=(12,6))

plt.plot(df["time"], df["spot_payoff"], label="Spot Buy and Hold")
plt.plot(df["time"], df["perp_payoff"], label="Perpetual Total Payoff")
plt.plot(df["time"], df["diff"], label="Difference")

plt.title("Underlying Asset vs Perpetual Futures Payoff")
plt.xlabel("Time")

plt.ylabel ("PnL")

plt.legend ()

plt.grid(True)

plt.show()

#print ("Analysis completed successfully.")
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Discrete Simulation

import numpy as np

import matplotlib.pyplot as plt

T=1
dt = 1/365/3
N = int(T/dt)

mu = 0.08
sigma_S = 0.2

sigma_x = 0.1

kappa = 5

0.06
r_b = 0.04

=
[
Il

*

r_a_dt = r_a * dt
r_b_dt r_b * dt

denom = r_a_dt - r_b_dt + kappa*(l + r_b_dt)

if abs(denom) < le-12:
C=290.0
else:

C = (kappa - iota)*(l1 + r_b_dt)/denom
print(£"C = {C}")
S = np.zeros(N)
X = np.zeros(N)
f = np.zeros(N)
S[0] = 160
if kappa != 0:
x[0] = 20
#x[0] = np.random.normal (0, sigma_x/np.sqrt(2*abs(kappa)))
else:
x[0] = 0

f[0] = S[0] + C*x[0]

for t in range(N-1):
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eps_S = np.random.normal ()

eps_x = np.random.normal ()

S[t+1] = S[t] * np.exp(
(mu - 0.5*sigma_S**2)*dt
+ sigma_S*np.sqrt(dt)*eps_S

if kappa != 0:
x[t+1] = (1 - kappa*dt)*x[t] + sigma_x*np.sqrt(dt)*eps_x
else:

x[t+1] = x[t] + sigma_x*np.sqrt(dt)*eps_x

flt+1] = S[t+1] + C*x[t+1]

spread = f - S

fig, axl = plt.subplots(figsize=(10,5))

axl.plot(S, linewidth=2, label="Spot price $S_t$")
axl.plot(f, linestyle="--", linewidth=2, label="Perpetual price $f_t$")
axl.set_ylabel ("Price")

axl.set_title("Spot, Perpetual Price and Spread")

price_min = min(S.min(), f.minQ))
price_max = max(S.max(), f.max(Q))
margin = 0.02%(price_max - price_min)

axl.set_ylim(price_min - margin, price_max + margin)

ax2 = axl.twinx()

ax2.plot(spread, linestyle=":", linewidth=1.8,
label="Spread $f_t - S_t$")

#ax2.axhline (0)

ax2.set_ylabel ("Spread")
linesl, labelsl = axl.get_legend_handles_labels()
lines2, labels2 = ax2.get_legend_handles_labels()

axl.legend(linesl + lines2, labelsl + labels2)

plt.show()
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Fitting the model to real data

import tarfile

import pandas as pd

import numpy as np

import statsmodels.api as sm

import matplotlib.pyplot as plt

from statsmodels.tsa.stattools import adfuller

from statsmodels.stats.diagnostic import acorr_ljungbox

from scipy import stats

#Increase plot text sizes

plt.rcParams.update({"font.size": 16,"axes.titlesize": 20, "axes.labelsize": 18,"xtick.

labelsize": 14,"ytick.labelsize": 14,"legend. fontsize": 14})

TAR_FILE = "binance_btcusdt_perpetual.tar"
RISKFREE_FILE = "DGS30.csv"
START_DATE = "2026-01-01"

#Formatting data

dfs = []

with tarfile.open(TAR_FILE, "r") as tar:
for member in tar.getmembers():
if member.name.endswith(".parquet"):
file = tar.extractfile(member)

dfs.append(pd.read_parquet(file))

df = pd.concat(dfs, ignore_index=True)

df.columns = df.columns.str.lower ()

df["timestamp"] = pd.to_datetime(df["timestamp"], utc=True)

df = df.sort_values("timestamp")

df = df[["timestamp", "mark_price","index_price","funding_rate"]].dropna()
df = df[df["timestamp"] >= START_DATE]

df["timestamp"] = df["timestamp"].dt.tz_convert(None)

r_a = pd.read_csv(RISKFREE_FILE)

r_a = r_a.rename(columns={"observation_date": "date"})
r_a["date"] = pd.to_datetime(r_a["date"])

r_a["DGS30"] = pd.to_numeric(r_a["DGS30"], errors="coerce")
r_a = r_a.dropna()

r_a = r_a.sort_values("date")

r_a["date"] = r_a["date"].dt.tz_localize(None)

r_a = r_a[r_a["date"] >= df["timestamp"].min().floor("D")]
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df["date"] = df["timestamp"].dt.floor("D")
df = df.merge(r_a[["date", "DGS30"]],on="date",how="1eft")
df["DGS30"] = df["DGS30"].££fil11Q)

df = df.set_index("timestamp")
df_8h = df.resample("8h").last().dropna()

df_8h["basis_pct"] = (df_8h["mark_price"] / df_8h["index_price"]) - 1
df_8h["r_a"] = df_8h["DGS30"] / 100
df_8h["r_a_8h"] = ((1 + df_8h["r_a"]) ** (8 / (365 * 24))) - 1

#Funding regression
X = sm.add_constant(df_8h[["basis_pct"]1])
y = df_8h["funding_rate"]

funding_model = sm.OLS(y,X,missing="drop").fit()

print ("\nFUNDING MODEL\n")

print (funding_model . summary ())

#estimated parameters
kappa = funding_model.params["basis_pct"]

iota = funding_model.params["const"]
print ("\n\n\n\nEstimated parameters:")
print (f"kappa = {kappal™)

print(f"iota = {iotal}")

r_a_const = df_8h["r_a_8h"].mean()
r_b = 0.00275*(8 / (365 * 24))

print (f"\nAverage 8h risk-free rate r_a = {r_a_const}")

C = ((kappa - iota) * (1 + r_b)) / (kappa * (1 + r_b) - r_a_const + r_b) #r_a is not 0

case

#C = ((kappa - iota) * (1 + r_b)) / (kappa * (1 + r_b) + r_b) #r_a is 0 case

print (f"'\nTheoretical multiplier C = {C}")

#Comparison between the empirical results and the actual futures price

df_8h["futures_estimated"] = (C * df_8h["index_price"])
df_8h["empirical _C"] = (df_8h["mark_price"] / df_8h["index_price"])
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df_8h["pricing_error"] = (df_8h["mark_price"] - df_8h["futures_estimated"]) / df_8h["

index_price"]

print ("\n\n\n\nPRICING ERROR\n")

print(df_8h["pricing_error"].describe())

basis = df_8h["basis_pct"]
df_8h["basis_next"] = basis.shift(-1)
df_8h["delta_basis"] = (df_8h["basis_next"] - basis)

ecm_X = sm.add_constant(df_8h[["basis_pct"]1])

ecm_model = sm.OLS(df_8h["delta_basis"],ecm_X,missing="drop").fit(Q)

print ("\n\n\n\nECM MODEL\n")

print C(ecm_model. summary ())

lambda_coef = ecm_model.params["basis_pct"]

print (f"\nMean reversion coefficient = {lambda_coef}")

#0utputs

df_out = df_8h.loc[df_8h.index >= START_DATE,["mark_price","index_price",6"

df_out = df_out.rename(columns={"mark_price": "futures_price", "index_price":

futures_estimated","basis_pct","pricing_error","empirical_C"]].copy(Q)

"

spot_price"})

#print ("\nSAMPLE OUTPUT\n")

#print (df_out.head(20))

#Plot

plt.figure(figsize=(14, 6))
plt.plot(df_out.index,df_out["futures_price"],label="Actual Futures Price")
plt.plot(df_out.index,df_out["futures_estimated"],label="Model-Implied Futures Price")
plt.title("Actual vs Model-Implied Futures Price")

plt.xlabel ("Time")

plt.ylabel ("Price (USDT)")

plt.legend ()

plt.grid(True)

plt.tight_layout ()

plt.show()

#Spread comparison

df_out["actual_spread"] = (df_out["futures_price"] - df_out["spot_price"])

df_out["estimated_spread"] = (df_out["futures_estimated"] - df_out["spot_price"])

#Plot

plt.
plt.

figure(figsize=(14, 6))
plot (df_out.index,df_out["actual_spread"],label="Actual Spread")
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plt.plot(df_out.index,df_out["estimated_spread"],label="Model-Implied Spread")
plt.title("Actual vs Model-Implied Spread")

plt.xlabel ("Time")

plt.ylabel("Spread (USDT)")

plt.legend ()

plt.grid(True)

plt.tight_layout ()

plt.show()

#Formal statistical tests

print ("\n\n\n\n\n\n\nFORMAL STATISTICAL TESTS")

#Funding regression significance

print ("\n\n\n\n[1] FUNDING REGRESSION")

print (funding_model . summary ())

print ("\nINTERPRETATION:")

print ("HO®: kappa = 0 (funding unrelated to basis)")

print("H1: kappa > 0 (funding anchors futures to spot)")

kappa_pvalue = funding_model.pvalues["basis_pct"]
print (f"\nkappa estimate: {kappal")
print (f"kappa p-value : {kappa_pvaluel}")

if kappa_pvalue < 0.05:
print ("RESULT: Reject H® -> statistically significant anchoring")
else:

print ("RESULT: Cannot reject HO")

#Mean reversion tests

print ("\n\n\n\n[2] ERROR CORRECTION MODEL")

print C(ecm_model. summary ())

lambda_coef = ecm_model.params["basis_pct"]

lambda_pvalue = ecm_model.pvalues["basis_pct"]

print ("\nINTERPRETATION:")

print("HO: lambda = 0 (no mean reversion)")
print("H1: lambda < 0 (basis mean reverts)")
print(f"\nlambda estimate: {lambda_coef}")

print(f"lambda p-value : {lambda_pvaluel}")

if (lambda_coef < 0) and (lambda_pvalue < 0.05):
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print ("RESULT: Significant mean reversion detected")
else:

print ("RESULT: No statistically significant mean reversion")

#ADF
print ("\n\n\n\n[3] AUGMENTED DICKEY-FULLER TEST")

pricing_error = df_8h["pricing_error"].dropna()
adf_result = adfuller(pricing_error)
print ("\nADF Statistic:", adf_result[0])
print("p-value:", adf_result[1])
print("\nCritical Values:")
for key, value in adf_result[4].items():
print(f"{key}: {valuel}")
print ("\nINTERPRETATION:")
print("HO: pricing error has unit root (nonstationary)")

print("Hl1: pricing error is stationary")

if adf_result[1] < 0.05:
print ("RESULT: Reject H® -> pricing error is stationary")
print ("This strongly supports equilibrium anchoring.")
else:
print ("RESULT: Cannot reject HO")

print("No strong evidence of long-run equilibrium.")

#Correlation between actual and model spread

print ("\n\n\n\n[4] CORRELATION ANALYSIS")

actual_spread = (df_8h["mark_price"] - df_8h["index_price"])
estimated_spread = - (df_8h["futures_estimated"] - df_8h["index_price"])
corr = actual_spread.corr(estimated_spread)

print(f"\nCorrelation: {corr}")

#RMSE comparison

print ("\n\n\n\n[5] RMSE COMPARISON")

rmse_model = np.sqrt(np.mean((df_8h["mark_price"] - df_8h["futures_estimated"]) ** 2))
rmse_naive = np.sqrt(np.mean((df_8h["mark_price"] - df_8h["index_price"]) ** 2))

print (£"\nModel RMSE : {rmse_model}")

print(f"Naive RMSE : {rmse_naivel")

if rmse_model < rmse_naive:
print ("RESULT: Theoretical model outperforms naive benchmark")
else:

print ("RESULT: Naive benchmark outperforms theoretical model")
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#RA2 of model spread

print ("\n\n\n\n[6] SPREAD EXPLANATORY POWER")

spread_fit_model = sm.OLS(actual_spread,sm.add_constant(estimated_spread) ,missing="drop"
).fit Q)

print (spread_fit_model.summary())

#Autocorelation of the pricing error

print ("\n\n\n\n[7] LJUNG-BOX TEST")

lb_test = acorr_ljungbox(pricing_error,lags=[10],return_df=True)
print(lb_test)

print ("\nINTERPRETATION:")

print("HO: residuals are independently distributed")

print("H1l: residuals are autocorrelated")

if 1lb_test["lb_pvalue"].iloc[0] < 0.05:
print ("RESULT: Significant autocorrelation remains")
print ("Model misses dynamic structure.")

else:

print ("RESULT: No strong residual autocorrelation™)

#Summary of results

print ("\n\n\n\nSUMMARY")

summary_table = pd.DataFrame ({
"Metric": ["kappa","kappa p-value","lambda","lambda p-value","ADF statistic",
"ADF p-value","Basis correlation","Model RMSE","Naive RMSE"],
"Value": [kappa,kappa_pvalue,lambda_coef,lambda_pvalue,adf_result[0],
adf_result[1], corr,rmse_model ,rmse_naivel})

print (summary_table)

#Histogram of pricing error
plt.figure(figsize=(10, 6))
plt.hist(pricing_error,bins=50)
plt.title("Distribution of Pricing Error")
plt.xlabel ("Pricing Error")

plt.ylabel ("Frequency")

plt.grid(True)

plt.tight_layout()

plt.show()
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Nyilatkozat

Melléklet — 5/2025. (XI1.04.) szamu dékani utasitis

Alulirott Horvéath Aron nyilatkozom, hogy a szakdolgozatom/diplomamunkam elkészitésénél az

alabbiak szerint hasznaltam MI eszkdz(6ke)t.

Részfeladat Felhasznalt MI eszkoz Felhasznalas helye | Megjegyzés
(opcionalis)

A szoveg nyelvi formalizdlasa | GPT-5.5 Az egész dolgozat | —

és forditdsa

Koédok és a benniik szereplé | GPT-5.5 -

abrék javitdsa

Hivatkozasok kezelése LaTeX-

ben

GitHub Copilot és GPT-5.5

Bibliography

MI-nyilatkozat  konvertdldsa

LaTeX-be és ezen tablazat

formazasa

GPT-5.5

IMI—nyilatkozatI

A tételes listan felsoroltakon tal mas feladatra nem hasznaltam

MI eszkozt a szakdolgozatom/diplomamunkdm elkészitésekor.

VAGY

A szakdolgozatom/diplomamunkdm elkészitésénél nem

hasznaltam MI eszkozt.

[

Nyilatkozom, hogy az MI haszndlatdra vonatkoz6 4/2025. (X. 28.) rektori utasitds tartalmat megis-

mertem, a szakdolgozatom/diplomamunkam elkészitésekor a rektori utasitds rendelkezéseit betartot-

tam.

Hely, datum
Nemesbod, 2026.05.29.
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