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Introduction

Motivation

An important problem in machine learning and related fields is the estimation of a prob-
ability distribution given an i.i.d. sample from this distribution. For parameterized dis-
tribution families there are many well studied methods for creating an estimate for the
original parameter, in both classical statistics [I] and in machine learning [2], or in recent
years, with the increase in computational capacity and interest in deep neural networks,
large language models and diffusion models (for text and image generation) have gained
a lot of popularity [3][4]. There are also nonparametric estimation methods, such as
kernel density estimation [5]. However, these methods only provide point estimates for
the distribution, which differs based on the chosen model. This phenomena (called the
Rashomon effect [6]) has led to the argument recently that it might not be sufficient to
study single models and their behaviors for high-stakes decisions, for example in medicine
or finance [7][8]. Therefore, one of our goals will be to establish a framework for having
a set of equivalently suitable estimations for distributions.

Another problem that might arise when using classical models is that they require an
explicitly computable function of the parameter to see how well it fits the sample. This can
be problematic if there is no oversight over the parametrization and sample generation,
or if the likelihood function cannot be calculated explicitly. Therefore, our second goal
will be to make these estimations distribution-free. This means that the estimator does
not depend on some previous knowledge about the underlying distribution, or even the
process that generates the sample based on a given parameter. This approach can be
useful when we have a black box model that we would like to fine-tune.

It is also important to mention that (especially for non parametric estimation methods,
such as kernel density estimation, when © is a subset of an infinite dimensional vector
space and the sample is also high-dimensional) it could be difficult to draw new samples
from the estimated distribution. This can be problematic if we need many samples, e.g.,

to simulate a system for scenario based stochastic optimization. Therefore we want our



framework to be able to generate samples fast.

In total, our goal will be to create a framework for distribution-free methods to esti-
mate generative models parameterized by an as general parameter space as possible (e.g.,
for some purposes it can be any metric space, or for others, any set), providing not just a
point estimate, but a whole region of equivalently suitable parameters. These regions will
be defined by a resampling and ranking based framework [9], which has already been suc-
cessfully utilized to create confidence regions with an exact (even for finite sample sizes),
user-chosen coverage (probability of the type I error) for the parameters of regression func-
tions of binary classification problems [10]. Other resampling-based methods have been
successfully used for non-asymptotic confidence regions for kernelized regression models
o).

The main idea behind resampling and ranking based hypothesis tests (for testing
whether the original sample S of size n came from Py) is to create a real-valued reference
variable for the original sample, that depends on S(©, the candidate parameter 6 € ©,
optionally a random component. Then m — 1 alternative samples are generated from Py,
and their reference variables are also calculated (these are then called alternative reference
variables). Finally, the original reference variable is compared to the alternatives to obtain
its rank, which is then used to perform the hypothesis test. One of the benefits is that the
reference variables can be constructed so that their value doesn’t depend on @ explicitly,
which property makes this method distribution-free, and enables its application to black-
box models. An important assumption that is made in order for this framework to work,
is that we are able to generate i.i.d. samples from any distribution given the parameter
that describes it.

Another assumption that will be made in some cases is that the seed can be fixed for the
alternative data generation process. Some examples are inverse cumulative distribution
functions, or diffusion models that generate images given some random initial noise.

This work begins with a brief introduction on Reproducing Kernel Hilbert Spaces
and Kernel Mean Embeddings in Chapter [I These concepts can be used to quantify
the difference between two probability distributions regardless of their parametrization
by calculating their Maximum Mean Discrepancy (MMD). Since there exists an unbiased
estimate for its value given a finite, i.i.d. sample from each distribution, it can be used to
create a reference variable that does not rely on the value of the parameter explicitly.

In the next chapter, the resampling framework is introduced in Section [2.1} with two
main examples for reference variables: the score-, and the MMD-based reference variables.
The former is much quicker to calculate, however it is an explicit function of the parameter,
whilst the latter requires resampling and much more computation, but is parametrization-

free. (It is important to note that even though the calculation of the MMD-based reference



variable is computation-intensive, its parallelization is straightforward.) Then we proceed
in Section with the introduction of the smoothed rank, a tool that will help us optimize
on the otherwise piecewise constant rank function (which is the rank of the original sample
at each parameter, i.e. it is a © — R function) and prove that it is continuous under some
(trivially necessary) assumptions. The main motivation for this is to be able to create a
point estimate in practice using theoretical tools providing regions of equivalently suitable
parameters. We also introduce the concept of reverse rank, which can be used to speed
up the calculation of the rank if abundant data points are available from the original
distribution.

In Chapter [3] the asymptotic properties of the normalized rank function are analyzed,
which is the rank divided by the number of resamplings. It will be shown that this limit
can be expressed using the cumulative distribution function of the alternatively sampled
reference variables, and an upper bound for the rate of pointwise convergence will be given.
A theorem with a sufficient condition for uniform convergence over the parameter space
will be stated and applied to show that there is a uniform convergence for score-based
and certain MMD-based reference variables across the parameter and the sample space.
Another result of this theorem will be that if the seed is fixed for the original reference
variable, then the convergence will be uniform across the parameter space for any type of
reference variable. The asymptotics in sample size will also be discussed, introducing the
notion of consistent reference variables, and it will be shown that MMD-based reference
variables using characteristic kernels are consistent. Using consistent reference variables
ensures the consistency of parameter estimation by rank minimization as the sample size
tends to infinity.

This work will conclude with some simulations in Section {4 for creating point esti-
mations based on the introduced framework. Since the value of the ranking function is
uniformly distributed under the null hypothesis, and the reference variables are generally
constructed in a way that a lower value means a better fit, the estimation region for the
parameter will be the set of parameters where the rank is the lowest. Therefore, the goal
in this chapter will be to obtain the estimate by minimizing the ranking function using
different gradient-free algorithms. The framework will be tested for increasingly complex
models, starting from the simple Gaussian distribution, then mixture models, and finally

neural networks.

Contributions

The contributions of this work starts with framing the topic of resampling and ranking

methods for generative models and proving the continuity of the smoothed rank (Corol-



lary , providing a tool for obtaining a point estimate for the parameter using the
region-estimation based ranking and resampling framework. Rank-minimization based
estimation and the concept of reverse rank are also new to the topic. Simulations for this
estimation method are given in Section [ for different generative models.

The other main contribution to the topic is regarding the limit of the ranking function.
Corollaries|3.1.1] and [3.1.2] as well as Proposition and Theorem |3.1.5| are new results

for the pointwise convergence of the ranking function. For uniform convergence [3.2.§] is

proposed, applicable arithmetics for the usage of this theorem are collected and a new one
(Lemma is added, and its applications are showcased (Proposition , Theorem
[3.2.17)). As for the convergence in sample size, a new definition is stated (Definition [3.3.1)
alongside Proposition [3.3.2] and an application is shown for it in Proposition |3.3.4l



Chapter 1

Kernel Mean Embeddings

Reproducing kernel Hilbert spaces (RKHS) were first studied in the field of functional
analysis [12][13] and were later adopted to the field of machine learning when their poten-
tial for enriching the feature space of Support Vector Machines using the kernel trick was
recognized [14]. This allowed researchers to use even infinite-dimensional vector spaces as
feature spaces given that the learning algorithm only performed inner product operations
on the data. (Kernel functions can be thought of as similarity measures, a generalization
of inner products). Examples of such algorithms are kernel ridge regression [15] and kernel
PCA [16]. The success of these methods motivated to embed not only the samples into
the feature space, but probability distributions as well [I7]. This means that an element
of the chosen RKHS represents the embedded distribution in a meaningful way, and it can
be guaranteed (based on the richness of the RKHS) that the representation will be unique.
This allows for the comparison of distributions to each other through their embeddings in
an RKHS independently from their parameterizations, which can then be used to create

distribution-free methods.

1.1 Reproducing Kernel Hilbert Spaces

Definition 1.1.1. [13, Definition 1.1] Let X # () be an arbitrary set, H a Hilbert space
of X =R functions and denote the evaluation functional with E, : H—1R, i.e., E,(f) =
f(z). H is called a reproducing kernel Hilbert space (RKHS), if all of its evaluation
functionals are bounded, i.e. there exists a C, > 0 for all E, such that |E.(f)| < Cyu||fl|3-

Since in an RHHS, the evaluation functionals are bounded by definition, the Riesz
representation theorem states that there exists a corresponding k, € H for every x € X
such that f(z) = (f,kz), for all f € H. This means that by embedding elements of

arbitrary, abstract spaces into reproducing kernel Hilbert spaces, we can create a similarity



measure by embedding elements of X into an RKHS called the feature space and using

its inner product:

Definition 1.1.2. [13, Definition 1.2] The reproducing kernel of RKHS H over X is the
function k : X x X =R defined as k(z,y) = (ky, ka),,-

Remark. From the definition above it follows that the feature map corresponding to kernel
k can be expressed as k, = k(-,x), i.e. f(x) = (f,k(-,x))y for all f € H and z € X.
We call this the reproducing property. (The reproducing property can be shown for a fix
r € X by k(y,z) = (ky, ky) = ky(y) for ally € X.)

The main advantage of this representation is that the kernel function k(-,-) can be
calculated explicitly without having to perform the feature map as an intermediate step,
saving computational resources for high-dimensional spaces and even allowing for the
usage of infinite-dimensional feature spaces. A classic example for a feature map to a
higher dimensional space is the polynomial kernel, which contains all the higher order

interactions of the covariates up to degree K:

Example. [2, Example 16.1] Let X = R? and H be the space of all polynomials of degree

up to K formed by the coordinates of z € R%. Then the corresponding kernel function is

k(z,y) = (14 (z,9)" (1.1.1)

which can be calculated in O(d) steps instead of O(d¥).

Two examples for kernel functions with infinite dimensional feature spaces are the

Gaussian- and Laplace kernels, which are defined as

Ezxample. [2, Example 16.2] The Gaussian (RBF) kernel for a single dimensional sample
space X = R is parameterized using a bandwidth parameter ¢ > 0 and has the feature

space corresponding to the series

{qb(x)n = \/% exp (—;722) (;)n}m (1.1.2)

n=0



Then the reproducing kernel of the feature space can be expressed as

e = 600,000 =3 (e (<) ()7 (e (-22) (2))

n=0
(1.1.3)
2?2 + 9P i 1 (:cy)n 22 + 9P (a:y)
=exp [ — — (=) =exp|— exp (==
P 202 — n! \o? P 202 P52
(1.1.4)

|2 _y||2
— = I 1.1.5
P ( 202 ( )

From equation [I.1.5] it is straightforward to apply the Gaussian kernel to higher-
dimensional spaces as well, but for the sake of simplicity, the feature map was only
written for the single-dimensional case. The Laplace kernel can be defined using a kernel

function similar to the RBF kernel:

Definition 1.1.3. The Laplacian kernel is defined using a bandwidth parameter o > 0:

k(z,y) = exp(— |z -yl /o) (1.1.6)

Now we can see that how having an RKHS H leads to being able to perform operations
on the embedded elements of X using the kernel function k. However, the question of
how to find a suitable RKHS H and the corresponding kernel k still remains. Luckily, the
Moore-Aronszajn Theorem shows that if the kernel function k is positive definite, then

there uniquely exists a corresponding RKHS with £ as its reproducing kernel.

Definition 1.1.4. [13, Chapter 2.2] We say that a symmetric function k : X x X =R is
positive definite, if for any finite {x1,...,x,} T X and a € R™ it holds that

55§i%%k@u%)20 (1.1.7)

i=1 j=1

If the equation above holds with a strict inequality for all a # 0, then the kernel is said to
bestrictly positive definite.

Theorem 1.1.5 (Moore-Aronszajn). [13, Theorem 2.14, Proposition 2.3] If a symmetric

function k : X x X — R s positive definite, then there uniquely exists a corresponding
RKHS H.

This means that for any function k : X x X - R, it is enough to prove symmetry and

positive definiteness and there will automatically be a corresponding RKHS, and even if



we don’t exactly know what this RKHS is, all theoretical guarantees for kernel methods
apply.

One of the main uses of kernel functions in the field of machine learning is by the
so-called kernel trick: If we have an algorithm that interacts with the data only through
inner products (e.g., ridge regression, support vector machines or PCA), then the inner
product can be replaced with the kernel function, operating as a linear algorithm in the
feature space H on the elements ¢(x) = k(-, z), even if the original space X is not a vector
space. In this case k can be interpreted as a kind of similarity measure on X'. Such kernel
functions can be constructed for graphs [18], strings [19], and probability distributions
[17]. The latter will be discussed in detail in the next section, as it will be an important

component of the proposed distinction-free hypothesis tests.

1.2 Kernel Mean Embedding and MMD

Definition 1.2.1. [17, Definition 3.1] The kernel mean embedding of a probability mea-

sure P over measurable space X into RKHS H with reproducing kernel k is defined as

up—/k(~,$) dP(x) (1.2.1)

Here the integral is to be interpreted as a Bochner-integral, as defined in [20, Chapter
1.J]. A sufficient condition for the existence of this integral is stated in Lemma .

The intuition behind this definition using the Bochner-integral can be illustrated with
an introduction similar to that of the Lebesgue-integral:

Let (X, .A) be a measurable space, with A being a o-algebra over X and k : X x X - R
a positive definite kernel corresponding to RKHS H. As discussed previously, the feature
map induced by kernel k is ¢(x) = k(-, x) with the reproducing property of (f, k(-,x)),, =
f(z) for all f € H. Therefore, if the Dirac-measure d, is defined for every A € A as

6.(4) = lifre A (1.2.2)
T loifrg A -

Then, for any measurable function f € H, we have
| £dbe= 1) = (£.kCa)y (123)
X

Therefore, the kernel mean embedding of any dirac-measure 9, with x € X into RKHS H

10



The previous definition can be extended to any linear combination of dirac measures

as if z1,...,x, € X and a4, ...,a, € R\ {0}, then the signed measure defined as

s =Y aid, (1.2.4)
=1

The kernel mean embedding of the signed measure can then be calculated as

n n

/deész/xdeaiéwi:Zai/)(fd&gi:Zaif(xi):Zai (f, k(- 2)),  (1.2.5)

i=1 i=1

for all f € H, and therefore the kernel mean embedding of any signed measure dg is
fog = Dy a;k(-,z;). A special case of the signed measure is called the empirical measure,
when a; = 1/n for all i € [n].

The embeddings of signed measures form a dense subset for any RKHS H, and there-
fore the kernel mean embedding can be defined as in Equation for any element of
the space of probability measures over X' denoted as M3 (X). A sufficient condition for
the mean embedding up to exist and be an element of RKHS H can be provided using

the following Lemma.

Lemma 1.2.2. [17, Lemma 3.1] For a probability distribution P over a measurable space
X, if Exop[\/k(X, X)] < oo, then pip € H and Ex.p[f(X)] = (f, up)y, for all f € H.

Proof. First, let Lp be a linear operator defined as Lp(f) = Ex.p[f(X)] Using Jensen’s

inequality, it can be shown that Lp is bounded:

| Lef| = [Ex~plf (X)]| <Exp [lf(X)]] = Ex~p [[{f, k(- X))]]

<Exr [VECCX) [ flle] = Exer [VECGX)] 11l < 00
(1.2.6)
Therefore, by the Riesz representation theorem, there exists a h € H such that Lp(f) =
(h, f) H for all f € H. To show that this h € H corresponds to up, let f = k(x,-) for any
xr € X. Then

h(z) = (h, k(x,-))y = Le(k(z, ) = Exp[k(z, X)] = /k:(x,X) dP(X) (1.2.7)

which translates to h = /k(, X)dP(X) = pp. O

FExample. Kernel mean embeddings of different probability distributions can be illustrated

on X = R using the 2-nd degree polynomial kernel k(z,y) = (zy + 1)? = 2%y* + 22y + 1.

11



o
0™

10 15 20 00 25 5.0 75
L2 [

(b) KME of uniform distribu- (c) KME of Gaussian distribu-
tions tions

(a) KME estimation

Figure 1.1: Kernel Mean Embeddings of data points and different distributions using a
2nd degree polynomial kernel. Figure (a) shows the embedding of an i.i.d. sample of size
50 from U[—1, 1], the mean of their embeddings (i.e. an empirical estimate for the KME
of the distribution) and its theoretical calculated using Equation [I.2.8] Figure (b) shows
the KME of Ula,b] for different values of a (discrete) and b € [max{a,—3},6] with a
higher opacity corresponding to a higher value. Figure (c) shows the KME of normal
distributions with p € [—2,2] and o® € [0.01, 10].

This means that the feature map is ¢(z) = (22,v/2x,1), in which the last dimension
is redundant, and therefore it can be visualized on a 2D plane. This also means that
the theoretical values of the embeddings of probability distributions can be explicitly

calculated from the first and second moments, because

16 = Exp [k(-, X)] = Exop [6(X)] = Exp [(X2, V2X, 1)] — (E[XQ], V2E[X], 1)
(1.2.8)
Figure [1.1] illustrates the embedding of different samples and distributions. Note that a
sample from any distribution on R will be an element of the same parabola (as seen on

Figure , while the mean embeddings can lie outside of this one-dimensional subspace.

Remark. [I7, Example 3.2 and 3.3] An interesting fact is that kernel mean embeddings
can be viewed as generalizations of the moment generating- or the characteristic function,
because using the kernel function k(z,y) = exp({x,y)), the kernel mean embedding of P

becomes its moment generating function:

iy = / exp((:, 2)) dP(z) = Explexp((:,z))] (1.2.9)

and by using the Fourier kernel k(z,y) = exp(i (x,y)) we obtain the characteristic func-
tion:

pp = /exp(i (-,2))dP(z) = Explexp(i (-, z))] (1.2.10)

Embedding probability distributions to a Hilbert space enables us to compare them

12



to each other as if they were elements of that Hilbert space. This leads to the definition

of the Mazximum Mean Discrepancy and later, its unbiased estimator:

Definition 1.2.3. [17, equation 3.29] The Mazimum Mean Discrepancy (MMD) of two
distributions, P and Q is defined as the distance of their mean embeddings in the RKHS:

MMDy[P,Q] = sup {/f ) dP(x /f ) dQ(y }

l1flI<1

= sup {{F, e = pa))y (1.2.11)

= ||lpp — polln

Using X, X’ ~ P and Y, Y’ ~ Q independent random variables and the reproducing
property, we get:

MMD3, [P, Q] = E[k(X, X)] + E[k(Y,Y")] — 2E[k(X,Y)] (1.2.12)

The MMD can be estimated with an unbiased estimator using samples X, Y from the
distributions P, Q of sizes n and m: [I7, equation 3.32]:

NMMD, w1 XY= ZZk T, T;)
1)1 1]7&
1
k(yi, 2.
m—l);; Yir Uj) (1.2.13)

2 m n
= m 22 2 Ko w)
=1 j=1
If an RKHS is rich enough to represent all probability distributions uniquely, we call

its reproducing kernel characteristic:

Definition 1.2.4. [17, Definition 3.2] A kernel function k is a characteristic kernel, if
the corresponding kernel mean embedding captures all information about the underlying
distributions, meaning that the map p : P — up is injective, i.e. the MMD of two embedded

distributions is 0 if and only if they are the same distribution:

e — polly =0 P=Q (1.2.14)

Theorem 1.2.5. [21, Theorem 2] The Gaussian and Laplacian kernels are characteristic
on RZ.

13



Remark. The Gaussian and the Laplacian kernels are examples of translation invariant

and radial kernels:

Definition 1.2.6. A kernel function k : R? x R =R is said to be translation invariant if
there exists a function v : R?—R such that k(z,y) = ¥ (x —y).
A kernel function k : RY x RY— R is said to be radial if there exists a norm ||-|| on R?

and function ¢ : [0,00) =R such that k(x,y) = (||lx — yl|).

Now that kernel mean embeddings, the maximum mean discrepancy and other im-
portant concepts are defined, we can move onto introducing the framework based on
resampling and ranking that will utilize these concepts to create distribution-free confi-

dence regions.

14



Chapter 2
The Estimation Framework

In this chapter we introduce the main framework, based on ranking functions and define
different methods to construct them using score- and MMD-based reference variables,

both of which will be studied in more detail in the following chapters.

2.1 Resampling and Ranking

The resampling and ranking framework is similar to the one used in classical statistics, in
the sense that a statistical field is examined. Let X be a standard Borel space equipped
with its Borel o-algebra A, and let P = {IPy € O} be a class of probability distributions
over X (i.e. (X,.A,Py) is a probability space for every 6 € ©). We assume that there is a
distribution Pg- € P, from which we receive a sample S € X

A slight distinction between the two frameworks is that we assume that only one
sample is available from the distribution, instead of the usual i.i.d. sample of size n
assumption. Note that the latter is a special case of the former, since in our case S©
can be thought of as the vector of the n i.i.d. samples from Py«. However, most of our
theoretical results don’t make use of the i.i.d. assumption, and therefore it doesn’t need
to hold in general. (For example most of the methods discussed could be applied to time
series as well)

The other, and most important assumption is that we have access to a black box G,
that can generate an alternative sample for any given parameter, and its seed can be fixed.
More formally, there exists a standard Borel space Q with probability distribution () and
function G : © x Q@ — X that is Borel-measurable for every 6 € © such that G(&,6) ~ Py
for every 0 € ©.

Without loss of generality, it can be assumed that Q@ = [0,1] and @ is the uniform
distribution over Q. [22, Theorem A1.6]

15



Examples for black boxes GG can be the inverses of the cumulative distribution functions
[23], or neural networks that can generate meaningful samples given random noise, such
as diffusion models for image generation [3][4].

The goal is of course to estimate the distribution Py. that the sample could have
come from — not only as a point estimate, but as a whole region of equally suitable
parameters. This estimation will be done using hypothesis tests for Hy : Py = Py and
H; : Py # Py« that have exact, user-chosen coverage (probability of type I error), and
are strongly consistent. These tests are constructed using the resampling and ranking
framework introduced in [9].

The core idea of the framework is to generate m — 1 i.i.d. alternative samples, each
from Py, order them using a ranking function, and then the rank of the original sample

becomes its place in the ordering:

Definition 2.1.1. [10, Definition 2] Let A be a measurable space, denote {1,...,m} with
[m]. Then ) : A™—[m] is a ranking function if it is measurable and satisfies the following
properties:
P1) Invariance with regards to the reordering of the last m — 1 elements, i.e. for all
(a1, ...,am) € A™:

Y(ay, ag, ..., am) = Y(a1, Gr(2); s Gr(m)) (2.1.1)
where 7 is a permutation on the set {2,...,m}.

P2) Uniqueness in the first variable, i.e. for all i,j € [m] if a; # a;, then

V(ai, {arfrei) 7 V(aj, {ar ;) (2.1.2)
where the shorthand notation is justified by P1.

Using the concept of ranking functions, confidence regions for parameter 6* with exact
coverage can be constructed. From now on the original sample is denoted with S, and

the ¢-th alternative sample with S(Si).

Theorem 2.1.2. [10, Theorem 2/ Given a ranking function v, a parameter set © and
integer hyperparameters (p,q,m) with 1 < p < q < m, for the null hypothesis Hy : Py =
Py« a confidence region for 8* can be constructed as:

O oy = 10€0 [ p< (SO {81 < q)

(p =
where we have

P (9* c oY ) _azptl (2.1.3)

(p,q;m) m

16



(a) ML ref. variable (b) ML Rank (¢c) MMD ref. variable (d) MMD Rank

Figure 2.1: Examples for Score- and MMD-based reference variables and their ranks for
a sample of size 50 from a Gamma distribution, using a fixed seed to generate both the
reference variables and the alternative samples.

FExample. For an illustration of the usage of the theorem above, see Figure and 2.1d],
where the rank of the original sample is calculated using 9 alternative samples. With the
usage of hyperparameters (p,q,m) = (1,9,10), we obtain a confidence set that contains
0* with probability 0.9. This probability is exact with the current sample size (not just
asymptotically).

The rank in the previous example was calculated using reference variables, which are
functions that assign a value to the original sample based on the parameter it is being
tested for. In this work, we will focus on reference variable based ranking functions, for

which the reference variables will be denoted as:
70 .= 1(5©, 0) (2.1.4)

where T : X x © = R. The same function can also be applied to the alternative samples
in order to obtain {Ze(i)}z‘?go. The rank then becomes the position of the reference variable
in the ordering of all references.

An example for a reference variable that was used in Figure [2.1b|is the Score-based

reference variable:

Ezample. If £(0,S™) denotes the log-likelihood of sample S®, then
25 = |VoL(6,SO)| (2.1.5)

is the Score-based reference variable.

This type of reference variable is useful if we know that the sample came from a
well-known distribution family, for which the expression above can be calculated. Its
main advantage is that it is really fast to calculate if we have an explicit solution for the
expression.

However, we would like to focus on distribution-free reference variables that don’t

depend on such prior knowledge or calculations. To achieve this, the concept of reference

17



variables can be further generalized by introducing some randomization to them through
a seed component:

Zy) =T(Sy",0,&) (2.1.6)

)

Where the seeds £ = {¢; g’;—ol are sampled i.i.d. from a Borel-measurable space over an
arbitrary distribution. Note that if the seed ¢ is fixed, then these reference variables act
as if they were of the previous type.

This generalization will allow us to introduce MMD based reference variables using

the unbiased estimator for the MMD of the distributions of the two samples:
- 2 . .
Zy) = MMD,[Sy”, Sy (2.1.7)

Here all samples are compared to another set of alternative samples to obtain the variables
Z@(o)’ . Z(Smfl) and & encodes the seed that is used the generate S, Sémﬂ), . Sémil)
using black box G : © x Q— X.

Remark. {Zé% }izo can be thought of asi.i.d. alternative samples for the reference variable

)

Z(go), which also have the same distribution under Hy. Therefore, the notation Z(gi is used

for this type of reference variable as well, indicating £ only when the seed is fixed.

In order to obtain the rank of a sample using reference variables, the values of
Z(go), e Zém_l) are sorted in ascending order, and the rank of S(gi) becomes its place in the
ordering:

V(S5 {85 i) = 1+ > Tz g0, (2.1.8)

J#i
Remark. Tt can be seen from equation [2.1.8 why the i.i.d. assumption only needs to hold
for the resamplings and why it can be relaxed for the original sample. It’s because the
rank of S and therefore the hypothesis test only depends on the sample through the

reference variable, which can be tailored to the task at hand.

Different reference variables could sometimes take on the same values for some pa-
rameters, so to ensure a strict ordering, a pseudo-ordering can be included in the ranking

function:

Definition 2.1.3. [10, IV/A] Let  : [m]— [m] be a random permutation, which we select

random uniformly from the set of all such permutations. Then we say that Ze(i) <y Z(Sj) if
Ze(i) < Ze(j) or Zéi) = Zéj) and (i) < 7(j).

With this ordering, it can be ensured that the reference variable based ranking func-
tions will indeed be ranking functions.
In order to compare the ranks of the original sample for different numbers of resam-

plings, we will be using the notion of the normalized rank instead. The normalized rank
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Figure 2.2: A simulation showing the exactness of the rank-based hypothesis test for any
sample size

of the original sample with regards to the m — 1 i.i.d samples generated from Py is the

rank divided by the number of resamplings, i.e.:

m—1
m 1
Ré ) — . (1 + ZH{Zéi)<ZéO)}> (2.1.9)
i=1

Ezample. (Figure[2.1]) In order to illustrate the reference variables defined above and the
ranking functions constructed from them, we will take an i.i.d. sample of size 50 from
a Gamma distribution. For the MMD-based reference variable, an RBF (or Gaussian)
kernel is used. The values of reference variables (Z(SO)), as well as the minimum points are
then plotted at each parameter. (For the Score-based reference variable the log-scale was
used in order to obtain a better illustration.) Then the normalized ranks for m = 10 are
calculated and the region with minimal rank is indicated by red. The original parameter
is also displayed, alongside the point estimates that would be based on minimizing each
of the reference variables.

We can see that if the reference variables are constructed such that a lower value
means a better fit (as in both of our examples), then defining the confidence regions as
the area where the rank is the lowest could be beneficial (for example using hyperparam-
eters (1,9,10) in this example). We can also see that the point estimate in an MMD
minimization case could be misleading, while minimizing the rank of an MMD-based

reference variable provides more robust confidence regions.
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2.2 Modified Ranks

As we saw in the example above, if Zéj ) are constructed in such a way that a better fit
between the sample and Py corresponds to a lower value, then having a lower rank on the
original sample would imply a better estimate of the parameter. Therefore, the key idea
is that a 0 that minimizes Rém) will be a good estimation, so a point estimate based on

the resampling and ranking framework can be defined as

0 € argmin R{™ (2.2.1)
0co

However, there are some problems with this approach. First, as it is illustrated in Figure
2.3 the rank depends on the resamplings, which are random variables that would intro-
duce a lot of noise into the value of the ranking function at each parameter, therefore the
seed ¢ needs to be fixed order for the minimum to be well defined. The other problem
is that if the seed ¢ is fixed for the reference variable as well as the resamplings, and the
distribution is parameterized reasonably, the value of the normalized rank given param-
eter € will be a piecewise constant function, on which it would be difficult to optimize
using gradient descent methods. Hence, in this section we will discuss modifications to

the ranking function that can be used to enable and speed up optimization.

Smoothed Rank

First, the concept of smoothed rank will be discussed (see Figure . It interpolates
using the ordered version of {Ze(i)}#g at each point # € O, and in order to have a slope
where the reference variable is the highest, the user can give any monotone function with

some conditions.

Definition 2.2.1. [2, 4.3] Let 0 < Z;(l) <. < Z;(mfl) denote the pointwise ordered
version of {Zéi)}#o. (For a formal definition of pointwise ordering, see M) Then the
smoothed rank of z € R s defined as:

(
1 z , (1)
—\ 1+ =5 <Z
m( ’ Z;“(”) V2<ts
S (m (k)
Rye (2)=1 1 BRIk 7N PP (k+1) (2.2.2)
, - k—|—1+Z*(kH)_Z*(k) if Zy <2< 7,
0 0
1 w(m— (e
—<m+r<z, ZG( 1)>> ZfZH( 1) S P

\m

where T is a continuous function with 7(z,y) > 0 and 7(z,2) = 0 for every z and y
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(a) n = 50, with fixed seed (b) n =200, with fixed seed  (c) n = 1000, with fixed seed

¥ : : ¥ ) (f) n = 1000, without fixed
(d) n = 50, without fixed seed (e) n = 200, without fixed seed seed

Figure 2.3: The normalized rank and smoothed rank (m = 10) at each parameter for a
sample of size n from an exponential distribution with A* = 2 using the Gaussian MMD-
based reference variable (¢ = 1) with and without fixing the seed.

in the ranges of Zéo) and Zél) respectively, assuming z > y. Furthermore, we require T to

monotonically increase in z and monotonically decrease in y in the same area.

The selection of 7 can be used to adjust the slope in the corresponding regions during
optimization, in order to find the region where Rém) < 1. Examples of the choice of 7 can
be 7(z,y) =2 —1or 7(z,y) = ;—z -1

The definition is given for any z € R (as this definition will be important in later

sections), and from it the smoothed rank of the reference variable 7%((,72) can be defined as
S (m S (m 0
Rie = Ry (Z4)) (2.2.3)

The continuity of the construction above is entirely dependent on the continuity of

the reference variables, as we will show next.

Lemma 2.2.2. Let (©,d) be a metric space and Z® : © — R (i € [m]) continuous

functions. Denote their pointwise ordered version with ALK

*

206) = min {290) | # {k] 290) > 29(0)} > 3} (2:2.4)

i.e. Zil)(e) < .. < Zim)(e). (# denotes the cardinality of the set.) Then 79 are

continuous for all i € [m] in ©.
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Proof. Let B(0,6) = {0 € © | d(0,6") < §} denote the § neighborhood of . We need
to prove that for any i € [m],0 € © and € > 0 there exists a 6 > 0 such that for any
0’ € B(6,0) it holds that |Z£i)(0’) — Zii)(8)| < €. (Note that it is enough to prove that
this is true for all sufficiently small ¢.)

Let 1®(f) contain the indices of original functions that take on the same value at ¢
as the i-th function in the ordering, i.e. 1¥(0) := {k | Z®)(9) = Zii)(e)} for any fixed 1.
Since {Z®} are continuous, for all € > 0 and k € IV(§), there exists a &), such that for
all ' € B(0,6,) : |Z®(0) - Z®(0)] < e. Let § := kI£}£){5k}‘ Now |Z®)(0) — Z®)(0')] < ¢

holds for all & € B(#,9) and k € I%¥(), so we only need that Z@(@’) takes its value from
{Z®(0)}rero (0)- In order to show that this is indeed the case, ]éi)(e) can be defined as

100) == {k| 3¢ € B(9,6) : Z®(@') = 29(¢')} (2.2.5)

and the goal is to show that I(gi)(ﬁ) = 1®(0) for a small enough 6. (It is clear that the
size of I p(@) is monotonically decreasing as § — 0.) Suppose that this doesn’t hold, i.e.
there exists a K € I éi)(ﬁ) \ I®(#) for all § > 0. This would mean that a convergent
sequence 0; — 6 (as j — 0o) could be chosen with ZU)(6;) = Z9(6;). Since {ZW} are
all continuous, Z®)(6;) — Z®)(9) for all k € [m], and therefore the number of functions
which Z(9) if greater or equal then also converges, which is a constant 7, meaning that
K € I%(f), leading to a contradiction. O

Corollary 2.2.3. If Z® are continuous in the parameter space © and Pg(Zéi) = Ze(j)) =0
if i £ j for every 0 € ©, then Ry is continuous with probability one.

Proof. The smoothed rank R is constructed from elementary operations of Z(gi) and Z,, (i),
both of which are continuous. (And the restrictions on 7 ensure that the smoothed rank

will be continuous in the corresponding region as well.) O]

Now that the continuity of R is ensured, stepwise optimization techniques can be used
to find its minimum. The results of experiments for rank minimization with well-known

stochastic optimization algorithms can be found later in Section

Reverse Rank

The ranking function defined previously applies well in the case when the size of the
original sample n is small and the cost of generating samples is low. If however, we
have ample data from Py« (as in a lot of modern applications), then it might be difficult
to make use of all of it. This is because it is too costly to calculate the MMD-based

reference variable since it is O(n?). A similar problem could also arise because 2nm
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alternative samples need to be generated for every evaluation, which could lead to slow
calculation of the rank if generating the data takes a significant time and m is set to be
large. With a bit of modification to the ranking function however, it is possible not only to
make use of abundant data, but also to significantly decrease the runtime of the algorithm
by generating less alternative samples and calculating the reference variable fewer times
by an order of m. On top of these benefits, the smoothed version of the reverse rank
will have the same gradient as the reference variable up to a constant multiplier, and
therefore mixing the benefits of the theoretical guarantees of ranking functions with the
ease of optimization on statistics such as MMD.

The main idea is that instead of resampling from the tested parameter Py, we ”resam-
ple” from Py« (with the assumption that our sample is i.i.d.) by selecting 2m — 1 non-
overlapping blocks of length n from it. This means that if the size of the original sample
is N, then the hyperparameters n and m have to be chosen such that (2m — 1)n < N.
This requirement needs to hold for randomized (e.g., MMD-based) reference variables,
where an extra sample is needed for its calculation. For deterministic (e.g., score-based)

reference variables, a sample of size (m — 1)n < N is enough.

Definition 2.2.4. Let x1,...,xy ~ Py« denote the original sample and n and m be
hyperparameters such that (2m — 1)n < N. Then to construct the hypothesis test at
parameter 0, the reverse samples of size n can be defined as ’”Séo) ~ Py and "S® =
(Tins - - s (g 1)n—1) for i > 0. Then the reverse reference variable is TZéO) = T(TS(gO), rg(m))
and its alternatives are "ZW = T("S® 7S for i > 0 (where T is a user-chosen
similarity measure between the two samples). Similarly to the normalized rank, the reverse

rank can be constructed as

m—1

rp(m) _ 1

Ry~ = m (1 + Z H{TZ(i><TZéO)}> (2.2.6)
i1

And the smoothed reverse rank Wiém) can also be defined similarly to Definition M

Note that when evaluating the reverse rank for multiple parameters, the alternative
reference variables only need to be calculated once (in contrast to the normalized rank),
and the confidence regions have the same guarantees because of the exchangeability of

the reference variable and the alternative under null hypothesis.
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Chapter 3
Asymptotic Behavior

In this chapter, we analyze the asymptotic properties of the proposed resampling frame-
work in two distinct regimes: as the number of resamplings (m) tends to infinity, and as
the sample size (n) tends to infinity. The former (m — oo) case provides a better under-
standing of the behavior of the ranking function over the parameter space. It guarantees
that the limiting distribution of the smoothed rank is the same as that of the normalized
rank. It also shows that uniform convergence is achievable by fixing both the seed and the
initial sample. The limit in sample size (n — 00) is important to ensure the consistency
of the framework, which means that the confidence regions contract around the “true”

parameter 6, as the sample size increases.

3.1 Increasing the Number of Resamplings

First, the asymptotics of resamplings, i.e., m — oo, is discussed. Since the range of
the ranking function is dependent on m, the normalized rank Rém) will be used for this
analysis, which is the rank divided by m. This will allow for the comparison of the values
of Rém) for different numbers of resamplings, as Rém) € [0, 1] for every m. First to simplify

the notation in the following discussion, the normalized rank of any real z € R can be

defined as )
1 —
(m) _ § :
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The function Rém)(z) can then be rewritten in the following form, so that it resembles an

empirical cumulative distribution function:

m—1
m 1
Ry (2) = - (1 - Z H{z§i><z}> =

(3.1.2)
1

From which, since {Z(gi)}#o are i.i.d., the law of large numbers can be applied in order to

obtain
1 m—1
hmRm)( )= lim —— I
m—00 m—ocom — 1 ; {257 <2} (313)

=P <Ze(1) < z) = FZ§1)<Z)

with probability one for any z € R, where F 1) denotes the cumulative distribution
4

(1)

function of Z,’. First we assume that the original sample, S ©) is given and fix, but it

will later be showed that this assumption can be relaxed.

Corollary 3.1.1. If the original sample, S, is fized and ZO(O) is a deterministic (e.g., the
seed is fized or score-based), then using the substitution z = Ze(o), it holds with probability

one for any parameter 6 € © that

lim R™ = F (zgm) (3.1.4)

m—r0o0 Z

Meaning that for any fix parameter 6, the rank of the original sample will converge
to the value that the CDF of Zél) assigns to the reference variable of the original sample.
This is illustrated on Figure 3.1, where the rank was calculated for a fix sample using an
MMD-based reference variable with a fixed seed. We can see that the functions get more
and more smooth as we get better and better approximations of the CDF.

If however, Z(go) is a random variable (for example an MMD-based reference vari-
able is used without fixing the seed), then by using the fact that it is independent from
Ze(l), e Zém_l), a convergence can be stated similarly to Corollary . Since the Corol-
lary holds for all z € R, even if both Rém) and Zéo) are random variables, there will

be a convergence with probability one:

Corollary 3.1.2. If ZQ(O) 18 a randomized reference variable, then with probability one

lim R™ = F_q) (zgm) (3.1.5)

m—r 00 Z
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Figure 3.1: Rank of the original sample of size n = 50 from an exponential distribution
with parameter A = 2 for an increasing number of resamplings at each parameter using
MMD based reference variables and a fixed seed.

Remark. 1t is important to emphasize that the rank at a fix parameter will be still be a
random variable as m — 0o, the corollaries above only describe its limiting distribution.
The limit is deterministic only if we condition on Zéo) (e.g., by fixing the seed).

We can also see that the randomness in the original sample can be incorporated into
the randomness of the reference variable, and therefore Corollary holds even if S©
is not assumed to be fixed.

Notice that the normalized rank Rém)(z) almost corresponds to the empirical CDF of
{Zb(,i)}#o at point z € R, i.e. it can be rewritten as
m 1 m-—1

m

where F,,_1(z) denotes the empirical cumulative distribution function of {Zéi)}#o for a

fix 6.

Remark. Under Hy: Py = Py, if Zéi) are continuous random variables, then lim Rém) =
m—0o0

F 70 (ZG(O)> is uniformly distributed over [0, 1] if the original sample S is not fixed.
This is because substituting any random variable into its own CDF yields a uniform
distribution.

Figure [3.2] illustrates this by showing that the distribution of the rank approaches a
discrete uniform distribution as we get closer to the true parameter. In this simulation S©
(of size n = 50) was redrawn every time from an exponential distribution with parameter
2 and was then ranked using an MMD-based reference variable and m = 100. There were

10000 trials at each parameter, and the number of times each rank is achieved is then

26



visualized on a histogram (vertically) for each parameter. We can see that as we get closer

to the true parameter A = 2, the rank gets more and more uniformly distributed.

For the rate of convergence in Corollary [3.1.2] an exponential upper bound can be
given at any parameter, independently of the distribution using the Dvoretzky-Kiefer-
Wolfowitz inequality:

Theorem 3.1.3 (Dvoretzky-Kiefer-Wolfowitz). [25] Let F,, denote the empirical CDF' of
n 1.i.d. random variables with CDF F. Then for any A € R it holds that
P (\/ﬁ sup | F,,(t) — F(t)] > A) < 2exp(—2)\?) (3.1.7)
t
By rearranging the terms and using A = y/ne we obtain

P (sup |F.(t) — F(t)] > 5) < 2exp(—2ne?) (3.1.8)

With this inequality, an upper bound for the probability of the difference between the
normalized rank and the CDF being greater than some ¢ > 0 for any fixed € can be given

as stated in the following proposition:

Proposition 3.1.4 (pointwise PAC-bound). For any reference variable-based ranking

function

Zg

P (‘Rém) —F o (Zéo)ﬂ > €> < 2exp (—2m62 + 46) (3.1.9)

holds uniformly across the original sample space.
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Proof.

p(\ngm - P (27)] > 5) < (3.1.10)
<P (sgp )Rg”“(z) - Fzél)(z)‘ > g) (3.1.11)
—P (Sgp % + PR ()~ Py ()] > g> (3.1.12)
<P <Sgpmn; ! ‘(Fm,l(z) - Fzén(z))‘ v % > 5) (3.1.13)
_ <sg [(Foa ()~ Fy ()] > - (5 - %)) (3.1.14)

p
(—Q(m —1) (% (5 - %))j (3.1.15)
— 2exp (—mej - (5 - %)2) (3.1.16)
(
(

1
= 2exp | —2——— (me — 1)2> (3.1.17)
1
< 2exp | —2— (m*® — 2me + 1)) (3.1.18)
m
< 2exp (—2me* + 4e) (3.1.19)

Since the supremum is taken over z € R and the original sample S only changes the
value of the rank through z, the convergence is uniform over the original sample space for

a fix parameter 6 € ©. O

Next, we will apply Corollary to the smoothed rank (Definition [2.2.1)). Since the
ranking function will be piecewise constant only when the seed is fixed (otherwise there
is noise present, and it does not make sense to define the smoothed rank (i.e. see Figure

2.3)), we will restrict our discussion only to this case.

Remark. Before moving on to the theorem and its proof it is important to discuss and
clarify the notion of fizing the seed for the reference variables and the subsamplings as
m— 00.

We make the assumption that the seeds are contained in an infinite vector £ =
(&0, &1, &, -..) where & is used to calculate Ze(?g)a &1 is used for Zé’lg, and so on and {§;}i>o
were sampled i.i.d. from the same distribution ). This means that the distribution of
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Figure 3.2: The rank of a sample from an exponential distribution with parameter 2 in
10000 independent simulations at each parameter using MMD-based reference variables

{Zg(»fg}»o will be as if they were sampled i.i.d., and therefore by the law of large numbers,

S = Jim S T (3.1.20

with probability 1.

Theorem 3.1.5. Let 7@&2)(2) denote the smoothed rank of z € R for a fized seed &, and

Zé(,l) denote the alternative reference variable at point 6 without fixing the seed. Then

lim Ry (z) = P <Z<1> < z) = F o (2) (3.1.21)

m—o0 230

Proof. Let {Z{gfg}ﬁl denote m reference variables with a fixed seed, Zé?* the maximum
of {Zég}:il and
p=P (zgﬂ > z) (3.1.22)

In case when 0 <p < 1,if 2 < Z (m *, then by construction

Ry (2) = Rye (2)] < (3.1.23)

1
m

for every such z. This means that if z < Z ™* for a large enough m, then the limit of
ﬁé?(z) and Ré’?(z) will be the same. Slnce we already know that Re,g (z) converges
pointwise a.s. to the CDF, the probability of z < Z(SZ)* for a large enough m will give a
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lower bound for the probability of the convergence in equation (3.1.21)):

P <$EHOOR )(2) = FZ(SD(,Z)) >P <z < lim 741" ) (3.1.24)
—1—H]P’<z>Z(Z> :1—ﬁ(1—p):1 (3.1.25)

since P (z > Zél)) =1-p<1.
If p = 0, then it means that Zéj?)* < z almost surely. From the definition of the

relative smoothed rank, its value will almost surely be

~ (1 1 z
0

Since z/Z;(m_l) < z/Zé}g by definition, an upper bound can be given to the limit:
(3.1.27)

Since Zom = 1, it means that 7~2g7n)( ) > 1 also holds, and therefore lim R( (2) =1,
6

m— 00

which is exactly the value that F,a)(2) would take if ZQ9 < z almost surely.
[

In the case when p = 1, the value of the smoothed rank will be

~ (m 1 z
0

For which (similarly to the case p = 0), the value of ﬁém)(z) tends to 0 as m— 00 O

Corollary 3.1.6. With the substitution z = Zé?g we have

0
Tim RYY = F o (Z2) (3.1.29)

with probability one for any fized seed &.
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3.2 Uniform Convergence

In the previous section we have shown that there is a pointwise convergence at each
parameter 6 for the ranking function. Since this convergence shows similarities to the
Glivenco-Cantelli Theorem [22], Proposition 3.24], the question of whether it is possible to
guarantee uniform convergence across the parameter spaces can be asked. It is important
to emphasize that the Glivenco-Cantelli Theorem provides uniform convergence over the
sample space, but we want it over the parameter space.

In this chapter we will use the tools of VC-theory, and a generalization of the Glivenco-
Cantelli Theorem in order to state a sufficient condition for uniform convergence, that
depends only on the type of reference variable used. Then we will show applications of
this theorem, applying it for the previously defined reference variables, and even showing
a uniform converge across the sample space.

We start by stating the UGC (Uniform Glivenco-Cantelli) property, which defines
what is meant by uniform convergence. This definition would ensure that if the ranking
function is written in place of the empirical mean of f (see in the definition), then for any
distribution of the resamplings (which is based on the hypothesized distribution), there

would be a uniform convergence.

Definition 3.2.1. [26, Definition 3.23] Let X be a standard Borel space and My be the
set of all probability distributions over X. A set of X — R measurable functions H 1is
uniform Glivenco-Cantelli (UGC) if for every e > 0,

> fa) [ ) du

where {x;} are sampled i.i.d. from the distribution .

I=oopeMy  \m>l feH

> 5) —0 (3.2.1)

lim sup P (sup sup

Next, we state the definition of VC-dimension. This concept is widely used in statis-
tical learning theory to measure the capacity of function classes [27][28]. In this case, it

will be used to give an equivalent condition for the UGC property.

Definition 3.2.2. [28, Definition 4.1] Let X be a measurable space and H be a collection
of X —={0,1} functions. We say that H shatters a set T if for every U C T there exists
an fu € H such that fy(z) =1 for allx € U and fy(x) =0 for allx € T\ U. The VC

dimension of H is defined as the mazimum cardinality of a set that H can shatter.

As it can be seen in the definition above, the concept of VC-dimension was first
introduced for binary classification problems. There are however different generalizations
of it for regression problems, one being the fat shattering dimension defined bellow as

V,-dimension:
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Definition 3.2.3. [26, Definition 3.24] Let H be a set of X — [0, 1] functions and ~ > 0.
We say that A C X is V., shattered by H if o € R such that for every E C A there
exists an fp € H s.t. fp(x) < a—~ for every x € A\ E and fr(x) > o+ for every
x € E. The V,-dimension of H, V,(H) is the mazimal cardinality of a set A that can be
V. shattered by H.

Remark. The definition of V,-dimension can also be applied to binary classification prob-
lems. In this case if H is a set of X — {0, 1} functions, then its V., dimension is equal to
its VC-dimension if v < 1/2, and therefore V() < VC(H) for every ~.

Now we state the theorem, that was the motivation for introducing the previous ca-

pacity measures:

Theorem 3.2.4. [26, Theorem 3.25] Let H be a set of X —[0,1] functions. Then H is
UGC if and only if the V,(H) is finite for every v > 0

This theorem can also be applied to a set of binary functions as well, because based
on the previous remark, V., () < VC(H):

Corollary 3.2.5. If H is a set of X —{0,1} functions and VC(H) < oo, then © is UGC.

The motivation for stating Corollary is that the normalized rank is a mean of
indicator functions (indicating whether the reference variable is greater than an alterna-
tive variable), and therefore we need to have a restriction on the VC-dimension of these
indicator functions. However, for the theorem to be applicable, we need to have the
condition on the reference variable, not the indicator functions. Luckily the concept of

pseudo-dimension can be used in order to ensure this:

Definition 3.2.6. [28, Definition 4.2] Let G be a set of real valued functions on X and
S =Ax1,...,xn} C X. Then S is pseudo-shattered by G if there exists z = (21, ..., Zm) €
R™ such that for every E C S there exists an fr € H for which fr(z;) > z; if v; € E
and fp(x;) <z if x; € S\ E. We say that z is a witness to the pseudo-shattering. The
pseudo-dimension of G denoted as Pdim(G) is the mazimal cardinality of a set S that can

be pseudo-shattered by G.

Lemma 3.2.7. [28, Lemma 4.1] If G is a set of X =R functions and a set of YxR—{0, 1}
functions H is defined as

H={f((x.2)) = Lymsnlo € G} (3.2.2)

then VCO(H) = Pdim(G)
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This means that we can use a pseudo-dimension based condition for the UGC property

across the parameter space O, as well as all possible seeds £ € Q:

Theorem 3.2.8. Let SO denote a fized original sample from a distribution parameterized
by a standard Borel space O, Z(g?g its reference variable calculated using seed & and Rgg)
be its rank. If there exists a set of © — R functions G such that Ze(?g) € G for every seed

¢ € Q, and Pdim(G) < oo, then

l=00 gco m>l £€Q

lim sup P (sup sup Rgz) —F o (Zg?)‘ >

S(°)> =0 (3.2.3)

Proof. Let’s define the variables according to the notations of Definition [3.2.1}

If Zél) is a random variable, then the distribution of z; = (6, 20(1)) denoted as iy is
Borel-measurable on X = © x R for any fix §. (Note that the first coordinate is just
the point measure at 6.) Therefore, {iug}gpco = M’ C My. Next, the function class H is
defined as

1= { () = £,(0.20°) = L0y |0 € G} (3.2.4)
Since H is a class of binary functions, according to Theorem there will be a

convergence on all Borel probability measures if VC(H) < oo, which is equivalent to
Pdim(G) < oo. This results in a uniform convergence over G of =" Tt g} t0
P (2 < g(6;)) for all u € My. (Here the samples {z; = (6;, )}/, could come from any
i € My). Therefore, the convergence also holds on M’. For any py € M’ the set of
samples {(z1,61), ..., (T, Om)} can be written as {(x1,6),...(x,, #)} and therefore

1 " 1 m

~ ; Izicgo0y = ; L 40 0y = Fr(9(0)) (3.2.5)
and

P < 9(0) =B (7" < 90)) = Fyo (6(0) 326

where F), denotes the empirical CDF of {Ze(i) .. From it can be seen that the
convergence of the empirical CDF is equivalent to the convergence of the rank at each
point, and the convergence speed is only dependent on m. Therefore, Rém) (9(9)) converges

to Fzg” (9(0)) uniformly on 6 for every g € G. Since Z(S?g) € G for every fix seed &, the

convergence should also hold for Réfz) = Rém)(Zé?g). O

In order to be able to apply the theorem above to some reference variables, we will
give some basic arithmetic properties that can be used to prove that a function class has

a finite pseudo-dimension.
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Theorem 3.2.9. [29, Theorem 11.4] If H is a vector space of real-valued functions, then
Pdim(H) = dim(H)

Corollary 3.2.10. 29, Corollary 11.5] If H C F where F is a vector space, then
Pdim(H) < dim(F)

Lemma 3.2.11. [29, Theorem 11.3] Let H be a class of X =R functions, and g : R—R
a non-decreasing function. Then for the function class G = {g(f(z))|f € H} it holds that
Pdim(G) < Pdim(H)

Lemma 3.2.12. Let H be a set of X -+ R functions and g : ¥V — X be any function. Then
for the pseudo-dimension of G = {h(g(¢))|h € H} (where G is a set of Y —R functions)
it holds that Pdim(G) < Pdim(H).

Proof. Let X = {#¢1,...,9,} C V¥ such that it can be pseudo-shattered by G. First, we
prove that the set X’ = {g(¢1),...,g(¢,)} C O; has cardinality n, i.e. g(¢;) # g(v;) if
i # j. Assume that there are two indices ¢ # j for which g(¢;) = g(¢;), denote their
witnesses by z; and z;, and let By = {¢;} and E5 = {t;}. This would mean that there

exist functions fg,, fr, € H for which

2 < fe(9(¥3)) = fe(9(¥))) < 2

3.2.7
2 < fralg() = fr (9(10)) < 2 (3.2.7)

which is a contradiction, and therefore | X’| = n.

The other required condition is X’ to be pseudo-shattered by H. This holds, because
every hog function from G creates the same partition on X as h does on X', and therefore
Pdim(G) < Pdim(H). O

First we can notice that if the reference variable is not randomized, then the uniform
convergence property holds. In this case it can be assumed that G contains only one
function, namely the reference variable, and therefore |G| = 1, resulting in Pdim(G) = 0.
Similarly, the seed being fixed, or the seed space Q having a finite cardinality results in the
pseudo-dimension of G being finite, meaning a uniform convergence. Note that (similarly
to the case of pointwise convergence) the seed is only needed to be fixed for the reference
variable, and not for the alternative reference variables in order for the UCG property
to hold. However, the results above only hold if we assume that the original sample
SO ¢ x™ is fixed. Fortunately, this assumption can also be relaxed if the reference
variable is in G for every possible seed and original sample i.e. Zé?g 0 —>R € G for
every (S ¢) € X™ x Q and Pdim(G) < oo. This relaxation will be showcased by the
following proposition, where the uniform convergence across all original samples is proved

for score-based reference variables from the exponential distribution family.
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Figure 3.3: The mean, maximum and minimum of 50 independent trials for the maximum

of (R((,m) -F 20 (Z(go) ))? over the parameter space with increasing m illustrates the uniform

convergence when the score-based reference variable is used. The sample of size 50 was
drawn from an exponential distribution with parameter 1. The maximum was taken over
the discretized parameter space [0.01, 3] divided into 10000 pieces, with the alternative
reference variables being redrawn at every step independently.

Proposition 3.2.13. Let Zéo) be a Score-based reference variable using the Likelihood-
function of a distribution from a d-dimensional exponential family, i.e. the reference
variable of the original sample S© = (xy,...,x,) at parameter § € RP can be expressed
using a statistic T : RY—RP in the form

78 = || Vo log L(8, S|’ (3.2.8)

where L denotes the likelihood of 0 given S©:

n

L(0,59) =[] hlx:) exp (07T (x:) — b(6)) (3.2.9)

=1

Then there is a uniform convergence of the rank of the reference variable to its theoretical

limit across the sample space, as well as the parameter space:

lim sup P (Sup sup
=00 geco m>l §(0)CRd

Ry = Fy (Zé”)‘ > g) ~0 (3.2.10)
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Proof. The value of the reference variable can be rewritten as

2 = VoL (6, 5| (3.2.11)
= <§)% mpHWMﬂ—M@»)Q (3.2.12)
— ||V, (Zlog(h +Z€TT ) — nb( 9)) 2 (3.2.13)
= iT(mZ nVgb(0) 2 (3.2.14)
Here we can define ¢ = 3.7 T'(z;) and 8() = nV,b(6), and therefore
Zyt = |I€ = BO)I” (3.2.15)

It is important to note that only the value of £ € RP is dependent on the original sample
and it is independent of . This means that all possible reference variables that could be

assigned to S at parameter § are contained in the set

= {Hé —BO)P: ¢ = ZTW

The goal is now to prove that Pdim(G) < oo, so that Theorem can be applied in

order to obtain the uniform convergence. To proceed with this, first we relax the condition

Ty, ey Ty € Rd} (3.2.16)

on &, resulting in a larger function class:

—{lie-B@I* |¢ e v} (3.2.17)

Since G C @', it is enough to prove Pdim(G’) < oo. From Lemma [3.2.12] it can be seen
that it is enough to prove that the function class G” = {f,(u) = ||u — v||* |v € R%} has a
finite pseudo-dimension. Every element of G” can be rewritten as

—ivf—2U?ui+U?—ivf+iu?—2iv?ui (3.2.18)
i=1 i=1 i=1 i=1

where the changing values of {v;} determine the function class. From this representation
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it can be seen that this function class is a subset of a 2d 4+ 1-dimensional vector space H:

d d
H = {hw,v,a(u’, u) =a+ Zw?u; + Zv,Tu,} (3.2.19)
=1 =1

and therefore
Pdim(G) < Pdim(G") < Pdim(G") < Pdim(H) < 2d + 1 (3.2.20)

Meaning that Theorem can be applied to function class G, resulting in a uniform
convergence across the sample space. O

From the previous example, we can see that Theorem [3.2.8 can be used to prove
uniform convergence on © across all possible original samples. We prove in a similar
manner the uniform convergence across all possible original samples for certain reference
variables if the seed is fixed.

Theorem 3.2.14. Let S© denote the original sample, Ze(?g) its reference variable calcu-
lated using a fived seed & and let Rgz) be its rank. If there exists a set of © =R functions
G such that Zé?é) € G for every original sample S, and Pdim(G) < oo, then it holds that

(m) 0
R — F0 (Z@’ > ¢

m2>l §(0)exn

lim sup P (sup sup §> =0 (3.2.21)
=00 gco

Proof. The proof is the same as for Theorem [3.2.8] since the only difference is between how
we define the function class, and the only property used to define the uniform convergence
is Pdim(G) < oc. O

We will use the Theorem [3.2.14] to prove uniform convergence across all original sam-
ples for MMD-based reference variables constructed using a finite-dimensional RKHS.

Proposition 3.2.15. Let Zéo) be an MMD-based reference variable, that was constructed
using a kernel k, for which its corresponding RKHS H is a finite-dimensional vector
space. If the seed for calculating Zéo) 18 fized, then there is a uniform convergence across

all possible original samples S© € X™:

m 0
R — Fyo (Z02)] = 2

l=00 gco m>l §(0)cxn

g) —0 (3.2.22)

lim sup P (sup sup

—2

Proof. Let Zé?g = MMDH[S(O),Sém)(H)] where Sg(m) : 0 — X" denotes the function that
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generates an alternative sample for the fix seed £. We will once again try to prove that
2
Pdim ({7 = MMD,,[S, ng)(e)]’S@ ex}) <o (3.2.23)

First, we use Lemma [3.2.12| to see that by defining a set of X" —R functions as

G— {mi[s((’), S)|S© eX”} (3.2.24)
we have
Pdim ({ng?’s(“) ex"}) < Pdim (9) (3.2.25)

Next, we write out a function from G in its full form where {z;} are the elements of S(©)

that parameterize the function class and {y;} are the elements of S, the input of the

function.
9 1 n n
fso (S) = MMD,,[S©, §] =TT DY k(wi,ay) (3.2.26)
i=1 j#i
1 n n
+ — k(yi, y; 3.2.27
n(n — 1) 21 ; (i> ;) ( )
2 n n
DI ILICHE (3.2.28)
i=1 j=1

Let ey, ..., 4 denote an orthonormal basis of . From the reproducing property of (H, k),

for any u,v € H, k(u,v) can be rewritten as

d
k(u,0) = (ky, ko) = (aner + aaea, fres + Baca) = > aif; (3.2.29)
=1

Now we can see that G is a subset of a finite-dimensional vector space: Let k,, = a; 1€1 +
...+ geq for every z; € SO, (Notice that G is parameterized by a = (a1, ..., @n.q), since
fs© depends on SO only through k,,, ..., ks, .)

Similarly, for a fix S the value of fsw)(S) depends on S only through

{ky, }iey = {(Birer + ... + Biaea) Yiey (3.2.30)

By introducing the function ¥(S) = (B11, ..., Bna) = 5, Lemma [3.2.12| can be used on
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fa((S)) = fa(B) where

n n d

fa(B) :ﬁzzzai,z%,z (3.2.31)
i=1 j#i I=1

n n d

- m SN BB (3.2.32)

i=1 j#i 1=1

n n d

_ % S audy (3.2.33)

i=1 j=1 I=1

Similarly to equation [3.2.19] we can see that this is a subset of a 2dn? + 1 dimensional

space, and therefore it has a finite pseudo-dimension. O

3.3 Increasing Sample Size

Next, we investigate the asymptotic behavior for n— oco. For this, it is assumed that the

original sample S(© = {z1,....,x,} contains i.i.d. instances from distribution Py.

Definition 3.3.1. We say that a reference variable is consistent, if it holds that

, 0 if x; ~ Py 1.1.d.
lim ZQ(Z) = f o ’

(3.3.1)
oo cg € Ry U{oco} else

almost surely for any 0 € © parameter.

Proposition 3.3.2. (Pointwise consistency)  If Z(gi) are consistent, then for any fix
0 € O, the normalized rank R(gm) constructed from it has the following properties:

L) ﬁém)—ﬂ a.s. as n— o0 if Pp« # Py.

I1I.) ﬁém) A Unl0,1] as n— o0 if Pg« = Py where U,,[0, 1] denotes the discrete uniform
distribution over the set {%, e mT_l, 1} if the original sample SO is considered random
as well.

Proof. 1.) Since Py # Py«, by the definition of consistency, we have lim Z(SO) =cyp>0=
n—oo
lim Ze(l) for all 7 # 0, therefore lim ﬁgz) =1 as..

n—oo n—oo

I1.) Since Py« = Py, Zéo) and Ze(i) have the same distribution for all i € [m], the place
that the reference variable would take in the ordering of {Z(gi)} is uniformly distributed.
O
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Figure 3.4: Rank of the original sample (from an exponential distribution with parameter
A = 2) calculated using m = 10 and a consistent (RBF MMD-based) reference variable.

Next, we prove that the MMD based reference variables are consistent if they are
constructed using a characteristic kernel. An example for increasing the size of the sample
for a characteristic (in this case RBF) kernel is shown in Figure 3.4 To show that
characteristic kernels are consistent, first we need the law of large numbers for kernel

mean embeddings.

Lemma 3.3.3. (Law of large numbers for kernel mean embeddings) Let H be a real,
separable RKHS over X and (X, A,P) a probability space. Denote the empirical distribu-
tion of a sample {z;}" with Q,(A) = 3" T,.ca for all A € A. Then it holds that

T on

|l = pqu 3, —0 as n—oo.

Proof. First we decompose the norm into two parts, and then show that each converges
to 0 as n—0:

e — 1.5 = (e — 11Qu, e — 1. )5 (3.3.2)
pips pp) — 2 (pips Q) + (@, HQu) (3.3.3)
(HQus ho.) — (Hps hQ,)) (3.3.4)
+ ((ue, pp) — (pp,s 11q,.)) ( )

=
=

We can rewrite the scalar products in (3.3.4) and (3.3.5)) using the definition of the kernel
mean embeddings and the reproducing property of the RKHS:
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<ILLQn7ILLQ’ﬂ>’H = <%Zk(7$l)’%zk(7‘$])> :% : % ‘ kél?z(x])

1 n
(s Q) gy = <E Z k(-,xi),up> = Ex.p
H

(e, pp) = Eyp [Exp [F(X,Y)]]

First, for (3.3.4) —0 we rewrite it as

S5 k)~ S Bxeslh (X)] =
=1 7j=1 =1 =1

j=1
(3.3.7)
Next we use the fact that k,, are P-measurable functions with real values and
Explkn, (X)] = (Kays i) < (|Re ||l pa 130 < 00 (3.3.8)
Therefore, the strong law of large numbers can be applied for each i € [n]
(3.3.9)

(% Z kl‘z ((13]) - ]EXNP[kIz(X)}> —0

so their sum in (3.3.7) =0 as well. Next, (3.3.5) =0 is equivalent to

< kaz,ﬂuv> (e, 1By < ka MIP’a,U]P’> (3.3.10)

tending to 0 as n—0. For this it is more than enough to show that

1 n
<—E kxi—,ll]p,h> —0
n-

i=1 H

for all h € H, i.e. it is the null vector:

(3.3.11)

1« 1
SNk —pph ) = =Sk h , h(z:) — Exp[h(X 3.12
<n;z/~@>%n;<l>m@ LS o~ B0 3312
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once again, since Ex p[h(X)] < oo for every element h of the RKHS H, the law of large

numbers hold, and this difference also tends to 0 as n— oo. [

Proposition 3.3.4. MMD based reference variables are consistent if they are constructed

using a characteristic kernel:

. rR2 1a(0) o(m)
lim MMD,,[S©, S™] =0 (3.3.13)

n—o0
if and only if Py = Pp-

Proof. The law of large numbers for kernel mean embeddings stated in Lemma [3.3.3
will be used: Let fip = = >, k(z;,-) be the empirical estimator for the kernel mean

embedding pup. Then fip converges to up, i.e.
i e — el = 0 (3:3.14)

In order to show that a characteristic kernel MMD-based reference variable is consistent,
let S© be the original sample from Pg- and Sém) be a sample drawn from Py for the calcu-

lation of the reference variable with empirical mean embeddings fip,. and fip, respectively.

Therefore,
_— 9 m A .
MMDy,[S, S5 = ||jte,.. — fie, I3 (3.3.15)
:||ﬂP9*_MP9*+MP9*_MP9+MP9_:a]P’a||3—[ (3316)
S AP oy (3:3.17)

Taking the limit in both sides and equation (3.3.14)) yields an upper bound for

—2
lim MMD,,[S©, 5™ < MMD?Z,[Py-, P] (3.3.18)

n—oo

A lower bound can be obtained in a similar manner:

MMD3, [Py, Po] = || tp,- b1, |15 (3.3.19)
3+ izg— fim, |15, + |1 fips— b, |13 (3.3.20)

S ||,U]P>9*_/:L]P>9*
Again, two of the three terms tend to 0 as n— oo, therefore

—2
MMD?2, [Py, Py] < lim MMD,,[S©, 5™ (3.3.21)

n—oo
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From which we get that

—2
lim MMD,,[S©, 5™ = MMD2,[Py-, Py] (3.3.22)
n—o0
=0 if and only if Py = Py (3.3.23)
O

As illustrated by Figure [3.4] this means that the point estimations based on rank
minimization are consistent if a characteristic kernel MMD-based reference variable is

used.
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Chapter 4
Optimization

In this chapter, we will test the potential of minimizing the rank using gradient-free
methods, such as the simultaneous perturbation stochastic approximation (SPSA) algo-
rithm or Nelder-Mead optimization. The main focus will be on Gaussian mixture models,
as they are a widely used, and fitting them is a non-trivial problem with a strong and
widely accepted benchmark in the form of the expectation-maximization (EM) algorithm.

Therefore, we begin the chapter by introducing these models.

4.1 Gaussian Mixture Models

Gaussian mixture models are exactly that: mixtures of different Gaussian distributions.

Definition 4.1.1. A d-dimensional Gaussian Mizture Model (GMM) with k miztures is
parameterized by pi, ..., 1w, € R mean vectors, ¥i,..., %, positive definite covariance
matrices, and w € (0,1)* weight vector with wy + -+ 4+ wy = 1. This means that the

probability density function of a GMM can be written as

k
)= 2w ,E o (—%(w )T - ui>> (4.11)

As it can be seen from the definition in Equation the loglikelihood function of
a GMM cannot be simplified because of the weighted summation of the exponentials.
The EM-algorithm solves this problem by iteratively fixing the weights and using the
fixed weights to approximate the means and covariance matrices, and then using these
estimates to change the weights. The EM-algorithm sometimes gets stuck in local min-
ima, but when initiated from several different starting points, it can successfully find a
good approximation for the original distribution. This algorithm is often used for the

approximation of GMMs, and therefore it serves as a good benchmark for our purposes.
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When evaluating the estimations of the different models, it is important to compare the
estimated and original distributions to each other and not the parameters, since our aim
is to estimate distributions. (Also the parametrization of GMMs is not unique due to the
interchangeable components.) For the measurement of similarity of different distributions,

we will use KL-divergence and MMD.

Definition 4.1.2. The Kullback-Leibler divergence between two distributions, P and Q

with probability density functions p and q with dominating measure X\ is defined as

= X ) 10 @ X
Dis(P||Q) = / pla) o Z dA(e) (41.2)

An important property of the KL-divergence is that it is not symmetric, and therefore
when comparing two distributions, both directions can be calculated. Unfortunately the
KL-divergence of two GMMs does not have an explicit formula, and therefore, it has to

be numerically estimated using Monte-Carlo simulations:

N
DxiL(P||Q) = Z log p(x;) — log q(x;)) where z; ~ P i.i.d. (4.1.3)
i=1

In contrast to the KL-divergence, the Maximum Mean Discrepancy of two GMMs can
be calculated explicitly if the Gaussian kernel is used. The formula using the parameters

is given in the following proposition:

Proposition 4.1.3. Let P and Q be two d-dimensional Gaussian mixture models, and let
Xp,, pp,, wp, and Xq,, HQ,, wq, denote their respective mizture parameters and weights.
Then the Gauss-kernel based MMD of the two mizture models can be calculated analytically

as
n

S°S wnwe, <|I o028, exp (_% (= (S, + 0°1) m,.j))) (4.1.4)

i=1 j=1

where o 1s the dispersion parameter, Si; = Xp, + Xg, and mi; = pip, — Q-

Proof. The MMD of two probability distributions can be rewritten as
MMD% [P, Q] = E[k(X, X)] + E[k(Y,Y")] — 2E[k(X,Y)] (4.1.5)

with X, X’ ~ P and Y, Y’ ~ @ independent random variables, we only need to be able to

calculate
B
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for any z ~ P and 2’ ~ @ where P and @) are Gaussian mixture distributions. It is
however enough to find the closed-form solution for any x ~ P; and ' ~ @); Gaussians,

Elk(z, ")) = / / k(z,2) Z wp, fp. (2) Zij fo, () dx dx’ (4.1.7)

=D wrug, / / k(z,2') fp(2) fo,(2') dx d’ (4.1.8)

i=1 j=1

First, define 2 = x — 2, a normally distributed random variable with mean m = pp, — g,
and covariance matrix S = Yp, + ¥q;. Then the expectation becomes
2Tz

Blk(o,o)) = e (=53] (11.9)

202

(4.1.11)
Using A = S7! + 672] and completing the square for

2TAz = 22" ' m 4 mT ST AT S T i = (2 — Ailelm)T A(z—A7'S"'m)  (4.1.12)

= (z—m)" A(z —m) (4.1.13)
yields
1 1
z,2) = ———— [exp[—= z—m)TA(z—m)—m"STAT S 'm + mTS'm) dz
Blk(e ) = gy foe(g e A ) ") d
(4.1.14)
_exp(—% (—stflAflsflm%—mTS*lm)) o _1 JR. — g
N (2m)% |52 /p(2( S Al ))d
(4.1.15)
1

= ———exp (—1 (—mTS_lA_lS_lm + mTS_lm)) (27?)% |A_1‘%
S HEERANE
(4.1.16)

46



That can be further simplified to

1 1 d 1
Elk(z,2")] = ——— exp (—— (—m'ST' AT S m + mTS_lm)> (2m)z |A7H?
(2m)2 |S]2 2
(4.1.17)
|A71|% 1 Tg—14-1g-1 To-1
- P exp —5(—m STTATIS T 'm +m ST im) (4.1.18)
S|z

= ‘(I o) S‘ Xp (—% (—mTS*1 (I+0725)7" 55 'm + mTSlm>)

(4.1.19)

|7+ 0725| F exp <_% <—mT (sfl — 57 (I + 0—*25)‘1) m)) (4.1.20)

where the substitution A~ = (I + ¢25)~" S results from the fact that A = S~ 4+0—2] =
S71(I +0728). In order to further simplify the exponential, the Sherman-Morrison-

Woodbury formula can be used, stated in [30] as
T+ 77U (W -VTT'0) " VIT = (T - oW 'vT) ™ (4.1.21)
With substitutions T =V =S, U = —] and W = 0725 we get
Elk(z,2)] = |1 + J_2S|_% exp <—% (—mT (S‘l + S (I+ 0'_25)_1> m)) (4.1.22)
= |1+ U_QS|7% exp (—% (=m" (S +0%I) m)) (4.1.23)

that can be calculated for any pair of Gaussian distributions, and therefore the MMD of

two mixture models can be calculated as well. O

4.2 Algorithms

In this section, we elaborate on the use of (smoothed) rank minimization as a numerical
strategy for constructing point estimates for (the parameters of) the true data-generating
distribution. For this end, we explore some stochastic approximation algorithms that can
be used to find a point estimate for the minimizer 0 of the ranking function.

It will be assumed that the distribution is parameterized by a vector space O, so
that gradient descent-based algorithms can be be used (motivated by the widely used
stochastic gradient descent algorithm [31]). Unfortunately however, the gradient of the
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Algorithm 1 SPSA-ADAM

Input: 0: starting parameter, §: perturbation size , v: learning rate, 3, p: decay rates,
So: original sample, G: alternative sampler, m: n.o. resamplings, &: seed; [SR is the
Smoothed rank function]

1: M+ 0

2: s+ 0

3t 1

4: while not Stopping Criterion do

Sample direction A ~ Uniform({—1, 1}/

Ft « SR(0 — 0A, Sy, G,m, &)

F~ « SR(6 + 0A, Sy, G,m, &)

V« (FT—F7)/(20A)

M (BM + (1= B)V)/(1 - B

10: s+ (ps+(L—p)(VOV))/(1-p")

11: 0« 0+~yM/(\/s+1078)

12: t+—t+1

13: end while

14: return (0,1)

rank cannot be calculated, since we assume that (both the original and the alternative)
samples are generated by a black box G : © x Q— X, and therefore we do not explicitly
know how the rank depends on parameter #. In order to overcome this problem, we will
take inspiration from stochastic approximation algorithms. One such algorithm is the
Kiefer-Wolfowitz algorithm [32], that can be used for one-dimensional parameter spaces.
This algorithm works by taking a small step in each direction, and then estimating the

gradient based on the value of the function in each direction:

Definition 4.2.1. Kiefer-Wolfowitz Algorithm for finding the minimum of a real valued

function F: R—R:
F(0, —9,) — F(0, + 6,)

20y,

Ont1 = 0n + 0 (4.2.1)

2
CSE

where the learning rates {y,} and 6, satisfy " n = 00, limd, =0 and Y " ;3 < ooc.
n—00 n

This idea can be extended to finite-dimensional vector spaces using the Simultaneous
Perturbation Stochastic Approximation (SPSA) algorithm [33], which estimates the gra-

dient locally by taking only one step in a random, as well as the exact opposite direction.

Definition 4.2.2. Simultaneous Perturbation Stochastic Approximation (SPSA): for find-
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ing a minimum of F : R¢—R:

F(0y — 6,0,) — F(6y, + 6,A,)
2577,An,k:

‘9n+1,k = en,k + Yn (422)
where 0,5, denotes the kth coordinate of 6,,, and {A,} are independent, symmetric, zero-

mean vectors, for ezample Bernoulli trials with A, = £1 with probability % each.

We can further enhance the algorithm above by adding a momentum component to
it (making it similar to the heavy-ball method), or by making it similar to the popular
ADAM algorithm [34, Algorithm 1]. For a pseudocode that can be used for the optimiza-
tion, see Algorithm . (Here, the ® operation denotes the element-wise product)

Another way to find the minimum of the smoothed rank without relying on gradients
is by using the method introduced by (and named after) J.A. Nelder and R. Mead [35].

The Nelder-Mead algorithm can be used to find the minimum of a function F' on a
d-dimensional vector space by iteratively updating the d 4+ 1 vertices of a simplex using
three basic steps: reflection, contraction and expansion. To describe the algorithm, let
Py, Py, ..., P; denote the d + 1 points stored by the algorithm at any given step, and
the indices h and [ correspond to the ”highest” and ”lowest” points, i.e. P, > P; and
P, < P, for all i. Furthermore, let P denote the centroid of all points other than P, i.e.
P = é Ei;ﬁh B

First, for the main step of the algorithm, the reflection of P, is calculated using the

reflection coefficient a > 0 as

P*=(1+a«a)P—aP, (4.2.3)

If F(P) < F(P*) < F(Py), then the points are updated and we continue by repeating
this reflection step again.

If F(P*) < F(P), i.e. the new point obtained by a reflection is the new minimum,
then it means that proceeding in this direction is beneficial. Therefore, the reflection
is followed with an expansion step where P* is expanded to P** using the expansion
coefficient v > 1:

P* = yP* 4 (1 —~)P (4.2.4)

If F(P**) < F(P,), then we replace P* with P** and proceed with a reflection step.
If F(P,) > F(P*) i.e. replacing P, with P* would leave P* the maximum, meaning
that the reflection was unsuccessful, we perform a contraction by first setting P, to the

minimum of P, and P* and then using the contraction coefficient B € (0,1):

P =8P, + (1 - B)P (4.2.5)
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Figure 4.1: The four different steps of the Nelder-Mead algorithm in a three-dimensional
parameter space with coefficients a = 0.6, 5 = 0.7,y = 1.4.

If P** still remains the highest point, then we obtain a new set of points by shrinking the

whole simplex and redefining P;-s to be closer to the lowest point:
P/ = (P.+P)/2 (4.2.6)

After the contraction step, we return to performing a reflection. Each type of step is
illustrated on Figure [4.1]

4.3 Simulations

This section contains the results of the different smoothed rank minimization methods

from the previous section.

Ezample. First, figure[4.2]shows a simulation for the SPSA algorithm and its modifications
for the estimation of the parameter of a Gaussian distribution (The original parameter

is also indicated on the figures). It can be seen that the Momentum boosted algorithm
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(a) Every step of each algorithm (b) The average of every 10 steps

Figure 4.2: SPSA-based optimization methods for a sample from N(—4,3),n = 50, m =
20,7(z,y) = 5 — 1 using RBF kernel based MMD reference variables.

(~ 150 steps) reaches the optimum faster than the vanilla SPSA (~ 200 steps) and that
the algorithm using ADAM is the fastest (~ 130 steps), generally moving faster than
the others, but jumping around the optimum by the end. This problem can be solved
however by taking an average of the last 10 steps. This shows that this rank minimization
approach is successful in low dimensions, when the smoothed rank is absent from local

minima, and it is straightforward to find the global minimum via descent methods.

FExample. In order to test the rank minimization based point estimation, as a proof-of-
concept in higher dimensional spaces with multiple local minima, the problem of esti-
mating Gaussian mixture models was chosen. It is a non-trivial estimation task with
an existing and widely used benchmark method in the form of the EM-algorithm [36].
Figure 4.3 shows the results comparing the rank minimization estimates to minimizing
the Gauss-kernel-based reference variable and the optimum of the EM-algorithm using
different similarity measures between the original and estimated distributions. In order
to avoid local minima, both the rank and reference variable minimizations were initialized
from 10 different random points optimized using Nelder-Mead optimization.

In the simulations, rank minimization performed slightly below the EM algorithm,
though the results remained comparable, and it outperformed the direct minimization of
the underlying reference variable. This means that the key for the rank minimization
to succeed is to design its reference variables well, in which it offers a great flexibility.
Another key observation is that the estimates of the rank minimization and EM-algorithm
were comparable, even though the former is much more flexible (e.g., distribution-free),
while the latter was specifically designed for the estimation of such mixture models.

Figure [4.4] shows that from the EM-optimum, a parameter with almost the same

error, but with a low (usually minimal) rank can be reached, meaning that the region

o1



* ° e [ EM .
= MMD °
[ Rank
2 . ? |2
§ 10° g 10+ g
& & 8
=3 H 2
8 . s g
c c
@ o ° o H I}
g g § gl ¢ § 8 g
2 8 2
3 2
i 0 i 0
10° 10
01 02 05 10 20 50 100 o1 02 05 1o 20 50 100
Variance/Mean ratio Variance/Mean ratio
(a) Dxr(Po+[|Py) (b) Dkr(Py[|Po-)
10° | °
[ EM 30|
8 6 ° [ MMD -
8 l ° Rank ° °
8
et 8 3 8 ° 25 °
P 8 < °
® Saot :
T 3 . o
< £, . s
a 8 ° ) 0 ®
. & s 8
w07 10t 8 8 8
[} ¢ i ] !
05 | 0 80
Al g Me smet dadom :
u‘.1 o‘.z ofs 1fo zfo 5:0 10‘.0 011 0-‘2 0‘-5 1.‘0 2.‘0 5‘.0 16.0
Variance/Mean ratio Variance/Mean ratio
(c) MMD(Py, Pg+) (d) Rank of S at §

Figure 4.3: Two-dimensional, two-mixture case with random starting points. Each box-
plot contains 100 independent estimations with smaller Variance/Mean ratios meaning
“more distinct” mixtures. The KL-divergences were estimated using Monte-Carlo simu-
lations, while the MMD was calculated explicitly from the parameters.

with the lowest rank contains a good estimate for the original distribution. This also
means that with our method, estimates based on well-established algorithms can be fine-
tuned. This not only improves the estimated model, but also ensures that the obtained
solution has finite sample guarantees, as our exact confidence regions are centered around
the rank-minimizer estimates. The fact that there is usually a low rank parameter close
to the optimum implies that with further refinements of the optimization algorithms
and improved design of the reference variables, the efficiency of the EM method can be
matched or even surpassed, even though our approach is data-driven, unlike the highly
specific EM method which needs the knowledge of the likelihood function.

These simulations were done in Julia, using packages GaussianMixtures.jl for the EM
algorithm, and Optim.jl for Nelder-Mead optimization. In Figures and [4.4] the pa-
rameters for a 100 mixture models were randomly generated based on each variance/mean
ratio from a uniform distribution over [—1, 1] for the mean vectors and from a uniform
distribution over [—o, 0| (where o is the variance/mean ratio) for the non-zero elements

of the Cholesky decomposition of the covariance matrices. The weight vectors were also
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Figure 4.4: Initiated from the EM-optimum, in the 3 dimensional, 5 mixture case: KL-
divergences and MMDs between the original and estimated distributions of the three
different methods, as well as their ranks.

sampled uniformly from [0, 1], and then normalized. The same sample of size 50 was

then drawn from each distribution and given to the three optimization algorithms. The

smoothed rank minimization algorithm performed m = 10 resamplings. The performance

of different models was measured using Monte-Carlo estimates of the KL-divergence and
the Gauss-kernel based MMD (which can be explicitly calculated between mixtures of

normal distributions).
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Figure 4.5: Initiated from the EM-optimum, in the 3 dimensional, 5 mixture case: KL-
divergences and MMDs between the original and estimated distributions of the three
different methods, as well as their ranks.

FExample. The ranking framework can be applied to neural networks as well. Figure
show the results of approximating 2-dimensional distributions parameterized by random
initializations of neural networks with 16 neurons. Figures and show the MMD-
and Ll-distances between the original and the estimated distributions, while the others
show an an example distribution, its estimates, and the sample of size 100 that was used
for the estimations. This means that the ranking framework can be successfully used to

estimate distributions even in high dimensional parameter spaces.
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Conclusion

In this work after discussing kernel mean embeddings in Chapter [I we established a
framework for creating consistent, distribution-free confidence regions in Chapter [2l The
underlying hypothesis tests are applicable for generative models parameterized by general
parameter spaces (e.g., it doesn’t have to be finite dimensional) and have exact coverage
even for finite samples. These confidence regions then were later used in Chapter [4] to
create distribution-free point estimations with exact statistical guarantees, however the
framework supports region estimates as well. In that chapter, methods for creating the
point estimate using the introduced framework were further discussed, evaluated and
compared to well-established techniques for simple and more complex models.

In Chapter [3| the asymptotic properties of the ranking function (which is the basis of
the tests used to construct the confidence regions) was also discussed in detail, giving a
PAC-bound for the rate of convergence (as the number of resamplings is increased) at a fix
parameter. Theoretical guarantees were also given for uniform convergence under certain,
VC-dimension-based conditions over the parameter space. To satisfy these conditions,
we collected applicable tools for the proposed condition and demonstrated usecases for
it, proving a uniform convergence across the sample space for different types of reference
variables. As for the limit of the rank in the size of the original sample, the definition of
a consistent reference variable was introduced to give a sufficient condition for pointwise
convergence, and it was proved that MMD-based reference variables constructed using
characteristic kernels are consistent.

So far we have demonstrated that rank minimization as a concept has both theoretical
and practical potential, but there is still a lot of room for improvement. First, more
sophisticated algorithms should be developed to optimize on higher dimensional parameter
spaces or to access infinite-dimensional ones. Second, a more in-debth analysis of the
reverse rank is also in order in both theoretical and practical aspects. And finally, for
more complex distributions, such as ones generated by large neural networks or diffusion
models, specific reference variables could be developed for a more successful and faster

optimization.
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Alulirott Novak Benedek Balint nyilatkozom, hogy szakdolgozatom elkészitése soran

az alabb felsorolt feladatok elvégzésére a megadott MI alapt eszkozoket alkalmaztam:

Feladat Felhasznalt eszkoz | Felhasznalas helye Megjegyzés
Irodalomkutatas GPT-5.2 Teljes dolgozat
LaTeX formazas GPT-5.2 Teljes dolgozat
Julia kod generalas GPT-5.2 Teljes dolgozat Abrék, szimulaciok
Egyenletrendezés GPT-5.2 Proposition 4.1.3 | Manuadlisan ellendrizve

A felsoroltakon til méds MI alapu eszkozt nem hasznaltam.
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