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1 Introduction
This thesis presents a survey of the problem of finding a maximum properly colored forest, called
maxPF, and its variations. In an edge-colored graph, we search for a forest in which no two
adjacent edges have the same color. This thesis also places this problem in a matroid-theoretic
framework. Besides a refresher of basic matroid theory, it provides an overview of the articles on
the current best known approximation algorithms for matroid intersection and matroid k-parity.
This includes Linhares, Olver, Swamy, and Zenklusen’s approximation algorithm for three matroid
intersection by iterative refinement [16], Lee Sviridenko and Vondrák’s p-exchange algorithm and
their local swap algorithm for matroid k-parity [14, 15], and Singer and Thiery’s weight class
algorithm for weighted matroid k-parity [22]. The central part of this thesis details the main
result of the first paper to propose maxPF Bai, Bérczi, Csáji and Schwarcz Approximation of
maximum-size properly colored forests [1], and the findings in the most recent paper Bai, Bérczi
and Siemelink’s Approximating properly colored forests via degree bounded independent sets [2].
Their article also includes some other structures that are properly colored: bundled trees, b-
matchings, and branchings.

1.1 Motivation
When using graph theory for real-world applications, we can encode various conflicts by coloring
the edges. For example, if the edges represent tasks, coloring two adjacent edges the same color
can denote that they cannot both be done simultaneously. So, finding a properly colored subset
(in which no two edges of the same color meet) could give a way to find a feasible schedule.

Forests have valuable properties; they are acyclic and can model hierarchical structures. In the
context of a network, it may be important to minimize the number of edges to be cost-effective.
A minimally connected graph is a tree, which makes forests a promising candidate to look for.

It is natural to look for subgraphs that have both these beneficial properties: The central
problem in this thesis is maxPF, where we strive to find a maximum-size properly colored forest.
This is generalized by adding weights and by using a more general variant of proper coloring.

1.2 Historical context
At first, most of the research focused on rainbow colored subsets, in which each color appears at
most once. In the case of forests, this is easily solvable using matroid intersection. Borozan, de
La Vega, Manoussakis, and Mantinhorn [3] initiated the study of properly colored spanning trees.
Properly colored forests is a generalization thereof and was proposed by Bai, Bérczi, Csáji, and
Schwarcz [1].

The purpose of this thesis is to consolidate results on maxPF and its variants. We provide
detailed, state-of-the-art matroid theoretic context, summarize the results of both articles [1, 2]
that exist on this subject. This thesis serves as a guide for anyone wishing to learn about maxPF.

2 Problem proposition

2.1 Notation guide
We briefly list the notation used throughout the thesis. They are primarily basic graph theory
concepts, with some concise definitions that are explained in greater detail later.
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Let

• G = (V,E) be an undirected loopless graph which might contain parallel edges,

• V denotes the vertex set,

• E denotes the edge set.

For a vertex v ∈ V , let

• δ(v) ⊆ E be the set of edges incident to v, and

• δF (v) := δ(v) ∩ F for an edge set F ⊆ E this is the degree in F .

In a graph, a subset that

• is a list of v1, e1, ...el−1, vl where vi ∈ V, ei = {vi, vi+1} ∈ E is a walk.

• A subset is connected if there exists a walk containing all its vertices.

• If the first and last vertex are the same one in a walk, it is a circuit.

• If no vertex is used twice, it is a path.

• If only the first vertex is used again as the last vertex, it is a cycle.

• A subset containing no cycles (called acyclic) is a forest.

• A connected forest is a tree.

Let k ∈ Z>0 be the number of colors and define

• [k] := {1, 2, . . . , k}.

• c : E → [k] this function is an edge coloring.

• Ei := {e ∈ E | c(e) = i} for any color i ∈ [k], this is the edges of color i.

• If |δF (v) ∩ Ei| ≤ 1 ∀v ∈ V, ∀i ∈ [k] the edge set is properly colored.

• If |δF (v) ∩ Ei| ≤ gi(v) ∀v ∈ V, ∀i ∈ [k] the edge set is g-properly colored for a function
g : V → R≥0.

Graphs can be weighted

• by a weight function w : E → R≥0.

• w(F ) :=
∑

e∈F w(e) gives the weight of an edge set F ⊆ E.

We consider the following optimization problems:

• maxPF: maximum-size properly colored forest,

• maxGPF: maximum-size g-properly colored forest,

• maxWPF: maximum-weight properly colored forest,

• maxWGPF: maximum-weight g-properly colored forest.
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2.2 Proper coloring
Graph coloring is a vast field of study, with many variations on how to color. Here we consider
a graph G = (V,E) that can be colored on the edges by a function c : E → [k] called an edge-
coloring, where the numbers 1 through k represent the k colors. The graph is properly colored if
at each vertex there are no two edges of the same color.

The classic question of edge coloring is to find the chromatic number, meaning the minimum
number of colors needed to properly color a given graph. We now consider this somewhat reversed:
given a graph G with a fixed edge-coloring c called a k-edge-colored graph, we are searching for
properly colored subgraphs. It is most convenient to denote these subgraphs by their edge sets.

Figure 1: Example of a graph with a properly colored subset of edges

A minimum-size properly colored edge set is an empty set. A maximum-sized properly colored
edge set can be obtained using one key observation. At each vertex in a properly colored subgraph
there is at most one of each color. If we now look at all the red edges in this properly colored
subgraph we know no two edges can meet. A bunch of vertex disjoint edges is a matching, so
properly colored subgraphs are exactly the unions of unicolored matchings. If we want to maximise
it we just need to find the biggest matching of each color and take their union, which can be done
in various ways.

2.3 g-proper coloring
In a properly colored subgraph we have one matching per color, now we allow a b-matching for
every color. A b-matching in a graph G = (V,E) is a subset of edges B ⊆ E such that for every
vertex v ∈ V , the number of adjacent edges |δB(v)| ≤ b(v), for a bound b(v) : V → Z≥0 specified
in advance. This is a generalization of a matching because if b ≡ 1, we get a matching.

Definition of g-properly colored: An edge set F ⊆ E is g-properly colored if for each color
i ∈ [k], the subgraph of F induced by color i forms a gi-matching, for gi : V → Z≥0.

Finding maximum size b-matchings is also solvable [20], so simply looking for the biggest g-
properly colored subset is easily solvable. We can make it more interesting by specifying what
type of subset.
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Figure 2: Example of a g-properly colored subgraph

2.4 Statement of the central problem
One of the simplest graph structures is a tree, and while there is some work by Bai, Bérczi, Csáji,
and Schwarcz [1] on the maximum properly colored tree problem, this thesis focuses on a whole
forest of them, the maximum-size properly colored forest problem, also introduced by Bai et al.,
referred to by its acronym maxPF.

Maximum-size properly colored forest problem (maxPF): Given a k-edge colored graph
G = (V,E) we are looking for the maximum-size properly colored forest.

In Approximating maximum-size properly colored forests [1], they only used proper coloration.
g-proper coloration was later considered in the follow-up article by Bai, Bérczi, and Siemelink [2],
also giving rise to a new acronym for the g-properly colored version, maxGPF.

2.5 Weight
It is a well-known phenomenon in graph theory (and we will see examples from matroid theory in
sections to come) that adding weights can completely change the challenges faced when trying to
solve a problem. These often require entirely novel approaches. This is also the case with maxPF
and maxGPF, and now we introduce:

Maximum weight properly colored forest problem (maxWPF): Given a k-edge colored
graph G = (V,E) and edge-weights w : E → R≥0 we are looking for a properly colored forest
F ⊆ E maximizing

∑
e∈F

w(e).

maxPF, maxWPF, maxGPF, and maxWGPF are going to be at the center of this thesis;
this is a collection of all there is to know about this problem at this point.

3 Hardness refresher
When discussing algorithms, it is essential to calculate the runtime. The goal is always for an
algorithm to be as fast as possible; the fastest in this context is polynomial: for an input size n,
the algorithm is guaranteed to terminate within a number of steps calculated by a polynomial in n.
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Different polynomials give different running times, for example, an algorithm of O(n) terminates
within constant times INPUT number of steps. In this thesis, we will only consider different
complexity classes, so proving polynomiality suffices.

The most important complexity classes will now be listed briefly. When a solution can be
verified in polynomial time, the complexity of the problem is called NP. A problem to which all
problems in NP can be reduced is called NP-hard. Problems that are NP and NP-hard at the same
time are called NP-complete. Showing that a problem is a member of one of these complexity
classes most often happens by a reduction to a known member, most notably for this thesis: the
Hamiltonian-path problem is NP-complete.

Most of the problems discussed here are NP-complete, which means the only way we could
hope for a polynomial algorithm is if P=NP. While this is an open question, it is generally used
as an assumption that P ̸= NP when discussing hardness.

3.1 Approximation
The way we tackle such hard problems is by making α-approximation algorithms. These return
feasible solutions that do not reach the optimal value but are guaranteed to be close enough. To
discuss these, we need a way to quickly refer to ”the value of an optimal solution for the given
problem”.

Definition of the OPT operator: For an instance of a problem, let OPT(instance) denote
the value of an optimal solution. Which problem is meant should be clear from context.

Definition of α-approx: Given a maximization problem, an α-approximation 0 < α < 1

algorithm returns a feasible solution where the output is at worst α times the optimum:

OUTPUT(instance) ≥ α ·OPT(instance)

Here, for example, instead of a maximum-size properly colored forest, we find a forest that is
properly colored, and we prove that the algorithm’s tricks guarantee that it is at least half as big
as the optimum.

There is also a definition for minimization problems. It is often used for the maximization
case to denote an α-approximation as a 1

α -approximation. The idea is that a 2-approximation in
a maximization setting can only mean that the output is half as good as the optimum. In this
thesis, we stick to the α that is the coefficient of the optimal solution.

If there is an (1 − ϵ)-approximation, as in a way to get a solution arbitrarily close to the
optimum, the algorithm is called a Polynomial-Time Approximation Scheme or PTAS for short.

There is a complexity class structure for approximation algorithms entirely similar to the stan-
dard one. APX is when there exists a polynomial-time constant factor approximation algorithm.
Unless P=NP, there exist algorithms that are APX but not PTAS, which means that for these
problems, there exists a bound on the constant factors of possible approximation algorithms. It is
important to note that it is often unknown whether this bound is reached or even if there exists a
bound for a specific problem. This means the best known bound is an important aspect of these
problems, and will be discussed for various problems throughout this thesis. A problem is APX-
hard if there exists a PTAS reduction from every APX problem. Problems that are APX-hard
and APX are called APX-complete.
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3.2 maxPF complexity
We generalized maxPF by adding weights and also by allowing g-proper coloring. If we determine
the complexity classification of maxPF, we know maxWPF, maxGPF, and maxWGPF are at
least as hard.

maxPF is a generalization of maximum properly colored trees, which is a generalization of the
maximum degree constrained tree, which generalizes the longest path problem [3], which we know
is NP-complete, because the longest path is the Hamiltonian if it exists.

One of the results of Bai et al. [1] is a more specific membership in a complexity class called
maxSNP. This class was introduced by Papadimitriou and Yannakakis [19] together with an
approximation preserving reduction scheme called L-reductions. maxSNP is basically a class of
problems in APX but not in PTAS, which either are all APX-hard, or none of them are. Thanks
to Bai et al., we now know maxPF is also one of them.

maxPF and some of the other problems detailed are defined on graphs, so now we detail the
abuse of notation of the OPT operator happening in this thesis. Instead of the entire instance,
we only write OPT(G) (or just OPT G), the rest, like the weight function, coloration constraints,
etc., are only implied. We do this because it is sometimes practical to restrict the problem to a
subset of the graph.

4 b-matchings
Before we move on to the main problem, let us warm up with a type of subset where we can find
an optimal solution in polynomial time. We are looking for the maximum weight g-properly colored
b-matching. It is important to distinguish the two uses of b-matchings in this thesis: earlier, we
used b-matchings to introduce proper g-coloring; now, we search for a properly g-colored subgraph
that is a b-matching.

We are using Madarasi’s [18, Corollary 3] polynomial algorithm for simultaneous assignment
on weighted hierarchical b-matchings, which we define next.

4.1 Simultaneous assignment
The classic assignment problem is the problem when we have two groups, for example pilots and
planes, where we want to assign each pilot to an aircraft they like best. In other words, a maximum
weight matching in a bipartite graph.

In the simultaneous case, there is only one group: pilots, and we aim to pair them up as pilot
and copilot. Of course, we can add additional constraints, like not making more pairs than there
are planes, limiting the number of pilots for whom the flight would be overtime, or only allowing
inexperienced pilots to be paired with experienced ones. All these constraints are captured in the
full version of the simultaneous assignment problem, defined by its four parts.

Simultaneous assignment problem: When given an instance (G = (V,E), w, cap,L, g,H, h)
our objective is to find a function x : E → R≥0 that:

• Adheres to capacity constraint cap : E → R≥0:
x(e) ≤ cap(e) ∀e ∈ E

• For a laminar family of vertex sets L (degree) constraints g : L → Z≥0 are in place:∑
v∈L

δx(v) ≤ g(v) ∀L ∈ L.
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• For a set of subgraphs H, degree constraint h : H → Z≥0 are in place:∑
v∈H

δx(v) ≤ h(v) ∀H ∈ H.

• Maximizes a weight function w : E → R≥0:
max

∑
e∈E

x · w(e)

In the cases where either H = ∅ or L = ∅ Madarasi proposes a polynomial algorithm that uses
linear programming. The special case where H = ∅, has a different name:

Weighted hierarchical b-matching:

Proposed by Emek, Kutten, Shalom and Zaks [8] who solved the unweighted version, the
weighted hierarchical b-matching problem is exactly what we need.

Hierarchical b-matching problem: Given an instance (G = (V,E), w, cap,L, g), we are
looking for a maximum weight multiset B (can contain the same edge more than once) of edges
that form a b-matching by:

• Adhering to capacity constraint cap : E → R≥0:
Every edge e is added at most cap(e) times.

• For a laminar family of vertex sets L (degree) constraints g : L → Z≥0 are in place:∑
v∈L

δB(v) ≤ g(v) ∀L ∈ L.

There is a difference in the definition stated here, the one we proposed when introducing
g-proper coloring, and the simultaneous assignment problem. It is easy to see that an integer
function on the edges is simply another way of defining multisets. However, in maxPF, we cannot
use an edge multiple times; we need to enforce this by setting the capacity function to 1.

4.2 Polynomial properly colored b-matchings [2]
Our goal is to reduce the problem of properly colored b-matchings to an instance of weighted
hierarchical b-matchings with cap ≡ 1. The big difference between the two is that our problem is
stated with edge sets, not laminar vertex sets, as hierarchical b-matchings require. By constructing
a graph G′ = (V ′, E′), we can formulate the bounds on vertex sets.

Figure 3: v in G and in G′
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We create d(v) copies with weight w(v) labeled ve for each v ∈ V , one for each adjacent edge.
Now we add a connecting edge e′ = ueve to E′ to construct G′. We can now form vertex sets by
color: Lv,i := {ve ∈ V ′| e ∈ δFi(v)}. The color bound |δFi(v)| ≤ gi(v) is met if and only if the sum
of the degrees of the vertices in the set Lv,i observes the upper bound gi(v). At each vertex, these
sets are partitions by color, enveloped by the ≤ b(v) constraint. This is laminar, making this a
weighted hierarchical b-matching problem; we can apply Madarasi’s algorithm. All that remains
is to observe that the size of G′ depends only on the number of edges, making it a polynomial
input size, ensuring a strongly polynomial running time.

5 Matroids refresher
The first half of this section covers basic matroid knowledge, mostly from András Frank’s lecture
notes [9]. The second half is mostly summarizations of articles containing the current best known
solutions for matroid problems that are used in relation to maxPF. The citation of a subsection
does not mean the entire subsection comes from the paper given, but that it contains a summary
of said paper, interspersed with basic matroid theory from [9] and the author’s own proofs and
observations.

5.1 Definition
Matroids were first proposed as a generalization of the concept of linear independence. A matroid
M is defined by a ground set V and a set of independent subsets I. These form a matroid if:

I1) ∅ ∈ I. The empty set is independent.

I2) If X ∈ I and Y ⊆ X then Y ∈ I. Independence is downward closed.

I3) In all sets, the inclusion-wise maximal independent sets have the same size.

These axioms define a matroid, but what does this have to do with linear independence? If
we have a ground set of some vectors, they are linearly independent from each other if they span
a subspace with dimension equal to their number. Let us determine whether these axioms form
a matroid. I1) if we have no vectors, they span nothing. I2) if we have a subset of a linearly
independent set of vectors they remain linearly independent. I3) Given some vectors, they span a
subspace whose dimension is the size of all the possible inclusion-wise maximal linearly independent
vector subsets. These vectors can be stuck together to form a matrix, which is why this matroid
is called a column-dependence matrix matroid, or simply matrix matroid.

If we take M = (V, I) = (some vectors, linearly independent subsets), we now know we obtain
a matroid. However, this would not be much of a generalization if there were no other structures
that follow the same rules. It turns out there are many; we will only name the ones we will use in
this thesis. Instead of simply listing them, we will intersperse them with matroid knowledge that
we will need later.

5.2 Graphical matroid
Taking a big jump from vectors, we now consider matroids on graphs. If we have a graph G =

(V,E), we can define the graphical matroid of the graph as M = (E, I). We define a dependent
subgraph as one that contains a cycle; this makes the independent sets forests. This is a matroid
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because I1), I2) are trivial, and I3) comes from Kruskal’s greedy algorithm for finding spanning
trees, applied to a subset.

Kruskal’s algorithm works by greedily choosing maximum-weighted edges without closing cy-
cles, so for a graphical matroid, we can also find a maximum-weight spanning forest. This leads
to one of the most useful results in matroid theory: for a weighted matroid, the greedy algorithm
gives a max weight basis, which is covered in subsection 5.4.

5.2.1 Graphical matroid in maxPF

This matroid basically ensures that there are no cycles, which is precisely what we need to get
forests. Finding the maximum-weight forest is equivalent to finding the maximum-weight inde-
pendent set. Ensuring that it is properly colored is the tricky part.

5.3 Rapid fire definitions
We are briefly introducing some key concepts. For a complete picture and a clear understanding
of the subject, please consult [9] or [21]:

Definition of basis: An inclusion-wise maximal set B ⊆ V is called a basis.

In the matrix matroid, this is also called a basis. In the graphical matroid, this is a maximum-
sized forest; if the graph is connected, it is a spanning tree.

Definition of rank: A function r : 2V → Z≥0 which returns the size of a maximum indepen-
dent subset of a given set.

The rank of a set of vectors is the dimension of the linear subspace they span. In the graphic
matroid, it is the size of the maximum forest, which is (the number of vertices of the set)−(the
number of components). The rank function can be used for many things; it is convenient that it
can be calculated quickly in this case.

Definition of a circuit: A dependent set where all the subsets are independent.

This is simply a minimally dependent set, and is called thus in vector theory. In the graphic
matroid, this is a cycle, hence the name.

We can create equivalent axiom sets from all three of these concepts, but we are only stating
the one for bases. MB = (V,B) is a matroid if the following are true for the family of bases B:

B1) ∅ /∈ B

B2) Given two bases B1, B2 and an element v ∈ B1, there exists an element w ∈ B2 where
B1 − v + w ∈ B.

This can be derived from I1), I2), I3) which is why B2) is also called the exchange property.
Equivalent axiom sets mean that when we have a matroid defined by the family of independent

sets we can construct the family of bases, and vice-versa. It remains the same structure, it is simply
defined by another aspect. This comes in handy when some theorem is easier to prove using one
of the equivalent axiom sets. It also plays a role when the underlying structure of a matroid is
more efficiently calculated with a different set of axioms, more on that in the next section.
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5.4 Oracles

Algorithm 1 Greedy algorithm for maximum weight basis
Input (M = (S, I), w)
I = ∅
Sort(S, w, decreasing) ▷ In decreasing weight
for v ∈ S do ▷ For all elements

if I + v ∈ I then ▷ If it stays independent
I ← v ▷ Add

end if
end for
return I

Theorem: The above algorithm returns a maximum weight basis.

Proof: The output is a base because it is an inclusion-wise maximal set. Maximum weight
is proven by contradiction: let us assume there exists a basis BOPT whose weight is more than
w(BALG), we choose the one with the biggest intersection with BALG. Let the elements of BALG:
vi1 , ..., vi|B| be in the order they got added. Let us take vj , the first element of the output that
is not in BOPT. By the exchange property, there is an element e ∈ BOPT that can be exchanged
with. Now, by the greedy algorithm we know w(vj) ≥ w(e), and by the optimality of BOPT

we know w(vj) ≥ w(f). This means that after exchanging w(vj) = w(f), we get another maxi-
mum weight basis, but this one has a bigger intersection with BALG, contradicting our assumption.

There is a big problem with this algorithm’s running time. It seems polynomial, but it has a
step that takes an unknown amount of time: the independence check. This is very tricky because
for different matroids, it yields a wholly different algorithm. This is why, for matroids, we use
a subroutine called an independence oracle that, given a subset as input, determines whether it
is an independent set or not. The running time is calculated by counting the number of oracle
calls and calculating the running time excluding the oracle calls. Thus, the correct formulation
for running time for the algorithm is O(n log n) with O(n) oracle calls.

We mentioned there are different sets of axioms that capture different aspects of matroids,
and each has its own corresponding oracle. Some are equivalent, some are stronger than others.
It depends on the problem at hand and which one can be calculated efficiently on the structure
underlying the matroid. Unless otherwise specified, the independence oracle is meant.

5.5 Simple matroids
The free matroid, where all subsets are independent, and the zero matroid, where only ∅ is in-
dependent, are the most trivial to construct. Besides them, the simplest type of matroid is the
uniform matroid. We have a ground set, and define independence to mean fewer than k of the
elements. All three axioms are easily verified.

One way to ensure proper coloring is to take all the unicolored edges adjacent to a vertex as
the ground set of a uniform matroid with k = 1. For g-proper coloring, we can take k = gi(v) at
each vertex for each color i.

If we take multiple disjoint sets as the ground set and enforce a different ki on each, we also
obtain a matroid called the partition matroid; I1), I2), and I3) all hold. At each vertex in the
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graph, we can define a partition matroid using the different colors as the disjoint sets to create
the ground set, adding the color constraints gi to each.

5.6 Crafting matroids
It seems suspicious that the partition matroid is simply some uniform matroids glued together.
This suspicion is true! Given two matroids, we can create new matroids from them in a few
different ways.

5.6.1 Matroid direct sum

Yes, if we take two matroids M1 = (V1, I1), M2 = (V2, I2) with disjoint ground sets and define
M = (V1∪V2, I) with I being I1×I2, the result is indeed a matroid. I1) and I2) come naturally,
and I3) is proven simply by observing that a basis in M is the union of a basis in M1 and a basis
in M2, which being matroids both have a set size. This is called the direct sum of two matroids
and is denoted by the operator ⊕, and it can naturally be extended to multiple matroids.

5.6.2 Matroid sum

It is surprising but true that the ground sets of these matroids need not be disjoint. Given two
matroids M1 = (E, I1) and M2 = (E, I2) defined on the same ground set, their sum (also called
matroid union) MΣ = (E, IΣ) is defined by letting a set X ⊆ E be independent if and only if X
can be written as a union X = X1 ∪ X2 where X1 ∈ I1 and X2 ∈ I2. It is a nontrivial result
that this yields a matroid, first shown by Edmonds [5]. While the definition extends naturally
to the union of more than two matroids, the resulting optimization problems quickly become
computationally difficult.

5.6.3 Matroid restriction

In the last section, we added to a matroid; now we will delete a part of the ground set. Given
matroid M = (V, I) and subset Z ⊆ V then M/Z is the restriction of M to Z. It removes Z

from the ground set, and the independent sets of M/Z are the independent sets that fall entirely
in V/Z.

5.6.4 Series extension

A series extension is the matroid equivalent of dividing an edge e in a graph into multiple edges
to form a path. First, we will ponder graphs: here, the independent edge sets are those without
cycles. There are two types of cycles, one disjoint from the effected edge, which transfer seamlessly
to the new graph. The other type is cycles containing e; these only remain intact if the new subset
includes all the extended elements. Otherwise, a gap in the path is a gap in the cycle. This is the
most intuitive way to grasp series extensions, which is why we define it with dependent sets:

Definition of series extension: We take an element v, make copies and define D ⊆ V is
dependent in the new matroid if v1, ..., vc ∈ D and D/{v1, ..., vc} /∈ I or I ∈ I. This yields a
matroid; thus, even after repeated series extensions, we get a matroid.
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5.7 Matching matroid
The last matroid we introduce is the matching matroid:

Definition of the matching matroid: Given a graph G = (V,E), let the matching matroid
M = (V, I) be where the independent vertex sets are the ones that can be covered by matchings.

Figure 4: Two maximal matchings

Why not have the actual matchings as matroids? Well, because it does not work. If we have
two matchings as in Figure 4, they are both inclusion-wise maximal, but not of the same size,
which means this does not form a matroid. It is not immediately apparent that switching to
coverable vertices is a matroid.

Theorem: The above definition of the matching matroid results in a matroid.

Partial proof: First, we establish that I1) the empty set is covered by the empty matching,
second I2) given a matching that is covering a set, it also covers all its subsets. Third I3) first,
we are looking for a proof that all inclusion-wise maximum matching coverable sets of V have the
same size. This occurs by taking two matchings of different sizes M,M ′, where |M1| > |M2|. The
symmetric difference of these two matchings consists of paths and cycles. We also know it contains
more edges from M (solid) than from M ′ (dashed), which means there exists a path of odd length
P that starts and ends on a solid M1 edge. Taking M2∆P still results in a matching, because
the two ends did not have any adjacent dashed M2 edges. It also covers the same vertices as M1,
with the two endpoints of P in addition. This means that M1 is not covering an inclusion-wise
maximal set of matching coverable points. Thus, the matchings of maximum size ν cover all the
inclusion-wise maximal matching coverable sets, making their size uniformly 2ν.

The rest of the requirements of I3) are most often proved by an equivalent independence ax-
iom, but it follows in the same vein of augmenting alternating paths, it will be omitted here.

It is important to note that there is also a way to construct the matching for any independent
set, using Edmonds’ blossom algorithm [6] . The classic version of the algorithm searches for
augmenting paths like the one in the proof until none remain, then it terminates with a maximum
matching. Looking for augmenting paths efficiently is difficult; the algorithm works by contracting
odd-length cycles called blossoms. This algorithm is readily adapted to look for matchings covering
subsets.
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5.8 Matroid intersection
Seeing these matroid crafting operations, it seems logical to try to create matroids by looking at
common independent sets; this, however, is not a matroid. Given a bipartite graph and allowing
no more than one edge at each vertex by using two partition matroids, one for each side, we define
a matching. We know that the matchings themselves do not form a matroid 5.7, thus the common
independent sets of two matroids do not either. Nonetheless, matroid intersection is a very useful
tool, and a broadly studied problem:

Matroid intersection problem: Given two matroids that share a ground set M1 = (V, I1)
and M2 = (V, I2) and a weight function w : V → R≥0 we are looking for the max weight common
independent set: max

I∈I1,I2

w(I).

If we were able to solve it efficiently (we can! 5.8.2), many problems can be solved thus [10].
For example, matchings in bipartite graphs, as we stated above.

Or finding arborescences, which are directed trees where each vertex can be reached from a
root r ∈ V . For this, we take the graphic matroid of the undirected structure, and each vertex’s
incoming arcs are capped at one by a uniform matroid. Each edge is an incoming edge for
exactly one vertex; thus, the vertices’ uniform matroids are on disjoint ground sets, which makes
a partition matroid possible.

If we have an n−1 edge-colored graph and take the graphic matroid and the partition matroid,
which limits the number of edges of the same color to one, we get rainbow spanning trees.

5.8.1 k-matroid intersection problem:

Of course, there is an extrapolation of the problem, where we look for the intersection not of two,
but of k matroids.

k-matroid intersection: Given k matroids that share a ground set M1 = (V, I1), ...,Mk =

(V, Ik) and a weight function w : V → R≥0 we are looking for the max weight common indepen-
dent set: max

I∈I1,..,Ik

w(I).

More matroids, more joy? Not in this case, unfortunately, k-matroid intersection is NP-
complete for k ≥ 3. This is quickly proven with a construction to find a Hamiltonian path. The
first matroid is the graphic one, now we have to enforce degree bounds on the vertices. If we
simply applied uniform matroids for the adjacent edge sets of each vertices, we would have too
many matroids, which is a proof for n-matroid intersection. We would like to group these uniform
matroids into partition matroids if possible, but in the worst-case of a Kn, this would not result
in fewer matroids. The trick is to use arcs: we convert the graph into a digraph by replacing each
edge uv with two arcs uv, vu. Now we can construct two uniform matroids for each vertex, at most
one out-arc, and at most one in-arc. Each arc is an out-arc of exactly one vertex, which means all
out-arc bound matroids can form a partition matroid. The in-arc matroid is constructed similarly,
resulting in three matroids. If we could find the 3-matroid intersection of these three matroids,
we would obtain a directed forest with in-degrees and out-degrees both at most one. By taking
the undirected edges that were used, we could convert it into an undirected forest with degrees
at most two. The largest forest with degrees at most two is a Hamiltonian path, which concludes
our reduction.
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5.8.2 Edmonds

To solve matroid intersection in polynomial time for two matroids, we will use an exchange digraph.
This is a tool for swapping out some elements while maintaining feasibility for a set I. Edmonds
was the first to introduce the concept, without explicitly naming it, [7], and others developed
algorithms. The version included here is based on the material in Schrijver’s Combinatorical
optimization textbook [21].

We construct two digraphs with the ground set as the vertices DM1
= (A1, V ), DM2

= (A2, V ).
We add arcs as follows:

ij ∈ A1 if i ∈ I, j /∈ I and I − i+ j ∈ I1

Let us unpack this very concise construction. Imagine all vertices in the common independent
set I as blue, the rest red. This is also the coloring used in Figure 5. The directed graph DM1

only
has arcs pointing from blue to red; deleting the blue vertex and adding the red one still results in
an independent set in the first matroid.

ji ∈ A2 if i ∈ I, j /∈ I and I − i+ j ∈ I2

Here, it is almost the same for the second matroid: deleting blue and adding red remains
independent; the difference is that the arrow points to the blue vertex. Let us take the union of
these two digraphs D = (V,A1 ∪ A2). An observation on the structure of this graph: there are
no arcs completely outside or completely inside I, only arcs entering or leaving. This means all
paths alternate between vertices in I and those outside I.

Let us demonstrate the strength of the exchange graph by examining two vertices that have
two arcs between them in the exchange digraph. This can only happen if one of them is blue (in
I) and the other is red. We also know that if we delete the blue one and add the red one, I− i+ j

will remain independent in M1 as per ij ∈ A1 and also in M2 because ji ∈ A2, thus I − i+ j is
also in I1 ∩ I2. But of course, swapping one element for just one other does not help much, but
using simple graph structures, we can find larger swaps.

Figure 5: Edmonds’ algorithm swaps along a path P

The algorithm uses paths to enlarge a maintained maximal common independent set I. It
looks for a shortest directed path P = z0, ..., z|P | from the set of elements that can be added to
stay independent in the first matroid X1 = {v | I+v ∈ I1} to the second one X2 = {v | I+v ∈ I2}.
Of course, this path is also alternating between colors, as are all paths, and it starts and ends
outside of I, which means the start point z0 ∈ X1 is red, and swapping the blue nodes for the red
ones in the path would result in a bigger set I ′. We also have to show that we get an independent
set; it is enough to show I ′ ∈ I1, because swapping the indices of the matroids will give us I ∈ I2.
We know we can add z0, for the rest we are using this lemma:
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Lemma ensuring swap: Given two sets |I| = |J | where I ∈ I1, I2 if there exists a unique
matching between I\J and J\I, J ∈ I1, I2 also.

Proof sketch: The elements are ordered in a way that consecutive swaps of size one can be
done inductively.

Figure 6: Sketch to accompany Edmonds’ algorithm proof

Applying the Lemma ensuring swap to Edmonds’ algorithm, we want to show that we can
swap along the rest of the path by verifying that there exists only one matching on the vertex set
z1, ..., z|P | in DM1 . There is a matching M made up of the arcs leaving I, the arcs {zODD, zODD+1}.
P is a shortest path, which means it has no shortcuts, as in no arcs pointing from an earlier element
to a later one. So the only arcs in z1, ..., z|P | beside the matching are backward arcs, let zj be the
head of the backward arc reaching back the farthest min{j | i > j , zi, zj ∈ P, zizj ∈ A}. If it were
a part of an alternative matching, zj would be covered by it, but zj−1, zj ’s pair in the original
matching, could not possibly be covered by anything. This is because it cannot be the head of a
backward arc, since zizj is the earliest one, and it also cannot be the tail, because then the head
would be even earlier. This shows it cannot be covered by a backward arc, and we do not have
any other arcs in D1 because the arc in the matching that covered it earlier cannot be added, as
it is adjacent to zj . With this, we have shown that there exists a unique matching on z1, ..., z|P |.

Given a matroid intersection problem and a common independent set I, we construct X1, X2, P .
Then we add z0 to I, which will remain independent in M1 because z0 ∈ X1. Then we take the
symmetric difference with the path I ′ = I∆P , which will result in an independent set by the
Lemma ensuring swaps, proving independence in M1. By reindexing, the above construction also
proves independence of I ′ for M2, resulting in a bigger common independent set.

If there exists no shortest path, the elements reachable from X1 observe the tight conditions
of Edmonds’ matroid intersection theorem which gives a certificate that I is the largest possible
common independent set.

The weighted case was later developed; it works by adding a ”length” function:

l(v) =

w(v) v ∈ I

−w(v) v /∈ I

We want to add elements with the largest possible weight, which is the smallest possible l.
And the elements we want to throw out are the smallest weight in I. Thus, we get a good swap
if we swap by the path with minimal sum

∑
v∈P

l(v). The proof that this is correct is very similar
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to the unweighted case. The algorithm searches for the shortest path including the weights and
terminates when no negative augmenting path exists, resulting in a maximum-weight common
independent set.

5.8.3 Three matroid intersection [16]

The current research states that k-matroid intersection for any k ≥ 3 is APX-hard to approxi-
mate within some constant factor; the current best factor is k

12 , under complexity assumptions [13].
There is an approximating algorithm for the general case, which we detail in the following subsec-
tion 5.8.4. Still, first, we are looking at k = 3 where a 1

2 -approximation was achieved by Linhares,
Olver, Zwamy, and Zenklusen [16].

To understand their algorithm, we first need to introduce a type of relaxation technique. If we
take all the characteristic vectors of the independent sets, we have a bunch of {0, 1} vectors. We
now extend this to contain fractional vectors too, by taking their convex hull.

Definition (matroid polytope): For a matroid M = (V, I) its matroid polytope is PI =

conv{1S | S ∈ I}.

Given polytopes, we can now solve the optimal solution in their intersection by using linear
programming; the fractional result we obtain is the solution to the LP-relaxation of k-matroid
intersection.

In a rounding algorithm, one takes a fractional solution and rounds it to obtain an actual
integer set. It is a standard technique that every time the fractional solution has a coordinate
that is 0 or 1, it is fixed and disregarded in the rest of the algorithm. This algorithm repeatedly
solves to get a fractional solution until all coordinates are integers.

They obtain a new LP at each step by solving the relaxation of matroid intersection for a
set of matroids, which change with matroid refinement. At each step, they generate some new
matroids by splitting a previous matroid into two, a restriction M |S and the rest M/S. This
works because smaller ground sets result in smaller LPs, while restriction and contraction preserve
independence properties. They also discard matroids that have no tight constraints at each step.

They achieve an LP-relative 1
2 -approximation, which means the solution is at least half of the

optimum of the LP-relaxation of the problem. As this can be more than the optimum, this is a
stronger approximation, and implies the normal 1

2 -approximation.
This algorithm achieves a good approximation factor of 1

2 , and another strength is that it
solves a very general case, which is not typical of other iterative relaxation/rounding methods.

5.8.4 p-exchange [14]

Weight functions can be generalized by their properties. In this section, the result not only applies
to weighted k-matroid intersection, but also works for all matroids with objective functions f :

2V → R≥0 that are non-decreasing, submodular functions. Submodularity means: f(X)+f(Y ) ≥
f(X ∪ Y ) + f(X ∩ Y ) for all X,Y ⊆ V , which is a predominant property of functions in matroid
theory, mainly because the rank function is submodular. The result is even better if the objective
function is linear: f(X∪̇Y ) = f(X) + f(Y ). The weight function is non-negative, non-decreasing,
submodular, and linear, which means the result stated here applies to the weighted case of k-
matroid intersection.

Lee, Sviridenko, and Vondrák [14] developed a local improvement technique for k-matroid
intersection with an objective function f : 2V → R≥0 that is non-decreasing, submodular. They
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discovered two exchange properties of matroids, which they used to prove the approximation ratio
of a locally optimal feasible set obtained with a local swap called p-exchange.

We saw what we can do with paths in the exchange digraph to improve the weight. Here we
consider directed circuits, which are closed directed walks (also called dicycles sometimes). Finding
one is unfortunately not enough to ensure swapability, because a circuit can intersect itself, where
the swap would get confused by repeated elements. This does not happen if the circuit is the union
of two disjoint matchings, because that would provide a clear map of how to swap. The feasibility
of the new set is established by the Lemma ensuring swap from an earlier section 5.8.2, provided
the matchings are also unique. These circuits are called irreducible circuits, and the exchange
property creates a family of irreducible circuits that uniformly cover the symmetric difference of
two feasible solutions. This will be used later to bound the ratio between a feasible solution and
an optimal one.

The second exchange is a generalization of Rota’s exchange property. Rota states that any
two bases B1, B2 have a bijection from B1\B2 to B2\B1 where each element can be exchanged
for its pair. In this article, instead of exchangeable elements, they create exchangeable groups.

Theorem from paper: For a non-negative, non-decreasing, submodular function f , we can
obtain a 1

k+ 1
p

-approximate set for k-matroid intersection ( 1
k−1+ 1

p

-approximate if f is also linear).
We achieve this by starting with a feasible solution and performing p-swaps until a local optimum
is reached.

Parts of the proof: The core of the proof consists of using the two exchange properties to
bound the difference between two feasible solutions. They arrive at the guarantee that there exists
a p-exchange between a feasible solution S and a feasible solution S′ where these two conditions
are met:

I) |S′\S| ≤ 2p

|S\S′| ≤ 2kp

II) f(S′) ≥
(
1 + ϵ

n(p+1)

)
f(S)

The second condition is there to ensure improvement in the objective function. The added ϵ

ensures that the improvement is always more than 0.
Taking an S that cannot be improved upon, the goal is to show that this is 1

k+ 1
p

-approx. This
is done by taking the symmetric difference with an SOPT and measuring the difference between
w(S) and w(SOPT) by using the exchange properties on pairs of matroids to prove:

This result ensures that any k-matroid intersection with an appropriate objective function f , if
we have a partial solution S that does not reach the value 1

k+ 1
p

·f(SOPT) there exists a p-exchange
to improve set S to set S′. But the whole point of the optimization is that we do not already
know SOPT, the optimal solution; we are striving for it. How can we find an S′ if we cannot
even check whether a swap exists? The strength of p-exchange lies in condition I), which bounds
the difference between the current solution and the locally improved solution. If the size of the
difference is small enough, we can check all possibilities, and the problem remains polynomial,
because condition I) ensures that it is small enough.

So if we have a function f that is non-negative, non-decreasing, and submodular, linear, for
example, a weight function, we now know what to do. We start with a feasible solution, check
all swaps to see if there is an improvement possible, and keep improving until none remain. At
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this point, we can stop and confidently state that by Lee, Sviridenko, and Vondrák [14] we have
a 1

k−1+ 1
p

-approximate solution.

matroid intersection 2 3 k

weighted Poly [7] 2 [16] 1
k−1+ϵ [14]

5.9 Matroid matching/parity
What if we have a matching on the ground set, and these denote the pairs that we do not want to
split up? This is sometimes called the matroid matching problem, but to avoid confusing it with
the matching matroid, it is often called matroid parity.

Matroid parity problem: Given is a matroid M = (V, I) and a set of pairs on the set V

(and maybe a weight function w : V → R+). Our objective is to look for the maximum (weight)
independent set that is the disjoint union of pairs, just like a matching.

5.9.1 Equivalently

It seems to be a special case when the pairs are already disjoint. This is actually an equivalent
formulation:

Claim: Matroid parity can be equivalently defined using disjoint pairs.

Proof: One half of the equivalence is trivial: disjoint pairs is a special case of matroid
parity. When given an instance of matroid parity (M = (V, I), w,G) we can reduce it to
(M ′ = (V ′,I ′), w′,M) an instance of matroid parity where the pairs form a matching. We
take all elements v ∈ V , and make copies for all the pairs it is included in v1, ..., vδ(v). Each copy
is assigned the weight v had. This yields a matroid, because we actually perform repeated series
extensions. An independent set in the new matroid can be converted into an independent set in
the first matroid by including the elements where all copies of said element were included.

The running time of the algorithm is greatly influenced by the input size, which can become
up to ∆ times bigger, where ∆ is the maximum degree on a vertex of the k-sets. In this thesis,
we are not looking for precise running times but rather approximation ratios that do not change
with the definition.

5.9.2 Linear [11,17]

It is well known that a graph G can be represented by its incidence matrix A, the rows denoting
the vertices, and the columns the edges. There is a 1 at every field where the vertex and edge
are adjacent. In this way, if we take the graphic matroid MG and the matrix matroid of MA, we
can see that these two matroids behave in the exact same way. We shall say that MG is linearly
representable if there exists a matrix whose column dependence matroid is the same matroid.

For this subset of matroids, there exists a polynomial algorithm for matroid parity developed
by Lovász [17] in 1980. This algorithm utilizes algebraic techniques to find a solution, which is why
it requires a linearly representable matroid. This means there is no way to adapt it to nonlinear
matroids. There were several improvements on this polynomial algorithm, and one of these has
been adapted to the weighted case by Iwata and Kobayashi [11] as recently as 2019.
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5.9.3 Nonlinear [15]

For the nonlinear unweighted version, the best result is from Lee, Sviridenko, and Vondrák [15].
They give a PTAS, a (1+ϵ)-approximation for any ϵ, but it does run in exponential time concerning
1
ϵ . The how of it is very similar to the matroid k-parity case, and will be detailed there 5.10.

5.9.4 Nonlinear greed

The best known approximation for the weighted, nonlinear matroid parity problem is the greedy
algorithm, which yields a 1

2 -approximation.

Algorithm 2 Greedy algorithm for matroid parity
Input (M , w,M) a matroid parity problem
I = ∅
Sort(pairs, w(v) + w(vpair), decreasing) ▷ In decreasing weight
for {v, vpair} ∈ pairs do ▷ For all the paired elements

if I + {v, vpair} ∈ I then ▷ I plus pair in I
I ← {v, vpair} ▷ Add

end if
end for
return I

Theorem: This is a 1
2 -approximation algorithm for matroid parity.

Proof: We are going to look for the worst possible ratio between the algorithm’s output and
an optimal solution. First, we tackle the weightless case: this is done by counting the pairs that
were not chosen by both. We used greedy, so there are no pairs in the optimum that could be
added to the solution; thus, all pairs in the optimum that are not in the output are somehow
blocked. We adopt the disjoint interpretation of matroid parity, so no conflict occurs by using the
same element in different pairs.

The only way the element in the output can be blocked is if we add the pair, we would break
matroid independence. By the exchange property, we know that one element can block at most
one other. So an element in the output blocks at most one element in the optimum, thus at most
a pair in total.

Figure 7: The pair u and v both block an element, they are blocking two pairs.
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Of course, it could happen that in a lucky construction, a pair in the optimal solution is blocked
by more than one pair in the output. Still, for proof of approximation, we are looking for the
worst case scenario: when every pair in the output blocks two pairs in the optimum, which gives
us a ratio of 1 : 2, a 1

2 -approximation for the unweighted setting.
Now, to add weights, the same logic and underlying structure hold; we just have to check how

the weights relate to the worst-case construction. The first pair {v, vpair} to be added by the
greedy algorithm is the heaviest, in the worst case v blocks a pair {u, upair}, and vpair blocks one
too {u′, u′

pair}. These pairs are each lighter than the first one, which results in w(v) + w(vpair) ≥
w(u) + w(upair) and w(v) + w(vpair) ≥ w(u′) + w(u′

pair). This same logic can then be applied to
the second heaviest pair, and so forth until we have an inequality for every pair in the output.
Summing these equations we get a worst case:

2 ·
∑

OUTPUT
w(v) ≥

∑
OPT

w(u)

matroid parity
linear nonlinear

unweighted Polynomial [17] PTAS [15]
weighted Polynomial [11] GREEDY 2

5.10 Matroid k-Parity
A natural extension of the matroid parity problem is having k-uniform sets that cannot be split up.

Matroid k-parity: There is given a matroid M = (V, I) and k-uniform sets on V (and
optionally a weight function w : V → R+). Our objective is to look for the maximum (weight)
independent set that is the disjoint union of some of the k-uniform sets.

5.10.1 k-matroid intersection

Figure 8: k-matroid intersection as matroid k-parity

Matroid k-parity is actually a generalization of k-matroid intersection; there exists a reduction.
If we have k matroids and we seek their largest (weight) common independent set, we can do so by

22



utilizing the following construction, as shown in Figure 8. We take the ground set, make k copies
of it, and take the disjoint union of the k matroids, one on each ground set of copies. A common
independent set would look like columns in this big structure, and would be independent in this
big matroid, because every row would be independent as well. An independent set in the big
matroid would not convert to a common independent set, because it does not necessarily contain
all copies of a given element. If we force this by constraining feasible solutions to the ones that
are disjoint unions of columns, we obtain an instance of the matroid k-parity problem.

5.10.2 Unweighted [15]

The best known approximation for unweighted matroid k-parity is from Lee et al. [15], which
paper also gives the best known approximation factor for matroid parity. Their result for matroid
k-parity is:

Lemma: If the ratio of two feasible solutions is no more than
(

2
k −

1
(1−k)t

)
, there exists a

local move of size (2k + 1)t−1.

The proof of this lemma consists of cutting up the two feasible solutions into a lot of sets whose
size can be bounded by independence considerations and the presence of k-uniform sets.

The size of such a local move is small enough that simply checking all local moves to look for a
better feasible solution becomes an option. When this local search algorithm terminates in a local
optimum, a ( 2k + ϵ)-approximation is guaranteed by using the lemma to compare this solution
to an optimal one. There exists no local move, so the ratio of the locally optimal and globally
optimal solutions is more than ( 2k −

1
(1−k)t ), giving us ( 2k + ϵ) by a careful choice of t.

Circling back to matroid parity, we see that setting k = 2 in the k-parity result yields a PTAS,
but the two results differ fundamentally in their hardness analasys. For matroid parity, the
neighborhood to search for a local move is exponential in 1

ϵ . Paths are formed by the conflicting
elements, but these paths can get tangled and very long, leading to large simultaneous swaps
to maintain independence. With matroid k-parity, these conflicts involve bigger sets, which in
turn can generate more conflicts. This counterintuitively reduces the depth of the dependency
structure, and results in polynomial-time dependence on 1

ϵ .

5.10.3 Weighted [22]

The greedy algorithm for weighted matroid parity can be adapted to matroid k-parity in its
entirety. We detail a few local swaps in this section; they follow the same logic. In some sense, the
size of a local swap is bounded, resulting in an approximation guarantee for the local optimum.
This is how greedy gives an automatic k-approximation guarantee. When at a greedy optimum,
there exists no swap of size 1, we know each element in the optimum is blocked. If we are solving
k-parity, a single element can block up to k elements in opt, giving a k-approximation. This can
be improved upon to

(
k+1
2 ln 2

)
for weighted matroid k parity proven by Singer, Thiery [22]. (The

best case for matroid parity still remains the greedy algorithm, because 3
2 ln 2 > 2.)

The trick to achieve
(

k+1
2 ln 2

)
is to partition the elements into weight classes, where the elements

are close enough in weight that they act like the unweighted version, we can use the technique
and guarantees of Lee, Sviridenko and Vondrák [15] from the previous subsection 5.10.2.

Outside of a weight class, problems can occur. There could be an element blocking k others,
resulting in a k-approximation, which would not improve upon greedy. Singer et al. solved this by
randomizing the margins of the weight classes, resulting in a high probability that the elements in
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different weight classes are far enough from each other. This is only an α-approximation algorithm
with high probability. Still, independent runs of this algorithm can get that probability arbitrarily
close to 1, which is why this randomized algorithm is the next best thing.

parity k-parity
linear nonlinear

unweighted Polynomial [17] PTAS [15] 2
k + ϵ [15]

weighted Polynomial [11] GREEDY 1
2

k+1
2 ln 2 [22]

5.11 (Weighted) degree bounded matroid independent set problem
Consider a network where information flows, represented by a graph. We need a spanning tree to
minimally cover all vertices, but we also do not want degrees to be too large to prevent overload.
These are called degree-bound spanning trees. Of course, this is NP-hard; degree bounds at 2 give
a Hamiltonian path as a spanning tree. Nonetheless, this is a widely studied and useful subject.
A matroid generalization is the degree bound basis problem.

Minimum degree bounded basis problem: For a matroid M = (V, I) and vertex subsets
E with degree bounds g : E → R≥0 a set is degree bound if

∑
v∈h

δ(v) ≤ g(h) ∀h ∈ E . The objective

is to find a MINIMUM-size degree bounded basis.

Unlike the other problems here, the goal is to find the least-weight bounded degree basis. The
best known approximation algorithm by Király, Lau and Singh [12] gives a solution that is even
less than the optimum, but compromises on the degree bounds by an additive error ∆− 1.

This problem is loosely related to maxPF, only by the fact that we will use the following
problem, which is a variation on the degree bound basis problem: the maximum (weight) de-
gree bound matroid independent set problem, referred to hence by the acronym maxDBMIS or
maxWDBMIS for the weighted version. Here, we search for independent sets rather than entire
bases, analogous to searching for forests instead of spanning trees.

MAX(W)DBMIS: For a matroid M = (V, I) and vertex subsets E with degree bounds
g : E → R≥0 a set of the matroid is degree bound if

∑
v∈h

δ(v) ≤ g(h) ∀h ∈ E . The objective is to

find a maximum (weight) degree-bounded independent set.

6 First maxPF paper [1]
Now we are going to go through the results of the first paper to propose maxPF by Bai, Bérczi,
Csáji, and Schwarcz [1]. In this paper, they used proper coloring, not g-proper!

6.1 1
2

using matchings
They proposed multiple ways to achieve a 1

2 -approximation; we detail the one that we can then
improve to 5

9 .
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Figure 9: Sketch to accompany Lemma U

Definition of matchings-coverable: A set U ⊆ V is matchings-coverable if there exists
M1 ⊆ E1, . . . ,Mk ⊆ Ek unicolored matchings of different colors where U ⊆ V (

∪
i

Mi)

The following lemma proves that it is enough to look for a maxPF in a maximum size
matchings-coverable set.

Lemma U: For every matching-coverable set U ⊆ V there exists a maximum size properly
colored forest F ⊆ G such that all u ∈ U are covered in F . Furthermore, if U is maximum-size, the
maxPF in G is the same size as the maxPF in the subset of G induced by U : OPT G = OPT G[U ].

Proof: We are given a matchings-coverable set U ⊆ V which is covered by the matchings
M1, ...,Mk. We then take the optimal forest FOPT that has the most common edges with

∪
i

Mi.

Figure 9 contains a sketch of the proof. We claim that this special FOPT covers U , which proves
the lemma. We pursue an indirect proof: suppose there exists a vertex u ∈ U that is not covered
by FOPT. Taking any edge e ∈

∪
i

Mi adjacent to u, it can not be added to FOPT, otherwise we

could increase the size of a maximum properly colored forest. This means that by adding e, it
would either cease to be a forest, or stop being properly colored. Adding e cannot form a cycle in
FOPT because u is uncovered, so adding e would still result in a forest. This means that there is
an edge f ∈ FOPT that is adjacent to e and has the same color. Using these two observations, we
can create a properly colored forest by exchanging the two edges FOPT − f + e. It is important
to note that e is an edge of one of the matchings, whereas f cannot be because they are adjacent
and of the same color. Thus, this properly colored forest has exactly one more edge in common
with the matchings than FOPT, which is a contradiction by our choice of FOPT.

Now for OPT G = OPT G[U ], let us take a maximum-size U . By the first half of this lemma,
we know there exists an optimal forest Fmax covering it. We also know that Fmax is optimal,
and thus properly colored, which means it is the union of unicolored matchings, which implies
V (Fmax) is matchings-coverable. U is inclusion-wise maximal which means U = V (Fmax), proving
the statement.

Claim: Using this lemma we can obtain a 1
2 -approximation for maxPF, by taking a maximum
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forest Fmax in a maximum size U .

Proof:

|Fmax| ≥ 3⃝ |U |
2

> 2⃝ OPT G[U ]

2
= 1⃝ OPT G

2

In the left-hand equation, we have the output, and on the right, the half of the optimum. This
is a definition of 1

2 -approx! These relations are true because:

1⃝ This of course comes from Lemma U.

2⃝ No forest’s size can reach the number of vertices, thus the optimal forest cannot either.

3⃝ Here, a worst-case maximum forest is a matching, because we know there are matchings.
That is why the size of the forest is at least half of the vertices.

Now to find U in polynomial time. In Subsection 5.7, we sketched a way to find a maximum size
matching coverable set with Edmonds’ blossom algorithm. If we were only looking for a unicolored
Ui, we would be done. We now have k matching matroids and have to find the maximum-size
union of independent sets. Thankfully, this is exactly what the matroid sum consists of 5.6.2!
Given M1 = (V, I1), ...,Mk = (V, Ik) matroids on the same ground set we can make a matroid
M = (V, I) where the independent sets are the ones that can be partitioned into independents in
the k matroids. The matchings can also be constructed by adapting the blossom algorithm.

6.2 5
9

main result
The main result of their paper [1] is a 5

9 -approximation algorithm for a maximum cardinality
properly colored forest for a k-colored multigraph G. It works by taking the 1

2 -approximate U

from the previous section and improving it with swaps. First, we explain the steps of the algorithm;
then, we state the algorithm; and finally, we present the approximation calculation.

6.2.1 Two components

We begin by restricting the problem to the set U from the previous section. Lemma U still ensures
that we need only consider this part of the graph. The factor 1

2 comes from the relation 3⃝, where
we estimated that even a worst-case forest is a matching giving a lower bound of half the vertices.
We will improve this ratio by building a forest with fewer components of size two.

During the algorithm, we maintain a set of maximum matchings M1, ...,Mk covering U . We
also maintain an almost forest F .

Our goal is to decrease the number of two components in F , so we take all the vertices covered
by them and create the set Us, the rest of the vertices form Ur, as can be seen in Figure 10. If we
restrict F to Ur, we get a forest Fr. There are two types of edges that could be swapped into F :
edges running within Us, and edges running between Us and Ur without a color conflict. These
form the candidate edge set E′ = E[Us] ∪ {uv | u ∈ Us, v ∈ Ur c(uv), /∈ δFr

}. The algorithm
attempts to add edges to the maintained solution: first greedily, then via single- and double-edge
swaps, and terminates when no further improvements are possible. The algorithm is detailed in
Subsection 6.2.4.
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Figure 10: The layout of the sets used in the algorithm

6.2.2 Single-edge swap

The first type of swap uses edges that run between Us and Ur, that have a color that is not shared
by any of the adjacent edges in Fr. If we were to add this edge, we would have to modify the
matchings we are maintaining, without losing the progress we have made. We keep the parts of
the matchings that cover Ur, because there the components are sufficiently large. Then, in E′,
if there exists a set of matchings that cover Us and include uv, we switch. This way, we glue a
vertex of Us to a component of Ur. We do not need to worry: this still forms a matching when
added to the parts we kept, because E′ only includes neighbors of Ur where no color clash occurs.
We can find the matchings as described in Section 6.1.

6.2.3 Double-edge swap

The other type of edges for which we can attempt to improve are the ones that lie within Us. Here
we take two adjacent ones with different colors. Again, if we try to add this pair, we are messing
with the matchings, so we can only complete the swap if there exists matchings of each color that
include this pair of edges and still collectively cover Us.

Figure 11: Single-edge swap
There exists a different set of matchings
that cover Us, and include the edge uv.

Figure 12: Double-edge swap
We can switch to matchings that include
both uv1 and uv2.
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6.2.4 The algorithm

Algorithm 3 5
9 -approximate maxPF algorithm

Input Graph G = (V,E) with coloring c : E → [k]

Preprocessing step: Using the blossom algorithm find maximum matchings-coverable set U

and construct matchings M1, ...,Mk ⊆ E.

F :=
k∪

i=1

Mi

Algorithm start:
Us := size two components of F
Ur := U\Us

Fr := forest in Ur

F := Us ∪ Fr

Candidate edges E′ := E[Us] ∪ {uv ∈ E | u ∈ Us, v ∈ Ur, c(uv) /∈ c(δF (v)) } edges of Us and
edges between Us and Ur with no color clash
for uv ∈ E\F where c(uv) /∈ c(δF (u) ∪ δF (v)) do

if u and v are in different components of F then F ← F + uv

go to Algorithm start
end if

end for
for uv ∈ E′ where u ∈ Us, v ∈ Ur do

if there exist unicolored matchings Ni that come from the edge set of Us such that uv is one

of the edges in the matchings then F ← (F\F [Us]) ∪ (
k∪

i=1

Ni)

go to Algorithm start
end if

end for
for uv1, uv2 ∈ E′[Us] where v1 ≠ v2, c(uv1) ̸= c(uv2) do

if there exist unicolored matchings Ni covering U that are edges from E′ within Us such

that uv1 and uv2 are both edges in the matchings then F ← (F\F [Us]) ∪ (
k∪

i=1

Ni)

go to Algorithm start
end if

end for
Remove parallel edges of F in Us

return F

The last step ensures that we remove the extra edges we kept in Us, so that in the end, we output
a forest, which we found on an edge set that is the union of matchings, which makes it properly
colored. We now need to see if we actually improved the ratio.

6.2.5 It is indeed 5
9

Lemma U ensures we can restrict to the set U 1⃝. We are looking for the ratio by bounding for the
edges in the output E′, and separately for the rest of the edges in G[U ]. This is an upper bound
to the optimum because it is easier to construct two separate properly colored forests, because
they might not be properly colored when unified 2⃝.
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OPT G = 1⃝ OPT G[U ] ≤ 2⃝ OPT G[E′] + OPT G[E[U ]− E′]

Now we bound OPT G[E′] and OPT G[E[U ]− E′] separately.

Claim E’: OPT G[E′] = |F [Us]| = Us/2

Proof: F [Us] consists of size two components, which automatically results in a forest that is
a matching so ≥ is proven. Now, for ≤ we take F ′ a maximum size properly colored forest that
covers Us, this exists by Lemma U. Indirectly suppose |F ′| > |Us|/2. This can happen in three
ways.

The first way is if there are edges of F ′ that run outside of U . If there were an edge like that,
we would have added it when we added edges greedily. The fact that we reached the end of the
algorithm indicates that there exist no edges like this one.

If there had been an edge running from Us to Ur, that could be a part of a maximum properly
colored forest; it would define a set of matchings that would fulfill the requirements of a single-edge
swap.

The third way is if there is an extra edge of F ′ running within Us. This cannot happen, because
then there would be two differently colored edges running within Us triggering a double-edge swap.

Figure 13: The three impossibility factors

Now for E[U ]− E′, for convenience’ sake we denote this edge set by E′′.

Claim E′′: OPT G[E′′] ≤ 3 · |Fr|

Proof: Let there be a maximum sized forest F ′′ ⊆ E′′. There are two types of edges in F ′′

the ones that connect different components of F , and the ones that are spanned by them.
First, we will show that there are at most |Fr| edges in F ′′ that are spanned by F . The

algorithm terminates when there are no swaps available, so Us is not changed in the final step: it
is still the size two components. This means there are no edges of F running between Us and Ur,
so there also cannot be any spanned edges there. The spanned edges lie entirely within Ur, and
they are a subset of F ′′, a forest, so they form a forest too. The number of edges in a forest on a
vertex set is at most the size of the vertex set, which is |Fr|.
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Second, there are at most 2 · |Fr| edges in F ′′ connecting components of F . Every edge in F ′′

has an adjacent edge of Fr of the same color. This is true because it is either an edge running
between Ur and Us, in which case, with no color conflict with Fr, it would be a candidate edge in
E′ instead of belonging to E′′. If it is an edge spanning two components of Fr, without a color
conflict, it would have been added greedily. For every edge f ∈ Fr at each end of the edge, there
is at most one adjacent edge of the same color as f . This means for any edge in Fr, there are at
most two of F ′′ running between components.

F ′′ is made up of edges connecting components and edges spanned by them. Adding the two
bounds together proves the claim:

F ′′ ≤ |Fr|+ 2 · |Fr|

Theorem 5
9 : The algorithm terminates with a 5

9 -approximate properly colored forest F .

Proof: Taking Claim E′ and Claim E′′ we can combine them with the first equation we stated
in this section:

OPT G ≤ OPT G[E′] + OPT G[E′′] ≤ |F [Us]|+ 3 · |Fr| = |F |+ 2 · |Fr|

The last equation stems from the two components of F = F [Us]∪̇Fr. This is the first equation
we use to get to our end goal. The second comes from the by now well-known

OPT G = OPT G[U ] ≤ |U |

We are adding 2 · |Fr| − |Ur| to both sides and then rework the right side using the fact that
U = Us∪̇Ur

OPT G+ 2 · |Fr| − |Ur| ≤ |U |+ 2 · |Fr| − |Ur| = 2 · |Fr|+ |Us|

We know that in this setting, a worst-case forest is a matching:

OPT G+ 2 · |Fr| − |Ur| ≤ 2 · |Fr|+ 2 · |F [Us]| = 2 · |F |

We now use the superior size of the components in Ur. Since they are all at least of size three,
the equation |Fr| ≥ 2/3 · |Ur| holds. Using this in the previous equation that we also multiplied
by 4:

4 ·OPT G+ 2 · |Fr| ≤ 4 ·OPT G− 4 · |Ur|+ 8 · |Fr| ≤ 8 · |F |

Now adding the equations and subtracting 2 · |Fr| we finally arrive at:

5 ·OPT G ≤ 9 · |F |

7 maxPF and maxDBMIS [2]
In this section, we detail the most recent findings on maximum cardinality and maximum weight
g-properly colored forests, by Bai, Bérczi, and Siemelink [2]. We present a reduction to maximum-
weight degree-bound matroid independent set and then reduce it further, this time to matroid
k-parity. Known results of matroid k-parity give us

(
2

∆+1 − ϵ
)

-approximation for the unweighted
version and ln 4

∆+1 , here ∆ is the max degree in the hypergraph.
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7.1 maxWPF to maxWDBMIS
The reductions work for the more general weighted variants; therefore, they will be stated accord-
ingly.

maxWPF can be formulated as a maxWDBMIS in an obvious way: take all the unicolored
edges adjacent to a vertex and add them as a hyperedge on the edge set E = {δFi

(v) | ∀v ∈ V, i ∈
[k]}. Set the bounds to 1 in the properly colored version, or set them to gi(v) for g-properly
colored. This ensures that the right number of colored edges are adjacent to each vertex. If we
are working with the weighted version, the weights simply remain for each element.

7.2 maxWDBMIS to matroid (1 + ∆)-parity
This reduction will happen by making multiple copies of the elements, using the hypergraph
and matroid from maxWDBMIS, and constructing new matroids whose union results in one big
matroid. In this mega matroid, independence is equivalent to feasibility in maxWDBMIS.

7.2.1 Structure the matroids

Figure 14: Structure the copies as detailed below

Let us start by copying every v ∈ V a ∆+ 1 times.

M : vM as a copy of the original vh,

E : then one for each hyperedge h that covers v,

dummies: and vd1 , ..., vd∆−δ(v) : enough dummies to make up the total.

Now we are constructing matroids:

MM : A copy of the original matroid M is put in place on the vM elements

ME : For each h ∈ E we take all the elements vh and make a uniform matroid Mh with the
bound g(h) that the corresponding hyperedge got in maxWDBMIS. Taking the direct sum
creates ME =

⊕
h∈E

Mh

Mdummies: For every v ∈ V the dummies belonging to it form a free matroid Mv, that we
combine Mdummies =

⊕
v∈V

Mv
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These matroids have disjoint base sets, so that we can construct one huge matroid with matroid
direct sum:

M⊕ = MM ⊕ME ⊕Mdummies

If we have a feasible solution in maxWDBMIS and take all the corresponding elements in the
giant matroid M⊕, we get an independent set. Independent in the original M means independent
in MM , meeting the hyperedge constraints means independent in ME , and the dummies are
always independent. This does not work the other way; an arbitrary independent set in M⊕

could have some, but not all copies of a given element. We have to enforce the inclusion of all
copies of each element. This means we are searching for independent sets that include all or none
of the elements given in groups of ∆+ 1. This is matroid ∆+ 1-parity!

7.3 Results from matroid k-parity known results
As we discussed earlier in Section 5.10 the known best approximations of matroid k-parity are(
2
k − ϵ

)
- and ln4

k+1 -approximations in the unweighted and weighted version respectfully. Using these
on our recently constructed matroid (∆+1)-parity we get

(
2

∆+1 − ϵ
)

, for maxDBMIS and 2/3−ϵ
for maxGPF which improves upon the previous best of 5

9 for maxPF. For the weighted counterpart
maxWDBMIS gets ln4

∆+1 , this is the first ever approximation algorithm for maxWDBMIS and
maxWGPF.

7.4 maxWDBMIS
We can also make a 1

∆+ϵ -approximation for an arbitrary ϵ, which is better than ln 4
∆+1 for ∆ = 2,

like maxWPF. This only works for g(h) ≤ 1, or in maxWPF terms, the properly colored version!

7.4.1 Bipartite conflict graph

Figure 15: Adding edges to the bipartite conflict graph

Let us consider a bipartite conflict graph as in Figure 15: on one side, a feasible solution,
on the other an optimal one G = (S, SOPT, E). For each pairs of vertices we add an edge if
there is a hyperedge that includes both and they are on opposite sides of the bipartite graph
E = {uv | u ∈ S; v ∈ SOPT; ∃h ∈ E u, v ∈ h}. This graph captures the elements in conflict: both
endpoints of an edge cannot be included in a feasible solution, as this would violate g(h) for the
corresponding hyperedge.
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We know some degree bounds on this graph! Let us look at a hyperedge h ∈ E . We know S is a
feasible solution, so by the bound g, there is at most one vertex that is also in h. This is also true
for a feasible solution SOPT: there is at most one vertex in h∩SOPT. In the graph we constructed,
we drew an edge between any two vertices that are in the same hyperedge. Combined with our
previous observation, this implies that in the bipartite conflict graph, there is at most one edge for
each hyperedge. Observing the vertex v ∈ S, we see it has one edge for each hyperedge covering
it, which we know is at most ∆.

Kőnig’s edge-coloring theorem states that for a bipartite graph, if the max degree is ∆, there
exists a proper edge-coloring with ∆ colors. We have shown that we can use this here, creating a
proper edge-coloring that partitions the edges into ∆ unicolored matchings.

7.4.2 Common independent

Now we add uniform matroids along each edge, so we can enforce that only one of the vertices
can belong to a feasible solution. If we only take the edges belonging to a matching, the uniform
matroids on them have disjoint ground sets, so that we can combine them into a partition matroid
Mi, one for each matching.

We have these partition matroids M1, ...,M∆, and we add one more: we restrict the original
matroid from maxDBMIS to the two solutions we are considering M/S ∪ SOPT. Now we have
∆ + 1 matroids where a set that is independent in all of them is a feasible set in maxDBMIS.
We can now use p-exchanges, which we have detailed in section 5.8.4. If we have a locally optimal
solution with k = ∆+1, p = 1

ϵ by [14] we know this is 1
∆+ϵ -approximate solution, for an arbitrary

ϵ.

8 Bundled version [2]
We observed that the weighted and the unweighted versions maxPF and maxWPF behaved quite
differently. There is a construction between weighted and unweighted: having multiple parallel
unweighted edges. The hope with this construction is that it is technically unweighted, but the
weights are still present in a way. It turns out this results in a third problem that behaves
differently from both, nevertheless, we do present a 1

3 -approximation by Bai et al. [2].
If the transition of an unweighted edge to a weighted one is considered to be a bundle, the

transition from an unweighted tree to a weighted tree should have bundles instead of edges. These
will be called a tree with bundles and if it’s disjoint, a forest with bundles. A forest is a graph with
no cycles, but two parallel edges form a cycle, which we do not want excluded when puffing up
the edges to bundles. Fortunately, these are the only ones we want to keep, so

Definition of forests with bundles: A forest with bundles is a graph without cycles of
length at least 3.

The algorithm starts by greedily building a feasible set, then improves on it by local swaps.
For all bundles, it checks whether the maintained feasible set can be improved on by adding the
remaining edges from the bundle; in exchange, it deletes edges when conflicts occur. First, in the
underlying simple graph, adding a bundle may create a cycle; we may have to delete an entire
bundle to avoid that. Second, we have to maintain proper coloration; we delete all neighboring
edges of the same color.
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Figure 16: When adding the bundle uv, edge r has to be removed due to color conflict, b is
removed to maintain acyclicity

This obviously returns a feasible set; it remains to show that it is a 1
3 -approximation. This

stems from the fact that three parts block a bundle included in the optimal solution. This, of
course, is much more complicated because it concerns subsets of the edges between vertices, rather
than the entire available bundle. These block only parts of the neighboring bundles, and so forth,
the fully detailed version is not included here.

For a high-level intuition, we sketch the three blocking problems. Firstly, by adding the bundle,
we could lose acyclicity. This means that a bundle in the optimum can be blocked by a bundle in
the output; deleting one is enough to break the cycle. Second and third, are the color conflicts.
While the bundle from the optimal solution can have many neighbors on both sides, the number
of edges blocked is at most the number of colors in the bundle. This bound holds on both sides,
amounting to a ratio of two to one. Adding the acyclic blocks results in the 1

3 approximation
factor.

9 Branchings [2]
In conclusion, we present the natural question of the directed case. Here we color arborescences,
which are directed trees with a root r ∈ V with in-degree 0, and all the other vertices have
in-degree 1. If we have vertex-disjoint arborescences in a graph, we call their union a branching.

9.1 Out-coloring branchings
When properly coloring in the directed case, we get different questions with different answers
depending on whether we include both ingoing and outgoing arcs in the color constraints, or only
the outgoing. Please note that the in-degree is one or zero, which does not result in an interesting
proper coloration. In a g-properly out-colored structure, the upper bounds on the colors only apply
to the out-arcs at each vertex.

Claim We can get a 1
2 -approximation for a maximum weight g-properly out-colored branching.

Proof: We formulate this problem as a matroid intersection problem. If we take a graphic
matroid MG so that we have no circuits, and a partition matroid Min for the inbound arcs to only
include at most one, then in the intersection of these matroids, we get branchings. We now need
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to add coloring, which can be achieved by assigning a partition matroid Mcolor,v to each vertex
to ensure all the color bounds are satisfied. Every arc is an out-arc to exactly one vertex, which
means these Mcolor,v matroids are all disjoint, so they can be combined into one big partition
matroid Mcolor. We are using the iterative refinement algorithm of Linhares, Olver, Swamy, and
Zenklusen [16] for 3-matroid intersection.

Using their result on the three matroids MG, Min and Mcolor gives us an LP-relative 1
2 -

approximation to find maximum weight g-properly out-colored branching.

9.1.1 Properly coloring branchings

With proper g-proper coloring, the arcs are included in the color bounds of two vertices, so we
cannot take their disjoint sum to form Mcolor. But thankfully, we can still present a solution
because this is a case of maxWDBMIS. Each edge uv can be included in three hyperedges:

• Proper coloration bound at u for color c(uv)

• Proper coloration bound at v for color c(uv)

• In-degree bound at v to achieve a branching

This means we can use the result from before with ∆ = 3, giving us a
(
ln4
5

)
-approximation.

10 In conclusion
The current state of the research:

b-matchings branchings bundled forests maxPF maxGPF
maxWPF maxWGPF

unweighted POLY 1
2

1
3

5
9 < 2

3
2
3

weighted POLY 1
2 ∅ 1

(2+ϵ)
1

(2+ϵ)

10.1 Open problems
Improvements

The most important open question remains improving on the 1
2 barrier in the weighted case.

Furthermore, all of the above problems could have better approximation ratios; no hardness
results saying otherwise exist. Such a hardness result is also an open question.

Rainbow conjecture

Yokoi proposed an interesting problem [4, Open Problem: Rainbow Arborescence Problem]. Given
a digraph that is the union of n− 1 unicolored spanning arborescences, the conjecture states that
there exists a rainbow colored spanning arborescence: a spanning arborescence with at most one
arc of each color. This is the Rainbow arborescence conjecture and is an open problem. One could
relax the problem to look for properly colored arborescences instead.
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10.2 Conclusion
This thesis serves as a survey of the problem of finding maximum-size properly colored forests and
its generalizations. Using graph theoretic knowledge as a base, it places the problem in a broader
matroid-theoretic framework. It is hoped that the results and perspectives presented here will be
helpful for readers seeking to learn more about the research in this area.
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Feladat Felhasznált eszköz Felhasználás helye
Irodalomkeresés ChatGPT (OpenAI GPT-5.2) 3. és 5. fejezete

Szövegvázlat generálás ChatGPT (OpenAI GPT-5.2) 5. fejezet alfejezetei
Nyelvhelyesség ellenőrzése Google Gravity, Grammarly teljes dolgozat

ChatGPT (OpenAI GPT-5.2)
Elrendezés ellenőrzése ChatGPT (OpenAI GPT-5.2) teljes dolgozat
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