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Abstract

The family of (k, ℓ)-sparse graphs plays a central role in combinatorial optimization and rigidity the-

ory. Despite the theoretical importance of these graphs and their extensive study, long-standing time-

complexity barriers have persisted for several fundamental algorithmic problems. In this thesis, we present

asymptotically faster algorithms for two classical problems. First, we resolve an open question concerning

the maximum-weight (k, ℓ)-sparse subgraph problem by developing the first O(n2 + m)-time algorithm,

improving upon the previous best-known O(nm) bound. Second, we study the recognition problem for

(k, ℓ)-sparse graphs and provide specialized algorithms for the three parameter ranges ℓ ≤ k, k < ℓ < 2k,

and 2k ≤ ℓ < 3k, obtaining significant asymptotic improvements over prior methods in each range.
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1 Introduction

Throughout the thesis, we fix nonnegative integers k and ℓ with ℓ < 3k. In the classical range ℓ < 2k, the

graph G = (V,E) is called (k, ℓ)-sparse if, for each subset X ⊆ V , the number iG(X) of edges induced by X

satisfies iG(X) ≤ max{k|X| − ℓ, 0}. In the extended range 2k ≤ ℓ < 3k, we require this inequality only for

subsets of size at least three. If G is (k, ℓ)-sparse and has exactly max{k|V | − ℓ, 0} edges, then it is called

(k, ℓ)-tight. A graph is (k, ℓ)-spanning if it contains a (k, ℓ)-tight subgraph spanning all vertices. A (k, ℓ)-block

of a (k, ℓ)-sparse graph is a subset X ⊆ V that induces a (k, ℓ)-tight subgraph, and a (k, ℓ)-component is an

inclusion-wise maximal (k, ℓ)-block. These notions form the basis of a rich combinatorial theory closely tied

to matroids and rigidity, and they naturally give rise to the optimization and recognition problems studied in

this work.

The concept of (k, ℓ)-sparsity originates from Lorea [1] and has since surfaced in several foundational

results. In particular, the case ℓ = k characterizes exactly those graphs that decompose into k forests [2, 3].

More generally, for ℓ ≤ k, a graph is (k, ℓ)-sparse precisely when its edge set can be partitioned into ℓ

forests and k − ℓ pseudoforests (i.e., graphs with at most one cycle in each connected component). For

(k, ℓ) = (2, 3), the (k, ℓ)-tight graphs are the Laman graphs, describing generically minimally rigid bar-joint

frameworks in the plane [4], while (2, 3)-spanning graphs correspond to rigid frameworks. For a comprehensive

overview of rigidity theory, see [5, 6]. In the classical range, the family of (k, ℓ)-sparse edge sets forms the

independent sets of a matroid, allowing efficient optimization over (k, ℓ)-sparse subgraphs. In the extended

range 2k ≤ ℓ < 3k, three-dimensional rigidity provides further motivation: the boundary case ℓ = 2k plays a

key role in the analysis of block–hole graphs with a single block and yields necessary conditions for 3D rigidity

when k = 3 [7]. Altogether, (k, ℓ)-sparsity offers a unifying framework linking matroid theory, edge-disjoint

spanning structures, and planar as well as spatial rigidity.

Two algorithmic problems naturally arise in this setting. The first is the maximum-weight (k, ℓ)-sparse

subgraph problem: given a graph with a nonnegative weight function on its edges, find a (k, ℓ)-sparse subgraph

of maximum total edge weight. Many classical problems in graph theory can be viewed as special cases of

this framework — for example, finding a maximum-weight spanning tree, a maximum-weight subgraph that

can be decomposed into k forests, or a maximum-weight rigid spanning subgraph in the plane. The other

considered problem is recognition, which asks whether a given graph is (k, ℓ)-sparse. In the classical range,

this is precisely the independence oracle for the matroid of (k, ℓ)-sparse edge sets and thus serves as a crucial

building block for numerous combinatorial algorithms, especially in rigidity theory.

In this work, we study optimization only for the classical range, whereas recognition is treated across the

entire interval 0 ≤ ℓ < 3k. This distinction reflects that the matroid structure enabling efficient optimization

disappears for ℓ ≥ 2k, making the maximum-weight problem substantially harder there, while recognition

remains polynomial-time solvable throughout. Within their respective ranges, both tasks admit polynomial-

time solutions, yet the efficiency of the known algorithms has long been a bottleneck for applications.

Throughout the thesis, we treat k and ℓ as fixed constants and therefore omit poly(k, ℓ) factors from

asymptotic bounds. We denote by n and m the number of vertices and edges of any input graph. We

also adopt the following conventions. In the optimization problem, we assume that the edges are given in

nonincreasing order by weight. In the recognition problem, we restrict attention to instances with m ≤ kn, as

any graph with m > kn trivially violates the sparsity condition.

1.1 Algorithms for optimization

For the optimization problem, the classical approach is the pebble game framework introduced in [8, 9, 10,

11, 12]. The pebble game is a greedy algorithm exploiting the matroidal structure of (k, ℓ)-sparse graphs: it

processes the edges one by one and inserts an edge whenever the resulting subgraph remains (k, ℓ)-sparse.
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Testing whether an edge can be added is based on the Orientation Lemma [13]: we maintain a k-indegree-

bounded orientation and search for augmenting paths. A precise description of this procedure is given in

Section 2.1. In its straightforward implementation, the running time of the pebble game algorithm is O(nm). A

widely accepted paper in the literature claimed to improve this to O(n2+m) by employing a more sophisticated

data structure [11, 12], building on ideas from [9]. The proposed algorithm is a variant of the pebble game that

additionally maintains the so-called (k, ℓ)-components, that is, the inclusion-wise maximal tight subgraphs of

the current sparse graph. This allows one to test whether an edge can be inserted by simply checking whether

there exists a component that contains both of its endpoints. In recent years, however, several researchers have

pointed out that the running-time analysis of this improved, component-based method is flawed [14, 15]. This

left open a central question of both theoretical and practical significance: does there exist an O(n2 +m)-time

algorithm for the maximum-weight (k, ℓ)-sparse subgraph problem in the classical range?

The lower range. In the range ℓ ≤ k, the problem simplifies considerably, since the (k, ℓ)-components of

a sparse graph are pairwise disjoint. As a consequence, maintaining these components becomes significantly

easier: it suffices to choose and store a representative vertex for each component. When attempting to insert

an edge and checking whether its endpoints already lie in a common (k, ℓ)-component, one then only needs to

test whether the representatives of the components containing the two endpoints coincide. This leads to an

O(n2 +m)-time algorithm using O(n) additional space, improving on the O(nm) running time of the classical

pebble game. A detailed description is given in Section 2.4.1.

The unweighted case. In the unweighted case, that is, when seeking a maximum-size (k, ℓ)-sparse subgraph

rather than a maximum-weight one, the order in which edges are processed can be chosen arbitrarily. This

flexibility can be exploited by grouping the edges of the input graph by their first endpoint and processing

them vertex by vertex: in each phase, all edges with a fixed vertex u as their first endpoint are considered.

During such a phase, only the (k, ℓ)-components containing u are relevant, and for every vertex v ̸= u one

records whether it lies in one of these components. If this is the case, then the edge uv cannot be added to

the sparse subgraph. This approach runs in O(n2 + m) time and requires only O(n) additional space. The

algorithm is described in detail in Section 2.4.2.

1.2 Algorithms for recognition

Recognizing whether a given graph is (k, ℓ)-sparse can be viewed as a special case of the corresponding opti-

mization problem, since computing a maximum-weight (or maximum-size) (k, ℓ)-sparse subgraph immediately

decides sparsity. As a consequence, the pebble game algorithm can be used for recognition throughout the

entire classical range 0 ≤ ℓ < 2k. Moreover, when performing recognition we restrict attention to graphs with

at most kn edges, under which assumption the straightforward implementation of the pebble game runs in

O(n2) time. Although several faster algorithms were developed for special choices of k and ℓ, it remained open

whether recognition throughout the entire classical range could be achieved in subquadratic time.

The lower range. For ℓ ≤ k, a graph is (k, ℓ)-sparse if and only if its edge set can be decomposed into ℓ

forests and k − ℓ pseudoforests [16]. This yields a recognition algorithm due to Gabow and Westermann [16]

that maintains such a decomposition for the accepted edges. The algorithm first applies a preprocessing

step that deletes vertices of degree at most k, storing the incident edges so that they can be restored in a

postprocessing step. It then performs an initial augmentation phase using the subroutine batch. After these

batch steps, the remaining edges are processed one at a time: for each such edge, the algorithm first tries

to insert it directly into one of the maintained parts. If this is not possible, it searches for an augmenting

sequence of exchanges among the parts. The crucial point is that this search is implemented using specialized

scan procedures rather than a generic matroid-union routine: the algorithm uses breadth-first scanning for
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the pseudoforest parts and cyclic scanning for the forest parts. If these scans find an augmentation, then

the corresponding exchanges are performed and the edge is accepted; otherwise, the edge is rejected. This

algorithm decides independence in the union of k − ℓ bicircular and ℓ graphic matroids, thereby yielding a

test for (k, ℓ)-sparsity. The same framework can also be extended to recognize (k, k + 1)-sparse graphs — in

particular, (2, 3)-sparse graphs — by first finding a maximum-size (k, k)-sparse subgraph decomposed into k

forests. If this subgraph does not contain all input edges, then the graph is not (k, k + 1)-sparse. Otherwise,

one checks whether the subgraph contains a nonempty top clump, i.e., an inclusion-wise maximal clump. A top

clump can be found efficiently from the computed decomposition. In this case, nonempty clumps correspond

to edge sets of (k, k)-tight subgraphs, so a (k, k)-sparse graph is (k, k + 1)-sparse if and only if no nonempty

top clump exists; otherwise, such a top clump forms a violating set.

Laman graphs. For Laman graphs, a more efficient alternative to naive recognition methods is based on

the fact that a graph is Laman if and only if, after duplicating any edge, the resulting multigraph can be

partitioned into two edge-disjoint spanning trees. This decomposition provides the red and black trees on

which the notion of a red-black hierarchy is built, giving an equivalent characterization: a graph is Laman

if and only if it admits such a hierarchy. In the algorithm introduced in [17], one first duplicates an edge,

computes the two edge-disjoint spanning trees, performs a decomposition according to a specific set of rules,

and then constructs the graph corresponding to that decomposition in O(n2) time. A key observation is that

the graph characterizing the decomposition is a red-black hierarchy if and only if all edges are removed during

the decomposition process [18]; therefore, instead of explicitly constructing the decomposition graph, it suffices

to test whether all edges were deleted. Given the two edge-disjoint spanning trees, the improved algorithm

carries out this decomposition in O(n log n) time using tree linearization via DFS numbering together with

segment trees to report and delete crossing edges.

Outside the classical range. In the range 2k ≤ ℓ < 3k, the standard approach is a straightforward

extension of the pebble game algorithm. When deciding whether an edge uv can be inserted, one has to check,

for every vertex w /∈ {u, v}, whether there exists a (k, ℓ)-tight subgraph containing all three vertices u, v, w.

Performing this test separately for each choice of w leads to an O(n3)-time algorithm [14]. In the special case

ℓ = 2k, this verification can be carried out for all vertices w simultaneously using a constant number of graph

searches per input edge, reducing the overall running time to O(n2) [14].

1.3 Our contribution

We settle the previously highlighted open question on the optimization side by presenting the first provably

O(n2+m)-time algorithm for the maximum-weight (k, ℓ)-sparse subgraph problem in the classical range. Our

approach combines a carefully designed data structure with a refined analysis, leading to both theoretical and

practical advances. As a direct corollary, the maximum-weight rigid subgraph problem — corresponding to

the well-known case k = 2, ℓ = 3 — can now be solved in quadratic time. Beyond its standalone significance,

the maximum-weight (k, ℓ)-sparse subgraph problem also frequently arises as a subroutine in more complex

combinatorial optimization problems. For example, our algorithm substantially improves the running time of

approximation algorithms for the minimum-weight redundantly rigid and globally rigid subgraph problems [19]

and their generalizations [15] in the metric case. Further applications include enumerating noncrossing min-

imally rigid frameworks [20], as well as recognizing kinematic joints [21]. An efficient implementation of

the optimization algorithms discussed in this work is publicly available online [22], and a detailed empirical

evaluation can be found in [23].

On the recognition side, we design new algorithms for all three ranges ℓ ≤ k, k < ℓ < 2k, and 2k ≤ ℓ < 3k.

In the range k < ℓ < 2k, we assume that the input graph is loopless, as any loop would trivially violate the

sparsity condition. For 2k ≤ ℓ < 3k, we follow the standard convention and assume that the input graph
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is simple. A central ingredient of our approach is a novel reduction of a key subproblem of recognition to

rooted arc-connectivity in directed graphs, which can be solved very efficiently for the relevant parameters.

We combine this with flow-based and augmenting-path techniques and, in the most technically challenging

range k < ℓ < 2k, with a divide-and-conquer method based on centroid decomposition. In each considered

parameter range, we obtain significant asymptotic improvements over the best previous bounds. A notable

special case is ℓ = k + 1 — and in particular the fundamental case k = 2, ℓ = 3 from combinatorial rigidity

theory — for which Gabow and Westermann gave an O(n
√
n log n) algorithm [16]. As noted in [18], it is not

clear whether this bound can be improved solely by using a faster forest decomposition procedure. The main

contribution of [18] is precisely to decouple these aspects in the Laman graph case: their algorithm recognizes

Laman graphs by using a forest decomposition algorithm as a black box in an initial step, thereby separating

the decomposition from the subsequent computations. However, this approach is specific to Laman graphs:

it does not extend to general (2, 3)-sparse graphs, and it cannot produce a certificate of failure in the form

of a vertex set violating the sparsity condition. In contrast, our algorithm works throughout the entire range

k < ℓ < 2k, retains the decoupling of the forest decomposition from the later stages of the computation, and

can also return a violating set when the input graph is not (k, ℓ)-sparse.

Summary of running times. Table 1 summarizes the best asymptotic running-time bounds achieved for

both optimization and recognition. For the recognition problem, more detailed bounds — given in terms of

the running-time notation introduced later in Section 3.1 — are presented in Table 3.

Table 1: Asymptotic running-time bounds for the main problems.

Range Problem Old bounds New bounds

0 ≤ ℓ ≤ k recognition


O(n
√
n) if ℓ = 0 [16]

O(n
√
n log n) if ℓ > 0 [16]

O(n1+o(1)) if ℓ = k [24]

O(n1+o(1))*

k < ℓ < 2k recognition

{
O(n
√
n log n)† if ℓ = k + 1 [16]

O(n2) if ℓ > k + 1 [11]
O(n1+o(1))*

optimization O(nm) [11] O(n2 +m)

2k ≤ ℓ < 3k recognition

{
O(n2) if ℓ = 2k [14]

O(n3) if ℓ > 2k [14]

{
O(n2) if ℓ ≤ 2k + 1

O(n2 log n) if ℓ > 2k + 1

* Under purely combinatorial implementations of our primitives, the new bounds become O(n
√
n) for the

ℓ ≤ k recognition case and O(n
√
n log n) for the k < ℓ < 2k recognition case.

† In the special case of Laman graphs, i.e., for (k, ℓ) = (2, 3) with m = 2n−3, an O(n1+o(1))-time recognition

algorithm was developed in [18]. For the planar Laman case, a more specialized algorithm was proposed

in [25] with a time complexity of O(n log3 n). However, neither of these algorithms can provide a violating

vertex set to certify that the input graph is not (k, ℓ)-sparse.
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2 Optimizing (k, ℓ)-sparse graphs

In this section, we consider the classical range ℓ < 2k and study the maximum-weight (k, ℓ)-sparse subgraph

problem on a loopless multigraph G = (V,E) with a nonnegative weight function on its edges. Assume that

the edges e1, . . . , em of G are given in nonincreasing order by weight. We first review the classical augmenting-

path algorithm and its naive O(nm) implementation. Building on the notion of (k, ℓ)-components, we then

develop and analyze an improved algorithm that runs in O(n2 + m) time. Finally, we present simplified,

memory-efficient classical algorithms for two important special cases of the optimization problem.

2.1 The naive augmenting-path algorithm

We give an overview of the classical, or “naive”, version of the pebble game algorithm for finding a maximum-

size or maximum-weight (k, ℓ)-sparse subgraph. We begin by stating two fundamental results that are essential

for proving the correctness of the algorithm and then present the algorithm itself.

Theorem 2.1.1 (Lorea, 1979 [1]). Let G = (V,E) be a graph, and define I = {F ⊆ E : (V, F ) is (k, ℓ)-sparse}.
Then M = (E, I) is a matroid.

We also need the following technical theorem, which can be derived from Hakimi’s Orientation Lemma [13].

A similar lemma appears as Lemma 1 in [9]. Here we give a direct proof.

Theorem 2.1.2. Let H = (V, F ) be a (k, ℓ)-sparse graph, and let u, v ∈ V be two distinct vertices. Suppose

D is an orientation of H in which each vertex has indegree at most k. Then:

1. If ϱD(u) + ϱD(v) < 2k − ℓ, then H ′ = (V, F ∪ {uv}) is also (k, ℓ)-sparse.

2. If ϱD(u) + ϱD(v) ≥ 2k − ℓ and there is no directed path in D from any vertex w ∈ V \ {u, v} with

ϱD(w) < k to either u or v, then letting T denote the set of vertices from which u or v is reachable in

D, the set T violates the (k, ℓ)-sparsity of H ′ = (V, F ∪ {uv}).

Proof. We prove the two parts separately.

1. Since H is (k, ℓ)-sparse, it suffices to verify the sparsity condition for subsets X ⊆ V containing both u

and v, as these are the only sets affected by the insertion of the edge uv. For any such X,

iH′(X) = iH(X) + 1 ≤
∑
w∈X

ϱD(w) + 1 ≤ k(|X| − 2) + (2k − ℓ− 1) + 1 = k|X| − ℓ,

which confirms that H ′ remains (k, ℓ)-sparse.

2. Let T ⊆ V denote the set of vertices from which u or v is reachable in D. Clearly, ϱD(T ) = 0, and by

assumption, ϱD(w) = k for each w ∈ T \ {u, v}. Hence,

iH′(T ) = iH(T ) + 1 =
∑
w∈T

ϱD(w)− ϱD(T ) + 1 ≥ (2k − ℓ) + k(|T | − 2) + 1 = k|T | − ℓ+ 1,

which violates the sparsity condition, proving that H ′ is not (k, ℓ)-sparse.

Checking edge acceptability via orientations. Given a k-indegree-bounded orientation D of H, Theo-

rem 2.1.2 yields an algorithm for checking whether the insertion of an edge uv preserves (k, ℓ)-sparsity. While

ϱD(u) + ϱD(v) ≥ 2k − ℓ, we find a directed path P in D from a vertex in {w ∈ V \ {u, v} : ϱD(w) < k} to

either u or v. If no such path exists, then the insertion of uv violates the sparsity condition. Otherwise, we

reverse the arcs of P , which decreases ϱD(u) + ϱD(v) without violating the k-indegree bound. Repeating this

process at most ℓ+ 1 times determines whether the edge uv can be inserted. •

We are now ready to describe the augmenting-path algorithm for finding a maximum-weight (k, ℓ)-sparse

subgraph. The algorithm is built on two key ideas:
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• We iteratively construct the optimal subgraph H = (V, F ), considering the edges one by one in the order

e1, . . . , em. Each edge e is inserted into H if and only if the resulting subgraph H ′ = (V, F ∪ {e}) remains

(k, ℓ)-sparse.

• We maintain a k-indegree-bounded orientation D of the current subgraph F . For each edge e, we apply

Theorem 2.1.2 together with the orientation-based procedure described above to determine whether the edge

can be accepted. If H ′ = (V, F ∪ {e}) is (k, ℓ)-sparse, then we insert e into H and update D by inserting e

with an orientation that preserves the k-indegree bound.

The correctness of this method immediately follows by Theorems 2.1.1 and 2.1.2. Algorithm 1 provides an

implementation of this iterative approach.

Algorithm 1 Naive Pebble Game for 0 ≤ ℓ < 2k

Input: An undirected graph G = (V,E).

Require: The edges e1, . . . , em of G are sorted in nonincreasing order of weight.

Output: The edge set of a maximum-weight (k, ℓ)-sparse subgraph.

1: procedure PebbleGamek,ℓ(G = (V,E))

2: F ← ∅ ▷ Initialize the edge set of the optimal subgraph

3: D ← (V, ∅) ▷ Initialize a directed graph on V without arcs

4: for e← e1, . . . , em do ▷ Process the edges in nonincreasing order of weight

5: u, v ← endpoints(e)

6: while ϱD(u) + ϱD(v) ≥ 2k − ℓ do

7: P ← a path in D from {w ∈ V \ {u, v} : ϱD(w) < k} to {u, v}
8: if no such path exists then

9: break ▷ Exit the while loop

10: end if

11: reverse the arcs of P in D ▷ Decrease the indegree of u or v

12: end while

13: if ϱD(u) + ϱD(v) < 2k − ℓ then

14: F ← F ∪ {e} ▷ Accept edge e

15: if ϱD(v) < k then

16: D ← D ∪ {uv} ▷ Insert an arc from u to v in D

17: else

18: D ← D ∪ {vu} ▷ Insert an arc from v to u in D

19: end if

20: end if

21: end for

22: return F ▷ Return the edge set of the optimal subgraph

23: end procedure

Proposition 2.1.1. Algorithm 1 runs in O(nm) time.

Proof. The while loop in line 6 takes at most ℓ+ 1 iterations per edge, and each augmenting path P can be

found via a single traversal of D in O(n) time. Thus, each edge is processed in O(n) time overall, yielding a

total running time of O(nm).

2.2 The component-based algorithm

In Algorithm 1, checking for each edge whether it can be inserted into D without violating the sparsity

condition takes O(nm) time in total. If we instead had access to an oracle that could determine in constant
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time whether an edge can be accepted, then augmenting paths would only need to be computed for the

O(n) edges actually inserted, reducing the total running time to O(n2 +m). We construct such an oracle by

leveraging the following structural properties of (k, ℓ)-blocks and (k, ℓ)-components.

Lemma 2.2.1. Let X and Y be (k, ℓ)-blocks of a (k, ℓ)-sparse graph H = (V, F ) such that |X ∩ Y | ≥ 2. Then

both X ∩ Y and X ∪ Y are (k, ℓ)-blocks.

Proof. Let X,Y ⊆ V be distinct blocks of H such that |X ∩ Y | ≥ 2. Recall that iH(X) denotes the number

of edges induced by X. By the supermodularity of this function, we have

k(|X|+ |Y |)− 2ℓ = iH(X)+ iH(Y ) ≤ iH(X ∩Y )+ iH(X ∪Y ) ≤ k|X ∩Y |+ k|X ∪Y | − 2ℓ = k(|X|+ |Y |)− 2ℓ.

Since the left- and right-hand sides are equal, all inequalities must hold with equality, and hence X ∩ Y and

X ∪ Y are blocks.

Corollary 2.2.1. Any two distinct (k, ℓ)-components in a (k, ℓ)-sparse graph H = (V, F ) intersect in at most

one vertex.

Proof. Let X and Y be components with |X ∩ Y | ≥ 2. By the previous lemma, X ∪ Y is also a block. Since

X ∪ Y contains both X and Y , it follows that X = Y ; otherwise, X or Y is not inclusion-wise maximal.

Corollary 2.2.2. Inserting a single edge into a (k, ℓ)-sparse graph H = (V, F ) can form at most one new

(k, ℓ)-component.

Proof. Let uv be the edge to be inserted, and letX and Y be two newly formed components. Since u, v ∈ X∩Y ,

we clearly have |X ∩ Y | ≥ 2. By Corollary 2.2.1, this implies that X = Y .

Corollary 2.2.3. The total size of the (k, ℓ)-components in a (k, ℓ)-sparse graph H = (V, F ) is O(n).

Proof. The total size of singleton components is O(n), so it suffices to consider components with at least two

vertices. Any such component induces k|X| − ℓ > 0 edges, and by Corollary 2.2.1, each edge in F is induced

by at most one component. Hence, by the sparsity of H, the number of non-singleton components is at most

|F | ≤ max{kn − ℓ, 0} = O(n). A non-singleton component inducing t edges has (t + ℓ)/k < t/k + 2 vertices,

so the sum of the sizes of all such components is bounded by |F |/k + 2 ·O(n) = O(n).

Let us now revisit our original problem and modify Algorithm 1 to achieve a faster running time. Our goal

is to decide in constant time whether an edge uv can be inserted into the current subgraph H = (V, F ) without

violating the sparsity condition. Clearly, H ′ = (V, F ∪ {uv}) is (k, ℓ)-sparse if and only if no (k, ℓ)-component

in H contains both u and v. To determine whether uv can be accepted, the algorithm must therefore check

for the existence of such a (k, ℓ)-component. If uv is inserted, then a new (k, ℓ)-component containing both

u and v may form, and some existing (k, ℓ)-components may cease being (k, ℓ)-components, as they remain

(k, ℓ)-blocks but are no longer maximal. We introduce three subroutines to handle these operations efficiently:

• InCommonComponent(u, v) — checks whether there is a (k, ℓ)-component containing both u and v.

• FindComponent(D,u, v) — returns the new (k, ℓ)-component formed after inserting uv, or ∅ if no such

(k, ℓ)-component appears.

• UpdateComponents(C) — updates the data structures representing the current set of (k, ℓ)-components

after a new (k, ℓ)-component C is identified.

9



Temporarily treating these as black boxes, we obtain the following high-level algorithm.

Algorithm 2 Component Pebble Game for 0 ≤ ℓ < 2k

Input: An undirected graph G = (V,E).

Require: The edges e1, . . . , em of G are sorted in nonincreasing order of weight.

Output: The edge set of a maximum-weight (k, ℓ)-sparse subgraph.

1: procedure ComponentPebbleGamek,ℓ(G = (V,E))

2: F ← ∅ ▷ Initialize the edge set of the optimal subgraph

3: D ← (V, ∅) ▷ Initialize a directed graph on V without arcs

4: for e← e1, . . . , em do ▷ Process the edges in nonincreasing order of weight

5: u, v ← endpoints(e)

6: if not InCommonComponentk,ℓ(u, v) then ▷ No component contains both u and v?

7: while ϱD(u) + ϱD(v) ≥ 2k − ℓ do

8: P ← a path in D from {w ∈ V \ {u, v} : ϱD(w) < k} to {u, v}
9: reverse the arcs of P in D ▷ Decrease the indegree of u or v

10: end while

11: F ← F ∪ {e} ▷ Accept edge e

12: if ϱD(v) < k then

13: D ← D ∪ {uv} ▷ Insert an arc from u to v in D

14: else

15: D ← D ∪ {vu} ▷ Insert an arc from v to u in D

16: end if

17: C ← FindComponentk,ℓ(D,u, v) ▷ Find the new component if there is one

18: if C ̸= ∅ then ▷ New component found?

19: UpdateComponentsk,ℓ(C) ▷ Update component data

20: end if

21: end if

22: end for

23: return F ▷ Return the set of accepted edges

24: end procedure

Note 2.2.1. In line 8, we can always find such a path P . This follows from Theorem 2.1.2 and the fact that

the edge uv can be inserted into H.

The subroutines InCommonComponent and UpdateComponents will be described in full detail in the

next section. In Section 2.4, we present more efficient implementations tailored to two special cases. Before

presenting the implementation of FindComponent — which is shared across all special cases — we first

analyze how the (k, ℓ)-blocks of a (k, ℓ)-sparse graph change when a new edge is inserted. This analysis relies

on the following two lemmas.

Lemma 2.2.2. Let D be a k-indegree-bounded orientation of a (k, ℓ)-sparse graph H = (V, F ) and let u, v ∈ V

be distinct vertices such that ϱD(u) + ϱD(v) ≤ 2k − ℓ. A set X ⊆ V containing both u and v is a (k, ℓ)-block

if and only if ϱD(u) + ϱD(v) = 2k − ℓ, ϱD(X) = 0, and each vertex in X \ {u, v} has indegree k.

Proof. A set X containing u and v is a block if and only if iH(X) = k|X| − ℓ. By the definition of iH(X), we

have

iH(X) =
∑
w∈X

ϱD(w)− ϱD(X) ≤
∑
w∈X

ϱD(w) ≤ k(|X| − 2) + 2k − ℓ = k|X| − ℓ.

Equality holds if and only if ϱD(X) = 0, ϱD(u)+ϱD(v) = 2k−ℓ, and each vertex inX\{u, v} has indegree k.
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Now we derive a necessary and sufficient condition for the existence of a component containing two chosen

vertices u and v. A similar lemma was proven as Lemma 2 in [9].

Lemma 2.2.3. Let D be a k-indegree-bounded orientation of a (k, ℓ)-sparse graph H = (V, F ) and let u, v ∈ V

be distinct vertices such that ϱD(u) + ϱD(v) = 2k − ℓ. Define S = {w ∈ V \ {u, v} : ϱD(w) < k}, and let T be

the set of vertices not reachable from S in D. There exists a (k, ℓ)-component containing u and v if and only

if both u and v lie in T . If such a component exists, then it is exactly T .

Proof. Suppose that u, v ∈ T . Since S and T are disjoint, we have ϱD(w) = k for each w ∈ T \ {u, v}.
Furthermore, T has no incoming edges, so ϱD(T ) = 0. By Lemma 2.2.2, T is a (k, ℓ)-block, and hence u and

v lie in a common component.

Conversely, suppose that there is a component X containing both u and v. By Lemma 2.2.2, we have

ϱD(X) = 0, and ϱD(w) = k for each w ∈ X \ {u, v}. Thus, the vertices in X are unreachable from S, implying

that u, v ∈ X ⊆ T . Note that T itself is a (k, ℓ)-block, as it satisfies the conditions of Lemma 2.2.2. From

X ⊆ T and the maximality of X, it follows that X = T .

Using Lemmas 2.2.2 and 2.2.3, the FindComponent subroutine can be implemented as follows.

Algorithm 3 Find Component for 0 ≤ ℓ < 2k

Input: A directed graph D = (V,A), and two distinct vertices u, v ∈ V .

Require: D is a k-indegree-bounded orientation of a (k, ℓ)-sparse graph H, and ϱD(u) + ϱD(v) ≤ 2k − ℓ.

Output: The (k, ℓ)-component in H containing both u and v if it exists; ∅ otherwise.
1: procedure FindComponentk,ℓ(D = (V,A), u, v)

2: if ϱD(u) + ϱD(v) < 2k − ℓ then ▷ Cannot form new component

3: return ∅
4: end if

5: Z ← set of vertices reachable from {w ∈ V \ {u, v} : ϱD(w) < k} in D

6: T ← V \ Z
7: if u, v ∈ T then ▷ New component formed?

8: return T

9: else

10: return ∅
11: end if

12: end procedure

Implementation details for FindComponent. The subroutine above can be implemented using a single

graph traversal in O(n) time. By Lemmas 2.2.2 and 2.2.3, the procedure returns the unique new (k, ℓ)-

component if one is formed, and ∅ otherwise. •

Example 2.2.1. Consider the graph in Figure 1 with (k, ℓ) = (2, 3), and suppose we want to insert the edge

uv. First, we find a 2-indegree-bounded orientation D with ϱD(u)+ϱD(v) < 1 and add the arc uv to D. Next,

we run a graph traversal from the set of vertices with indegree lower than 2. Let Z denote the set of reached

vertices, and define T = V \ Z. Since u, v ∈ T , the newly formed component is exactly T . Finally, we delete

any (k, ℓ)-components fully contained in T , as they are no longer inclusion-wise maximal.
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Figure 1: Impact of inserting edge uv on the (2, 3)-components.

The following lemma, a direct consequence of Corollary 2.2.2, will be used multiple times in the complexity

analysis.

Lemma 2.2.4. During the execution of Algorithm 2, only O(n) (k, ℓ)-components form.

Proof. The algorithm accepts O(n) edges, and by Corollary 2.2.2, the insertion of each edge forms at most

one new component.

We conclude this section with a partial running-time analysis of Algorithm 2.

Proposition 2.2.1. Ignoring the running times of the InCommonComponent and UpdateComponents

subroutines, Algorithm 2 runs in O(n2 +m) time.

Proof. Consider the main for loop over the edges in Algorithm 2. For each rejected edge, the condition in

line 6 is not satisfied, so the body of the loop runs in O(1) time. Among all edges, only O(n) are accepted,

and for each such edge, the inner while loop takes at most ℓ + 1 iterations, each of which runs in O(n)

time; additionally, the FindComponent subroutine is called once per accepted edge, also taking O(n) time.

Thus, the total time for processing all accepted edges is O(n2), and the overall running time is O(n2 +m), as

stated.

2.3 Implementation for the range 0 ≤ ℓ < 2k

In this section, we describe the implementations of the InCommonComponent and UpdateComponents

subroutines, thereby completing our O(n2 +m)-time algorithm that solves the maximum-weight (k, ℓ)-sparse

subgraph problem for the full range of parameters 0 ≤ ℓ < 2k. We also provide a detailed analysis of the

running time of the resulting algorithm.

To efficiently track the (k, ℓ)-components in H = (V, F ), we use a bit matrix M ∈ {0, 1}V×V , where

Mu,v = 1 if and only if u and v lie in some common (k, ℓ)-component. Alongside M , we also maintain a

list C containing the set of the current (k, ℓ)-components, each represented as a list of vertices. If ℓ < k, we

initialize M to zero and set C to the empty list; otherwise, we set M = I and initialize C with all singleton

(k, ℓ)-components, each consisting of a single vertex. Throughout Algorithm 2, we maintain M and C so that

the following invariants hold for the current subgraph H at each iteration:

• For any u, v ∈ V , we have Mu,v = 1 if and only if there exists a (k, ℓ)-component in H containing both u

and v.
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• The list C contains exactly the (k, ℓ)-components in H.

We now present the implementations of the InCommonComponent and UpdateComponents subrou-

tines.

Algorithm 4 In Common Component for 0 ≤ ℓ < 2k

Input: Two vertices u, v ∈ V .

Output: true if there exists a (k, ℓ)-component containing both u and v; otherwise false.

1: procedure InCommonComponentk,ℓ(u, v)

2: return Mu,v = 1

3: end procedure

Algorithm 5 Update Components for 0 ≤ ℓ < 2k

Input: A newly formed (k, ℓ)-component C.

Effect: Updates M and C to restore the invariants above.

1: procedure UpdateComponentsk,ℓ(C)

2: U ← ∅ ▷ Initialize the union of the components contained in C

3: C′ ← {C} ▷ Initialize the new set of components

4: for X ∈ C do

5: if X ⊆ C then ▷ Component contained in C?

6: for (u, v) ∈ (U \X)× (X \ U) do ▷ Mark vertex pairs between U and X

7: Mu,v ←Mv,u ← 1

8: end for

9: U ← U ∪X ▷ Merge X into U

10: else

11: C′ ← C′ ∪ {X} ▷ Append X to C′

12: end if

13: end for

14: for (u, v) ∈ U × (C \ U) do ▷ Mark pairs with exactly one vertex in U

15: Mu,v ←Mv,u ← 1

16: end for

17: for (u, v) ∈ (C \ U)× (C \ U) do ▷ Mark pairs completely outside U

18: Mu,v ← 1

19: end for

20: C ← C′ ▷ Update C to contain the components of the new graph

21: end procedure

Implementation details for UpdateComponents. Both U and C′ are implemented as lists. By Corol-

lary 2.2.1, the condition X ⊆ C in line 5 can be tested by verifying whether C contains the first two elements

of X (or, if |X| = 1, its sole vertex). In line 6, we generate the Cartesian product (U \ X) × (X \ U) by

first computing the characteristic vectors IU and IX of U and X, respectively. Using these, the sets U \ X
and X \ U can be extracted in O(n) time so that two nested loops can enumerate all pairs in their Cartesian

product. The same method is applied to the loops in lines 14 and 17. The vector IU is reused when merging

sets in line 9 to ensure that each vertex v in X is appended to U only once, that is, if IU (v) = 0. •

By Corollary 2.2.3, the list C requires O(n) space throughout the execution of the algorithm. The bit matrix

M contributes O(n2) additional space. The graph traversal, Cartesian product generation, and characteristic
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vectors each require O(n) space. Thus, the total space complexity of the algorithm is O(n2), excluding the

space required to store the input.

The running-time analysis is more subtle. The following theorem establishes our main result.

Theorem 2.3.1. Algorithm 2, combined with the subroutines above, runs in O(n2 +m) time.

Proof. We analyze the time complexity of Algorithm 2 assuming the FindComponent, InCommonCom-

ponent, and UpdateComponents subroutines are implemented as described in Algorithms 3, 4, and 5,

respectively. By Proposition 2.2.1, it suffices to bound the total running time of the InCommonComponent

and UpdateComponents subroutines. The InCommonComponent routine is called once per processed

edge, runs in constant time, and hence contributes a total of O(m) to the running time.

It remains to analyze UpdateComponents. Note that when the condition in line 5 evaluates to true,

the algorithm constructs characteristic vectors and extends the list U in O(n) time. By Lemma 2.2.4, this

branch is entered only O(n) times over the entire execution, contributing O(n2) time in total. Observe that,

by Corollary 2.2.3, the time spent in line 11 during a single call is O(n). Since UpdateComponents is called

O(n) times by Lemma 2.2.4, these operations take O(n2) time in total.

The only remaining parts of UpdateComponents are the loops in lines 6, 14, and 17, which update the

matrix M . We must show that the total number of such updates is O(n2). Let α denote the number of entries

changed from 0 to 1, and β the number of entries redundantly set from 1 to 1. Since M has n2 entries, clearly

α = O(n2). It remains to prove that β, the number of redundant writes, is also O(n2). We establish this in

two steps.

Claim 2.3.1. Let C be the newly formed (k, ℓ)-component passed to UpdateComponents, and let C1, . . . , Ct

be the (k, ℓ)-components that were fully contained in C and thus deleted. Let U0 = ∅ and define Ui = Ui−1∪Ci

for i = 1, . . . , t. Then the number βC of redundant updates made during this subroutine call satisfies

βC ≤ n+

t∑
i=1

|Ui−1 ∩ Ci|2.

Proof. Redundant updates arise only in the loops of lines 6 and 17. For the loop in line 17, every redundant

write occurs on the main diagonal of M , so their total number is bounded by n.

Now consider the redundant writes made by the loop in line 6. Let u, v ∈ C be distinct vertices such that

the loop sets Mu,v = 1 even though it was already 1. This situation can occur only if, before C was formed,

there existed a (unique) component X containing both u and v, i.e., |X ∩ C| ≥ 2. By Lemma 2.2.1, this

implies that X ∪C is a block. Since C is maximal, we must have X ∪C = C; hence, X ⊆ C, and therefore X

coincides with one of the deleted components Cp.

Each redundant off-diagonal update contributed by the component Cp corresponds to an ordered pair of

distinct vertices u, v ∈ Cp such that Mu,v is redundantly set to 1 during the current subroutine call. The

number of such pairs equals the p-th term in the first sum below, and summing over all p yields

t∑
i=1

2 ·
(
|Ui−1 ∩ Ci|

2

)
≤

t∑
i=1

|Ui−1 ∩ Ci|2.

Adding the diagonal contribution gives the stated upper bound on βC .

Claim 2.3.2. With C1, . . . , Ct and U0, . . . , Ut defined as above,

t∑
i=1

|Ui−1 ∩ Ci|2 ≤ 4t2.
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Proof. We first show that singleton components among C1, . . . , Ct contribute nothing to the sum and may

therefore be omitted. Observe that if Ci = {v}, then v is contained in no other component; otherwise, the

block Ci would be properly contained in another block, contradicting maximality. Hence, Ui−1 ∩ Ci = ∅, so
the term corresponding to Ci is zero. Moreover, since v belongs to no other component, removing Ci from the

list does not change any intersection Uj−1 ∩ Cj for the remaining components.

After removing all singleton components and relabelling the remaining components, it is enough to prove

the claim under the assumption that every Ci has at least two vertices. If no component remains after this

removal, then the left-hand side is zero and the claim is trivial. By the sparsity condition, iH(Ut) ≤ k|Ut| − ℓ,

and iH(Ci) = k|Ci| − ℓ for each i, since each Ci is a component. By Corollary 2.2.1, each edge is induced by

at most one component, so
t∑

i=1

iH(Ci) ≤ iH(C1 ∪ · · · ∪ Ct) = iH(Ut).

Combining these, we obtain

k

t∑
i=1

|Ci| − tℓ =

t∑
i=1

iH(Ci) ≤ iH(Ut) ≤ k|Ut| − ℓ.

Rearranging terms yields

t∑
i=1

|Ui−1 ∩ Ci| =
t∑

i=1

(|Ci| − |Ci \ Ui−1|) =
t∑

i=1

|Ci| − |Ut| ≤
ℓ

k
· (t− 1) ≤ 2(t− 1).

Squaring both sides gives

t∑
i=1

|Ui−1 ∩ Ci|2 ≤

(
t∑

i=1

|Ui−1 ∩ Ci|

)2

≤ 4(t− 1)2 ≤ 4t2,

which we had to show.

Let C∗ denote the set of (k, ℓ)-components formed during the execution of the algorithm. For each C ∈ C∗,
let tC be the number of previous (k, ℓ)-components deleted when C was formed. By Claims 2.3.1 and 2.3.2,

the number of redundant updates contributed by C satisfies βC ≤ 4t2C + n. Lemma 2.2.4 implies that both

|C∗| and the sum of all tC are O(n), so by summing over all (k, ℓ)-components, we obtain

β =
∑
C∈C∗

βC ≤
∑
C∈C∗

(4t2C + n) =
∑
C∈C∗

4t2C + n · |C∗| ≤ 4

(∑
C∈C∗

tC

)2

+ n · |C∗| = O(n2).

Thus β = O(n2), and together with α = O(n2) we conclude that the matrix M is updated O(n2) times overall.

This completes the proof of Theorem 2.3.1, establishing that the algorithm indeed runs in O(n2+m) time.

Note 2.3.1. As noted earlier, the data structure originally proposed to accelerate the naive pebble game

algorithm relies on a flawed running-time analysis. In particular, it assumes that, after inserting an edge into

the sought (k, ℓ)-sparse subgraph, a generalization of the so-called bounded property holds, that is,

|(C1 ∪ · · · ∪ Cp) ∩ (Cp+1 ∪ · · · ∪ Cp+q)| ≤ 1,

where C1, . . . , Cp+q denote arbitrary (k, ℓ)-components to be deleted [11, 12]. However, this assumption does

not hold in general, as shown in the figure below.
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Figure 2: Counterexample to the generalized bounded property.

In Figure 2, the (2, 3)-components A, B, C, and D are deleted after inserting edge uv, making the entire

graph tight. In this configuration, |(A ∪B ∪ C) ∩D| = 2 > 1, violating the bounded property. •

2.4 Optimized implementations for special cases

For completeness, we describe optimized implementations for two important special cases of our problem. Both

approaches have been discussed in the literature [9, 11, 12], but we present them here in a precise, self-contained

form that integrates naturally into the framework of Algorithm 2. In each case, Algorithm 2 is extended with

specialized implementations of the InCommonComponent and UpdateComponents subroutines. These

variants achieve the same O(n2 +m) running time as in the general case, but they require less space and are

considerably easier to implement and analyze.

2.4.1 The range 0 ≤ ℓ ≤ k

When ℓ ≤ k, the structure of (k, ℓ)-sparse graphs simplifies significantly: their (k, ℓ)-components cannot

overlap. The following lemma formalizes this observation and can be proved by a reasoning similar to that of

Corollary 2.2.1.

Lemma 2.4.1. If ℓ ≤ k, then the (k, ℓ)-components in any (k, ℓ)-sparse graph H = (V, F ) are pairwise disjoint.

By this lemma, each vertex is contained in at most one (k, ℓ)-component. Therefore, it suffices to store an

array R ∈ (V ∪ {∅})V , where R(v) is a representative of the (k, ℓ)-component containing v, or ∅ if v does not

belong to any (k, ℓ)-component. We initialize R(v) = ∅ for each v ∈ V when ℓ < k, and R(v) = v when ℓ ≥ k.

Throughout Algorithm 2, we maintain R so that the following invariants hold for the current graph H at each

iteration:

• For each v ∈ V , we have R(v) ̸= ∅ if and only if there exists a (k, ℓ)-component in H containing v.

• For each u, v ∈ V with R(u) ̸= ∅ and R(v) ̸= ∅, we have R(u) = R(v) if and only if there exists a

(k, ℓ)-component in H containing both u and v.

Under these invariants, the implementations of the InCommonComponent and UpdateComponents sub-

routines simplify as follows.

Algorithm 6 In Common Component for 0 ≤ ℓ ≤ k

Input: Two vertices u, v ∈ V .

Output: true if there exists a (k, ℓ)-component containing both u and v; otherwise false.

1: procedure InCommonComponentk,ℓ(u, v)

2: return R(u) ̸= ∅ and R(v) ̸= ∅ and R(u) = R(v)

3: end procedure
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Algorithm 7 Update Components for 0 ≤ ℓ ≤ k

Input: A newly formed (k, ℓ)-component C.

Effect: Updates R so that all vertices of C share the same representative.

1: procedure UpdateComponentsk,ℓ(C)

2: u← head(C) ▷ Choose the first vertex of C as representative

3: for v ∈ C do ▷ Set u as the representative of each vertex in C

4: R(v)← u

5: end for

6: end procedure

Proposition 2.4.1. Algorithm 2, extended with the subroutines above, runs in O(n2 +m) time.

Proof. The InCommonComponent subroutine takes constant time, while UpdateComponents requires

O(n) time per call. By Lemma 2.2.4, the number of (k, ℓ)-components formed during the execution of the

algorithm is O(n), so the total time spent in UpdateComponents is O(n2). Combining this with Proposi-

tion 2.2.1, we get an O(n2 +m) running-time bound for the entire algorithm.

Hence, this specialized algorithm preserves the O(n2 + m) running time of the general approach while

reducing its space usage from O(n2) to O(n), as the n×n matrix M is no longer needed. Note that this space

bound excludes the space required to store the input graph.

2.4.2 The unweighted case

For the weighted problem, Algorithm 2 must process the edges of the input graph in decreasing order of

weight. In the unweighted case, however, the edges can be processed in any order. We exploit this flexibility

by grouping edges by their first endpoint and processing them vertex by vertex, which enables a simpler and

more space-efficient implementation.

Since we process the edges vertex by vertex, there is no need to maintain the full n × n bit matrix to

determine whether an edge uv can be inserted. Instead, we maintain an array I ∈ {0, 1}V and the list C of

the (k, ℓ)-components, as in the general algorithm. While processing the edges incident to a given vertex u,

the value of I(v) indicates whether there exists a (k, ℓ)-component containing both u and v. If ℓ < k, then we

initialize C as an empty list; otherwise, we populate C with the singleton (k, ℓ)-components. When processing

the edges incident to a vertex u, we maintain I and C so that the following invariants hold for the current

subgraph H at each iteration:

• For each v ∈ V , we have I(v) = 1 if and only if there is a (k, ℓ)-component in H containing both u and v.

• The list C contains exactly the (k, ℓ)-components in H.

The array I is recomputed using a Recalculate subroutine whenever we move to a new vertex u. A

global variable u0 ∈ V ∪ {∅}, initialized to ∅, records the first endpoint of the last processed edge to detect

when this recomputation is needed. With this setup in place, the implementations of the Recalculate,

InCommonComponent, and UpdateComponents procedures are given below.
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Algorithm 8 Recalculate for the Unweighted Case

Input: A vertex u ∈ V .

Effect: Recomputes I so that I(v) = 1 if and only if there is a (k, ℓ)-component containing both u and v.

1: procedure Recalculatek,ℓ(u)

2: I ← 0

3: for X ∈ C do

4: if u ∈ X then ▷ Component contains u?

5: for v ∈ X do ▷ Mark all vertices of X

6: I(v)← 1

7: end for

8: end if

9: end for

10: end procedure

Algorithm 9 In Common Component for the Unweighted Case

Input: Two vertices u, v ∈ V .

Effect: Updates u0 and recomputes I if u0 changes.

Output: true if there exists a (k, ℓ)-component containing both u and v; otherwise false.

1: procedure InCommonComponentk,ℓ(u, v)

2: if u0 ̸= u then ▷ New first endpoint?

3: u0 ← u

4: Recalculatek,ℓ(u) ▷ Recalculate I with the new endpoint u

5: end if

6: return I(v) = 1

7: end procedure

Algorithm 10 Update Components for the Unweighted Case

Input: A newly formed (k, ℓ)-component C.

Effect: Updates I and C to restore the invariants above.

1: procedure UpdateComponentsk,ℓ(C)

2: C′ ← {C} ▷ Initialize the new set of components

3: for X ∈ C do

4: if X ̸⊆ C then ▷ Component not contained in C?

5: C′ ← C′ ∪ {X} ▷ Append X to C′

6: end if

7: end for

8: C ← C′ ▷ Update C to contain the components of the new graph

9: for v ∈ C do ▷ Mark vertices of the new component

10: I(v)← 1

11: end for

12: end procedure

Implementation details for UpdateComponents. The set C′ is implemented as a list. To test whether

C contains X in line 4, by Corollary 2.2.1, it suffices to check whether C contains the first two vertices of X

(or, if |X| = 1, its sole vertex). •

Proposition 2.4.2. Algorithm 2, extended with the subroutines above, runs in O(n2 +m) time.
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Proof. By Corollary 2.2.3, each call to UpdateComponents takes O(n) time, and by Lemma 2.2.4, the

combined time of all calls is O(n2). Corollary 2.2.3 also gives an O(n) running-time bound for Recalculate.

The branch in line 2 of InCommonComponent is entered at most n times throughout the algorithm, resulting

in an O(n2 +m) running time over all calls to the subroutine. Combining this with Proposition 2.2.1, we get

an O(n2 +m) running-time bound for the entire algorithm.

As in the general case, the list C requires O(n) space at any point during the algorithm. The array I also

takes linear space. Thus, the space complexity of the algorithm — excluding the space required to store the

input — is O(n), thereby improving over the matrix-based method.
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3 Recognizing (k, ℓ)-sparse graphs

In this section, we study the recognition problem for (k, ℓ)-sparsity in the parameter range 0 ≤ ℓ < 3k. Given

a graph G = (V,E), the task is to decide whether G is (k, ℓ)-sparse and, if not, to output a vertex set that

violates the (k, ℓ)-sparsity of G. We assume m ≤ kn; in the range 2k ≤ ℓ < 3k, we additionally assume that G

is simple. We first introduce the subroutines and the running-time notation that underpin our analyses, then

collect the common preliminaries used across parameter ranges. Building on these, we develop algorithms for

the ranges ℓ ≤ k, k < ℓ < 2k, and 2k ≤ ℓ < 3k, achieving significant asymptotic improvements over prior

methods.

3.1 Running-time primitives and complexity overview

The recognition algorithms developed in the following subsections rely on several standard graph-theoretic

subroutines, which we treat as black boxes. We first specify the input and output behavior of each subroutine

and then introduce notation for its running time, summarized in Table 2.

Subroutine 1. MaxFlow(D = (V,A), s, t, g)

Input. A digraph D = (V,A) with n vertices and O(n) arcs, a source s, a sink t, and a capacity function

g : A→ Z≥0 such that the sum of capacities is O(n).

Output. A pair (x, S), where x : A→ Z≥0 is a maximum g-feasible flow and s ∈ S ⊆ V \ {t} is a minimum

s-t cut.

Implementation. The best-known algorithm for the maximum flow problem [26] is based on an interior-

point method, and although it has a near-linear time complexity — i.e., it is asymptotically faster than

O(n1+ε) for any ε > 0 — it is very difficult to use in practice. A purely combinatorial alternative is Dinic’s

algorithm [27], whose running time is O(n
√
n) in the special case when the number of arcs and the sum of

capacities are both O(n) [28].

Subroutine 2. BoundedOriκ(G = (V,E))

Input. A graph G = (V,E) with n vertices and O(n) edges.

Output. A pair (X,D), where X = ∅ and D is a κ-indegree-bounded orientation if such an orientation

exists; otherwise, X is a vertex set that violates the (κ, 0)-sparsity of G, and D = ∅.

Implementation. We can find a κ-indegree-bounded orientation in near-linear time by reducing it to a

maximum-flow problem as shown below.

For the sake of completeness, we present a simple reduction from the κ-indegree-bounded orientation

problem to a maximum-flow problem in the following lemma.

Lemma 3.1.1. Given a graph G = (V,E) with n vertices and O(n) edges, the problem of finding a κ-indegree-

bounded orientation — or certifying its nonexistence by producing a violating vertex set — can be reduced in

linear time to a maximum-flow instance with O(n) vertices, O(n) arcs, and total capacity O(n).

Proof. We first reduce the problem to a feasible-circulation instance. Take an arbitrary orientation D = (V,A)

of G. Our goal is to obtain a κ-indegree-bounded orientation by reversing some arcs of D. The choice can be

encoded by a vector x : A → {0, 1} with x(a) = 1 if we reverse a, and x(a) = 0 otherwise. After applying

the reversals prescribed by x, the indegree of a vertex u becomes ϱD(u)− ϱx(u) + δx(u). Hence, x is feasible

exactly when, for each u,

ϱD(u)− ϱx(u) + δx(u) ≤ κ ⇐⇒ ϱx(u)− δx(u) ≥ ϱD(u)− κ =: b(u).
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We can also add the redundant constraints

ϱx(u)− δx(u) ≤ dG(u)

for every vertex u. This does not change the set of feasible solutions, since δx(u) is nonnegative and ϱx(u) ≤
dG(u). Moreover, with these additional constraints, the sum of the absolute values of the lower and upper

bounds in the inequality system is O(n).

The problem defined by the inequalities above reduces directly to a feasible-circulation instance. Give every

arc of D lower bound 0 and upper bound 1. Add a new vertex r and, for each u ∈ V , insert an arc from u to

r with lower bound b(u) and upper bound dG(u). Let the resulting digraph be D′ = (V ′, A′) with lower and

upper arc bounds f and g. Clearly, the original feasibility problem is equivalent to finding a feasible integer

circulation in the network (D′, f, g). The problem of finding a feasible circulation or a Hoffman-violating set

can be transformed into a maximum-flow instance in linear time using the standard reduction [29, p. 120]. As

the circulation instance has O(n) vertices and arcs, and the sum of the absolute values of all lower and upper

bounds is O(n), the resulting flow network likewise has O(n) vertices, O(n) arcs, and total capacity O(n).

We now prove that if X ⊆ V ′ violates the Hoffman condition, that is, δf (X) > ϱg(X), then X also violates

the (κ, 0)-sparsity of G, certifying that no κ-indegree-bounded orientation exists. Such a set X must not

contain r; otherwise, δf (X) = 0 ≤ ϱg(X) by construction. Since r ̸∈ X, we have ϱg(X) = ϱD(X) and

δf (X) =
∑
v∈X

δf (v)− if (X) =
∑
v∈X

b(v)− 0 =
∑
v∈X

(ϱD(v)− κ) =
∑
v∈X

ϱD(v)− κ|X|.

It follows that X violates the Hoffman condition in D′ if and only if it violates (κ, 0)-sparsity in G, since

δf (X) > ϱg(X) ⇐⇒
∑
v∈X

ϱD(v)− κ|X| > ϱD(X) ⇐⇒ iG(X) = iD(X) > κ|X|.

Subroutine 3. ForestDecompκ(G = (V,E))

Input. A graph G = (V,E) with n vertices and O(n) edges.

Output. A tuple (X,F1, . . . , Fκ), where X = ∅ and (F1, . . . , Fκ) is a partition of E into disjoint forests if

such a partition exists; otherwise, X is a vertex set that violates the (κ, κ)-sparsity ofG, and F1, . . . , Fκ = ∅.

Implementation. For computing a forest decomposition, the fastest algorithm currently known [24] uses

the nearly linear maximum-flow subroutine mentioned above. As a purely combinatorial alternative, one

may use the Gabow–Westermann algorithm [16], which runs in time O(n
√
n log n).

Note 3.1.1. It is not immediate that the Gabow–Westermann algorithm — or any other algorithm that finds

κ disjoint forests with maximum total size — can produce a violating vertex set when run on a graph that is

not (κ, κ)-sparse. Suppose that the output of such an algorithm is (F1, . . . , Fκ), and let H = (V, F1∪ · · ·∪Fκ).

It is easy to obtain a κ-indegree-bounded orientation of H: for each component of each forest Fi, choose

a root and orient every edge from parent to child. With such an orientation in hand, we can then easily

construct a violating set. Take any edge in E \ E(H), and try to insert it into H by running one iteration of

the augmenting-path algorithm (see Theorem 2.1.2). Of course, the insertion will be impossible, and we get a

certificate, namely a vertex set X that violates the (κ, κ)-sparsity of G.
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Subroutine 4. RootedArcConnη(D = (V,A), s)

Input. A digraph D = (V,A) with n vertices and O(n) arcs, and a root s ∈ V .

Output. A nonempty set X ⊆ V \ {s} such that ϱD(X) < η, if such a set exists; otherwise ∅.

Implementation. We can check the rooted η-arc-connectivity of D as follows:

• When η = 0, there is nothing to check.

• When η = 1, perform a single graph search in linear time to obtain the set S of vertices that are reachable

from the root. If S = V , then the graph is rooted 1-arc-connected; otherwise, V \ S is a violating set.

• When η = 2, use Tarjan’s algorithm [30], which runs in O(n) once the dominator tree of the digraph is

built in linear time [31].

• When η ≥ 3, use Gabow’s algorithm with running time O(n log n) [32].

Table 2 summarizes the running times of our subroutines. For the sake of precision, we fix positive constants

C1, . . . , C4 large enough such that every instance of “size” n considered henceforth — including the maximum-

flow network of Lemma 3.1.1 — meets the corresponding size bounds in Table 2. The stated running-time

bounds reflect the best currently known algorithms.

Table 2: Notation and running-time bounds for standard subroutines.

Notation Subroutine Constraints Best bound

TMF (n) MaxFlow(D = (V,A), s, t, g) |V |, |A|, g(A) ≤ C1n O(n1+o(1))* [26]

TBO(n, κ) BoundedOriκ(G = (V,E)) |V |, |E| ≤ C2n O(TMF (n)) ⊆ O(n1+o(1))*

TFD(n, κ) ForestDecompκ(G = (V,E)) |V |, |E| ≤ C3n O(n1+o(1))* [24]

TRC(n, η) RootedArcConnη(D = (V,A), s) |V |, |A| ≤ C4n

{
O(n) if η ≤ 2 [30, 31]

O(n log n) if η > 2 [32]

* If we restrict ourselves to purely combinatorial algorithms, then the best bounds for the first and second

rows change to O(n
√
n) [27, 28], and the bound for the third row changes to O(n

√
n log n) [16].

Note 3.1.2. In the constructions used in this work, the choices C1 = 4k,C2 = k,C3 = k, and C4 = 2k

are adequate as rough estimates. Note, however, that the asymptotic bounds above do not depend on the

particular values of the constants Ci. Accordingly, in our later constructions, we only show that any quantity

we bound by Cin — such as the number of vertices, the number of edges, or the total capacity — is O(n).

Note 3.1.3. In the worst case, all of our subroutines above must read their entire input. The only exception

is RootedArcConnη for η = 0, where the output is always ∅, regardless of the input. Nevertheless, for

simplicity, we impose the same assumption in this case as well and therefore assume TRC(n, 0) = Θ(n).

A convenient regularization. For technical convenience, we also define

T ′
RC(n, η) = n ·max

{
TRC(q, η)

q
: q ∈ {1, . . . , n}

}
.

By construction, TRC(n, η) ≤ T ′
RC(n, η) holds for all n; hence, TRC(n, η) = O(T ′

RC(n, η)). Moreover, T ′
RC

satisfies the same asymptotic bounds as TRC listed in Table 2.
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Summary of running times. Table 3 summarizes the asymptotic running times of our new algorithms,

developed later in this section, for the three parameter ranges. The bounds are expressed using the running-

time primitives introduced above. For completeness, the table also shows the asymptotic bounds obtained by

instantiating these primitives with the fastest known implementations.

Table 3: Asymptotic running-time bounds for the recognition problem.

Range New bounds

0 ≤ ℓ ≤ k O(TBO(n, k) + TRC(n, ℓ)) ⊆ O(n1+o(1))*

k < ℓ < 2k O(TFD(n, k) + T ′
RC(n, ℓ− k) log n) ⊆ O(n1+o(1))*

2k ≤ ℓ < 3k O
(
n · TRC(n, ℓ+ 1− 2k)

)
⊆

{
O(n2) if ℓ ≤ 2k + 1

O(n2 log n) if ℓ > 2k + 1

* Under purely combinatorial implementations of our primitives, the new bounds become O(n
√
n) for the

ℓ ≤ k case and O(n
√
n log n) for the k < ℓ < 2k case.

3.2 Structural preliminaries

In this subsection, we establish the structural properties and algorithmic ingredients common to all parameter

ranges. A key lemma shows that an essential subtask of the recognition problem reduces to testing rooted

η-arc-connectivity. Since for small fixed η, this can be performed very efficiently (see Table 2), the subtask

itself also admits a fast solution. We begin with a simple definition.

Definition 3.2.1. Given a digraph D = (V,A) and an independent vertex set U0 ⊆ V , we say that D is

U0-source if ϱD(v) = 0 for all v ∈ U0.

Lemma 3.2.1. Let t be a nonnegative integer, let G = (V,E) be a graph, and let U0 ⊆ V be an independent

set of size t. Then G has a k-indegree-bounded U0-source orientation if and only if every strict superset X ⊆ V

of U0 satisfies the (k, tk)-sparsity bound in G.

Proof. The condition is clearly necessary, as for a k-indegree-bounded U0-source orientation D0 and any vertex

set X strictly containing U0, we have

iG(X) ≤
∑
v∈X

ϱD0
(v) =

∑
v∈X\U0

ϱD0
(v) ≤ k|X \ U0| = k|X| − tk.

To prove sufficiency, we will apply the Orientation Lemma [13], which states that for a given upper-capacity

function g : V → Z≥0, there exists a g-indegree-bounded orientation of G if and only if

iG(X) ≤
∑
v∈X

g(v) =: g(X)

holds for every vertex set X ⊆ V . Define g by setting g(v) = 0 for v ∈ U0 and g(v) = k for v /∈ U0. Fix any

X and let r = |X \ U0|. If r = 0, then iG(X) = 0 = g(X) since U0 is independent. Otherwise, by the sparsity

condition,

iG(X) ≤ iG(X ∪ U0) ≤ (t+ r)k − tk = rk = k · |X \ U0|+ 0 · |X ∩ U0| = g(X).

Hence the desired orientation D0 exists.
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Lemma 3.2.2. Let t be a nonnegative integer such that tk ≤ ℓ ≤ (t+1)k. Let G = (V,E) be a graph, and let

U0 ⊆ V be an independent set of size t. Suppose that G has a k-indegree-bounded U0-source orientation D0.

Let D′
0 be the digraph obtained from D0 by adding a new root vertex s, deleting the vertices in U0, and, for

each v ∈ V \ U0, adding k − ϱD0
(v) parallel arcs from s to v. Then, for any strict superset X ⊆ V of U0, the

following are equivalent:

(i) X violates the (k, ℓ)-sparsity bound of G, i.e., iG(X) > k|X| − ℓ.

(ii) X \ U0 violates the rooted (ℓ− tk)-arc-connectivity of D′
0, i.e., ϱD′

0
(X \ U0) < ℓ− tk.

Proof. Fix a vertex set X ⊆ V such that U0 ⊊ X. Let q be the number of edges of G with one endpoint in U0

and the other in X \ U0. Then

iD′
0
(X \ U0) = iG(X)− q, and

∑
v∈X\U0

ϱD′
0
(v) = k|X \ U0| − q.

Hence, we have

ϱD′
0
(X \ U0) =

∑
v∈X\U0

ϱD′
0
(v)− iD′

0
(X \ U0) = k|X \ U0| − iG(X) = k|X| − tk − iG(X).

Therefore,

ϱD′
0
(X \ U0) < ℓ− tk ⇐⇒ k|X| − tk − iG(X) < ℓ− tk ⇐⇒ iG(X) > k|X| − ℓ.

Example 3.2.1. Let (k, ℓ) = (2, 3) and consider the graph G on the left of Figure 3 with U0 = {u}. The

shaded four-vertex set X induces 6 > 5 = 2 · 4 − 3 edges, violating the (2, 3)-sparsity bound. The middle

subfigure shows a 2-indegree-bounded U0-source orientation of G. From this, we construct the digraph D′
0

with root s as prescribed. As seen in the right subfigure, X \ U0 violates the rooted 1-arc-connectivity of D′
0.

u

(a) The graph G and a vertex set

that violates (2, 3)-sparsity.

u

(b) A k-indegree-bounded U0-

source orientation D0.

s

(c) The digraph D′
0 and a vertex

set that violates its rooted 1-arc-

connectivity.

Figure 3: Application of Lemma 3.2.2.

Let U0 be an independent set of G, and suppose we already have a k-indegree-bounded U0-source ori-

entation. By Lemma 3.2.2, the question of whether there exists a strict superset of U0 that violates the

(k, ℓ)-sparsity of G reduces to a rooted arc-connectivity problem. This yields the following algorithm:
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Algorithm 11 Check Superset Sparsity

Input: A k-indegree-bounded digraph D0 = (V,A), and an independent vertex set U0 ⊆ V with t elements.

Require: The inequalities tk ≤ ℓ ≤ (t+ 1)k are satisfied and D0 is U0-source.

Output: A vertex set strictly containing U0 that violates the (k, ℓ)-sparsity of the underlying graph of D0 if

it exists; otherwise ∅.

1: procedure CheckSupsetSparsityk,ℓ(D0 = (V,A), U0)

2: D′
0 ← (D0 \ U0) ∪ {s} ▷ Initialize the digraph D′

0 of Lemma 3.2.2 with root s

3: for v ∈ V \ U0 do

4: for i← 1, . . . , k − ϱD0
(v) do

5: D′
0 ← D′

0 ∪ {sv} ▷ Insert an arc from s to v in D′
0

6: end for

7: end for

8: X ← RootedArcConnℓ−tk(D
′
0, s) ▷ Reduction to rooted arc-connectivity

9: if X = ∅ then

10: return ∅
11: else

12: return X ∪ U0

13: end if

14: end procedure

Proposition 3.2.1. Algorithm 11 runs in O(TRC(n, ℓ− tk)) time.

Proof. We construct D′
0 in linear time. Since D′

0 has O(n) vertices and O(n) arcs, it takes TRC(n, ℓ− tk) time

to decide whether it is rooted (ℓ− tk)-arc-connected. Therefore, the total running time of the algorithm is

O(TRC(n, ℓ− tk) + n) = O(TRC(n, ℓ− tk)).

To apply Lemma 3.2.2 and Algorithm 11, we require a k-indegree-bounded U0-source orientation. We

show that such an orientation — or a certificate of its nonexistence — can be obtained from an arbitrary

k-indegree-bounded orientation using augmenting paths. Indeed, suppose that D is a k-indegree-bounded

orientation that is not U0-source, and that there is no directed path in D from

S = {v ∈ V \ U0 : ϱD(v) < k}

to U0. Let T be the set of vertices from which at least one vertex of U0 is reachable in D. Then ϱD(T ) = 0,

and ϱD(v) = k for every v ∈ T \ U0. Hence,

iG(T ) =
∑
v∈T

ϱD(v) >
∑

v∈T\U0

ϱD(v) = k|T \ U0| = k|T | − tk.

Clearly, T \ U0 ̸= ∅; therefore, by Lemma 3.2.1, no k-indegree-bounded U0-source orientation exists.

This yields an augmenting-path algorithm that, starting from any k-indegree-bounded orientation D, finds

either a suitable orientation D0 or a certificate of its nonexistence. In each step, we find a path from S to U0

and reverse its arcs, thereby decreasing the sum of indegrees in U0. If there is no path from S to U0, then either

the current orientation is already suitable or no such orientation exists. We give the exact implementation

below.
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Algorithm 12 Reorient

Input: A k-indegree-bounded digraph D = (V,A), and an independent vertex set U0 ⊆ V with t elements.

Output: A pair (T,D0), where T = ∅ and D0 is a k-indegree-bounded U0-source reorientation of D if it

exists; otherwise, T ⊋ U0 is a vertex set that violates the (k, tk)-sparsity of the underlying graph of D,

and D0 = ∅.

1: procedure Reorientk(D = (V,A), U0)

2: while D is not U0-source do

3: P ← a path in D from {v ∈ V \ U0 : ϱD(v) < k} to U0

4: if no such path exists then

5: T ← set of vertices from which U0 is reachable

6: return (T,∅) ▷ No suitable orientation exists

7: end if

8: reverse the arcs of P in D ▷ Decrease the sum of indegrees in U0

9: end while

10: return (∅, D)

11: end procedure

Proposition 3.2.2. Algorithm 12 runs in O(tn) time.

Proof. Since the original digraph D is k-indegree-bounded and |U0| = t, we have∑
v∈U0

ϱD(v) ≤ |U0| · k = tk.

Reversing an augmenting path decreases the sum of the indegrees in U0 by 1, so the algorithm makes at most

tk iterations. Since each augmenting path, as well as the vertex set T , can be found in O(n) time by a single

graph traversal, the overall running time is O(tn).

Note 3.2.1. Throughout this work, the number t is treated as a constant whenever the procedure is invoked;

this way, the time complexity of Algorithm 12 becomes O(n).

3.3 The range ℓ ≤ k

The case ℓ ≤ k is most commonly handled in the literature [11] using the Gabow–Westermann algorithm [16],

which has worst-case running time O(n
√
n log n). By Lemma 3.2.2 and Proposition 3.2.1, we obtain a more

efficient solution, as described below.

Algorithm 13 Check Sparsity for ℓ ≤ k

Input: An undirected graph G = (V,E).

Output: A vertex set that violates the (k, ℓ)-sparsity of G if it exists; otherwise ∅.

1: procedure CheckSparsityk,ℓ(G = (V,E))

2: (X,D)← BoundedOrik(G)

3: if X ̸= ∅ then ▷ There is a set X that violates (k, 0)-sparsity?

4: return X

5: end if

6: return CheckSupsetSparsityk,ℓ(D, ∅)
7: end procedure
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Proposition 3.3.1. Algorithm 13 runs in O(TBO(n, k) + TRC(n, ℓ)) time.

Proof. Computing a k-indegree-bounded orientation takesO(TBO(n, k)) time. Together with Proposition 3.2.1,

which gives a running time of O(TRC(n, ℓ)) for CheckSupsetSparsity, this yields the claimed bound.

3.4 The range k < ℓ < 2k

In the range k < ℓ < 2k, Lemma 3.2.2 can be applied with t = 1 to test efficiently whether there exists a

violating vertex set containing a prescribed vertex. Repeating this test for every vertex gives an algorithm

for deciding (k, ℓ)-sparsity, but this naive approach still does not improve on the quadratic time bound. To

obtain a faster algorithm, we use an additional structural property: by a theorem of Nash-Williams [2], every

(k, ℓ)-sparse graph with k ≤ ℓ < 2k admits a decomposition into k forests. Our algorithm for this parameter

range exploits this decomposition. Throughout this section, all graphs are assumed to be loopless. We begin

with a basic definition.

Definition 3.4.1. Given a forest F = (V,E), we say that F saturates a nonempty vertex set X ⊆ V if the

induced subgraph F [X] is connected, i.e., it contains exactly |X| − 1 edges.

Lemma 3.4.1. Let k < ℓ < 2k and suppose the edge set of G = (V,E) decomposes into k edge-disjoint

spanning forests F1, . . . , Fk. Then every vertex set that violates the (k, ℓ)-sparsity of G is saturated by at least

one of F1, . . . , Fℓ−k.

Proof. Let X ⊆ V be a nonempty vertex set that is not saturated by any of F1, . . . , Fℓ−k. Then we have

iG(X) =

k∑
i=1

iFi
(X) ≤

ℓ−k∑
i=1

(|X| − 2) +

k∑
i=ℓ−k+1

(|X| − 1) = k|X| − 2(ℓ− k)− (2k − ℓ) = k|X| − ℓ.

Thus X does not violate the (k, ℓ)-sparsity condition.

By the lemma above, we may restrict attention to violating sets that are saturated by Fi for some i =

1, . . . , ℓ − k. Since a forest saturates a vertex set X if and only if one of its connected components does, it

is enough to consider the connected components of F1, . . . , Fℓ−k. This reduces our problem to the following:

given a graph G and a spanning tree T of G, either find a violating vertex set in G or correctly conclude that

no violating vertex set saturated by T exists. Our first goal is to design a procedure for this task. We begin

with a simple observation.

Observation 3.4.1. Let T = (V,E) be a tree, and let X ⊆ V be a vertex set saturated by T . Fix any vertex

c ∈ V , and let T1, . . . , Tq denote the connected components of T \ {c}. Then either c ∈ X or there exists an

index i such that X ⊆ V (Ti) and X is saturated by Ti.

Proof. By definition, a vertex set X saturated by T induces a subtree of T . Hence, either c ∈ X or X ⊆ V (Ti)

for some index i. In the latter case, every edge of T induced by X belongs to Ti, and so X is saturated by Ti

as well.

The observation above naturally leads to a divide-and-conquer approach based on centroid decomposi-

tion [33]. Suppose we are given a k-indegree-bounded orientation of G together with a spanning tree T . By

Propositions 3.2.1 and 3.2.2, we can efficiently determine whether there exists a violating vertex set containing

the centroid c of T , and find one if it does. If so, we are done. Otherwise, by the observation above, it remains

to recurse on the connected components of T \ {c}. The full implementation is given below.
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Algorithm 14 Saturated Violation

Input: A k-indegree-bounded digraph D = (V,A), and a spanning tree T of the underlying graph of D.

Output: Either ∅ or a vertex set violating (k, ℓ)-sparsity in the underlying graph of D. The procedure returns

a violating set whenever the underlying graph of D contains one that is saturated by T .

1: procedure SaturatedViolationk,ℓ(D = (V,A), T )

2: c← the centroid of T

3: (X,D0)← Reorientk(D, {c})
4: if X ̸= ∅ then ▷ There is a set X ⊋ {c} that violates (k, k)-sparsity?
5: return X

6: end if

7: X ← CheckSupsetSparsityk,ℓ(D0, {c})
8: if X ̸= ∅ then ▷ There is a set X ⊋ {c} that violates (k, ℓ)-sparsity?
9: return X

10: end if

11: T1, . . . , Tq ← connected components of (T \ {c})
12: for i← 1, . . . , q do

13: X ← SaturatedViolationk,ℓ(D [V (Ti)] , Ti)

14: if X ̸= ∅ then

15: return X

16: end if

17: end for

18: return ∅
19: end procedure

Implementation details for SaturatedViolation. We find the centroid c using two depth-first searches:

the first computes, for each vertex v, the sizes of the subtrees incident to v, and the second locates a vertex

whose largest such subtree has at most half of the vertices of T . The components T1, . . . , Tq with vertex sets

V1, . . . , Vq are obtained by q graph traversals. For each i, we build the induced digraph D[Vi] by scanning the

vertices of Vi, collecting their incoming arcs, and keeping only those whose tail also lies in Vi.

Note 3.4.1. If the underlying graph of D contains a violating vertex set, but no such set is saturated by T ,

then SaturatedViolation may return either ∅ or a violating set. This does not affect the correctness of

the final recognition algorithm.

Example 3.4.1. Let (k, ℓ) = (2, 3), and consider the 2-indegree-bounded digraph D shown at the top of

Figure 4, together with a spanning tree T whose edges are drawn as straight segments. First, find a centroid

c of T . Since no violating vertex set contains c, SaturatedViolation recurses on the two subtrees of T

incident to c and solves the corresponding subproblems independently.
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c

(a) The digraph D, the spanning tree T , and a centroid c of T .

c1

(b) The subgraph induced by the left subtree

of c and a centroid c1 of this subtree.

c2

(c) The subgraph induced by the right subtree

of c and a centroid c2 of this subtree.

Figure 4: Two steps of the centroid decomposition.

For completeness, we record a simple fact that we will use repeatedly in the analysis.

Lemma 3.4.2. Let f(n) = n ·g(n), where g : Z>0 → R>0 is nondecreasing, and suppose that T (n) = O(f(n)).

Let q be a positive integer. Then, for any positive integers n1, . . . , nq with sum N , we have

q∑
i=1

T (ni) = O(f(N)).

Proof. For a sufficiently large positive constant C, the inequality T (n) ≤ C · f(n) holds for all n ∈ Z>0. Then,

using the monotonicity of g, we have

q∑
i=1

T (ni) ≤ C ·
q∑

i=1

f(ni) = C ·
q∑

i=1

ni · g(ni) ≤ C ·
q∑

i=1

ni · g(N) = C ·N · g(N) = C · f(N).

By the “conquer” phase of Algorithm 14, we mean all steps excluding the recursive calls. We first analyze

the running time of this phase and then proceed to the analysis of the entire algorithm.

Proposition 3.4.1. The conquer phase of Algorithm 14 runs in O(TRC(n, ℓ− k)) time.

Proof. The two depth-first searches used to find a centroid each take O(n) time. By Propositions 3.2.1

and 3.2.2, the calls to CheckSupsetSparsity and Reorient run in O(TRC(n, ℓ − k)) and O(n) time,

respectively. The subtrees T1, . . . , Tq with vertex sets V1, . . . , Vq are obtained by q graph traversals, where the

ith traversal takes O(|Vi|) time. Hence, by Lemma 3.4.2, their total running time is

O

(
q∑

i=1

|Vi|

)
= O(n− 1) = O(n).

Moreover, since D is k-indegree-bounded, constructing D[Vi] requires checking at most k incoming arcs for

each vertex in Vi. Hence, the construction takes O(|Vi|) time. Applying Lemma 3.4.2 once more, we obtain a

total running time of O(n) for constructing all induced digraphs D[Vi]. Combining these bounds, the overall

running time of the conquer phase is

O(TRC(n, ℓ− k) + n) = O(TRC(n, ℓ− k)).
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Proposition 3.4.2. Algorithm 14 runs in O(T ′
RC(n, ℓ− k) log n) time.

Proof. Consider all recursive calls at a fixed recursion level. Let D1, . . . , Dp be the digraphs passed to the

procedure at this level, and set ni = |V (Di)| for each i. By Proposition 3.4.1, the conquer phase on Di runs

in time

O(TRC(ni, ℓ− k)) ⊆ O(T ′
RC(ni, ℓ− k)).

Since the digraphs D1, . . . , Dp are pairwise vertex-disjoint subgraphs of the original digraph D, we have

p∑
i=1

ni ≤ |V (D)| = n.

By Lemma 3.4.2, the total running time spent on the conquer phases at this recursion level is O(T ′
RC(n, ℓ−k)).

Since the centroid chosen at line 2 splits T into subtrees of size at most |V (T )|/2, the recursion depth isO(log n).

Multiplying this by the O(T ′
RC(n, ℓ− k)) work per level gives the total running time

O(T ′
RC(n, ℓ− k) log n).

We now return to the original problem of deciding whether a given graphG is (k, ℓ)-sparse. We first compute

a forest decomposition. Then, for each component of the first ℓ− k forests, we invoke SaturatedViolation

to test whether G contains a violating vertex set saturated by that component. The full implementation is as

follows.

Algorithm 15 Check Sparsity for k < ℓ < 2k

Input: An undirected graph G = (V,E).

Output: A vertex set that violates the (k, ℓ)-sparsity of G if it exists; otherwise ∅.

1: procedure CheckSparsityk,ℓ(G = (V,E))

2: (X,F1, . . . , Fk)← ForestDecompk(G)

3: if X ̸= ∅ then ▷ There is a set X that violates (k, k)-sparsity?

4: return X

5: end if

6: D ← a k-indegree-bounded orientation of G ▷ Use F1, . . . , Fk to obtain D

7: for i← 1, . . . , ℓ− k do

8: Ti,1, . . . , Ti,qi ← connected components of Fi

9: for j ← 1, . . . , qi do

10: X ← SaturatedViolationk,ℓ(D [V (Ti,j)], Ti,j)

11: if X ̸= ∅ then

12: return X

13: end if

14: end for

15: end for

16: return ∅
17: end procedure

Implementation details for CheckSparsity. Once a forest decomposition is known, the k-indegree-

bounded orientation D at line 6 can be obtained in linear time: choose a root in each tree and orient every

edge from parent to child. With this orientation in hand, we find the components Ti,j and build the induced

subgraphs D[V (Ti,j)] exactly as in Algorithm 14.
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Proposition 3.4.3. Algorithm 15 runs in O(TFD(n, k) + T ′
RC(n, ℓ− k) log n) time.

Proof. Computing the forest decomposition takes O(TFD(n, k)) time, after which the orientation D is obtained

in linear time. Each component Ti,j , with ni,j vertices, can be identified in O(ni,j) time by a single graph

traversal. Applying Lemma 3.4.2 and noting that for a fixed i, we have
∑qi

j=1 ni,j = n, the total time spent

over all components of all forests is

O((ℓ− k)n) = O(n).

For each pair (i, j), constructing the induced subgraph D[V (Ti,j)] takes O(ni,j) time, since we check at most

k incoming arcs for each vertex. By Proposition 3.4.2, the corresponding call to SaturatedViolation runs

in O(T ′
RC(ni,j , ℓ − k) log ni,j) time. Using again that for each fixed i we have

∑qi
j=1 ni,j = n, and applying

Lemma 3.4.2, the total running time of all such calls is

O((ℓ− k)T ′
RC(n, ℓ− k) log n) = O(T ′

RC(n, ℓ− k) log n).

Putting everything together, the overall running time is

O(TFD(n, k) + n+ T ′
RC(n, ℓ− k) log n) = O(TFD(n, k) + T ′

RC(n, ℓ− k) log n).

3.5 The range 2k ≤ ℓ < 3k

In the range 2k ≤ ℓ < 3k, we follow the standard convention that the sparsity condition is required only

for vertex sets of size at least three, and we restrict attention throughout to simple graphs. Our algorithm

follows the usual pebble game paradigm. Given a graph G = (V,E), we construct a (k, ℓ)-sparse subgraph

H incrementally, starting from the empty graph on vertex set V and considering the edges of G one by one

in an arbitrary but fixed order. For each edge uv ∈ E, we test whether adding uv to the current subgraph

H preserves (k, ℓ)-sparsity. If so, we insert uv into H; otherwise, G is not (k, ℓ)-sparse, and the algorithm

terminates. The next observation gives an exact characterization of when such an insertion is possible.

Observation 3.5.1. Let 2k ≤ ℓ < 3k, let H = (V,E) be a (k, ℓ)-sparse graph, and let u, v ∈ V be distinct

vertices with uv /∈ E. Then the graph H ′ = (V,E ∪ {uv}) is (k, ℓ)-sparse if and only if H contains no vertex

set X ⊋ {u, v} that violates (k, ℓ+ 1)-sparsity in H.

Proof. Since H is (k, ℓ)-sparse, every vertex set X that does not contain both u and v continues to satisfy

the sparsity bound after the edge uv is added. Therefore, if H ′ is not (k, ℓ)-sparse, then there must exist a

violating vertex set X that contains both u and v. As the sparsity condition is imposed only on vertex sets

of size at least three, such a set must satisfy X ⊋ {u, v}. Now let X ⊋ {u, v} be any vertex set. Since both u

and v lie in X, we have

iH′(X) = iH(X) + 1.

It follows that X violates (k, ℓ)-sparsity in H ′ if and only if it violates (k, ℓ+ 1)-sparsity in H.

By the observation above and the case t = 2 of Lemma 3.2.2, deciding whether H ′ is (k, ℓ)-sparse reduces to

a rooted arc-connectivity problem, provided that a k-indegree-bounded orientation of H is already available.

As shown in the implementation below, such an orientation can be maintained efficiently throughout the

algorithm.
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Algorithm 16 Check Sparsity for 2k ≤ ℓ < 3k

Input: A simple undirected graph G = (V,E).

Output: A vertex set that violates the (k, ℓ)-sparsity of G if it exists; otherwise ∅.

1: procedure CheckSparsityk,ℓ(G = (V,E))

2: H ← (V, ∅) ▷ Initialize our sparse subgraph

3: D ← (V, ∅) ▷ Initialize our k-indegree-bounded orientation of H

4: for uv ∈ E do

5: (X,D)← Reorientk(D, {u, v}) ▷ It is guaranteed that X = ∅ and D ̸= ∅
6: X ← CheckSupsetSparsityk,ℓ+1(D, {u, v})
7: if X ̸= ∅ then ▷ There is a set X ⊋ {u, v} violating (k, ℓ)-sparsity in H ∪ {uv}?
8: return X

9: end if

10: H ← H ∪ {uv} ▷ Insert the edge uv into H

11: D ← D ∪ {uv} ▷ Insert an arc from u to v in D

12: end for

13: return ∅
14: end procedure

Note 3.5.1. By Lemma 3.2.1, the subroutine Reorient always finds a suitable orientation, since the set

{u, v} is independent in H, and at the beginning of each iteration of the for loop the graph H is (k, 2k)-

sparse. After the arc uv is inserted at line 11, the orientation D remains k-indegree-bounded. Indeed, the only

indegree that increases is that of v, and before the insertion we have ϱD(v) = 0 < k.

Proposition 3.5.1. Algorithm 16 runs in O(n · TRC(n, ℓ+ 1− 2k)) time.

Proof. By Propositions 3.2.1 and 3.2.2, the calls to the subroutines CheckSupsetSparsity and Reorient

run in O(TRC(n, ℓ + 1 − 2k)) and O(n) time, respectively. Since the for loop has m = O(n) iterations, the

overall running time is

O(n · (TRC(n, ℓ+ 1− 2k) + n)) = O(n · TRC(n, ℓ+ 1− 2k)).

Note 3.5.2. It is also possible to decide the sparsity of H ′ without invoking Lemma 3.2.2 by extending the

ideas developed in [14]. More precisely, to handle an edge uv, one may check, for each vertex w ∈ V \ {u, v},
whether there exists a k-indegree-bounded orientation of H in which the sum of the indegrees of u, v, and w is

at most 3k−ℓ−1. As in the pebble game algorithm, each such test can be implemented using augmenting paths,

and the entire insertion step can be carried out in quadratic time. This yields a conceptually simpler sparsity

test than Algorithm 16. However, its overall running time is O(n3) and is therefore asymptotically worse.

Note 3.5.3. With a minor modification, Algorithm 16 can be extended to compute an inclusion-wise maximal

(k, ℓ)-sparse subgraph of G. For a graph with n vertices and m edges, the extended algorithm runs in time

O(m · TRC(n, ℓ+ 1− 2k)).
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A. Sali, editors, Building Bridges II, volume 28 of Bolyai Society Mathematical Studies, pages 257–278.

Springer, Berlin, Heidelberg, 2019.

[20] D. Avis, N. Katoh, M. Ohsaki, I. Streinu, and S. Tanigawa. Enumerating constrained non-crossing

minimally rigid frameworks. Discrete & Computational Geometry, 40:31–46, 2008.

[21] A. Lee-St. John. Kinematic joint recognition in CAD constraint systems. In Canadian Conference on

Computational Geometry, pages 173–178, 2012.

[22] Implementation of the new algorithm for the maximum-weight (k, ℓ)-sparse subgraph problem. https:

//github.com/madarasip/lemon.

[23] P. Madarasi. Efficient algorithms and implementations for extracting maximum-size (k, ℓ)-sparse sub-

graphs. arXiv preprint arXiv:2511.16877, 2025.

[24] P. Arkhipov and V. Kolmogorov. Faster algorithms for packing forests in graphs and related problems. In

K. G. Larsen and B. Saha, editors, Proceedings of the 2026 Annual ACM-SIAM Symposium on Discrete

Algorithms, pages 4023–4042. SIAM, 2026.

[25] J. Rollin, L. Schlipf, and A. Schulz. Recognizing planar Laman graphs. In M. A. Bender, O. Svensson,

and G. Herman, editors, 27th Annual European Symposium on Algorithms (ESA 2019), volume 144 of

Leibniz International Proceedings in Informatics (LIPIcs), pages 79:1–79:12, Dagstuhl, Germany, 2019.

Schloss Dagstuhl – Leibniz-Zentrum für Informatik.

[26] J. van den Brand, L. Chen, R. Kyng, Y. P. Liu, R. Peng, M. Probst Gutenberg, S. Sachdeva, and

A. Sidford. A deterministic almost-linear time algorithm for minimum-cost flow. In 2023 IEEE 64th

Annual Symposium on Foundations of Computer Science (FOCS), pages 503–514. IEEE, 2023.

[27] E. A. Dinic. Algorithm for solution of a problem of maximum flow in a network with power estimation.

Soviet Mathematics Doklady, 11:1277–1280, 1970.

[28] S. Even and R. E. Tarjan. Network flow and testing graph connectivity. SIAM Journal on Computing,

4(4):507–518, 1975.

[29] A. Frank. Connections in combinatorial optimization, volume 38. Oxford University Press, Oxford, 2011.

[30] R. E. Tarjan. Edge-disjoint spanning trees, dominators, and depth-first search. Technical Report STAN-

CS-74-455, Computer Science Department, Stanford University, Stanford, CA, September 1974.

[31] S. Alstrup, D. Harel, P. W. Lauridsen, and M. Thorup. Dominators in linear time. SIAM Journal on

Computing, 28(6):2117–2132, 1999.

[32] H. N. Gabow. A matroid approach to finding edge connectivity and packing arborescences. In Proceedings

of the twenty-third annual ACM symposium on Theory of computing, pages 112–122, 1991.

[33] C. Jordan. Sur les assemblages de lignes. Journal für die Reine und Angewandte Mathematik, 70:185–190,

1869.

34

https://github.com/madarasip/lemon
https://github.com/madarasip/lemon


I, Bence Deák, hereby declare that during the preparation of my thesis, I used the AI-based tools listed

below for the following tasks:

Task AI tool used Place of use

Literature search GPT-5 Subsection 3.1

Language review and translation GPT-5.5 Throughout the thesis

Apart from the above, I did not use any other AI-based tool.

Budapest, 2 June 2026 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Bence Deák

35


	Introduction
	Algorithms for optimization
	Algorithms for recognition
	Our contribution

	Optimizing (k, )-sparse graphs
	The naive augmenting-path algorithm
	The component-based algorithm
	Implementation for the range 0 < 2k
	Optimized implementations for special cases
	The range 0 k
	The unweighted case


	Recognizing (k, )-sparse graphs
	Running-time primitives and complexity overview
	Structural preliminaries
	The range k
	The range k < < 2k
	The range 2k < 3k


