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Chapter 1
Introduction

In the present thesis, we will outline the basic theory of solving nonlinear partial differential
equations that are more realistic and harder than the academic problems taught in most university
curricula. In this introductory chapter, we give a brief introduction to the necessary theory that is
required for the partial differential equations covered in the thesis, as well as the basics of the
numerical methods used to solve them.

Chapter 2 contains the extension of the theory to the nonlinear problems of the thesis. First,
the frozen coe Lcidant iteration is introduced, then we investigate its convergence for a specific
reaction-diffusion problem. We then turn to the numerical implementation of the method by
solving the very same problem, and test how well the theoretical convergence holds up with
different parameter settings.

In the following chapter, we investigate time-dependent problems from a qualitative perspective.
The analytic- and discrete nonnegativity principles are introduced, and first we numerically solve
a parabolic reaction-diffusion type problem. It can be shown that if the discretizations fulfill some
properties, then the numerical solution maintains the nonnegativity property; we investigate how
well these theoretical estimates hold up. Then similar examinations are made for two problems,
one arising from biology, and the only three-dimensional excursion of the thesis is made as an
electrostatic problem is considered.

In Chapter 4 we discuss the most challenging aspect of irregular domains, creating finite-
element discretizations of a given domain. First we describe a potential algorithm for triangular
mesh generation, and briefly compare it to other methods, then some heuristics are given on local
triangular mesh refinement. Next we quickly introduce two basic quadrilateral mesh generation
algorithms before moving on to the introduction of a more advanced algorithm. In the last
section of the chapter, quadrilateral mesh refinement is discussed, and some quality metrics are
introduced, which allows us to compare the quad mesh generation algorithms.

Lastly, the final chapter deals with efficient solution of large linear systems resulting from
finite element discretization of partial differential equations. The geometric multigrid method,
often used for structured meshes, is introduced as a motivation, before we turn to its extension

to unstructured grids. Three such generalizations are briefly discussed, and we present a short



comparative analysis of these methods to finish the thesis.

1.1 Classical theory of partial differential equations

The simplest elliptic equation is the so-called Poisson equation:

8
<— u=f in ;
_ (1.1)
“u, =g
Here, we are describing the diffusion of a quantity (most commonly, heat, and from now on, we
will refer to it as such) in a domain RY, where in every point, the temperature is given by
the functionu: ¥ R. The Laplacian operator of a twice differentiable functionu : RY ¥ R
is defined by
u:=diviru=  @u; (1.2)
i=1
where, as usual, ru := (@1u;:::;@qU) is the gradient, and the divergence of a vector field F is
calculated as
X
divf .= @iFi: (1.3)
i=1
We suppose the right hand side function f : ¥ R is given. However, the equation only

concerns the derivatives of U, therefore multiple solutions could exist. This is why we also
prescribe a boundary condition, whereby on the boundary of the domain, we define the values of
u explicitly. This is referred to as the Dirichlet boundary condition.

There are three ways to generalize the Poisson equation. First, we may notice that the
Laplacian operator allows for more general expressions, such as

>
div(pru)=  @i(p@iu); (1.4)
i=1
with some constant function ¥ RY 9.

Secondly, the distribution of heat may not be well described only by the outer force f and the
diffusion. For instance, some underlying current (e.g., wind) could influence the temperature, in
which case, an extra convective term W ¥ u could be added, where w : RY ¥ RY describes
such a wind flow. Alternatively, some autocatalytic reaction ( : R ¥ R could drive the
temperature, whose speed depends on the position in space as well as the heat content at that
point. We can account for this by adding a q(x;u)u term. This is a slight abuse of notation,
as we should write q(x;u(x)), however as it does not cause any confusion, we will treat U as a
scalar in such contexts.

Third, the idea that the values at the entire boundary are known is a rare occurrence in

mathematical modelling. A more common case, is when the domain is perfectly insulated, that
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is, there is no heat passing through the boundary. This is described with a Neumann boundary
condition, that is, the derivative of uis 0 on @ , which is written as

@u @ U 4 =0; (1.5)

with : @ 'R ¢ denoting the outward normal vectors of the boundary. More generally, the
speed of the heat moving through the boundary is dependent on the temperatures inside and
outside . In this case, we may equip the Neumann boundary condition

(reru 41 ,U) @ =0; (1.6)

where r, and r, describe the abovementioned dependency. However, such boundary conditions
may not allow for unique solvability, as they only de ne the derivativaiain @ . Therefore,
in practice, we decompose the boundary i@o= [ p disjoint sets, and apply Dirichlet
boundary condition top and some Neumann boundary condition{o

Lastly, up until now, we have only used the spatial partial derivatives dthis, implicitly
implies that the distribution of heat is stationary, and does not depend on time. However, one
can also look at equations where this does not hold true. In this case, we have to nd a function

u: I'R , Wherel R is an interval corresponding to the time (from now on, we assume
| =R ™). Here, an extra@term is added to the left side of the equation:
8
E @u-u=f in;
Ug. =0 (1.7)

“u(x;0)=uox) 8x2:

Here, we also had to prescribe an initial condition in every point via the funcfon UR.
Altogether, we will be looking at problems of the form

8
%L(u)zf in R i
u =h;
b (1.8)
(raru +r o ou) =G
" u(x;0) = u o(x) 8x2 ;

whereL : L2()!'L  2() is adierential operator, and the initial condition is only required in
case of non-stationary problems.
In the classical sense, we are looking for solutiortbat are twice continuously di erentiable
in each spatial variable, and once continuously di erentiable with respect to the time variable.
However, it is easy to see that this is a very restrictive, take for instance, the one-dimensional
problem 8
S -(pu )=, in[ab] R;

: (1.9)
- u(a) =u(b) =0:

3



Letustake : [a;b] ' R to be piecewise constant, with a constant outer fordesf 2 C([a;b]) ,

we must also havépu 9°2 C([a;b]) , or equivalentlypu®2 C*([a;b]) C([a;b]) . Hence,
generally,u®62 C([a;b]) sou can not even be once di erentiable, let alone twice. Since in
practice we have to solve such and even more di cult equations as well, we rst have to
extend the notion of solution to encompass such problems.

De nition. We de ne the space of Lebesgue square integrable functions (on a domlain

R %as 8 9
< Z =
L2():= f: IR : juf<1 (1.10)

and when equipped with the inner product

Z
hujvig := huyvi 2(y = uv 8uyv2L2); (1.11)
which induces the norm
4
kukg = kukf,, = juf  8u2L>(); (1.12)

the space (&(); k k ,) becomes a Banach space.

The spacé.?() initself only considers functions from an integrability perspective. This is
too general for our use case. The idea is the following: restrict this space to functions where we
can de ne another function on which the integrals act just as they act on the ‘classical’ derivative
function.



De nition. We say that the functiomi 2 L?() has a partial derivativ@u 2 L?() ina

general sense, if there is 2 L2() such that
Z Z
u@v=- zv 8v2C}); (1.13)

in which case, we de ne@u := z;. The Sobolev spadd!() can then be de ned as
follows:

H():= u2L?%):9@;uingeneral sense 8i41;:::;dg : (1.14)

This also de nes a Hilbert spacéil();h ;i . with the following inner product and

induced norm de ned for u;v 2 H():
Z Z
huvigay == (ru rv+uv  ); and Kkuk := kukﬁl() = jru j2 +u?

(1.15)

. J

It is important to see that for any function @'() , the generalized derivative and the
classical derivative coincide. For treatment of boundary conditions, we introduce a further
subset of Sobolev spaces. If we have a decompos@los [ n, where Dirichlet boundary
conditions are imposed o, then we denote withi} () the subspace that contains functions
u 2 H1() thatvanish onp in the trace sense, i.au, can be approximated with a series
(Un)nan  C () , using the nornk k,,.. A special case is whe@® = p, where we simply
use the notation g ). In this case, inner product and che norm can be simpli ed to

hu;viHlD() = ru rv and jip =k ng() = jru j? 8uiv2HL();, (1.16)
and(H%(); jjy) is also a Hilbert space. Despite this, the ngijmis often referred to as the
Sobolev seminorm.

Generally, there is no relation between the noknkg andk k,, however, the added constranit
on the boundary allows us to bound the iorm from above by thgj, seminorm.

Theorem (Poincaré-Friedrichs, 3], [2€], [37]). There exists a consta@ > 0 such
that
kuk, C juj, 8u2HL(): (1.17)
Proof. The proof can be found in, for example, [23].
As a consequence of (1.17), we have the equivalence of the Sobolev norng n H

jui? kuk ¥ @+C )juf  8u2HL(): (1.18)

5



Now, we generalize the notion of the classical solutions through the following example, as we

will see, the treatment of other problems is analogous.
8

< . .

-div(pru) =f in ;
- divipru) (1.19)
- u ® =0:

The idea is the same as it was when we created the Sobolev spaces: we consider a function
u2 HJ() asolution of the above problem if the integrals act on it just as they act on the
classical solution.

De nition. The functionu 2 H}() is called the weak solution ¢f..19)if the following
holds: 4 Z
pru rv= fv. 8v2HJ): (1.20)

With the proper conditions, such anexists, moreover, it is unique in this case, we call
problem(1.19)well-posed (cf. £7]). We will prove the well-posedness of this equation, as well
as another one later, which we will need the following tools.

De nition. Let (H;k k) be a real Hilbert-space, ared: H H! R  a bilinear form
actingonit. ais

i) bounded, if for some M > 0 we have

ja(u;v) j Mkuk kvk 8 u;v; 2 H; (1.21)

i) coercive, if for some m > 0 we have

mkuk?® a(u;u) 8u2H: (1.22)

The abovementioned problem is just a speci ¢ case of a wider problem class called variational
problems, which are de ned on abstract Hilbert spaces using bilinear forms and linear functionals.
Notice that the left hand side of the equation is a bilinear forrrg) H 3() , while the
right hand side is a functional on the same Sobolev space. Therefore, we have the following



estimates for all u;v 2 H()

Z

ja(uiv)ji= pru rv kpk . kru j, krvk o kpk |; c? juj, iy (1.23)

Z
a(uu)=  pjru j* inf p kruk 2=inf p juj?; (1.24)

Z
‘(v):= fv kfk , kvk, kfk , C jvj; (1.25)
and the problem can be written as

au;v)='(v)  8v2H:=H ) (1.26)

For treatment of similar problems, we have the following important result.

Theorem (Lax-Milgram, [ 33]). LetH be a real Hilbert space,: H H! R  abounded,
coercive bilinear form; : H! R a bounded, linear functional. Then there exists a unique
u 2 H, such that

a(u;v) ='v 8v 2 H: (2.27)

Proof. The proof is presented in [33].

We can now see what conditions we need for our problem to become well-posed: rst, we
need boundedness, i.e., thak,, <1 ,orinotherwordsp 2 L* () . Secondly, we require
coercivity, or,infp m > 0 . Lastly, we need linearity (equivalently: boundedness),of
meaning thakfk , has to also be nite, i.ef 2 L 2() . With these three conditions, the problem
(1.19) is well-posed.

1.2 Construction of the nite element method

We begin the introduction of the nite element method by its abstract version, the Galerkin
method (cf. B9, [24]). For bounded, coercive bilinear forms and linear functionals, the
Lax-Milgram lemma states the existence of a unique solution of the corresponding variational
problem. However, it is not su cient to know that a solution exists, we have to somehow nd
it. The idea of the Galerkin method is to project the variational form to a lower dimensional
subspace, say,,\V H, and solve the problem for the projected equation

a(up;vp) = (v ) 8vh 2Vq: (1.28)

The existence and uniqueness is guaranteedfoas(1.28)inherits the bounds from the one
de ned on the full space H, and the Lax-Milgram lemma is applicable.

7



At rst glance, we did not make any progress, since we have gone from one variational

problem to the other. However, we have the liberty of choo$Sigigve can move from the in nite
un decomposes into

X

Up = CjI i (129)

i=1
As the variational form holds for any memben\gf, in particular, for its basis functions, we have
n equations for the unknowng,cand use the linearity:

X0 X . _
a(up;' ) =a ¢' i = cga(' j;"i)=" | 8i2 fl;:::;ng (1.30)

j:]_ i=1

An = fa( ) j)g;jzl.....n ; (1.31)

and the load vector
bh =" gy s (1.32)

then we have successfully obtained the ingredients to solve the problem of adimga given
projected subspace,VAIl we have to do is

Find a basis in \4; practically, we can de ne Y with its basis.

Calculate the coe cients of the sti ness matrix and the load vector; in practice, we have seen
that these bilinear forms and functionals are integrals, therefore numerical integration
schemes can be used for this step.

Solve the resulting linear algebraic equation, and assempie®m the coe cients. Practically,
we can choose the basis so that the coe cients itself are the valueg.of u

Obviously, the solutiom, will generally not coincide with the original solutiam 2 H.
However, we have reduced our investigation to only a subspace. Heuristically, if we decided to
enrich it - that is, take another subspage V h H , then the solutiorm% will be a better
approximation tham,. Luckily, even more is true: the solution in a nite dimensional subspace
is, up to some constant, is the optimal solution.

Theorem (Galerkin-orthogonality). Letu 2 H be the solution to the variational
problem(1.27) Thenuy, is the solution to the (projected) variational probléh®28)if
and only if the following holds:

a(u -upvy)=0 8vy 2 Vy: (1.33)



Proof. The original variational problem holds for all2 H, in particular, for allv,, 2 V. Then,
since u is the solution to the variational problem in H, we have

a(u ;vh) = vy 8V, 2 Vy; (1.34)
and if uy, is the solution, we also must have
a(un;vp) = vy 8v, 2Vy: (1.35)

Then, by subtraction and linearity af (1.33)follows. Conversely, we can subtrgdt 33)from
(1.34) to arrive at (1.35).

What this means is that the solutiag is the optimal solution in the energy norm induced by
a. But sincea was already required to be bounded and coercive for well-posedness, this energy
norm is equivalent to the original one, or in other words, the errar,an the original norm is
optimal, up to some constant.

Theorem (Céa's lemma, [(]). The solutionuy, 2 V}, satis es the quasi-optimality

condition

M )
ku -u qk mvmi/nh ku -v nk; (1.36)

where M and m are the constants corresponding to the boundedness and coercivity, of a.

Proof. We apply coercivity, then estimate the bilinear form using Galerkin-orthogonality and
boundedness:

mku -u hk2 alu -unpu -up)=alu -unpu -vy) Mku -upk ku -vyk;
(1.37)
irrespective of the choice of,\2 Vy,.

Céa's lemma has the consequence, that, as long as we take a sequence of subspaces that
approximateH better and better (the maximum distance between an elam2rii and its
projection,P,u 2 V, approach zero), the error between the exact solutioand the sequence
of Galerkin solutions must also converge to 0 (cf. [11]).



Chapter 2

lterative Solutions For Nonlinear Elliptic
PDEs

2.1 Picard iteration

Let us consider the following boundary value problem:
8
<.div (auru )=f in;

-u@=0;

(2.1)

wherea : R! R is a given function. Here we do not state the conditions required for this to be
well-posed, as we will prove a result which contains this problem as a special subset. Similarly
to Chapter 1, we can reach the weak formulation by multiplying with a test funetiand

integrating both sides: we are searching a function uZ Hwhere
Z Z
a(u)ru rv= fv.  8v2HJ(): (2.2)

Here, we can notice that while the right hand side still generates the same linear fungtional
on the left hand side we are stuck with an expression that may be nonlinear, hence the form
a:H H!R would not be bilinear either. To treat this, we introduce the linearizing
Picard-Kacanov iteration, sometimes also referred to as the frozen coe cient iteratio &f. [
[20D).

The idea is the following: take the terms present in the nonlinearity, and approximate them

with a functionb 2 H }(). Then, we are left with a linear equation
4 Z
a(byru rv= fv.  8v2HJ(); (2.3)

which we can solve using the tools in Chapter 1 (albeit with some slight modi cations to the
computation to the sti ness matrix). Of course, even if we were able to solve this analytically and

10



obtainu 2 H}() , it would not be the solution t(?.1), since we are using a di erent function

for a. However, depending on how good our approximationas, we can hope the resulting

is a better approximation, and solve the equation again, but using the previous solution as an
input fora. Altogether, we have arrived at an iterative method: If we already b&Vethen we

can obtain "1 as the solution of the weak formulation
Z

a u(n) ru (n+1) rv = fv 8v2H 8()’ (24)

whereu© is an arbitrary starting point. Of course, in practice, we are further limited by the
fact that we can not use analytical functions when solving the above; however, the nite element

method can be applied, so for a suitable subspaceH 3() , we can write the iterative step as
Z Z

a u®” ™ = fv, 8vh 2 Vy: (2.5)

Now we turn to the investigation of a more general elliptic problem, namely
8

E -div (A(x;u) ru )+gxwu=f in;
u = 0; (2.6)
- (A(uru -+ p(x;u)u ) Lo

For unique solvability, we impose the following conditions:
() R 2isabounded domain, such that @ is piecewise smooth;

(i) A: RIR 22 is a measurable, Lipchitz-continuous]), bounded, uniformly positive
function, the latest meaning that we have a constam® such that for any vector 2 R?,
we have XAx a kxk 2

@i)qg: RIR andp: @ RI!R are essentially bounded, nonnegative functions that
are Lipschitz continuous in their second variable;

(iv) f2L?(),g2L ?@) functions andwe have @ = [ ».

Similarly to the previous problems, we obtain the weak formulation by multiplying with a

test function v 2 H; (), and integrate both sides:
Z Z Z Z Z

A(x;u) ru rv+ q(x;u)uv + p(x;uuv=fv+ gv 8v2HL(): (2.7)
@ @
First we show that this problem is well posed. For simplicity's sake, we rst de ne the following:

rst, in lieu of the bilinear form, we will have
Z Z Z

a(z;uyv) = A(X;z) ru rv+ g(x;z)uv + p(x;z)uv (2.8)
@

11



and we treat the right hand side in a similar manner:

4 Z
(v)= fv+ gv (2.9)
@
and so the weak formulation is just
au;uv)="(v)  8v2H L(): (2.10)

Lemma, [2F]. Let denote either or y, and take the functiors2 L"() ,w2L9() ,
wherer;q > 2 and2(r+q) =rq , or if either one is equal to two, the other onelis
Further, let v 2 [?() be arbitrary. Then,

V4
zwv  kzK ¢y kwkiqy kvkpz( (2.11)

and further, if w and v have generalized derivatives, then

Z
z@w @v  kzk () KWKyagy KKy (2.12)

Proof. We only prove the rst case, as the second one similarly follows. If ettlgrg is in nite,
then the above equation directly follows from the Cauchy-Schwarz inequality. Otherwise, we can

use the Holder inequality with conjugate exponengd - to get the estimate
7 2 7 3% 2 7 3% 2 7 3% 2 7 3q;
zwv 4 2w 4D 475 4 jwiid kvk,, (2.13)

12



Lemma, [2€]. Suppose the conditions of problg6) are met, and further, suppose that
at least one of the following conditions hold:

(1) the setp is nonempty;
(2) there exists > 0 and a nonempty, relatively open subsgt  such that

p(;) 8 2R (2.14)

foralmostall 2 ;

(3) there exists ¢ > 0 and a nonempty, open subset  such that
a;) ¢ 8 2R (2.15)

for almostall 2 .

Then, there exists a constant C > 0 such that

C kvkl a(z;viv) 8zw2H L(): (2.16)

Proof. The key to this lemma is that we can include extra terms to the normy @f. If (1)
holds, then there are constantg @, > 0 such that

C, kvkal() C ,krvk ﬁz() hA(;z) rv;rvi L2y a(z;viv): (2.17)

Otherwise, if (2) holds, then similarly, there is G 0 such that
C kvkiy Krvk fpy +KvkE ) (2.18)

Hence from the uniform positivity of A we have
4

a(z;v;v) hA(;Z)rv;rvi g+ p(G2Vv 2d

M

2 2
akrvk 2 +bkvkiz

(2.19)
min(ab)  Kkrvk £, +kvkDy
min(a;b)C kvkal() :
Lastly, if (3) holds, then we again have constan{sd3 > 0 such that
Z
Cikvkiy, kivk 5o + () V2 C o azvv): (2.20)

13



Further, one can verify the boundedness of a and °, that is,
ja(z;uv)j C 1 kuk, kvk, 8uv;z2HE(); (2.21)

as well as
jf(v)j Cakvk,  8V2H5(); (2.22)

for some constant§;;C, > 0. We now present the theorem that allows us to construct such
frozen coe cient iterations. In particular, the above also means that forzalyHi () , the
mapping a(z; ;) is a coercive, bounded bilinear form, and " is a bounded linear functional.

Theorem, [2€]. Suppose the conditions of problg@6) and the second lemma are met,
and letvV, H 1() be anonempty, nite-dimensional subspace. Then there exists a
member y 2 V}, such that

a(u hs Uh;Vh) = \(V h) 8v, 2 Vy: (2.23)

Further, assume that there are positive cons@nt’mdependently of h such that

kvka ,  ©h kvk,  8v2Vy; (2.24)

and futher, let c
= —-(1L+C ?)>0; (2.25)

CL

with C being the norm of the trace operatorH }() ! L 2?( y) andC_ > 0 is a
common Lipschitz constant for all functions where this was requiredCatiet coercivity
constant given by the previous lemma. Then, there exists a coi®tart such that
foranyh C there exists a unique Galerkin approximation Moreover,u, can be
calculated using the Picard-Kacanov iteration, i.eullt 2 Vv, is arbitrary andy®™ is

known, then we de ne ™V as the solution of

au®;um vy ="(v)  8v2V (2.26)
and then we have the linear convergence

-y M .
up-u ™ 10 asn!l: (2.27)

Proof. Let us consider the mapping S, VV  de ned with the equation

a(zn;S(z);vh) = (vn) 8 Vh 2 Vy: (2.28)

14



Forany xedz, 2H}() ,the functionS(z,) is well de ned, since in this case, the Lax-Milgram
theorem is applicable. Singg.28)holds true for any member of the Galerkin subspace, in
particular, we have from the coercivity and continuity bounds that

CkS@)k] a (zn:S(@):S(zn) =" (S(z)) C 2kS(zn)k,; (2.29)
hence
kS(zn)k, % = C 82z, 2Vy: (2.30)
Next, we show Lipschitz-continuity of S, i.e., the property

kS(yn)-S(z n)k; C Cskyn -z nk; 8 Yhizn 2 Vi; (2.31)

for some constar@s > 0 independent o€, . Let us denotevy, := S(yy) - S(z »), whence by
bilinearity, we have

a(y n;Wh;Vh) = &(Z n; S(@);vh) -a(y n;S(@)vh) 8V 2 Vy; (2.32)
and then, from the de nition of S and coercivity of a we have the estimation

Ckwik? Ay niWnWh) = a(Z n; S(Z);Wn) -y n; S(z);Wh)

ja(zn; S(@);wh) -aly n;S(z):whn)j

Z Z
(Axzn) =AY n))rS(zn) w n +  (A(%zn) -9y n)) Sz)wn +

Z
+  (p(X;zn) - p(Xy n)) S(zn)Wh :

@
(2.33)

Now, sinceA, g andp are Lipschitz continuous, we can estimate the integrals using the conditions
of the theorem and the trace bound, yielding

jazn; S@)wn)-aly n;S@)wn)j (1+C 2+Ca)kzn-y nk; kwik,; (2.34)

where C, is a mesh-dependent constant arising from the essential bound gi@r24)
Combining (2.33) and (2.34), we obtain

Ckwihki C [(1+C2+Cp)kzn-y nk, kwpk,; (2.35)
and unless we are in the trivial casg w 0, we can divide, which gives
kwpk, C T CL(L+C2+Ca)kzn-y nk;; (2.36)
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and substituting w = S(y ) - S(z ), we have
kS(yn) - S(z n)k; C LCskyn -2z nky; (2.37)

thus the Lipschitz continuity with the consta®¢ := C (1 + C2 + C ) has been shown (the
details on obtaining this exact constant is not too di cult, but long and technical, so we omit it
for brevity).

What we have managed to show is tBas a Lipschitz continuous function, that maps the
subspacé/,, into the ballBy(C). By the Brouwer xed-point theorem, it must have a xed point,
i.e., the exists 4 2 Vy, such that S(4) = u ,. But then, the de nition of S states that

a(Un;Un;Vh) = (V n) 8Vh 2 Vy; (2.38)

which means exactly what we had to show for (2.23).
To prove the convergence, we are, again, not going to present every detail, which can be found
in [28]. The idea is to de ne the constant,Guch that

Ca=(d?+1+C?(kvk, +C)Coh™ =:Cyh ; (2.39)

i.e., from the de nition of we have
h C= =2 X (2.40)

where we can see that

Cs=C1(1l+C?+C,h )< CiL; (2.41)
that is, we see tha&is a contraction, and can apply Banach's xed point theorem, implying that
foranyu© 2 vy, the xed point iterationu®*? := S(u®) leads to convergence. If we write it
out, we nd out that this iteration and the frozen coe cient iteration are formally the same. The
proof was in thek k, norm, but in the spacey () the convergence holds for the equivalent
seminormy j;.

From Banach's xed point theorem we have also managed to obtain the linear convergence,

ie.,

up-u®  Cypgg" 8n2N; (2.42)

for some constantsg=> 1;1 > q > 0.

We have shown that for a given Galerkin subspdgaf some appropriate conditions hold,
then the Picard-Kacanov iteration converges to a solution. Somewhat unusually, we have done
this without showing that a solution exists in tHg () space, when the existence of the solution
would be inherited by all its subspaces. Hence, we still have to show that if we take a sequence of
subspaces

Vi oy s Vem H BONC( ) 8n2N; lim ~ h(n) 1 0; (2.43)
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that are well approximating, in the sense that

8V2HL(O\C( )9 Vim .,y Where V) 2 Vim 8n 2 N;such that lm v-Vpm =0;
(2.44)

then the sequence of solutions given (or more precisely, approximated) by the xed point iterations

in the respective subspaces also converge, and this limit is a solution in the in nite-dimensional

function space.

Theorem, [2€]. Let the assumptions of the problef@.6) hold, and let Vi) ., be

a sequence of well approximating subspaces, as stal@did)and(2.44), and de ne

the series unn) ., as the approximating solutions obtained by the iteration in the
corresponding subspaces. Then

(1) There exists a membear 2 H() and a function : N ! N such that the
subsequenceu Unm converges weakly to u, that is,

lim Ny Ving =huvige  8Vv2Hg(); (2.45)

(2) Suppose further that in all subspadgs all elements are uniformly bounded in the
k k, norm (that is, independently &f). Then, we have strong convergence as well,
i.e., with the notations above,

n||i1m Un(y -Uu =0; (246)

1

(3) If there is at most one weak solution (£.6), then(2.45)and(2.46) hold with the
choice of (n) :=n.

Proof. The proof is given in [28].

Theorem, [2€]. Let all assumptions fof2.6), the second lemma stand, and denote the
weak solution with u. Then, there exists a constapt>20 such that

kuk, C (kfk,+kgk): (2.47)

Proof. By the aforementioned theorems, suchuaexists under the assumptions of the present
theorem. We can then use coercivityadti; ;) , boundedness dfandg, as well as the statement
of the weak formulation and the boundedness of its functions to get

Ckuki a(u;usu) C 0 g (kfky + kgk,) kuk, : (2.48)

17



With the above theorems, we have shown that with proper conditions, there exists a weak

solution of the di erential equatiof2.6)in the spacédl () , and we can approximate it using
the appropriate iterative manner. We have also shown that the iteration has global convergence

however, we have not yet managed to show that there is only one solution. Up until now, it
would be possible for us to start the iteration from di erent enough starting points and obtain two
di erent solutions. Further, it is theoretically possible that there are solutions which we could not
reach with the iteration as it could converge to another one no matter where we start it from. This
can be proven in the general case (¢fJ]], but if the Lipschitz constant, is su ciently small,
we can consider a similar map (8.28)in the in nite-dimensional case, and apply Banach's

xed point theorem.

2.2 Numerical implementation

We will implement and investigate the method for the problem (2.6):
8

E -div (A(x;u) ru ) +gxwu=f in ;
u = 0; (2.49)
- (AGWru -+ p(x;uu ) LEa

We have shown that with the appropriate conditions, the problem becomes well-posed. We can
introduce the frozen coe cient iteration on an analytical level as

8

E-div Au®™) ru +qxu @u®D = in ;
u = 0; (2.50)
AGGU ™ru @D+ piGu @ yu ™D =0

N

whereu™ is known, and we are solving for™%) in each step. We have seen that the convergence
is global, therefore we can choose any starting poffit21H 3 ().
We can then continue with the usual procedure: we obtain the weak formulation of the

problem via a multiplication with a test function, and integrating both sides, thereby getting
Z Z Z Z Z

Au Myru @D v+ qeou ™D v+ pu™u™Pyv= fv+ gv  8v2HL():

@ @
(2.51)

Then, we can apply the Galerkin method (or, in this speci c case, the nite element method) and

choose a subspade H §() , with a basid' g, Then the problem in the Galerkin
subspace becomes
z z z z z

AGGU™Yr i+ geeu®@y i+ pesu®y = f i+ pry 8i;j2 f1;::::mg:
@ @

;nmgt
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With this, we have reduced the problem to a linear system

A.c=by; (2.53)
where the individual elements of the sti ness matrix are nothing but
Z Z Z
(An))y = Axu®@)y r o i+ aeeu®)y i+ plu®) (2.54)
@
and the load vector contains the elements
Z Z
(bn)i= f i+ g (2.55)
@

We have veri ed the implementation of our numerical method with a test problem case,
where the analytical solution was available, namely, we have taken the domain to be

= [0 [0 R (2.56)

and the exact solution was
u(;)=sin( )sin( ); (2.57)

where we have varied and to be integers betweehand3. In any of the cases, we can obtain
the right hand side functiofi by analytically computing the e ect the di erential operators
have on the given exact solution To investigate the impact of nonlinearity, we have used the

matrix-valued di usion function
[

24 kxk 2+1 0
Ay = - XK 2 , (2.58)
0 u?+ kxk 5+1
and the autocatalytic reaction
qi;u) ="u 2+ kxk 5+1: (2.59)

The 'sensitivity parameters' have the following meaning:
can be changed to make one di usion term dominate the other in terms of nonlinearity;
can be increased to dominate the di usion with the term corresponding to u;
can be changed to make the problem 'harder’ in the spatial variable of the di usion;

controls the strength of the second variable of the reaction, making the problem 'more
nonlinear when increased,;

describes how strong the e ect of the spatial variable is in the reaction.
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(@) =1; =1. Maximum absolute erroris 0.0778. (b) =1; =2. Maximum absolute error is 0.1291.

(c) =2; =2. Maximum absolute erroris 0.2172. (d) =2; = 3. Maximum absolute error is 0.2179.

Figure 2.1: Errors of the numerical solution in max norm for di erent and values, on a 256 256 grid.

We have used Courant (P1) elements (¢:f]], and discretized the domain with an underlying
grid of 256x256triangles. We have solved the problem, then compared it to the solution by
subtracting the discretized analytical solution from the numerical solutionitaterations.

We give the contour plots in gure 2.1 when all sensitivity parameters are equal to 1.

Further, we also present the errors in Sobolev norm, as the iteration numbers increase in 2.2.
We can see that the expected linear convergence was replicated in all cases, up until we run into
errors caused by oating point representation.

Now we turn our attention to the sensitivity parameters. If we had set all parame@ithéo
problem would reduce to a linear problem. Hence, as any parameter is increased, the problem is
'less close' to the linear case (where we nishlnteration), and the convergence speed should
slow down. To show this, we have shifted thearameter on a scale of::: ;8 and plotted the
Sobolev errors in gure 2.3. We can see that at any given iterationjgscreased, the error is
also increased, but the linear convergence remains valid.

This motivates the idea behind measuring the impact the di erent sensitivity parameters
have. We can numerically estimate the slope of this linear function. If all parameters are set
to 1, we can obtain a 'baseline convergence speed’,gaylhen, if we set = 2 , and leave
every parameter unchanged, we obtain another convergence gpeaagl so on for other values.

To get an estimate on how much this parameter worsens convergence, we can take a look at the
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@ =1; =1 (b) =1; =2

(c) =2; =2 (d) =2; =3

Figure 2.2: Errors in the Sobolev-seminorm at di erent iteration steps, on the same grid

Figure 2.3: Sobolev errors at di erent values.
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Figure 2.4: Relative weakening of convergence at di erent values.

ratiosg—il, cf 2.4.

The aforementioned method allows us to compare the di erent parameters on the same scale,
cf. 2.5. Here we see that the di usion parameters are the most hurtful for convergence, and
only changing one di usion coe cient slightly dampens the e ect, with no signi cant change.
Somewhat interestingly, making the problem 'more nonlinear' in the reaction term improves on
the convergence. This might be attributed to the fact that in this case, the sti ness matrix is not
(as) dominated by the di usion term, thereby simplifying the problem somewhat. As expected,
the and parameters have no impact on the convergence.
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Figure 2.5: Impact of di erent kinds of nonlinearities
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Chapter 3

Qualitative Properties of Parabolic PDEs

3.1 The (discrete) nonnegativity principle, heat-di usion-type
problem

In this chapter, we will be dealing with problems where we already have some preliminary
knowledge about the exact solution on an analytical level. In more exact terms, we will be looking
at problems that ful Il the nonnegativity principle (cf2{]), and see what modi cations we have
to make to our numerical methods so that the numerical solution also ful lls this property.

Suppose we have a di erential operafr. C2()! C() , and take a look at the problem

D(u) = f; (3.1)

with some boundary conditions that make the problem well-posed. The pr¢Bléhs said to
satisfy the nonnegativity principle if for any right hand side functipwe have the following
implication:

f 0O wehave u O: (3.2)

Trivially, the discrete nonpositivity principle is similar, therefore it is not to be discussed.

Up until now, we have only measured the quality of our numerical solutf®nby measuring
the error between™ and the discretized analytical solutiap in some norm (the Sobolev and
maximum norms were convenient). In this chapter, we will consider any numerical solution that
takes up negative values to be a bad approximation, and - since convergence has been established
- any solution that only contains nonnegative values to be a 'good’ approximation, regardless of
the actual error.

The rst question is, of course, what considerations do we have to make in theory, and once
these are put in place, we can investigate the quality of these constraints. Let us rst take a
parabolic version of the heat-di usion-type problem, the initial-boundary value problem for the
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functionu: R *1I R

% @u - dlv(A(u)ru) =f in ;
u(x;0) = 8x2 ;
(3.3)
" (A(U)@ u+ (U-u ) g+ =0
Here, the conditions foA,f, , p, n are similar to the ones i(2.6) and are not to be repeated.

is a real number, andg is a function given ony R *, and if these are given so that the
conditions from the previous chapterpr= (u-u ¢ hold, then the problem similarly becomes
well-posed.

The largest di erence is the partial derivative corresponding to time in the rst equation.
Hence, we proceed as usual with time-dependent problems: we rst describe some timg, Jayers
and for the sake of simplicity, we take these to be uniformly setup, i.e¢;, ¥}  for some time
step 2 R *. We can then apply a one-point backwards nite di erence scheme to approximate
this derivative, and the semidiscretized equation becomes

1 ul™® _y O _div AWy D =1 (3.4)

This is a (nonlinear) elliptic equation, where we could proceed to solve by utilizing the frozen
coe cient iteration. We could apply the iteration to this problem, and solveu®™ until
convergence is reached, and then move on to the next time layer, where we are solving a similar
equation foru0*2 . However, it is practical to take the approximation @¢# to beu®, and

solve only one problem on each time layer. That is, we are faced with the problem

1 . _ . .
“ut oy 0 _div AWOru Y =1 (3.9)
where the weak formulation is, as usual,
Z Z1 Z Z Zl Z
Au®) ru ™ v+ Zuy+ u MDy= v+ Zu@v+  uev:  (3.6)
@ @

Similarly, we can choose a nite element subsp®ge H 1() , and take a basis of it, whence
we have obtained a system of linear algebraic equatans b where the matriA is given by

4 Z1 4
(A= AUD) r 5 r o+ =+ (3.7)
@
and the right hand side vector b can be computed as
4 Z1 _ 4
M= i+ Zu0 i+ uy (3.8)
@

We illustrate the domain and the decomposition of the boundary in the gure 3.1
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(a) The discretization of the domain with Q1 elements

gb) Boundary conditions,p is denoted with blue,y is
enoted with red.

Figure 3.1: The domain of the fuel transformer

Here, we have taken the subsp&geo be the bilinear elements on quadrilaterals. For the
model, we have also chos&qu) to be a diagonal matrix, the nonzero elements are chosen to be

1+ o(u-70) 2,

1+(u-70) 2° (3.9)

which will govern the di usion. f is set to be constant on the whole domair, 100 is a
constant which controls the permeability of the boundagis set to be a function that takes high
values (approx. 328 Kelvins) near the top and bottom of the boundary, and suddenly vanishes in
the middle, causing a discontinuity in the inputs.

For the scheme detailed above, with these parameters, if we have chosen a mesh (where, for
the sake of simplicity, we assume the quadrilaterals are uniform squares with sideHgnityém
there is a minimum for the temporal time step (cf.[1]):

1
opt = 7 (3.10)

3 h
0

0 2

which means that, if we take larger time steps o, We can guarantee that the minimum of
each numerical solution® will be 0in every step, thereby satisfying the nonnegativity principle.

a(u)
(70;1)

1 1 A

09— - T Y= o
t 1 t t u
60 65 70 75 80

. . . _1 o(U - 70) 2 A

Figure 3.2: Plot of the function a(u) 1+(u-70) 2 for o=0:9.
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We can, of course, reverse the train of thought, and have the value of the timebseget in
stone. In this case, we are curious as to how ne of a mesh we have to generate in order to ful ll
the principle on every time layer. The answer turns out to be

Nopt := qoz_: (3.11)
2t 3z t3

It is not obvious that this condition is too restrictive in the practical sense. After all, the more
pressing problem is the exact opposite, take for instance, the Courant-Friedrichs-Lévy condition,
which prescribes a maximum time step for a given grid size the exact opposite relation. This
(the CFL) condition has the consequence that the 'easier' explicit numerical schemes become
unusable, since we would be constrained to imperceptible time steps and long-term simulations
would be computationally unfeasible.

However, there is merit to conditions such(8sl0)and(3.11) if we are trying to solve
unsteady problems in computational uid dynamics. The rst few moments always contain the
most interesting behavior, before the medium eventually starts settling into the stationary state.
Hence, an interesting timestepping method would be to take small time steps close to the starting
timet = 0, and then gradually elongating the length of these time steps, to e ciently model the
long-term behavior. That is, if we have settled on a timestepping scheme, the co(flitibn
must be taken into account during the construction of the nite-element mesh (For more details,
cf. [17]).

Similar considerations have to be taken into account when pricing assets. If we are pricing
(long-dated) Bermudan or American products, with, say, daily xing dates, we are forced to
create our timestepping so that every day the option can be exercised is evaluated. In practice,
even for options with longer intervals between xing dates we like to be more granular closer to
present time, before eventually taking longer steps. (Although, since in the asset pricing business
we are using terminal conditions and we are solving for price attim8 , the time axis has to
be inverted and when we are solving numerically, the time steps shrink over iterations. For more
details, cf. [14])

Now, we will be evaluating the quality of these estimates, rst, by discretizing the domain
with a set mesh sizle = 0:1, and using the parametep := 0:8. In theory, this would allow us
to take time steps as small ag: = 0:067. We present the numerical solutions for aelow
and above this value respectively in 3.3, where the numerical solutions are plotted for a given
time step, and for the sake of clairty, we also present a plot where we see the minimum value
in every time step. We can observe that on the same layer the solution obtained with a larger
time step satis es the nonnegativity principle on all time layers, whereas the smadisulted in
violation, especially in the rst few steps, only maintaining nonnegativity in the last few steps.

In practice, we have seen that we can take be as small a8:0047and still obtain ‘good'
solutions on all layers, which is smaller than the theoretical bound by a factor of Hhoie
have also looked into the other direction, where we have set-l., where the maximum mesh

16’
size would béh = 0:1694. In practice, even for the mesh paramdter % we did not violate the
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(b) The solution withh = 0:1, = 0:001 after10time
(2) The solution withh = 0:1, =0:01 afterltime stePSteps

(c) The evolution of the minimum during timesteppi(d), The evolution of the minimum during timestepping,
=0:01 =0:001

Figure 3.3: The discrete nonnegativity principle for two sets of parameters

principle, only forh = £, which amounts for a better factor. We, however, should note that the
parameter h :% might just be too coarse for the boundary conditions to be properly applied.

3.2 Further equations

The second problem in this chapter concerns the Michaelis-Menten equation, which gives the
description of the behavior of a (biological) cell when responding to a shock, and is as follows:

8 u

%@u- Ut T =f in R *;

§u(x;O):O 8x2 ; (3.12)
'u@R+:0:

We have taken a more general domaincf. 3.1 for a few discretizations. The right hand
size function was set to
f(;):=@2-1) ° 0; (3.13)
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(a) Triangulation of the domaiig = (b) Triangulation of the domairng = (c) Triangulation of the domairng =
0:06 0:03 0:015

Figure 3.1: Discretization of what mathematicians estimate to be a biological cell, using Courant elements

thereby shocking the cell from both sides simultaneously. The remaining free parameters were
setto :=102 and":= 103 respectively.

Here, one can show that the relation between the parameters is as follows: for a given mesh
sizeh, (meaning: the longest edge in the triangulation has length of atimgpsive have the
‘optimal’, minimum time step (cf. [1])

1

OP12cos( o) o _ 1 !
ho

and for the inverse problem, whens given, we have the following estimate for the maximum
permitted side length:

(3.14)

!
12cos(o) o
1+1

1=2
: (3.15)

hop[ .:

where , corresponds to the maximum angle among all triangles in the triangulation.

We have generated three discretizations to estimate the accuracy of this bound, with maximum
side lengths; = 0:015, h, = 0:03 andhz = 0:06. Further, the inequality also includes the
maximum angle, and is only applicable when all triangles are acute. We have managed to
ful Il these considerations as well, the corresponding maximum angles are 85:6754 ,

> =83:3734 and 3 = 83:6098 respectively. We can calculate frof®.14)that minimum
time steps would then bg = 0:0255, , = 0:07 and 3 = 0:37. On every mesh, we have tried
out a sample of parameters, and the minimum sizes where the principle held lyered:008,
b, = 0:03 andbs = 0:12 respectively, that is, the theoretical estimates holds up to about a factor
of three. For illustration, we also plot the numerical solution for one of the discretizations on
the same time layer and the minima in 3.2. Here we see the same behavior, that for the rst few
time steps the smallervalue results in violation, whereas the larger step always maintains the
property.

We can, of course, extend the methodology for three-dimensional domains. Here, we consider
a parabolic electrostaticsproblem

E@u- ou+e Y=1+ in R *
Ughr - =0; (3.16)
- u(x;0)=0 8x2:
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(a) The solution witth = 0:06, =0:1 after2 time stepgb) The solution witth = 0:06, = 0:2 afterltime steps

(c) The evolution of the minimum during timesteppit@), The evolution of the minimum during timestepping,
=01 =0:2

Figure 3.2: The discrete nonnegativity principle for the Michaelis-Menten equation

Here, we choose R 2to be a hexagonal prism, and take a subdomain
.=\ [0 R ?; (3.17)

where " is su ciently small (for our domain, " = 1—16 is suitable), and then set

"R3IR; (x) ;= (X2 W) 0:1; (3.18)

aswell as o := 1:85 103. The domain can then be easily discretized using the nite element
space containing triangular prisms, where, if the base triangles are equilateral with sidehlength
their height is chosen to bh.
The relation between the time step and the side length of trianglesh be expressed as
3 0 1=2

hO = m ; (319)

and conversely, the optimal theoretical temporal step for any h can be

2h?

opt -~ mi (3.20)

For our experiments, we have chosen a set of sample side Iehn@th%;%;é;li2 , Which
results in the minimum theoreticalvaluesf0:667;0:011;0:046;0:02fespectively. Again, for

every set of meshes we have solved the problems using di erent temporal step sizes, and obtained
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(a) The solution witth = 1=6, = 0:01 after5time stepgb) The solution withh = 1=6, = 0:05 after1time steps
Figure 3.3: Contour plots for the time layer t = 0:05
the experimental thresholdB:171;0:035;0:015;0:0@8 We present two contour plots of the

numerical solutions in 3.3, where the negative values are shown in red, and otherwise, the
gradient moves from blue at 0 to yellow at the maximum value.
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Chapter 4
Mesh Generation on irregular domains

Up until now, we have treated the mesh generation as a black box. If we were given domain,
we just assumed that we could prescribe a maximum triangle or quadrilateral sizeHeagth
then take a subspadg, consisting oP, or Qi elements, and did not consider the consequences
of the quality of such elements. Itis, however, a well known fact that, for instance, for a triangular
mesh, the error estimation on any given element is inversely proportional to the sine of the
smallest angle. Therefore, we have to be careful when constructing such meshes. We will present
some heuristics for the construction of high quality 2D meshes in this chapter.

4.1 Generating triangular meshes

The problem we are faced with is as follows. Suppose we are given a domara series
of points on that describe a (polygonal) boundary. The aim is to add and connect points such that
we end up with a triangulation such that every pdiat  either lies on the edge of multiple
triangles, or inside only one triangle, while no point§2 R?2n are inside any triangles.

The general strategy of our mesh generation algorithm will be following the paper by
Cavendish (cf. §]). First, we decompose the edges of the polygon such that no neighboring
points lie farther thaim from each other. These points (along with the originally given points)
will be treated as xed points, so as not to change the shape of the domain. We then t an
underlying square grid onto the domain, and randomly generate new nodes to the inside of the
domain, making sure to throw out vertices that would result in bad quality triangulations. Lastly,
we de ne triangles using the newly generated nodes, such that our choices do not create sliver-like
triangles.

We omit the part of the algorithm which further subdivides the domain where di erent mesh
sizes can be prescribed. This is due to the fact that once we have a mesh, it is not too hard to
locally re ne it in any given area, and we will show such approaches. In the rst step, we loop
over every boundary edge, and if it is longer thgrwe add as many new boundary nodes as we
need to. For the remainder of the algorithm, these are the only boundary vertices, as well as the
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only xed vertices.

As a second step, we de ne a square grid that encompasses the entire domain. The side
lengths of the squares will be=2, as we found that this is su ciently small without the triangle
side lengths getting larger thén although it theoretically does not guarantee the property itself.
For every square in the grid, we generate ve possible candidate vertices with uniform density.

Once the vertices are generated, we have to Iter them so they can be used for a high-quality
triangulation. Obviously, the nodes that were generated outside of the domain are not going to
be useful, therefore we remove them immediately. (This can be checked by casting a ray and
counting its number of intersections with the boundary edges.) Next, the nodes that are generated
too close' to the edges can not be connected without creating a triangle that is attened against
the edge. To detect these, we bump the vertexZ3yin all directions, and if any one of them
lies outside, the node is removed.

The remaining nodes all lie inside the domain, however, they populate it too densely for our
purposes, so we have to sparsify them. Initially, every vertex is marked as undecided; as long as
there are undecided vertices, we choose one and nalize it, and the vertices that are closer than
h=3to it are thrown away. This explains why we generate ve vertices into each square: itis
possible that a node is nalized near the edge of the square and then some nodes from nearby
squares can be thrown away, creating a large void. With ve randomly generated vertices, the
chances of such a con guration happening is much smaller.

Once all vertices are nalized or thrown away, we have to de ne how to connect them with
triangles. This is done iteratively, one-by one; with the boundary nodes and edges already given.
Then, if we choose connected nodesndB, we wish to nd a third nodeC that is on the
left of the corresponding directed segment (thereby keeping a counterclockwise rotation for all
triangles), such that the triangle ABC is ‘optimal’.

We investigate two optimality conditions. First, of course, we want the triahBIE to be as
good as possible, or, to be as close to equilateral as possible. But then, the algorithm will receive
the edge8C andCA at some later iteration; we also have to make sure that as the consequence
of generating this triangle, we will not be forced to generate a poor element when we use the
other edges of ABC as a base of another triangle.

hand side of the directed segmé, wheren 5 usually su ces, and the nodes minimize the
lengthjACj + JCBj (i.e., we select the closastmany nodes). As a preliminary test, we check
whether for anyCy there is a further candidate vert€x such thaiC- lies inside the triangle
ABC,: if so, Cy is discarded from the list of candidates.

Assuming there are more than one candidate vertices left, we proceed with determining how
far each of the triangles ABCare from being equilateral. The metric of choice is

h
= = 4.1
ABC = (4.1)

wherea is the longest side of the triangle, ahds the corresponding height. For an equilateral
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triangle, this metric ig 3=4; hence, the algorithm for choosing i8 the following.

Algorithm 4.1. Choice of new triangle

For all G, calculate agc,;

For all ACy, select the closest point on its left;,C

Set acy = (JAC:j+ JC-Cyj)=JACyj;

Similarly, de ne ¢ g := (jCkCmj+ jCmBj)=jBCxj;

TakeC; such that it corresponds to the smaller value betwegfy; ¢ g and calculate the
Ovalue of the corresponding triangle (AC; or CxBC;);

Dene y:=max( - 3=4; (- 3=4);

Choose ¢ such that i is minimized among the candidate vertices;

Add the triangleABCy to the triangulation, adé&Cy andCyB to the list of edges to be

checked.

Instead of using the measurg, an alternative choice is

"
p___ 2 p___ 2
Q= 0. " 3=4 + Q- 3=4; (4.2)

which, when presented between the choice of generating two mediocre triangles and generating a
good and a bad one, will more likely choose the former; the original metric is more likely to
choose the latter option.

Lastly, the randomly generated vertices are not always suitable to create a high-quality mesh,
even if we managed to create the best possible option. Hence, a Laplacian smoother is also
applied, one iteration of which takes the poing;{x) to the point

X
(x «)

R ) = (k;k)z.Ni. : .
(9 = (43)

whereN; denotes the set of points neighborifxg;y;). This does not change the topology of the
mesh, however, after a few iterations on all points, their placement 'converges', and no points are
moved too far apart in any step.

Such a triangulation algorithm has no guarantee of optimality in any sense; not only are we
starting o with a set of randomly generated nodes, we are also always making local decisions. For
instance, a Delaunay-triangulation of set points has the property that it minimizes the maximum
angle among all triangles. However, any triangulation can be modi ed so that it ful lls the
Delaunay property (cf.: Lawson's edge- ip algorithn®1], [37]), and, if the procedure is applied
to the nal mesh, it is very rare that even two edges have to be ipped.

However, this algorithm has an advantage in in the sense that we skip the biggest di culties
posed by Delaunay-triangulation algorithms: namely, not only do Delaunay triangulations require
a full set of inner points, which have to be generated similarly to our method, but they always
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(a) Boundary nodes (b) Randomly generated vertices

(c) Connecting triangles (d) The nal mesh

Figure 4.1: Steps of Cavendish's triangle meshing algorithm

triangulate the convex hull. Therefore, if concave domains - or domains with holes - have to be
meshed, our algorithm works without any modi cations, whereas Delaunay triangulations have
to be constrained and sometimes, require manual input while generatiof](¢f 1], [25], [16],

[?]).

Once a triangular mesh is completed, we may want to make changes (see, for ingfance, [
[3]), say, locally re ne it, that is, in a subset of the domain we wish to prescribe a smaller target
side length. The goal of the re nement algorithm is to modify the triangulation such that this
additional property is ful lled, without worsening the quality of the mesh.

For triangles, this is easily done. Suppose we detect a triangle, that has edges that are too
long. We can then nd the longest edge in that triangle, and add its midpoint as a hew node,
splitting the two triangles on its side to four triangles. This way, the largest angle is split, and
therefore, the mesh will not have an angle that is smaller #aifassuming we did not have any
smaller angles to begin with, of course).

This can be made a lot faster and more sophisticated using the red-green re nement technique.
In one pass, we determine which triangles need to be re ned, which will be called 'red' triangles.
Then, we mark each one of their neighbors (with multiplicity and the corresponding edge), which
are then called the 'green' triangles. Every red triangle is then split into four along the midpoints,
and then the conformity of the mesh is restored by splitting the green triangles into two, three or
four pieces.
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(a) Before (b) After

Figure 4.2: Red-Green re nement of a triangular meash

4.2 Generating quadrilateral meshes

The task of quadrilateral mesh generation is much harder than triangular mesh generation.
The reason behind this is that triangles are more exible, whereas quadrilaterals have to ful I
extra conditions that are not considered for triangles, owing to the number of vertices. However,
the advantages are clear: quadrilateral meshes have higher accuracy, more e cient for the same
number of vertices, since usually, the discretized problems derived from them are sparser than
those derived from their triangular counterparts, furthermore, for a diveesh size, we can
often create a mesh with fewer total vertices. If properly implemented, they are also less prone to
generate near-singular vertices with high valences, and their structure allows them to naturally
match grid topologies of certain domains.

The most classical and easiest strategy is to generate a structured grid (for instance, from
a discretization of the unit square [0;1] 2, or, a rectangle) onto a topological quadrilateral
patch. Let the boundary be described by the four curyes; 3; 4, whence the interpolation
map L takes the form

L(;) = (1-) 10+ 20+@-) 0+ 40)-
(4.4)
- [(-)2-)x gt (L-)x 10+ (A-)X o1t X 1]

wherexXo.0;X1:0;X0:1 @andXy.; are the corner points of the domain. This way, if we are given a
guadrilateral decomposition of the unit square, we can just set each vertex to their imhge via
and even without changing the topology, we have a mesh of the domain .

Another way to save us from a lot of trouble is to use the triangular meshes from the previous
section. Once we have as triangulation, we can decompose it into a quadrilateral mesh using the
midpoints of every edge and triangle, like in 4.1.

Such a conversion-based mesh generation is simple and robust, however, it comes with the
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(a) Before (b) After

Figure 4.1: Creating a quadrilateral mesh from triangular mesh

Figure 4.2: Boundary input and its discretization

task of solving an auxiliary problem rst. This has the consequence that for a high-quality
guadrilateral mesh, we rst have to solve the nontrivial task of generating a corresponding
triangular mesh that is at least as high-quality; and then, we have to apply the decomposition, and
even then, the resulting quad mesh is not guaranteed to be of su ciently high quality.

For these reasons, we also describe a direct method of quad mesh generation, called paving
(cf. [4]). Itis most similar to that of the advancing front methods, with the philosophy of a lazy
university student: it avoids making any consequential decisions and pushes the problem forward
until there is no other choice but to Il in the remainder of the domain - hoping that at this point,
the problem is easy enough to solve.

The algorithm works on paving boundaries, which initially consist of the xed boundary
nodes given as the input. As new nodes and quadrilaterals are added, the paving boundaries
evolve, moving 'inwards', and iterating this process. The nodes on the newer paving boundaries
are, however, not xed (i.e., oating), as we have to inevitably move these to improve the quality
of the mesh, simplifying the domain so that at the end we can map a structured grid into the
remainder of the domain.

Further, it is necessary that the paving boundary always contains an even number of nodes
- since our mesh contains only quadrilaterals, we must connect the nodes in pairs. The most
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common way of ensuring this is whenever we run into a boundary with odd-many vertices, we
may split the longest edge, however, there are other remedies as well. The algorithm does not use
any external mesh size parameters in itself, the only controlling factor is the distance between
the vertices. This has the advantage that it is reasonably easy to create nonuniform meshes by
just modifying the boundary nodes at appropriate places, however also the disadvantage, that to
geta ner mesh anywhere - even in the middle of the domain - it has to be propagated from the
boundary.

Below we present a high-level overview of the algorithm, and then describe each module
separately.

Algorithm 4.2. Quad mesh by paving

Input: A set of prescribed boundary nodes and edges.
While some paving boundary remains unclosed do:
Refresh paving boundary;

Check whether this boundary can already be closed;

If not, generate a new row of quads;

Smooth the new row and nearby nodes;

Perform seaming for narrow gaps;

Adjust the row by inserting wedges or tucks if it expands/contracts;
Detect and repair intersections between paving boundaries;
End while.

First, we describe how to refresh the paving boundary by choosing elements for the next row.
It is important to note that the 'next row' might only contain a subset of the paving boundary.
The algorithm selects a starting and an ending vertex on the paving boundary, and collects the
nodes lying on the paving boundary, between the start- and endpoints.

The choice has to ideally satisfy the following three criteria:

1. It must respect' the geometry of the boundary;
2. It should avoid creating unnecessary ‘irregular’ nodes;
3. It should not lead to a poor row further down the line.

The algorithm classi es the nodes of the (paving) boundary. A good measure is the local
interior angle: if it is small, then there is a good chance that a row should be ending (and
later, beginning) at that node. Angles closelB are treated as side nodes, while almost
right-angle vertices are treated as corners. Lastly, concave angles might represent a reversal, i.e.,
the boundary turning back on itself.

In all, the local angles for each vertex are computed, and every node is classi ed into row-end,
row-side, row-corner and row-reversal nodes. In practice, there is quite a bit of ambiguity of
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only using the local interior angles, therefore sophisticated algorithms are allowed to classify one
node as, for instance, both row-side and row-corner, and decide later, based on other metrics.
Such order treatment is using simple geometric interpretations to try and recognize primitive
shapes (triangles, rectangles, (semi-)circles, etc.) and assigns the nal role of a node based on
how it would behave in the primitive shape most similar to the current situation.

Such a primitive interpretation is required for a more robust algorithm, since, in essence,
the paving method is a local method, and the local interior angle classi cation is irrespective
of the global shape of the domain, no matter how obvious it might be to the naked eye. This
interpretation helps to eliminate choices, where the simplicity of the boundary of the domain is
lost due to the local choices not following the curvature of the domain suitably well.

Next, we check whether the current boundary can be closed. If the paving boundary contains
no nodes, then it is obviously completed. Two nodes can be connected with a seaming operation,
whereas four nodes can be dealt with by adding one extra quadrilateral. The paving boundaries
where six nodes remain are classi ed into twelve classes, and closed according to which is the
closest to the situation at present. For any more nodes than that, we move on to the next stage;
We also note that these closures are often poor quadrilaterals and rely on the smoothing in later
steps to x them.

Once a row has been chosen and can not be closed, the algorithm generates new elements
and quads along the corresponding portion of the boundary by projecting points away from the
paving boundary towards the ‘inside’ of the polygon.

We deal with the row-side nodes easily, take for instanGeyith neighborsv/; andV, and
corresponding edge length, d, and local interior angle . We project the new node onto the
angle-bisector at V, its distance computed as

d,+d,
2sin(=2) (4.5)
where 2 (0;1] is a global contraction factor. We take as baseline the arithmetic mean of the two
distances, so the new edge of the quadrilateral is as close to the already given edges as possible,
and further, scale it with a factor based on the local angle so that if it is not eda&flythe row
is not contracting on itself or expanding too much inwards.

For the other node types, we do not detail the choice of new nodes. The idea is to generate
multiple nodes and have the row-corner and row-reversal node contribute to multiple new
guadrilaterals, instead of the one for the row-side nodes (technically two, but one has already
been introduced when dealing with the previous node).

Once all nodes have been dealt with, we can simply connect the resulting new nodes with
rules based on which old nodes were they generated from. The paving boundary portion is then
replaced by the boundary de ned using these new nodes, and becomes the currently active paving
boundary.

After the insertion of a new row, we still have to make changes to the mesh, since the general
rules used for generating nodes is not suitable to create high-quality meshes. First, we smooth

39



Figure 4.3: Evolution of the paving boundary

the oating nodes on the boundary. A Laplacian smoothing is not suitable, since the mesh is
incomplete and would push the newly generated nodes far from their 'correct' place.

The approach the algorithm takes is an isoparametric smoothing. We do not present the
details, but the idea is the following: to every vertex that we wish to smooth, we calculate a new
location, based on its neighbors, and take the vectors that denote the changes between the current,
and this 'ideal’ location. Moving the vertices along these vectors would bring the quadrilaterals
to be more resembling of parallelograms, but the sizes of the elements might change. Hence,
another step is added, where the '‘change vectors' are 'punished’ if they would resize an element.
Further, one more step is added so that this change vector is not able to pull the nodes too far
from the angle bisector of the vertex they were generated from.

For the interior nodes only, a weighted Laplacian smoother may be applied, where, temporarily,
we treat the ' oating' boundary points as ' xed' points as well. For e ciency, it is su cient to
smoth only some local part of the mesh, as there is no reason as to why nodes far from the newly
inserted - and then smoothed - oating vertices would change.

As new rows are generated, it is possible that narrow gaps are formed in the paving boundary,
usually at nodes with small angles. As these would either results in the formation of bad quality
guads, or worse, may even prevent the proper closure of a row, hence after the smoothing step,
we perform the operation of seaming.

If the node in question is a ' oating’ node, then the process is straightforward: if the local
interior angle is su ciently small, the two edges forming the gap are identi ed by searching for
the neighboring nodes, and then combining the nodes by moving them to their midpoint. The
angle threshold is not quite straighforward and depends on the valence of the node in question.

Of course, xed boundary nodes are more problematic, since the above operation may result
in a quadrilateral of bad quality, or may not even be carried out in general. If we detect a case
where the above procedure does not solve our problems, we put o making any decisions and
wait until another row has been generated. This usually creates overlapping elements, but at least,
they are comprised of oating and not xed nodes, and we deal with the problem as the very last
step of the algorithm.

As new rows are generated, the advancing fronts might expand around concave edges or
contract near convex boundaries. We measure the speed of expansion/contraction by the sizes of
the successive quads on the current paving boundary. At points of high expansion, we insert a
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Figure 4.4: Closure using topological mapping

wedge, splitting a node into three parts, and thus, ‘forcing’ an additional quad inbetween the two
that are already in the mesh. Of course, this results in worsening the quality of the quadrilaterals,
so another isoparametric smoothing step is done on this row. At points of high contraction, we
do the opposite: decide on an element to delete, then connect the newly freed nodes with the
already existing triangulation; again, we apply another smoothing step after this tucking.

Finally, the paving boundaries might intersect as new rows are generated. At the end of each
iteration, we scan the elements and check whether we have any invalid elements. The idea is
similar as with seaming: we are trying to conjoin nodes as best as we can, considering all metrics
previously detailed (forward searching, even number of nodes, contraction/expansion constants).

For geometric simplicity, instead of inserting elements until there every front can be closed,
we could introduce a further stopping criterion: if the remaining part of the domain is su ciently
small in either area or diameter, then we may use the topological ma@p#ygo nish the
remainder with a structured grid.

4.3 Quadrilateral mesh re nement and quality metrics

Of course, just like with triangle meshes, we may not be satis ed with our mesh, or just want
to use an adaptive nite element method, in which case, generating a nite mesh without having
to start all over again is desirable. Once again, the quadrilateral version is subtler, much harder
to 'contain’, the re nement may propagate and we may not be able to locally re ne the mesh
without having to make changes to quadrilaterals far away, due to the creation of hanging nodes.

We show a possible red-green-type re nement for the quad mesh with vertices and quadrilat-
erals

V = fXiQ .0 2R*Nv and Q=fQig,, ngzR“N a (4.6)

respectively. Suppose a local area of re nement is given as well as a target mebh>size
For each quadrilater&);, denote its vertices with(lj) ;xg) ;xg) ;xg) , and the corresponding side

lengths with

0 =~ 0 () () R () O .0 .= 0 0.0 .= 0 ()
1= Xg tX g L2 F X3 X 53T XXy 5= XpoXg 2.(4.7)
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Figure 4.1: Quadrilateral mesh re nement

We will say that an element (in the local area) is marked if at least one edge is longer than h:

Q; marked () rpza}ifz;%‘ﬂ) > h: (4.8)
In this case, all four edges of;Qvill be split, the new midpoints added to V.

This creates many hanging nodes, so the next part of re nement reassumes conformity. We
allow only three cases for unmarked elements: either none of its edges are split, two opposite
edges are split or all four edges are split. We repeatedly loop over the elements and if there are
any that do not meet this condition, we enforce it by making the opposite edge(s) split as well.

This process eventually stops, and we reach a split pattern. For every edge, we add its
midpoint toV, and if a quadrilateral is such that all four of its edges are split, then we add its
centroid as well. We then replace the triangulation with a new one; let us take a quadrilateral
Q = (A;B;C;D) , and if they exist, its midpointM ag;M gc;M cp;M pa, and its centroidD.

Then the following rules are applied:

1. No split. If no edges have to be split, the quadrilateral Q is left unchanged.

2. Two splits. Suppose the edgéd3 andCD are split. TherQ is replaced by two quadrilaterals,
Q1:=(AM ag;Mcp;D) and Qz := (M ag;B;C;M cp).

4. All splits. Here, we replace the quadrilateral with four new quads, each one containing a
vertex, the centroid and the two corresponding midpoints.

We now turn to the investigation of quality metrics for quadrilateral meshes. We assume it is
not too bewildering to state that again, here the case is much more subtle than with triangular
elements, where the angles and side lengths describe the quality of the mesh perfectly (and since
halving all edges is easy and - reasonably - small lengths are not a problem, the angle is the be-all
and end-all of metrics).
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Similarly to triangles, the quadrilaterals are obtained by transformed from a reference element
- in this case, the reference squfgl] [0;1] , or, more commonhy-1;1] [-1;1] by a bilinear

map of the bases;'
X4
Ro(5) = Gx (4.9)
i=1
which has a nonconstant Jacobian mﬂfjxunlike with Courant elements. We therefore have to
check whether the map is valid and well-conditioned. The gradients transform as

ru = bg r b (4.10)

whereb is the function corresponding toon the reference element. So%‘ is nearly singular,
then the physical gradient is much larger than the gradient on the reference element. Since the
integrals transform using Z b

f= f Ry detds ; (4.11)
Q [-1;1] 2

the determinant (ﬁQ can not change signs, can not be too small, and can not vary too much over
any one element. Hence we measure the behavﬁzj athQl with the following metrics.

First, as a zeroth step, we must ensure that the signs of the Jacobians are consistent; the
(signed, local) Jacobian vertices for an element Q £;%%;X3;X4) is calculated as usual,

J =det(Xi+1 - X i;Xi1 - X i); (4.12)

and thus, the rst metric is that we must ha¥g := mini; r1.2.3.4¢3 > 0. This only serves as a
diagnostic metric; something that can only act as a test for validity of a mesh, not for determining
its quality.

Since the Jacobians are not scale-invariant, we introduce the scaled Jacobian ratio

. J
r;:= min
i=1;2;3;4 kXi+1 -X ikz kXi_l - X ik2

; (4.13)

which, for an ideal element, a square, is equal to 1, and diminishing values indicate that at least
one angle is close 1@ or 180 . However, angles are not the only way the bilinear map can be
distorted.

Next, we will measure the aspect ratio of the element, using

Mo = —= (4.14)
min
where . and i, denote the largest and smallest sides of the quadrilateral. This in itself is a
poor metric, since a rhombus that almost degenerates to a section will have the perfect aspect

ratio, despite being unusable for nite element considerations.
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We can, however, combine the previous two ideas with the condition number of the map. If
Jo denotes the Jacobian of the map from the reference element to the physical element, then the
condition number is de ned as usual,

o) =k oGk 5, RG) (4.15)

Ideally this value isl, which corresponds to (scaled) rotation of the reference element. As the
value gets larger, the physical element is more stretched, skewed or nearly degenerate. We can
de ne the metric on the whole element as
‘= max D) 4.16

Q = .max () (4.16)
This metric, in a way, is the most natural quality metric; the constants in the convergence of the
nite element method depend on the norms of the Jacobians and their inverses. K@hce,
being uniformly bounded is usually a good estimator of a high-quality mesh. Sometimes its

inverse
1
rs:

(%)
is looked at, which takes values betwdkandl. Further, for higher order elements, we may
want to take a look at the values at quadrature points instead of just the corners.

A unigue problem to quadrilateral (or, more generally, higher-order meshes) is that the
Jacobian is typically not constant on the entire element. Hence, we must also take into account
the variation, de ned using

(4.17)

Q) . ; Y- Q .— .
Jon= min detb(): and J@:= max det(h(;) - (4.18)
whence the distortion is given by
5Q
g i= —o (4.19)
I

Ideally, this is close td, meaning that the deformation is close to a ne; parallelograms are
'‘perfect’ elements by this metric, while elements where the distortion is small behave less like a
simple a ne image of the reference square, a ecting the error estimations.

In the following two tables, we detail how the two main methods we have presented perform
with respect to these metrics. For a metrjave will use to convention that for the entire mesh
means the worst value among all quadrilaterals, addnotes the mean value throughout the
mesh.

We see that in all cases, the conversion performs better throughout all metrics - this is
hardly surprising, considering how optimized the triangle meshing algorithm was, while our
implementation of the paving algorithm still makes a few simpli cations from the original
algorithm. It is worth to note, however, that the paving algorithm ran much faster (up to a factor
of 15 in some cases) than the converting algorithm, and if the mesh size is chosen appropriately,
it can still produce meshes that are appropriate for solving PDESs.
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Mesh

Size

Vi

iQj

Jo r la Q rs rg [§) Ta Q |Ts Tq
Square 0:2 | 54 | 43 | -8e-5 -0:012 | 5:200 | 166:35 0:006 | -0:070 | 0:626 2:004 8:409 0:313 0:597
Square 0:1 | 604 | 585| 9e -6 0:005 | 13:72| 425:54 0:002 | 0:080 | 0:686 3:37§ 6:237 0:240 0:850
Square 0:05 4071 4034 5e -7 0:001 | 26:78 | 1504 | 6e-4 | 0:054 | 0:687 5:199 8:529 0:171 0:935
Cell | 0:1| 387| 366| -6e-19 | -0:000 | 8:013 | 1 0 -0:000 | 0:865 1:730 2:453 0:510 0:806
Cell | 0:05 3044 3009 3e-8 0:003 | 24:00 | 762:01 0:001 | 0:007 | 0:794 3:557 5:484 0:34Q 0:917
Cell | 0:02 17:7/K17:7/K-4e-20 | -0:000 | 150:22 1 0 -0:000 | 0:779 6:026 9:539 0:282 0:957

Table 4.1: Quality of quadrilateral meshes obtained by paving.

Mesh | Size] Vi [iQj | Jo r ra o |rs [ra no|rm [ [k [
Square 0:2 | 381| 360 4e-4 0:360 | 5:032| 5:418 | 0:185| 0:333 | 0:737 2:193 2:550 0:411 0:333
Square 0:1 | 1451 1410 1e-4 0:349 | 3:813| 5:587 | 0:179| 0:333 | 0:760 2:107 2:384 0:433 0:333
Square 0:05 5667 5586 2e -5 0:402 | 4:593 | 4:894 | 0:204 | 0:333 | 0:773 2:061 2:297 0:447 0:333
Cell | 0:1|891| 852 1e-4 0:291 | 3:893| 6:770| 0:148 | 0:333 | 0:767 2:077 2:336 0:442 0:333
Cell | 0:05 3309 3240 4e-5 0:330 | 3:859| 5:901| 0:170| 0:333 | 0:781 2:030 2:243 0:456 0:333
Cell | 0:02 20:1K19:XK2e-6 0:158 | 8:829 | 12:713 0:079 | 0:333 | 0:779 2:039 2:257 0:453 0:333

Table 4.2: Quality of quadrilateral meshes obtained by conversion.
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Chapter 5

Multigrid Methods for Irregular Domains

5.1 The geometric multigrid method

Throughout our examinations, we have seen how to reduce the problem of solving partial
di erential equations to solving a linear algebraic system

Au=b A2R % ;p2RYgiven. (5.1)

In this concluding chapter we will describe an elegant and e cient iteration to solve such
equations. We must mention, however, that fast direct solvers exist for general linear algebraic
systems. Further, for speci ¢ problem classes such as Stokes or convection-di usion equations,
one can utilize the speci ¢ structure of the matrix A and design solvers that way.

Instead, we will look for a one-shoe- ts-all solver, where we try to impose as few conditions
on the structure of the matrix as possible. We may assume that the matrix is sparse, since in any
'reasonable’ nite element decomposition, this holds true. Further, in some simpler cases, such
as aQ1 decomposition on the square [0;1] 2 we have some knowledge about the structure of
the nonzero elements, which leads to the (geometric) multigrid method. However, in the case of
general meshes constructed using the methods in the previous chapter, we have no such data,
which leads to the main challenge in introducing the algebraic multigrid method.

For the sake of simplicity, we will restrict ourselves to the case whagesymmetric, positive
de nite, but we note that such solvers can be constructed for the nonsymmetric and inde nite
cases.

First, let us take a look at the most simple iteration possible, appropriately named the simple
iteration. Here, we assume that an estimated solutiéh has already been obtained. Then, let
us take the iteration

uMD =y ™M - Ay ™ - py; (5.2)

where 2 R is a positive parameter. In essence, we are starting from the old solution, calculating
the residual error
Fm = Au ™ - b; (5.3)
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and taking a step in that direction, where the free parameggverns the size of the step. We
present the following theorem about the convergence of the iteration.

Lemma. Supposd is a symmetric, positive de nite matrix, with smallest and largest
eigenvalues

min = M_; max = M: (5.4)

Then, if0 < < M% the simple iteration converges: there exists a con§tang < 1
such that for any starting vectof 2 RY, we have

eM = uy™m_y cg™ 8m2N; (5.5)

where u denotes the exact solution of the problem.

Proof. We do not give the proof, it can be found in, for example, [42].

Further information is already known about the iteration. Namely, the optimal choiceésof

Mfm , Whereupon the convergence ratigjis %{:T. If we introduce the condition number of a
matrix A as B
(A) :=kAk A1 ; (5.6)
where the induced matrix norm is de ned as
KAXK
kKAK = _— 5.7
S kxk 57

then the optimal g can be rewritten é%%

One way to improve this method is to choose a search direction that is 'better' than the
residual error §, to result in faster convergence. One can thus introduce the conjugate gradient
method, but tBiSﬂethod is also limited by the condition number: the optimal rate of convergence
in this case iSP%—fl:

Especially in the case of matrices corresponding to nite element discretizations, the condition
number is typically rather large, which slows down convergence. (We may say that the problem
is ill-conditioned.) The remediation is preconditioning: formally, we propose an equivalent
problem

Au=b ( B  *Au=B1b; (5.8)

with a suitable positive de nit, symmetric matrB. Since we want the condition number of the
new matrixB A to be small, it has to approximate the identity matrix, or in other wdgdsas

to be similar toA. However, including thi®* term results in extra work during the iterations,
namely,

um™ =y ™ B TAUM™-BTo)y=u™-BTAUM™-b)y=u ™-B1r,: (5.09)
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So, the added computation is to solve the equaBiB® =r ,,: hence, solving linear systems
containing B must be cheap.

These two conditions seem to contradict each other, since one redBiyeto be small,
while the other requireB to be similar toA, which lead to the ill-conditioned problem to begin
with. Nevertheless, some popular choicesBare available, such as the Jacobi, Gauss-Seider,
SOR or ILU preconditioners, which all inherit some structure frdirbut simplify solving the
system of linear equations.

However, there are limits to how much we can improve on convergence using these precon-
ditioners. These more 'trivial' choices often do not speed up the convergence su ciently, and
nding a good preconditioneB for a given problem is usually cumbersome. Luckily, all work is
not yet lost: let us investigate the e ect on the errors for the Poisson equation, when the domain
is the unit square= [0;1] 2 and the decomposition is, sayPa mesh of right-angle squares,
with (maximum) side lengths h, the problem taking the formuA= b .

First, we investigate the reasons behind the large condition nuif#bg), corresponding
to a 'ne' mesh. Suppose there aremany nodes in both directions, and they are ordered
lexicographically, we know exactly the structure of this matrix, and assume the form of a
dampened Jacobi iteration: D= hizl, SO

h2
umD =y®op b AU™ -y =u™ - 7 Apu™ -p (5.10)

so, the preconditioning matrix is of the form

4
Bh = |h_2| (511)

Since the error in the m-th step is measured as
e :=yMm_y (5.12)

where u is the solution
Anu =by; (513)

by subtracting u from sides of (5.10) we can assert
u™d oy =u™.y -B AU™M-A U (5.14)

and we can substitu{®.12)to give us the following form for the propagation of errors throughout
the iteration:
e =eM . 1A eM= |-B A, e™: (5.15)

We can measure the convergence with the norm of the error vector, for which we have the
inequality
(™) 1-B (DA, e™ (5.16)
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so, we have to get an estimation for the matrix noimB ;' A, . Since the matrix in question
is symmetric, we just have to look at the largest (in absolute terms) eigenvalue.
We de ne the (i;j)-th eigenvalue of the propagation matrix as

- h 2 h 2
@ = @ !"BrAn = @ - fpAn =1- T g (An) =
(5.17)
— h?2 4 4 ih in2 jh — ; ih im2 jh
= 1- "= 4 sit U +sin® - =1-1 siP - +sin® L
The convergence holds when
I-B 1A, max j j<1; (5.18)

and the smaller this estimate, the faster it is. We see that some eigenvalues are Ligge®
for small i and j we have
. ih . jh
sif —  +sin® 1 — 5.19
> > (5.19)

almost vanishes. Choosing a largetto dampen the e ect, and thus, theoretically improving
convergence is possible, but after a point, the eigenvalues with large indices would get close to
-1, counteracting the positive e ects of relaxation.

In short, these components where both indices are small are the cause of the slow convergence,
whereas the other components, where at least onergfis 'large’ are damped more e ectively.
However, one can choose a suitable enougtfior example,%, where the iteration is e ective on
high components, say, for somg 2 R*

max .<1  8()2 (k)2 fLnd:k b™rc " b e =T:
(5.20)

we can write the error vector as

XX (m) (m) i
em := Cip Vi Ciy 2R8 ()2 f1;:::ng: (5.21)
=1 j=1

Then substituting into (5.15) yields the 'frequency decomposition'

1) — -1 — (m) —
em = 1-B J A, ™= Cipy ) Vap =
i=1 j=1
(5.22)
be D% X
— (m) (m) —. a(m+1) (m+1) ,
= Cip G Vap * Cip @) Vaip = €- te
i=1 =1 (B)rdl
wheree™ contains the low frequencies, that is, where both indices are at%memdeim)

contains the rest.
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Since the norm can be expressed as

X 2
e = cgl”;)) : (5.23)
T

the propagation of the error on the large indices has the following upper bound:

2 X 2 X 2 X 2
_ m+1) 2 _ > (m) 2 (m 2.
= Cis) = @ S v+ C : (5.24)

(m+1)
€ (i)
(i)2T ()27 (W27

That is, on the components corresponding to the large indices, the error - independbntly of
decreases rapidly.

Letustake alook at the eigenvectors corresponding to these indices; we have the eigenfunctions
(since we are working on the unit square)

Vi) = ZSin( IX ) Sin( jX ) ; (525)

so, if we take a larger mesh siee:= 2 h, we see that the eigenvectors corresponding to the
‘coarser' mesh arise from the eigenfunctions with indiggs 2 1;::: ;b%c ?. In other
words, after a modest number of steps of the simple iteration, the error vector will have small
components corresponding to the ' ne' grid.

We now have to nd a way to reduce the coarse components e ectively. To this end, we
begin with the idea of usingy, the matrix corresponding to the coarse grid as a preconditioner,
formally,

g™ .= M _ A ;_|1 Ahu(m) by (5.26)

since the matrices are not of the same size, we have to introduce restriction and prolongation
operators that transfer the values from the ne grid to the coarse one, and vice versa. (For the
sake of simplicity, we can take a linear interpolation of the neighboring points as prolongation,
and the identity operator on the coarse grid as restriction.) This way, the iteration becomes

™D =™ _pA HlR Ahu(m) -by, (5.27)

Here, it is theoretically possible that residéalu™ -b ,, is dominated by components from the
ne grid, and the iteration is uselessly slow. (In an extreme case, it is possible that there are only
ne grid components, and the iteration does not improve anything.)

However, by using a few steps of the weighted Jacobi iteration (or, any other simple iteration)
we have seen that we can e ectively eliminate the ne grid components, therefore, the coarse-grid
preconditioner has a large impact. We can combine the two ideas, and then we can solve the
equationApu = b , by using simple iterations, and at preconditioning, we have to solve a linear
system withAy. We could solve this directly, but nothing stops us from using the multigrid
method iteratively. This brings us to the V-cycle:
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Rty

(a) V-cycle (b) W-cycle (c) F-cycle

Figure 5.1: Di erent multigrid cycles

Algorithm 5.1. V-cycle

Input: A;b;u, prolongation P, restriction R, smoother S, level ".
If = MINLEVEL then solve Au = b exactly and return.

Apply 1 (pre-)smoothing steps to Au = b;

Compute residual r := b - Au;

Restrict residual: b; = Rr;

Recursively solve A; e.1 =b-.1 bya V-cycle;

Correct: u:=u+Pe 1 ;

Apply 2 (post-)smoothing steps;

Return u.

The V-cycle is convenient, in the sense that it takes the minimum number of steps. It
visits every level exactly twice, once for pre-smoothing, and once for coarse correction and
post-smoothing. Other cycles are also possible; we present their basic ideas in 5.1 and leave the
construction of the exact pseudocodes for the interested reader.

If the mesh is coarsened in the above manner, by a factdiroéach dimension, then the
number of unknowns decreases I& ¢ on ad-dimensional problem, per each levelFor any
reasonable choice of prolongation and restriction operators, the cost of the V-cycle on one level

with n- unknowns is just O(n), so the full V cycle costs roughly

|
MAX¢EVEL ’

@] n- =0(n); (5.28)

"=MINLEVEL

therefore, multigrid methods are optimal in the sense that we are making a constant number of
operations for each unknown.

5.2 Ruge-Stuben multigrid algorithm

In theory, there is no limitation of the above derivation for more general domains. However,
in practice, we may not have a structured mesh, so, de ning the coarse subspaces is a more
di cult task than just taking every second node - for some linear algebraic systems, we may
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even have no underlying geometric structure to begin with. The task of an algebraic multigrid
algorithm is thus as follows: it has to recover the subspaces corresponding to the low- and high
frequency eigenvalues respectively, so that the smoothing step and the coarse-grid correction are
both e ective, and the resulting cycle (including the setup) needs only O(n) operations.

In the algebraic setting, we are only assumed the knowledge of a linear system

Au = b; (5.29)

whereA 2 R"" is a sparse matrix. We will also assume tAais a symmetric, positive de nite
matrix, furthermore, for the sake of better motivation, it is helpful (but not required) if it is also
an M-matrix, i.e.,
A=AT, A>0; a; 08i6=j (5.30)

The sti ness matrices arising from scalar di usion problems have this sort of structure on suitable
meshes. The algorithm itself can be applied to a more broader class of problems, but this setting
will allow us to explain why the de nitions of strong connections, coarsening and interpolation
are what they are.

First, we introduce the Ruge-Stiben, or, classical algebraic multigrid algorithmA(@). [
The idea will be to x a simple iteration as a smoother (similarly to the geometric multigrid
method), and then iteratively construct coarser and coarser subspaces that represent the error
components that are not e ciently reduced by the chosen smoother. (Note that this is the opposite
direction of the usual geometric construction: in the GMG case, the grid is given, usually with a
clear way of de ning coarse subspaces. The interpolation methods (prolongation and restriction)
are then chosen from a few popular and reasonable choices, and nally, we have the liberty to
choose any simple iteration to act as the smoother.)

Let us again take the erref™ := u™ -u in then-th iteration, with exact solution .
The corresponding residual can be written as

r=b-Au ™ =A@u -u M)=-pAe ™; (5.31)

S0, up to sign, the residual contains the same informatigkeé® . In the GMG method, the
error after a few simple iterations was smooth in the following (geometric) sense: the di erence
between local components of errors from point to point varied slowly, which has not algebraic
meaning; however, this caused the simple iterations to slow down and become ine cient. We
will use this latter notion: we will call an error algebraically smooth if it is not reduced e ciently
by relaxation.

For smoothers such as GS or Jacobi iteration, the algebraic smoothness can be characterized
using the residual equation: if the relaxation is no longer e ective, therns small compared to
the error itself. For a given row i, this means that

X
(Ae) =aye™ +  aye™ O (5.32)
loxi
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rearranging,

™ - = aye™: (5.33)

This equation tells us that, after relaxation, the error at pamapproximately determined by
the error at the 'neighboring' points j, whereg;as 'signi cant’.

Of course, the 'neighboring’ points do not exist in the sense that they existed in the GMG
setting. There, we have obtained the matrix using some nite element discretization, which had
the consequence that the only nonzero entries of the matrix were the nodes that were ‘close), in
most cases, neighboring. We extend this to the algebraic setting, de ning the neighborhood of

any variable i by the sparsity pattern of A:
Ni:=fj6=i:8; 6=0: (5.34)

Only these neighboring indices appear in tkite equation, and thus, only they can in uence the
relation (5.33).

Just like in life, not all neighbors are created equal. In most cases, some matrix entries may
dominate others, which the interpolation operator must respect. This leads to the introduction of

strong dependence.
Let the threshold parameter2 (0;1] be xed (in practice, = 0:25 is a reasonable choice).
The point i is said to strongly depend on the point j if

Jai)  max_jaix]: (5.35)

Notice that this de nition has its roots in the M-matrix setting, where the relevant o diagonal
entries are nonpositive. Neverthelgss a strong connection ofif the o diagonal entrya;; is

large in magnitude compared to the other o diagonal entries in the corresponding row. Let us

denote the set of strong dependencies to a point i as
S= j6=iay] max jaix] (5.36)
It is also bene cial to denote the ‘transpose’ of this set,
S =fj:i28S;g; (5.37)

thus, S contains the points on whichstrongly depends, anf[l contains the points which
strongly depend on i.

The motivation of this comes froif®.33} If -a ;; is large, then the valuq(m) has a large
in uence on the relation satis ed byi(m) . Hence, for algebraically smooth ermf , the values

e™ ande™ are dependent on each other, can not freely vary #o8;. These connections
should thus be represented accurately by the interpolation operator.
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On any given AMG level, let the set of unknowns be denoted by We wish to split into

two disjoint subsets
-=C-[F; C\F. =1 (5.38)

The points inC- will then be called the coarse point, or in sha@;points, forming the next
coarse level. The points & will similarly be called the ne points, oF-points, and their values
will be interpolated from neighboring C-points.

If P- denotes the interpolation operator from the coarse level to the ne level (i.e., the
prolongation operator), then the inte8rpolation formula has the general form

2 (gn); i2C:;
(P‘e‘+1)i = 3 Wik (e‘+1)k; i 2 F-; (5.39)
" kec?
whereC?  is a subset of coarse points used to interpolate to the ne poihtpically, c? is

chosen as a subset of the strong connections corresponding to i, so,
c? :=s\C ; (5.40)

and then the weights w are constructed from the entries of A.

The coarse/ ne splitting must ful Il two - somewhat contradictory - requirements. First, C
should contain enough points that every algebraically smooth error can be well-approximated
by the interpolation fron€C- to F. If too few points are chosen, interpolation will be poor and
the coarse correction will not be e ective. On the other hatdshould be small enough that
the coarse problem is signi cantly cheaper to solve than the ne one, so if too many points are
chosen, we have not simpli ed our problem to achieve the optimal complexity required from the
(e cient) multigrid methods.

The Ruge-Stiben algorithm ful lls this by maintaining two criteria. First, for each ne point
i, every point 2 S; should either havg2 C 9 or should be strongly connected to a point in
c®: in other words, every point strongly connected to a ne point must be represented - directly
or indirectly - through the interpolation set:

8i2F-: j2s;)j2c ¥ _sj\c ¥ 6= (5.41)

SecondlyC- should be approximately maximal: no t@epoints should be strongly connected
to each other. This should prevent the coarse grid from becoming unnecessarily dense. Of couse,
we can not always satisfy both of these conditions, but they are the guiding principles behind the
design of the algorithm.

The coarsening algorithm has two stages. First, we construct a preliminary splitting, and then
check whether the two requirements above hold up. Initially, we start@ith F- = ; , and
have the set of unassigned poibts= - n (C: [ F ) contain all the variablesJ = -. For
every variable i we de ne its 'strength’ as

=S (5.42)
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the number of points that strongly dependiorA large ; value means a good candidate for
inclusion intoC-, since many other points will be able to be interpolated usintherefore, the
tentative coarsening puts the 'strongest' points iGtpand its neighbors - which can be directly
interpolated - are put into F

Algorithm 5.2. Preliminary Ruge Stiben coarsening
Input: Strong dependency sets 8nd transpose set§ S
SetC =;,F =;,U = ;
Foreachi2 -, set:= S';
While U 6= ; do:

Choose i 2 U with maximal i;

SetC :=C-[ figand U :=Unfig

Foreachj2 9\U, setF- :=F [ fijgand U := U nfjg

For each newly chosen F-point j, increagefor all k 2 S; \ U,
Decreasej forallj2 S; \ U;

End while.

Throughout the algorithm, we also change the valug eb that the latter choices favor points
needed by already chosEspoints, thereby keeping the number of point€inat a minimum.
This splitting ensures that eaE¥point has at least one strong connection to a poid-irbut not
every strong connection of every ne point might be represented. To see how the nal choice of
C. is obtained, we will take a look at the construction of the interpolation formula.

Suppose 2 F-. We have obtained the equati{®33) and if all neighbors of were coarse,
then we could solve fori(@) to get

e™ aie™; (5.43)
so, the interpolation weights would be
ik
Wijg =- ——: 5.44
ik ai;i ( )
However, using all neighbors of all ne points would generally leave the coarse mesh as too
dense, therefore we have to distribute the e ect of all neighbors only to selected C-points.

For the points i 2 F, let us split its neighbors into three sets
c? =s\c; S :=5nc”; w® :=N;ns: (5.45)

S0, in order, the strong connections that@rpoints, the strong connections that are @egpoints
and the weak connections.
The points inW " are easily treated. Fp2 W ', the valuee™ is replaced by in the

equation (5.33). Hence, in e ect, we are adding the weak coe cients to the diagonal. De ne

X
di=aj + aij; (5.46)



and for each interpolation point k 2 €, initialize
di '=aix: (5.47)

It remains to treat the poinj s9 the points that strongly depends on, but they are not
used for the interpolation. The idea is to approxirrﬁ?% via interpolation fromC-points that
are strongly connected to j. if¢\ s j 6= ;, then we can use an approximation of the form

X (m)
ajik €
k2c Vs
e™ Nak (5.48)
m2c 9 \s

If we substitute the above in(®.33) it successfully distributes the coe cierdt;; among the
coarse points already used for the interpolation. So, for any fi)Zaﬁd k 2 C'\'S; we update

a;.
de :=dg+a i —XL; (5.49)
ajm
m2c 9 \s

and once all points i8" are dealt with, the weight from coarse pdiito ne pointi will be

de ned as
d

Wik 1= - 4 gk2c?; (5.50)
i
the interpolation formula taking the shape of
X
e™ Wik €: (5.51)
k2c

The formula derived above assumes that jg2s O can be represented through the Gt

In other words, we assumed
cV\s;6=;; (5.52)

at least for the relevant strong connections among two ne points. If this condition were to fail,
the coarse/ ne splitting is not suitable and has to be modi ed.

Algorithm 5.3. Final Ruge Stiiben coarsening and interpolation

Input: Preliminary sets C;F and strong sets;S

For eachi 2 F do:

setd = Si\C -, .= S; nC@,W@ =Nin§;

If there existg 2 s® such thac? \'S; =, , modify the splitting by adding an appropriate
pointto C;

Once the conditioc"” \'S 6= ;holds for all required 2 s® , compute the coe cients
di;dx and the interpolation weights;w;

End for.
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We modify the sets trivially by checking each point frétn Decomposing the neighbors
of every such point as above, and son2eS " is not strongly connected to any point@!’
then we have to promote some ne points to be coarse points; if there is only one erroneous
neighbor, it is the cheapest to promote that one. If there are multiple, we can promote the point
that prompted the investigation in the rst place.

Lastly, we have to de ne the prolongation and restriction operators from the interpolation
formula. Luckily, we have constructed the interpolation operator for [eirelh way such that
it is the prolongation operatd® corresponding to that level; Further, for symmetric positive
de nite cases, the restriction operator can be chosen as its transpose

R =P (5.53)
We can then de ne the coarse matrix corresponding to the next level using the Galerkin formula
A =RAP =PTA-P: (5.54)

By using this de nition, we have also ensured that the SPD property is maintain@dwiés an
SPD matrix, then so is A, . Then, the coarse grid correction is just

u™m =y ™ 4+ pe; (5.55)
where we obtain &) as the solution of
Age™ =Rr; r=b-Au™; (5.56)
which can be rewritten by substituting (5.54)
PTA-Pe" = PTr.: (5.57)

So, in the end, the coarse correction is the best correction®@M) in the energy nornk k, .,
mirroring the geometric multigrid idea: the oscillatory parts are removed by the smoothing
iterations, the the coarse correction removes the error in the coarse space as e ectively as possible.

Algorithm 5.4. Ruge Stiiben AMG setup

Input; Sparse matrix A = A, strength parameter , coarsest-level sizayl; .
Set " :=0;

While N+ > N pn do:

Compute the strong dependency sgtf@n A-;

Construct a preliminary C=F splitting;

Modify the splitting if necessary so that strong ne- ne connections are represented by
neighboring C-points;

De ne interpolation P using the Ruge Stiiben weights;

SetR:=PT:

Dene A-y1 =RA-P;

Set =" +1,;

End while.

SetlL:=";

57



In all, we can set up the AMG algorithm by takidg := A, then on all levels compute
the strong connection graph. Once that is done, split the unknowns into coarse and ne points,
where the coarse points will form the next level. The prolongation and restriction operators can
be computed from the elements of the respective matrix. Once the resulting coarse matrix is
su ciently easy to solve, we stop de ning the levels, and can apply the same iteration (V-cycle,
W-cycle, F-cycle) as with the geometric multigrid methods.

5.3 Compatible relaxation

The Ruge-Stuben (RS) algorithm constructed coarse grids using the notion of strong
dependence of variables upon each other. The procedure thus was local and easy to implement,
however, the quality of coarsening was not determined directly by the entries of the matrix or the
speed of the convergence, rather indirectly through the strength-of-connection 'graph'.

The compatible relaxation (CR) algorithm (cf3]] gives a much more direct test for the
quality of the splitting. Instead of inspecting the matrix entries and then settling on a set of
coarse variables (with two passes), we x a set of coarse variables, then repeatedly ask the
guestion: is the current set of coarse variables su cient, are the simple iterations e ective? If
yes, then we have found a coarse/ ne splitting, and the smoother handles the remaining ne
variables e ectively for the multigrid iteration. If no, then we have to detect which variables are
responsible for the slow convergence, and add them to the coarse subset.

Suppose the smoother is written in the form

u™D =y 1+ B2 (h-Au M): (5.58)
that is, the error propagation matrix is nothing but
Eg:=1-B T1A; (5.59)

and further, assume that a set of coarse variableas already been choosen. Then denote with
E the operator that extracts these variables, i.e.,

E(u):= fu;:i2Cg; (5.60)
moreover, le§S denote the operator such tHtS) is the complementary space, in other words,
ES=0: (5.61)

This way, the columns d represent the variables that are not (yet) present on the coarse
grid. If we reordered the variables so thatjboints come before an@-points, we would have

|
E= 0 Ic ; S= oF : (5.62)



In this caseS extends a vector by putting zeros at the coarse pointsEaeturns the values at
the C-points.
Using these operators we can restrict the relaxation to the space of errors that disappear on
the coarse variables, in other words, @oints can be kept xed while the remaining degrees
of freedom get relaxed. If we have the variables appropriately ordered, rewrite the Aatrix

the block form I
A A
A= FF e (5.63)
Acr Acc

If the current error vanishes on the coarse part, then it must take the form

!
g™
0

eM = ; (5.64)

and the error equation restricted to fhpoints is determined b gr only. If the corresponding
part of the smoothing operat@&? is denoted byB;:-, the compatible relaxation iteration's
propagation is written as

™Y = 1-B AAr e™: (5.65)

For instance, in the case of a Gauss-Seidel smoother, this is just application of the GS iteration
onto theFpoints only, while theC-point values are kept xed, hence compatible relaxation is
also sometimes called F-relaxation.
More generally, for any (coarse) subset of points, a compatible relaxation iteration can be
written as
e™D = 1,-B LA e™; (5.66)

where the corresponding matrices can be calculated using the extraction and its complementary
operator,
A :=STAS; B.:=S 'BS; (5.67)

with e™ denoting the error vector of variables in the complementary space. Since this is often

inconvenient to compute, one can also consider the habituated compatible relaxation iteration
e =sT |-B1TA se™; (5.68)

which directly uses the original ( ne) smoother, projecting back onto the complementary variables.
We measure the quality of the compatible relaxation by its convergence factor.niitesiny

steps it can be computed as
el

(m) ._ .
CR '~ _ ] (569)
egm 1)
in any norm of our choice. If this quantity is close to one, then the convergence, and thus, the
relaxation, and so, the choice of the coarse grid is poor. Ifitis su ciently small, then we can
accept the coarse/ ne decomposition and move on.
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There is some further theoretical justi cation behind this criteria: if, like with the RS
multigrid method, we have the prolongation operd®@nd the restriction operat®', and de ne
the coarse grid analogously with the Galerkin formula (5.54):

A. = PTAP; (5.70)

then the two-grid error propagation operator (with=1 and , = 0 smoothing steps) can be
written as
E;= I-P(P TAP)*P'A I-B A : (5.71)

We notice that the rst factor is aA-orthogonal projection onto the complemen®RiP), i.e.,
two-grid convergence is adequate whefiP) approximates the coarse error components, which
is the condition the compatible relaxation method tests (without construction of the interpolation
operators).
We can now turn to the description of the CR-coarsening algorithm (on l¢velLet
cr 2 (0;1) be the convergence threshold for the compatible relaxation; if the empirical
convergence factor is belowg, then we will accept the coarse set. We will also denote with
cs 2 (0;1) the threshold used to decide which variables should be promoted to the coarse grid.
Lastly, will denote the number of smoothing steps we make before a decision is reached.
We start out by letting all variables: be ne points, and the set of coarse points is left empty:

C = F= (5.72)

We then apply the compatible relaxation detailed above to the sets above. (More speci cally,
to F). The exact solution of the error equation is zero, so the large remaining errors after
iterations will identify the variables that will be moved to.C
Initially, let us start with
e = 1; (5.73)

although for some problem classes, other initial choices might be a better choice. Nevertheless,
after CR-steps, we de ne the candidate measure of the point i-2a5

e
s s 5.74
or, more generally, nor nonconstant initial vectors, we could use
&) =0
T 10 =eOk. =eOk, (5.75)

so,"; is large when the CR is ine cient at the poimt Such points are then collected to the
candidate set
U:=Ffi2F "> ¢ (5.76)
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To avoid choosing too many coarse points (and thereby, the coarse set becoming too dense
and ine cient), we choose a further, independent set fropbut here, we do not consider the
strength of connections as we did with the RS method. If the set of nodes neighboring i is

N;i:=fj6=i:8; 6=0; (5.77)

then we de ne the weight for a candidate point (note: not to be confused with the weight used for
the interpolation) as
= jNi nC\j+"i: (578)

Then, we build the independent 4¢by selecting the point with the maximum weight, adding it
to U, and removing all its neighbors frol, repeating as long as we have points in the candidate
set.

Algorithm 5.5. Compatible-relaxation coarsening

Input: Matrix A -, smoother B, parameterscg; cs?2 (0;1) and 2 N.

SetC :=;and F = -;

Choose an initial error(F@, for example éo) =1

Apply compatible relaxation steps on the F-variables and estimate

While cr> crdo:

Compute the candidate measurefot alli 2 F-;

DeneU:=fi2F-:" > csg

Choose an independent set U U using the neighborhood graph given by A

SetC:=C-[UandF := -nC;
Apply compatible relaxation steps on the updated F-variables and re-estirpate
End while.

Using this algorithm, we end up with an increasing sequence of coarse subspaces
=c@ c® :ic ™, (5.79)

and the nal set &" is accepted once the estimation on the relaxation factor falls belaw
What remains is to de ne the interpolation operators after the coarse/ ne splitting happened,
and the nalC- andF sets are accepted on the levelWe start by describing the 'perfect’
interpolation operator, by taking the block matrix decomposi(®63) and formally write the
prolongation as !
w
P= : (5.80)
lc
Were the coarse error be known, we would choose the interpolation such that the ne block of
the error equation is satis ed exactly:

A|:|£§:m) +A ,:ceém) =0: (581)
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We can solve this for§E) , getting the perfect choice
W =-A 2A (5.82)

SinceAgris e cient if it is not sparse (therefore, the coarse matrix is sparse and a useful
reduction of the problem), we can not U8 as the interpolation matrix. It is possible, however,
to numerically solve

AW = -A (¢ (5.83)

with simple iterations. If we set W = 0, we can use dampened Jacobi iterations
wmD =W 1D 2 A - A W™ (5.84)
After a few steps, we produce the local interpolation sets by truncation:
c?:= jac.:wf > ¢ max wi (5.85)
where ; 2 [0;1] is a pre-set truncation threshold. Without this, each ne point would be
interpolated from many (even all) coarse points, the the resulting operator would be dense, hence,
A1 = PTAP. (5.86)

would also become dense.

Last, but not least, the interpolation coe cients still have to be computed for each interpolation
setC” . There are a few ways of achieving this; if the (second) RS condition is met, then we can
use the same method, otherwise, a possible X is to use the weights

0 1
X A
ai; + —x— Loa;
keN ;nc? Aicm
2c ¥ i i
wij 1= - gme e 4 gi2Fj2c? (5.87)
X Ak;i
a;; + —_—X— aik
k2N ; nc? B
m2c @ [ig

and then de ne the prolongation matrix as

8
E 1, i=ji2C -

(P)iy = _wyy; i2Fj2c9; (5.88)
- 0; otherwise.

Another way is to rescale the truncated entrie$\df and use that. There are further methods,
but either way, onc®: is given, the AMG cycle proceeds as it did with the Ruge-Stiiben method.
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5.4 Smoothed aggregation multigrid

The last AMG method we investigate is fundamentally di erent from both the RS and the
CR approaches. The previous two method selected individual coarse and ne variables on each
level to describe a hierarchy of grids, and interpolated the ne variables from the values in the
coarse points. Here, we will group the degrees of freedom into disjoint sets, aggregates (see also:
[46], [47], [36]). Each aggregate then contains one or more degrees of freedom for the next level.
We will de ne a (tentative) prolongation operator constructed from the aggregates. Since itis
generally a rough estimation, we will smooth the operator itself by simple iterations.

Let us take the matriA- 2 R™ " corresponding to the level First, the set of unknowns

- is decomposed into the aggregates

=A A [ [A ANA j=;(6=)): (5.89)

Each of these aggregates will represent one coarse variable, i.e., the number of aggregates
corresponds to the number of unknowns in the next level.
The tentative prolongator operatbr is de ned as a piecewise constant function of the
aggregates: 8
< .
1, 12A;
P = ‘ (5.90)

o= 0; 162A:
This way, thej-th column of P is the characteristic vector &;. Since this operator is
discontinuous along the aggregate boundaries, we apply a smoothing step

P:= [-ID A P: (5.91)

In practical cases, we may use a matiX’ instead of the full matrixa- to avoid the smoothed
prolongator spreading too much in the ‘weakly connected' directions. PossiblyafSkeith
the coe cients
alf ==ayl(i6=j"j2N ), (5.92)
for the sets of strongly connected neighbors Whe diagonal must also be modi ed to be
X
ai(;iF) =ajg - (ai;j -a i(;lj:)): (593)
j=1
j6=i
We still have to specify how to choose the aggregates. We wish to form disjoint groups where
the intragroup nodes are strongly connected to each other. We de ne such a neighborhood of a
pointi as
N; = j . jai;jj Cp di;i Aj;j (594)

for a xed coupling threshold ;. Then a possible aggregation procedure is as follows.
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Algorithm 5.6. Aggregation for scalar smoothed aggregation

Input; Matrix A - and coupling threshold..

SetR:=12 - Ni(o) 6=fig and setj:=0.

Step 1. Startup aggregation.

Foreachi2 R,ifN R,setj:=j+1,A j:=Nj,andR:=RnA.

Step 2. Enlargement.

For each remaining2 R, if there exists an aggregatg such thalN; \ A ¢ 6= addi to
such an aggregate and remove it fremlf several such aggregates exist, choose the one to
which i is most strongly coupled.

Step 3. Remnants.

For each remaining i 2 R, create a new aggregate from R \akd remove it from R.

HereNi(o) denotes the neighbors obtained by using the coupling threghdter this step,
one can form the operat@< as in(5.90) smooth it usind5.91) Similarly to the previous cases,
we can set the restriction operator toRe= PT, and the next level to b&-,; := PTA-P-, and
recurse.

This constructs both the prolongation and restriction operators, as well as the matrices on the
given levels that we need to solve the equation using a multigrid cycle.

There are numerous metrics that we can track during the multigrid iteration that measure
how the di erent methods perform - time, residual error, number of iterations, number of cycles,
number of levels (which will be denoted within what follows). Two metrics that are natural to
the AMG setting are the operator sparsity

X_ ~
v()
y .— _=0 .
cv: YOI (5.95)
as well as the operator complexity
Xt
n(A-)
cF.==__. 5.96
Ao (5:99)

wheren counts the number of nonzero elements in a matrixwagdenotes the number of variables
on a given level.

The optimal 'multigrid-property’ follows from the operator complexity: in a V-cycle, the
work during solving the equation is of

O CFn(Ay) : (5.97)

We compare the di erent kinds of multigrid methods from a theoretical perspective in the
following table.
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