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1 Introduction

"You can’t divide by zero!" You hear it when you first learn about divi-
sion and it still holds even when you dive deeper into mathematics. The
question is why we can’t solve this by extending the number set, just
like we did with the complex numbers in order to obtain the square root
of −1? We will see that if we try it, we will have to modify the basic
axioms of R or C otherwise, we get paradoxes like "0 = 1". It’s more
complicated than extending the real numbers to the complex numbers
where we only lose the natural ordering, but the field axioms remain
intact. The goal of this work is to study a ringlike structure, the wheel,
where division by any element is defined (unlike the fields where the
division by 0 is undefined) and to extend any commutative ring and
later on, any commutative semiring to such structure. Also, we will ex-
amine these structures in terms of algebra, analysis, topology, and see
what we get and what we lose compared to fields and rings, moreover
we will see some modules over these structures. This is a lesser-known
structure, there are only a few articles about it. My other goal is to
make this abstract and complicated structure more understandable by
giving examples and detailed explanations.

At first, one may ask why we cannot divide by 0? We know that
0 times any number is 0. We can prove it from the ring axioms:
x · 0 = x · (0 + 0) = x · 0 + x · 0, subtracting x · 0 from both sides
implies x · 0 = 0. By the definition of the division a

b
= c means that

c · b = a, but if you plug in b = 0 you get 0 · c = a. Now, if a ̸= 0 then
there is no c satisfying this equation as 0 multiplied by any number
gives 0 and if a = 0 then any c solves the equation, so the quotient is
not unique. In analysis, one can try to tackle this problem by taking
the limits, but it raises further questions (plus and minus infinity,
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ambiguous cases like 0 · ∞).
Our initial approach is to solve it similarly to the problem of

√
−1. We

introduce a new element ν such that 1
0
= ν so ν · 0 = 1. Now, if we

assume that multiplication remains associative and distributive, we get
0 = 1 · 0 = (ν · 0)0 = ν(0 · 0) = ν · 0 = 1 and 1 = ν · 0 = ν(0 + 0) =

ν · 0 + ν · 0 = 1 + 1 = 2. Also, if 0 ̸= 1, then the annihilating property
of 0 (∀x, 0x = 0) fails on ν.
One approach is to define x/0 = 0 for any x or define x/0 = a where a

is called error element which absorbs all elements (definition later) and
some axioms are modified. These structures are studied by Bergstra
and Ponse[1].
As we see, it is much more complicated than just adding a new number
and saying that it is the reciprocal of 0. Later on, we will see what
modifications are needed in order to achieve a consistent zero division.
We shall do it not only in R or C, but also in any ring and semiring.
Throughout this work (unless otherwise stated) every ring, semiring
and monoid is commutative and has an identity element, also any field
is assumed to be commutative.
But what do we gain with all this effort, apart from the possibility to
say proudly "I can divide by zero"? It has some advantages in computer
theory of making the division a total function. Also, these structures
have some nicer properties than fields, for example they can be defined
by equations (so they form a so-called variety). On the other hand, we
will lose the group structure of addition and the distributivity will be
different than the original.
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2 Ring and semiring of fractions

[2] First, let us see how we can define some sort of fractions in an
arbitrary ring.

Definition 2.1 (Ring of fractions). Let R be a ring, S ⊂ R multi-
plicatively closed, and 1 ∈ S (so it is a multiplicative submonoid of R).
Then we can make ordered pairs (a; s), a ∈ R, s ∈ S and an equivalence
relation between them as (a; s) ∼ (b; t) ⇐⇒ ∃u ∈ S : u(at − bs) = 0.
We can use the standard fraction notation for the equivalence classes
of these ordered pairs:

[(a; b)] =
a

s
.

This is the ring of fractions, with the ring operations defined on the
representatives as follows:

(a; s) + (b; t) = (at+ bs; st); (a; s) · (b; t) = (ab; st).

One can show that these definitions are independent of the choice
of the representatives of the equivalence classes. The set of equivalence
classes forms a commutative ring with identity. The ring of fractions
with respect to S is denoted by S−1R. If R is a domain and S = R\{0},
then S−1R is a field and it is called the field of fractions. The most
common example is Q: take R = Z, S = Z \ {0}, then the field of
fractions is Q. The field of fractions of an integral domain is the smallest
field in which it can be embedded.

Theorem 2.2 (universal property). Suppose that R and R′ are rings,
S is a multiplicative submonoid of R and f : R → R′ is a ring homo-
morphism with f(s) being a unit for all s ∈ S. Then there exists a
unique lifting of f to S−1R i.e., an f̃ : S−1R → R′ such that f = f̃ ◦ i,
where i is the natural mapping of R into S−1R defined by r 7→ r

1
.
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Theorem 2.3. The ring S−1R and the homomorphism i : R → S−1R

have the following properties:

1. s ∈ S =⇒ i(s) is a unit.

2. i(a) = 0 =⇒ as = 0 for some s ∈ S.

3. every element of S−1R is of the form i(a)i(s)−1 for some a ∈ R

and s ∈ S.

Conversely, these properties determine S−1R up to isomorphism.
We will make a subtle modification in this construction in order to
define the wheels.

2.1 Semiring of fractions

First, we can extend this construction to a wider class of objects: the
semirings.

Definition 2.4 (Monoid). A commutative monoid is an algebraic struc-
ture (M, 0,+) where M is a set, 0 is an element of M , + is a binary
operation on M and the following axioms hold:

• Commutativity: x+ y = y + x.

• Associativity: (x+ y) + z = x+ (y + z).

• Neutral element: 0 + x = x.

I will use the name monoid for commutative monoids throughout
this work. Note that the only difference from a group is that there
is no inverse element with respect to addition so a group is also a
monoid. The most natural example is N which is a monoid with respect
both to addition and to multiplication (0 is included in N). Also, the
multiplicative structure of an arbitrary ring or field is a monoid, but
not a group, as 0 cannot have an inverse.
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Definition 2.5 (Semiring). A (commutative) semiring is an algebraic
structure (R, 0, 1,+, ·) where R is a set, 0 and 1 are elements of R, +
and · are binary operations and the following axioms hold:

• (R, 0,+) and (R, 1, ·) are commutative monoids.

• Distributivity: x · (y + z) = x · y + x · z.

• Annihilating: 0 · x = 0.

We see that the only difference from a ring is the absence of subtrac-
tion and additive inverses (that is why we need to state the annihilating
property of 0 as an axiom), so every ring is a semiring. For example N
and the nonnegative real numbers are semirings but not rings. If every
non-zero element has a multiplicative inverse in a semiring, then it is
called a semifield.

Definition 2.6 (Semiring of fractions). [3] Let R be a semiring, S ⊂ R

a multiplicative submonoid. Then we can make ordered pairs (a; s) ∈
R× S and an equivalence relation between them as (a; s) ∼ (b; t) ⇐⇒
∃u, v ∈ S : ua = vb ∧ us = vt. We denote (R× S)⧸∼ by S−1R. We can
use the standard fraction notation for the equivalence classes of these
ordered pairs:

[(a; b)] =
a

s
.

This is the semiring of fractions, with the semiring operations defined
on the representatives as follows:

(a; s) + (b; t) = (at+ bs; st); (a; s) · (b; t) = (ab; st).

Note that we needed to modify the equivalence relation as there is
no subtraction in a semiring. This relation means that two fractions
are equivalent iff they can be expanded by S elements to have equal
numerators and equal denominators. If R has no non-zero zero divisors
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(the definition of zero divisor is the same as we define it in rings) and
S = R \ {0} then S−1R is a semifield. Semirings will be useful in
some proofs later; there will be cases where we do not have a total
subtraction. Our goal is only a total division function. There are
methods to expand a semiring to a ring like we extend N to Z but we
will not do it in this work.

Definition 2.7 (Semimodule). [3] Suppose that R is a semiring. An R-
semimodule is a (commutative) monoid (M,0,+) with a multiplication
of R elements (functions from R×M → M , (r;m) 7−→ rm) such that
the following axioms hold for all r, s ∈ R and m,n ∈ M :

• (rs)m = r(sm)

• 1m = m

• (r + s)m = rm+ sm

• r(m+ n) = rm+ rn

• 0m = 0

• r0 = 0

Where 0 is the neutral element of the addition in R and 0 is the neutral
element of M .

Just like every Abelian group is a Z-module, every commutative
monoid is an N-semimodule, where the scalar multiplication is n-times
iterated addition. We do not distinguish left or right R-semimodules
because we only work with commutative semirings.
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3 The wheel

Now, we define the abstract structure, where the division by any ele-
ment is defined. There are many ways to do so, this work uses the
wheel, which was invented by Setzer[4] and later it was refined by
Carlström[5][6]. This work, especially this chapter is mostly based on
their definitions and proofs. I have slightly modified some constructions
and proofs, for example I am avoiding using category theory. I also in-
clude some new propositions, proofs and examples. First, I give a short
overview of these structures and examine them from various aspects.
The name comes from the topological picture of the real projective line
(the circle) with an extra point in the middle.
Initially, we are trying to obtain a wheel by taking the real projec-
tive line or the Riemann sphere, where 1/0 is defined to be ∞ (and
1/∞ = 0) and define a new element 0/0 = Φ. This new element is
called nullity or middle element. This modification solves the issues of
0 · ∞, ∞ + ∞ (this would be ambiguous, because ∞ is unsigned) as
we set these to be Φ. Also, any element added to Φ, multiplied by Φ

is Φ and 1/Φ = Φ. However, the original distributivity axiom fails (we
will see it later) just like the 0 · x = 0. We need some adjustments in
the axioms. These new axioms will reduce to the standard ones on the
field or ring, we started from, but with new elements they will behave
differently. First, I define the abstract structure with axioms and de-
rive some properties. After that we will see some examples and I shall
justify the new axioms.
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3.1 Definition and basic properties

Definition 3.1 (Wheel). A wheel is an algebraic structure
(W, 0, 1,+, ·, /) where W is a set, 0 and 1 are elements of W , + and ·
are binary operations, / is a unary operation and the following axioms
hold:

• (W, 0,+) and (W, 1, ·) are commutative monoids and / is an in-
volution (//x = x), defined on the latter (/ is a homomorphism
on the multiplicative monoid so /(x · y) = /x · /y and /1 = 1).

• Distributivity:

1.a) x · (y + z) + x · 0 = x · y + x · z

1.b) x · /y + z + y · 0 = (x+ z · y) · /y

• Rules for zero terms:

2.a) 0 · 0 = 0

2.b) x · (y + z · 0) = x · y + z · 0

2.c) /(x+ y · 0) = /x+ y · 0

2.d) x+ 0 · /0 = 0 · /0

Here / serves as a reciprocal-like operation. The usual binary divi-
sion is replaced by a · /b and it can be abbreviated as a/b or a

b
. Also,

a · b can be abbreviated as ab. Moreover a − b is the abbreviation
for a + (−1) · b (whenever −1 is defined i.e., the identity element has
additive inverse in the wheel) because subtraction is not defined in a
monoid. We will use these abbreviations throughout this work. The
usual order of operations applies: the unary reciprocal has higher pri-
ority than multiplication, and multiplication has higher priority than
addition. The exponentiation xn means n times iterated multiplica-
tion.
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One can observe that W is not a ring, unless it is the trivial wheel
(wheel with one element) because x0 = 0 does not hold for all elements
(we will see it later) and 0/0 have neither additive nor multiplicative
inverse. The lack of additive inverse comes from the 2.d) axiom; the
lack of multiplicative inverse will be proven in the next proposition.
There are other identities that can be derived from the axioms.

Proposition 3.2. These properties hold in wheels:

1. x0 + y0 = xy0.

2. x− x = x20, whenever −1 is in the wheel.

3. x/x = 1 + 0x/x.

4. x · 0/0 = 0/0.

Proof. 1)

x0 + y0 = x(0 + y0) (because of 2.b)

x(0 + y0) = xy0 (because 0 is neutral with respect to addition

and multiplication is associative)

2)

x− x = x · 1− x · 1 = x(1− 1) + x0 (1.a)

x(1− 1) + x0 = x0 + x0 = x20 (from identity 1.)

3)

x

x
=

0 + 1x

x
=

0

x
+ 1 + x0 (1.b)

= 1 + /x · 0 + x · 0 = 1 + /x · x · 0

(because addition and multiplication is commutative

and identity 1.)

= 1 + 0x/x
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4)

x(0/0) = x0(0/0) = x0 + 0/0 (associativity and identity 1.)

x0 + 0/0 = 0/0 (2.d)

As we see, we lose some other ring properties, like x − x = 0 or
x/x = 1, but for the elements satisfying 0x = 0, the properties above
reduce to x− x = 0 or x/x = 1.

Proposition 3.3. Suppose W is a wheel and 0, 1, /0, 0/0 ∈ W . If any
two of these elements are equal then W is the trivial wheel (the wheel
with one element).

Proof. Proof by contradiction: suppose that two of those four elements
are equal. There are 6 cases:
If 0 = 1 then 0 = 1 = 1/1 = 0/0 (1 = 1/1 comes from the fact that /

is a homomorphism on the multiplicative structure). So the statement
of this case follows from the next one.
If 0 = 0/0 then ∀x ∈ W x = x + 0 = x + 0/0 = 0/0, so W has one
element.
If 0 = /0 then 0 = 0 · 0 = 0 · /0 = 0/0 So the statement of this case
follows from the previous one.
If 1 = /0 then 1 = 1/1 · 1 = 1//0 · /0 = 0 · /0 = 0/0 so the statement
of this case follows from the next one.
If 1 = 0/0 then x = x · 1 = x · 0/0 = 0/0, so W has one element.
If /0 = 0/0 then x = 0 + x = //0 + x = /(0/0) + x = 0/0 + x = 0/0.
The /(0/0) = 0/0 part holds because /(0/0) = /(0 · /0) = /0 · //0 since
/ is multiplicative. /0 · //0 = /0 · 0 = 0/0 as / is an involution and
multiplication is commutative.
So if any two of the listed four elements are equal then W is the trivial
wheel.
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This implies that adding one element as 1/0 = 0/0 = a and sticking
to the construction yields the trivial wheel. It is the main difference
between wheels and meadows[1], where 1/0 = 0/0 = 0 or 1/0 = 0/0 =

a, constructed by adding only one new element, or none at all. The
meadows have some connection to the wheels but in these structures
we need more adjustments in the axioms and they are less favorable in
terms of analysis.

3.2 Extending a field to a wheel

We tried to extend the real projective line and the Riemann sphere into
a wheel by adding Φ = 0/0. Actually, this method works on any field.
We will prove that this in fact yields a wheel i.e., it satisfies the wheel
axioms.

Definition 3.4 (K-wheel). Suppose that K is a field. We define 1/0 =

∞ and 0/0 = Φ. We call K-wheel or K⊙ the set K ∪ {∞; Φ}, with the
following operation tables[4].

+ b ∈ K ∞ Φ

a ∈ K a+ b ∞ Φ

∞ ∞ Φ Φ

Φ Φ Φ Φ

· b ∈ K \ {0} 0 ∞ Φ

a ∈ K \ {0} a · b 0 ∞ Φ

0 0 0 Φ Φ

∞ ∞ Φ ∞ Φ

Φ Φ Φ Φ Φ
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Unary operations − /

a ∈ K \ {0} -a 1/a

0 0 ∞
∞ ∞ 0

Φ Φ Φ

By unary − operation, we mean the multiplication by −1.

Theorem 3.5. Suppose that K is a field, then K⊙ is a wheel and it is
the smallest wheel, where K can be embedded into.

Before the proof, the following definition will be useful for the com-
putations and will make it easier to check the axioms.

Definition 3.6 (absorbing element). Suppose that S is a set, T ⊆ S,
a ∈ S and ∗ : S × S → S is a binary operation on S. We say a absorbs
T with respect to ∗ if a ∗ T = a, i.e., ∀t ∈ T ; a ∗ t = a.

Note that this is some sort of generalization of annihilation. We
assume that ∗ is commutative (as we only examine commutative binary
operations throughout this work), so we do not need to distinguish right
and left absorption.
Obviously if ∗ is associative, then the set of elements that are absorbed
by a with respect to ∗ are closed under ∗.
Some examples:

1. In a group, any element absorbs the identity element with respect
to the group multiplication.

2. In a ring, 0 absorbs the whole ring with respect to the multipli-
cation.

3. The empty set absorbs any set with respect to intersection. A set
absorbs all of its subsets with respect to the union.
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4. In a direct sum of rings, the element (1; 0; 0; ...) absorbs the sub-
set where the first summand is replaced with {1} and the other
summands are left intact with respect to the multiplication.

5. In a K-wheel, Φ absorbs the whole wheel, with respect to both +

and ·. ∞ absorbs the K (the field, we got the wheel from) with
respect to the addition. With respect to multiplication, ∞ only
absorbs K× (the multiplicative group of K) but it also absorbs
∞.

It is a useful property to examine the behavior of 0 ∞ and Φ and the
axioms.

Lemma 3.7. [7] Suppose that (M, ∗) is a commutative monoid. If you
add a new element a to the monoid with x ∗ a = a ∗ x = a,∀x ∈ M and
a ∗ a = a then M with the extended ∗ operation is also a commutative
monoid.

Proof of the lemma. We only need to prove associativity since commu-
tativity comes from the definition and the identity element e ∈ M

remains identity because e ∗ a = a. For the associativity, we need to
show that (x ∗ y) ∗ z = x ∗ (y ∗ z)x, ∀x, y, z ∈ M ∪{a}. If none of x, y, z
is equal to a then it comes from the associativity of ∗ on M . If at least
one is a then the whole product becomes a on both sides because a

absorbs any element of M ∪ {a}.

Note that it does not work on groups because the new element
cannot have an inverse so the resulting structure is only a monoid.

Proof of K-wheel is a wheel. We need to derive the wheel axioms from
the K⊙ structure. It is clear if we restrict the operations defined above
to the original field K (and exclude the division by 0), they reduce to
the standard field operations. First, we need to show that K⊙ with +
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and · are commutative monoids and / is an involution on the latter.
The elements of K is a monoid with both operations since both the ad-
ditive and the multiplicative structure of a field is a monoid. We need
to show that including ∞ and Φ does not violate the monoid axioms
(although it violates the group structure of the addition). We can see
from the operation tables that 0 and 1 remains the neutral element of
the respective operations and commutativity still holds. We only need
to show associativity for both operations.
If we add Φ first to K then the associativity still holds for both op-
erations because of the Lemma 3.7. since both the additive and the
multiplicative structure of a field is a monoid.
Adding ∞ has several cases. We only have to show associativity to
expressions where there is no Φ because if there is a Φ then the whole
expression is Φ so associativity remains intact. ∞ absorbs any K ele-
ment with respect to addition. So it absorbs any sum of K elements
so if there is an expression of K elements and one ∞ added up then
it becomes ∞ regardless of the order we make the additions. If there
are more ∞-es, then the sum becomes Φ regardless of the order we
make the additions because ∞ added to a K element remains ∞ and if
two ∞-es get added up, then the result is Φ which absorbs the rest of
the elements. If there is an expression with K× (non-zero elements of
K) elements and ∞-es multiplied together then the whole expression
is ∞, the associativity here comes from Lemma 3.7 as K× is a group,
hence it is a monoid and ∞ absorbs it and absorbs itself. If there is
at least one 0 and one ∞ in the product, then it is a similar case to
the multiple infinities in a sum. Both 0 and ∞ absorbs K× elements
and also themselves so they cannot "disappear" from the product un-
less they are multiplied together, then the result is Φ. So the order we
make the multiplications does not matter as the product becomes Φ.
We have shown that adding ∞ does not ruin the associativity. So the
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new elements do not ruin the associativity of the operations.
We have to show that the extended reciprocal operation / is an involu-
tion (//x = x) and it is multiplicative. We can see from the operation
table that it is an involution. The multiplicativity clearly holds on
K×, we have to check /(x · y) = /x · /y if at least one term is 0,∞
or Φ. If at least one term is Φ then both sides become Φ as /Φ = Φ

and Φ absorbs everything with respect to multiplication. If x = 0 or
x = ∞ and y ∈ K× multiplicativity still holds because /0 = ∞ and
/∞ = 0 and both of these elements absorb y. If x = 0 and y = ∞ then
/(0 · ∞) = /Φ = Φ and /0 · /∞ = ∞ · 0 = Φ. So the properties of /
also hold for K⊙.
Now, we have to show that the wheel axioms hold for K⊙. The 1.a)

axiom, x · (y+ z)+x ·0 = x · y+x · z reduces to the usual distributivity
if x /∈ {∞; Φ} as 0 absorbs the elements of K. If x = ∞, then the x · 0
becomes Φ and it absorbs the whole left-hand side, on the right-hand
side becomes ∞ +∞ or ∞ + Φ or Φ + Φ depending on y and z so it
adds up to Φ. If x = Φ then both sides become Φ. So it holds for K⊙.
One may ask why we need the x · 0 term. Take x = ∞, y = z = 1.
Then the equation becomes ∞(1+1) = ∞· 1+∞· 1. So ∞ = Φ which
is not true since they are different by 3.3.

The 1.b) axiom is x · /y + z + y · 0 = (x+ z · y) · /y; it can be written
in a more convenient way:

x

y
+ z + y · 0 =

x+ z · y
y

It reduces to the usual common denominator if y /∈ {∞; Φ}. If y = Φ

or y = ∞ then both sides become Φ because on the left-hand side the
y · 0 term becomes Φ and it absorbs the other terms (with respect to
addition). On the right-hand side if y = Φ, then the fraction reduces
to Φ

Φ
= Φ and if y = ∞, it becomes Φ

∞ = Φ or ∞
∞ = ∞·/∞ = ∞·0 = Φ

depending on x and z. If we omit the y · 0 term then this axiom also
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fails if y = ∞, x = z = 1 because the right-hand side remains Φ and
the left-hand side is 1

∞ + 1 = 0 + 1 = 1. So this axiom is also true for
K⊙.
The zero term axioms are even easier:
The 2.a) axiom states that 0 · 0 = 0, it is trivially true in K⊙.
The 2.b) axiom is x · (y+z ·0) = x ·y+z ·0. If z ∈ K so 0 absorbs z,
then it reduces to x · (y+ 0) = xy+ 0 and it holds because 0 is neutral
with respect to addition. If z = ∞ or z = Φ then z · 0 becomes Φ. So
the equation becomes x · (y+Φ) = x · y+Φ and both sides collapse to
Φ because Φ absorbs everything with respect to both operations.
The 2.c) axiom works similarly to the previous one. It states that
/(x + y · 0) = /x + y · 0; if y ∈ K then both sides reduce to /x and if
y ∈ {∞; Φ}, then y · 0 = Φ and it absorbs both sides.
The 2.d) axiom i.e., x+0 ·/0 = 0 ·/0 comes directly from the fact that
0 · /0 = 0 · ∞ = Φ and x + Φ = Φ. We have shown that the K-wheel
is a wheel.
The fact that it is the smallest one that K can be embedded into is true
because we only add two elements to K to extend it into a wheel. K is
obviously not a wheel because / is not defined on 0 and it is impossible
to assign a field element to /0 without collapsing the structure to the
trivial one: it is true because if we assign 0 to /0 then it yields us
the trivial wheel because of Proposition 3.3., if we take x ∈ K× and
define /0 to be equal to x, then multiplying both side of the equation
/0 = x by x−1 gives us /0 = 1 as /0 absorbs any K-units with respect
to multiplication. So again the result is the trivial wheel because of
3.3.. So we have to add at least one new element in order to extend
it to a wheel. If we add only one element, it makes /0 = 0/0 but
they have to be distinct because of 3.3.. So we have to add at least
two new elements to obtain a wheel from K. We can also show that
the only way to extend the operations to these two elements is the
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one given by the operation tables above, otherwise the new elements
would break the wheel axioms or the properties in 3.2.: the absorbing
properties of Φ are coming from axiom 2.d. and property 4. in 3.2..
The rules for infinity come from the fact that 0 ·∞ must be Φ as it has
to absorb every element because of 2.d.. If ∞+∞ ̸= Φ then 1.a fails on
x = ∞, y = z = 1. The fact ∞ absorbs every element of K with respect
to addition has to be true 1.b: if we plug in x = 1, y = 0, z ∈ K then
it gives us 1/0+ z = (1+ z0)/0 and it becomes ∞+ z = (1+0)/0 = ∞
because 0 absorb z and 1/0 is ∞ by definition. The last thing we
have to check is that ∞ absorbs the units and itself with respect to
multiplication. It can be shown by using the 4. property from 3.2.

(x · 0/0 = 0/0), the associativity and commutativity of multiplication:
Φ = x · 0/0 = x · /0 · 0 = (x · /0) · 0 = (x∞)0. It means that (x∞)

must be ∞ or Φ. If x is a unit then (x∞) cannot be Φ because you can
multiply it by x−1 and it would mean that ∞ = Φ. ∞2 = ∞ comes
from the fact that ∞2 = /02 = /0 since / is multiplicative and 0 · 0 = 0

(axiom 2.a). So if we assume the wheel axioms for a field extended by
two elements, then this is the only way we can define the operations on
the structure.

3.3 Wheel of fractions

In chapter 2 we overviewed the ring of fractions. We will make a subtle
modification to this in order to get the wheel of fractions from an ar-
bitrary domain, and later on, from an arbitrary ring or semiring (this
construction is able to handle the zero divisors). The construction
comes from Carlström[5][6]. Clearly, if we include 0 in the S, the set of
denominators in the construction gives us the full (and hence useless)
relation as every fraction becomes equivalent (choose u = 0 in u(at−bs)

or take the fraction a/s = 0/0) so we get the trivial wheel. So we need
to slightly modify the equivalence relation too. In this construction,
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we allow any ring element in the denominator (including 0 and zero
divisors) and S will be the ring elements, we can expand the fractions
with.

Definition 3.8 (Wheel of fractions). Suppose that R is a ring and S

is a multiplicative submonoid of R that does not contain zero divisors.
We take the equivalence relation ∼ on R×R with respect to S,
(a; b) ∼ (c; d) ⇐⇒ ∃s, t ∈ S : (sa; sb) = (tc; td) (it means that the frac-
tions can be expanded to have the same numerator and denominator)
and define the standard fraction operations along with /(a; b) = (b; a)

for these pairs. We get the wheel of fractions (R×R)⧸∼ denoted by
S ⊙R. If S is the set of all non-zero divisors, then S ⊙R is called the
total wheel of fractions. We use the standard fraction notation to these
equivalence classes.

This means that any ring element can be present in the numerator
and denominator but only the elements of S can be used to expand
fractions. I will use the notations a/b, a

b
for the fractions (the equiva-

lence classes) interchangeably, whichever is the more convenient for the
calculation. For shorter proofs the first one is better, for long calcula-
tions and more terms in the numerator and denominator, the second
one is more reasonable.

Theorem 3.9. The wheel of fractions of a ring is a wheel.

Note that Carlström[5] defined the ring of fractions first then the
abstract structure from it. I have switched the order and I shall prove
that the ring of fractions is in fact an abstract wheel.

Proof. First, let us assume that R is a domain and S = R \ {0}, we
shall deal with the zero-divisors later. It is clear from the construction
that both the additive and the multiplicative structures are monoids
and / is an involution on the latter. It can be seen from the fact that
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the ring of fractions is a ring.

We need to prove the absorbing properties of 1/0 and 0/0 then we
can derive the other axioms from that. First, we need that 0/0 absorbs
the whole structure with respect to the addition (it was the 2.d. ax-
iom). So a/b+0/0 = 0/0 because a/b+0/0 = (a ·0+0 ·b)/(0 ·0) = 0/0.
This holds for every a/b since a and b are the elements of the original
ring so they are absorbed by 0 (with respect to multiplication).

We also need that 0/1 · 1/0 = 0/0 and 1/0 + 1/0 = 0/0 (they are
the "0 · ∞ = Φ and ∞ + ∞ = Φ" properties in disguise). It comes
trivially from the fraction multiplication and addition.

The absorbing properties of 1/0 are also easy to prove. 1/0 absorbs
every a/b; a ̸= 0 with respect to the multiplication. 1/0 · a/b = a/0.
a/0 = 1/0 because we have excluded zero divisors so we can expand
1/0 by a.
1/0 absorbs every a/b; b ̸= 0 with respect to addition as 1/0 + a/b =

(1 · b+ 0 · a)/(0 · b) = b/0 = 1/0 as b ̸= 0.
From this, the remaining axioms are easy: the distributivity axioms

x · (y + z) + x · 0 = x · y + x · z and

x · /y + z + y · 0 = (x+ z · y) · /y

become the original ring distributivity rules if the x · 0 or y · 0 term in
them is 0/1 and it holds since the ring of fractions is a ring. If the zero
term is not 0 then it becomes 0/0 so it absorbs the left-hand side. The
right-hand side also collapses to 0/0. The calculation is the same what
we did when we examined the axioms in the K-wheels.
The remaining zero term axioms are trivial.
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Now, we examine how the zero divisors behave in this construction.
The definition gives us fractions with zero divisors in the denominator.
They are absorbed by (0; 0) with respect to both operations, but the
other absorptions may fail. For example in {1, 3}⊙Z4, 0/2 ·0/1 = 0/2,
but it is not equivalent with 0. In this case the proof becomes a nasty
calculation with the fractions. Let x = a

b
, y = c

d
, z = e

f
in the 1.a) ax-

iom, where a, b, c, d, e, f ∈ R and b is a zero divisor (so 0
b

is not absorbed
by 0/1 with respect to multiplication).

a

b

(
c

d
+

e

f

)
+

0

b
=

ac

bd
+

ae

bf

a

b

(
cf + de

df

)
+

0

b
=

acbf + aebd

b2df

a(cf + de)

bdf
+

0

b
=

acbf + aebd

b2df

ab(cf + de) + 0bdf

b2df
=

acbf + aebd

b2df

The last line is in fact equal because in the numerator there are only
ring element so they are absorbed by 0 and the normal distributive rule
can be used on a. This calculation shows that this axiom hold for any
wheel of fractions, where S can be any multiplicative submonoid that
does not contain zero divisors. It is true because we did not expand or
simplify in any part of the calculation. The other axioms can also be
proved by similar calculations.

The construction of the wheel of fractions works for semirings too
as we did not use subtraction or additive inverse anywhere in the con-
struction or in the proofs. Also, the definition of the wheel does not
include a total unary negation function, only a total division. We will
use semirings in a proof later on. We only lose the x − x = 0x2 prop-
erty from 3.2. because in these kind of wheels subtraction cannot be
defined.
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Note that Carlström[5] first extended the semiring to a ring by defining
additive inverses similarly to the ring of fractions, then made the wheel
of fractions from the resulting ring. I omit this part and define the
wheel of fractions over the semiring.

Proposition 3.10. Suppose W is a wheel. The subset R = {x|x0 =

0} is a subsemiring of W . It is the largest subsemiring in W and if
∃ − 1 ∈ W then it is also a subring.

Proof. We need to show that this subset is closed for addition and
multiplication, the ring distributivity holds and 0 absorbs every element
with respect to multiplication.
The absorbing property comes from the definition of the subset, the
distributivity comes from the 1.a) distributivity axiom because the x ·0
part cancels out. If x, y ∈ R then (x + y)0 = x0 + y0 (we proved the
distributivity) x0 + y0 = 0 + 0 = 0 and xy0 = x(y0) (associativity of
multiplication) x(y0) = x0 = 0. If 1 has an additive inverse, then the
additive inverse of x is (−1)x since we have the x − x = 0x2 property
and it reduces to x − x = 0 so R is a subring. The fact that it is the
largest sub(semi)ring in the wheel holds because any element that is not
in R is not absorbed by 0 so it violates the absorbing property of 0 and
also the other properties as we used the absorption in the proofs.

As the class of wheels is defined by equations (unlike the fields) it is
equivalent to the fact that it is closed under taking the direct product,
subwheel and homomorphic image. This is Birkhoff’s theorem[8]. It
allows us to speak about wheel homomorphisms and isomorphisms.

Definition 3.11 (Wheel homomorphism). Suppose W and V are wheels.
A mapping f : W → V is a wheel homomorphism if the following
properties hold for all x, y ∈ W : f(x + y) = f(x) + f(y), f(xy) =

f(x)f(y), f(/x) = /f(x).
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Theorem 3.12. Suppose that R is a domain and Fr(R) is the field of
fractions of R. Then the total wheel of fractions of R is isomorphic to
Fr(R)⊙.

So taking the field of fractions and extending it to a wheel by adding
∞ and Φ is the same as taking the total wheel of fractions.

Proof. The multiplicative submonoid S is the same in both construc-
tions (the field of fractions and the wheel of fractions) since it is equal
to R\{0} and two fractions are equal in both structures iff they can be
expanded by S elements to have the same numerator and denomina-
tor. The only difference is that the total wheel of fractions introduces
zero denominators. But we know that 1/0 = a/0 for any a ̸= 0 (as R

is a domain), so it only has two extra elements compared to the field
of fractions (1/0 and 0/0, they are distinct because it is impossible to
expand 1/0 by non-zero divisors to get 0/0 and 0/0 remains 0/0 if you
expand it by any element) every other fraction is the same in both
structures. Two fractions are equivalent in the field of fractions iff their
counterparts are equivalent in the total wheel of fractions as the two
equivalence relations only differ on fractions with zero denominators.
So mapping every ordinary fraction to itself, 1/0 to ∞ and 0/0 to Φ

gives the isomorphism.

For non domain rings, we cannot get the total wheel of fractions
from the total ring of fractions by adding ∞ and Φ. We only have the
fact that the total wheel of fractions contains the total ring of fractions
as the subset {x|x · 0 = 0}.
Some examples[5]

1. Z \ {0} ⊙ Z = Q ∪ {∞; Φ}.

2. N \ {0} ⊙ N is the nonnegative rational numbers along with ∞
and Φ.
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3. {1} ⊙ Z2 = {0; 1, /0; 0/0}.

4. {1}⊙Z are the fractions where no cancellations are allowed so two
fractions are equal if they have the same numerator and denomi-
nator. It has infinitely many fractions with zero denominator.

5. {1; 3} ⊙ Z4 = {0; 1; 2; 3; /0; 0/0; /2; 2/2; 0/2; 2/0} so this wheel of
fractions has more new elements than the original ring.

6. Z[x]\{0}⊙Z[x] (where 0 denotes the zero polynomial) is the wheel
we get by extending the field of rational functions f

g
; f, g ∈ Z[x].

This wheel consists of the rational functions and a constant ∞
and Φ "polynomials".

Proposition 3.13. Suppose that R1, R2 are rings. Let S1, S2 to be the
set of the non-zero divisors of the respective ring. Then (S1×S2)⊙(R1×
R2) = (S1 ⊙R1)× (S2 ⊙R2). So taking the total wheel of fractions and
direct product operations are interchangeable. This property is known
for the ring of fractions.

Proof. The underlying set is obviously the same: a pair of fractions,
one made from two elements of R1 the other from R2. We only need
to see that the set we use for the equivalence relations is the same. If
we take the wheel of fractions first, then the equivalence relation set
is S1 × S2, because we can expand the first term with elements from
the S1 and the second term with elements from S2. If we take the
direct product first, then the set of non-zero divisors will be the pair of
elements where neither is a zero divisor in its respective ring so again
it is S1 × S2. So the two equivalence relation is also the same meaning
the two wheels are the same.

Theorem 3.14 (Characterization of wheel of fractions). [5] Suppose
W is a wheel. It is isomorphic to a wheel of fractions if and only if the
following properties hold: x, y, z, x′, y′ ∈ W
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1. ∀x∃y∃z : x = y/z ∧ y0 = z0 = 0. So any element can be written
as a fraction of two elements which are absorbed by 0 with respect
to multiplication.

2. ∀x∀y∀x′∀y′ : (x/y = x′/y′ ∧ x0 = y0 = x′0 = y′0 = 0 =⇒
∃z : xz = x′ ∧ yz = y′ ∧ z0 = 0/z = 0. So if two fractions are
equal, and both numerators and denominators are absorbed by 0

with respect to multiplication, then we can expand the first one to
get the second one and the expanding element and its reciprocal
is absorbed by 0 with respect to multiplication.

Proof. First, we prove these properties for an arbitrary wheel of frac-
tions. The proof of the 1. is coming from the fact that any element can
be represented by the fraction of two elements from the original ring
(and those elements are absorbed by 0).
For the proof of 2. we need the following lemma.

Lemma 3.15. Suppose that S ⊙ R is a wheel of fractions where R is
a ring or semiring and S is a multiplicative submonoid, an element
x0 = 0 ⇐⇒ x = r/s for some r ∈ R, s ∈ S. It means that if a
fraction is absorbed by 0 (with respect to multiplication), then it can be
written in a form where the denominator is an element of S.

Proof of the lemma:
⇐= : If x = r/s then 0 · r/s = 0r/s = 0/s = 0/1 = 0.
=⇒ : Suppose that x = y/z (y, z ∈ R). Then 0/z = 0x = 0, it means
that ∃s′ ∈ S such that s′z ∈ S (so it is in the divisional closure of
S), because 0/z = 0/1 ⇐⇒ ∃s′, s ∈ S such that s′z = s · 1 = s.
Expanding y/z by s′ we get s′y/s.
Proof of property 2.: Now, we can assume from the lemma that x =

a/s1, y = b/s2, x
′ = c/s3, y

′ = d/s4 with a, b, c, d ∈ R and s1, s2, s3, s4 ∈
S. Then

s2a

s1b
=

x

y
=

x′

y′
=

s4c

s3d
.
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That means ∃s′, s′′ ∈ S such that s′s2a = s′′s4c and s′s1b = s′′s3d. So
we can take

s =
s3s4s

′′

s1s2s′
.

Clearly 0s = 0/s = 0 (write the equation with 0/1 and expand it by
the appropriate si elements) and we can verify that

sx′ =
s3s4s

′′

s1s2s′
· c

s3
=

s4s
′′c

s1s2s′
=

s2s
′a

s1s2s′
=

a

s1
= x

and
sy′ =

s3s4s
′′

s1s2s′
· d

s4
=

s3s
′′d

s1s2s′
=

s1s
′b

s1s2s′
=

b

s2
= y.

For the reverse direction take a wheel W assume the two properties. We
need to find an appropriate S and R. I claim that R = {x ∈ W |x0 = 0}
and S = {x ∈ W |x0 = 0/x = 0} will do the job. We saw earlier that R
is a semiring. Also, it is easy to see that S is a multiplicative submonoid
of R because 0/x = 0/y = 0 =⇒ 0/x · 0/y = 0 · 0 = 0(2.a axiom).
We need an isomorphism from S ⊙R to W . The 1. property allows us
to represent any element of W as a fraction of two elements which are
absorbed by 0. So any element can be written as a pair of R elements.
Now, we need to see that two fractions are equal in W iff they are equal
in S ⊙ R. It comes from the 2. property. At first, take two fractions
that are equal in W . Now, there is a z ∈ S that expands the first
fraction into the other. This z can also be used in S ⊙ R to expand
the first fraction so the two fractions are also equal in S ⊙ R.For the
reverse direction we need that S is closed for /. It is true because if
s ∈ S i.e., 0s = 0/s = 0 =⇒ 0 · 1/s = 0/s = 0 and 0//s = 0s = 0 so
the reciprocal of s is also an element of S. Consider now two fractions
x/y and x′/y′ from S ⊙R that are equal. That means that ∃s1, s2 ∈ S

such that s1x = s2x
′ and s1y = s2y

′, we can multiply both equations by
/s2 we get (s1/s2)x = x′ and (s1/s2)y = y′ as s2/s2 = 1 (We proved it
in 3.2. that s2/s2 = 1 + 0s2/s2, and the 0s2/s2 term vanishes because
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of the definition of S). Now, s = s1/s2 is suitable to show that x/y

and x′/y′ are equal in W as sx = x′ and sy = y′. So we proved the
characterisation of the wheel of fractions.

Theorem 3.16. The wheel of fractions is not a variety (it cannot be
defined by equations).

Proof. It is enough to give a counterexample i.e., a wheel of fractions
and a subwheel which is not a wheel of fractions. Because according to
Birkhoff’s theorem, a variety is closed on taking substructures.
Take the above mentioned {1; 3}⊙Z4 = {0; 1; 2; 3; /0; 0/0; /2; 2/2; 0/2; 2/0}.
Take the subwheel {0; 1; 2; 3; /0; 0/0}. It can be obtained by mak-
ing a congruence relation on {1; 3} ⊙ Z4 by x ∼ y ⇐⇒ x, y ∈
{0/0; 0/2; 2/0; 2/2}. In this wheel 0/0 and 2/2 are equal but it vio-
lates property 2. of the wheel of fractions as 0/0 cannot be expanded
by any elements in order to get 2/2 i.e., there is no such z in this
subwheel such that z0 = 2.
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4 Wheel modules

Modules are an essential part of ring theory. We can examine what
happens if we substitute the rings to wheels in the definition of modules.
This definition is also due to Carlström[5][6], but I shall give some new
examples in this chapter. The axioms are the wheel axioms adapted
to the corresponding module axioms. For example the distributivity
axioms in modules are adjusted to the wheel-distributivity.

Definition 4.1 (Wheel-module). Suppose that W is a wheel. A W -
module is a (commutative) monoid (M,0,+) with a multiplication by
elements of W : this is given by a function W ×M → M , (w;m) 7−→
wm (alsodenoted by w ·m) such that the following axioms hold for all
w, v ∈ W and m,n ∈ M :

• Associativity and identity of scalar multiplication:

0.a) (wv)m = w(vm)

0.b) 1m = m

• Distributivity:

1.a) (w + v)m+ 0m = wm+ vm

1.b) w(m+ n) + w0 = wm+ wn

1.c) (/w)m+ n+ w0 = (/w)(m+ wn)

• Rules for zero terms:

2.a) 0 · 0 = 0

2.b) w(m+ 0n) = wm+ 0n

2.c) w + (/0) · 0 = (/0) · 0
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Here 0 is the neutral element of addition in W and 0 is the neutral
element of M .

Note that M cannot be an Abelian group (unless it is the trivial
group) as (/0) · 0 has no inverse and 0m = 0 fails on certain elements
(proof later). The axioms above reduce to the standard module axioms
for the W elements that satisfy w · 0 = 0 and M elements that satisfy
0m = 0. Subtraction is defined as m − n = m + (−1)n whenever the
multiplicative identity has an additive inverse in the wheel. Just like a
ring, a wheel can also be viewed as a module over itself. Now, I derive
the module counterpart of the properties in 3.2.

Proposition 4.2. The following properties hold in a W -module M for
w, v ∈ W and m ∈ M :

1. w(m+ v0) = wm+ v0

2. w0+ v0 = wv0

3. m−m = 0m+ 0m whenever −1 is in the wheel.

4. (/0) · 0 = (0/0) · 0

5. w((/0) · 0) = (/0) · 0

1. is a counterpart of the wheel axiom 2.b) which is not needed to
be stated as an axiom, because it can be derived from the module ax-
iom 2.b). The others are the counterparts of the corresponding wheel
properties in 3.2.
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Proof. 1)

w(m+ v0) = w(m+ v · 0 · 0) (because of 2.a)

w(m+ v · 0 · 0) = w(m+ 0(v · 0)) (because of commutativity

and associativity of scalar multiplication)

= wm+ 0(v · 0) (because of 2.b)

= wm+ v(0 · 0) (commutativity and associativity)

= wm+ v0 (2.a)

2)

w0+ v0 = w(0+ v0) (because of identity 1.)

w(0+ v0) = w(v0) = wv0 (0 is neutral to module addition)

3)

m−m = 1m+ (−1)m = (1− 1)m+ 0m (because of 1.a)

= 0m+ 0m

4)

(/0) · 0 = (/0) · 0 · 0 (because of 2.a)

(/0) · 0 · 0 = (/0 · 0) · 0 = (0/0) · 0 (commutativity and associativity)

5)

w((/0) · 0) = w((0/0) · 0) (because of identity 4.)

w((0/0) · 0) = (w(0/0)) · 0 (associativity)

(w(0/0)) · 0 = (0/0) · 0 (identity 4. from proposition 3.2.)

= (/0) · 0 (identity 4.)
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We now examine what happens to a vector space if you replace its
base field K with K⊙. For example take Rn over R. It is obvious from
the axioms that we have an ∞0 = Φ0 "vector" that absorbs any other
vectors with respect to vector addition and any scalars with respect to
scalar multiplication (scaling), I denote it by Ψ. Also, we can define an
"infinity vector" ∞, which we get if we multiply any non-zero vector
by ∞. ∞ absorbs any scalars except 0 and Φ with respect to scaling
and any vector except itself and Ψ with respect to vector addition. The
result of these operations: 0∞ = (0 · /0)v = Ψ (v is a non-zero vector),
Φ∞ = Ψ and ∞+∞ = Ψ.

Theorem 4.3. The vector space Rn ∪ {∞; Ψ} with the operations ex-
plained above is a wheel module over R⊙.

Proof. It is justified to call it wheel vector space. We have to check the
wheel module axioms as we did with the wheel axioms in the proof of
3.5. We only have to check the cases where m = ∞ or Ψ or the scalars
are ∞ or Φ otherwise it would reduce to the standard module axioms.
0.a is trivial for Ψ as it absorbs any scalar, it is also trivial for ∞ as it
becomes Ψ if multiplied by 0 or Φ and remains intact otherwise.
0.b is even more trivial.
1.a Reduces to the scalar distributivity module axiom ((w + v)m =

wm + vm) if m is not ∞ or Ψ and both sides become Ψ otherwise.
(w + v)m = wm+ vm works even for the scalar ∞ and Φ (both sides
become ∞ or Ψ).
1.b Reduces to w(m + n) = wm + wn if w is from R and becomes
Ψ = Ψ otherwise. This holds even for ∞ and Ψ if w is from R.
1.c Also collapses to Ψ = Ψ if w is not from R: it is trivial if w = Φ

and if w = ∞ then we have to use that /∞ = 0 so the right-hand side
becomes 0(m + ∞n) so it becomes Ψ as 0 · ∞ = Φ. If w is from R,
then the expression becomes (/w)m+n = (/w)(m+wn) which is true
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because of 2.b what we proved previously.
2.a is trivial, 2.c is true by definition. In 2.b 0n either vanishes or
becomes Φ on both sides so it also holds.

This construction works for any vector space over any field as we
never used the fact that the scalars are real numbers.
Carlström[5] showed that any semimodule can be extended to a wheel
module over the wheel of fractions of the base semiring. If R is a
semiring, S is the set of non-zero divisors of R and M is a semimodule
over it. Then we take an equivalence relation ∼ on M ×R defined by

(m; r) ∼ (n; r′) ⇐⇒ ∃s, t ∈ S : (sm; sr) = (tn; tr′).

And we define the module operations on M ×R⧸∼ the following way
([a; b] ∈ S ⊙R is a fraction from the wheel):

0 = [0, 1]

[m; r] + [n; r′] = [mr′ + nr]

[a; b] · [m; r] = [am; br]

The proof of the fact that this is in fact a wheel module over S ⊙R is
a similar calculation and axiom checking as the previous ones. Now, I
omit this part.
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5 Analysis on the wheels

We saw the algebraic properties of the wheels and some examples. In
this chapter I shall focus on R⊙ and C⊙, the wheels we get from the real
projective line and the Riemann sphere. The content of this chapter is
mostly original. I will examine them in terms of analysis. First, we need
topology on them, in order to examine continuity and limits. The best
way to do that is to take the real projective line S1 and the Riemann
sphere S2 with the standard topology and adjoin the extra point. The
resulting space will be disconnected because a disjoint union of two
non-empty compact spaces is disconnected. Now, we are trying to
extend the usual real and complex functions to the wheel (by replacing
the domain and codomain with the respective wheel) and see what
happens. The first thing we see is that f(x) = 1

x
becomes continuous

on R⊙ and C⊙ as 0 is mapped into ∞. Φ is mapped into itself and it
makes f(x) = 1

x
bijective. In this chapter K denotes R or C and K⊙ is

the wheel we made from it.
Note that there are two ways of evaluating a wheel-to-wheel function
at ∞: the first is to plug in ∞ directly, the second is to take the limit.
The first one can make a lot of trouble; for example, any polynomial
with at least two x terms maps ∞ to Φ so it loses continuity but
this method makes most of the critical cases easily computable since
0
0
, ∞∞ , 0 ·∞,∞±∞ becomes Φ. In the second method we actually study

analysis on the real projective line and Riemann sphere. I shall try to
examine both ways.

5.1 Calculations by substituting ∞ directly

In this case, most of the elementary continuous functions cannot be
extended continuously to the wheel. For example, f(x) = x2 + x is not
continuous at ∞ because f(∞) = ∞2 + ∞ = Φ and Φ is in another
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connected component. Moreover we can see that f(x) = 2x ̸= g(x) =

x + x since they are different at ∞ and the new distributivity rule
does not allow such simplifications: g(x) = x + x = x · 1 + x · 1 =

x(1 + 1) + x · 0 = x · 2 + x · 0. So g(x) can be simplified to 2x+ 0x in
K⊙.
It is easy to see that every monomial (including ones with negative
integer exponent) can be extended to K⊙ continuously by mapping ∞
to itself if the exponent is positive and map it to 0 and 0 to ∞ if the
exponent is negative. Φ is mapped to itself. The square root and other
functions with rational exponents are more problematic as they are not
defined on the whole R or C and using the wheels does not solve this
although they can be extended continuously to 0, ∞ and Φ the same
way.
Now, try to extend sin (x), cos (x) and ex to the wheel. We can do this
by taking their power series as these are defined by the power series on
R and C. If we substitute ∞ into a power series (and use the fact that
∞+∞ = Φ) then it gives us Φ. It can be shown by taking the partial
sums of the power series (the Taylor polynomials), from the second
or third term, the sequence becomes Φ as we add two infinities. This
means that it is justified to define sin (∞) = cos (∞) = e∞ = Φ. The
same is true if we plug Φ into the power series. The logarithm is more
complicated as it is not defined on the non-positive real numbers or on
a ray starting from 0 in the complex case. ex does not map any wheel
element to 0 or ∞ so ln (x) (in both the real and the complex case)
cannot be extended to these elements.
As we see, the only thing that we achieve with this approach is that
some critical cases, like 0 · ∞ will be well defined and the calculation
is easier as we do not use limits. On the other hand we lose continuity
and in some cases defining ∞+∞ = ∞ is more natural.
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5.2 Calculations by substituting ∞ as a limit

In this case, we can extend a lot more elementary functions continuously
to the wheel.

Proposition 5.1. Given an f : R → R continuous function. It can be
extended continuously to R⊙ iff the limits at ±∞ are equal or one is ∞
and the other is −∞.

Proof. We only have to extend the function to the real projective line
i.e., S1 then map Φ to itself. We can obtain the real projective line
from the extended number line by identifying the two infinities. Also,
make the same identification in the codomain. Hence if the limits agree
on both infinities or they are ±∞, then the image of ∞ can be defined
by assigning that value or ∞.
If the limits are different then f has a point of discontinuity at ∞.

If we replace R with C it is even simpler, a continuous complex
function can be extended to the C⊙ iff it has a limit at ∞.

Corollary 5.2. Every polynomial can be extended continuously to K⊙.
ex cannot be extended to R⊙ as its limit is 0 at −∞ and ∞ at ∞.
We can say that it has a jump discontinuity at ∞. It also cannot be
extended to C⊙ as it has no limit at ∞. sin(x) and cos(x) cannot be
extended as they do not have limits in the infinities.

Proposition 5.3. Suppose f : R → R has finitely many discontinuities
in any compact interval in R, then it can be extended to a continuous
R⊙ → R⊙ function iff in every point of discontinuity and at ∞ it has
two one-sided limits and these limits coincide (i.e., the discontinuity is
removable) or equal to ±∞.

Note that this means that f can have at most countably many
discontinuities but these points must not accumulate (the points of
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discontinuities must not have a limit point) in R, also the points of
discontinuities must not accumulate in ∞ as it would mean, that f has
no limit at ∞. We need this condition to avoid functions like

1

sin
(
1
x

) or tan

(
1

x

)
or tan(ex).

Proof. First, we can deal with ∞ as we did in 5.1, then if f has a
removable discontinuity in a point, we can remove it by assigning the
limit to it and if both one-sided limits in that point are ±∞, then we
may assign ∞.

The complex counterpart of this proposition states that if an f : C →
C is meromorphic in every compact subset of C and has a limit at ∞,
then it can be extended to a continuous C⊙ → C⊙ function.
Note that being meromorphic requires the function to be complex differ-
entiable in every point of continuity but complex analysis mostly cares
about differentiable functions and defines singularities (discontinuities)
with Laurent series which requires differentiability.

Corollary 5.4. Every rational function can be extended continuously
to K⊙.

Proof. A rational function is a ratio of two polynomials. It can have
only finitely many points of discontinuity (the roots of the denominator)
and in these points the limits are ±∞ in the real case and ∞ in the
complex case unless the two polynomials have common roots. If the
two polynomials have common roots, then there also can be removable
discontinuities. If the denominator has higher degree, then the limit
at ∞ is 0, if the numerator and denominator have the same degree,
then the limit is the ratio of the leading coefficients and if the degree
of the numerator is bigger, then the limit is ±∞ (or ∞ in the complex
case). Also, they are meromorphic in the complex case. So the rational
functions satisfy all conditions of 5.3..
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It also allows us to extend tan(x) and cot(x) continuously to the
real line but not to the whole wheel, as these functions have no limit
in the two infinities.
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6 Summary

If you have reached this part, then you can say divide by zero and treat
infinity as a "number". We have seen how much struggle it takes to
achieve a consistent zero division. It is far more difficult than defining
the square root of −1. We had to rethink a lot of natural things that
we had learned about arithmetic in school and needed to explore a
complicated structure. We encountered a lot of nasty calculations and
identities hard to memorize. This topic holds many more curiosities.
A thesis is not enough to see everything, but I believe we have gained
some useful knowledge during this journey.
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