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Introduction

Mandelbrot’s fractal percolation is an intuitive concept that is, in a sense, a little bit
difficult to handle precisely. The random set defined by cubes kept or removed by the
results of independent coin flips raises several questions. We can ask about different
dimension-theoretical and topological properties of the fractal in the probability

space induced by the coin flips. This thesis discusses these questions.

In the first chapter, we give a precise definition of fractal percolation and describe

its basic, easily accessible properties.

The second chapter introduces the phase transition phenomenon, mainly in dimen-
sion 2. We will see that these phases can be separated from each other and the

fractal shows very different behaviors in different phases.

The third chapter provides an outlook on the mostly combinatorial concept of site
percolation which has deep connections with the notion of fractal percolation by the

works of Falconer, Grimmett, Orzechowski et al.

In the fourth chapter we present one of these connections on a topological property

of Mandelbrot’s random fractal.

Finally, the fifth chapter asks and answers further questions about fractal percola-

tion, mainly citing further results of the topic.

While working on the thesis, I was impressed by how the different methods combine

analytic, topological, combinatorial, geometric, and stochastic techniques.
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Preliminaries

We briefly introduce the concept of Hausdorff dimension and the Hausdorff metric

on the nonempty compact subsets of a topological space.

A more extensive description of the notion of Hausdorff measure can be found e.g.
in [7].

Definition 0.0.1 (Hausdorff measure). Let pX, dq be a metric space, s P r0, 8q and

0 P p0, 8s. The Hausdor [_premeasure with parameters s,6 of aset A X is
# +
g —=
ngAq inf |Ai|S A Ai, |A|| 0
i1 i1
where |Aj| denotes the diameter of the set A;.

The s-dimensional Hausdor [Cmheasure of A is
H®pAq el}ir% H3pAg.

Fact 0.0.2. For any A X and s P rs, 8q, the function H3pAq is monotonically
decreasing in 9, so this limit always exists.

Definition 0.0.3 (Hausdorff dimension). Let pX, dq be a metric space. The Haus-
dor C_dimension of the set A X is

dimpypAq infts: H%pAg  Ou.
Fact 0.0.4. For any AP X if s dimypAg, then HpAg 8 and if s j dimypAg,
then H%pAg 0.
Now we define the Hausdorff metric of sets in metric spaces. The topic is described
in more detail in [4].

Definition 0.0.5 (Hausdorff metric). Let pX,dq be a metric space and A,B  X.
The Hausdor [Cnietric of the sets A, B is dypA,Bg inftr|]A B,”~B  A,u where
A, denotes the r-neighborhood of the set A, i.e.

A, txP X|Dy P A : dpx, yg—Tu.

Fact 0.0.6. If A,B X are nonempty compact sets, then the infimum can be
replaced by a minimum.
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Fact 0.0.7. If pX,dq is a complete metric space, then the set of nonempty compact
subsets of the space

KpXq tK X|K compact, K ?u
is complete with respect to the Hausdor [_mhetric.

Fact 0.0.8. If K, K;,... is a decreasing sequence of nonempty compact subsets of
RY, then K ey K is the limit of the sequence Ky, Ky, ... with respect to the
Hausdor [Cnhetric.



Chapter 1

Basic properties of fractal

percolation

In this chapter, we give an illustrative and a more precise definition of Mandelbrot’s
fractal percolation process. Then we examine some basic properties of the model
such as the probability of the extinction and the Hausdorff dimension of the random

fractal.

A special case of the results of this chapter can be found in [7].

1.1 Definition

First, we define the Mandelbrot’s fractal percolation process. We fix a dimension d,
a probability 0~Pp—"1, and an integer N ¥ 2. We construct the random fractal the

following way:.

Let Cq r0, 1s¢ denote the d-dimensional unit cube. Divide Cy into N9 closed
subcubes of side length 1{N. Let us call these the level-1 cubes of the model. We keep
a level-1 cube with probability p and remove it with probability 1 p independently
of each other. Let C; be the union of the subcubes kept.

We repeat this process inductively. In the nth step, we divide each remaining level-
pn  1q subcube of Cp, 1 into N9 level-n subcubes of side length 1{N™ and we keep
them with probability p independently. C, is the union of the level-n subcubes kept.
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In this way, we get a decreasing sequence of compact sets Co C; G,
Therefore the intersection C n8 o Cn is a random compact set generated by the

process.

It is important to note that the keeping or deleting of the subcubes are all indepen-

dent from each other, not just on the same level.
Now we define this a little more precisely, but less intuitively.

Definition 1.1.1 (Mandelbrot’s random fractal). Let d be a positive integer, 0—"
p—"1 be a probability and N ¥ 2 be an integer. Let J¢ denote t0,1,...,N 1ud. We
define the set of level-n indices by

Jn tpig, i, ..., inqlin P J%

8

and the set of all indices by J 0 oJn-

Fori piy,ip,...,in0 P Jy and k—, let i|¢ denote piy, iy, ..., ikq P Jk.

Let us consider the probability space pt0, 1u, Ppt0, 1ug, ug, where pptOug 1 p and
puptiug p. Take the infinite product of copies of it indexed by the elements of J, so
the product measure space is

t0, 1u?,  pPpt0, lugg, P
iPJ

where ;5;pPpt0, 1uqq denotes the product o-algebra and P ip; ML is the product
measure.

Now we define both the approximation sets and the random fractal as set-valued
random variables. Let C, : t0, 1’  Kpr0, 1s% Y t?u where Kpr0, 1s% denotes the
set of nonempty compact subsets of r0, 1s%. For x P t0, 1u’, define the value of C,, by
+

1
<1 om0k opxpifkg 1q

#

— & 2 pig; 3 pigg

Crxq NN NT
1 1

iPIhn J 1
and C : t0,1u?  Kpr0, 1s% Y t2u by Cpxq f 1 CnpXa.
Remark 1.1.2. To see that the C,s and C are indeed random variables on this
probability space, we need a measurable space structure on Kpr0, 1s%g Y t?u and we

need to show that C,, and C are measurable functions. Let us consider the topological
space induced by the Hausdor Cmhetric on Kpr0, 1s% and give ? to it as an isolated



Probability of extinction 7

point. The measurable space structure on Kpr02tisy t?u is given by the -algebra
induced by this topology.

Since G, depends only on nitely many coordinates of t0; 2y it is clearly a measur-
able function. We can see from the construction that,Cs a decreasing sequence of
compact sets so C is the Hausdor limit of this sequence. Additionally C is empty
if and only if C,, is empty for some n, so C is the limit of measurable functions and
that implies C is also measurable.

Remark 1.1.3. Sometimes we need to consider the subprocess in the level-k subcube
Cpia [, mg. k P4 1 To be precise, it is important to highlight
that the set given by this subprocess is notjiig X C, since Gpiq shares its bound-
ary with some neighboring subcubes. When we talk about the subfractal given by a
subprocess, it means that in the nth step (for n j k) we only take the union of those

subcubes that are fully contained in;S

1.2 Probability of extinction

After de ning the process, the rst question arising is whether this random fractal
is even nonempty or it becomes extinct. In this section we determine the probability
of extinction. For this, we need the following lemma.

Lemma 1.2.1. Let f : r0;1s N r0; 1s be a strictly increasing continuous function
such that fpOq j 0. Let pxtpn be a sequence de ned by the recursiory x0 and
Xn fpXx n1 Q. Then %, has a limit and it is the smallest xed point of f.

Proof. Letx P pO;1s be the smallest xed point of f. First, we simultaneously prove
that x, x and pxpen IS increasing. ¥ X obviously holds. Now we use an
induction on n. Assume that we proved the statement until X, so now we need to
show that x, X ,1 X .Since % Xx and x is the smallest xed point of f,
Xn1 fpX nQ i Xn. By the strict monotonity of f, x 1  fpx nq fpx g X

We got that x,, is a strictly increasing bounded sequence, so it is convergent. We
prove that its limit is x . Suppose that limx y x . Then O =& x, &y for
every n. Let g : r0;ys N r0;1s be de ned by gpxq fpxg x. The Weierstrass
theorem gives us gpxq i 0, because xs the smallest xed point of f. Since g is a
positive continuous function on a compact set, it has a positive minimum m j O.
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This gives us %1 fpx ,q ¥ X, m, but then x , j nm which is a contradiction
since % X . O

Theorem 1.2.2. Let 0 p 1. In Mandelbrot's fractal percolation process, the
probability of extinction PpC ?q q, where q is the smallest xed point of the
function f : r0; 1s N r0; 1s;x PN ppx 1 pgM°.

Proof. As we have mentioned before, the event tC ?u ° tCn 2u, which
implies PpC ?q lim s PpG ?0.

C, ?istrue if and only if all N 9 subcubes of side length 1{N are removed or
the subprocess on this subcube gives the empty set after n 1 steps. We call this
behavior statistical self-similarity and it implies the following for the probabilities:

PPG 29 ppPpC o1 2q 1 pg N%:

Applying the lemma for the sequencex PpC, 7?q gives us the statement of the

theorem, we only need to check that fpxq ppx 1 pq NYis a strictly increasing

continuous function and fp0Oq j 0. Since it is a polynomial, it is clearly continuous.

The derivative fpxq pN %ppx 1 pg N°! 0, so f is strictly increasing on the
interval r0; 1s.

fpOgq pl pg N? 0, thus we proved the theorem. ]

Corollary 1.2.3. PpC ?q 1 if and only if pa 1{N d

Proof. We need to prove that the smallest xed point of fpxq ppx 1 pgq N in
r0; 1s is 1 if p @ 1{N% and it is smaller than 1 if p j 1{N 9.

First, assume that p = 1{N 9. Then the derivative of fpxq x is pN 9ppx 1 pq N*?
1. We can estimate this value from above if 0 @ x 1 by

1
1 d
1 WN 110
which means fpxqg x is strictly decreasing on r0; 1s. Since fpOq j 0 and fplg 1,
this proves that 1 is the only root of fpxq X, hence the only xed point of f in

ro;1sis 1.

pN%px 1 pg N’

Now we assume that p j 1{NY. This implies that the derivative of fpxq x at 1 is

flolg 1 pN %pp 1 pg N1 1 Nlde 110
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which means there is an x P p0; 1q such that fpxg x 0 and this implies that there
is an x P p0;1q for which fpxg x 0, since fp0q i O. ]

1.3 Hausdor dimension of the random fractals

In this section we will determine the Hausdor dimension of our random fractal. To
guess the expected value of the dimension, we can make a heuristic argument using
statistical self-similarity.

Let s denote the similarity-dimension of C. The expected value of the subcubes
keptinthe rststepis pN ¢, and from that point, they behave like smaller percolation
fractals, so some s-dimensional measure would give us the following.

S

1
pCq pN ¢ = pCq

1
d —
1 pN N
lo 1 slo 1
log s logp dlogN logp
S 1 d
log log N log N

In fact, this is not only the expected value of the Hausdor dimension of C, but it
will be the exact Hausdor dimension with probability PpC ?q. To show this,
rst we prove that the Hausdor dimension cannot be bigger than d %92 with

logN
probability 1.
Theorem 13.1. P dimypCqad 28 1.
Proof. The result will easily follow from this lemma:
Lemma 1.3.2. Let1{N ¢ p 1,sid ﬂé’é’ﬁ "i0 and k j O integer. Then
?_ N "
P Hy« PCQ¥" & — G

where H* denotes the s-dimensional Hausdor -premeasure.
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Proof. Let X, denote the number of subcubes of side length 1f\kept in the kth

step. We can estimate the observed probability from above by
?_ s
P H?;,« PCq¥" oP H?; , pGq¥" P X, dNk ¥"

since the subcubes that ¢ consists of give a suitable cover of,C

Now we apply Markov's inequality for the probability we got.
?_
?_ s E Xk dN K
P Xx dNK ¥" o

S

Xk is the sum of indicator variables for each level-k subcube. The keeping probability
of a level-k subcube is'y so the expected value of Xis Nk9p*. Thus
E X ?aN" ° dek?a kK S ? s dn K
p N d N
r m m NS

which gives us the statement of the lemma. ]

Now x an s j d ||<§)§r3 We prove that P pH'pCq_0q 1 which implies
P pdimypCqgrasq 1. Since the event tH’pCq Ou ey tHEPCQ @ 1{nu, it

su ces to prove that PpH’pCqa 1{ng 1 forallnP N .

?_
Fix n P N . Since HpCq lim go H®pCq, limgg dN* 0 and H SpCq is mono-

tonic in , it follows that
PpHpCq = 1{nq le P H?5,« PCqalin :

To apply the lemma above, we need a strict inequality and we can reach that by
simply estimating the probabilities from below.

kl@ P H?4 « PCqa l{n ¥ le P H?4« PCq 1{n

Applying the lemma for " 1{n and taking the complement event, we get

2
"d®  Ndp “
. s .
I(IlNrg] P H?4 « PCg 1{n ¥L|,52 1 1n NE
sid I'(;’gg,\ﬁ’,so “,'“dsp H—ﬂg 1, which implies
Tac N b
im 1 P 1.

k|N8 1{n NS



Hausdorff dimension of the random fractals 11

We proved thatif s jd 1992 then P pdimypCqasq 1. Let us take a sequence

logN *
sn which converges to d Ilc())g?l\Fl) from above. This sequence gives us
P dimypCqed logp lim P pdimypCqasq 1:
H |og N nN8 '

]

For the proof of the dimension being almost surely d I'(ng" , we need some further

results.

Lemma 1.3.3 (Zero-one law). Let 1{N ¢ p 1andcPR , . Then the value of
Ppdimy C ¥ cq is either 0 or PpC 72q.

Proof. Let us consider the event tdinyy C cu. We need to prove that its probability

is either 1 or PpC 7?q. Since the Hausdor dimension of the union of nitely many
sets is the maximum of the Hausdor dimensions of the sets, we get thatdinC ¢
holds if and only if this holds for all subfractals in those level-1 subcubes which are
kept in the rst step. This gives us the following equality.

Ppdimy C cq ppPpdimyC cq 1 pq N
So Ppdiny C cq is a root of the polynomial fpxq x, where fpxq ppx 1 pgq N°.
In the interval rO; 1s the second derivative of the function is

pfpxq xq? N ¢ N¢ 1 p?ppx 1 pgq N*2 ;0

thus fpxq x is strictly convex in the interval r0; 1s, which implies that there are at
most two roots of the polynomial here.

By the proof of Theorem 1.2.2 PpC ?q is a root of fpxq x and obviously 1
is also a root. Since p i 1{NY, PpC 2?9 1. So we proved that the value of
P pdimy C ¥ cq cannot be else than 0 or PpC ?q. ]

Lemma 1.3.4 (Lyons-Hawkes percolation method). Let B € r0; 1¢' be a Borel set.

If dimy B (295, then PpBXC ?q 1.

Remark 1.3.5. This theorem has another part, which says if diny B j I'(ngp , then

PpB XC 7?qi0. We will not use this and since it has a much more complicated
proof, we just mention the statement, but will not prove it.
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The philosophy behind this theorem is that if we have a set and a random set, then
the probability of the event that they intersect each other depends on the sum of
their Hausdor dimensions. If the sum is greater than d, then the intersection is
nonempty with positive probability, if it is smaller, then the intersection is empty
with probability 1.

Proof (of Lyons-Hawkes). For the proof we need another rather technical lemma.

Lemma 1.3.6. Let B € r0;1s 9 be a Borel set and s j 0. Then the following are
equivalent:

i) H°pBg O.
i) for any " j O there exists a sequence of subcubes, S5,;::: of the form

.pn .pn
id Kn ||pq_ Kn ||pq_ 1
5 J.’ J

it 11 N ’|1 N N fo

n o

such that B € oy Sy and 5y |Sa|> " where i PP J, is a suitable
level-k, index as de ned in De nition 1.1.1 and |S,| denotes the diameter of
Sh.

Proof. We rst prove the direction ii) i i). Suppose ii). We need to show that for
every jOand"jOthereexists acoverH 1;Hy;:::of Bsuchthat . |[Hal® "

and |H,| foralmPN .Fix jOand"O.Let" 1 minp *;"q and apply ii)
for "L We can see that §;S,;::: gives a suitable cover since oy [S,[* " ="
and [Sn| PISml*d 8 p oy ISidE p" g ep gt

Then we prove the other direction. Suppose i) and x " j 0. Since HpBqg 0 holds,
there exists a cover H;H,;::: suchthatB€ , H, and

SO -2
n S
20 N d

nPN

Let us take a xed Hy. If H, is a nite set} then there exists a nite set of subcubes
Sliiii;§™ suchthat ™ |Si[S 29 N d °[H,[5

If H, is not nite, then there exists a maximal integer k such that H, can be covered
with at most 2¢ subcubes of side length 1{K. We prove that |[H,| ¥ 1{N k! .
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Assume that |H,| 1{N *! . This implies that the projection of H, to each coordi-
nate axis intersects at most two intervals of the form N%; N'% . But that gives
us a contradiction, since the product of these intervals de nes® Zubcubes of side
length 1{N¥? whose union covers H, so k was not maximal with respect to the
property that H,, can be covered with at most 2 subcubes of side length 1{K.

we got a covering of K such that

?
m

n
IShI° = 2¢

il

"q s ?_ s
NK 229 N d |H.%

By considering these subcubes for all H we get a cover of . H,, which is also

a cover of B and we can see that
Mn ? ? n

. N f_ s £ _ s
IS!|° = 22 N d [Hy° 29 N d = "
nPN i1 nPN 29 N d
so we proved the statement of the lemma. ]
Lets ,'c%p Since dimy B s, H °pBqg 0, so we can apply the lemma above.

Let"j0,andletS ;;S;::: be a sequence of subcubes such that B € S, and
N 1Sal® "a Let k , denote the level of §, i. e. the side length of § is 1{Nn.
Hence |S| & and PpS€Cy,q p*.

We give an upper bound for the probability PpB XC ?q. Since B €  Sn,
we can estimate this from above by

PpBXC ?2qm ~ PpS$XC 20

nPN

nonempty intersection with S,. This means that |, o 39, because all coordinates
of a subcube like this di er by at most 1 from the corresponding coordinate of,,S
Let PpCl; ?q denote the event that the subprocess inside £ does not become
extinct. Using this notation, we get

In In In

PpS XC ?29g= =~ PpCl ?9= ~ ~ Ppg€C,qg =~ po
nPN nPN j1 nPN j1 nPN j1
By considering , @ 3% and s Ifg,ﬁ , We can see that
?
In s 2 t30S
5 5 5 5 1 - S 5 d
Kn d ~Kn d d
p o 3p 3 Nk 3 d Nk
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o

and since oy IShl® ",

¢ 7o d .47 a’
3 d Nk 3 d ISal® 3 d "
nPN nPN
So we got that for every " j 0
?_ s

PpBXC 2?9 3 ¢ d

holds which implies the statement if " N O. O

Now we have the tools for proving the main result of this section.

Theorem 1.3.7. For 1{N ¢ p 1,

. logp
7 .
P dimyC d logN PpC 2q:
Proof. In Theorem 1.3.1 we have proved that
. log p
P .
dimy C o d |Og N ,
So it su ces to show that
. logp
20"
P dimy C ¥d log N PpC ~q:

Let p PP% FPP% PPPY denote the probability space de ned in De nition 1.1.1 and for
0 p lletp PP4FPP4PPPY denote the same probability space, but with parameter
p. Let us consider the product space

PPG PPG EPPUpy F PPG PPPAG P PRI

let P denote the product measure PP b P PPY and de ne three functions
fPrafppafpppa; ppa PRPA t0; 1u”’. Let the rst two of them, f PP9and fPPdpe
the natural projections on PP9and PPdand let f PPPhx; ygpig xpiqypiq (so we just
take the coordinate-wise product).

We can easily see that the push-forward of the probability space above by
f PPAand fPPPAgives us the original probability space with parameter p, p and pp.
This implies that the random fractals C°?4 CPP9and CPPPAdde ned on these spaces
can be seen on a common probability spacePPd  PP4 FPPAp F PPG PPPAR P PPA py
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composing with the push-forward functions. Moreover, the de nition of PPP4gives
us the property that CPPPA€ C PPAX CPPY since we keep a subcube inP?if and
only if we keep it in both CPP9and CPP4

Suppose that pp i 1{N¢. By Corollary 1.2.3, PpCPP¥ 2q i 0, which implies
PpCPIX CPPA 2q i 0. By applying Fubini's theorem on the product space, we get
that » »

0 PpCPPAXCPPI 2q 1y crpapxgxcrpyq 2q dY dX

ppPq (=]
» »

Locrrapxaxcrpyq 2q dy dx @
txP ppqlP ppquPprqXCppq ? qO u (2]
»

o 1dx
txP PPA|P PRAC PPAPXGXCPPA 2 (JO U

p PPA xP ppc“;)ppq Cppcbqucpﬁq ? IO(

Lyons-Hawkes percolation method (Lemma 1.3.4) implies that for a xed Borel set
CPPPxq, FPPY CPPHxg X CPP9 2?2 j 0 implies dim y CPPxq ¥ I';’g,\'?. Thus
(

. |
PPPI dimy, CPPIY I;slfl’ ¥PPP xP PPPRI CPPHxgX PP 2i0 O

Applying the zero-one law for this gives us

PPPA dim,, CPPIY¥ log p P PPa CPPA 5
log N

By taking a sequence § which converges toNidp from above, we get that

log ﬁ
PPPI dim, CPPI¥ p PPd cPPa 9
log N

implying

PPPA dim, CPPI¥ d logp p PPA CPPA 5
logN



Chapter 2
Phase transition

In this chapter, we observe the phases of the fractal percolation. We have already
seen two phases. For p @ 1{N the random fractal C is empty with probability

1. If 1{N? p, then C is nonempty with positive probability. As if p 1{N 91,
then dimy C = d I'c?gg,fl’ 1 with probability 1, we will see that in this case every
connected component of C consists of one point. We will also show that there exists
a critical probability p. such that if p | p, then C has a connected component
which consists of more than one point with positive probability, moreover, it has a

connected component which intersects two opposite pd 1qg-faces of r@;,1s

2.1 Path percolation for d 2

The goal of this section is to prove the existence of the connected phase. The
original result was published in [6] and a sketch of a proof is in [7].

De nition 2.1.1. Let B €r0;1s 9 a Borel set. For the set B, path percolation occurs
if there exists a connected component A € B such that AXprO;%'s tOuq ? and
AXpro;18t tluq 2.

Remark 2.1.2. In this de nition we use connected components, not path connected

components, but it turns out, in C there is indeed a continuous curve that con-
nects two opposite sides of r0;%with positive probability, if p is large enough. This

motivates the name path percolation.

For this section, we x the dimension d 2. We will see that the occurrence of path
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percolation for d 2 immediately implies path percolation for d j 2. We note that
we will usually assume N ¥ 3, but most of our statements also hold for N 2.

To prove the existence of the path percolation, we need the following notion.

De nition 2.1.3. Let us consider a fractal percolation process C for d 2 and

N ¥ 3. We say that a subsquare of level-k is 0-complete if at least?’N1 of its
level-pk 1qg subsquares are kept in the next step of the process (i.e. they are subsets
of Cy1 ). A subsquare of level-k is m-complete if at least N 1 of its level-pk 1q
subsquares are pm 1g-complete. A subsquare is fully complete if it is m-complete
for all m P N.

Lemma 2.1.4. Letd 2, N ¥ 3 and consider a fractal percolation process C. If
r0; 1€ is fully complete, then a path percolation occurs in C. Moreover, there exists
a continuous curve : r0;1s N C such that pOqg P r0;1s tOu and plq P r0;1s tlu.

This is an easy, but rather technical lemma, so rst we give a short sketch of the
proof:

1. We prove that if r0; 18 is fully complete, then for all m P N there exists a
sequence of kept level-m subsquares, which connects the two opposite sides of
ro; 1.

2. We de ne a sequence of continuous curves, : r0;1s N r0; 12 inside these
square-paths.

3. We prove that there is a uniform limit of these curves, : r0; 1s N r0; Fswhich
connects the two opposite sides of r0;2land its image is in C.

Proof of Lemma 2.1.4.

Proposition 2.1.5. If a level-m subsquare is fully complete, then at least N 1 of
its level-pm 1q subsquares are fully complete.

Proof. Suppose for contradiction that the level-m subsquare S is fully complete, but
there are two of its level-om 1q subsquares, which are not. Let;kand k, denote
the maximal integers for which these subsquares arg-&omplete and k-complete,
respectively. We can assume without loss of generality that, K k ,. This means
that neither of these two level-pm 1q subsquares is pk 1g-complete. But that
implies S is not pk 2g-complete, which is a contradiction. O
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Proposition 2.1.6. Consider a grid of N N squares. Let X;Y;Z be three distinct
squares of the grid such that X and Y intersect two distinct sides of the grid. Then

and §; have a common side, S X, S | Y and Z is not among S;;;S,;:::; S.
Proof. Take the two paths between X and Y along the perimeter of the grid. These

sequences of squares are disjoint apart from X and Y, so one of them does not
contain Z. This one is a suitable sequence. ]

_________Z_ ______ -Y

i

Figure 2.1. An example for the positions of X, Y
and Z and the paths joining X and Y .

subsquares such that for every 1 mig]l 1, S ™ and §7 have a common side,
SI" Xpr0;1s tOug ? and S " X pr0;1s tlugq ?.

Then there exists a sequence of fully complete level-pom 1g subsquares
SISyt ;ST such that for every 1 & j &l 1, S™ and STt

have a common side, 8* X pr0;1s tOug ?, S {;‘111 X prO;1s tlug 72 and
S"t e mgrforalllajal py .

Proof. SI" is a fully complete level-m subsquare, so at leastqN1 of its subsquares
are fully complete. This implies that we can choose{F' as a fully complete level-
pm 1q subsquare, for which F"* € S and F"* Xpr0;1s tOug 2. Similarly,
we can choose L' € S such that L["* X pr0;1s tlug 2.

Foriaiol, 1, S™and §] have a common side and they are both fully
complete, so their common side have a subsegment of length T{N, which is a
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common side of two fully complete level-pm 1q subsquares, since N ¥ 3. Let these
subsquares be ' €S™ and 7 €S .

In each 9", we de ned a rst square F"* and a last square ["'* . If F™?

LM* , then the sequence in 8 will consist of only one square. If not, but all level-
pm 1q subsquares of 8 are fully complete, then we can easily choose a sequence of
subsquares connecting/F* and L' . Otherwise let Z denote the single not fully
complete subsquare and apply Proposition 2.1.7 with X F"* andY L ! .

Concatenating these square sequences for all 1 @ i g, lafter each other we get a

sequence 8! ;S'! ;:::; S as needed. O
4:8
-~ Fg
4|_J7
Fe L &
E
7
L5
4|;5
Lis
Fi3 L34
LL—
LFTZ
Fq

Figure 2.2: An example for the construction of the sequence i ,-
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Let S r0;1s?2. By induction, we can construct sequences of squares as described
in the previous proposition for all m P N. Let K, :”i S™. We can see that
pKmtnen 1S @ decreasing sequence of compact sets and all of them are connected
sets, which intersect both rO; 1s tOu and rO;1s tlu.

Since the intersection of a decreasing sequence of connected compact sets
is connected, K mpny Km IS connected. For the intersection of K with

the side of the square, K X pr0O;1s tOuq mpn PKm X prO; 1s tOuqq holds.
pPKm X pr0; 1s tOuqg,q is @ decreasing sequence of nonempty compact sets, so the
intersection of them is also nonempty. This also holds for the opposite side r0; 1s t1u.
Finally K, € C,, for all mP N, thus K € C.

Now we prove the moreover part. We de ne a sequence of continuous curves
m . r0;1s N K., inductively. Let , be the constant p1{2;1{2q curve. If, is
already de ned, then let ,,; be a piecewise linear curve connecting the centers

that m1 P pSqq€S forlainl .

This condition 1 p + pS"qq € §" implies that for x P r0; 1s
?

| mPXq  m1 qu"’anq;

which means that ,, is a Cauchy sequence in Cpr0; 1s; r?d.sHence it has a uniform
limit curve : r0;1s N r0; 1s2. Since ,pO0q is the center of 3, the second coordinate
of pOg lim wxe mpPOQis 0. Similarly plqg P r0;1s tlu.

So we only need to check that pr0O;1sq € C. Let x P r0; 1s. Since, Ks decreasing,
nPXq P K, for n ¥ m. This implies that pxq lim .xs npxq P K, for all m P N,
which shows that pxq P K € C. O

Using this result, we can prove the existence of the critical probability.

Theorem 2.1.8. Let d 2, N ¥ 3. There is a critical probability p . 1 such that
ifpip . then
P ppath percolation occurs in Cq j O:

Proof. By Lemma 2.1.4, it is enough to prove that there is a probability p 1 such
thatifpip . then
P pr0; 18 is fully completeq j O:
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Fix p and let p,, denote the probability of r0; 18 being m-complete for m P N. It is
clear, that p,, is decreasing and

P prO; 1§ is fully completeq r!]ll\[lrg Prm

r0; 1€ can be m-complete in three cases:

1. Exactly N2 1 level-1 subsquares are kept and all of them are pm 1g-complete.
2. All N 2 level-1 subsquares are kept and all of them are pm 1g-complete.
3. All N ? level-1 subsquares are kept and exactly N 1 of them are pm 19-

complete.

Using the statistical self-similarity this gives us the following recursion forp
pn N 20" pl paphit p PR N 2PV pNitpl paa g
N 2pMtphit pN 2 1apNphy

For m 0, the same cases implies 0-completeness, but without assumptions on the
completeness of the level-1-subsquares. Thus

po N 2p"°tpl pg pN° N 2Nt pN 2 1gpN%:
So p, is generated by the function fpxq N 2pN*t xN*1  pN 2 1gpN°xN* as
Ppo f pplgandp f ,ppns Q.
Now we use the modi ed version of Lemma 1.2.1.

Lemma 2.1.9. Let f : r0;1s N r0; 1s be a strictly increasing continuous function
such that fplg 1. Let px,g,pn be the sequence de ned by the recursiog x1 and
Xn fpx n1 g. Then %, has a limit and it is the largest xed point of f.

Proof. We can get this by applying Lemma 1.2.1 for gpxq 1 fpl xg. O

Proposition 2.1.10. For 0 p 1, the function

2

fo:r0;1s NR; x bRINpN“ 2 xN°1 pN 2 1gpN*xN

is continuous, strictly increasing, f,plg 1, and its image is in r0; 1s.
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Proof. It is clear that f is continuous and {,p0Oq O, so the monotonicity and
fpplg 1 will imply that f ,prO; 1sq € r0; 1s.

Let us calculate the derivative of {,pxq.
fplpxq N 2pN21 pN2 1qgx N2 2 pN 2 1qu2N2XN21
N 2pN? 1gpN°* xN°2 p1 pxq
For x P pO0; 1q this is positive, which implies thatdpxq is strictly increasing on r0; 1s.
Now we prove that f,plg 1. Let us consider the function
g:r0;1sNR; pPN RN*Y pN 2 1gp N

as a function of p, which satis es gppq fplq for 0 p 1. We can calculate that
gplg 1, and the derivative of g is

glopg N?pN? 1gp™°? pN 2 1gN 2p"°* N 2pN® 1gp"™°? p1 pa:
For 0 p 1, this is greater than 0, so g is strictly increasing on r0; 1s. Hence

foplg gppg 1forp 1. m

Thus we can apply the lemma, so we get that P pr0?lis fully completeq is the
largest xed point of f .

So it su ces to prove that there exists ap 1 suchthatifp. p 1, then the
largest xed point of f, : r0; 1s N r0; 1s is greater than 0. Since,plg 1forp 1,
by the theorem of Weierstrass, it is enough to prove that ifp p 1, then there
exists an x P r0; 1s such thatdoxq j x.

Consider
h:ro:1¢€ N r0; 1s; pp;xq PR RpN* 1 xN°1 pN 2 1gp VXN

as a function of two variables (if 0 p 1, then hpp;xq f ppxq). This is a
polynomial, so it is continuously di erentiable.

Proposition 2.1.11. There exists an x P p0; 1g such that hpl;xq i x.

Proof. The value of h at p1;xq is

N2xN*1 pN 2 1gx N*:
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The inequality
N2N°1 pN 2 1gx N7 x

Is equivalent to
N2xN*2 pN 2 1gxN°1 1
The value of the left hand side for x 1 is 1. The derivative of the left hand side
with respectto x at 1 is
d N2xN*2 pN 2 1gx N2
dx

plq
N2pN2 20x N23 pN 2 1q 2yN?2 plq
N %pN? 29 pN 2 192 1 O:
This means that hp1; xq is strictly decreasing in a neighborhood of 1, so there is such

an x P p0; 1q that hpl;xq j x. ]

Let us x an x P p0; 1g as described in the proposition. By the continuity of h, there
isan"jOsuchthatifl " p 1,thenf ,pxq hpp;xq i x. This provides us
that p. 1 "is a suitable constant for the theorem. m

By this theorem we got the following. For d 2, the fractal percolation process has
three phases.
1. For p o 1{N 2, the fractal C is empty with probability 1.

2. For {N2 p p ., C is nonempty with positive probability, but it does not
connects the two opposite sides of r0;2with probability 1.

3. Forpjp. C contains the image of a curve, which connects the two opposite
sides of r0; 15 with positive probability.

2.2 Path percolation for d j 2

Our previous result can be easily generalized for higher dimensions.
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Corollary 2.2.1. Let d j 2 and N ¥ 3. There exists a critical probability p . 1
such that if p j pc, then

P ppath percolation occurs in Cq j O:

Proof. Let us take the 2-dimensional plane H de ned by the equation x x

X 42 0. Consider the intersection C X H. We can see that this is the result
of a two dimensional fractal percolation process, so we can apply Theorem 2.1.8 for
that. This gives us the existence of the critical probability. ]

Remark 2.2.2. In the proof, we could take any plane which is parallel with H and
intersects r0; 1%,
Now de ne the critical probability to expound some further results.

De nition 2.2.3. Let N ¥ 2 and d ¥ 2 be integers, and 0 & p & 1. Consider the
fractal percolation process C in dimension d with parameters N and p. TheR.qppq
denotes the probability P ppath percolation occurs in Cq.

De nition 2.2.4. For N ¥ 2 and d ¥ 2, let the critical probability of path percola-
tion be

PcpN; dg suptp| nappg Ou:

In [2], the following result describes the behavior of the percolation at the critical
probability.

Theorem 2.2.5. For d ¥ 2,

Jim napRPN;dqg 1

This immediately implies the following.

Corollary 2.2.6. For any d ¥ 2, there exists an N opdq, such that for N ¥ Nypdq,
n:d PRPN; dgq j 0, which means, the functiony.qppq is discontinuous at4pN; dqg.

2.3 Dust phase

In this section, we describe the middle phase of the fractal percolation ford 2 given
in the end of Section 2.1. In this phase, every connected component of C consists of
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one point with probability 1, so we say that the fractal here is dust-like. We prove
this for a subinterval of the middle phase and cite a result for the rest.

De nition 2.3.1. The set S € R ¢ is totally disconnected if every connected com-
ponent of S constists of one point.

Theorem 2.3.2. Let N ¥ 2, d ¥ 2 be integers. For 1{N ¢ p 1{N 91 C is
nonempty with positive probability and C is totally disconnected with probability 1.

Proof. We have seen it in Corollary 1.2.3, that for p j 1{NY, C is nonempty with
positive probability. We also proved in Theorem 1.3.1, that for p 1{N9! , the
Hausdor dimension of C is

logp
log N

dimypCqed

with probability 1. So it suces to prove that if a Borel set C € r0;1sY has a
Hausdor dimension of s 1, then it is totally disconnected.

To prove this, we need the following lemma.

Lemma 2.3.3. Let S € R 9 be a Borel set and let proj: R N R be the projection
on the ith coordinate axis. Then

dimy proj;pSq & dimy S:

Proof. It is clear, that it su ces to prove this for some 1 @i & d, so without loss of
generality, we can assume that we project on the rst coordinate axis and we denote
that with just writing proj.

Lets PR and P R arbitrary. First we show that HSpprojpSqq = HpSq. Let
Hi;Hy;::: be a cover of S such that |F{  for allj P N . Then the projection
of the covering sets on the coordinate axis gives a cover of projpSq and for their
diameters | projpHq| = [H;|. This gives us that
|projpHigf &~ |H;[*

iPN iPN
Since this is true for any cover of S, this implies that HpprojpSqqg = HpSq, as we
have claimed.

Thus H®pprojpSqq @ HpSq, because ¥Sqg lim g H3pSq, so dim projpSq ©
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Apply the lemma for C. This means that for every 1 @i & d, the Hausdor dimen-
sion of projpCq is less then 1.

Suppose for contradiction that C has a connected component T € C which has at
least two distinct points. Let these two points be x;y P T. Since they are distinct,
there exists a coordinate 1 @i @ d such that ¥ y ;. We can assume without loss
of generality, thati 1 and x ; y 1. As dimy proj;pCq 1, it cannot contain the
interval rx1;y:S, so there is a ¢ P kxy;S such that c R prgjpCg.

But then T can be decomposed into two nonempty relatively open sets and T, if
T, p8cq R 91 XT T, pc;8g R 9! XT;

sincex P T,y P TLandas C Xtcu R9* 2 itfollowsthat T T YTy,
contradicting that T is connected. ]

Remark 2.3.4. This theorem also gives us a lower bound for ¢ Since for p j pe,
C contains a connected component which intersects the two opposite sides of #0; 1s
P ¥ 1{N 91,

Theorem 2. in [6] implies the following theorem, so for d 2 the middle phase of
the fractal percolation is really a dust phase.

Theorem 2.35. Letd 2, N ¥ 3. Forp p ., every connected component of C
consists of one point with probability 1.



Chapter 3
Site percolation

In this chapter, we present another type of percolation. In this case, the objects we
work with will be in nite graphs and the occurrence of percolation will depend on
the connected components of a random subgraph. Then we will show a connection
between this concept and path percolation of random fractals.

3.1 Some properties of site percolation

This chapter is mainly based on the book of Grimmett [10]. This book is mostly
about bond percolation, which is a modi ed version of site percolation, but its
theorems hold for site percolation with slight modi cations in the proofs.

Let us consider the following graph. Let d ¥ 1 be an integer and let%denote the
d-tuples of integers. For x;y P ¥, let

d

dpx;ya — Ixi vyl

il
be the distance of x and y. We de ne a graph on%Z Let Z9 be the vertex set of the
graph and two vertices are connected by an edge if and only if dpx;yg 1.1tis a
little bit confusing, but we will refer to both the vertex set and the whole graph as
AR

Now we construct a random graph as a subgraph offZLet us x a probability
Oupul Forall x P Z9 we keep x with probability p and delete it with probability
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1 p independently. The random graph G is the induced subgraph of Zon the
vertices kept.

As in the case of random fractals, we also give a more precise de nition.

De nition 3.1.1 (Random site percolation graph). Let d ¥ 1 be an integer, and
0o p ol Letus consider the probability space ptO; 1u; PptO; 1uqg; q, where ptOuq
1 pand ptlug p. Take the in nite product of copies of it indexed by the elements
of Z9, so the product measure space is

a
t0; 1°; pPptO; 1uqq; P

ipzd

~ ~

A A
where o,4pPpt0; 1ugq denotes the product -algebraand P 4 is the product
measure.

The elements of t0; 1¢ are in a bijection with the subsets of Zgiven by the function
f:t0;1u? N Ppzdq;fplq tx P Z 9ipxq 1u:

Consider the graph on Z where the vertices x and y are adjacent if and only if
dpx;yg 1. The bijection above gives us a unique induced subgraph bff@ every

| P t0; 1uZ". Let us call this random graph the random site percolation graph and
denote it with G.

Remark 3.1.2. As we examine the probability of di erent properties of G, we

would have to check whether these events are measurable in the measurable space
t0; 1uzd;A ipza PP PtO; Lugg We are not going in the details, but we point out that

this will always hold, as we can easily describe these properties using nitely many

quanti ers, the set N and the cylinder subsets of t0; fu

There are several interesting properties which can be observed on such a random
graph. First, let us consider the connected components of G.

De nition 3.1.3. For x P Z ¢, let Apxq € Z9 denote the set of vertices in the
connected component of x in G. We call Apxq the cluster of x. If we just write A,
then it means the cluster of the origin.

The percolation event here will mean that |A| 8, i.e. the cluster of the origin in
G is in nite. We can de ne a critical probability p . here as well.
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De nition 3.1.4. For d P N , the critical probability of site percolation is
P.pZq suptp P r0;1s|Pp|A] 8q Ou:
We give a lower bound on pand later we cite some results on upper bounds. It will
turn out that there is a phase transition similar as for fractals.
Before presenting the phase transition, we clarify some graph theoretic notions.

De nition 3.1.5. Let G pV;Eq be a graph. A walk of length n is a sequence of
vertices V;V,;:::;Vh,1 such that y and v; are connected by an edge, for all 1 ©

are distinct vertices.

The following concept will help us give a lower bound for.p

De nition 3.1.6 (Connective constant of Z 9). Let png denote the number of paths
of length n in Z, beginning at the origin. The connective constant of%Zs

. in.
pdg lim ppngd”:

Of course, we need to prove that this limit exists.

Proposition 3.1.7. The sequence p pnqq“n is convergent for all d ¥ 1.

Proof. It is enough to prove that the following limit exists and the inequality holds.
. {n
lim logp pnad” 8

To prove this, we will use the subadditive lemma of Fekete [9].

Lemma 3.1.8 (Fekete). Let pa,g,pn be a subadditive sequence of real numbers, i.e.
for all m;n P N , the inequality 8, @a, a n holds. Then

im & inf 2.
N8 n nPN N

Proof. It su ces to show that

inf & g lim inf Gl lim sup & g inf @:
nPN N n n nPN N
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The rst two inequalities always hold, so we prove the third one. By the subadditive
property, we can easily see that for any m; n;l; k P Nthe following inequality holds.

damk B Na; ma g

We can augment the sequence withpa O and the subadditivity still holds.

Fix some g P N. For every n P N, there exists a unigue mPNandOraroq 1
such that n mq r. Applying the inequality above gives

a,amag a:

Let C;, maxta g;as;:::;aq1 U. Now we can give an upper bound for,n.
@, Mag a, ma, a mag Cq 3 G
n n n n mq n q n

By taking the limit superior as n N 8, we get
Iim~sup% o %:
nN8 n q
Applying this for an arbitrary q P N , we obtain

Iim~sup@ a inf ul
nN8 n nPN N

as we claimed. ]

Since log pngt" 'ng%‘ to use the lemma, we need to see that the sequence
logp pnqq is subadditive. We can easily see that the sequence png satis es form;n P
N that pn mg =@ png pmaq, since every paths of length n m can be decomposed
into two paths of length n and m. This immediately implies subadditivity, since for
m;nP N

log pn mq = logp png pmqq log png log pmaq:
Applying Fekete's lemma gives us that the limit in question exists and it is not
8. O

The exact value of pdq is unknown, but we can easily give an upper bound on the
connective constant.

Proposition 3.1.9.
pdge2d 1.
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Proof. We give an upper bound on png. In the rst step of a path of length n, we
have 2d choices and in each new step we have to avoid the previous vertex, so we
have at most 2d 1 choices. This gives png @ 2dp2d 1§? , which implies

1{n

. {n . 1 .
pdg lim ppnag" & lim 2dp2d 1d’ 2d 1:

Now we give a lower bound on the critical probability.

Theorem 3.1.10. For d ¥ 2, p pZ'q ¥ .-

Proof. Fix p zd% The percolation event |A| 8 occurs if and only if there exists

a path of length n beginning at the origin in G for every n P N. Let gpnq denote
the number of such paths. This gives us

PplAl 8gmrPp gpng¥1q
for every n P N. By applying Markov's inequality, we get
Pp cpnq ¥ 1q = Ep gpnqq:

The probability of a path of length n, beginning at the origin being in G is p! ,
since this holds if and only if we keep every vertex in this path. Thus the expected
value above is

Ep spngqq p"' png:

So by applying the fact png @ 2dp2d 1d'! , which was presented in the proof of
Proposition 3.1.9, we got the upper bound

PplA| 8qap "' pngep"t 2dp2d 1d'* 2dp *ppp2d 1qqdy’ :
Since this holds for every n and p ﬁ
Pp|Al 8g O:
So we proved the statement of the theorem. H

Remark 3.1.11. We can generalize this result. If we consider this for such ran-
dom graph on any lattice, which have a connective constant of , then the critical
probability is at least 1{ .
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3.2 Stronger results in site percolation

We can notice the monotonicity of the critical probability.

Proposition 3.2.1. FordP N, p.pZq ¥ p:pZ? q.

Proof. Fixp p pZ*! q. Let A€ Z9% be the cluster of the origin as above. For this
p, Pp|A] 8g O. If we x the last coordinate x 4; O, then we got a sublattice,
which is exactly Z and the intersection of G with this sublattice is the random
graph on Z de ned above. Let Al be the cluster of the origin in this intersection.
We can see that Pp|A 8qg = Pp|A] 8q 0, so for this p and d, the percolation
probability is also 0. This implies that ppZq ¥ p.pZ'* q. O

Our next goal is ppZlq 1 for all d ¥ 2. By the above proposition, we can see that
it is enough to prove ppZq 1 for d 2. Furthermore, if we have an upper bound
on p:pZg, then this upper bound holds for every higher dimension as well.

In [12] we can see an upper bound onp¥q.

Theorem 3.2.2.
0:5095 @ ppZ2q @ 0:6819:

We will use later the fact that for larger d-s the critical probability is strictly smaller
than 1{2. We can nd the proof of the following theorem in [5].

Theorem 3.2.3.

1
pepZq 5
Corollary 3.2.4. For d ¥ 3,
1
pepZa 3

Proof. Proposition 3.2.1 and the previous theorem gives us the statement. [

We will use site percolation on di erent lattices to present connections with fractal
percolation.

De nition 3.2.5. Letd P N . We de ne the lattices L9 and M® with vertex set 2.

1. In LY, the vertices x;y P 2 are adjacent if and only if |x y i| @ 1 for every
loind, there existsan 1 eiodsuchthat x; y ; and x .
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2. In MY, the vertices x;y P 2 are adjacent if and only if | y j| @ 1 for every
lojodandx vy.

For L9 and M, let us de ne the random graphs G and Gy« as in De nition 3.1.1
and we de ne the critical probabilities poL9q and ppMiq as in De nition 3.1.4.

The result of Falconer and Grimmett in [8] describes a connection between the
critical probabilities of site percolation and fractal percolation.

Theorem 3.2.6. For all d ¥ 2

H . dnN-
NIINrQ PcpN;dg pcplia:

We omit the proof, which can be read in [8]. The method of the proof is similar to
the proof presented in Chapter 4.

We will use some properties of the site percolation on the lattice Mn Chapter 4.
The following theorems are proved in the book of Grimmett [10] for bond percolation
and they are restated in [14] for site percolation on the lattice M The proofs work
as Grimmett's with slight modi cations.

The following theorem is about the supercritical phase of site percolation, i.e. we
assume that the parameter p is greater than the critical probability. This is a corol-
lary of Theorem 6.125 in [10]. We omit the proof, since it goes beyond the scope of
this thesis.

Theorem 3.2.7. Let us consider the random graph G,« with parameter p j p.pM“q.
For N P N , let By pMiq denote the sublattice of Mof size N N and G N,

there exists a j O such that

oPBy pMiqq ¥

forall N PN .

The next one was also stated in [14] and proved in [10] as Theorem 3.4. It is about
the subcritical phase of site percolation.
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Theorem 3.2.8. Suppose that p p .pM?g. Let BBpNq denote the surface of the
box of side length 2N centered at the origin, i.e.

BBpNg txP Z%: maxt|x;]:1eiadu Nu:

Let t0 @ BBpNqu denote the event that there exists a path from the origin to some
point of BBpN(q in Gyd. Then there exists a ppq i 0 such that

Pp0 @ BBpNqq « & PPd

for all N.



Chapter 4
Sheet percolation

In this chapter, we present the dual notion of path percolation. In the case of path
percolation, we observed whether the random fractal contains a curve joining the
opposite sides of r0; ¥s The dual notion sheet percolation will mean that the
random fractal separates the opposite sides of r091& contains a sheet, which
cuts the hypercube into two (or more) path-connected componentsg will denote
the critical probability over which the occurrence of sheet percolation has a positive
probability. We will present the asymptotic behavior of g and conclude that g can
be separated from pfor large Ns. The results of this chapter were published by
Orzechowski in 1996 [14].

4.1 Lower bound on p

First, we de ne the notion of sheet percolation precisely. It is easier to work with
the complement of C, so we use that in the de nition.

De nition 4.1.1 (Sheet percolation). Let C € r0;1s 9 be a compact set. We say
that sheet percolation occurs in C, if the complementary set®Cr0; 1s 9zC does not
contain any continuous curve :r0;1s N C such that pOq PtOu r0;1s9! and
plg P tlu r0;1sd9?t

De nition 4.1.2 (Critical probability of sheet percolation). Consider the percola-
tion process C for N ¥ 2 and d ¥ 2. The critical probability of sheet percolation
IS

pspN;dq suptp|P psheet percolation occurs in Cq Ou:
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It turns out that the critical probability p spN;dq is in connection with the critical
probability of the lattice M ¢ de ned in De nition 3.2.5. In this section we prove the
following inequality.

Theorem 4.1.3. ForallN ¥2 and d ¥ 2

pspN;dg ¥ 1 p ,pMg:

To prove the theorem, we introduce the stronger notion full sheet percolation.

De nition 4.1.4 (Full sheet percolation). Let C € r0;1s 9 be a compact set. We
say that full sheet percolation occurs in C, if the closure of its complementary set
C  r0;1$zC does not contain any continuous curve : r0;1s N Csuch that
pOg P tOu r0;1s9! and plqP tlu r0;1s9?

Proposition 4.1.5. Consider the percolation process C for N ¥ 2 and d ¥ 2. Then
the following events are equal:

B
tsheet percolation occurs in Cu tsheet percolation occurs in Gu:
no

Proof. SinceC 2, C,,C® 2, C¢, so the containment € is obvious.

Suppose that sheet percolation holds for Cfor all n P N, but not for C. This means
that there exists a continuous curve : r0;1s N C such that pOg P tOu r0; 1s9?
and plgP tlu r0;1s9! . Sheet percolation holds for g, so there exists an x P
C, X pr0; 1sq for all n P N. Since xP pr0; 1sq for all n P N, which is a compact set,
there exists a convergent subsequence,pxpn iN PX,hen, Which has a limit point

x P prO; 1sq.

We prove that x P C, which contradicts the assumption pr0O;1sq € € Since C is
compact, it is enough to prove that dpx;Cq " for all " j 0. Letus x " j O.
SinceC %, C, ¢, Cn, and they are compact sets, C is the Hausdor limit
of the sequence pCaen. This gives us that there exists an m P N such that if
kim g, then dypC;G,q "{2, soforx, P G,, dpC;%.q "{2. On the other
hand, there exists an m P N such that if k j m ,, then dpx, ;xq "{2. Let us take
a k j maxpm 1; m,q. For this k, we can see that

dpC; xq =2 dpC; x,.q dpxn;xq "{2 "{2
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Corollary 4.1.6.

P psheet percolation occurs in Cq nNI%ismP psheet percolation occurs in ()

Proof. We can see that the event on the left hand side is the intersection of decreasing
events on the right hand side, which implies the required equality. m

This also holds if we pass to full sheet percolation on the right hand side, but before
proving this, we give a combinatorial meaning of sheet and full sheet percolation in
Cn-

aking's path if § X tOu r0;1s9! ?2,S X tlu r0;1s9* ?2,S XS;; ?
forallleiem l1andS ;,C ,foralllaoiam.

We call a nite sequence of distinct level-n subcubes;S::; S, a rook's path if it
is a king's path and the intersection SX Sj; is a pd 1qg-dimensional face for all
lojom 1.

Proposition 4.1.8. Sheet percolation in C , occurs if and only if there does not exist
any rook's path of level-n subcubes.

Full sheet percolation in G occurs if and only if there does not exist any king's path
of level-n subcubes.

Proof. The existence of a rook's path easily implies that there is no sheet percolation
in C,. Let us take a rook's path §;:::;Sy. Let xo P § X tOu r0;1s9' X C¢.
Such an » exists, since $X tOu r0;1s9? ?and S ;,C ,, so S is not kept

in the nth step. Similarly, let x,,; P Sy X tlu r0;1s9 XCC For1oiom,

respectively shows that there is no sheet percolation in,C

The existence of a king's path similarly implies that there is no full sheet percolation
in Cy.

Now we prove that if there is no sheet percolation in G then there exists a rook'’s
path of level-n subcubes. Let us assume that there is no sheet percolation ip, C
so there exists a continuous curve : r0;1s N €such that pOg P tOu r0;1s9?
and plgP tlu r0;1s9?
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We determine the order of the enumeration the following way: since the subcubes
are closed sets, there exists a minimal x P r0; 1s for each subcube such that pxq
is in the subcube. We order the subcubes by these minimal entry points. If two
subcubes has the same value, then we de ne their order by the lexicographical order
on their level-n indices de ned in De nition 1.1.1.

For each T, we de ne a sequence of level-n subcubes recursively. For i 1, let the
sequence consist of only one subcube,. For 2 a i o |, let us take the minimal
index Lajoi 1suchthat T ; XTjisapd 1g-dimensional face.

We claim that such a subcube exists among;T.::;Ti; . Let us take the minimal
x P r0; 1s such that pxq P T so pxqg P Bil Let k denote the minimal integer such
that pxq is in a k-dimensional face of il If k d 1, then there exists an " j O,
such that prx ";xsq € T ; forsome 1@ jai 1, so the dimension of T; XT; is
d 1.

Ifk d 1,thenall2 9K level-n subcubes intersecting the relative interior of that
face are not kept in the nth step, so they are all among.T:::;T,. By pxq being
the entry point of T ;, all the lexicographically smaller subcubes of the?® ones
mentioned before are among,T:::;Ti; , hence there should bealajai 1 such
that T; XT; is a pd 1g-dimensional face.

So take the minimal j and let the ith sequence be the jth sequence concatenated
with T;.

This way, the Ith sequence §:::;S, is arook's pathsince$ T 1,S, T, and
S XSj; isapd 1g-dimensional face forall 1 @iam 1.

We can similarly get that no full sheet percolation in G implies the existence of a
king's path. m

Using these combinatorial concepts, we can prove the following lemma.

Lemma 4.1.9.

P psheet percolation occurs in Cq nNIEismP pfull sheet percolation occurs in (&):

Proof. It is clear from the de nition that full sheet percolation in C,, implies sheet
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percolation in G,, so

B B
tfull sheet percolation in G,u€  tsheet percolation in Gu
no0 no

tsheet percolation in Cu
by Proposition 4.1.5. Hence it su ces to prove that

B
P tsheet percolation in Cuz tfull sheet percolation in Giu  0;
no

which is equivalent with the following condition being satis ed for all n P N:
P ptsheet percolation in Cuztfull sheet percolation in (iq 0:

By Proposition 4.1.5, we can replace the rst event this way:

B
P tsheet percolation in G,uztfull sheet percolation in Gu  0: (4.1.1)

m 0

Since this is the intersection of decreasing events, the left hand side is
n!HQ P ptsheet percolation in G uztfull sheet percolation in Guq: (4.1.2)
By Proposition 4.1.8, the event
tsheet percolation in G,uztfull sheet percolation in Gu

is equal to the event that there exists a king's path of level-n subcubes, but there is
no rook's path of level-m subcubes.

Let us call a nite sequence $;:::;S of level-n subcubes a potential king's/rook'’s
path if it satis es the conditions of De nition 4.1.7 except possibly $, C ,. Let

K be the set of potential king's paths of level-n subcubes, which are not potential
rook's paths.

Since the sets p@tpn are decreasing, the occurrence of sheet percolation i, C
implies the occurrence of sheet percolation in,Cfor m ¥ n. By that, we can give
the following upper bound on the probability in question if m ¥ n:

P pD level-n king's path, E level-m rook's pathq @

o’ Ppk is a king's path, E level-m rook's pathg: (4.1.3)
kPK
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Let us take an arbitrary k P K. This k is a sequence of neighboring level-n subcubes
Si;::::S, such that there exists 1 @ ja | 1 for which' S ; XS;; is an at most
pd 2g-dimensional face. Let | be the set of such is and let us pick an arbitrary
vertex x; of this face for every i P I.

Proposition 4.1.10. If Kk pS ;:::;Sq is a king's path of level-n subcubes, m ¥ n
and for all i P I, all level-m subcubes containing;xare not kept, then there exists a
rook's path of level-m.

Proof. Since every level-m subcube contained in any; $ not in C,,, we can nd

a sequence of not kept level-m subcubes between any two subcubes; daisfying

the condition that any two consecutive subcubes intersects each other in a pd 10-
dimensional face for all 1 @ j & |. By that, it enough to prove that for every
loinl| 1, there exists a sequence of not kept level-m subcubes satisfying that
any two consecutive subcubes intersects each other in a pd 1qg-dimensional face,
the rst element of the sequence is contained in;&nd the last element is contained
inS;1 .

If i R I, then the intersection of § and S; is a pd 1g-dimensional face, so this
obviously holds.

IfiP1,then x; P § XSj; and all level-m subcubes containing jxare not kept, so

we can easily nd such a sequence. O

The proposition implies that if k is a king's path and there is no rook's path of
level-m cubes, then there exists at least one i P I, such that at least one of the
level-m subcubes containing xis kept.

By using this, we can give an upper bound on the probability
P pk is a king's path, E level-m rook's pathq
if m¥n.

There are N many subcubes of level-n, so |I| N" and there are at most 2
many subcubes of level-m containing;x We can estimate the probability of k being
a king's path from above by 1. This gives us

Ppk is a king's path, E level-m rook's pathqg 1 N9 2¢ p™ p2N "fp™ (4.1.4)

for m ¥ n.
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Since every k P K is a nite sequence of distinct subcubes chosen from the set of
level-n subcubes, which has a cardinality of N, we can see that |[K| 8.

Now we can prove (4.1.1) by summarizing (4.1.2), (4.1.3) and (4.1.4).

B
P tsheet percolation in G,uztfull sheet percolation in Gu

m 0
Ijms P ptsheet percolation in G uztfull sheet percolation in Guqg

qurHs P pD level-n king's path, E level-m rook's pathq @

o lim | Ppk is a king's path, E level-m rook's pathqg =
kPK

H n m n H m
o lim [K|p2N"d'p™ |K|p2N "df lim p" 0

if p 1.If p 1 then the lemma obviously holds. m
Now we are ready to prove the theorem of the section.

Proof of Theorem 4.1.3. Fixp 1 p pM‘q. We prove that the probability of sheet
percolation in C is 0. Let K, denote the event that full sheet percolation occurs in
C,. By Proposition 4.1.8, we know that this is equal to the event that there is no
king's path of level-n subcubes.

By De nition 1.1.1, we can think of the fractal percolation process a little bit di er-
ently. In the kth step of the process, let us consider all level-k subcubes (not just the
successors of the remaining ones from the previous step), keep them with probability
p and remove with probability 1 p. Let C } be the union of the ones which are kept.
The sets G are independent. The event E implies that for all 1 & k @ n full sheet
percolation occurs in ¢, thus

1n
PpE.ge  Ppfull sheet percolation in ¢q:

k1l
Let us consider the site percolation process with probability parameter 1 p on M
We can naturally identify the level-k subcubes of the complement set e with the
sublattice By« pM?g. In this setting, the event that there exists a king's path for ¢
(we can de ne this analogously as for Cin De nition 4.1.7) is the same that there
exists a path linking the left and right side of By«pMq.
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Since 1 pip pMig, by Theorem 3.2.7, the probability 1 , pByxpM?qq of this can
be uniformly bounded by a constant j 0 from below. This gives us the following
upper bound for P pEq.

1n 1n

PpE.qa  Ppfull sheet percolation in ¢q P pE king's path in p&fq

k1 k1

1n

1  1p PBu«pMiggepl g ™

k1l
Lemma 4.1.9 gives us

P psheet percolation in Cq n,{lign PpE,q @ r!hry pl g" O:

Thus pspN;dg ¥ 1 p .pMig. O

4.2 Asymptotic behavior of p ¢

Remark 4.2.1. After writing up most of the proof of Theorem 4.2.2, | noticed

a possible gap in the proof. Since it does not seem to be easily repairable, but the
proof contains several good and instructive ideas, we present the correct steps of the
proof, marking the potential mistake. We also demonstrate the possible corollaries of

Theorem 4.2.2.

We note that the geometric part of the proof (Lemma 4.2.11) works well and the
probabilistic part (the equation (4.2.5)) can still be true, but the proof in [14] seems
to contain an error.

The estimation gpN;dq 1 is a weaker inequality than the statement of Theorem
4.2.2. We can obtain this by using the same method as in Theorem 2.1.8.

In this section, we show that the probability of sheet percolation tends to 1 as
NNS8ifpijl p pMqg. Then we draw the consequence of this for the asymptotic
behavior of the critical probability of the sheet percolation and we show it can be
separated from the critical probability of path percolation for large Ns.

Theorem 4.22. letd PN ,pil p pMlq and denote the random fractal for
N ¥ 2 with C™s. Then

Jim P sheet percolation in s o1
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Before proving the theorem, we need to de ne several notions, that will be necessary
for the proof.

Remark 4.2.3. From this point to the end of the proof of the theorem, we will
assume that N is divisible by 5, although it will be clear that the method works for
any N ¥ 5 with slight modi cations if N is not divisible by 5.

De nition 4.2.4 (Subcube of index i). Leti P J , be a level-n index. The subcube

of this index is

19" pig L opig 1
CrPid N, ONTONR

i1 11 1

De nition 4.2.5 (Level-n block). Let i P J , be a level-n index and k

id ’n plq kj .’n plq kj 1
N'! 5N”’|1 N'! 5Nn

Bri; ks
i1 11

We can see that a level-n subcube is the union of it§ Blocks and a level-n block
is the union of pN{5§ level-pn 1q subcubes.

De nition 4.2.6 (Annulus around a level-n block). Let i P J , be a level-n index

be

i9 " pig k1. pig K

i1 N! SN" ’|1 N! SN"
We can see that the boundary of Ari;ks has two connected components. We will
denote the inner one (which is actually the boundary of Bri;ks) a®'®\vi; ks and

the other (the outer one) as BYAri; ks.

Ari; ks ZintBri; ks:

If Bri; ks € p0; 1¢¢, then the annulus Ari; ks is the union of the 8 1 level-n blocks
touching the block Bri; ks. Otherwise we can add some blocks around r0? fihich we
have not de ned and we can consider the union of the blocks in the same geometric
placement.

De nition 4.2.7 (Full sheet separation). Let D; E; S €r0;1s 9 such that DXE 2.
We say that S contains a full sheet separating D and E if there is no continuous
path :r0;1s N r0; 1§zS such that p0Og P D and plqPE.

In this section, we will use the distance function induced by the maximum norm on
RY between points and sets as well.
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De nition 4.2.8 (Distance function used in the proof). For x;y P R ¢, let dpx;yq
max®; |x; y i| be the distance of the two points. For subsets X;Y € 9Rlet
dpX;Y q inftdpx;yq: x P X;y P Y u with the convention that infp?q 8.

Remark 4.2.9. If X and Y are nonempty closed sets, and at least one of them is
compact, then the in mum in the de nition can be replaced by a minimum.

The following de nition will contain the most important objects of the proof. Recall
from De nition 1.1.1 the sample space t0; 2l For the notion of availability, we
will not only use the realization of the G s, but the corresponding elements in this
sample space.

De nition 4.2.10 (Good and available subcubes, isolated blocks). Let us x n ¥ 1.
For m & n, we de ne the goodness and availability of level-m subcubes inductively
in a decreasing order on the levels.

If m n, then we declare all level-m subcubes to be good and declare the subcube
Cmpiqg to be available if the value of the corresponding point at the probability space
has a coordinate 1 at index i.

Now let m n and suppose that we have determined the availability of all subcubes
of levels at least m 1. We say that a level-m block Bri; ks is isolated if the set

o]

S Cni AU :TP Jn:1 ;Ch1 gy is available(

contains a full sheet separatingB’9Ari; ks Xr0; 1" and B %ri; ks X r0; 1<

Let iP14iP2¢:::;{PN"d he some xed ordering of the level-m indices. We determine
the goodness of the level-m subcubes in this order. For each 1 o j &N, let Gpjq
be the union of the subcubes that have been examined and found to be not good, so

a
Gpjq Cn iP@ :C, i" is not goocg:
I

We declare the cube & P9 to be good if for every k P t0; 1; 2; 3; 4usuch that
d BriP9 ks: Gpjq ¥ _2 .
Y 5Nm’

the block BrPi%; ks is isolated. We declare ¢ P9 to be available if it is both good
and the value of the corresponding point at the probability space has a coordinate 1
at index M4,
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Lemma 4.2.11. If C ¢p?q is good for n, then sheet percolation occurs in,C

Proof. We will construct a set S, € C, by induction which contains a full sheet
separating tOu r0;1s%! and tlu r0;1s9? .

Proposition 4.2.12. Form n, letF , €J, be a set of level-m indices such that
Cmpiq is available and kept for every i PFand the set

o]

Sm Cmpiq

iPFm
contains a full sheet separating tOu r0; 1$* and tlu r0;1s%! . Then there exists

Fni €Jm1 such that G,, piq is available and kept for every i P,k and

o]

Sm 1 Cm 1 plq

iPFm1

contains a full sheet separating tOu r0;1$' and tlu r0;1s9% .

Proof. We de ne the coreS;, of S, by
a o . 2
Snm Cn1 Pig:iP 31 ; dpGh: plq;r0;1°§zan¥5Nm

Proposition 4.2.13. S, contains a full sheet separating tOu r0; 1$* and tlu
ro; 181 .

Proof. First, we can notice that the distance of any two sets, which are unions of
subcubes of side length |, is a multiple of I. Let L be the union of the connected
components of r0; 1%2S,, intersecting tOu r0;1s9% X r0;1$zS, and R be the
union of the connected components of r0;%zS,, intersecting tlu r0;1s9! X

r0;18zS,, . (IfL ?orR 2, then S obviously separates, so we can assume the
opposite.) We can see that dpL; Rq ¥ 1{N' since their closures consist of subcubes
of side length 1{N".

Suppose thatS,, does not contain a full sheet separating tOu r0; 15" and tlu

r0; 181 . Similarly as in Proposition 4.1.8, this is equivalent with the existence of
a king's path consisting of subcubes of side length 1{N' not contained in S,,.
Let this king's path be Q;; Qy;:::;Qx, where Q X tOu r0;1s9? ?2and Q ¢ X
tlu r0;1s9! 2. Since the diameter of these subcubes Q is 1{N™! with
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respect to the distance function de ned in De nition 4.2.8, the triangle inequality
gives us that forany 1 ajak

_ 1
dpL;Qq diamQ; dpQj;Rq¥ 0

and since diam@ 1{N ™! o 1{5N ™, this implies that

4
dpL:Qa dpQjiRa¥

For 1 o j o k 1, Q ; and Q3 intersect each other, so the values

|dpL; Qg dpL;Q;: g| and |dpR; Qg dpR;Q;j: g| can only be 0 or 1{N"* .

By dpL; @ 0 and dpR;Qxqg O, this implies that there is a 1 @ j & k such
that dpL; Q;q ¥ 2{p5N™q and dpR; Qq ¥ 2{pSN™q. But then this Q; € S, which
contradicts that it is in a king's path. m

Let
Fn:i ti:iPJ m1; Cni pig€Sy; Chny piqis availableu

and o

Sm]_ Cml pk¥

iPFm1
We prove that F,,; is a suitable set of indices. It is obvious by the de nition that
Cmn1 piq is available and sinceSconsist of kept level-m subcubes, £ piq is kept
in the pm 1qth step for every i P F,,; . We need to show that & ; contains a full
sheet separating tOu r0;18* and tlu r0;1s9! .

Suppose the opposite, so there exists a king's pathy@,;:::; Qx of subcubes of
level-pom 1qg which are not contained in &1 . SinceS,, contains a full sheet sepa-
rating tOu r0;1s 9! and tlu r0;1s%? | there exists a 1 o j & k such that Q; € Sy.

Then there is an i P J, and k P t0; 1; 2: 3; 46 such that Q € Bri; ks. Since Bri; ks
is a cube of side length 1{p5Nq,

1 . . 2 .
dpBri; ks; r0; 1szgq ¥ ENT (4.2.1)

Since Q € S, € S, the level-m subcube G pig containing Q is available, hence
good, which implies by De nition 4.2.10 that the block Bri; ks is isolated. The fact
(4.2.1) implies that Ari; ks € Sy,. Then there is a subsequence of consecutive sub-



Asymptotic behavior of p s 47

and Q; is not available for s @ r & t, by the de nition of F ,; . But this contradicts
that Bri; ks is isolated.

Hence we conclude that $; contains a full sheet separating tOu r0; 18 and
tlu r0;1s9?t . O

Now we complete the proof of Lemma 4.2.11.

Let Fo t?u,s0 S o r0;1s¢. Since we always keep the cubey@?q, if it is good,
then it is available. S obviously separates tOu r0; 18! and tlu r0;1s9?! .

Applying Proposition 4.2.12 repeatedly for m 0;1;:::;n 1, we get the sets
Fi;Fo;:::;Fy. Forevery i P K, and every 0 @ m @ n, Cnplq € Sy, so Gpiqg is kept

in the nth step of the percolation process. So
o]

Sh Cnpiq € G,

iPFn
contains a full sheet separating tOu r0; 18' and tlu r0; 1s9* , which implies that
sheet percolation occurs in ¢ O

The method of the proof of Theorem 4.2.2 will be the following. We estimate the
probability of a block not being isolated in a modi ed probability space, where
the indicators of the subcubes will depend on the availability by using Theorem
3.2.8. Then we show that the probability of the required events (such as a subcube
being good) in the original probability space can be estimated from below by the
probabilities in the modi ed space. Hence the bound for the probability of the level-
0 blocks not being isolated will give us a lower bound on the probability of?q
being good for a xed n.

De nition 4.2.14 (Nice Ordered Random Variables). Let us call a set of random
variables tX; : i P Ju a NORYV, if each X;s taking values in t0; 1u, J is nonempty,
nite and it has a complete ordering .

De nition 4.2.15 (Initial segment of a NORV). Let tX ; :i P Ju be a NORV on
the probability space p ; F;Pq. The initial segment of tX: i P Ju of length I is the
set tX; : i P J|u, where J| is the set of the rst| elements of J with respect to the
ordering .

De nition 4.2.16 ( -algebra generated by an initial segment of a NORV). Let
tXi ;1P Ju be a NORV on the pro?ablllty space p;F;Pq. Let Fpig € F denote
the -algebra generated by X :
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De nition 4.2.17 (Increasing event). LettX ; :i P Jube a NORV on the probability
space p ;F;Pq. Let us consider the product space
i
t0; 1u:
iPJ
There is a natural partial order on given by x & x , holds for x;x, P if and
only if x,piq & x,piq for all i P J. We say that the event E P Pp g is increasing on

tXi:iPJuifx; PE and x & x, imply x, P E.

De nition 4.2.18. Let tX ;:i1 P Ju be a NORV on the probability space p;F;Pq
and P r0; 1s be a parameter. Let Pbe the product probability measure on the product
measurable space p ; Pp qq such that xpiq 1 with probability for all i P J where

5y 10; 1u.

iPJ !

Remark 4.2.19. Since the X ;s are random variables taking values in t0; 1u, every
event E P Pp g can be considered as an event in F.

Lemma 4.2.20. Let tX ; : i P Ju be a NORV on the probability space p;F;Pq.
Suppose that there exists a P r0; 1s such that

PpX 1|Fpi qq¥
for all i P J. Then for every increasing event E, we have
PpEq ¥ P pEqQ:
Proof. We use induction on the size of J. For [J| 1 the assumption gives us
PpX; 1qg¥ , which immediately implies PpEq ¥ P pEq for any increasing event.

Assume that |J| | and we have proved the statement for | 1. Let i denote the
last index in J with respect to its ordering and J denote the initial segment of
tX i : 1P Juoflength| 1. The induction hypothesis gives us that for any increasing
eventE PFp@ qonJ we have

PpE q¥P pE q:
By the hypothesis of the lemma, we have
PptX. 1luXHqg¥ PpHq (4.2.2)

for every event H P Fjp Q.
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Let E be an arbitrary increasing eventontX :iPJuandletE; EXtX . Ouand

E, EXtX ; 1lu.ThenthereexistE, ;E, PF@ gqsuchthatf E ; XtX, Ou
and E; E , XtX; 1u, so E can be written as a disjoint union

E E, XtX. Ou Y E, XtX, 1u

Since E is increasing on tX: i P Ju, both E; and E, are also increasing on J,
moreover E € E , . This gives us that E can be written as a disjoint union

E E ;Y pE zE, gXtX; 1u

Hence
PpEq PpE,q P pE zE, gXtX; 1u : (4.2.3)

Applying (4.2.2) for the second summand gives
PpEq P pEzE, gXtX; 1lu ¥PpE;q P PpEzE q:

Since g €E,,

PpE g P pEzE;q pl gPpE ,q PpE,q: (4.2.4)
Now we apply the induction hypothesis on E and E, , getting

pl agPpE,q PpE,q¥pl gP pE g P pEQq:
By applying (4.2.4) backwards, we get

pl gP pgq P pEq P pEqg P pEzE; q:

PpX: 1q and the variables tX ; :i P Ju are independent with respect to P,
which implies

PpE, g P pEzE,q P pE q P pE,zE, gXtX: 1lu
and then we apply (4.2.3) backwards
PpE g P pEzE, gXtX: 1lu P pEq

completing the proof. ]

Proof of Theorem 4.2.2. Fixp il p pMq. It is enough to prove that for any " j O
there exists an Np"q such that for any N j Np"q the inequality

P sheet percolation in ¢\ ¥ 1 "
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holds.

By Corollary 4.1.6 it su ces to prove that for any " j O there exists an Np"q such
that for any N j Np"q and every n P N

P sheet percolation in ¢ ¥ 1 ™

Lemma 4.2.11 implies that it is enough to show that for any " j O there exists an
Np"q such that for any N j Np"q and every n P N

P C{'°p?qis good ¥1 ™ (4.2.5)

Fix " i 0. We will compute Np"q later in 4.2.7. Now x N j Np"gand n P N

We can assume without loss of generality that " is small enough that p1 "qp i
1 p .pMig. Let pl "gp. We estimate the probability of a level-m block Bri; ks
being isolated. Fix m n and declare that each level-pm 1q subcube is available
with probability , independent of all other level-pm 1q subcubes. Let P denote
the corresponding product measure on ;  t0; 1u.

The grid of subcubes of level-pm 1q can be identi ed with a sublattice of Mof side
length N™? naturally. Let us consider the site percolation process on this sublattice
with parameter 1 ,letP ; denote the corresponding probability measure, so the
kept vertices in the sublattice correspond to the non-available subcubes.

We can see that if the level-m block Bri; ks is not isolated, then there exists a king's
paths from a subcube intersecting Ari; ks to a subcube intersecting B%Ari; ks.
That means there exists at least one subcube intersecting“Bri; ks for which we
can take a box of side length I, where N{5 1 o | @ 2N{5 1 centered at this
subcube, so there exists a path from the subcube to the surface of the box.

Recall the event t0 @ BBplqu from Theorem 3.2.8. Let Bpl;/G piqq the box of
side length 2| centered at the subcube (; pig and de ne the event tG,; piq 9
BBpl; G,1 piqqu analogously as in Theorem 3.2.8.

With this we can estimate the probability of Bri; ks not being isolated the following
way:
P pBri; ks is not isolatedq =
2N,{5 1

o ’ P. pGn1 pig @ BBpl; G2 piqqq o
iPIm1 IN{51
Cm1 pigXBP9Ariks ?
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N
5

N
2 =
5

N
2 -
5

3 P; p0@BBpN{5 1qq

N di
5 3 P, p0@BBpN{5 1qq:

1 p pMq, so we can apply Theorem 3.2.8 and get for all N

dil

di
N N 5 ePN{53apL g
5 5

3 P, p0@BBpN{5 1qq=
for some pl qiO.

The probability of a level-m subcube (*piq not being good can be bounded in P
from above:

P CN°piq is not good o P pDk P t0; 1;2; 3; 4u: Bri; ks is not isolatedq @

. o . N a1
o P pBri; ks is not isolatedq & % = 3 ePNB3apl g (4.2.6)
kPt0;1;2;3;4ud
Since
“m 5d — 3 epN{53q pl g 0:
NN8 5 '
there exists an Np"q such that for N j Np"q
N di
5 T 3 ePN{53apl d " (4.2.7)

It would be enough to prove that P CJ'°p?qis good ¥ P C{'°p?qis good,

since P CJ'°p?qis good ¥1 "for N j Np"q.

Let J " o Jm and de ne the following ordering on it. If i P J,, and TP J; with
mjl, theni 1. Inside Jn,, let us take the ordering in which we have determined the
goodness of the cubes in De nition 4.2.10. For i Py] let 1,piq denote the indicator
variable of G,piq being available. We can see that ipiq: i P Ju is a NORV.

From now on, let P denote the corresponding product measure on ; t0; 1u. It is
compatible with the previously used P, so the estimations we have proved for that
will remain true.
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! )
It is obvious that the event C{,Nsp?q is good is increasing on tpiq :i P Ju, so if

PpLpig 1|Fpi qq¥ ;

for all i P J, then we can apply Lemma 4.2.20 and conclude the statement of the
theorem.

Proposition 4.2.21. If N j Np"q, then
PpLpig 1|Fpi qq¥
for every i P J.

Remark 4.2.22. This statement can be found in [14] as Lemma 6.

The statement of this proposition seems to contain an error. Let i P,J : Let us
consider the event H P Fpig where the values of the indicator variableggdl O
for all T i. This implies that C ,; piq is not good, henceypiqg 0. Then

PpLpig 1|Hq O;
contradicting the statement of the Proposition 4.2.21.

The author of [14] attempted to correct this by omitting conditioning on a -algebra
in the statement in his PhD thesis [13] (Lemma 3.13.). This did not help, since leav-
ing the condition on Fpi g out means that we cannot apply Lemma 4.2.20, because
its hypothesis is not ful lled.

Another problem is that the proof of Proposition 4.2.21 uses the fact that the goodness
of a subcube is an increasing event for any i P J in both [14] and [13], but actually
this does not hold generally, only for §p?q.

We continue the proof showing that if this proposition were true, then Theorem 4.2.2
would hold.

$o by Propostitis;n 4.2.21, we can apply Lemma 4.2.20 for the increasing event
INs

Co, "p?qis good, getting
P CJ'°p?qis good ¥P C{'°p?qis good :
Since (4.2.6) and (4.2.7), for N j Np"q
P Ci°p?qisgood 1 P  C{*°p?qisnotgood j1 "

hence we have proved the theorem. O
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Finally, we present some possible corollaries of Theorem 4.2.2.

Theorem 4.2.23. For all d ¥ 2

H . d .
N"NT pspN;dg 1 p pMq:

Proof. Theorem 4.1.3 implies that
; . d
N“ny pspN;dg ¥ 1 p .pM-q
and Theorem 4.2.2 shows that
Jim pspN;dg =2 p
forallpjl p pMigimplying the theorem. O

Remark 4.2.24. The following corollary does not require Theorem 4.2.23, only
Theorem 4.1.3, hence it is una ected by the gap in the proof.

Corollary 4.2.25. For all d ¥ 3 there exists an Npdq such that for N j Npdq

PcpN;dg  pspN;da:

Proof. Recall the de nitions of the lattices LY and MY from De nition 3.2.5.

Since we can get the lattice . by adding extra edges to the lattice  and we get
the lattice MY by adding extra edges to the lattice E, we can see that

PepM'q = ppLliq & pepZa:
Corollary 3.2.4 gives us the bound
PpZq 5
for d ¥ 3. Thus
pplq 1{2 1 p pMg
for d ¥ 3. By Theorem 3.2.6 and Theorem 4.1.3, we get the limits
; . d
Jim pepN;dg pepliq
and
psPN;dg ¥ 1 p ;pMg;

so we can see that there exists an Npdqg such that for N j Npdq,

PcpN;dg  pspN;da:
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So we got that the critical probabilities can be separated for large values of N.

We have another interesting corollary of Theorem 3.2.6 and Theorem 4.2.23 on the
eld of site percolation.

Remark 4.2.26. It can be proven that the concepts of path and sheet percolation
are the same when d 2 if we switch the axes of the coordinate system, so we get

1 ppMq lim ppN;2q lim pepN;2q peplia:

Since L2 Z ? by de nition, the result on the limit of the critical probability of sheet
percolation gave us
pePMg popZq 1

for the critical probabilities of site percolation on the lattices ¥ and Z2.



Chapter 5
Further results and guestions

In this chapter, we present some further results and ask some questions about fractal
percolation.

5.1 Lipschitz curves in the random fractal

In Theorem 2.1.8 we have proved that for p j ppN;dq there exists a continuous
curve joining the two opposite sides of r0; 1swith positive probability.

De nition 5.1.1 (Lipschitz curve). The curve :r0;1s NR ¢ is Lipschitz if there
exists an L ¥ 0 such that for all x;y P r0O; 1s

| pxq pyqg|=aL|x y|
holds.

The Lipschitz property is a stronger concept than continuity, so the next question
arising is whether there is a Lipschitz curve in C joining the opposite sides of r0%1s
By considering the construction of the continuous curve, we can see that the curve
twists a lot, so we can conjecture that these curves are usually not Lipschitz.

The result of the article [3] shows that even more is true.

De nition 5.1.2 (-Hélder curve). Let 0 & 1. The curve :r0;1s N R dis
-Holder if there exists an H ¥ 0 such that for all x;y P r0O; 1s

| pxq pyq| @ H|x ]|
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holds.

De nition 5.1.3 (Purely -unrecti ability). A set A€ R dis purely -unrecti able
if HY pA X pr0;1sqq O for all -Holder curves :r0;1s N RY,

Theorem 5.1.4. ForallOap 1,d¥ 1, N ¥ 2 there exists 0 opp;d;Ng 1
such that forall ¢ =1

PpC is purely -unrecti ableq 1:

We can see that the 1-Hdolder property is exactly the Lipschitz property, so this
theorem implies that if p 1, then C cannot contain the image of any nontrivial
Lipschitz-curve.

5.2 Topological dimension of the random fractal

The topological dimension is a di erent concept from Hausdor dimension. Its spe-
cialty is that it always has an integer value. The book [11] deeply describes the
topic, we just cite some de nitions and theorems here. The proofs of Theorem 5.2.2,
Theorem 5.2.4 and Theorem 5.2.5 can be found in the book.

The de nition of topological dimension is inductive.

De nition 5.2.1 (Topological dimension). Let X be a topological space. Set
dimy ? 1. If X is nonempty, then the topological dimension of X is

dim; X inftd|X has a basis U such that @U P U : digpBUq&ad 1u:

Theorem 5.2.2. A compact topological space has topological dimension of O if and
only if it is totally disconnected.

Corollary 5.2.3. If path percolation occurs in C, then it has a topological dimension
of at least 1.

Proof. Since path percolation implies a connected component containing more than
one point, it gives us that C cannot be 0 dimensional. ]

Theorem 5.2.4. Let pA ,gpn  be a sequence of closed subsets 6f Rhen

@
dim; An sup dim;pAqQ:

nPN nPN
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Theorem 5.2.5. Let D RY. If R9%D is not connected, then dim;D ¥d 1.
Corollary 5.2.6. If sheet percolation occurs in C, then it has topological dimension

at leastd 1.

Sketch of proof. Since r0,1s9zC is relatively open in r0, 1s%, the connected com-
ponents of r0,1s%zC coincide with the path-connected components of r0, 1s9zC,
so the occurrence of sheet percolation in C implies that for any points X P
tou r0,1s% 1 zC and y P tlu 0, 19 * zC, x and y are in distinct connected
components of r0, 1s9zC.

Reflecting the set C across the hyperplanes of its faces excluding tOu r0, 1s® * and
tlu r0,1s% 1, then repeating this for the images over and over infinitely many times,
we get a set D r0,1s RY ! for which RYzD is not connected. Then Theorem
5.2.4 and Theorem 5.2.5 immediately imply the corollary. O

So above pc, the topological dimension of C is at least 1 with positive probability and
above ps, the topological dimension of C is at least d 1 with positive probability.

We can ask that where these “topological dimension jumps” appear in r0, 1s.

Definition 5.2.7. For N ¥ 2 and e—d P N integers, let p;pN, e, dq denote
p:pN,e,dqg  suptp: Ppdim¢C ¥ eq Ou.
Question 5.2.8. Fix N ¥2and dP N . Is it true that

0 ppN,0,dg  pepN,1,dg ... ppN,d,dg 17

We can present some partial results on this question.

PPN, 0, dg is the critical probability of C not being empty. We know the exact value
of pepN, 0, dg by Corollary 1.2.3, which is 1{NY.

The monotonicity pgpN, 0, d3=PpN, 1, dg—"- —ppN, d, dq is obvious.
We have just shown that pipN, 1, dg—ppN, dq and p;pN,d 1, dg—"pspN, dg.

Theorem 5.3.2 below gives us that dim¢{ C—dimy C implying p;pN, e, dg ¥ 1{N¢ ©
by Theorem 1.3.7.
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5.3 Topological Hausdorff dimension of the ran-

dom fractal

The authors in [1] introduce a new notion of dimension.

Definition 5.3.1. Set dimyy ? 1. The topological Hausdor [_dimension of a
nonempty metric space X is defined as

dimgy X infts|X has a basis U such that @QU P U : dimypBUg—S 1u.

This seems like a mix of the Hausdorff and the topological dimension and we have

the following inequality on these dimensions as written in Theorem 3.4 in [1].

Theorem 5.3.2. For every metric space X

dim¢ X—"dim¢y X—"dimy X.

However, Theorem 3.23. in [1] shows that these notions are “independent” in the
sense that the topological Hausdorff dimension is not a function of the topological

and the Hausdorff dimension.

The authors state the following about the topological Hausdorff dimension of Man-

delbrot’s random fractal in dimension 2.

Theorem 5.3.3. For every s P r0, 2q there exists a critical probability pfst  pPsNep
p0, 1q such that if p  p29, then dimyy C—"s almost surely and if p j p¥9, then
dimyy C § s almost surely.

The proof shows that there is a big family of curves similar as we constructed in
Lemma 2.1.4 “pushing up” the topological Hausdorff dimension of C.

Question 5.3.4. Is there a similar phenomenon for the topological Hausdor [_di-
mension for d ¥ 3?
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