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Introduction

Mandelbrot’s fractal percolation is an intuitive concept that is, in a sense, a little bit
difficult to handle precisely. The random set defined by cubes kept or removed by the
results of independent coin flips raises several questions. We can ask about different
dimension-theoretical and topological properties of the fractal in the probability
space induced by the coin flips. This thesis discusses these questions.

In the first chapter, we give a precise definition of fractal percolation and describe
its basic, easily accessible properties.

The second chapter introduces the phase transition phenomenon, mainly in dimen-
sion 2. We will see that these phases can be separated from each other and the
fractal shows very different behaviors in different phases.

The third chapter provides an outlook on the mostly combinatorial concept of site
percolation which has deep connections with the notion of fractal percolation by the
works of Falconer, Grimmett, Orzechowski et al.

In the fourth chapter we present one of these connections on a topological property
of Mandelbrot’s random fractal.

Finally, the fifth chapter asks and answers further questions about fractal percola-
tion, mainly citing further results of the topic.

While working on the thesis, I was impressed by how the different methods combine
analytic, topological, combinatorial, geometric, and stochastic techniques.
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Preliminaries

We briefly introduce the concept of Hausdorff dimension and the Hausdorff metric
on the nonempty compact subsets of a topological space.

A more extensive description of the notion of Hausdorff measure can be found e.g.
in [7].

Definition 0.0.1 (Hausdorff measure). Let pX, dq be a metric space, s P r0,8q and
δ P p0,8s. The Hausdorff premeasure with parameters s, δ of a set A � X is

Hs
δpAq � inf

#

8
‚

i�1
|Ai|

s

�

�

�

�

�

A �
8
⁄

i�1
Ai, |Ai|   δ

+

where |Ai| denotes the diameter of the set Ai.

The s-dimensional Hausdorff measure of A is

Hs
pAq � lim

δÑ0
Hs
δpAq.

Fact 0.0.2. For any A � X and s P rs,8q, the function Hs
δpAq is monotonically

decreasing in δ, so this limit always exists.

Definition 0.0.3 (Hausdorff dimension). Let pX, dq be a metric space. The Haus-
dorff dimension of the set A � X is

dimHpAq � infts : Hs
pAq � 0u.

Fact 0.0.4. For any A P X if s   dimHpAq, then HspAq � 8 and if s ¡ dimHpAq,
then HspAq � 0.

Now we define the Hausdorff metric of sets in metric spaces. The topic is described
in more detail in [4].

Definition 0.0.5 (Hausdorff metric). Let pX, dq be a metric space and A,B � X.
The Hausdorff metric of the sets A,B is dHpA,Bq � inftr|A � Br^B � Aru where
Ar denotes the r-neighborhood of the set A, i.e.

Ar � tx P X|Dy P A : dpx, yq ⁄ ru.

Fact 0.0.6. If A,B � X are nonempty compact sets, then the infimum can be
replaced by a minimum.
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Fact 0.0.7. If pX, dq is a complete metric space, then the set of nonempty compact
subsets of the space

KpXq � tK � X|K compact, K � ?u

is complete with respect to the Hausdorff metric.

Fact 0.0.8. If K1, K2, . . . is a decreasing sequence of nonempty compact subsets of
Rd, then K �

�

nPN� Kn is the limit of the sequence K1, K2, . . . with respect to the
Hausdorff metric.



Chapter 1

Basic properties of fractal
percolation

In this chapter, we give an illustrative and a more precise definition of Mandelbrot’s
fractal percolation process. Then we examine some basic properties of the model
such as the probability of the extinction and the Hausdorff dimension of the random
fractal.

A special case of the results of this chapter can be found in [7].

1.1 Definition

First, we define the Mandelbrot’s fractal percolation process. We fix a dimension d,
a probability 0 ⁄ p ⁄ 1, and an integer N ¥ 2. We construct the random fractal the
following way.

Let C0 � r0, 1sd denote the d-dimensional unit cube. Divide C0 into Nd closed
subcubes of side length 1{N . Let us call these the level-1 cubes of the model. We keep
a level-1 cube with probability p and remove it with probability 1�p independently
of each other. Let C1 be the union of the subcubes kept.

We repeat this process inductively. In the nth step, we divide each remaining level-
pn� 1q subcube of Cn�1 into Nd level-n subcubes of side length 1{Nn and we keep
them with probability p independently. Cn is the union of the level-n subcubes kept.
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In this way, we get a decreasing sequence of compact sets C0 � C1 � C2 � � � � .
Therefore the intersection C �

�8

n�0Cn is a random compact set generated by the
process.

It is important to note that the keeping or deleting of the subcubes are all indepen-
dent from each other, not just on the same level.

Now we define this a little more precisely, but less intuitively.

Definition 1.1.1 (Mandelbrot’s random fractal). Let d be a positive integer, 0 ⁄
p ⁄ 1 be a probability and N ¥ 2 be an integer. Let Jd denote t0, 1, . . . , N �1ud. We
define the set of level-n indices by

Jn � tpi1, i2, . . . , inq|in P Jdu

and the set of all indices by J �
�8

n�0 Jn.

For i � pi1, i2, . . . , inq P Jn and k ⁄ n, let i|k denote pi1, i2, . . . , ikq P Jk.

Let us consider the probability space pt0, 1u,Ppt0, 1uq, µq, where µpt0uq � 1� p and
µpt1uq � p. Take the infinite product of copies of it indexed by the elements of J , so
the product measure space is

�

t0, 1uJ ,
â

iPJ

pPpt0, 1uqq, P



where
´

iPJpPpt0, 1uqq denotes the product σ-algebra and P �
´

iPJ µ is the product
measure.

Now we define both the approximation sets and the random fractal as set-valued
random variables. Let Cn : t0, 1uJ Ñ Kpr0, 1sdq Y t?u where Kpr0, 1sdq denotes the
set of nonempty compact subsets of r0, 1sd. For x P t0, 1uJ , define the value of Cn by

Cnpxq �
⁄

iPJn

#

d
¡

j�1

�

n
‚

l�1

pilqj
N l

,
n
‚

l�1

pilqj
N l

�
1
Nn

�

: @k ⁄ n pxpi|kq � 1q
+

and C : t0, 1uJ Ñ Kpr0, 1sdq Y t?u by Cpxq �
�8

n�1Cnpxq.

Remark 1.1.2. To see that the Cns and C are indeed random variables on this
probability space, we need a measurable space structure on Kpr0, 1sdq Y t?u and we
need to show that Cn and C are measurable functions. Let us consider the topological
space induced by the Hausdorff metric on Kpr0, 1sdq and give ? to it as an isolated
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point. The measurable space structure on Kpr0; 1sdq Y t?u is given by the �-algebra

induced by this topology.

Since Cn depends only on �nitely many coordinates of t0; 1uJ , it is clearly a measur-

able function. We can see from the construction that Cn is a decreasing sequence of

compact sets so C is the Hausdor� limit of this sequence. Additionally C is empty

if and only if Cn is empty for some n, so C is the limit of measurable functions and

that implies C is also measurable.

Remark 1.1.3. Sometimes we need to consider the subprocess in the level-k subcube

Ckpiq �
‘ d

j�1

� ° k
l�1

pil qj

N l ;
° k

l�1
pil qj

N l � 1
N k

�
. To be precise, it is important to highlight

that the set given by this subprocess is not Ckpiq X C, since Ckpiq shares its bound-

ary with some neighboring subcubes. When we talk about the subfractal given by a

subprocess, it means that in the nth step (for n ¡ k) we only take the union of those

subcubes that are fully contained in Si .

1.2 Probability of extinction

After de�ning the process, the �rst question arising is whether this random fractal

is even nonempty or it becomes extinct. In this section we determine the probability

of extinction. For this, we need the following lemma.

Lemma 1.2.1. Let f : r0; 1s Ñ r0; 1s be a strictly increasing continuous function

such that fp0q ¡ 0. Let pxnqnPN be a sequence de�ned by the recursion x0 � 0 and

xn � fpx n�1 q. Then xn has a limit and it is the smallest �xed point of f .

Proof. Let x � P p0; 1s be the smallest �xed point of f . First, we simultaneously prove

that x n   x � and pxnqnPN is increasing. x0   x � obviously holds. Now we use an

induction on n. Assume that we proved the statement until xn , so now we need to

show that xn   x n�1   x � . Since xn   x � and x� is the smallest �xed point of f ,

xn�1 � fpx nq ¡ x n . By the strict monotonity of f , x n�1 � fpx nq   fpx � q � x � .

We got that xn is a strictly increasing bounded sequence, so it is convergent. We

prove that its limit is x � . Suppose that lim xn � y   x � . Then 0 ¤ x n ¤ y for

every n. Let g : r0; ys Ñ r0; 1s be de�ned by gpxq � fpxq � x. The Weierstrass

theorem gives us gpxq ¡ 0, because x� is the smallest �xed point of f . Since g is a

positive continuous function on a compact set, it has a positive minimum m ¡ 0.
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This gives us xn�1 � fpx nq ¥ xn � m, but then x n ¡ nm which is a contradiction

since xn   x � .

Theorem 1.2.2. Let 0   p   1. In Mandelbrot's fractal percolation process, the

probability of extinction PpC � ?q � q, where q is the smallest �xed point of the

function f : r0; 1s Ñ r0; 1s; x ÞÑ ppx � 1 � pqN d
.

Proof. As we have mentioned before, the event tC � ?u �
” 8

n�1 tC n � ?u, which

implies PpC � ?q � lim nÑ8 PpCn � ?q.

Cn � ? is true if and only if all N d subcubes of side length 1{N are removed or

the subprocess on this subcube gives the empty set after n � 1 steps. We call this

behavior �statistical self-similarity� and it implies the following for the probabilities:

PpCn � ?q � ppPpC n�1 � ?q � 1 � pq N d
:

Applying the lemma for the sequence xn � PpC n � ?q gives us the statement of the

theorem, we only need to check that fpxq � ppx � 1 � pq N d
is a strictly increasing

continuous function and fp0q ¡ 0. Since it is a polynomial, it is clearly continuous.

The derivative f 1pxq � pN dppx � 1 � pq N d �1 ¡ 0, so f is strictly increasing on the

interval r0; 1s.

fp0q � p1 � pq N d
¡ 0, thus we proved the theorem.

Corollary 1.2.3. PpC � ?q � 1 if and only if p ¤ 1{N d.

Proof. We need to prove that the smallest �xed point of fpxq � ppx � 1 � pq N d
in

r0; 1s is 1 if p ¤ 1{Nd and it is smaller than 1 if p ¡ 1{N d.

First, assume that p ¤ 1{N d. Then the derivative of fpxq�x is pN dppx�1�pq N d �1 �

1. We can estimate this value from above if 0 ¤ x   1 by

pNdppx � 1 � pq N d �1 � 1  
1

N d
N d � 1 � 1 � 0

which means fpxq � x is strictly decreasing on r0; 1s. Since fp0q ¡ 0 and fp1q � 1,

this proves that 1 is the only root of fpxq � x, hence the only �xed point of f in

r0; 1s is 1.

Now we assume that p ¡ 1{Nd. This implies that the derivative of fpxq � x at 1 is

f 1p1q � 1 � pN dpp � 1 � pq N d �1 � 1 ¡
1

N d
N d � 1 � 1 � 0
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which means there is an x P p0; 1q such that fpxq �x   0 and this implies that there

is an x� P p0; 1q for which fpx� q � x � � 0, since fp0q ¡ 0.

1.3 Hausdor� dimension of the random fractals

In this section we will determine the Hausdor� dimension of our random fractal. To

guess the expected value of the dimension, we can make a heuristic argument using

statistical self-similarity.

Let s denote the �similarity-dimension� of C. The expected value of the subcubes

kept in the �rst step is pN d, and from that point, they behave like smaller percolation

fractals, so some �s-dimensional measure� � would give us the following.

�pCq � pN d

�
1
N


 s

�pCq

1 � pN d

�
1
N


 s

log
�

1
pNd



� s log

�
1
N




s �
log

�
1

pN d

	

log
�

1
N

� �
� log p � d log N

� log N
� d �

log p
log N

In fact, this is not only the expected value of the Hausdor� dimension of C, but it

will be the exact Hausdor� dimension with probability PpC � ?q. To show this,

�rst we prove that the Hausdor� dimension cannot be bigger than d � log p
log N with

probability 1.

Theorem 1.3.1. P
�

dimH pCq ¤ d � log p
log N

	
� 1.

Proof. The result will easily follow from this lemma:

Lemma 1.3.2. Let 1{N d   p   1, s ¡ d � log p
log N , " ¡ 0 and k ¡ 0 integer. Then

P
�
H s?

d�N �k pCq ¥ "
�

¤

� ?
d
� s

"
�
�

N dp
N s


 k

;

where Hs
� denotes the s-dimensional Hausdor� �-premeasure.
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Proof. Let X k denote the number of subcubes of side length 1{Nk kept in the kth

step. We can estimate the observed probability from above by

P
�
H s?

d�N �k pCq ¥ "
�

¤ P
�
H s?

d�N �k pCkq ¥ "
�

¤ P
�

X k �
� ?

dN �k
	 s

¥ "
	

since the subcubes that Ck consists of give a suitable cover of Ck .

Now we apply Markov's inequality for the probability we got.

P
�

X k �
� ?

dN �k
	 s

¥ "
	

¤
E

�
X k �

� ?
dN �k

� s
	

"

X k is the sum of indicator variables for each level-k subcube. The keeping probability

of a level-k subcube is pk , so the expected value of Xk is N kdpk . Thus

E
�

X k �
� ?

dN �k
� s

	

"
�

N kdpk
� ?

dN �k
� s

"
�

� ?
d
� s

"
�
�

N dp
N s


 k

which gives us the statement of the lemma.

Now �x an s ¡ d � log p
log N . We prove that P pHspCq � 0q � 1 which implies

P pdimH pCq ¤ sq � 1. Since the event tHspCq � 0u �
“

nPN� tH spCq ¤ 1{nu, it

su�ces to prove that PpHspCq ¤ 1{nq � 1 for all n P N � .

Fix n P N� . Since HspCq � lim �Ñ0 H s
� pCq, limkÑ8

?
dN �k � 0 and H s

� pCq is mono-

tonic in �, it follows that

PpHspCq ¤ 1{nq � lim
kÑ8

P
�
H s?

dN �k pCq ¤ 1{n
�

:

To apply the lemma above, we need a strict inequality and we can reach that by

simply estimating the probabilities from below.

lim
kÑ8

P
�
H s?

dN �k pCq ¤ 1{n
�

¥ lim
kÑ8

P
�
H s?

dN �k pCq   1{n
�

Applying the lemma for " � 1{n and taking the complement event, we get

lim
kÑ8

P
�
H s?

dN �k pCq   1{n
�

¥ lim
kÑ8

�

1 �

� ?
d
� s

1{n
�
�

N dp
N s


 k
�

:

s ¡ d � log p
log N , so N d p

N s   N d p
N d p � 1, which implies

lim
kÑ8

�

1 �

� ?
d
� s

1{n
�
�

N dp
N s


 k
�

� 1:
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We proved that if s ¡ d � log p
log N , then P pdimH pCq ¤ sq � 1. Let us take a sequence

sn which converges to d � log p
log N from above. This sequence gives us

P
�

dimH pCq ¤ d �
log p
log N



� lim

nÑ8
P pdimH pCq ¤ snq� 1:

For the proof of the dimension being �almost surely� d � log p
log N , we need some further

results.

Lemma 1.3.3 (�Zero-one law�). Let 1{N d   p   1 and c P R ¡0 . Then the value of

PpdimH C ¥ cq is either 0 or PpC � ?q.

Proof. Let us consider the event tdimH C   cu. We need to prove that its probability

is either 1 or PpC � ?q. Since the Hausdor� dimension of the union of �nitely many

sets is the maximum of the Hausdor� dimensions of the sets, we get that dimH C   c

holds if and only if this holds for all subfractals in those level-1 subcubes which are

kept in the �rst step. This gives us the following equality.

PpdimH C   cq � ppPpdim H C   cq � 1 � pq N d

So PpdimH C   cq is a root of the polynomial fpxq�x, where fpxq � ppx�1 �pq N d
.

In the interval r0; 1s the second derivative of the function is

pfpxq � xq 2 � N d
�
N d � 1

�
p2ppx � 1 � pq N d �2 ¡ 0

thus fpxq � x is strictly convex in the interval r0; 1s, which implies that there are at

most two roots of the polynomial here.

By the proof of Theorem 1.2.2 PpC � ?q is a root of fpxq � x and obviously 1

is also a root. Since p ¡ 1{Nd, PpC � ?q � 1. So we proved that the value of

PpdimH C ¥ cq cannot be else than 0 or PpC � ?q.

Lemma 1.3.4 (Lyons-Hawkes percolation method). Let B € r0; 1sd be a Borel set.

If dim H B   � log p
log N , then PpB X C � ?q � 1.

Remark 1.3.5. This theorem has another part, which says if dimH B ¡ � log p
log N , then

PpB X C � ?q ¡ 0. We will not use this and since it has a much more complicated

proof, we just mention the statement, but will not prove it.
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The philosophy behind this theorem is that if we have a set and a random set, then

the probability of the event that they intersect each other depends on the sum of

their Hausdor� dimensions. If the sum is greater than d, then the intersection is

nonempty with positive probability, if it is smaller, then the intersection is empty

with probability 1.

Proof (of Lyons-Hawkes). For the proof we need another rather technical lemma.

Lemma 1.3.6. Let B € r0; 1s d be a Borel set and s ¡ 0. Then the following are

equivalent:

i) H spBq � 0.

ii) for any " ¡ 0 there exists a sequence of subcubes S1; S2; : : : of the form

Sn �
d¡

j�1

�

�
�

kn¸

l�1

�
ipnq
l

	

j

N l
;

kn¸

l�1

�
ipnq
l

	

j

N l
�

1
N kn

�

�
�

such that B €
”

nPN� Sn and
°

nPN� |Sn |s   " where i pnq P Jkn is a suitable

level-kn index as de�ned in De�nition 1.1.1 and |Sn | denotes the diameter of

Sn .

Proof. We �rst prove the direction ii) ñ i). Suppose ii). We need to show that for

every � ¡ 0 and " ¡ 0 there exists a cover H 1; H2; : : : of B such that
°

nPN� |Hn |s   "

and |Hm |   � for all m P N � . Fix � ¡ 0 and " ¡ 0. Let " 1 � minp� s; "q and apply ii)

for "1. We can see that S1; S2; : : : gives a suitable cover since
°

nPN� |Sn |s   " 1 ¤ "

and |Sm | � p|S m |sq1{s ¤ p
°

nPN� |Sn |sq1{s   p" 1q1{s ¤ p� sq1{s � �.

Then we prove the other direction. Suppose i) and �x " ¡ 0. Since HspBq � 0 holds,

there exists a cover H1; H2; : : : such that B €
”

nPN� Hn and

¸

nPN�

|Hn |s  
"

2d
�
N

?
d
� s :

Let us take a �xed Hn . If H n is a �nite set, then there exists a �nite set of subcubes

S1
n ; : : : ; Smn

n such that
° mn

i�1 |Si
n |s   2 d

�
N

?
d
� s

|Hn |s.

If H n is not �nite, then there exists a maximal integer k such that Hn can be covered

with at most 2d subcubes of side length 1{Nk . We prove that |Hn | ¥ 1{N k�1 .
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Assume that |Hn |   1{N k�1 . This implies that the projection of Hn to each coordi-

nate axis intersects at most two intervals of the form
�

l
N k�1 ; l�1

N k�1

�
. But that gives

us a contradiction, since the product of these intervals de�nes 2d subcubes of side

length 1{N k�1 whose union covers Hn , so k was not maximal with respect to the

property that H n can be covered with at most 2d subcubes of side length 1{Nk .

By taking the subcubes S1n ; : : : ; Smn
n given for the maximal k (which means mn ¤ 2 d),

we got a covering of Hn such that
mn¸

i�1

|Si
n |s ¤ 2 d

� ?
d

N k


 s

¤ 2 d
�

N
?

d
	 s

|Hn |s:

By considering these subcubes for all Hn , we get a cover of
”

nPN� Hn , which is also

a cover of B and we can see that
¸

nPN�

mn¸

i�1

|Si
n |s ¤

¸

nPN�

2d
�

N
?

d
	 s

|Hn |s   2 d
�

N
?

d
	 s "

2d
�
N

?
d
� s � "

so we proved the statement of the lemma.

Let s � � log p
log N . Since dimH B   s, H spBq � 0, so we can apply the lemma above.

Let " ¡ 0, and let S 1; S2; : : : be a sequence of subcubes such that B €
”

nPN� Sn and
°

nPN� |Sn |s   ". Let k n denote the level of Sn , i. e. the side length of Sn is 1{N kn .

Hence |Sn | �
?

d
N k n and PpSn € C kn q � p kn .

We give an upper bound for the probability PpB X C � ?q. Since B €
”

nPN� Sn ,

we can estimate this from above by

PpB X C � ?q ¤
¸

nPN�

PpSn X C � ?q:

Let S1
n ; S2

n ; : : : ; Sln
n be an enumeration of those level-kn subcubes which have

nonempty intersection with Sn . This means that ln ¤ 3 d, because all coordinates

of a subcube like this di�er by at most 1 from the corresponding coordinate of Sn .

Let PpC|Sj
n

� ?q denote the event that the subprocess inside Sjn does not become

extinct. Using this notation, we get

¸

nPN�

PpSn X C � ?q ¤
¸

nPN�

ln¸

j�1

PpC|Sj
n

� ?q ¤
¸

nPN�

ln¸

j�1

PpSj
n € C nq �

¸

nPN�

ln¸

j�1

pkn :

By considering ln ¤ 3 d and s � � log p
log N , we can see that

¸

nPN�

ln¸

j�1

pkn ¤
¸

nPN�

3dpkn � 3 d
¸

nPN�

�
1

N kn


 s

� 3 d
� ?

d
	 �s ¸

nPN�

� ?
d

N kn


 s
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and since
°

nPN� |Sn |s   ",

3d
� ?

d
	 �s ¸

nPN�

� ?
d

N kn


 s

� 3 d
� ?

d
	 �s ¸

nPN�

|Sn |s   3 d
� ?

d
	 �s

":

So we got that for every " ¡ 0

PpB X C � ?q   3 d
� ?

d
	 �s

"

holds which implies the statement if " Ñ 0.

Now we have the tools for proving the main result of this section.

Theorem 1.3.7. For 1{N d   p   1,

P
�

dimH C � d �
log p
log N



� PpC � ?q:

Proof. In Theorem 1.3.1 we have proved that

P
�

dimH C ¤ d �
log p
log N



� 1;

so it su�ces to show that

P
�

dimH C ¥ d �
log p
log N



� PpC � ?q:

Let p
 ppq; F ppq; Pppqq denote the probability space de�ned in De�nition 1.1.1 and for

0   ~p   1 let p
 p~pq; F p~pq; Pp~pqq denote the same probability space, but with parameter

~p. Let us consider the product space

�

 ppq� 
 p~pq; F ppqb F p~pq; Pppqb P p~pq

�
;

let P denote the product measure Pppq b P p~pq and de�ne three functions

f ppq; f p~pq; f pp~pq : 
 ppq � 
 p~pq Ñ t0; 1u J . Let the �rst two of them, f ppq and f p~pq be

the natural projections on 
 ppq and 
 p~pq and let f pp~pqpx; yqpiq � xpiqypiq (so we just

take the coordinate-wise product).

We can easily see that the push-forward of the probability space above by fppq,

f p~pq and f pp~pq gives us the original probability space with parameter p, ~p and p~p.

This implies that the random fractals Cppq, Cp~pq and Cpp~pq de�ned on these spaces

can be seen on a common probability space
�

 ppq� 
 p~pq; F ppqb F p~pq; Pppqb P p~pq

�
by



Hausdorff dimension of the random fractals 15

composing with the push-forward functions. Moreover, the de�nition of fpp~pq gives

us the property that Cpp~pq € C ppqX C p~pq, since we keep a subcube in Cpp~pq if and

only if we keep it in both Cppq and Cp~pq.

Suppose that p~p ¡ 1{Nd. By Corollary 1.2.3, PpCpp~pq � ?q ¡ 0, which implies

PpCppqX C p~pq � ?q ¡ 0. By applying Fubini's theorem on the product space, we get

that

0   PpC ppqX C p~pq � ?q �
»


 ppq

»


 p~pq
1pCppqpxqXC ~p pyq�?q dy dx �

�
»

t xP
 ppq|P p~pqpCppqpxqXCp~pq�? q¡0 u

»


 p~pq
1pCppqpxqXC ~p pyq�?q dy dx ¤

¤
»

t xP
 ppq|P p~pqpCppqpxqXCp~pq�? q¡0 u
1 dx �

� P ppq
� 

x P 
 ppq|P p~pq
�
Cppqpxq X Cp~pq � ?

�
¡ 0

(�
:

Lyons-Hawkes percolation method (Lemma 1.3.4) implies that for a �xed Borel set

Cppqpxq, Pp~pq
�
Cppqpxq X Cp~pq � ?

�
¡ 0 implies dim H Cppqpxq ¥ � log ~p

log N . Thus

Pppq

�
dimH Cppq¥ �

log ~p
log N



¥ P ppq

� 
x P 
 p|P p~pq

�
Cppqpxq X Cp~pq � ? ¡ 0

�(�
¡ 0:

Applying the zero-one law for this gives us

Pppq

�
dimH Cppq¥ �

log ~p
log N



� P ppq

�
Cppq � ?

�
:

By taking a sequence ~pn , which converges to 1
N d p from above, we get that

Pppq

�

� dimH Cppq¥ �
log

�
1

N d p

	

log N

�


 � P ppq
�
Cppq � ?

�

implying

Pppq

�
dimH Cppq¥ d �

log p
log N



� P ppq

�
Cppq � ?

�
:



Chapter 2

Phase transition

In this chapter, we observe the phases of the fractal percolation. We have already

seen two phases. For p ¤ 1{Nd the random fractal C is empty with probability

1. If 1{N d   p, then C is nonempty with positive probability. As if p   1{N d�1 ,

then dimH C ¤ d � log p
log N   1 with probability 1, we will see that in this case every

connected component of C consists of one point. We will also show that there exists

a critical probability p c such that if p ¡ p c, then C has a connected component

which consists of more than one point with positive probability, moreover, it has a

connected component which intersects two opposite pd � 1q-faces of r0; 1sd.

2.1 Path percolation for d � 2

The goal of this section is to prove the existence of the �connected phase�. The

original result was published in [6] and a sketch of a proof is in [7].

De�nition 2.1.1. Let B € r0; 1s d a Borel set. For the set B, path percolation occurs

if there exists a connected component A € B such that AXpr0; 1sd�1 � t0uq � ? and

A X pr0; 1sd�1 � t1uq � ?.

Remark 2.1.2. In this de�nition we use connected components, not path connected

components, but it turns out, in C there is indeed a continuous curve that con-

nects two opposite sides of r0; 1sd with positive probability, if p is large enough. This

motivates the name �path percolation�.

For this section, we �x the dimension d � 2. We will see that the occurrence of path
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percolation for d � 2 immediately implies path percolation for d ¡ 2. We note that

we will usually assume N ¥ 3, but most of our statements also hold for N � 2.

To prove the existence of the path percolation, we need the following notion.

De�nition 2.1.3. Let us consider a fractal percolation process C for d � 2 and

N ¥ 3. We say that a subsquare of level-k is 0-complete if at least N2 � 1 of its

level-pk � 1q subsquares are kept in the next step of the process (i.e. they are subsets

of Ck�1 ). A subsquare of level-k is m-complete if at least N2 � 1 of its level-pk � 1q

subsquares are pm � 1q-complete. A subsquare is fully complete if it is m-complete

for all m P N.

Lemma 2.1.4. Let d � 2, N ¥ 3 and consider a fractal percolation process C. If

r0; 1s2 is fully complete, then a path percolation occurs in C. Moreover, there exists

a continuous curve 
 : r0; 1s Ñ C such that 
p0q P r0; 1s � t0u and 
p1q P r0; 1s � t1u.

This is an easy, but rather technical lemma, so �rst we give a short sketch of the

proof:

1. We prove that if r0; 1s2 is fully complete, then for all m P N there exists a

sequence of kept level-m subsquares, which connects the two opposite sides of

r0; 1s2.

2. We de�ne a sequence of continuous curves 
m : r0; 1s Ñ r0; 1s2 inside these

�square-paths�.

3. We prove that there is a uniform limit of these curves, 
 : r0; 1s Ñ r0; 1s2 which

connects the two opposite sides of r0; 1s2 and its image is in C.

Proof of Lemma 2.1.4.

Proposition 2.1.5. If a level-m subsquare is fully complete, then at least N2 � 1 of

its level-pm � 1q subsquares are fully complete.

Proof. Suppose for contradiction that the level-m subsquare S is fully complete, but

there are two of its level-pm � 1q subsquares, which are not. Let k1 and k2 denote

the maximal integers for which these subsquares are k1-complete and k2-complete,

respectively. We can assume without loss of generality that k1 ¥ k 2. This means

that neither of these two level-pm � 1q subsquares is pk1 � 1q-complete. But that

implies S is not pk1 � 2q-complete, which is a contradiction.
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Proposition 2.1.6. Consider a grid of N �N squares. Let X; Y; Z be three distinct

squares of the grid such that X and Y intersect two distinct sides of the grid. Then

there exists a sequence of squares S1; S2; : : : ; Sl such that for all 1 ¤ i ¤ l � 1, S i

and Si�1 have a common side, S1 � X, S l � Y and Z is not among S1; ; S2; : : : ; Sl .

Proof. Take the two paths between X and Y along the perimeter of the grid. These

sequences of squares are disjoint apart from X and Y , so one of them does not

contain Z. This one is a suitable sequence.

X

YZ

Figure 2.1: An example for the positions of X, Y

and Z and the paths joining X and Y .

Proposition 2.1.7. Let S m
1 ; Sm

2 ; : : : ; Sm
lm be a sequence of fully complete level-m

subsquares such that for every 1 ¤ i ¤ lm � 1, S m
i and Sm

i�1 have a common side,

Sm
1 X pr0; 1s � t0uq � ? and S m

lm X pr0; 1s � t1uq � ?.

Then there exists a sequence of fully complete level-pm � 1q subsquares

Sm�1
1 ; Sm�1

2 ; : : : ; Sm�1
lm�1

such that for every 1 ¤ j ¤ l m�1 � 1, S m�1
j and Sm�1

j�1

have a common side, Sm�1
1 X pr0; 1s � t0uq � ?, S m�1

lm�1
X pr0; 1s � t1uq � ? and

Sm�1
j €

” lm
i�1 Sm

i for all 1 ¤ j ¤ l m�1 .

Proof. Sm
1 is a fully complete level-m subsquare, so at least N2 � 1 of its subsquares

are fully complete. This implies that we can choose Fm�1
1 as a fully complete level-

pm � 1q subsquare, for which Fm�1
1 € S m

1 and Fm�1
1 X pr0; 1s � t0uq � ?. Similarly,

we can choose Lm�1
lm € S m

lm such that Lm�1
lm X pr0; 1s � t1uq � ?.

For 1 ¤ i ¤ l m � 1, S m
i and Sm

i�1 have a common side and they are both fully

complete, so their common side have a subsegment of length 1{Nm�1 , which is a
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common side of two fully complete level-pm � 1q subsquares, since N ¥ 3. Let these

subsquares be Lm�1
i € S m

i and Fm�1
i�1 € S m

i�1 .

In each Sm
i , we de�ned a �rst square Fm�1

i and a last square Lm�1
i . If F m�1

i �

Lm�1
i , then the sequence in Smi will consist of only one square. If not, but all level-

pm�1q subsquares of Smi are fully complete, then we can easily choose a sequence of

subsquares connecting Fm�1
i and Lm�1

i . Otherwise let Z denote the single not fully

complete subsquare and apply Proposition 2.1.7 with X � Fm�1
i and Y � L m�1

i .

Concatenating these square sequences for all 1 ¤ i ¤ lm after each other we get a

sequence Sm�1
1 ; Sm�1

2 ; : : : ; Sm�1
lm�1

as needed.

F 1

L 1 F 2

L 2

F 3 L 3 F 4

L 4

F 5

L 5

F 6 � L 6

F 7

L 7

F 8

L 8

Figure 2.2: An example for the construction of the sequence pS2
i q1¤i¤l 2 .
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Let S0
1 � r0; 1s 2. By induction, we can construct sequences of squares as described

in the previous proposition for all m P N. Let Km �
” lm

i�1 Sm
i . We can see that

pKmqmPN is a decreasing sequence of compact sets and all of them are connected

sets, which intersect both r0; 1s � t0u and r0; 1s � t1u.

Since the intersection of a decreasing sequence of connected compact sets

is connected, K �
“

mPN K m is connected. For the intersection of K with

the side of the square, K X pr0; 1s � t0uq �
“

mPN pKm X pr0; 1s � t0uqq holds.

pKm X pr0; 1s � t0uqqmPN is a decreasing sequence of nonempty compact sets, so the

intersection of them is also nonempty. This also holds for the opposite side r0; 1s�t1u.

Finally K m € C m for all m P N, thus K € C.

Now we prove the �moreover� part. We de�ne a sequence of continuous curves


 m : r0; 1s Ñ K m inductively. Let 
 0 be the constant p1{2; 1{2q curve. If 
m is

already de�ned, then let 
m�1 be a piecewise linear curve connecting the centers

of squares Sm�1
1 ; Sm�1

2 ; : : : ; Sm�1
lm�1

in that order respectively satisfying the condition

that 
 m�1 p
 �1
m pSm

i qq € Sm
i for 1 ¤ i ¤ l m .

This condition 
 m�1 p
 �1
m pSm

i qq € Sm
i implies that for x P r0; 1s

|
 mpxq � 
 m�1 pxq| ¤

?
2

N m
;

which means that 
m is a Cauchy sequence in Cpr0; 1s; r0; 1s2q. Hence it has a uniform

limit curve 
 : r0; 1s Ñ r0; 1s2. Since 
mp0q is the center of Sm1 , the second coordinate

of 
p0q � lim mÑ8 
 mp0q is 0. Similarly 
p1q P r0; 1s � t1u.

So we only need to check that 
pr0; 1sq € C. Let x P r0; 1s. Since Km is decreasing,


 npxq P Km for n ¥ m. This implies that 
pxq � lim nÑ8 
 npxq P Km for all m P N,

which shows that 
pxq P K € C.

Using this result, we can prove the existence of the critical probability.

Theorem 2.1.8. Let d � 2, N ¥ 3. There is a critical probability p c   1 such that

if p ¡ p c, then

Pppath percolation occurs in Cq ¡ 0:

Proof. By Lemma 2.1.4, it is enough to prove that there is a probability pc   1 such

that if p ¡ p c, then

Ppr0; 1s2 is fully completeq ¡ 0:
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Fix p and let pm denote the probability of r0; 1s2 being m-complete for m P N. It is

clear, that pm is decreasing and

Ppr0; 1s2 is fully completeq � lim
mÑ8

pm :

r0; 1s2 can be m-complete in three cases:

1. Exactly N 2�1 level-1 subsquares are kept and all of them are pm�1q-complete.

2. All N 2 level-1 subsquares are kept and all of them are pm � 1q-complete.

3. All N 2 level-1 subsquares are kept and exactly N2 � 1 of them are pm � 1q-

complete.

Using the statistical self-similarity this gives us the following recursion for pm

pm � N 2pN 2 �1 p1 � pqpN 2 �1
m�1 � p N 2

pN 2

m�1 � N 2pN 2
pN 2 �1

m�1 p1 � p m�1 q �

� N 2pN 2 �1 pN 2 �1
m�1 � pN 2 � 1qp N 2

pN 2

m�1 :

For m � 0, the same cases implies 0-completeness, but without assumptions on the

completeness of the level-1-subsquares. Thus

p0 � N 2pN 2 �1 p1 � pq � p N 2
� N 2pN 2 �1 � pN 2 � 1qp N 2

:

So pm is generated by the function fppxq � N 2pN 2 �1 xN 2 �1 � pN 2 � 1qp N 2
xN 2

as

p0 � f pp1q and pm � f pppm�1 q.

Now we use the modi�ed version of Lemma 1.2.1.

Lemma 2.1.9. Let f : r0; 1s Ñ r0; 1s be a strictly increasing continuous function

such that fp1q   1. Let pxnqnPN be the sequence de�ned by the recursion x0 � 1 and

xn � fpx n�1 q. Then xn has a limit and it is the largest �xed point of f .

Proof. We can get this by applying Lemma 1.2.1 for gpxq � 1 � fp1 � xq.

Proposition 2.1.10. For 0   p   1, the function

f p : r0; 1s Ñ R; x ÞÑ N2pN 2 �1 xN 2 �1 � pN 2 � 1qp N 2
xN 2

is continuous, strictly increasing, fpp1q   1, and its image is in r0; 1s.
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Proof. It is clear that f p is continuous and fpp0q � 0, so the monotonicity and

f pp1q   1 will imply that f ppr0; 1sq € r0; 1s.

Let us calculate the derivative of fppxq.

f 1
ppxq � N 2pN 2 �1 pN2 � 1qx N 2 �2 � pN 2 � 1qp N 2

N 2xN 2 �1 �

� N 2pN2 � 1qp N 2 �1 xN 2 �2 p1 � pxq

For x P p0; 1q this is positive, which implies that fppxq is strictly increasing on r0; 1s.

Now we prove that fpp1q   1. Let us consider the function

g : r0; 1s Ñ R; p ÞÑ N2pN 2 �1 � pN 2 � 1qp N 2

as a function of p, which satis�es gppq � fpp1q for 0   p   1. We can calculate that

gp1q � 1, and the derivative of g is

g1ppq � N 2pN2 � 1qp N 2 �2 � pN 2 � 1qN 2pN 2 �1 � N 2pN2 � 1qp N 2 �2 p1 � pq:

For 0   p   1, this is greater than 0, so g is strictly increasing on r0; 1s. Hence

f pp1q � gppq   1 for p   1.

Thus we can apply the lemma, so we get that Ppr0; 1s2 is fully completeq is the

largest �xed point of f p.

So it su�ces to prove that there exists a pc   1 such that if p c   p   1, then the

largest �xed point of f p : r0; 1s Ñ r0; 1s is greater than 0. Since fpp1q   1 for p   1,

by the theorem of Weierstrass, it is enough to prove that if pc   p   1, then there

exists an x P r0; 1s such that fppxq ¡ x.

Consider

h : r0; 1s2 Ñ r0; 1s; pp; xq ÞÑ N2pN 2 �1 xN 2 �1 � pN 2 � 1qp N 2
xN 2

as a function of two variables (if 0   p   1, then hpp; xq � f ppxq). This is a

polynomial, so it is continuously di�erentiable.

Proposition 2.1.11. There exists an x P p0; 1q such that hp1; xq ¡ x.

Proof. The value of h at p1; xq is

N 2xN 2 �1 � pN 2 � 1qx N 2
:
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The inequality

N 2xN 2 �1 � pN 2 � 1qx N 2
¡ x

is equivalent to

N 2xN 2 �2 � pN 2 � 1qx N 2 �1 ¡ 1:

The value of the left hand side for x � 1 is 1. The derivative of the left hand side

with respect to x at 1 is

d
�

N 2xN 2 �2 � pN 2 � 1qx N 2 �1
	

dx
p1q �

�
�

N 2pN2 � 2qx N 2 �3 � pN 2 � 1q 2xN 2 �2
	

p1q �

� N 2pN2 � 2q � pN 2 � 1q 2 � �1   0:

This means that hp1; xq is strictly decreasing in a neighborhood of 1, so there is such

an x P p0; 1q that hp1; xq ¡ x.

Let us �x an x P p0; 1q as described in the proposition. By the continuity of h, there

is an " ¡ 0 such that if 1 � "   p   1, then f ppxq � hpp; xq ¡ x. This provides us

that pc � 1 � " is a suitable constant for the theorem.

By this theorem we got the following. For d � 2, the fractal percolation process has

three phases.

1. For p ¤ 1{N 2, the fractal C is empty with probability 1.

2. For 1{N 2   p   p c, C is nonempty with positive probability, but it does not

connects the two opposite sides of r0; 1s2 with probability 1.

3. For p ¡ p c, C contains the image of a curve, which connects the two opposite

sides of r0; 1s2 with positive probability.

2.2 Path percolation for d ¡ 2

Our previous result can be easily generalized for higher dimensions.
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Corollary 2.2.1. Let d ¡ 2 and N ¥ 3. There exists a critical probability p c   1

such that if p ¡ p c, then

Pppath percolation occurs in Cq ¡ 0:

Proof. Let us take the 2-dimensional plane H de�ned by the equation x1 � x 2 �

� � � � x d�2 � 0. Consider the intersection C X H. We can see that this is the result

of a two dimensional fractal percolation process, so we can apply Theorem 2.1.8 for

that. This gives us the existence of the critical probability.

Remark 2.2.2. In the proof, we could take any plane which is parallel with H and

intersects r0; 1sd.

Now de�ne the critical probability to expound some further results.

De�nition 2.2.3. Let N ¥ 2 and d ¥ 2 be integers, and 0 ¤ p ¤ 1. Consider the

fractal percolation process C in dimension d with parameters N and p. Then �N;d ppq

denotes the probability Pppath percolation occurs in Cq.

De�nition 2.2.4. For N ¥ 2 and d ¥ 2, let the critical probability of path percola-

tion be

pcpN; dq � suptp|� N;d ppq � 0u:

In [2], the following result describes the behavior of the percolation at the critical

probability.

Theorem 2.2.5. For d ¥ 2,

lim
NÑ8

� N;d ppcpN; dqq � 1:

This immediately implies the following.

Corollary 2.2.6. For any d ¥ 2, there exists an N 0pdq, such that for N ¥ N0pdq,

� N;d ppcpN; dqq ¡ 0, which means, the function �N;d ppq is discontinuous at pcpN; dq.

2.3 Dust phase

In this section, we describe the middle phase of the fractal percolation for d � 2 given

in the end of Section 2.1. In this phase, every connected component of C consists of
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one point with probability 1, so we say that the fractal here is �dust-like�. We prove

this for a subinterval of the middle phase and cite a result for the rest.

De�nition 2.3.1. The set S € R d is totally disconnected if every connected com-

ponent of S constists of one point.

Theorem 2.3.2. Let N ¥ 2, d ¥ 2 be integers. For 1{N d   p   1{N d�1 , C is

nonempty with positive probability and C is totally disconnected with probability 1.

Proof. We have seen it in Corollary 1.2.3, that for p ¡ 1{Nd, C is nonempty with

positive probability. We also proved in Theorem 1.3.1, that for p   1{Nd�1 , the

Hausdor� dimension of C is

dimH pCq ¤ d �
log p
log N

  1

with probability 1. So it su�ces to prove that if a Borel set C € r0; 1sd has a

Hausdor� dimension of s   1, then it is totally disconnected.

To prove this, we need the following lemma.

Lemma 2.3.3. Let S € R d be a Borel set and let proji : Rd Ñ R be the projection

on the ith coordinate axis. Then

dimH proj i pSq ¤ dimH S:

Proof. It is clear, that it su�ces to prove this for some 1 ¤ i ¤ d, so without loss of

generality, we can assume that we project on the �rst coordinate axis and we denote

that with just writing proj.

Let s P R� and � P R� arbitrary. First we show that H s
� pprojpSqq ¤ Hs

� pSq. Let

H1; H2; : : : be a cover of S such that |Hj |   � for all j P N � . Then the projection

of the covering sets on the coordinate axis gives a cover of projpSq and for their

diameters | projpHj q| ¤ |H j |. This gives us that

¸

jPN �

| projpHj q|s ¤
¸

jPN �

|H j |s:

Since this is true for any cover of S, this implies that Hs� pprojpSqq ¤ Hs
� pSq, as we

have claimed.

Thus HspprojpSqq ¤ HspSq, because HspSq � lim �Ñ0� H s
� pSq, so dimH projpSq ¤

dimH S.
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Apply the lemma for C. This means that for every 1 ¤ i ¤ d, the Hausdor� dimen-

sion of proji pCq is less then 1.

Suppose for contradiction that C has a connected component T € C which has at

least two distinct points. Let these two points be x; y P T . Since they are distinct,

there exists a coordinate 1 ¤ i ¤ d such that xi � y i . We can assume without loss

of generality, that i � 1 and x 1   y 1. As dimH proj1pCq   1, it cannot contain the

interval rx 1; y1s, so there is a c P rx1; y1s such that c R proj1pCq.

But then T can be decomposed into two nonempty relatively open sets T1 and T2 if

T1 � p�8; cq � R d�1 X T T2 � pc; �8q � R d�1 X T;

since x P T1, y P T2 and as C X tcu � R d�1 � ?, it follows that T � T 1 Y T2,

contradicting that T is connected.

Remark 2.3.4. This theorem also gives us a lower bound for pc. Since for p ¡ p c,

C contains a connected component which intersects the two opposite sides of r0; 1sd,

pc ¥ 1{N d�1 .

Theorem 2. in [6] implies the following theorem, so for d � 2 the middle phase of

the fractal percolation is really a �dust phase�.

Theorem 2.3.5. Let d � 2, N ¥ 3. For p   p c, every connected component of C

consists of one point with probability 1.



Chapter 3

Site percolation

In this chapter, we present another type of percolation. In this case, the objects we

work with will be in�nite graphs and the occurrence of percolation will depend on

the connected components of a random subgraph. Then we will show a connection

between this concept and path percolation of random fractals.

3.1 Some properties of site percolation

This chapter is mainly based on the book of Grimmett [10]. This book is mostly

about bond percolation, which is a modi�ed version of site percolation, but its

theorems hold for site percolation with slight modi�cations in the proofs.

Let us consider the following graph. Let d ¥ 1 be an integer and let Zd denote the

d-tuples of integers. For x; y P Zd, let

dpx; yq �
d¸

i�1

|x i � y i |

be the distance of x and y. We de�ne a graph on Zd. Let Zd be the vertex set of the

graph and two vertices are connected by an edge if and only if dpx; yq � 1. It is a

little bit confusing, but we will refer to both the vertex set and the whole graph as

Zd.

Now we construct a random graph as a subgraph of Zd. Let us �x a probability

0 ¤ p ¤ 1. For all x P Z d, we keep x with probability p and delete it with probability



Some properties of site percolation 28

1 � p independently. The random graph G is the induced subgraph of Zd on the

vertices kept.

As in the case of random fractals, we also give a more precise de�nition.

De�nition 3.1.1 (Random site percolation graph). Let d ¥ 1 be an integer, and

0 ¤ p ¤ 1. Let us consider the probability space pt0; 1u; Ppt0; 1uq; �q, where �pt0uq �

1�p and �pt1uq � p. Take the in�nite product of copies of it indexed by the elements

of Zd, so the product measure space is
�

t0; 1uZd
;
â

iPZd

pPpt0; 1uqq; P

�

where
Â

iPZd pPpt0; 1uqq denotes the product �-algebra and P �
Â

iPZd � is the product

measure.

The elements of t0; 1uZ
d

are in a bijection with the subsets of Zd given by the function

f : t0; 1uZd
Ñ PpZdq; fp!q � tx P Z d|!pxq � 1u:

Consider the graph on Zd, where the vertices x and y are adjacent if and only if

dpx; yq � 1. The bijection above gives us a unique induced subgraph of Zd for every

! P t0; 1uZd
. Let us call this random graph the random site percolation graph and

denote it with G.

Remark 3.1.2. As we examine the probability of di�erent properties of G, we

would have to check whether these events are measurable in the measurable space�
t0; 1uZd

;
Â

iPZd pPpt0; 1uqq
	

. We are not going in the details, but we point out that

this will always hold, as we can easily describe these properties using �nitely many

quanti�ers, the set N and the cylinder subsets of t0; 1uZd
.

There are several interesting properties which can be observed on such a random

graph. First, let us consider the connected components of G.

De�nition 3.1.3. For x P Z d, let Apxq € Zd denote the set of vertices in the

connected component of x in G. We call Apxq the cluster of x. If we just write A,

then it means the cluster of the origin.

The percolation event here will mean that |A| � 8, i.e. the cluster of the origin in

G is in�nite. We can de�ne a critical probability p c here as well.
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De�nition 3.1.4. For d P N � , the critical probability of site percolation is

pcpZdq � sup tp P r0; 1s|Pp|A| � 8q � 0u :

We give a lower bound on pc and later we cite some results on upper bounds. It will

turn out that there is a phase transition similar as for fractals.

Before presenting the phase transition, we clarify some graph theoretic notions.

De�nition 3.1.5. Let G � pV; Eq be a graph. A walk of length n is a sequence of

vertices v1; v2; : : : ; vn�1 such that vi and vi�1 are connected by an edge, for all 1 ¤

i ¤ n. A path is a walk which additionally satis�es the condition that v1; v2; : : : ; vn�1

are distinct vertices.

The following concept will help us give a lower bound for pc.

De�nition 3.1.6 (Connective constant of Z d). Let �pnq denote the number of paths

of length n in Zd, beginning at the origin. The connective constant of Zd is

�pdq � lim
nÑ8

p�pnqq1{n :

Of course, we need to prove that this limit exists.

Proposition 3.1.7. The sequence p�pnqq1{n is convergent for all d ¥ 1.

Proof. It is enough to prove that the following limit exists and the inequality holds.

lim
nÑ8

logp�pnqq1{n   �8

To prove this, we will use the subadditive lemma of Fekete [9].

Lemma 3.1.8 (Fekete). Let panqnPN� be a subadditive sequence of real numbers, i.e.

for all m; n P N� , the inequality an�m ¤ a n � a m holds. Then

lim
nÑ8

an

n
� inf

nPN�

an

n
:

Proof. It su�ces to show that

inf
nPN�

an

n
¤ lim inf

an

n
¤ lim sup

an

n
¤ inf

nPN�

an

n
:
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The �rst two inequalities always hold, so we prove the third one. By the subadditive

property, we can easily see that for any m; n; l; k P N� the following inequality holds.

anl�mk ¤ na l � ma k

We can augment the sequence with a0 � 0 and the subadditivity still holds.

Fix some q P N� . For every n P N� , there exists a unique m P N and 0 ¤ r ¤ q � 1

such that n � mq � r. Applying the inequality above gives

an ¤ ma q � a r :

Let Cq � maxta 0; a1; : : : ; aq�1 u. Now we can give an upper bound for an {n.

an

n
¤

maq � a r

n
�

maq

n
�

ar

n
¤

maq

mq
�

Cq

n
�

aq

q
�

Cq

n

By taking the limit superior as n Ñ 8, we get

lim sup
nÑ8

an

n
¤

aq

q
:

Applying this for an arbitrary q P N� , we obtain

lim sup
nÑ8

an

n
¤ inf

nPN�

an

n

as we claimed.

Since log
�
�pnq1{n

�
� logp�pnqq

n , to use the lemma, we need to see that the sequence

logp�pnqq is subadditive. We can easily see that the sequence �pnq satis�es for m; n P

N� that �pn�mq ¤ �pnq�pmq, since every paths of length n�m can be decomposed

into two paths of length n and m. This immediately implies subadditivity, since for

m; n P N�

log �pn � mq ¤ log p�pnq�pmqq � log �pnq � log �pmq:

Applying Fekete's lemma gives us that the limit in question exists and it is not

�8.

The exact value of �pdq is unknown, but we can easily give an upper bound on the

connective constant.

Proposition 3.1.9.

�pdq ¤ 2d � 1:
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Proof. We give an upper bound on �pnq. In the �rst step of a path of length n, we

have 2d choices and in each new step we have to avoid the previous vertex, so we

have at most 2d � 1 choices. This gives �pnq ¤ 2dp2d � 1qn�1 , which implies

�pdq � lim
nÑ8

p�pnqq1{n ¤ lim
nÑ8

�
2dp2d � 1qn�1

� 1{n
� 2d � 1:

Now we give a lower bound on the critical probability.

Theorem 3.1.10. For d ¥ 2, p cpZdq ¥ 1
2d�1 .

Proof. Fix p   1
2d�1 . The percolation event |A| � 8 occurs if and only if there exists

a path of length n beginning at the origin in G for every n P N� . Let � Gpnq denote

the number of such paths. This gives us

Pp|A| � 8q ¤ Pp� Gpnq ¥ 1q

for every n P N. By applying Markov's inequality, we get

Pp�Gpnq ¥ 1q ¤ Ep�Gpnqq:

The probability of a path of length n, beginning at the origin being in G is pn�1 ,

since this holds if and only if we keep every vertex in this path. Thus the expected

value above is

Ep� Gpnqq � pn�1 �pnq:

So by applying the fact �pnq ¤ 2dp2d � 1qn�1 , which was presented in the proof of

Proposition 3.1.9, we got the upper bound

Pp|A| � 8q ¤ p n�1 �pnq ¤ p n�1 2dp2d � 1qn�1 � 2dp 2ppp2d � 1qqqn�1 :

Since this holds for every n and p   1
2d�1 ,

Pp|A| � 8q � 0:

So we proved the statement of the theorem.

Remark 3.1.11. We can generalize this result. If we consider this for such ran-

dom graph on any lattice, which have a connective constant of �, then the critical

probability is at least 1{�.
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3.2 Stronger results in site percolation

We can notice the monotonicity of the critical probability.

Proposition 3.2.1. For d P N � , pcpZdq ¥ pcpZd�1 q.

Proof. Fix p   p cpZd�1 q. Let A € Z d�1 be the cluster of the origin as above. For this

p, Pp|A| � 8q � 0. If we �x the last coordinate x d�1 � 0, then we got a sublattice,

which is exactly Zd and the intersection of G with this sublattice is the random

graph on Zd de�ned above. Let A1 be the cluster of the origin in this intersection.

We can see that Pp|A1| � 8q ¤ Pp|A| � 8q � 0, so for this p and d, the percolation

probability is also 0. This implies that pcpZdq ¥ pcpZd�1 q.

Our next goal is pcpZdq   1 for all d ¥ 2. By the above proposition, we can see that

it is enough to prove pcpZdq   1 for d � 2. Furthermore, if we have an upper bound

on pcpZdq, then this upper bound holds for every higher dimension as well.

In [12] we can see an upper bound on pcpZ2q.

Theorem 3.2.2.

0:5095 ¤ pcpZ2q ¤ 0:6819:

We will use later the fact that for larger d-s the critical probability is strictly smaller

than 1{2. We can �nd the proof of the following theorem in [5].

Theorem 3.2.3.

pcpZ3q  
1
2

:

Corollary 3.2.4. For d ¥ 3,

pcpZdq  
1
2

:

Proof. Proposition 3.2.1 and the previous theorem gives us the statement.

We will use site percolation on di�erent lattices to present connections with fractal

percolation.

De�nition 3.2.5. Let d P N � . We de�ne the lattices Ld and Md with vertex set Zd.

1. In Ld, the vertices x; y P Zd are adjacent if and only if |xi � y i | ¤ 1 for every

1 ¤ i ¤ d, there exists an 1 ¤ i ¤ d such that x i � y i and x � y.
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2. In M d, the vertices x; y P Zd are adjacent if and only if |xi � y i | ¤ 1 for every

1 ¤ i ¤ d and x � y.

For Ld and Md, let us de�ne the random graphs GLd and GMd as in De�nition 3.1.1

and we de�ne the critical probabilities pcpLdq and pcpMdq as in De�nition 3.1.4.

The result of Falconer and Grimmett in [8] describes a connection between the

critical probabilities of site percolation and fractal percolation.

Theorem 3.2.6. For all d ¥ 2

lim
NÑ8

pcpN; dq � p cpLdq:

We omit the proof, which can be read in [8]. The method of the proof is similar to

the proof presented in Chapter 4.

We will use some properties of the site percolation on the lattice Md in Chapter 4.

The following theorems are proved in the book of Grimmett [10] for bond percolation

and they are restated in [14] for site percolation on the lattice Md. The proofs work

as Grimmett's with slight modi�cations.

The following theorem is about the supercritical phase of site percolation, i.e. we

assume that the parameter p is greater than the critical probability. This is a corol-

lary of Theorem 6.125 in [10]. We omit the proof, since it goes beyond the scope of

this thesis.

Theorem 3.2.7. Let us consider the random graph GMd with parameter p ¡ pcpMdq.

For N P N� , let BN pMdq denote the sublattice of Md of size N � � � � � N and G N
Md

the induced subgraph of GMd on the vertex set t0; 1; : : : ; N � 1ud. Let � ppBN pMdqq

denote the probability that in GN
Md there exists a path linking the left-hand face t0u �

t0; 1; : : : ; N � 1u d�1 and the right-hand face tN � 1u � t0; 1; : : : ; N � 1u d�1 . Then

there exists a � ¡ 0 such that

� ppBN pMdqq ¥ �

for all N P N� .

The next one was also stated in [14] and proved in [10] as Theorem 3.4. It is about

the subcritical phase of site percolation.
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Theorem 3.2.8. Suppose that p   p cpMdq. Let BBpNq denote the �surface� of the

box of side length 2N centered at the origin, i.e.

BBpNq � tx P Z d : maxt|x i | : 1 ¤ i ¤ du � Nu:

Let t0 Ø BBpNqu denote the event that there exists a path from the origin to some

point of BBpNq in GMd . Then there exists a �ppq ¡ 0 such that

Pp0 Ø BBpNqq ¤ e�N�ppq

for all N.



Chapter 4

Sheet percolation

In this chapter, we present the dual notion of path percolation. In the case of path

percolation, we observed whether the random fractal contains a curve joining the

opposite sides of r0; 1sd. The dual notion �sheet percolation� will mean that the

random fractal separates the opposite sides of r0; 1sd, it contains a �sheet�, which

cuts the hypercube into two (or more) path-connected components. ps will denote

the critical probability over which the occurrence of sheet percolation has a positive

probability. We will present the asymptotic behavior of ps and conclude that ps can

be separated from pc for large Ns. The results of this chapter were published by

Orzechowski in 1996 [14].

4.1 Lower bound on p s

First, we de�ne the notion of sheet percolation precisely. It is easier to work with

the complement of C, so we use that in the de�nition.

De�nition 4.1.1 (Sheet percolation). Let C € r0; 1s d be a compact set. We say

that sheet percolation occurs in C, if the complementary set Cc � r0; 1s dzC does not

contain any continuous curve 
 : r0; 1s Ñ Cc such that 
p0q P
�
t0u � r0; 1s d�1

�
and


p1q P
�
t1u � r0; 1s d�1

�
.

De�nition 4.1.2 (Critical probability of sheet percolation). Consider the percola-

tion process C for N ¥ 2 and d ¥ 2. The critical probability of sheet percolation

is

pspN; dq � sup tp|Ppsheet percolation occurs in Cq � 0u :



Lower bound on p s 36

It turns out that the critical probability p spN; dq is in connection with the critical

probability of the lattice M d de�ned in De�nition 3.2.5. In this section we prove the

following inequality.

Theorem 4.1.3. For all N ¥ 2 and d ¥ 2

pspN; dq ¥ 1 � p cpMdq:

To prove the theorem, we introduce the stronger notion �full sheet percolation�.

De�nition 4.1.4 (Full sheet percolation). Let C € r0; 1s d be a compact set. We

say that full sheet percolation occurs in C, if the closure of its complementary set

C � � r0; 1sdzC does not contain any continuous curve 
 : r0; 1s Ñ C� such that


p0q P
�
t0u � r0; 1s d�1

�
and 
p1q P

�
t1u � r0; 1s d�1

�
.

Proposition 4.1.5. Consider the percolation process C for N ¥ 2 and d ¥ 2. Then

the following events are equal:

tsheet percolation occurs in Cu �
8£

n�0

tsheet percolation occurs in Cnu:

Proof. Since C �
“ 8

n�0 Cn , Cc �
” 8

n�0 Cc
n , so the containment € is obvious.

Suppose that sheet percolation holds for Cn for all n P N, but not for C. This means

that there exists a continuous curve 
 : r0; 1s Ñ Cc such that 
p0q P
�
t0u � r0; 1s d�1

�

and 
p1q P
�
t1u � r0; 1s d�1

�
. Sheet percolation holds for Cn , so there exists an xn P

Cn X 
pr0; 1sq for all n P N. Since xn P 
pr0; 1sq for all n P N, which is a compact set,

there exists a convergent subsequence pxnk qkPN in pxnqnPN, which has a limit point

x P 
pr0; 1sq.

We prove that x P C, which contradicts the assumption 
pr0; 1sq € Cc. Since C is

compact, it is enough to prove that dpx; Cq   " for all " ¡ 0. Let us �x " ¡ 0.

Since C �
“ 8

n�0 Cn �
“ 8

k�0 Cnk and they are compact sets, C is the Hausdor� limit

of the sequence pCnk qkPN. This gives us that there exists an m1 P N such that if

k ¡ m 1, then dH pC; Cnk q   "{2, so for x nk P Cnk , dpC; xnk q   "{2. On the other

hand, there exists an m2 P N such that if k ¡ m 2, then dpxnk ; xq   "{2. Let us take

a k ¡ maxpm 1; m2q. For this k, we can see that

dpC; xq ¤ dpC; xnk q � dpx nk ; xq   "{2 � "{2 � ":
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Corollary 4.1.6.

Ppsheet percolation occurs in Cq � lim
nÑ8

Ppsheet percolation occurs in Cnq:

Proof. We can see that the event on the left hand side is the intersection of decreasing

events on the right hand side, which implies the required equality.

This also holds if we pass to full sheet percolation on the right hand side, but before

proving this, we give a combinatorial meaning of sheet and full sheet percolation in

Cn .

De�nition 4.1.7. Let us call a �nite sequence of distinct level-n subcubes S1; : : : ; Sm

a king's path if S1 X
�
t0u � r0; 1s d�1

�
� ?, S m X

�
t1u � r0; 1s d�1

�
� ?, S i XSi�1 � ?

for all 1 ¤ i ¤ m � 1 and S i ‚ C n for all 1 ¤ i ¤ m.

We call a �nite sequence of distinct level-n subcubes S1; : : : ; Sm a rook's path if it

is a king's path and the intersection Si X Si�1 is a pd � 1q-dimensional face for all

1 ¤ i ¤ m � 1.

Proposition 4.1.8. Sheet percolation in C n occurs if and only if there does not exist

any rook's path of level-n subcubes.

Full sheet percolation in Cn occurs if and only if there does not exist any king's path

of level-n subcubes.

Proof. The existence of a rook's path easily implies that there is no sheet percolation

in Cn . Let us take a rook's path S1; : : : ; Sm . Let x0 P S1 X
�
t0u � r0; 1s d�1

�
X C c

n .

Such an x0 exists, since S1 X
�
t0u � r0; 1s d�1

�
� ? and S 1 ‚ C n , so S1 is not kept

in the nth step. Similarly, let x m�1 P Sm X
�
t1u � r0; 1s d�1

�
X C c

n . For 1 ¤ i ¤ m,

let x i be the center of Si . The piecewise linear curve connecting x0; x1; : : : ; xm ; xm�1

respectively shows that there is no sheet percolation in Cn .

The existence of a king's path similarly implies that there is no full sheet percolation

in Cn .

Now we prove that if there is no sheet percolation in Cn , then there exists a rook's

path of level-n subcubes. Let us assume that there is no sheet percolation in Cn ,

so there exists a continuous curve 
 : r0; 1s Ñ Ccn such that 
p0q P
�
t0u � r0; 1s d�1

�

and 
p1q P
�
t1u � r0; 1s d�1

�
.
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Let T1; T2; : : : ; Tl be an enumeration of the level-n subcubes which intersect 
pr0; 1sq.

We determine the order of the enumeration the following way: since the subcubes

are closed sets, there exists a minimal x P r0; 1s for each subcube such that 
pxq

is in the subcube. We order the subcubes by these minimal �entry points�. If two

subcubes has the same value, then we de�ne their order by the lexicographical order

on their level-n indices de�ned in De�nition 1.1.1.

For each Ti , we de�ne a sequence of level-n subcubes recursively. For i � 1, let the

sequence consist of only one subcube, T1. For 2 ¤ i ¤ l, let us take the minimal

index 1 ¤ j ¤ i � 1 such that T i X T j is a pd � 1q-dimensional face.

We claim that such a subcube exists among T1; : : : ; Ti�1 . Let us take the minimal

x P r0; 1s such that 
pxq P Ti , so 
pxq P BTi . Let k denote the minimal integer such

that 
pxq is in a k-dimensional face of Ti . If k � d � 1, then there exists an " ¡ 0,

such that 
prx � "; xsq € T j for some 1 ¤ j ¤ i � 1, so the dimension of T i X T j is

d � 1.

If k   d � 1, then all 2 d�k level-n subcubes intersecting the relative interior of that

face are not kept in the nth step, so they are all among T1; : : : ; Tl . By 
pxq being

the �entry point� of T i , all the lexicographically smaller subcubes of the 2d�k ones

mentioned before are among T1; : : : ; Ti�1 , hence there should be a 1 ¤ j ¤ i �1 such

that T i X T j is a pd � 1q-dimensional face.

So take the minimal j and let the ith sequence be the jth sequence concatenated

with T i .

This way, the lth sequence S1; : : : ; Sm is a rook's path since S1 � T 1, Sm � T l and

Si X Si�1 is a pd � 1q-dimensional face for all 1 ¤ i ¤ m � 1.

We can similarly get that no full sheet percolation in Cn implies the existence of a

king's path.

Using these combinatorial concepts, we can prove the following lemma.

Lemma 4.1.9.

Ppsheet percolation occurs in Cq � lim
nÑ8

Ppfull sheet percolation occurs in Cnq:

Proof. It is clear from the de�nition that full sheet percolation in Cn implies sheet
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percolation in Cn , so

8£

n�0

tfull sheet percolation in Cnu €
8£

n�0

tsheet percolation in Cnu �

� tsheet percolation in Cu

by Proposition 4.1.5. Hence it su�ces to prove that

P

�

tsheet percolation in Cuz
8£

n�0

tfull sheet percolation in Cnu

�

� 0;

which is equivalent with the following condition being satis�ed for all n P N:

P ptsheet percolation in Cuztfull sheet percolation in Cnuq � 0:

By Proposition 4.1.5, we can replace the �rst event this way:

P

�
8£

m�0

tsheet percolation in Cmuztfull sheet percolation in Cnu

�

� 0: (4.1.1)

Since this is the intersection of decreasing events, the left hand side is

lim
mÑ8

P ptsheet percolation in Cmuztfull sheet percolation in Cnuq : (4.1.2)

By Proposition 4.1.8, the event

tsheet percolation in Cmuztfull sheet percolation in Cnu

is equal to the event that there exists a king's path of level-n subcubes, but there is

no rook's path of level-m subcubes.

Let us call a �nite sequence S1; : : : ; Sl of level-n subcubes a potential king's/rook's

path if it satis�es the conditions of De�nition 4.1.7 except possibly Si ‚ C n . Let

K be the set of potential king's paths of level-n subcubes, which are not potential

rook's paths.

Since the sets pCnqnPN are decreasing, the occurrence of sheet percolation in Cm

implies the occurrence of sheet percolation in Cn for m ¥ n. By that, we can give

the following upper bound on the probability in question if m ¥ n:

PpD level-n king's path, E level-m rook's pathq ¤

¤
¸

kPK

Ppk is a king's path, E level-m rook's pathq: (4.1.3)
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Let us take an arbitrary k P K. This k is a sequence of neighboring level-n subcubes

S1; : : : ; Sl , such that there exists 1 ¤ i ¤ l � 1 for which S i X Si�1 is an at most

pd � 2q-dimensional face. Let I be the set of such is and let us pick an arbitrary

vertex xi of this face for every i P I.

Proposition 4.1.10. If k � pS 1; : : : ; Slq is a king's path of level-n subcubes, m ¥ n

and for all i P I, all level-m subcubes containing xi are not kept, then there exists a

rook's path of level-m.

Proof. Since every level-m subcube contained in any Sj is not in Cm , we can �nd

a sequence of not kept level-m subcubes between any two subcubes of Sj satisfying

the condition that any two consecutive subcubes intersects each other in a pd � 1q-

dimensional face for all 1 ¤ j ¤ l. By that, it enough to prove that for every

1 ¤ i ¤ l � 1, there exists a sequence of not kept level-m subcubes satisfying that

any two consecutive subcubes intersects each other in a pd � 1q-dimensional face,

the �rst element of the sequence is contained in Si and the last element is contained

in Si�1 .

If i R I, then the intersection of Si and Si�1 is a pd � 1q-dimensional face, so this

obviously holds.

If i P I, then x i P Si X Si�1 and all level-m subcubes containing xi are not kept, so

we can easily �nd such a sequence.

The proposition implies that if k is a king's path and there is no rook's path of

level-m cubes, then there exists at least one i P I, such that at least one of the

level-m subcubes containing xi is kept.

By using this, we can give an upper bound on the probability

Ppk is a king's path, E level-m rook's pathq

if m ¥ n.

There are Nnd many subcubes of level-n, so |I|   Nnd and there are at most 2d

many subcubes of level-m containing xi . We can estimate the probability of k being

a king's path from above by 1. This gives us

Ppk is a king's path, E level-m rook's pathq   1 � Nnd � 2d � pm � p2N nqdpm (4.1.4)

for m ¥ n.
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Since every k P K is a �nite sequence of distinct subcubes chosen from the set of

level-n subcubes, which has a cardinality of Nnd , we can see that |K|   8.

Now we can prove (4.1.1) by summarizing (4.1.2), (4.1.3) and (4.1.4).

P

�
8£

m�0

tsheet percolation in Cmuztfull sheet percolation in Cnu

�

�

� lim
mÑ8

P ptsheet percolation in Cmuztfull sheet percolation in Cnuq �

� lim
mÑ8

PpD level-n king's path, E level-m rook's pathq ¤

¤ lim
mÑ8

¸

kPK

Ppk is a king's path, E level-m rook's pathq ¤

¤ lim
mÑ8

|K|p2N nqdpm � |K|p2N nqd lim
mÑ8

pm � 0

if p   1. If p � 1 then the lemma obviously holds.

Now we are ready to prove the theorem of the section.

Proof of Theorem 4.1.3. Fix p   1 � p cpMdq. We prove that the probability of sheet

percolation in C is 0. Let En denote the event that full sheet percolation occurs in

Cn . By Proposition 4.1.8, we know that this is equal to the event that there is no

king's path of level-n subcubes.

By De�nition 1.1.1, we can think of the fractal percolation process a little bit di�er-

ently. In the kth step of the process, let us consider all level-k subcubes (not just the

successors of the remaining ones from the previous step), keep them with probability

p and remove with probability 1 �p. Let C 1
k be the union of the ones which are kept.

The sets C1
k are independent. The event En implies that for all 1 ¤ k ¤ n full sheet

percolation occurs in C1
k , thus

PpEnq ¤
n¹

k�1

Ppfull sheet percolation in C1kq:

Let us consider the site percolation process with probability parameter 1 � p on Md.

We can naturally identify the level-k subcubes of the complement set pC1
kqc with the

sublattice BN k pMdq. In this setting, the event that there exists a king's path for C1k
(we can de�ne this analogously as for Cn in De�nition 4.1.7) is the same that there

exists a path linking the left and right side of BN k pMdq.
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Since 1 � p ¡ p cpMdq, by Theorem 3.2.7, the probability �1�p pBN k pMdqq of this can

be uniformly bounded by a constant � ¡ 0 from below. This gives us the following

upper bound for PpEnq.

PpEnq ¤
n¹

k�1

Ppfull sheet percolation in C1kq �
n¹

k�1

PpE king's path in pC1kqcq �

�
n¹

k�1

�
1 � � 1�p pBN k pMdqq

�
¤ p1 � �q n :

Lemma 4.1.9 gives us

Ppsheet percolation in Cq � lim
nÑ8

PpEnq ¤ lim
nÑ8

p1 � �q n � 0:

Thus pspN; dq ¥ 1 � p cpMdq.

4.2 Asymptotic behavior of p s

Remark 4.2.1. After writing up most of the proof of Theorem 4.2.2, I noticed

a possible gap in the proof. Since it does not seem to be easily repairable, but the

proof contains several good and instructive ideas, we present the correct steps of the

proof, marking the potential mistake. We also demonstrate the possible corollaries of

Theorem 4.2.2.

We note that the geometric part of the proof (Lemma 4.2.11) works well and the

probabilistic part (the equation (4.2.5)) can stil l be true, but the proof in [14] seems

to contain an error.

The estimation pcpN; dq   1 is a weaker inequality than the statement of Theorem

4.2.2. We can obtain this by using the same method as in Theorem 2.1.8.

In this section, we show that the probability of sheet percolation tends to 1 as

N Ñ 8 if p ¡ 1 � p cpMdq. Then we draw the consequence of this for the asymptotic

behavior of the critical probability of the sheet percolation and we show it can be

separated from the critical probability of path percolation for large Ns.

Theorem 4.2.2. Let d P N � , p ¡ 1 � p cpMdq and denote the random fractal for

N ¥ 2 with C rNs. Then

lim
NÑ8

P
�
sheet percolation in CrNs

�
� 1:
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Before proving the theorem, we need to de�ne several notions, that will be necessary

for the proof.

Remark 4.2.3. From this point to the end of the proof of the theorem, we will

assume that N is divisible by 5, although it will be clear that the method works for

any N ¥ 5 with slight modi�cations if N is not divisible by 5.

De�nition 4.2.4 (Subcube of index i). Let i P J n be a level-n index. The subcube

of this index is

Cnpiq �
d¡

j�1

�
n¸

l�1

pilqj

N l
;

n¸

l�1

pilqj

N l
�

1
N n

�

:

De�nition 4.2.5 (Level-n block). Let i P J n be a level-n index and k �

pk1; : : : ; kdq P t0; 1; 2; 3; 4ud. Let the level-n block of index ri; ks be

Bri; ks �
d¡

j�1

�
n¸

l�1

pi lqj

N l
�

kj

5Nn
;

n¸

l�1

pi lqj

N l
�

kj � 1
5Nn

�

:

We can see that a level-n subcube is the union of its 5d blocks and a level-n block

is the union of pN{5qd level-pn � 1q subcubes.

De�nition 4.2.6 (Annulus around a level-n block). Let i P J n be a level-n index

and k � pk 1; : : : ; kdq P t0; 1; 2; 3; 4ud. Let the annulus around the level-n block Bri; ks

be

Ari; ks �
d¡

j�1

�
n¸

l�1

pilqj

N l
�

kj � 1
5Nn

;
n¸

l�1

pilqj

N l
�

kj � 2
5Nn

�

z int Bri; ks:

We can see that the boundary of Ari; ks has two connected components. We will

denote the inner one (which is actually the boundary of Bri; ks) as BpiqAri; ks and

the other (the outer one) as BpoqAri; ks.

If Bri; ks € p0; 1qd, then the annulus Ari; ks is the union of the 3d � 1 level-n blocks

touching the block Bri; ks. Otherwise we can add some blocks around r0; 1sd which we

have not de�ned and we can consider the union of the blocks in the same geometric

placement.

De�nition 4.2.7 (Full sheet separation). Let D; E; S € r0; 1s d such that DXE � ?.

We say that S contains a full sheet separating D and E if there is no continuous

path 
 : r0; 1s Ñ r0; 1sdzS such that 
p0q P D and 
p1q P E.

In this section, we will use the distance function induced by the maximum norm on

Rd between points and sets as well.
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De�nition 4.2.8 (Distance function used in the proof). For x; y P R d, let dpx; yq �

maxd
i�1 |x i � y i | be the distance of the two points. For subsets X; Y € Rd, let

dpX; Y q � inftdpx; yq : x P X; y P Y u with the convention that infp?q � 8.

Remark 4.2.9. If X and Y are nonempty closed sets, and at least one of them is

compact, then the in�mum in the de�nition can be replaced by a minimum.

The following de�nition will contain the most important objects of the proof. Recall

from De�nition 1.1.1 the sample space t0; 1uJ . For the notion of availability, we

will not only use the realization of the Cns, but the corresponding elements in this

sample space.

De�nition 4.2.10 (Good and available subcubes, isolated blocks). Let us �x n ¥ 1.

For m ¤ n, we de�ne the goodness and availability of level-m subcubes inductively

in a decreasing order on the levels.

If m � n, then we declare all level-m subcubes to be good and declare the subcube

Cmpiq to be available if the value of the corresponding point at the probability space

has a coordinate 1 at index i.

Now let m   n and suppose that we have determined the availability of all subcubes

of levels at least m � 1. We say that a level-m block Bri; ks is isolated if the set

S �
¤  

Cm�1 p~iq :~i P Jm�1 ; Cm�1 p~iq is available
(

contains a full sheet separating
�
BpiqAri; ks

�
X r0; 1sd and

�
BpoqAri; ks

�
X r0; 1sd.

Let ip1q; ip2q; : : : ; ipNdm q be some �xed ordering of the level-m indices. We determine

the goodness of the level-m subcubes in this order. For each 1 ¤ j ¤ Ndm , let Gpjq

be the union of the subcubes that have been examined and found to be not good, so

Gpjq �
¤

l j

 
Cm

�
iplq

�
: Cm

�
iplq

�
is not good

(
:

We declare the cube Cm
�
ipjq

�
to be good if for every k P t0; 1; 2; 3; 4ud such that

d
�
Bri pjq; ks; Gpjq

�
¥

2
5Nm

;

the block Bripjq; ks is isolated. We declare Cm
�
ipjq

�
to be available if it is both good

and the value of the corresponding point at the probability space has a coordinate 1

at index ipjq.
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Lemma 4.2.11. If C 0p?q is good for n, then sheet percolation occurs in Cn .

Proof. We will construct a set Sn € C n by induction which contains a full sheet

separating t0u � r0; 1sd�1 and t1u � r0; 1sd�1 .

Proposition 4.2.12. For m   n, let F m € J m be a set of level-m indices such that

Cmpiq is available and kept for every i P Fm and the set

Sm �
¤

iPFm

Cmpiq

contains a full sheet separating t0u � r0; 1sd�1 and t1u � r0; 1sd�1 . Then there exists

Fm�1 € J m�1 such that Cm�1 piq is available and kept for every i P Fm�1 and

Sm�1 �
¤

iPFm�1

Cm�1 piq

contains a full sheet separating t0u � r0; 1sd�1 and t1u � r0; 1sd�1 .

Proof. We de�ne the core ~Sm of Sm by

~Sm �
¤ "

Cm�1 piq : i P Jm�1 ; dpCm�1 piq; r0; 1sdzSmq ¥
2

5Nm

*
:

Proposition 4.2.13. ~Sm contains a full sheet separating t0u � r0; 1sd�1 and t1u �

r0; 1sd�1 .

Proof. First, we can notice that the distance of any two sets, which are unions of

subcubes of side length l, is a multiple of l. Let L be the union of the connected

components of r0; 1sdzSm intersecting
�
t0u � r0; 1s d�1

�
X

�
r0; 1sdzSm

�
and R be the

union of the connected components of r0; 1sdzSm intersecting
�
t1u � r0; 1s d�1

�
X

�
r0; 1sdzSm

�
. (If L � ? or R � ?, then ~Sm obviously separates, so we can assume the

opposite.) We can see that dpL; Rq ¥ 1{Nm since their closures consist of subcubes

of side length 1{Nm .

Suppose that ~Sm does not contain a full sheet separating t0u � r0; 1sd�1 and t1u �

r0; 1sd�1 . Similarly as in Proposition 4.1.8, this is equivalent with the existence of

a king's path consisting of subcubes of side length 1{Nm�1 not contained in ~Sm .

Let this king's path be Q1; Q2; : : : ; Qk , where Q1 X
�
t0u � r0; 1s d�1

�
� ? and Q k X

�
t1u � r0; 1s d�1

�
� ?. Since the diameter of these subcubes Qj is 1{N m�1 with
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respect to the distance function de�ned in De�nition 4.2.8, the triangle inequality

gives us that for any 1 ¤ j ¤ k

dpL; Qj q � diam Q j � dpQ j ; Rq ¥
1

N m

and since diam Qj � 1{N m�1 ¤ 1{5N m , this implies that

dpL; Qj q � dpQ j ; Rq ¥
4

5Nm
:

For 1 ¤ j ¤ k � 1, Q j and Qj�1 intersect each other, so the values

|dpL; Qj q � dpL; Q j�1 q| and |dpR; Qj q � dpR; Q j�1 q| can only be 0 or 1{Nm�1 .

By dpL; Q1q � 0 and dpR; Qkq � 0, this implies that there is a 1 ¤ j ¤ k such

that dpL; Qj q ¥ 2{p5Nmq and dpR; Qj q ¥ 2{p5Nmq. But then this Qj € ~Sm , which

contradicts that it is in a king's path.

Let

Fm�1 � ti : i P J m�1 ; Cm�1 piq € Sm ; Cm�1 piq is availableu

and

Sm�1 �
¤

iPFm�1

Cm�1 piq:

We prove that Fm�1 is a suitable set of indices. It is obvious by the de�nition that

Cm�1 piq is available and since Sm consist of kept level-m subcubes, Cm�1 piq is kept

in the pm � 1qth step for every i P Fm�1 . We need to show that Sm�1 contains a full

sheet separating t0u � r0; 1sd�1 and t1u � r0; 1sd�1 .

Suppose the opposite, so there exists a king's path Q1; Q2; : : : ; Qk of subcubes of

level-pm � 1q which are not contained in Sm�1 . Since ~Sm contains a full sheet sepa-

rating t0u � r0; 1s d�1 and t1u � r0; 1sd�1 , there exists a 1 ¤ j ¤ k such that Q j € ~Sm .

Then there is an i P Jm and k P t0; 1; 2; 3; 4ud such that Qj € Bri; ks. Since Bri; ks

is a cube of side length 1{p5Nmq,

dpBri; ks; r0; 1szSmq ¥
2

5Nm
: (4.2.1)

Since Qj € ~Sm € S m , the level-m subcube Cmpiq containing Qj is available, hence

good, which implies by De�nition 4.2.10 that the block Bri; ks is isolated. The fact

(4.2.1) implies that Ari; ks € S m . Then there is a subsequence of consecutive sub-

cubes of the king's path Qs; : : : ; Qt such that QsXBpiqAri; ks � ?, Q t XBpoqAri; ks � ?
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and Qr is not available for s ¤ r ¤ t, by the de�nition of F m�1 . But this contradicts

that Bri; ks is isolated.

Hence we conclude that Sm�1 contains a full sheet separating t0u � r0; 1sd�1 and

t1u � r0; 1s d�1 .

Now we complete the proof of Lemma 4.2.11.

Let F0 � t?u, so S 0 � r0; 1s d. Since we always keep the cube C0p?q, if it is good,

then it is available. S0 obviously separates t0u � r0; 1sd�1 and t1u � r0; 1sd�1 .

Applying Proposition 4.2.12 repeatedly for m � 0; 1; : : : ; n � 1, we get the sets

F1; F2; : : : ; Fn . For every i P Fn and every 0 ¤ m ¤ n, C npiq € Sm , so Cnpiq is kept

in the nth step of the percolation process. So

Sn �
¤

iPFn

Cnpiq € Cn

contains a full sheet separating t0u � r0; 1sd�1 and t1u � r0; 1sd�1 , which implies that

sheet percolation occurs in Cn .

The method of the proof of Theorem 4.2.2 will be the following. We estimate the

probability of a block not being isolated in a modi�ed probability space, where

the indicators of the subcubes will depend on the availability by using Theorem

3.2.8. Then we show that the probability of the required events (such as a subcube

being good) in the original probability space can be estimated from below by the

probabilities in the modi�ed space. Hence the bound for the probability of the level-

0 blocks not being isolated will give us a lower bound on the probability of C0p?q

being good for a �xed n.

De�nition 4.2.14 (Nice Ordered Random Variables). Let us call a set of random

variables tXi : i P J u a NORV, if each Xi s taking values in t0; 1u, J is nonempty,

�nite and it has a complete ordering  .

De�nition 4.2.15 (Initial segment of a NORV). Let tX i : i P J u be a NORV on

the probability space p
; F; Pq. The initial segment of tXi : i P J u of length l is the

set tX i : i P J | lu, where J |l is the set of the �rst l elements of J with respect to the

ordering  .

De�nition 4.2.16 (�-algebra generated by an initial segment of a NORV). Let

tX i : i P J u be a NORV on the probability space p
; F; Pq. Let Fpi� q € F denote

the �-algebra generated by
 
X~i : ~i   i

(
.
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De�nition 4.2.17 (Increasing event). Let tX i : i P J u be a NORV on the probability

space p
; F; Pq. Let us consider the product space

� �
¡

iPJ

t0; 1u:

There is a natural partial order on � given by x1 ¤ x 2 holds for x1; x2 P 
 if and

only if x1piq ¤ x2piq for all i P J . We say that the event E P Pp�q is increasing on

tX i : i P J u if x 1 P E and x1 ¤ x 2 imply x2 P E.

De�nition 4.2.18. Let tX i : i P J u be a NORV on the probability space p
; F; Pq

and � P r0; 1s be a parameter. Let P� be the product probability measure on the product

measurable space p�; Pp�qq such that xpiq � 1 with probability � for all i P J where

� �
‘

iPJ t0; 1u.

Remark 4.2.19. Since the X i s are random variables taking values in t0; 1u, every

event E P Pp�q can be considered as an event in F.

Lemma 4.2.20. Let tX i : i P J u be a NORV on the probability space p
; F; Pq.

Suppose that there exists a � P r0; 1s such that

PpXi � 1|Fpi � qq ¥ �

for all i P J . Then for every increasing event E, we have

PpEq ¥ P� pEq:

Proof. We use induction on the size of J . For |J | � 1 the assumption gives us

PpXi � 1q ¥ �, which immediately implies PpEq ¥ P � pEq for any increasing event.

Assume that |J | � l and we have proved the statement for l � 1. Let ~i denote the

last index in J with respect to its ordering and J � denote the initial segment of

tX i : i P J u of length l �1. The induction hypothesis gives us that for any increasing

event E� P Fp~i � q on J � we have

PpE� q ¥ P� pE� q:

By the hypothesis of the lemma, we have

PptX~i � 1u X Hq ¥ �PpHq (4.2.2)

for every event H P Fp~i � q.
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Let E be an arbitrary increasing event on tXi : i P J u and let E1 � EXtX ~i � 0u and

E2 � E XtX ~i � 1u. Then there exist E �
1 ; E �

2 P Fp~i � q such that E1 � E �
1 XtX ~i � 0u

and E2 � E �
2 X tX ~i � 1u, so E can be written as a disjoint union

E �
�
E �

1 X tX ~i � 0u
�

Y
�
E �

2 X tX ~i � 1u
�

:

Since E is increasing on tXi : i P J u, both E �
1 and E�

2 are also increasing on J� ,

moreover E�
1 € E �

2 . This gives us that E can be written as a disjoint union

E � E �
1 Y

�
pE�

2 zE�
1 q X tX ~i � 1u

�
:

Hence

PpEq � PpE �
1 q � P

�
pE�

2 zE�
1 q X tX ~i � 1u

�
: (4.2.3)

Applying (4.2.2) for the second summand gives

PpE�
1 q � P

�
pE�

2 zE�
1 q X tX ~i � 1u

�
¥ PpE �

1 q � �P
�
pE�

2 zE�
1 q

�
:

Since E�
1 € E �

2 ,

PpE�
1 q � �P

�
pE�

2 zE�
1 q

�
� p1 � �qPpE �

1 q � �PpE �
2 q: (4.2.4)

Now we apply the induction hypothesis on E�1 and E�
2 , getting

p1 � �qPpE �
1 q � �PpE �

2 q ¥ p1 � �qP � pE�
1 q � �P � pE�

2 q:

By applying (4.2.4) backwards, we get

p1 � �qP � pE�
1 q � �P � pE�

2 q � P � pE�
1 q � �P � pE�

2 zE�
1 q:

PpX~i � 1q � � and the variables tX i : i P J u are independent with respect to P� ,

which implies

P� pE�
1 q � �P � pE�

2 zE�
1 q � P � pE�

1 q � P �

�
pE�

2 zE�
1 q X tX ~i � 1u

�

and then we apply (4.2.3) backwards

P� pE�
1 q � P �

�
pE�

2 zE�
1 q X tX ~i � 1u

�
� P � pEq

completing the proof.

Proof of Theorem 4.2.2. Fix p ¡ 1�p cpMdq. It is enough to prove that for any " ¡ 0

there exists an Np"q such that for any N ¡ Np"q the inequality

P
�
sheet percolation in CrNs

�
¥ 1 � "
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holds.

By Corollary 4.1.6 it su�ces to prove that for any " ¡ 0 there exists an Np"q such

that for any N ¡ Np"q and every n P N

P
�
sheet percolation in CrNs

n

�
¥ 1 � ":

Lemma 4.2.11 implies that it is enough to show that for any " ¡ 0 there exists an

Np"q such that for any N ¡ Np"q and every n P N

P
�

CrNs
0 p?q is good

	
¥ 1 � ": (4.2.5)

Fix " ¡ 0. We will compute Np"q later in 4.2.7. Now �x N ¡ Np"q and n P N � .

We can assume without loss of generality that " is small enough that p1 � "qp ¡

1 � p cpMdq. Let � � p1 � "qp. We estimate the probability of a level-m block Bri; ks

being isolated. Fix m   n and declare that each level-pm � 1q subcube is available

with probability �, independent of all other level-pm � 1q subcubes. Let P� denote

the corresponding product measure on
‘

iPJm�1
t0; 1u.

The grid of subcubes of level-pm�1q can be identi�ed with a sublattice of Md of side

length Nm�1 naturally. Let us consider the site percolation process on this sublattice

with parameter 1 � �, let P 1�� denote the corresponding probability measure, so the

kept vertices in the sublattice correspond to the non-available subcubes.

We can see that if the level-m block Bri; ks is not isolated, then there exists a king's

paths from a subcube intersecting BpiqAri; ks to a subcube intersecting BpoqAri; ks.

That means there exists at least one subcube intersecting BpiqAri; ks for which we

can take a box of side length l, where N{5 � 1 ¤ l ¤ 2N{5 � 1 centered at this

subcube, so there exists a path from the subcube to the surface of the box.

Recall the event t0 Ø BBplqu from Theorem 3.2.8. Let Bpl; Cm�1 piqq the box of

side length 2l centered at the subcube Cm�1 piq and de�ne the event tCm�1 piq Ø

BBpl; Cm�1 piqqu analogously as in Theorem 3.2.8.

With this we can estimate the probability of Bri; ks not being isolated the following

way:

P� pBri; ks is not isolatedq ¤

¤
¸

iPJm�1

Cm�1 piqXBpiqAri;ks�?

2N{5�1¸

l�N{5�1

P1�� pCm�1 piq Ø BBpl; Cm�1 piqqq ¤
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¤

� �
N
5

� 2

 d

�
�

N
5

� 2

 d

� �
N
5

� 3



P1�� p0 Ø BBpN{5 � 1qq  

 
�

N
5

� 3

 d�1

P1�� p0 Ø BBpN{5 � 1qq:

1 � �   p cpMdq, so we can apply Theorem 3.2.8 and get for all N

�
N
5

� 3

 d�1

P1�� p0 Ø BBpN{5 � 1qq ¤
�

N
5

� 3

 d�1

e�pN{5�3q�p1��q

for some �p1 � �q ¡ 0.

The probability of a level-m subcube CrNs
m piq not being good can be bounded in P�

from above:

P�

�
CrNs

m piq is not good
�

¤ P � pDk P t0; 1; 2; 3; 4ud : Bri; ks is not isolatedq ¤

¤
¸

kPt0;1;2;3;4ud

P� pBri; ks is not isolatedq ¤ 5d
�

N
5

� 3

 d�1

e�pN{5�3q�p1��q (4.2.6)

Since

lim
NÑ8

5d

�
N
5

� 3

 d�1

e�pN{5�3q�p1��q � 0;

there exists an Np"q such that for N ¡ Np"q

5d

�
N
5

� 3

 d�1

e�pN{5�3q�p1��q   ": (4.2.7)

It would be enough to prove that P
�

CrNs
0 p?q is good

	
¥ P �

�
CrNs

0 p?q is good
	

,

since P�

�
CrNs

0 p?q is good
	

¥ 1 � " for N ¡ Np"q.

Let J �
” n

m�0 Jm and de�ne the following ordering on it. If i P Jm and ~i P Jl with

m ¡ l, then i   ~i. Inside Jm , let us take the ordering in which we have determined the

goodness of the cubes in De�nition 4.2.10. For i P Jm , let 1apiq denote the indicator

variable of Cmpiq being available. We can see that t1apiq : i P J u is a NORV.

From now on, let P� denote the corresponding product measure on
‘

iPJ t0; 1u. It is

compatible with the previously used P� , so the estimations we have proved for that

will remain true.
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It is obvious that the event
!

CrNs
0 p?q is good

)
is increasing on t1apiq : i P J u, so if

Pp1apiq � 1|Fpi � qq ¥ �;

for all i P J , then we can apply Lemma 4.2.20 and conclude the statement of the

theorem.

Proposition 4.2.21. If N ¡ Np"q, then

Pp1apiq � 1|Fpi � qq ¥ �

for every i P J .

Remark 4.2.22. This statement can be found in [14] as Lemma 6.

The statement of this proposition seems to contain an error. Let i P Jn�1 : Let us

consider the event H P Fpi� q where the values of the indicator variables 1ap~iq � 0

for all ~i   i. This implies that C n�1 piq is not good, hence 1apiq � 0. Then

Pp1apiq � 1|Hq � 0;

contradicting the statement of the Proposition 4.2.21.

The author of [14] attempted to correct this by omitting conditioning on a �-algebra

in the statement in his PhD thesis [13] (Lemma 3.13.). This did not help, since leav-

ing the condition on Fpi� q out means that we cannot apply Lemma 4.2.20, because

its hypothesis is not ful�l led.

Another problem is that the proof of Proposition 4.2.21 uses the fact that the goodness

of a subcube is an increasing event for any i P J in both [14] and [13], but actually

this does not hold generally, only for C0p?q.

We continue the proof showing that if this proposition were true, then Theorem 4.2.2

would hold.

So by Propostition 4.2.21, we can apply Lemma 4.2.20 for the increasing event!
CrNs

0 p?q is good
)

, getting

P
�

CrNs
0 p?q is good

	
¥ P �

�
CrNs

0 p?q is good
	

:

Since (4.2.6) and (4.2.7), for N ¡ Np"q

P�

�
CrNs

0 p?q is good
	

� 1 � P �

�
CrNs

0 p?q is not good
	

¡ 1 � ";

hence we have proved the theorem.
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Finally, we present some possible corollaries of Theorem 4.2.2.

Theorem 4.2.23. For all d ¥ 2

lim
NÑ8

pspN; dq � 1 � p cpMdq:

Proof. Theorem 4.1.3 implies that

lim
NÑ8

pspN; dq ¥ 1 � p cpMdq

and Theorem 4.2.2 shows that

lim
NÑ8

pspN; dq ¤ p

for all p ¡ 1 � p cpMdq implying the theorem.

Remark 4.2.24. The following corollary does not require Theorem 4.2.23, only

Theorem 4.1.3, hence it is una�ected by the gap in the proof.

Corollary 4.2.25. For all d ¥ 3 there exists an Npdq such that for N ¡ Npdq

pcpN; dq   pspN; dq:

Proof. Recall the de�nitions of the lattices Ld and Md from De�nition 3.2.5.

Since we can get the lattice Ld by adding extra edges to the lattice Zd and we get

the lattice Md by adding extra edges to the lattice Ld, we can see that

pcpMdq ¤ pcpLdq ¤ pcpZdq:

Corollary 3.2.4 gives us the bound

pcpZdq  
1
2

for d ¥ 3. Thus

pcpLdq   1{2   1 � p cpMdq

for d ¥ 3. By Theorem 3.2.6 and Theorem 4.1.3, we get the limits

lim
NÑ8

pcpN; dq � p cpLdq

and

pspN; dq ¥ 1 � p cpMdq;

so we can see that there exists an Npdq such that for N ¡ Npdq,

pcpN; dq   pspN; dq:
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So we got that the critical probabilities can be separated for large values of N.

We have another interesting corollary of Theorem 3.2.6 and Theorem 4.2.23 on the

�eld of site percolation.

Remark 4.2.26. It can be proven that the concepts of path and sheet percolation

are the same when d � 2 if we switch the axes of the coordinate system, so we get

1 � p cpM2q � lim
NÑ8

pspN; 2q � lim
NÑ8

pcpN; 2q � pcpL2q:

Since L2 � Z 2 by de�nition, the result on the limit of the critical probability of sheet

percolation gave us

pcpM2q � p cpZ2q � 1

for the critical probabilities of site percolation on the lattices M2 and Z2.



Chapter 5

Further results and questions

In this chapter, we present some further results and ask some questions about fractal

percolation.

5.1 Lipschitz curves in the random fractal

In Theorem 2.1.8 we have proved that for p ¡ pcpN; dq there exists a continuous

curve joining the two opposite sides of r0; 1sd with positive probability.

De�nition 5.1.1 (Lipschitz curve). The curve 
 : r0; 1s Ñ R d is Lipschitz if there

exists an L ¥ 0 such that for all x; y P r0; 1s

|
pxq � 
pyq| ¤ L|x � y|

holds.

The Lipschitz property is a stronger concept than continuity, so the next question

arising is whether there is a Lipschitz curve in C joining the opposite sides of r0; 1sd.

By considering the construction of the continuous curve, we can see that the curve

�twists� a lot, so we can conjecture that these curves are usually not Lipschitz.

The result of the article [3] shows that even more is true.

De�nition 5.1.2 (�-Hölder curve). Let 0   � ¤ 1. The curve 
 : r0; 1s Ñ R d is

�-Hölder if there exists an H ¥ 0 such that for all x; y P r0; 1s

|
pxq � 
pyq| ¤ H|x � y| �
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holds.

De�nition 5.1.3 (Purely �-unrecti�ability). A set A € R d is purely �-unrecti�able

if H 1{� pA X 
pr0; 1sqq � 0 for all �-Hölder curves 
 : r0; 1s Ñ R d.

Theorem 5.1.4. For all 0 ¤ p   1, d ¥ 1, N ¥ 2 there exists � 0 � � 0pp; d; Nq   1

such that for all � 0   � ¤ 1

PpC is purely �-unrecti�ableq � 1:

We can see that the 1-Hölder property is exactly the Lipschitz property, so this

theorem implies that if p   1, then C cannot contain the image of any nontrivial

Lipschitz-curve.

5.2 Topological dimension of the random fractal

The topological dimension is a di�erent concept from Hausdor� dimension. Its spe-

cialty is that it always has an integer value. The book [11] deeply describes the

topic, we just cite some de�nitions and theorems here. The proofs of Theorem 5.2.2,

Theorem 5.2.4 and Theorem 5.2.5 can be found in the book.

The de�nition of topological dimension is inductive.

De�nition 5.2.1 (Topological dimension). Let X be a topological space. Set

dimH ? � �1. If X is nonempty, then the topological dimension of X is

dimt X � inftd|X has a basis U such that @U P U : dimtpBUq ¤ d � 1u:

Theorem 5.2.2. A compact topological space has topological dimension of 0 if and

only if it is totally disconnected.

Corollary 5.2.3. If path percolation occurs in C, then it has a topological dimension

of at least 1.

Proof. Since path percolation implies a connected component containing more than

one point, it gives us that C cannot be 0 dimensional.

Theorem 5.2.4. Let pA nqnPN� be a sequence of closed subsets of Rd. Then

dimt

�
8¤

nPN�

An

�

� sup
nPN�

dimtpAnq:
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Theorem 5.2.5. Let D � Rd. If RdzD is not connected, then dimtD ¥ d� 1.

Corollary 5.2.6. If sheet percolation occurs in C, then it has topological dimension
at least d� 1.

Sketch of proof. Since r0, 1sdzC is relatively open in r0, 1sd, the connected com-
ponents of r0, 1sdzC coincide with the path-connected components of r0, 1sdzC,
so the occurrence of sheet percolation in C implies that for any points x P
�

t0u � r0, 1sd�1� zC and y P
�

t1u � r0, 1sd�1� zC, x and y are in distinct connected
components of r0, 1sdzC.

Reflecting the set C across the hyperplanes of its faces excluding t0u� r0, 1sd�1 and
t1u�r0, 1sd�1, then repeating this for the images over and over infinitely many times,
we get a set D � r0, 1s � Rd�1, for which RdzD is not connected. Then Theorem
5.2.4 and Theorem 5.2.5 immediately imply the corollary.

So above pc, the topological dimension of C is at least 1 with positive probability and
above ps, the topological dimension of C is at least d� 1 with positive probability.
We can ask that where these “topological dimension jumps” appear in r0, 1s.

Definition 5.2.7. For N ¥ 2 and e ⁄ d P N� integers, let ptpN, e, dq denote

ptpN, e, dq � suptp : P pdimtC ¥ eq � 0u.

Question 5.2.8. Fix N ¥ 2 and d P N�. Is it true that

0   ptpN, 0, dq   ptpN, 1, dq   . . .   ptpN, d, dq � 1?

We can present some partial results on this question.

ptpN, 0, dq is the critical probability of C not being empty. We know the exact value
of ptpN, 0, dq by Corollary 1.2.3, which is 1{Nd.

The monotonicity ptpN, 0, dq ⁄ ptpN, 1, dq ⁄ . . . ⁄ ptpN, d, dq is obvious.

We have just shown that ptpN, 1, dq ⁄ pcpN, dq and ptpN, d� 1, dq ⁄ pspN, dq.

Theorem 5.3.2 below gives us that dimtC ⁄ dimH C implying ptpN, e, dq ¥ 1{Nd�e

by Theorem 1.3.7.
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5.3 Topological Hausdorff dimension of the ran-
dom fractal

The authors in [1] introduce a new notion of dimension.

Definition 5.3.1. Set dimtH ? � �1. The topological Hausdorff dimension of a
nonempty metric space X is defined as

dimtH X � infts|X has a basis U such that @U P U : dimHpBUq ⁄ s� 1u.

This seems like a mix of the Hausdorff and the topological dimension and we have
the following inequality on these dimensions as written in Theorem 3.4 in [1].

Theorem 5.3.2. For every metric space X

dimtX ⁄ dimtH X ⁄ dimH X.

However, Theorem 3.23. in [1] shows that these notions are “independent” in the
sense that the topological Hausdorff dimension is not a function of the topological
and the Hausdorff dimension.

The authors state the following about the topological Hausdorff dimension of Man-
delbrot’s random fractal in dimension 2.

Theorem 5.3.3. For every s P r0, 2q there exists a critical probability ppsqc � pps,Nqc P

p0, 1q such that if p   ppsqc , then dimtH C ⁄ s almost surely and if p ¡ ppsqc , then
dimtH C ¡ s almost surely.

The proof shows that there is a big family of curves similar as we constructed in
Lemma 2.1.4 “pushing up” the topological Hausdorff dimension of C.

Question 5.3.4. Is there a similar phenomenon for the topological Hausdorff di-
mension for d ¥ 3?
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