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Abstract

We study an extremal problem for ordered families of uniform sets. Let r > 2.

An ordered family

k

is called an r-sliding intersecting family if every r consecutive members form an

Frew ={F1, Fy,... Fp} C <[”]> (0.1)

intersecting family. This condition can be viewed as a local, ordered version of the
classical intersection condition studied in extremal set theory.

The aim of this thesis is to determine or estimate the maximum possible size of
such a family. For k = 2, we give a complete solution by translating the problem
into a question about ordered edge sequences in the complete graph K,,. In this

case we prove that

(g), r =2 or 3,

max | Fa | =
max{3,n — 1}, r>4.

(0.2)

For k£ > 3, we establish upper bounds in the range above the Han-Kohayakawa
threshold. The proof uses classical structural results on intersecting families, includ-
ing the Erdos—Ko—Rado theorem, the Hilton—Milner theorem, and the theorem of
Han and Kohayakawa on non-trivial intersecting families not contained in Hilton—
Milner families. We show that, in this range, large sliding intersecting families are
forced to be close to a star, with at most a small number of exceptional sets. We
also describe extremal constructions showing that the obtained bounds are tight in

the corresponding parameter ranges.

1 Introduction

Intersection problems are among the central topics in extremal combinatorics and
extremal set theory. Given a finite ground set and a family of its subsets, one studies how
large the family can be under prescribed intersection conditions. Such questions have
attracted extensive attention and have led to several classical results and techniques,
including compression methods, shifting arguments, stability phenomena, and structural

extremal analysis.
One of the most fundamental directions concerns intersecting families.

Roughly speaking, an intersecting family is a collection of sets in which every two
members share at least one common element. This simple local requirement leads to highly
nontrivial global structure. Beginning with the celebrated Erdés—Ko-Rado theorem and

its subsequent refinements, intersection theory has developed into an active research area



with deep connections to graph theory, coding theory, discrete geometry, and probabilistic

combinatorics.

Most classical intersection problems impose a global condition: every pair of sets in
the family is required to intersect. Under such assumptions, extremal structures are often
rigid and tend to exhibit star-like behavior.

However, in many situations one may only require intersection constraints to hold

locally rather than globally.

This motivates the following question:

How large can a family become if intersection is required only among nearby

or consecutive members?

To investigate this phenomenon, we introduce a local version of intersecting families.

Let r > 2. An ordered family

.HJ:{EJQHWP%}Q(ﬁv (1.1)

is called an r-sliding intersecting family if every r consecutive members form an inter-
secting family; namely,

{E?E—i—la"wﬂ—k'r‘—l} (12)

is intersecting for every

1<i<m-—r+1. (1.3)

This condition differs fundamentally from ordinary intersection conditions.

In a classical intersecting family, every two members interact directly. In contrast,
the sliding condition only imposes local restrictions along an ordering of the family. As a

consequence, long-range interactions between distant members may disappear completely.

Therefore, sliding intersecting families combine extremal set theory with sequential
dependency and may exhibit structures that do not appear in the classical Erdos—Ko—

Rado framework.

The main objective of this thesis is to determine

max | Fy, .|, (1.4)



that is, the maximum possible size of an r-sliding intersecting family.
The results obtained in this thesis can be divided into two directions.

First, for the case k = 2, we establish the exact extremal value and completely char-
acterize all extremal configurations. Using a graph-theoretic interpretation, the problem
can be reformulated as finding the longest sequence of edges satisfying local adjacency

constraints.

Second, for general values of k, we derive upper bounds in several parameter regimes.
The proofs combine classical intersection theorems with structural arguments and show

that large sliding intersecting families inherit properties of extremal intersecting families.

In particular, the thresholds arising from Hilton—Milner type constructions play an

essential role in determining the behavior of sliding families.
The remainder of the thesis is organized as follows.

In Chapter 2 we introduce notation and review classical results on intersecting families
that will be used throughout the thesis.

In Chapter 3 we study the case k = 2 and determine the exact extremal value.

In Chapter 4 we investigate the general case £ > 2 and establish upper bounds in

several ranges of parameters.

Finally, Chapter 5 contains remarks, discussion, and directions for future research.

2 Preliminaries

2.1 Basic notation

Throughout this thesis, let

n] = {1,2,...,n} (2.5)

denote the ground set of size n.

For a positive integer k, we write

for the family of all k-subsets of [n].

A family



F c ol (2.7)

is called an intersecting family if every two members intersect, that is,

ANB+4@ VYA BeF. (2.8)

A family is called trivial if there exists an element contained in every member of the

family.
Otherwise it is called non-trivial.

The main objects considered in this thesis are families contained in

C?), (2.9)

where all members have equal cardinality.

2.2 Classical intersecting families

The study of intersecting families is one of the central topics in extremal set theory.

Given a family of subsets of a finite set, a natural question is to determine how large

such a family can be under the condition that every two members intersect.

One of the earliest results in this direction was obtained by Erdés, Ko, and Rado in
1961.

They determined the maximum size of an arbitrary intersecting family.

Theorem 2.1 (Erdés—-Ko-Rado, general form [5]). Let
F c ol (2.10)
be intersecting.
Then
|Fl <2nh (2.11)

Equality holds if and only if for every complementary pair

(4, [n] \ A), (2.12)
the family contains exactly one of the two sets.
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Moreover, every intersecting family can be extended to a maximal one.

Proposition 1 ([5]). Let F be an intersecting family.

Then there exists an intersecting family

GDOF (2.13)

such that

G| =2""". (2.14)

A more refined question asks for the maximum size when all sets are required to have
equal cardinality.

This leads to the uniform version of the Erdés—Ko-Rado theorem.

Theorem 2.2 (Erdés-Ko-Rado [5]). If n > 2k, then for every intersecting family

FC ([Z}) (2.15)

we have

Fl < (Z: D (2.16)

Equality holds if and only if all sets contain a common element.

The extremal family attaining this bound is called a star.

The Erdés-Ko-Rado theorem shows that sufficiently large intersecting families nec-
essarily possess strong structural constraints and tend to concentrate around a common

element.

This phenomenon will play an essential role in the analysis of sliding intersecting
families developed later in this thesis.

A natural question is what happens if extremal families of star type are excluded.
This motivates the study of non-trivial intersecting families.

The largest such families were characterized by Hilton and Milner.



2.3 Beyond the Erdés—Ko—Rado bound
The largest non-trivial intersecting families were characterized by Hilton and Milner.

Theorem 2.3 (Hilton-Milner [6]). Letn > 2k+1 and k > 2. If F C ([Z]) is a non-trivial

intersecting family, then
n—1 n—k—1
|f|§(k_1>—< b1 )—i—l, (2.17)

and equality holds if and only if

1. f:{F}U{SE([Z]):xES,SﬁF;ﬁ@}forsomek—setF andx ¢ F, or

2. k=3 and F ={T € ([g]) S| TN S| > 2} for some 3-set S.

Families attaining this bound are referred to as Hilton—Milner families.

Compared with the Erdos—Ko—Rado theorem, the Hilton—Milner theorem shows that
excluding a common element leads to a substantial reduction in the maximum possible

size.
In particular, it identifies the first nontrivial extremal threshold beyond stars.

This result indicates that large intersecting families remain highly constrained even

after the trivial extremal structure is forbidden.

These families will play an important role in the analysis of sliding intersecting families
in Chapter 4.

The next extremal level was determined by Han and Kohayakawa.

Theorem 2.4 (Han-Kohayakawa [7]). Let n > 2k + 1, k > 3, and let F C ([Z]) be a

non-trivial intersecting famaily that is not contained in any Hilton—Milner family. Then

uwg(Z:1>—(n;le)—<”;f;2>+z (2.18)

Equality holds if and only if:

(i) F={Ge (") :Fcaeni#pu{Ge () :Jccru{Ge ) z¢e
G,GNF' #£0} for some (k —1)-subset I, 2- set J C [n] — F' with x ¢ J,

(i) F ={G € ([Z}) :JJ CGHU{G € ([Z]) : JNG # 0} for some j-subset J, j € {2,3}
if k= 4.



Han and Kohayakawa further identified the next extremal layer beyond Hilton—-Milner

families.

Their result shows that sufficiently large intersecting families admit only a limited

number of possible structures.

Together, the Erdos—-Ko—Rado, Hilton—-Milner, and Han-Kohayakawa theorems de-
scribe successive extremal regimes of intersecting families and form the theoretical foun-
dation of this thesis.

2.4 Sliding intersecting families

We now introduce the main object studied in this thesis.

Let

r>2. (2.19)

An ordered family

Fir={F,....Fp} C ([Z]) (2.20)

is called an r-sliding intersecting family if every collection of r consecutive members

forms an intersecting family.

That is,

{E) E—i—la s 7E+'r—1} (221)

is intersecting for every

1<i<m-—r+1. (2.22)

Observe that this condition differs from classical intersecting families.
In an ordinary intersecting family, every pair of sets must intersect.
By contrast, the sliding condition only imposes local restrictions along an ordering.

Therefore, members that are far apart in the sequence may be disjoint. Thus, unlike
ordinary intersecting families, the sliding condition introduces an interaction that depends
on both set intersection and ordering.

The central objective of this thesis is to determine or estimate



max |Fr |, (2.23)
and to understand the corresponding extremal structures.

Example 1. For k = 3, consider

F=1{1,2,3}, Fy={1,4,5}, Fy={4,56}. (2.24)
Observe that
FNE#o (2.25)
and
LNE+ . (2.26)

Thus every collection of two consecutive members is intersecting.

Hence

{F, F5, F3} (2.27)

forms a 2-sliding intersecting family.

Notice that

Nk =g, (2.28)

showing that an r-sliding intersecting family need not be intersecting in the classical

sense.

2.5 Main Results

We now summarize the principal results obtained in this thesis.
Our results fall into two directions according to whether &k = 2 or k£ > 3.

For the case k = 2, the problem admits a complete solution.

Theorem 2.5. Let n > 3.
Then



(Z), r=2 ors3,

(2.29)
max{3,n — 1}, r>4.

max |Fo,.| =

Moreover, the extremal structures can be completely characterized.

This theorem shows that the behavior of sliding intersecting families undergoes a sharp

transition at r = 4.
For larger values of k, the situation becomes substantially more complicated.

To describe our results, define

mi= (121 - ("5 ) e (2.30)
rHK:(Z:i)—(‘;f;l)—(n;f;?ﬁtz (2.31)

Further define
n—1 n—k—1 n—2k—1
rcom:<k_1>—2< o )+( L > (2.32)

Throughout this section, we assume that

and

1
THK > 5THM- (2.33)

Our main theorem for general k is the following.

Theorem 2.6 (Main Theorem). Let

n>2%+1, k>3 (2.34)

Then every r-sliding intersecting family satisfies:

1. If

7 > THM, (235)

then

n—1
< . 2.
Al < (3 2)) (2.36)

9



1
THM 2 T > THM — 57 com; (2.37)
then
—1
| Frr| < (: B 1> + 1. (2.38)
3. If
1
"M~ 5T eom > 1> THK, (2.39)
then
n—1
Fol < 9. 2.40
Al < (3 2) + (2.40)

Moreover, all bounds above are tight.

The theorem shows that the extremal behavior of sliding intersecting families is gov-

erned by thresholds arising from Hilton—Milner type constructions.

In particular, the maximum size changes only by a constant once r exceeds the Han—

Kohayakawa threshold, indicating a strong structural stabilization phenomenon.

3 The Case k=2

We first study the special case k = 2.

This case admits a natural graph-theoretic interpretation, which allows us to solve the

problem completely.

Consider the complete graph K,, on vertex set

V(K,) =[n] = {1,2,...,n}. (3.41)

Every set
X = {u,v} e (@) (3.42)

10



can be identified with the edge

wv € E(K,). (3.43)

Under this correspondence, two sets

cve(®) o

intersect if and only if the corresponding edges in K, are adjacent.

Therefore, an ordered family

Fop = {F,...,Fp} C (@) (3.45)

is an r-sliding intersecting family if and only if the corresponding ordered edge sequence

€1,€9,...,Em (3.46)

has the property that every r consecutive edges are pairwise adjacent.

Thus, in the case k = 2, the original set-theoretic problem becomes a problem about

ordered edge sequences in the complete graph.

3.1 The case r =2

We first consider the simplest case.

Proposition 2. Forr = 2, the maximum size of a 2-sliding intersecting family in ([Z]) 8

(Z) . (3.47)

Proof. 1t is clear that no family can contain more than all edges of K,,, hence

Fou| < (Z) (3.48)

It remains to construct an ordering of all edges such that every two consecutive edges

are adjacent.

Consider the following ordering;:

(1,0}, {L,n—1},....{1,2}, (3.49)

11



then

{2,n},{2,n —1},...,{2,3},
and so on, ending with
{n—1,n}.
Within each block, all edges share the same first vertex.
Moreover, the last edge of the block starting with ¢ is
{i,i + 1},

while the first edge of the next block is

{i+1,n}.

These two edges share the vertex i + 1.
Therefore, every two consecutive edges in the ordering are adjacent.

Hence all edges of K,, can be used, and the maximum size is
n
5 )

3.2 Intersecting edge families

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

We shall use the following elementary characterization of intersecting families of edges.

Lemma 3.1. Let

Fc ([Z})

be an intersecting family of edges with

| F| > 3.

Then either all edges in F are incident to a common vertex, or

12

(3.55)

(3.56)



|7l =3 (3.57)
and F forms a triangle.

Proof. This statement can be regarded as the case k = 2 of the Hilton—Milner theorem.

For completeness, we give a direct proof.
If all edges in F share a common vertex, then we are in the first case.
Assume otherwise. Then F has no common vertex.

Choose two intersecting edges

{a,b} and {b,c} (3.58)

in F.
Since F has no common vertex, there exists an edge in F not incident to b.

This edge must intersect both

{a,0} and {b,c}. (3.59)

Hence it must be

{a,c}. (3.60)

Thus the triangle

{a,b},{b, ¢}, {a, c} (3.61)

is contained in F.

Now suppose that there is another edge e € F.

Since F is intersecting, the edge e must intersect all three edges of this triangle.

If e has a vertex outside {a, b, ¢}, then it can intersect at most two edges of the triangle.
Therefore both endpoints of e must lie in {a, b, c}.

Hence

e € {{a,b},{b,c},{a,c}}. (3.62)

Thus no additional edge can occur, and so

13



F = {{a,b},{b,c}, {a,c}}. (3.63)

This proves the lemma. ]

3.3 The case r >4

We now determine the maximum size when r > 4.

Theorem 3.2. Let r > 4 and n > 3.
Then

max |Fo,.| = max{3,n — 1}. (3.64)

Proof. Let

For={F1,....F} (3.65)

be an r-sliding intersecting family.

Every block of r consecutive members is an intersecting family of edges.
Since r > 4, Lemma 3.1 implies that every such block must be a star.
In particular, every block of r consecutive edges has a common vertex.

If two consecutive blocks had different centers, then their intersection, which consists

of r — 1 edges, would have to be contained in the intersection of two distinct stars.
But two distinct stars in K, intersect in at most one edge.

Since

r—1>3, (3.66)

this is impossible.

Hence all sufficiently overlapping blocks have the same center. By applying this argu-

ment successively along the sequence, all sliding blocks have one common center.

It follows that all edges in the sequence are incident to one fixed vertex, unless the
whole family is contained in a triangle.

Therefore, for n > 3, the largest possible star has size

n—1. (3.67)

14



On the other hand, when n = 3, all three edges form a triangle, and hence the

maximum is

Thus

max |y ,| = max{3,n — 1}.

For n =4, both a star K 3 and a triangle K3 give extremal examples.

3.4 The caser =3

The case r = 3 is more flexible.
Unlike the case r > 4, triangles are allowed as sliding windows.

In fact, all edges of K,, can still be ordered in a valid way.

n
max |Fa 3| = (2)

Lemma 3.3. For r = 3, we have

(3.68)

(3.69)

(3.70)

Proof. Tt suffices to show that all edges of K, can be ordered so that every three consec-

utive edges are pairwise adjacent.
We prove this by induction on n.

For n = 3, the three edges

{1,2},{2,3},{1,3}
form a triangle, so the claim is immediate.

Assume now that the result holds for n =1 — 1.

Thus there exists an ordering

S

(3.71)

(3.72)

of all edges of K;_; such that every three consecutive edges are pairwise adjacent.

Let the last two edges of this ordering be

15



{a,b} and {b,c}. (3.73)

We now insert the new vertex [ and append all edges incident to [.

Define the following ordered list:

SQ = {b, l}, {C, l}, {i1, l}, {iz, l}, ey {il_g, l}, (374)

where

(in, . iigy = 1= 1]\ {b, ¢} (3.75)

We claim that the concatenation

1S, (3.76)

is a valid ordering of all edges of Kj.
Indeed, all triples entirely contained in S; are valid by the induction hypothesis.

All triples entirely contained in S5 are valid because all edges in Sy are incident to the

new vertex [.
It remains to check the triples crossing the boundary between S; and S,.

The first such triple is

{a, b}, {b, ¢}, {b, 1}, (3.77)

which is pairwise intersecting because all three edges contain the vertex b.

The second crossing triple is

(b, e, {b, 1}, {e, 1. (3.78)

These three edges form a triangle on the vertex set

{b, ¢, 1}. (3.79)

Therefore the boundary triples are valid.

Hence every three consecutive edges in the concatenated ordering are pairwise adja-

cent.

Thus all edges of K; can be used.

16



By induction,

max | Fos| = (Z) . (3.80)

Remark 1. The result shows a sharp transition at r = 4.

Forr =2 and r = 3, one can order all edges of the complete graph in such a way that

the sliding condition is satisfied.

However, for r > 4, every sliding window must be a star, and this forces the whole

family to have a global star-like structure, except for the exceptional triangle when n = 3.

Thus the parameter r controls the transition from flexible local behavior to rigid global
structure.
3.5 Summary for k£ =2

Combining the cases r = 2, r = 3, and r > 4, we obtain the following complete

classification.

Theorem 3.4. Let n > 3.
Then

(’2‘), r=2orr=3,

(3.81)
max{3,n — 1}, r>4.

max |Fo | =

This completes the classification of maximal r-sliding intersecting families in

(@) (3.82)

for all

r> 2. (3.83)

4 The General Case for r > rgx

In this chapter we study sliding intersecting families for general values of k.

17



Compared with the case k = 2, the structure is substantially more complicated. For
k = 2, every intersecting family of edges is either a star or a triangle. For larger values of

k, however, many more intersecting structures may occur.

The main idea of this chapter is to use classical extremal results, especially the Hilton—
Milner theorem and the Han-Kohayakawa theorem, to control the structure of each sliding
block.

4.1 Threshold parameters and notation

We introduce the threshold parameters used throughout this chapter.

First, define
n—1 n—k—1
= — . 4.

This is the Hilton—Milner threshold. By the Hilton—Milner theorem, any intersecting
family

FcC ([Z}) (4.85)

with size larger than rgy must be trivial, that is, all its members contain one common

element.

Second, define

n—1 n—k—1 n—=k—2
This is the Han—Kohayakawa threshold. Above this threshold, every non-trivial inter-

secting family is forced to be contained in a Hilton—Milner type family.

Throughout this chapter, we assume that n is sufficiently large compared with k so

that the following inequalities used in the proof hold:

n— 2
—1 2 4.87
THK > (k B 2) + ( )
and
2r — 1> ram (488)

in the relevant range r > rgg.

18



We shall also use the following notation for standard Hilton—Milner families.

Let F € ([Z}) and let = ¢ F. Define

H(F,z) = {F} U {A € (“;]) x €A ANF # @} . (4.89)

Thus H(F, x) is a standard Hilton—Milner family with center z and exceptional set F'.

The following elementary computation will be used later.

Lemma 4.1. Let

H(Fi,x) and H(Fy,x) (4.90)

be two standard Hilton—Milner families with the same center x, where

Then their common star part has size at least

n—1 n—k—1 n—2%k—1
i () (T EIY, g
This lower bound is attained when Fy N Fy = ().

Proof. The common star part consists of all sets

Ae(ig (4.93)

such that

There are
n—1
4.
(k ) 1) (4.95)

Among them, the number of sets disjoint from F} is

(";f;l). (4.96)

19
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Similarly, the number of sets disjoint from F5 is also

(” ;f; 1). (4.97)

If F;NF, = (), then the number of sets containing x and disjoint from both F; and Fj

<" ;2_]“1_ 1). (4.98)

Therefore, by inclusion—exclusion, the number of sets containing x and meeting both

F1 andFQiS
n—1 n—kFk—1 n—2k—1
(k—l)_z( P )—l—( b1 ) (4.99)

If F1 and F3 are not disjoint, then F; U F5 is smaller, and the above quantity can only

18

increase. Hence the expression above gives the minimum possible size of the common star

part.

This proves the lemma. O

4.2 The case r > rgu

We first consider the range above the Hilton—Milner threshold.

Proposition 3. Assume that

T > THM- (4100)

Then every r-sliding intersecting family satisfies

n—1
< . 4.101
7l = (3 2)) (4.101)

Moreover, the bound is tight.

Proof. Let

For = {F, ... Fy} (4.102)

be an r-sliding intersecting family.

20



For each index 7, denote the ¢-th sliding block by

Bi = {Fi, Fiy1,..., Fipr1} (4.103)

Since B; is an intersecting family of size r, and since

7 > THM, (4104)

the Hilton—Milner theorem implies that B; must be trivial.

Therefore, for every i, there exists an element z; € [n| such that every member of B5;

contains x;.
We claim that all these centers are equal.

Indeed, suppose that two consecutive blocks B; and B;,; have different centers x; #
Liy1-
Their intersection is
Bi N BiJrl - {E+1, ‘e ,F1i+7«,1}, (4105)

which has size r — 1.
Every set in this intersection must contain both z; and ;1.

Hence

r—1§(Z:§) (4.106)

This contradicts our standing assumption.

By applying this argument successively, all sliding blocks have one common center,

say .
Consequently every member of F, contains x.

Hence

.ﬁmg{Ae<z5:xeAL (4.107)

and therefore

n—1
< . 4.1
Al < (3 2)) (4.108

21



The bound is attained by taking the full star

S,={Ae <[Z]) Lz € A} (4.109)

Every sliding block of this family is intersecting, so this construction is valid.

Therefore the bound is tight. [

4.3 Blocks in the Hilton—Milner range

We now turn to the range

THM 2 T > THK. (4.110)

In this range, a sliding block need not be trivial.

However, the Han—-Kohayakawa theorem implies that every non-trivial block must be

contained in a Hilton—Milner type family.

Lemma 4.2. Assume that

THM = T > THK- (4111)

Then every r-consecutive block is either trivial or contained in a Hilton—Milner family.

Proof. Let

Bi - {E cee ,FiJrT,l} (4112)

be an r-consecutive block.

By definition, B; is an intersecting family of k-sets.
If B; is trivial, then there is nothing to prove.
Assume that B; is non-trivial.

Since

|Bi| = > rux, (4.113)

the Han-Kohayakawa theorem implies that B; must be contained in a Hilton—Milner
family.

This proves the lemma. ]
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4.4 Common centers of sliding blocks

We next show that the centers of the Hilton—-Milner type blocks must agree.

Lemma 4.3. Assume that

THM 2 T > THK. (4.114)

Suppose that every non-trivial r-block is contained in a standard Hilton—Milner family.

Then all such blocks have the same center.

Proof. Let B; and B;11 be two consecutive sliding blocks.

Suppose that they are contained in standard Hilton-Milner families with centers x

and y, respectively.

Assume for contradiction that

v Ay (4.115)

The two blocks overlap in

r—1 (4.116)

members.

In a standard Hilton—Milner family with center z, all members except possibly one

exceptional set contain z.

Similarly, in a standard Hilton—Milner family with center y, all members except pos-

sibly one exceptional set contain y.

Hence all but at most two members of

B;N B, (4.117)
contain both x and y.
Therefore,
n—2
—-1< 2. 4.118
r < (k B 2) + ( )

For n sufficiently large compared with k, this contradicts

23



T > THK- (4119)

Thus the centers of consecutive blocks must be equal.

By moving along the sequence, all sliding blocks have a common center. ]

4.5 Bounding non-star members

Having established a common center, we now control the number of members not

containing this center.
Lemma 4.4. Assume that all sliding blocks have common center x.

Then at most two members of Fy, do not contain x.

Proof. Suppose, for contradiction, that there are at least three members not containing

x.

List their positions as

P1 < p2 <ps. (4.120)

Since every r-consecutive block is contained in a standard Hilton—Milner family with

center x, each such block contains at most one member not containing x.

Therefore,

Pj+1 —DPj 27T (4.121)
for consecutive non-star positions.

In particular, the middle non-star member F,, has at least r — 1 members before it

and at least r — 1 members after it.
Consider the two sliding blocks

B~ ={F, ,,...,F)} (4.122)

and

Bt ={F,,, ..., Fpir1}. (4.123)

Both blocks are intersecting and are contained in a Hilton—Milner family with excep-

tional set [}, and center z.
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Thus

B~ UBY CH(F,, x).

The two blocks intersect exactly in F,,, so

|IB-UB"|=2r—1.

If

2T—1>T’HM,

this contradicts

|H(Fy, )| = THM

Therefore at most two members of the whole family do not contain .

4.6 Proof of the main theorem
We now combine the preceding lemmas to prove the main theorem.

Proof of Theorem 2.6. The case

T > THM

is exactly Proposition 3.

It remains to consider

THM > T > THK.

(4.124)

(4.125)

(4.126)

(4.127)

(4.128)

(4.129)

By Lemma 4.2, every sliding block is either trivial or contained in a Hilton—Milner

family.

By Lemma 4.3, all blocks share a common center x.

Thus the whole family is obtained from the star centered at x by inserting members

not containing .
By Lemma 4.4, at most two such members can occur.

Therefore,
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[Fiesr| < (Z - 1) +2. (4.130)
This proves the third part of the theorem.

It remains to distinguish when only one insertion is possible.

Suppose two non-star members F; and F, occur.

The sliding blocks around these two members must be contained in the two Hilton—

Milner families

H(F1,z) and H(F, x). (4.131)

By Lemma 4.1, these two Hilton—Milner structures have a common star part of size

at least 7com-

If

1
T > THM — §rcom, (4.132)

then two non-star insertions cannot occur simultaneously.

Indeed, two such insertions would require two Hilton—Milner neighborhoods to be
separated inside the star part. However, by the overlap estimate in Lemma 4.1, the two
corresponding Hilton—-Milner families have a common star part of size at least r¢oy,. The
above inequality implies that there is not enough room to place both exceptional sets

while keeping all r-consecutive blocks inside the appropriate Hilton—Milner families.

Therefore at most one non-star member can appear. Hence

n—1
< 1. 4.1
Al (3 20)+ (4.133)

This proves the second part.

The first part was already proved, so the theorem follows. O

4.7 Extremal constructions

We now describe constructions showing that the bounds in Theorem 2.6 are tight.
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The star construction. Fix an element x € [n], and let

S, = {A € ([Z]) Lz € A} . (4.134)

Then

8. | = <Z - i) (4.135)

Since all members of S, contain x, every subfamily of S, is intersecting.
Therefore, every ordering of S, is an r-sliding intersecting family for every r > 2.

This shows that the bound in the range

is tight.

One exceptional set. Let = € [n], and choose a k-set F' such that « ¢ F.

Consider

S, U{F}. (4.137)

The number of sets A € S, satisfying

ANF #£0 (4.138)
is
Hence, whenever

T S THM, (4140)

we can choose r — 1 such star sets and place them immediately after F'.

Order the family by placing F' first, then these r — 1 star sets, and finally all remaining

members of S, in an arbitrary order.

Every sliding block containing F' is contained in
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H(F,x).

Every other sliding block is contained in the star S,.

Therefore the ordering is r-sliding intersecting, and its size is

-1
nyy+1:<Z_1>+1.

Thus the bound in the corresponding range is tight.

T ¢ F1 U FQ.
Let
sz{AE ([n]) :xeA}.
k
Consider the two standard Hilton—Milner families

H(F,z) and H(Fy,x).

Their common star part is

C:{AESxAﬂFl#@,AﬂFQ#Q)}

Since Fy N Fy, = (0, we have

IC] = reom-

The sets in C belong to both Hilton—Milner families.

Assume now that

r S THM — §Tcom-

(4.141)

(4.142)

Two exceptional sets. Let I}, 5 € ([Z]) be disjoint k-sets, and choose an element

(4.143)

(4.144)

(4.145)

(4.146)

(4.147)

(4.148)

This inequality ensures that the two exceptional sets can be separated by sufficiently

corresponding Hilton-Milner family.
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Choose an ordering of all sets in

S, U{F,, Fy} (4.149)

such that:

1. F) is placed at the beginning;

2. the next r — 1 sets after Fy belong to H(Fy,x) N Sy;

3. F; is placed at the end;

4. the r — 1 sets immediately before Fy belong to H(Fz, z) NS,;

5. all remaining sets, which contain x, are placed between these two parts.

Such an ordering exists by the inequality above and by the estimate on the common

part of the two Hilton—Milner families.
We verify the sliding condition.

Any r-consecutive block not containing Fj or F; is contained in the star S, and hence

is intersecting.
Any r-consecutive block containing F} is contained in H(F}, x), hence is intersecting,.
Similarly, any r-consecutive block containing F; is contained in H(Fy, x).

Finally, no r-consecutive block contains both F} and F3, since the two exceptional sets

are placed at opposite ends of the ordering.
Therefore the ordered family is r-sliding intersecting.

Its size is

S| +2 = <Z - i) +2. (4.150)

Thus the upper bound in this range is tight.

5 Discussion and Open Problems

In this thesis, we studied r-sliding intersecting families in ([Z]).

For k = 2, we obtained a complete classification. For general k£ > 3, our main results

describe the range
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T > Tk, (5151)

where the Han—Kohayakawa theorem imposes strong structural restrictions on each
sliding block.

The remaining range

7 < THK (5.152)

is still not fully understood.

In this range, an r-consecutive block is no longer forced to have Hilton—Milner type
structure. Consequently, new ordering phenomena may appear, and the extremal behavior

can be substantially more flexible.
One possible direction is to study small values of n separately.

For example, consider the case

k=3, r=2 (5.153)

In this setting, the problem asks whether all triples in

<[Z]> (5.154)

can be ordered so that any two consecutive triples intersect.

For small values of n, this can be done explicitly. In particular, for

n<T, (5.155)

one can construct good orderings of all triples in ([g‘]). For n < 6, such orderings
can be written down directly, while the case n = 7 can be obtained by modifying the

construction for n = 6.

Therefore, for k =3, r =2, and n < 7, we have

max | Fyo| = (g) (5.156)

This example suggests that, below the Han-Kohayakawa threshold, the extremal prob-

lem may depend sensitively on the relationship between n, k£, and r.
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It also indicates that restricting n may provide a useful intermediate approach between

the completely solved case k = 2 and the general case k > 3.

This motivates the following problem.

problem 1. Determine, for fized k, the values of n and r for which there exists an

CZ]) (5.157)

such that every r consecutive members form an intersecting family.

ordering of all sets in

FEquivalently, determine when

max | F,| = <Z) (5.158)

In particular, the case k = 3 appears to be a natural next step.

problem 2. For k = 3, characterize all pairs (n,r) for which there exists a good ordering

([g]) (5.159)

More generally, one may ask whether the transition from flexible ordering behavior

of all triples in

to rigid star-like behavior can be described by a threshold depending on both n and k,
rather than only by the Hilton-Milner and Han-Kohayakawa thresholds.
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