EOTvOS LORAND UNIVERSITY
FACULTY OF SCIENCE

VIKTOR CSAPLAR

A Hierarchy of Edge-Weight Symmetries in
Perfect Matchings

Master’s Thesis
Mathematics MSc

Supervisor:
KRISTOF BERCZI

Department of Operations Research
Eotvos Lorand University

ELTE

EOTVOS LORAND
UNIVERSITY

Budapest, 2026



Contents

1 Introduction
1.1 Ourresults . . . . . . . .

1.2 Organization . . . . . . . . ...
2 Preliminaries

3 Basic implications and bipartite graphs
3.1 Proof of Theorem 1.3 . . . . . . . . . . . ... ... . ... ......
3.2 Bipartitecase . . . . . . ...

4 Implications between the main properties

4.1 General graphs . . . . ... Lo Lo
4.2  Graphs with at most one non-bipartite block . . . . . . . . ... ...
4.3 Matching-covered graphs . . . . . . . .. ..o
4.4 Resolving Question 1.2 . . . . . . .. ..o L

5 b-factors and arborescences
5.1 b-factors . . . . ..

5.2  Arborescences . . . . . ...



Acknowledgement

I would like to thank my supervisor, Kristof Bérczi, for his support throughout my
studies. He consistently proposed interesting questions, listened to my ideas, and
guided this research project. Our meetings were always enjoyable and straightfor-
ward, and his enthusiasm was a great source of motivation.

I would also like to thank my co-author, Yutaro Yamaguchi, for his collabora-
tion, insightful ideas, and support throughout our research. His contributions were
invaluable, particularly in the writing of the paper on which this thesis is based.

Finally, I am grateful to my friends and family for their endless support and

encouragement, especially during difficult times.



Chapter 1
Introduction

The ezxact weight perfect matching problem asks, given an edge-weighted graph and
a target value y, whether there exists a perfect matching whose weight is exactly
y. Papadimitriou and Yannakakis [12] introduced this problem for graphs in which
each edge has weight 0 or 1, calling it the exact matching problem, and Mulmuley,
Vazirani, and Vazirani [11] proposed a randomized polynomial-time algorithm for
it. Since then, it has been a long-standing open problem whether a deterministic
polynomial-time algorithm exists, although a very recent work by Du [3] claims a
positive resolution in the bipartite case.

In contrast, minimum- and maximum-weight perfect matchings can be computed
deterministically in polynomial time [4]. Between this fact and the situation of the
exact weight perfect matching problem, a natural question arises as follows: what
about a perfect matching of the second smallest or second largest weight? Specifi-
cally, let 21 < x5 < --- < z, denote the distinct weights of perfect matchings, and
we say that a perfect matching is ¢-th smallest if its weight is x,. Our objective is
to compute an /-th smallest perfect matching for a given ¢. Note that this problem
is different from the classical K-best enumeration problem [7], which asks for K
distinct feasible solutions whose objective values are the K smallest or largest, typ-
ically allowing ties to be broken in an arbitrary but consistent way. The following
theorem of El Maalouly, Haslebacher, Taubner, and Wulf [5] provides a structural
characterization that leads to a simple XP algorithm for finding an /-th smallest

perfect matching.

Theorem 1.1 (El Maalouly, Haslebacher, Taubner, Wulf). Let G be an edge-
weighted graph for which the possible weights of perfect matchings are x1 < x9 <
- <z, and let £ € [q].



(i) If G is bipartite, there exists a subset of edges F' of size at most { — 1 such that

the minimum weight of a perfect matching containing F' is x.

(i) If G is non-bipartite, there exists a subset of edges F of size at most 2(¢ — 1)

such that the minimum weight of a perfect matching containing F' is .

By this result, in order to compute an /-th smallest perfect matching, it suffices
to compute a minimum-weight perfect matching in all the instances in which we
specify an edge subset F' of size at most ¢ — 1 in the bipartite case and at most
2(¢ — 1) in the non-bipartite case that must be included in the solution.

Theorem 1.1 provides a natural approach for the exact weight perfect matching
problem. By symmetry, the result holds for /-th largest perfect matchings, allowing
the interval [z, z,—¢41] to be computed via the same method. In particular, given
a target value y, if a perfect matching of weight y exists, the process eventually
identifies an index ¢ such that z, = y or x,_441 = y. Otherwise, the procedure
provides a certificate of non-existence by yielding an index ¢ such that either x, <
Y < Tpgp1 OF Tgg <Y < Tgopy1-

The bounds in Theorem 1.1 are tight in the following sense: [5] also provided edge-
weighted graphs for which one cannot guarantee a smaller forcing set than /—1 in the
bipartite case and 2(¢ — 1) in the non-bipartite case. In particular, even for ¢ = 2,
there are non-bipartite graphs where any edge set excluding all minimum-weight
perfect matchings must contain at least two edges. An analogous statement holds for
maximum-weight perfect matchings, although the graphs witnessing tightness must
be modified accordingly. However, it is unclear whether a single edge is sufficient in
general to eliminate all minimum-weight perfect matchings or all maximum-weight
perfect matchings by forcing that edge to be included. This raises the following

question:

Question 1.2. If the minimum and maximum weights of perfect matchings are
different, does there exist an edge f such that, among perfect matchings containing
f, the minimum weight is strictly larger than the global minimum in G, or the

mazimum weight is strictly smaller than the global mazimum in G?

In particular, in the aforementioned application to the exact weight perfect
matching problem, this weaker property — the elimination of at least one extreme
— may already be sufficient. Motivated by this, we study the relations among sev-
eral natural properties concerning the minimum and maximum weights of perfect

matchings.
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1.1  Owur results

Let G = (V, E) be a graph and let w: E — R be an edge-weight function. Observe
that there is a natural obstruction to an affirmative answer to Question 1.2: if
every edge f € FE is contained in both a minimum-weight perfect matching and a
maximum-weight perfect matching, then fixing any single edge cannot shift either
extreme. This raises the question of understanding the relation between graphs in
which all perfect matchings have the same weight and graphs in which every edge
f € FE is contained in both a minimum-weight perfect matching and a maximum-
weight perfect matching.

To this end, we consider the following properties of w.

(IND) Node-induced weights. The function w is node-induced, that is, there
exists a function f: V' — R such that w(uv) = f(u) + f(v) for all uv € E.

(EWS) Even walk symmetry. For every closed walk of even length, the total
weight of the edges in odd positions equals that of the edges in even posi-

tions, counted with multiplicity.

(ECS) Even cycle symmetry. For every even cycle C, the two perfect matchings

of C' have equal total weight.

(PME) Perfect matching equality. All perfect matchings of G have the same
total weight.

(EMX) Edge min-max. For every edge e € F, there exist perfect matchings A
and B containing e such that A has the minimum weight and B has the

maximum weight.

First, we establish a simple and basic hierarchy among these properties, showing

that each condition is progressively weaker.

Theorem 1.3. Let G = (V, E) be a matching-covered graph and let w: E — R be
an edge-weight function. Then (IND) implies (EWS), (EWS) implies (ECS), (ECS)
implies (PME), and (PME) implies (EMX).

Note that Question 1.2 is related to the contrapositive of the last implication in
this hierarchy, in the sense that it asks whether the failure of (EMX) can always be
certified by the existence of an edge witnessing the failure of (PME).

Next, we characterize node-induced weights in terms of even walk symmetry.

Theorem 1.4. Let G = (V, E) be a graph and let w: E — R be an edge-weight
function. Then (IND) and (EWS) are equivalent.
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It turns out that even cycle symmetry already forces a node-induced represen-

tation under an appropriate structural assumption.
Theorem 1.5. Let G = (V, E) be a graph.

(i) If the block decomposition of G contains at most one non-bipartite block, then

every edge-weight function w: E — R satisfying (ECS) also satisfies (IND).

(i) If the block decomposition of G contains at least two non-bipartite blocks, then
there exists an edge-weight function w: E — R satisfying (ECS) but not (IND).

We identify a structural condition under which perfect matching equality forces

node-induced weights.
Theorem 1.6. Let G = (V, E) be a matching-covered graph.

(i) If the tight cut decomposition of G contains at most one brick, then every
edge-weight function w: E — R satisfying (PME) also satisfies (IND).

(i) If the tight cut decomposition of G contains at least two bricks, then there
exists an edge-weight function w: E — R satisfying (PME) but not (IND).

Finally, we give a negative answer to Question 1.2, showing that the obstruction
in Theorem 1.1 is tight already for £ = 2: even if the goal is to exclude all minimum-
weight perfect matchings or all maximum-weight perfect matchings, one must specify

two edges.

Theorem 1.7. There exists a matching-covered graph G = (V| E) with an edge-
weight function w: E — R such that (EMX) holds but (PME) fails.

We then show that the behavior observed in Theorem 1.1 is not specific to perfect
matchings and also appears in other combinatorial optimization settings, such as -

factors and arborescences.

Theorem 1.8. Let G be an edge-weighted graph with a node-capacity function
b: V. — Z., for which the possible weights of b-factors are x1 < xy < --- < 24
and let € € [q].

(i) If G is bipartite, there exist edge sets F' and D with FND = 0 and |F|+|D| <
¢ —1 such that the minimum weight of a b-factor S satisfying F C S C E\ D

18 Ty.
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) 18 non-bipartite, there exist edge sets an w1l N = an

i) If G i bi ' h st ed F and D with F N D 0 and
|F| +|D| < 2(¢ — 1) such that the minimum weight of a b-factor S satisfying
FCSCE\D is x.

Theorem 1.9. Let D be a root-connected digraph with edge costs, and suppose that
the possible costs of r-arborescences are ©1 < xy < --- < x,, and let { € [q]. Then
there exists a subset of edges P with |P| < 2(¢ — 1) such that the minimum cost of

an r-arborescence containing P is xy.

1.2 Organization

The rest of the thesis is organized as follows. In Chapter 2, we introduce basic
definitions and notation, and give an overview of some results that we will use in
our proofs. Chapter 3 proves Theorem 1.3 and establishes the equivalence of the
properties in question for matching-covered bipartite graphs. Chapter 4 is devoted
to the main results of the paper, Theorems 1.4-1.7. Finally, we extend Theorem 1.1

to b-factors and to arborescences in Chapter 5.



Chapter 2
Preliminaries

We provide the basic definitions and notation here; all additional terminology is

introduced when first needed.

Basic notation. We denote the sets of reals and integers by R and Z, respectively,
and add + as a subscript when restricted to nonnegative values. For a positive
integer k, we use [k] := {1,...,k}. Given a ground set S, the difference of X, Y C S
is denoted by X \ Y. If Y consists of a single element y, then X \ {y} and X U {y}
are abbreviated as X — y and X + y, respectively. Similarly, the single element set
{y} is often denoted by y. The characteristic vector of Y is denoted by xy, that is,
xy € {0,1}° with xy(s) = 1 if s € Y and 0 otherwise.

For a vector space V', we denote its dimension by dimV. For a set X C R",
the span of X is denoted by span(X). Given a subspace W C R™, its orthogonal
complement is denoted by W+, that is, Wt .= {r e R*: -y = 0 for all y € W},
where x-y denotes the standard inner product of x and y. For a linear map ¢: R™ —
R", we denote the kernel and the image of ¢ by ker ¢ and im ¢, respectively. Recall
that, by the dimension theorem, we have dim(ker ) + dim(im ¢) = m.

Graphs. For a graph G, we denote its node set and edge set by V(G) and E(G),
respectively. For two graphs G; and G,, we say that G is a subgraph of G, if
V(G1) CV(Gy) and E(Gh) C E(G3), and denote this by G; C Gy. Let G = (V, E)
be a graph and let X C V. The subgraph of G induced by X is denoted by G[X],
while the graph obtained by deleting X is denoted by G — X.

A walk is a sequence W = (vg, eq,v1, ..., e, vx) Where each e; = v;_1v; € E. A
walk may repeat nodes and edges. If vy = v, then W is called a closed walk. A
path is a walk in which all nodes, and hence all edges, are distinct, except possibly

vgp = v, in the case of a closed path which we usually call a cycle. We will use the
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following result from [8].

Theorem 2.1 (Little, Vince). Let C' be an odd cycle in a 2-connected graph G, and
lete € E(G)\ E(C). Then G contains both an even and an odd cycle through e that

also contains an edge of C.

A matching is a set of edges such that no two edges share a common endpoint.
A matching is called perfect if every node is incident to an edge in the matching.
We say that a connected graph is matching-covered if every edge is contained in a
perfect matching.

For a node subset S C V, the cut §(5) is defined as the set of edges having
exactly one endpoint in S. The sets S and V \ S are referred to as the shores of
the cut. A cut is termed odd if the cardinality of both of its shores is odd. An odd
cut C' = §(S5) is considered tight if it is nontrivial — meaning 1 < |S| < |[V| —1
— and every perfect matching M of G contains exactly one edge from C' (that is,
IMNC|=1).

Given a nontrivial cut C' = 6(5), the C-contractions (or cut-contractions) of G,
conventionally denoted as G/S and G/(V'\ S), are the graphs obtained by shrinking
the shores S and V' \ S into single nodes, respectively. A fundamental structural
property is that whenever GG is a matching-covered graph and C'is a tight cut, both

resulting C-contractions are guaranteed to remain matching-covered.

Tight cut decompositions. A matching-covered graph that does not admit any
tight cuts is called a brick if it is non-bipartite, and a brace if it is bipartite. When-
ever a matching-covered graph G contains a tight cut C, it can be split into its two
corresponding C-contractions. The recursive application of this process eventually
yields a collection of bricks and braces, which cannot be decomposed further. This
recursive procedure is called a tight cut decomposition. A fundamental theorem by
Lovész and Plummer [10] guarantees that the final collection of bricks and braces
is independent of the sequence in which the tight cuts are selected for contraction.
Since the C'-contraction operation preserves bipartiteness, a graph is bipartite if and

only if its tight cut decomposition contains no bricks.

Ear decompositions. Let G be a graph and let G’ be a subgraph of G. A path
P is called an ear of G’ if its endnodes belong to G’, while all internal nodes lie in
V(G)\ V(G'). An ear is called odd if it contains an odd number of edges. We say

that an ear is closed if its two endnodes coincide, and open otherwise.
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An ear decomposition of G is a sequence of subgraphs
GoCG1C"'CGk:G

where Gy is a cycle (which is not considered an ear), and for each ¢ € {0,..., k—1},
the graph G, is obtained from G; by adding an ear P, of G;.

A block of G is a maximal subgraph B C G such that any two nodes in B lie on
a common cycle, or B consists of a cut-edge together with its endpoints. The blocks
of a graph partition its edge set, and the intersection of any two distinct blocks is
either empty or a single cut-node; thus the blocks form a tree-like structure. The

following well-known result is due to Whitney [15] and Robbins [13].

Theorem 2.2 (Robbins, Whitney). A graph admits an ear decomposition if and
only if it s 2-edge-connected, and an open ear decomposition if and only if it is
2-connected. Furthermore, for any 2-edge-connected graph G, there exists an ear
decomposition starting from an arbitrary block By and any cycle C' C By as the first
ear, such that a closed ear is introduced if and only if the decomposition enters a

new block.



Chapter 3

Basic implications and bipartite

graphs

To better understand the properties studied, we first prove as a warm-up the easy
implications given in Theorem 1.3, and then show that all the properties are equiv-

alent for edge-weighted matching-covered bipartite graphs.

3.1 Proof of Theorem 1.3

Theorem 1.3. Let G = (V, E) be a matching-covered graph and let w: E — R be
an edge-weight function. Then (IND) implies (EWS), (EWS) implies (ECS), (ECS)
implies (PME), and (PME) implies (EMX).

Proof. We prove the implications one by one.

(IND) = (EWS). Let f be the node-weight function that induces w. Let P
be an arbitrary even closed walk with edges eq,es,...,e9; in order, and nodes

Vg, U1, ..., Vs = Ug. Then

k—1

Zw €2i—1) Z(f(vm) +f(212i+1)> = i(f(vzl 1) + f(vy ) iw (e2:).

i=0 i=1
(EWS) = (ECS). This is immediate, since every even cycle is an even closed walk.

(ECS) = (PME). Let M;, My be perfect matchings. Then M;AM, is a disjoint

union of even cycles. On each such cycle, M; and M, restrict to the two perfect
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matchings of the cycle. By (ECS), these two matchings have equal weight on every
cycle, hence w(M;) = w(M,).

(PME) = (EMX). Since G is matching-covered, every edge lies in a perfect match-
ing. By (PME), all perfect matchings have the same weight, so every perfect match-

ing containing a given edge is both minimum- and maximum-weight. 0

Remark 3.1. Note, that the assumption that G is matching-covered is only used
in (PME) = (EMX). The implications (IND) = (EWS) = (ECS) =
(PME) hold for arbitrary graph.

3.2 Bipartite case

Consider the perfect matching polytope Ppy(G) of a matching-covered bipartite
graph (G, defined as the convex hull of the characteristic vectors of all perfect match-

ings of G.

PpM(G):{xERE: Z z.=1forallv eV, xZO}.
e€d(v)
Therefore, viewing the maximum-weight perfect matching problem as a linear pro-
gram, we can write the primal and dual problems as follows, where A € {0,1}V*¥

is the incidence matrix of G:

-

Primal

Dual

maximize w-x
minimize 1 -y
subject to Axr =1

x>0

subject to yA > w

C

The following observation then follows easily.

Theorem 3.2. Let G be a matching-covered bipartite graph. Then (IND), (EWS),
(ECS), (PME), and (EMX) are equivalent.

Proof. By Theorem 1.3, it suffices to show that (EMX) implies (IND). Let x and
y be a pair of optimal primal and dual solutions, respectively. By complementary
slackness, for every edge uv € E that is contained in a maximum-weight perfect

matching, we have

Yu T Yo = Wyy-
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Since G satisfies (EMX) and the graph is matching-covered, every edge belongs
to a maximum-weight perfect matching, hence this equality holds for every edge
uv € E. Thus the dual optimal solution y induces the edge-weight function w, that
is, w(uv) = y, + Yy, for all uv € E, which shows that w is node-induced. This
completes the proof. O



Chapter 4

Implications between the main

properties

This section is devoted to the proofs of our main results, Theorems 1.4-1.7.

4.1 (General graphs

Our first result shows that (EWS) and (IND) are in fact equivalent.

Theorem 1.4. Let G = (V, E) be a graph and let w: E — R be an edge-weight
function. Then (IND) and (EWS) are equivalent.

Proof. By Theorem 1.3, it suffices to prove that (EWS) implies (IND). Let G =
(V,E) be a graph and let w: £ — R satisfy (EWS). We may assume that G is
connected, since otherwise the argument can be applied independently on each con-
nected component.

If G is non-bipartite, then it contains an odd cycle. Moreover, for every v € V'
there exists an odd closed walk W that visits v, obtained as follows: take an odd
cycle C, choose a path from v to C, and traverse this path to the cycle and back
before traversing C'. The key idea is to construct a potential via alternating sums
along odd walks and to show that it is well defined using (EWS). More precisely,
for every node v € V| fix an odd closed walk W starting and ending at v, and write
its edges in order as ey, ..., es+1 where the walk starts at v, ends at v, and eggy is
the last edge returning to v. Define f(v) := L "2 (—1) 1w (ey).

We first show that f(v) is well defined, i.e., independent of the choice of the walk.
Let W and W' be two odd closed walks visiting v, with edge sequences e, . .., a1

and €, ..., e, , respectively. Then the concatenation W o W’ is an even closed
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walk. By (EWS), the alternating sum of edge weights over this walk is zero, hence

0= Z(—l)”lw(ei) - Z(—l)”lw(eé)-

This shows that the value of f(v) does not depend on the chosen odd closed walk.

We claim that f induces w. Let uv be an arbitrary edge of the graph. Let W be
an odd closed walk starting and ending at u with edge sequence ey, ..., e11. We
construct another odd walk W' starting and ending at v by adding two copies of the

edge uv to W, that is, let eg = €919 = uv. Then

F)+10) = 5 D (D u(e)+5 S (-1 wlen) = 5wleo) +ulena)) = wlu),

which completes the proof if GG is non-bipartite.

If G is bipartite, we proceed in a similar way. Fix an arbitrary node v € V
and set f(v) to be an arbitrary real value. For every node u € V — v, fix a uv-
path P and let eq,..., e be its edges in order where e; is incident to u. Define
Flu) = Y5, (~1)Hw(er) + (~ 1 £(v).

We first show that f(u) is well defined, i.e., independent of the choice of the
path. Let P and P’ be two uv-paths with edge sequences ey, ...,e; and €,..., €},
respectively. Since G is bipartite, all uv-paths have the same parity, hence k = ¢
(mod 2). Therefore, concatenating P with the reverse of P’ results in an even closed

walk. By (EWS), the alternating sum of edge weights over this walk is zero, hence

z+1 E k+z+1
61 + 1Z+1 z)

z+1 ez +§ k+€ z )

14

(—) wler) = Y (1) w(e).

i i=1
Since (—1)*f(v) = (=1)*f(v), this shows that the value of f(u) does not depend on
the chosen uv-path.

We now show that f induces w. Let st € E. Let P, be a tv-path, and let P,
be the sv-path obtained by prepending the edge st to P,,. Writing P, as ey, ..., e,

S
I
’Mw
/—\

@
Il
i

Il I
.
El] M >
=
/-\

—_

we obtain

f(s) = wlst)+ Y (=Dwle) + (=D f0),  f(t) =D (=1 w(e) +(=1)*f(v),

=1 i=1
and therefore f(s)+ f(t) = w(st) as required. O
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4.2 Graphs with at most one non-bipartite block

Let G = (V, E) be a graph and w: E' — R be an edge-weight function. Then, we
may view w as a vector in R”, where each coordinate corresponds to an edge. This
raises the natural question of determining the dimension of the space of node-induced

edge-weights. We denote the space of edge-weight functions satisfying (IND) by Ng.

Lemma 4.1. Let G = (V, E) be a connected graph. Then dim(Ng) = |V| -1 if G
is bipartite and dim(Ng) = |V| otherwise.

Proof. Let f be a node-weight function, which we view as a vector in RY. Such
an f induces an edge-weight function w defined by w(uv) = f(u) + f(v) for every
uwv € E. This defines a linear map ¢: RV — R¥, mapping f to w. By definition,
Ng = imy. Moreover, dim(RY) = dim(ker ) + dim(im ¢), hence dim(Ng) =
|V | — dim(ker ¢). Thus it suffices to determine ker ¢, i.e., the space of node-weights
f such that f(u) + f(v) = 0 for every uv € E.

First assume that G is non-bipartite. Then G contains an odd cycle C'. Let
f € kerp. For every edge uv € E(C) we have f(u) = —f(v), hence the values of f
alternate along C'. Since C has odd length, this forces f to take the same value and
its negative at the starting node, hence f = 0 on V(C'). Now let x € V' be arbitrary.
Since G is connected, there exists a path from x to C. Along each edge uv of this
path we have f(u) = —f(v), so values propagate along the path. Since all nodes of
C' have value 0, it follows that f(z) = 0. Hence f = 0, and dim(ker ¢) = 0.

Now assume that G is bipartite with partition classes A and B. Let f € ker ¢.
Then f(u) = —f(v) for every edge uv with u € A and v € B. Fix vy € A and set
x = f(vg). Let u € A, and let P be a path from vy to u. Since G is bipartite, P
alternates between A and B, and repeated use of f(u) = —f(v) implies f(u) = x.
Similarly, for every v € B we obtain f(v) = —z. Conversely, every function of
this form satisfies f(u) + f(v) = 0 on every edge, hence lies in ker . Therefore
dim(ker ¢) = 1.

Combining both cases with dim(Ng) = |V| — dim(ker o) yields the statement of

the lemma. N
The following is a direct corollary.

Corollary 4.2. Let G = (V, E) be a connected non-bipartite graph. Consider the
linear map ¢: RY — RE defined by (of)(uv) = f(u) + f(v) for alluv € E. Then

Y 18 injective.
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Proof. The statement follows from the fact that dim(ker ) = 0 when G is non-
bipartite. n

Another simple corollary is as follows.

Corollary 4.3. Let G be an arbitrary graph. Then dim(Ng) = |V| — p(G), where
p(G) denotes the number of bipartite components of G.

Proof. The statement follows by applying Lemma 4.1 to each connected component

We now turn to the second property, (ECS). Let C' be an even cycle of G, and let
M; and M, denote the two perfect matchings of C. Then (ECS) for C' is equivalent
to

w - (Xmy, — Xa) = 0.

For an even cycle C', we define its alternating characteristic vector as vo = X, —
Xy, where My and M, are the two perfect matchings of C'. Note that v is defined
up to sign, but this ambiguity will not affect our arguments. Thus, w satisfies (ECS)
if and only if

w-ve =0
for every even cycle C'. This naturally leads to the following definition. For a graph
G, we define its alternating cycle space as
Ce = span{vc: C is an even cycle of G}.
Our proof relies on the following two technical lemmas.

Lemma 4.4. For any graph G, we have Co C N .

Proof. Let w € Ng. Then w satisfies (IND), and hence, by Theorem 1.3, it also
satisfies (ECS). Therefore w - v = 0 for every even cycle C, which implies that
w € C&. Thus Ng C CZ, and taking orthogonal complements yields Co C Ng. [

We now turn to the structural consequence of having a parity-consistent ear
decomposition. In this setting, we show that the orthogonal complement of the
alternating cycle space coincides exactly with the space of node-induced weight

functions.

Theorem 4.5. Let G be a graph whose block decomposition contains at most one
non-bipartite block. Then Cq = NZ.
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Proof. By Lemma 4.4, it is enough to show that dim(Cg) + dim(Ng) = |E(G)|.
We may assume that the graph is 2-edge-connected, since if the equality holds for
every 2-edge-connected component, then adding each cut edge increases the number
of edges by one and decreases the number of bipartite components by one, while
the dimension of Cg; remains unchanged. Hence, the required equality follows by
Corollary 4.3.

Therefore, assume that G is 2-edge-connected. We prove this by induction on
the number of ears in a carefully chosen ear decomposition given by Theorem 2.2:
the decomposition is selected so that, if G contains a non-bipartite block, the con-
struction starts within such a block and begins with an odd cycle in that block.

The base case is G being a cycle. By Lemma 4.1, dim(Ng) = |[V(G)| — 1 or
|[V(G)|, depending on whether this cycle has even or odd length, respectively. If
G is an even cycle, then Cg is spanned by its alternating characteristic vector, so
dim(Cs) = 1. Otherwise, there are no even cycles, hence dim(Cg) = 0. In both
cases, the equality dim(Cg) + dim(Ng) = |E(G)| holds, since |E(G)| = |V (G)].

Now assume that G,,; is obtained from G; by adding one ear, and that the
statement holds for G;, i.e. Cg = Ng,. We first observe that any even cycle of
G is also an even cycle of G4, hence Cgq, C Cq,,,. Let the added ear introduce ¢
new nodes, so that |V(Gi1)| = |[V(G;)| + ¢ and |E(Giq1)| = |E(Gi)| + ¢+ 1. We

distinguish two cases depending on bipartiteness.

Case 1: ] is bipartite.

If G; is bipartite, then G is bipartite, since otherwise the decomposition would
start with an odd cycle in a non-bipartite block. Hence G, is bipartite. By
) = [V(Gigy1)] =1 = |V(G;)| + € — 1. Since G; is
also bipartite, we similarly have dim(Ng,) = |V(G;)| — 1, which by the induction
hypothesis means dim(Cg,) = |E(G;)| — |V(G;)|+ 1. Since Cg, C Cq,,, C Nz, we

i+1”?

Lemma 4.1, we have dim(Ng

can bound the dimension:

dim(Cq,,,) < |E(Git1)| — dim(Ng,,,)
= (E(G)[+t+1) = (V(Gy)|[ +£-1)
= [E(G)| = [V(Gi)| + 2
We show that Cg, , # Cg,. For this, it is enough to find an even cycle in G;;; that

uses the new ear. If the ear is closed, then it is itself an even cycle. Otherwise, let its

endpoints be x,y. Since G;;1 remains bipartite, every xy-path in GG; has the same
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parity, hence combining the ear with any xy-path yields an even cycle containing

the ear.

Case 2: () is non-bipartite.

By Lemma 4.1, we have dim(Ng,,,) = |V(Git1)| = [V(G))| + €. Since G, is
also non-bipartite, we similarly have dim(Ng,) = |V(G;)|, which by the induction
hypothesis means dim(Cg,) = |E(G;)| — |V(G)|. Since Cg, € Cq,,, € Ng,,,, We can

bound the dimension:

dim(Cq,,,) < [E(Gipr)| — dim(Ng,,,)
= ([E@G)[++1) = (V(Gi)| + )
= [E(G)] - V(G| +1
= dim(Cg,) + 1.

We show that Cg,,, # Cg,. For this, it is enough to find an even cycle in G
that uses the new ear. If the ear is closed, then it is itself an even cycle as, by the
choice of the decomposition, it is part of a bipartite block of G. Otherwise, let its
endpoints be x,y. By Theorem 2.1, there exists an even cycle in G, that uses the
new ear. Thus dim(Cg,,,) = dim(Cg,) + 1. Therefore, dim(Cg,,,) + dim(Ng,,,) =
(IE(G)] = V(G)[ + 1) + (VG| + £) = |E(Gisa)]-

141

In all cases, the inductive step preserves dim(Cg,,,) + dim(Ng,,,) = |E(Git1)],
which completes the proof. O]

Now we are ready to prove Theorem 1.5.

Theorem 1.5. Let G = (V, E) be a graph.

(i) If the block decomposition of G contains at most one non-bipartite block, then

every edge-weight function w: E — R satisfying (ECS) also satisfies (IND).

(i) If the block decomposition of G contains at least two non-bipartite blocks, then
there exists an edge-weight function w: E — R satisfying (ECS) but not (IND).

Proof. For (i), note that C¢ = NZ by Theorem 4.5. Hence every edge-weight
function w: E — R satisfying (ECS) lies in C& = Ng, and therefore satisfies (IND).

For (ii), let G be a graph whose block decomposition contains at least two non-
bipartite blocks. Choose two non-bipartite blocks By and By of G such that in the

block tree of GG every node on the unique path between B; and By corresponds to a
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bipartite block of G. Consider the following edge-weight function:

1 ifee E(Bl>,
w(e) =92 ifee E(B),

0 otherwise.

First, we show that w satisfies (ECS). It is clear that no cycle contains edges from
more than one block. Therefore, if an edge-weight function is constant within each
block it satisfies (ECS), which holds for w. Second, we show that no node-weight
function induces w. Suppose for contradiction that f: V — R induces w. It is
clear that fly(p,) = % induces w|gp,). Moreover, since B, is non-bipartite, by
Corollary 4.2 this is also unique. Similarly, f|v(g,) = 1 is the unique node-weight
function that induces w|g(p,). Consider the subgraph H of G' which is the union
of the blocks of G corresponding to the nodes of the unique path between B; and
Bs in the block tree of G. Since H is the union of some bipartite blocks, H is also
bipartite. Therefore, as we have seen in the proof of Lemma 4.1, whenever a node-
weight function induces w|y = 0, its absolute value must be constant. However,
both By and By by definition share a node with H, denote these nodes by b; and
by. We showed that f(b;) = % and f(by) = 1. Since b; and by are nodes of H, this

contradicts that the absolute value of f|y is constant. O

4.3 Matching-covered graphs

The goal of this section is to clarify the connection between (IND) and (PME). Since
the latter property is unaffected by edges not contained in any perfect matching, we
restrict our attention to matching-covered graphs.

Let G = (V, E) be a matching-covered graph. We denote the space of edge-weight
functions satisfying (PME) by Mg, while the space generated by the incidence

vectors of perfect matchings is denoted by Pg. In [9], Lovész proved the following.

Theorem 4.6 (Lovész). For a matching-covered graph G, the dimension of Pg is
|E(G)| — |V(G)] + 2 — b(G), where b(G) is the number of bricks in the tight cut

decomposition of G.
Using this theorem, we are ready to prove our result.

Theorem 1.6. Let G = (V, E) be a matching-covered graph.
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(i) If the tight cut decomposition of G contains at most one brick, then every
edge-weight function w: E — R satisfying (PME) also satisfies (IND).

(i) If the tight cut decomposition of G contains at least two bricks, then there
exists an edge-weight function w: E — R satisfying (PME) but not (IND).

Proof. By Theorem 1.3, we have Ng € M. Therefore, No = Mg holds if and
only if dim(Ng) = dim(Mg). A weight function w belongs to M if and only if
w - (Xm, — Xa,) = 0 for all perfect matchings My, My of G. In other words, M is
the orthogonal complement of the difference space of Pg. Since this difference space
has dimension dim(Pg) — 1, we have dim(M¢) = |E| — (dim(Pg) — 1). Applying

Theorem 4.6, we obtain:
dim(Mg) = |E| = (|JE| = |[V|+2-b(G) — 1) = |V| =14+ b(G).

If G is bipartite, then b(G) = 0. In this case, Lemma 4.1 gives dim(Ng) = [V|—1,
which equals dim(Mg), implying Ng = M.

If G is non-bipartite, then b(G) > 1 and Lemma 4.1 gives dim(Ng) = |V|. In
this case, the dimensions match if and only if |V| = |V| — 1+ b(G), which simplifies
to b(G) = 1. Thus, Ng = M if and only if the tight cut decomposition of G

contains exactly one brick, which proves both (i) and (ii). O

Next, we introduce some preliminaries for a second proof of (i). Consider the
perfect matching polytope Ppyi(G) of a matching-covered graph G. Similarly to the
bipartite case, it is defined as the convex hull of the characteristic vectors of all
perfect matchings of G. By Edmonds’ characterization [4], we have:

PpM(G):{xERE: Y we=tlforallveV, Y . >1forallodd X CV, xZO}.
e€d(v) e€d(X)

Let A € {0,1}Y*F be the incidence matrix of G and B € {0,1}°*F denotes the

odd-cut incidence matrix, where O is the family of odd subsets of V', that is,

1 ifeed(X),
BX,e -
0 otherwise.

Hence, viewing the maximum-weight perfect matching problem as a linear program,

we can write the primal and dual problems as follows
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Primal
o Dual
maximize w -z
subject to Axr =1 minimize 1-y+1-z
Br>1 subject to yA+ 2B > w

x>0

.

The following observation then follows easily from a result of [2].

Theorem 4.7. Let G be a brick or brace. Then (IND), (EWS), (ECS), (PME),
and (EMX) are equivalent.

Proof. In [2] it is shown that for bricks and braces the odd-cut inequalities are
redundant. Therefore, the primal and dual problems are the same as in the bipartite

case. Hence, the proof works similarly to that in Theorem 3.2. O]
Now, we are ready for the second proof of (i).

Proof. We prove the statement by induction, which will run on the number of com-
ponents in the tight-cut decomposition of the graph.

If the decomposition consists of a single component, then the graph is a brick
or a brace and the statement follows from Theorem 4.7. In the inductive step,
we decompose the graph along a tight cut and consider the two contractions of it.
Then we define two edge-weight functions on these graphs, such that the weight of a
perfect matching in the original graph will be the sum of the two perfect matchings
corresponding to it in the two contractions.

Let G be a graph whose decomposition consists of k41 many components, where
at most one of them is a brick, and let w be an edge-weight function satisfying
(PME). Let X C V(G) be a node-set, such that §(X) is a tight cut and let Y =
V(G)\X. Let Gy = (X +vy, E1) and G2 = (Y 4+, Es) be the two contractions of C.

Next, we define the edge-weight functions w; and ws in G and G, respectively.
For e € E; with e ¢ §(y), let wi(e) = w(e). Similarly, if e € Fy with e ¢ 0(x),
let wy(e) = w(e). It remains to define the weights on the edges incident to the
contracted nodes.

Take a node u € N(Y) C X and consider the induced subgraph G[X — u]. Since
G is matching-covered and u has an edge crossing 6(X), the graph G[X — u] has
a perfect matching. Moreover, every perfect matching of G[X — u] has the same

weight. Indeed, take a perfect matching M of G that contains an edge of §(X)
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incident with u. Note that the restriction of M to X — w is a perfect matching of
G[X — u]. Replacing this restriction with any perfect matching of G[X — u| yields
another perfect matching of G. Since w satisfies (PME), all perfect matchings of
G have the same weight. Therefore, every perfect matching of G[X — u] must also
have the same weight. We denote the weight of the perfect matchings of G[X — u]
with f(u). Similarly, for every vertex v € N(X) C Y we denote by g(v) the weight
of the perfect matchings of G[Y — v].

Now let P be the weight of the perfect matchings of G and choose k,! real
numbers to satisfy k + 1 = P.

We can define the weight of the remaining edges by

wi(uy) =k — f(u)

for every edge uy € Fy and
wy(ve) =1 —g(v)
for every edge v € E,. By construction, every perfect matching of G; has weight k,

and every perfect matching of G5 has weight [. Furthermore, for an edge uv € §(X)
P =w(uv) + f(u) + g(v)
Hence,

w(uv) = P — f(u) — g(v)
=k — f(u) +1—g(v)
= wi (uy) + wa(ve)

Thus, the weight of a perfect matching of G is equal to the sum of the weights of
the corresponding perfect matchings in G; and Gs.

Since GG; and G5 both have fewer components in their decomposition than G,
the induction hypothesis applies. Moreover, one of them is bipartite, while the other
contains at most one brick. By the construction of w; and wy, both satisfy (PME),
therefore, there exist ¢;: X +y — R and ¢o: Y + 2 — R, such that ¢; induces w; in
G;.

Define the following ¢: V(G) — R function:

@(u) if ueX
@(u) if ueyY

q(u) =
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For any edge uv, spanned by X or Y, w(uv) = q(u) + ¢(v). For an edge uv € §(X),
w(uv) = q(u) +q(v) + ¢1(y) + g2(x). Thus, it suffices to show that ¢ (y) + g2(x) = 0.
Without loss of generality, we can assume that G, is bipartite with bipartition
(A, B). For an a € R replace ¢; with

au)+a if ueA
ql,a(“) = )
G(u)—a if ueB
Note that ¢, also induces w; for any choice of a. Choosing o == —q1(y) — ¢2(2)
yields ¢1.4(y) + g2(x) = 0. Hence, this new updated ¢ induces w, which completes
the proof. O

Remark 4.8. Let G be a graph whose tight cut decomposition contains at least
two bricks. Then we can explicitly construct an edge-weight function that satis-
fies (PME) but violates (IND), showcased in Figure 4.1.

Indeed, let C' be a tight cut with the property that neither of the two corre-
sponding C-contractions is bipartite; such a tight cut exists by b(G) > 2. Define
w € RP©) by

1 ifeed(0),
w(e) =
0 otherwise.
Since C' is tight, every perfect matching of G contains exactly one edge of C', and
hence every perfect matching has total weight 1. Thus w satisfies (PME).

On the other hand, w is not node-induced. Indeed, both sides of the cut C' are
non-bipartite, so no node weight function can induce w. Any such node weighting
would have to assign value 0 to all nodes, which would imply that all edges have
weight 0, contradicting the fact that edges in 0(C') have weight 1.

U1 1 U1
0 1 0
0| U2 V2 | 0
0 1 1 0
us U3

Figure 4.1: In the graph above, the cut §({uy, ug, us}) is tight,

and its two contractions both form a K, which is a brick.
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4.4 Resolving Question 1.2

Finally, we answer Question 1.2 in the negative.

Theorem 1.7. There exists a matching-covered graph G = (V| E) with an edge-
weight function w: E — R such that (EMX) holds but (PME) fails.

Proof. We provide a constructive counterexample, see Figure 4.2. Let V' be parti-
tioned into four sets Vi, V5, V3, Vy, where V; and V3 each induces a triangle, and V,
and V, are independent sets of size two. We add all edges between V; and V;;, for
i € {1,2,3,4}, where indices are considered cyclically. It is easy to check that the

resulting graph G is matching-covered and non-bipartite.

Vi Va

Vi Vs

Figure 4.2: Constructive counterexample

Let S = Vi U Va. Note that |S| =3+ 2 =5, so the cut C' = §(S) is an odd cut.

We define the edge-weight function w € R? as the characteristic vector of C:

1 ifee(C,
w(e) =
0 otherwise.

It is straightforward to verify that every edge is contained in a perfect matching
of weight 1 and also in one of weight 3, and moreover 1 and 3 are respectively
the minimum and maximum weights of a perfect matching. Therefore, w satisfies
(EMX) but (PME) fails as stated. O



Chapter 5
b-factors and arborescences

The proof of Theorem 1.1 in [5] (with symmetry of minimum and maximum) is
based on the observation that, when the maximum-weight matching problem is for-
mulated as a linear program and its dual is considered, the complementary slackness
conditions imply that a perfect matching is of maximum weight if and only if it con-
sists of so-called tight edges, and it enters each member of a certain laminar family
(the support of an optimal dual solution) with exactly one edge. This means that,
if we wish to fix edges in such a way that the weight of a maximum-weight perfect
matching decreases, it suffices to fix either a non-tight edge, or two tight edges that
both enter the same member of the laminar family. In this section, we extend this

idea in two directions: minimum-weight b-factors and minimum-cost arborescences.

5.1 b-factors

The extension to b-factors is based on the close structural relationship between
b-factors and perfect matchings. Take a graph G = (V, E) and a node-capacity
function b: V' — Z.. We say that an edge set S C F is a b-factor if every node
v € V is incident exactly b(v) edges of S. It is clear that a perfect matching is a
1y -factor, where 1y, denotes the all-one vector on V.

We give the following extension of Theorem 1.1.

Theorem 1.8. Let G be an edge-weighted graph with a node-capacity function
b: V. = Z, for which the possible weights of b-factors are x1 < x3 < -+- < @4
and let € € [q].

(1) If G is bipartite, there exist edge sets F' and D with FND = () and |F|+|D| <
¢ — 1 such that the minimum weight of a b-factor S satisfying F C S C E\ D
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1S Ty.

) 18 non-bipartite, there exist edge sets an wil N = an

i) If G i bi ' h st ed F and D with F N D 0 and
|F| +|D| < 2(¢ — 1) such that the minimum weight of a b-factor S satisfying
FCSCE\D is x.

Proof. We first recall the connection between b-factors and perfect matchings, see
e.g. [14].

Given an edge-weighted graph G = (V, E) and b: V — Z,, we will construct a
graph G’ = (V', E’) such that a b-factor of G corresponds to a perfect matching of
G’ and vice versa. For each node v € V| the graph G’ contains b(v) many copies
U1, ..., U Of v. For each edge e = uv € E, we introduce two new nodes p,., and
Pe,» connected by an inner edge pepen. We also introduce outer edges w;pe, for
all ¢ € [b(u)] and vpe, for all j € [b(v)]. For an edge e = uv € E, the subgraph
induced by w1, ..., Upw)s Peus Pews V1, - - -, Uy 1S called the corresponding gadget of e,

see Figure 5.1.

Figure 5.1: The figure above showcases the corresponding gadget

of an uv edge, where b(u) = 2 and b(v) = 3.

Given a b-factor S of G, we can construct a corresponding perfect matching P of
G" as follows. If e ¢ S, we pick its inner edge pe ype, in G'. If e = uv € S, we pick one
outer edge incident to p., and one outer edge incident to p.,. Since S is a b-factor,
exactly b(v) edges of S are incident to each node v. Because the outer edges form a
complete bipartite graph between {v;: j € [b(v)]} and {p.,: e is incident to v}, we
can easily route these choices such that every copy v; is covered exactly once. This
logic holds in reverse, meaning every perfect matching of G’ can be represented as
a b-factor of G. An important property of this construction is that G’ is bipartite if
and only if G is bipartite.

Given a weight function w: F — R, we define a weight function w’ on the edges
of G'. For all outer edges, let w'(u;p.,) = w(e)/2 and w'(vjpe,) = w(e)/2. For
all inner edges, let w'(peupewy) = 0. When an edge e = uv € S, the corresponding
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perfect matching P selects exactly two outer edges associated with e, accumulating
a total weight of w(e)/2 + w(e)/2 = w(e). If e ¢ S, P selects the inner edge,
contributing a weight of 0. Thus, a b-factor of GG has the exact same weight as its
corresponding perfect matching in G'.

Now we are ready to prove the statement of the theorem. We consider the case
where G is bipartite; the non-bipartite case works similarly. Construct G’ and w’
as previously described. Since a b-factor has the same weight as its corresponding
perfect matching, the possible weights of the perfect matchings of G' are also x; <
x9 < --- < x,. We can therefore apply Theorem 1.1. This implies there exists an
edge set A C F’ of size at most £ — 1 such that the minimum weight of a perfect
matching containing A is z,.

From A, we determine the sets F' and D for our original graph GG. We assign an
edge e = uwv € E to D if p.ype, € A. We assign e = uv € E to F' if A contains
at least one of its outer edges, that is, if AN ({wpen | @ € [b(w)]} U{vjpes | 7 €
[b(v)]}) # 0. From the correspondence described earlier, the perfect matchings of G’
containing A correspond exactly to the b-factors S of G satisfying FF C S C E\ D.
Furthermore, because A is a subset of a valid matching in G’, it cannot contain
both an inner edge and an outer edge of the same gadget. Thus, each edge in A
contributes to at most one element in D U F', which yields |D| + |F| < |A] < ¢ —1,
completing the proof. O

5.2 Arborescences

The extension to arborescences is based on an LP-based characterization of
minimum-cost arborescences. An arborescence is a directed tree in which every
node has in-degree 1, except for a unique node, called the root, which has in-degree
0. An r-arborescence of a digraph is a spanning subgraph that is an arborescence
rooted at a specified node r.

Let D = (V, A) be a digraph with a fixed root r € V. Let Ap denote the set of
all r-arborescences of D. An edge uv € A is said to enter a set Z C V if u ¢ Z and
veZ. For ZCVand F C A, let d2(Z) denote the number of edges entering Z
in F'. We say that D is root-connected if d’§(Z) > 1 holds for every nonempty set
Z CV —r. This is equivalent to requiring that every node is reachable from r, and
also to the existence of an r-arborescence in D.

Suppose that D is root-connected. Fix an edge e = uv € A, and let D’ be the

graph obtained from D by removing all edges except e that enter v and contracting
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e. Then, there is a trivial one-to-one correspondence between the r-arborescences
in D containing e and the r-arborescences in D’. Indeed, for any r-arborescence F
in D containing e, the edge set in D’ corresponding to F' — e is an r-arborescence in
D’. Conversely, for any r-arborescence F’ in D', an r-arborescence in D is obtained
by adding e to the edge set in D corresponding to F’. This implies that D’ is also
root-connected with respect to the same root r.

Let c: A — R, be a nonnegative cost function. For a family 7 C 2" and an
edge a € A, define F, = {Z € F: a enters Z}. A vector y € R” is called c-feasible
if y>0and ), > y(Z) < c(a) for every a € A. When F ={Z:0# Z CV —r},
a c-feasible vector y is in fact a dual solution to the minimum-cost r-arborescence
problem. An edge a € A is called c-tight if ), y(Z) = c(a). Bock [1] and

Fulkerson [6] proved the following min-max formula.

Theorem 5.1 (Bock, Fulkerson). Let D = (V, A) be a root-connected digraph with
root v, and let ¢c: A — Ry be a cost function. Then the minimum cost of an r-

arborescence of D equals

max Z y(Z): y is c-feasible

ZCV—r

Moreover, an optimal dual solution y* can be chosen such that the family
{Z: y*(Z) > 0} is laminar. For any optimal dual solution y*, an r-arborescence

B € Ap is minimum-cost if and only if
(i) every edge a € B is y*-tight, and
(ii) di5(Z) =1 for every nonempty set Z CV —r with y*(Z) > 0.
Based on this result, we first prove the following.

Lemma 5.2. Let D = (V, A) be a root-connected digraph with root r, and let c: A —
R, be a cost function. Let F be an r-arborescence of second-smallest cost with respect

to c. Then there exist edges e, f € A that are not necessarily distinct, such that
o(F) = min{c(F’): F' € Ap, {e, f} C F}

Proof. Let y be a fixed optimal c-feasible function. Since F' is not a minimum-cost
r-arborescence, by Theorem 5.1 it either contains an edge that is not y-tight, or
there exists a nonempty set Z C V — r with y(Z) > 0 such that F' enters Z more

than once.
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In the first case, let e be a non-y-tight edge of F' and choose f = e. In the latter
case, let e, f be two edges of F' entering Z. In either case, by Theorem 5.1, any
r-arborescence containing both e and f cannot be of minimum cost. Since F' is a

second-smallest r-arborescence and contains both e and f by definition, we obtain
min{c(F’): F' e AD} < min{c(F’): F''e Ap, {e, f} C F’} = ¢(F),
which completes the proof. ]
The next theorem is a counterpart of Theorem 1.1 for arborescences.

Theorem 1.9. Let D be a root-connected digraph with edge costs, and suppose that
the possible costs of r-arborescences are ©1 < x9 < -+ < x,, and let { € [q]. Then
there exists a subset of edges P with |P| < 2(¢ — 1) such that the minimum cost of

an r-arborescence containing P is x,.

Proof. We proceed by induction over ¢. First of all, note that because all r-
arborescences contain the same number of edges, we can shift the edge-costs, such
that all costs are non-negative. For ¢ = 1 the statement is trivial and Lemma 5.2
proves the statement for £ = 2. Let ¢ > 3 and assume as induction hypothesis
that the statement holds for all // < ¢ and let F' be an ¢-th smallest r-arborescence.

Based on the argument in Lemma 5.2 there exist e, f € F' such that
r1 < min{c(F’): F' e Ap, {e,f} C F} < ¢(F).

Note that e = f is possible, and otherwise the heads of e and f are different nodes.

Consider the graph D’ obtained from D by removing all edges except e and f
that have the same head as e or f and contracting the edges e and f. As seen
above, there is a trivial one-to-one correspondence between the r-arborescences in
D containing {e, f} and the r-arborescences in D', and D’ is also root-connected as
F\ {e, f} forms an r-arborescence in D’. Moreover, F'\ {e, f} is an ¢'-th smallest
r-arborescence for some ¢/ < ¢. This is because otherwise there are at least (¢ — 1)
r-arborescences F] € Aps such that ¢(F]) < ¢(Fy) < -+ < c(F,_y) < c(F\{e, [}),
which implies z1 < ¢(F] U{e, f}) < c(FyU{e, f}) < - - < c(F;_;U{e, f}) < e(F),
contradicting ¢(F') = xy.

By the induction hypothesis, there exists P* C F \ {e, f} € Ap with |P'| <
2(¢" — 1) such that

c(F\{e, [}) = min{c(F'): F' e Ap, P' C F'}.
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This concludes that P = P' U {e, f} satisfies |P| <2(¢' —1)+2<2({—1) and
zy = c(F) = min{c(F’): F'e Ap, P C F’},
which completes the proof. O
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