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Introduction

A recurring theme in algebra is that vanishing properties force algebraic
structure. Hilbert’s Nullstellensatz is a famous example of this idea. Over an
algebraically closed field IF, it states that if f vanishes at every common zero
of the polynomials gy, ..., gx, then f can be expressed in terms of ¢y,..., gk
after taking a suitable power. More precisely, there exist an integer m > 1
and polynomials hq, ..., hj such that

k
J" = Z hig;.
i=1

However, this result is not always convenient for combinatorial work. Many
problems in combinatorics are naturally formulated over finite fields, and
they often require explicit bounds and degree control. These are features
that the classical Nullstellensatz does not directly provide.

The Combinatorial Nullstellensatz, introduced by Noga Alon [2], is a pow-
erful algebraic tool for studying problems over finite and discrete sets. It has
many applications in additive combinatorics, graph theory, number theory,
and related areas. In this thesis, we study several applications and extensions
of the Combinatorial Nullstellensatz.

In Chapter [T} we present the Combinatorial Nullstellensatz in both its
ideal form and coefficient form, following Alon’s original paper [2]. We give
detailed proofs of these two forms and explain how they serve as fundamental
tools in the polynomial method.

We also discuss how this powerful theorem has been extended in later
work. In particular, we mention related developments from the punctured-
grid version of Ball and Serra [5], the multiset version of Kés and Rényai [I1],
and the monomial-based extensions due to Schauz [16] and Lasoni [12]. These
results show that the original degree condition in Alon’s theorem can be
weakened or modified in several useful directions.

In the second chapter [2| we focus mainly on the Cauchy-Davenport the-
orem and some of its extensions. This theorem is one of the classical results



in additive number theory and provides a natural first example of how the
Combinatorial Nullstellensatz can be applied to sumset problems.

In Chapter [3.3] we discuss Gardner’s no-three-in-line problem, where an
extension of the Combinatorial Nullstellensatz due to Bogdan Nica [I3] plays
an important role. After introducing the history and motivation of Gard-
ner’s problem, we study Nica’s structured-grid version of the Combinatorial
Nullstellensatz and outline how this method is used in the proof of the no-
three-in-line result.

Nica’s theorem also gives an application to the Cauchy—-Davenport theo-
rem, adapting the polynomial method used by Alon [2 Theorem 3.2]. The
Cauchy—Davenport theorem has many important extensions. One example
is the Erdos—Heilbronn conjecture, which concerns restricted sumsets where
one restricts using the same element twice. This conjecture was proved by
Dias da Silva and Hamidoune in 1994. Later, Alon, Nathanson, and Ruzsa
used the polynomial method to provide another proof and to establish more
general results on restricted sums of congruence classes [3]. At the end of the
chapter, we present the main result of this thesis which is an application of
Nica’s theorem to restricted sumsets.

Furthermore, Aichinger, Schmitt, and Zhan [I] gave a common general-
ization combining Nica’s approach with the monomial conditions of Lason
and Schauz. Their proof is based on multivariate polynomial division. In this
thesis, we do not reproduce the full proof, as it is rather technical. Instead,
we explain the main idea of the argument and give examples illustrating the
key definitions, such as lacunary polynomials, shading monomials, and stable
monomials.



Chapter 1

The Combinatorial
Nullstellensatz

1.1 The ideal form

Throughout this section, we write [n] = {1,...,n}, and the degree of a
multivariate polynomial refers to its total degree. We first prove a preliminary
lemma. The proof can be found in [4].

Lemma 1.1.1. Let F be a field and let f € Flzy,...,x,]. Suppose that
deg,,(f) <t; for eachi € [n]. For eachi € [n], let A; C F satisfy |A;| > t;+1.
If

flai,...;a,) =0 for all (ay,...,a,) € Ay X -+ X A,

then f is the zero polynomial.

Proof. We prove the lemma by induction on n.

For n = 1, the statement is the usual fact that a nonzero polynomial of
degree at most ¢; has at most t; roots. Since |A;| > t; + 1, a polynomial of
degree at most t; that vanishes on all of A; must be the zero polynomial.

Now assume the statement holds for polynomials in n—1 variables. Write
f as a polynomial in x, with coefficients in F[zq, ..., x, 1]

ln
f= qu(atl, ey X)X
=0

Fix an arbitrary point (ai,...,a,-1) € Ay X --- X A,,_1, and define
o(z,) = flay, ..., an_1,2,) € Flz,].

8



9 CHAPTER 1. THE COMBINATORIAL NULLSTELLENSATZ

By assumption, ¢(a,) = 0 for every a, € A,. Since deg(y) < t, and
|An| > t, + 1, the base case implies that ¢ = 0. Hence, all coefficients of ¢
are zero, so

gi(ar,...,an—1) =0 for every j =0,...,t,.

Since (aq,...,an,—1) was arbitrary, each ¢; vanishes on A; x --- x A,,_;.
Moreover, each g; has degree at most t; in the variable x; for every ¢ =
1,...,n — 1. By the induction hypothesis, each ¢; is the zero polynomial.
Therefore f = 0. [

We now use the preceding lemma to prove the ideal form of the Combi-
natorial Nullstellensatz following the proof given in [2].

Theorem 1.1.1 (Combinatorial Nullstellensatz, ideal form [2]). Let F be
a field and let f = f(xy,...,2,) € Fly,...,x,]. Let Aq,..., A, be finite
nonempty subsets of F, and define

gi(wi) = H (2 —a),

a€A;

where g; is a polynomial in the single variable x;. If
flay,...,a,) =0 for all (ay,...,a,) € Ay X -+ X A,

then there exist polynomials hy, ..., h, € Flxy, ..., z,] such that

f= Z higi
=1

and deg(h;) < deg(f) — deg(g;) for each v =1,...,n whenever h; # 0.

Proof. For each i € [n], set t; = |A;| — 1. Since g;(z;) = [y, (v: —a) is
monic of degree t; + 1, we write

t;
_ titl J
gi(z:) = " — E :Ci,jxi
Jj=0
for some coeflicients ¢; ; € F. Hence, modulo g;(z;), we have

t;
ghitl = Zc”xf (mod g;(x;)). (1.1)
=0
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Also, for every a; € A;, we have g;(a;) = 0, so the two sides of (|1.1)) have the
same value at z; = a;.
Using (|1.1)), we reduce the powers of each variable in f. More precisely,
whenever a monomial contains a factor x;j" with d; > t; + 1, we write
l'ilz _ $?i—(ti+1)$§i+1
and replace the factor xﬁi“ using the right-hand side of (|I.1). Repeating
this process produces a polynomial f such that

~

deg, (f) <t for every i € [n].

Since each reduction step uses a congruence modulo one of the polyno-
mials g;, the difference f — f is a sum of multiples of ¢1,...,g,. Therefore
there exist polynomials hy, ..., h, € F[zy,...,x,] such that

= J?: Zhigi-
i=1

Moreover, the reductions do not increase total degree. Hence every term
contributing to h;g; has total degree at most deg(f), and so deg(h;) <
deg(f) — deg(g;) whenever h; # 0.

The polynomials f and f agree on the grid A; x --- x A,, because the
reductions preserve values on the sets A4;. Since f vanishes on this grid, f
also vanishes on this grid. By Lemma , we get [ = 0. O]

As an immediate consequence, we obtain the following description of the
vanishing ideal of a finite grid, which will be used later in the proof of the
graph coloring theorem.

Corollary 1.1.1. Let Ay, ..., A, be finite nonempty subsets of a field F, and
let S = Ay x---xA,. Foreachi € {1,...,n}, define gi(z;) = [] e, (zi —a).
If f € Flxq,...,x,) vanishes on S, then f € (g1,...,Gn)-

Proof. This follows directly from Theorem [[.I.T} Indeed, the common zeros
of the polynomials ¢y, ..., g, are precisely the points of the grid A; x---x A,,.
Since f vanishes on this grid, Theorem gives polynomials hq,...,h,
such that f =>"" | h;g;. Therefore, f is in the ideal generated by g¢1,. .., gn

f€<g17---7gn>' L
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1.2 General extensions

The Combinatorial Nullstellensatz has many extensions and refinements. In
Alon’s original theorem, the main assumption is that the polynomial con-
tains a monomial of maximal total degree whose exponent in each variable
is smaller than the size of the corresponding set in the grid. Later versions
weakened this degree condition by studying more carefully the monomials
that appear in the polynomial.

Throughout this section, let F be a field and let S = S; x --- x S, be a
finite grid over F, where each S; is a finite nonempty subset of F.

For a = (a,...,a,) € Nj, we write @ = z{'--- 2. For o,y € Nj, we
write a C v if a; < ; for every i € [n], and we write a C v if @ C v and
a # . Thus x* divides z7 if and only if o C ~.

If f= Z%NEL cyx? € Flzq,. .., x,], then Mon(f) = {27 : ¢y, # 0} denotes
the set of monomials appearing in f, and Supp(f) = {y € Ny : ¢, # 0}
denotes the set of exponent vectors of these monomials.

A natural refinement of Alon’s theorem is obtained by replacing the maxi-
mal degree condition with a condition on the support of the polynomial. This
idea is already very close to Alon’s original argument, and a version of it ap-
pears in Tao and Vu’s book as Exercise 9.1.4 [17]. Lason later gave an explicit
formulation and proof of this maximal support version of the Combinatorial
Nullstellensatz [12].

Instead of requiring the chosen monomial to have maximal total degree,
one assumes that its exponent vector is maximal with respect to the coordi-
natewise order C:

a = (ai,...,q,) is maximal in Supp(f) with respect to C . (1.2)

Theorem 1.2.1 (Maximal-support version [I7,[12]). Let Si,...,.S, be finite
nonempty subsets of a field F, and let f € Flxy,...,xz,]. Suppose that f
contains the monomial x® = x7" - - - 2" with nonzero coefficient, where a; <
|S;| for every i € [n].

If

a is mazimal in Supp(f) with respect to C, (1.3)
then there exists a point s = (S1,...,8,) € S1 X -+ x S, such that f(s) # 0.

Condition means that there is no 7 € Supp(f) such that a T 7.
Equivalently, no monomial of f, except z¢ itself, is divisible by x®. Therefore,
this version allows monomials of larger total degree to appear in f, as long
as their exponent vectors do not dominate « in the coordinatewise order.

A further extension was obtained by Schauz [I6]. Schauz’s theorem al-
lows an even larger class of monomials to appear in the polynomial. The
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condition is not only about divisibility by z¢; instead, every other monomial
must differ from x® in some coordinate whose exponent is still less than the
corresponding grid size.

Theorem 1.2.2 (Schauz’s theorem [10]). Let Si,...,S, be finite nonempty
subsets of a field F, and let f € Flxy,...,x,]. Suppose that f contains the
monomial x* = x* - - - x&™ with nonzero coefficient, where a; < |S;| for every
i € [n].

Assume that for every monomial 7 € Mon(f) \ {z*}, there exists an
indez i € [n] such that

Vi # and 7 < |8 — 1. (1.4)
Then there exists a point s = (S1,...,8,) € Sy X -+ X S, such that f(s) # 0.

Schauz’s theorem generalizes Lason’s theorem. Indeed, if the condition
in Lason’s theorem holds and z7 # z is a monomial of f, then a I 7.
Hence, there exists ¢ € [n] such that v; < ;. Since a; < |5y, it follows that
v < 18i| = 1, so Schauz’s condition is satisfied.

Other extensions modify the type of grid on which the polynomial is eval-
uated. Ball and Serra [5] extended Alon’s theorem by taking multiplicities
of zeros into account and by considering punctured grids, namely sets of the
form X \ 'Y, where X and Y are both grids. Kés and Rényai [I1] generalized
Alon’s theorem further to grids whose coordinate sets are multisets.

Altogether, Alon’s theorem has been extended in several directions: by
weakening the conditions on the monomials, by incorporating multiplicities of
zeros, by considering punctured grids, and by allowing multiset grids. Further
discussion and comparisons of such generalizations can be found in [15], [10]
and [1].

1.3 The coefficient form

We give a detailed proof of the coefficient form, which is the form most
useful for applications. The proof is based on Alon’s original paper [2],
and we present it in a way that will be useful later when discussing Nica’s
structured-grid theorem.

Theorem 1.3.1 (Combinatorial Nullstellensatz 2). Let Ay, ..., A, be finite
nonempty subsets of a field F. Suppose that a polynomial f € Flzy,. .., x,]
contains the monomial " - - - x* with a nonzero coefficient, where k; < |A;]

for every i € [n]. If deg(f) = ki + - - - + ky, then there ezists a grid point

a=(a,...,a,) € Ay X -+ x A,
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such that f(a) # 0.

Proof. We assume that |A;| = k;+1 for every i € [n]. Indeed, if |A;] > k; +1,
then we choose a subset A C A; with |A}| = k; + 1. If the result holds for
Al x ---x Al then it also holds for A; x --- x A,.

Suppose, for contradiction, that f(ay,...,a,) = 0 for every (ay,...,a,) €
Ay x -+ x A,. For each i € [n], define

gi(x;) = H (x; —a).

Then deg(g;) = |A;| = k; + 1.
Since f vanishes on the whole grid, Theorem gives polynomials
hi,... hy, € Flzy,...,x,] such that

[ = Z h;g;
i=1

and
deg(h;) < deg(f) —deg(g;) = k1 + -+ ky — (ki + 1)

whenever h; # 0. Now consider the monomial %" - - - 2% By assumption, it
appears in f with a nonzero coefficient.

On the other hand, in each product h;g;, every term of total degree
deg(f) = k1 + -+ - + k, must come from multiplying a highest-degree term of
h; by the leading term of g;. Since g; is monic of degree k; 41, its leading term
is xf#l. Therefore every top-degree monomial appearing in h;g; is divisible
by akit!,

But the monomial 2% - - - z*» is not divisible by 2™ for any i € [n].
Hence, this monomial cannot occur in the top-degree part of any product
h;g;. Therefore its coefficient in Z?Zl h;g; is zero.

This contradicts the equality f = >  h;g;, since the coefficient of
2% .. gFin f is nonzero. Hence our assumption was false. Therefore there

n
exists some point (ay,...,a,) € Ay x --- x A, such that

flay,...,a,) #0.



Chapter 2

Applications of the
Combinatorial Nullstellensatz

2.1 Graph coloring

We study k-colorability not only because it is an important graph-theoretic
problem, but also because it has applications in modern artificial intelligence.
In AI, many problems require assigning labels, resources, or decisions under
constraints. Graph coloring models this situation in a simple way: each
vertex is assigned one of k£ colors, and adjacent vertices are not allowed to
have the same color. This makes graph coloring relevant to areas such as
scheduling, timetabling, planning, and resource allocation. For this reason,
it is useful to examine k-colorability through algebraic tools such as the
Combinatorial Nullstellensatz.

In this section we discuss an application of the Combinatorial Nullstel-
lensatz to graph coloring. The result gives an algebraic characterization of
when a graph fails to admit a proper k-coloring. We begin with the basic
notions that will be needed in the proof.

Let G = (V, E) be a graph on n vertices. After numbering the vertices,
we write

V =Av,...,u.},
and to each vertex v; we associate a variable z;.
The graph polynomial of GG is defined by

Ja(xr, 2o, ... 2,) = H (zi — ;).

{viv; }EE(G)
1<)

A wvertex coloring of G is a map
c:V—=C,

14
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where C' is a set of colors. Such a coloring is said to be proper if
c(u) # c(v) whenever {u,v} € E(G).

Thus, a proper coloring assigns colors to the vertices in such a way that
adjacent vertices always receive distinct colors. We say that G is k-colorable
if there exists a proper coloring using at most £ colors.
We will use the set
A={acC:d" =1},

the set of all kth roots of unity, together with the polynomials
go(2y) = 2% =1 (veV).

Observe that the zeros of g, are precisely the kth roots of unity. Most
applications of the Combinatorial Nullstellensatz use the coefficient form,
namely Theorem [1.3.1} However, in the following argument we will use the

ideal form, that is, Theorem and Corollary We follow the proof
strategy of Alon and Tarsi [4].

Theorem 2.1.1. A graph G = (V, E) is not k-colorable if and only if the
graph polynomial fo belongs to the ideal (x* —1:v € V).

Proof. Assume first that G is not k-colorable. Let A denote the set of kth
roots of unity as above. For every vertex v € V', define

gv(xv) = H(«IU - Cl) = Iﬁ — 1.

a€A

Hence the common zeros of the family {g, : v € V'} are exactly those assign-
ments in which each variable x, is a kth root of unity.

Such an assignment thought as a coloring of the vertices of G’ with k avail-
able colors, namely the elements of A. Since G is not k-colorable, every such
coloring fails to be proper. Therefore, for each assignment of values from A,
there exists an edge {v;,v;} € E(G) with x; = z;. For that reason, one factor
(z; — ;) in the product defining fi becomes zero, and so fg(x,...,x,) = 0.
Thus fg vanishes at every common zero of the polynomials g,(x,), v € V.

By Theorem [1.1.1] it follows that fs belongs to the ideal generated by
these polynomials. Hence

fa €lgo(zy) v eV)y=(aF—1:0eV).

Conversely, suppose that fg € (zF —1:v € V). Then fg can be written

in the form
fo=> hy(rr, .. z) (2 - 1)

veV
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for suitable polynomials h,,.

Now assign to each variable z, a kth root of unity. Then for every v € V
we have 2% — 1 = 0, and consequently every term in the above sum vanishes.
Therefore, fo = 0 for every such assignment.

But the graph polynomial is zero when for some edge {v;,v;} € E(G),
the corresponding variables satisfy x; = ;. In other words, every coloring of
the vertices by kth roots of unity assigns the same color to the two endpoints
of some edge. Hence no proper k-coloring exists, and therefore G is not
k-colorable. O]

2.2 The Cauchy—Davenport theorem

A natural question is how small the sumset A + B can be, and whether its
cardinality can be bounded from below. In the finite field F,,, this question is
answered by the Cauchy—Davenport theorem, which is a fundamental result
in additive number theory. One classical application of the Combinatorial
Nullstellensatz is a polynomial proof of this theorem. We present the follow-
ing proof in detail because it introduces the polynomial reduction method
that will later play an important role in Chapter 4. In particular, we ana-
lyze carefully why the distinguished monomial survives the reduction process,
since this idea is central in the recent generalizations of the Combinatorial
Nullstellensatz discussed later.

There are also shorter proofs of the Cauchy—Davenport theorem. For
example, Alon [2] originally gave a more concise polynomial proof, and there
are alternative arguments based on induction on |B|. However, the present
proof is better suited for understanding the polynomial division techniques
that appear in later chapters.

Theorem 2.2.1 (Cauchy-Davenport Theorem). Let p be a prime and let
A, B CF, be nonempty subsets. Then |A+ B| > min{p, |A|+|B|—1}, where
A+B={a+b:ac A, be B}.

Proof. Before proof, we use the following standard notation. For a polyno-
mial f(z,y), the symbol [z'y’] f(x,y) denotes the coefficient of the monomial
'y in f(x,y). Let |A|] = «, |B] = B, and |A + B| = 7. Suppose, for
contradiction, that the theorem is false. Then y < a4+ —2and vy <p—1.

Define the polynomial

Q,y) = [ (z+y—c) eFpla,y]
ceEA+B

For every (a,b) € A x B, we have a + b € A+ B. Hence one of the factors
of Q(a,b) is zero, and therefore Q(a,b) = 0 for all (a,b) € A x B.
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Now define IT4(z) = [[,c4(z — @) and Hp(y) = [[,c5(y — b). We reduce
Q(z,y) modulo IT4(x) and IIz(y), and denote the resulting polynomial by
é(m,y). Thus Q has degree at most & — 1 in  and at most 3 — 1 in y.
Moreover, for some polynomials u,v € F,[z,y|, we write

Q(r,y) = Qz,y) — ulr, y)a(z) — v(z, y)p(y).

Since I14(a) = 0 for every a € A and I15(b) = 0 for every b € B, we have
Q(a,b) = Q(a,b) = 0 for all (a,b) € A x B.

We now show that @ must be the zero polynomial. Suppose, for contra-
diction, that @ is not the zero polynomial. Choose a monomial z*y’ with
nonzero coefficient in ) and with maximal total degree. Since the individual
degrees of @ are at most a — 1 and § — 1, we have i < |A| and j < |B|. Also,
by the choice of this monomial, deg(@) = i+ j. Hence the Combinatorial
Nullstellensatz, applied with Ay = A, Ay = B, 11 = x, 13 = y, k1 = 1, and
ke = j, gives some (a,b) € A x B such that Q(a,b) # 0. This contradicts the
fact that CNQ vanishes on all of A x B. Therefore @ =0.

Now consider the monomial M = x* 1479t Since v < a + 3 — 2, the
exponent of y is at most J — 1. Also v > «, because for any fixed b € B, the
set A + b is contained in A + B and has size a.

The highest-degree part of Q(x,y) is (x + y)?, so

a—1, y—a+1 _ Y
[y ]Qtuy)—-<a__1>'
This coefficient is nonzero in I, since 0 <a—1 <y <p—1.

By the way the reduction modulo I14(z) and IIg(y) is performed, the
monomial M cannot be cancelled by terms coming from u(x,y)Il4(z) +
v(x,y)lp(y). Indeed, the leading term of I14(z) is %, so terms using it
have z-degree at least «, while M has z-degree @ — 1. Terms using lower-
degree parts of II4(z) have total degree strictly smaller than 4. The same
argument applies to [15(y). Therefore M appears in @ with the same nonzero
coefficient as in Q.

This contradicts Q = 0. Hence our assumption was false, and so |A+B| >
min{p, |A| + |B| — 1}. This proves the theorem. O

We now present the proof of a restricted versions of the Cauchy—Davenport
theorem.

Definition 2.2.1 (Restricted sumset). Let A, B C F,. We define the re-
stricted sumset of A and B by

AiB={a+b: ac€ A, be B, a#b.
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The following result considered as a restricted version of the Cauchy—
Davenport theorem. It was conjectured by Erdés and Heilbronn in 1964 [9]
and proved by Dias da Silva and Hamidoune in 1994 using some tools from
linear algebra and the representation theory of the symmetric group [§]. The
proof is used an idea of Alon, Nathason and Ruzsa [3].

Theorem 2.2.2. Let A, B CTF,. Then

|A+B| > min{|A| + |B| - 2,p}
if |A] #1B], and A

|A+B| = min{|A[ + [B| — 3, p}
if |Al = |B|.

Proof. We prove the first case, when |A| # |B|. The second case is similar,
but the lower bound is weaker by one.

First, suppose that |A| # |B| and |A| + |B| < p + 2. Assume, for
contradiction, that |A+B]| < |A| + |B| — 3. Choose a set S C F, such that

A+BCS  and |S| = |A] + |B| — 3.

As in the proof of the Cauchy—Davenport theorem, we convert the forbid-
den sums by a polynomial. The additional factor x — y forces the restriction
a # b. Consider P(z,y) = [[,cq( +y — s)(x — y) over the field F,,. Then

deg P =|S|+1=|A|+|B| —2.

Moreover, P(a,b) = 0 for all @ € A and b € B. Indeed, if a = b, then the
factor  — y vanishes. If a # b, then a +b € A+B C S, so one of the factors
T 4+ y — s vanishes.

Now consider the coefficient of z!4=1yBI=1 in P. This coefficient is the
same as the coefficient of z!4!1=1yBI-1 in

(z+ )@ —y).

Since |S| = |A| + |B| — 3, this coefficient equals
Al +1B[ =3\ _ ([A[+]B] -3
Al =2 Al-1 /)
Equivalently,

A1+ 1B =3Y _ (1Al +|B=3) _ _(A|+|B|-3)!
() - () = e - 1.
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Since |A| # |B| and |A| + |B| < p+ 2, this coefficient is nonzero in F,,.
Therefore P has a nonzero coefficient of the monomial z41=1y!BI=1

deg P = (|A] = 1) + (|B] = 1).

and

By the Combinatorial Nullstellensatz, there exist a € A and b € B such that

P(a,b) # 0. This contradicts the fact that P(a,b) = 0 for every a € A and

b € B. Hence |A+B| > |A|+|B|—2 whenever |A| # |B| and |A|+|B| < p+2.
It remains to consider the case

|A| # |B]| and |A|+|B| > p+3.

Delete elements from the smaller set, say from A, to obtain a subset A’ C A
such that |A'| 4+ |B] = p+ 2 and |A’| # |B|. By the first part of the
proof,
|A'+B| > |A'|+|B|-2=p.
Since A'+B C A+B C F,, we get |A+B| = p. Therefore
|A+B| = min{|A| + |B| - 2, p}.

Finally, suppose that |A| = |B|. Remove one element from A, and let
A" C A denote the resulting set. Then |A’| # |B|, so by the previous case,

|A+B| > |A'+B| > min{|A'| + |B| — 2, p} = min{|A| + |B| — 3,p}.

2.3 Polynomially restricted sums

We now discuss a more general form of restricted sums. In the previous
section, the restriction was simply that two elements should be different.
This condition was encoded by the polynomial x — y. More generally, one
can impose any polynomial condition on the summands. This point of view
was developed by Alon, Nathanson, and Ruzsa [3].

Let p be a prime, and let h = h(zg, x1,...,2;) be a polynomial over F,.
For subsets Ay, Ai,..., Ay C F,, define the h-restricted sumset by

k
@ZAi:{ao+a1+---+ak:aiEA,-, h(ag,aq,...,ar) # 0}.
ho =0

Thus the usual sumset is obtained when h is the constant polynomial 1. The
restricted sumset with the condition a # b is obtained by taking h(x,y) =
x —y. In the proof below, we follow the polynomial method argument given
by Alon [2].
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Theorem 2.3.1 (Polynomially restricted sums [3]). Let p be a prime, and
let h = h(xg,x1,...,2,) be a polynomial over F,. Let Ay, A;,..., A be
nonempty subsets of Fy,, and write |A;| = ¢;+ 1 for each i =0, ..., k. Define
m = Z?:o ¢; —deg(h). Suppose that the coefficient of the monomial Hf:o xf
in the polynomial

(xo+ 21+ -+ + x)"h(zo, 21, - . ., T)

is nonzero in F,. Then

In particular, m < p.

Proof. Suppose, for contradiction, that
k
D> A

h o i=0
Choose a multiset E of exactly m elements of F, which contains the set
k
D> 4
h o i=0

We allow repetitions in £ so that it has exactly m elements.
Define

< m.

Q(xo,...,xk):h(xo,...,xk)H(xg+x1+---+xk—e).
eck

We claim that () vanishes on the whole grid Ag x A; x -+ x A;.

Indeed, take any point (ag,...,ar) € Ag X -+ X Ag. If h(ag,...,a) =
0, then clearly Q(aoq,...,ar) = 0. If h(ag,...,ar) # 0, then by definition
ap+- - -+ay belongs to the h-restricted sumset. Since this sumset is contained
in F, one of the factors o+ x1 + - - - + 2}, — e vanishes at (ay, ..., ax). Hence
in all cases Q(ao, . ..,ax) = 0.

On the other hand,deg(Q) = deg(h) + m = Z?:o ¢;. Moreover, the coef-
ficient of the monomial Hf:o x; in @ is the same as the coefficient of this
monomial in

($0 +x1+ -+ [L’k)mh(!lf(), Ce ,l‘k),

which is nonzero by assumption.
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Since |A;| = ¢; + 1, we have ¢; < |A;| for every i. Therefore the Combina-
torial Nullstellensatz applies to (). Hence there exists a point (ay,...,ax) €
Ag X -+ x Ay such that Q(ao,...,axr) # 0. This contradicts the fact that @
vanishes on the whole grid. Therefore

k
DA
h =0

>m+ 1.

[

We can apply this theorem to derive the following general form of the
Erdos—Heilbronn theorem.

Theorem 2.3.2. Let p be a prime, and let Ay, Ay, ..., Ax be nonempty sub-
sets of F,,. Suppose that |A;| # |A;| for all 0 <i < j <k, and that

k
k+2
Sial<e+ (57) -1

1=0

Then

k
Hao+a1+---+ap:a; € Ay, a; #aj foralli # j}| > Z|Ai|—(k;2>+1.
i=0

This theorem is one of the standard polynomial method forms of the
Erdés-Heilbronn type result. It shows how the restriction a; # a; can be
expressed algebraically by a polynomial, and how the Combinatorial Null-
stellensatz gives a lower bound for the size of the restricted sumset.

Further developments in this direction can be found in the work of Karolyi,
Nagy, Petrov, and Volkov [10]. In particular, they use an interpolation form
of the Combinatorial Nullstellensatz to study more general restricted sum-
sets. Their method represents the restrictions by a polynomial whose factors
describe both the allowed sums and the forbidden differences between the
summands. The main technical step is then to compute a suitable leading
coefficient. Instead of expanding the polynomial directly, they use an inter-
polation formula which reduces the coefficient computation to evaluations on
a carefully chosen grid.

This suggests a possible direction for further study. One could investi-
gate whether the structured-grid version of the Combinatorial Nullstellen-
satz, such as Nica’s non-vanishing lemma, can be combined with these in-
terpolation methods to obtain stronger lower bounds for restricted sumsets
when the underlying sets have additional algebraic structure, for example
when they are A-null.



Chapter 3

Structured Grids

In 1976, Martin Gardner posed the following extremal question about queens
on an n X n chessboard:

What is the smallest number of queens one can place on an n X n
chessboard so that no additional queen can be added without
creating three queens in a row, a column, or a diagonal?

This problem is a natural example where combinatorial questions can be
studied using algebraic tools. Cooper, Pikhurko, Schmitt, and Warrington
[6] proved that the minimum number of queens is at least n, except in the
case n = 3 (mod 4), where n — 1 queens can be enough.

In this chapter, we study this problem from the point of view of the poly-
nomial method, especially through the Combinatorial Nullstellensatz. The
main algebraic tool is a strengthened version of the Combinatorial Nullstel-
lensatz for structured, or zero-sum, grids due to Bogdan Nica [I3]. This
refinement shows that when the sets in a grid have extra algebraic struc-
ture, one can weaken the usual degree conditions and still guarantee that a
polynomial does not vanish on the entire grid.

To make this idea precise, we introduce the notion of nullity for finite
subsets of a field. This numerical parameter measures how much structure
a set has with respect to polynomial vanishing. After developing the basic
theory, we explain how Nica’s structured-grid version of the Combinatorial
Nullstellensatz applies to Gardner’s no-three-in-line problem, especially in
the case n =1 (mod 4).

22
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3.1 Null sets

Definition 3.1.1 (Zero-sum set and zero-sum grid). Let F be a field, viewed
as an additive abelian group. A finite subset A C T is called zero-sum if

Za:().

acA

Given finite subsets Ay, ..., A, C T, the Cartesian product
Ay x---x A, CF"

is called a zero-sum grid if each A; is zero-sum, that is,

Zazo foralli=1,... n.

a€A;
Theorem 3.1.1 (Zero-sum grids). Let A;,..., A, be zero-sum subsets of a
field F. Assume that a polynomial f € Flzy,...,x,] contains a monomial
o -k with a nonzero coefficient such that ky < |Ail, ... k, < |A,| and

deg(f) <ki+---+k,+ 1.
Then f(a) # 0 for some grid point a € Ay X -+ X A,.

Definition 3.1.2 (Characteristic polynomial). Let F be a field, and let A C F
be a finite subset. The characteristic polynomial of A s the polynomuial
14 € Flx] given by
Ma(z) = [[(z - a).
acA

Note that the polynomials II4 and g; play the same role; both denote
the polynomial that vanishes exactly on the corresponding set. Following
the notation used by Bogdan Nica [I3], we will mainly use the notation Il4,
since it is more natural when defining the characteristic polynomial of a finite
set.

Definition 3.1.3 (A-null set). Let A be a finite subset of a field F, and let
A e{0,1,...,]A|}. Write the characteristic polynomial in the form

HA(%‘) = H(x _ CL) — J:lA‘ _'_ C‘A‘_1Q3|A‘71 + L. + Co.
acA

We call A A-null if ¢jaj—1 = cjaj—2 = -+ = cjaj-» = 0, that is, if the coeffi-
cients of x4 xlAI=2 0 2lAI=A in T () all vanish.



3.1. NULL SETS 24

The following lemma collects some basic properties of A-null sets. We
give the proofs for completeness, since they are only used implicitly in Nica’s
paper [13].

Lemma 3.1.1. The following properties hold.
1. If A is A-null and c € F*, then the dilate
cA:={ca:a€ A}
15 also A\-null.
2. A set A is A-null if and only if AU{0} is A-null.
3. If A and B are disjoint A\-null sets, then AU B is A-null.

Proof. 1. Assume that A is A-null and let ¢ € F*. Then

Mea(z) = H(:c —ca) = H(c’lsc —a) = M4 (c ).

acA acA
If the coefficients of !4~ #1412 2l4=* in T14(x) vanish, then the
corresponding coefficients in ¢TI 4(c71x) also vanish. Hence cA is M-

null.

2. We have ITauqoy(x) = 2lla(x) if 0 ¢ A, while if 0 € A, then AU {0} =
A. Multiplying by z shifts all powers up by one, so the vanishing of
the A coefficients immediately below the leading term is unchanged.
Therefore A is A-null if and only if AU {0} is A\-null.

3. Assume that A and B are disjoint A-null sets. Since
Maup(x) = Ma(2)p(x),

it remains to check the coefficients just below the leading term.

Write |A| = m and |B| = n. Since A is A-null, there are no terms in
[Ta(x) of degrees m — 1,m — 2,...,m — A. Similarly, since B is A-null,
there are no terms in Ilg(x) of degreesn —1,n —2,...,n — .

Now consider the product
Maup(z) = Ma(x)p(x).

A term of degree m +n — r, where 1 < r < A, would have to come
from multiplying a term of degree m — i in I14(z) by a term of degree
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n —jin lg(z), with ¢ + j = r. Since 1 <7 < A, at least one of i or
7 lies between 1 and . The corresponding coefficient is therefore zero
by the A-nullity of A or B.

m+n—1 ,.m+n—2 m-+n—X\
) 5.

Thus the coefficients of z
ish. Hence AU B is A-null.

x ST in T4 () all van-

O

We believe that nullity is a form of arithmetic structure. This viewpoint
is supported in two directions: structured sets often have large nullity, and
conversely, very large nullity strongly restricts the possible form of the set.

3.2 The structured Combinatorial Nullstel-
lensatz

We now state Nica’s non-vanishing form of the Combinatorial Nullstellensatz
for structured grids [13].

Theorem 3.2.1. Let Ay, ..., A, be \-null finite subsets of a field F. Suppose
that f € Flx,..., 2, has a monomial z* - - x*» with nonzero coefficient,
where k; < |A;| for each i € {1,...,n}, and

deg(f) < ki+---+k,+ A

Then there ezists a point a € Ay X --+ X A, such that f(a) # 0.

Proof. Suppose, for contradiction, that f(a) = 0 for every a € A; x -+ x A,,.
By Theorem there exist polynomials hy,..., h, € Flxy,...,z,] such
that

f:hlﬂAl(l’l)—l-'”—l-hnHAn(fL’n), (31)

and for each 1,

deg(h;) < deg(f) — deg(Ily,) = deg(f) — |Ad. (3.2)

Let 28 - .- 2% be a monomial of f with nonzero coefficient. From (3.1,
this monomial must occur with nonzero coefficient in at least one summand
Fix such an index . Since A; is A-null, the characteristic polynomial has

the lacunary form
[Ai[-2-1

My () =2+ > cal.
r=0
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kn

+n cannot be produced using the

Because k; < |A;], the monomial z§' - 2
. A; . . .

leading term x‘l il Hence it must arise from some term cal with r < |A;| —
A —1, 50 r < |A;| = A\. Therefore the monomial 2% - .. 2%~"... zk» appears

in h; with nonzero coefficient, and consequently Z !
deg(h;) > ki + -+ (ki —r) + - + k.
Using r < |A;] — A, we get k; —r > k; + XA — | 4;|, hence
deg(h;) > ki + -+ ky + X — | A
Finally, since deg(f) < ky + -+ + k,, + A, this implies
deg(h;) > deg(f) — |Ail,

contradicting (3.2)). This contradiction completes the proof. ]

3.3 (Gardner’s no-three-in-a-line problem

We now describe an application of the Combinatorial Nullstellensatz for zero-
sum grids to Gardner’s no-three-in-a-line queens problem. This result is due
to Oh, Schmitt, and Wang [14].

We begin by recalling a related game of Stanistaw Ulam, which appears
to have motivated Gardner’s problem. In this game, two players take turns
placing counters on an n X n chessboard, and a player wins by placing three
counters in a line, either horizontally, vertically, or diagonally. In a let-
ter dated June 2, 1975, Martin Gardner wrote to John H. Conway that
the no-three-in-a-line problem occurred to him while considering this game.
More historical background can be found in the paper of Cooper, Pikhurko,
Schmitt, and Warrington [6].

Let mg(n) denote the minimum number of queens that can be placed on
an n X n chessboard such that no three queens lie in a common row, column,
or diagonal, and such that no further queen can be added without creating
three queens in one of these directions.

For odd n, since we need a zero-sum set, we consider the chessboard as
the zero-sum grid [—271, %] x [-252, 251] . Thus, when n = 4k + 1, we
write B, = {—2k, —2k + 1,...,2k}% This set is a zero-sum grid.

A placement (Q C B, is called good if it contains no three queens in a
common row, column, or diagonal, and if every empty square of B,, is covered
by a row, column, or diagonal determined by two queens of (). A queen is
called lonely if it is not collinear with any other queen of the placement in
one of the four allowed directions.
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Theorem 3.3.1 (Oh, Schmitt, and Wang). If n = 1 (mod 4) and n > 5,
then
ms(n) >n+ 1.

Equivalently, if n = 4k + 1 with k > 1, then every good placement on B,, has
at least 4k + 2 queens.

Proof. We only present a sketch of the proof, since the full argument is rather
long and technical. Our goal here is mainly to illustrate how both the classical
Combinatorial Nullstellensatz of Alon and the zero-sum-grid version due to
Nica can be applied to a geometric extremal problem.

Let n = 4k + 1, where k£ > 1, and suppose for contradiction that there
is a good placement ) C B, with |Q| < 4k + 1. Let Q" be the set of lonely
queens, and put |Q'| = ¢'.

The proof is divided into several cases according to the number of lonely
queens and the structure of the defining lines. In the easier case, one con-
structs a polynomial from the lines determined by the queens together with
some auxiliary lines. This polynomial vanishes on every square of the board,
while a suitable leading coefficient is shown to be nonzero. Applying the
classical Combinatorial Nullstellensatz then gives a contradiction.

The difficult case occurs when there is exactly one lonely queen and every
other queen determines lines in all four possible directions. In this case,
the classical Combinatorial Nullstellensatz is no longer sufficient, since the
constructed polynomial has degree one larger than the bound allowed by
Alon’s theorem. To overcome this, the authors use Nica’s zero-sum-grid
version of the Combinatorial Nullstellensatz.

Let (v, Bo) denote the position of the lonely queen. The idea is to define
four polynomials corresponding to the four possible choices of a line through
the lonely queen:

filz,y) = (x —ao) | | (& — )y — Bj)(x —y — )z +y — ),

e T
— Eal

folw,y) = (y = Bo) | | (@ — ) (y — Bj) (@ —y — ) (@ +y —0),

fa(z,y) = (x —y — 1) H(x — o)y — B)) (@ —y — )z +y— ),
falw,y) = (@+y—8) [ [z — )y = B))(z —y =) (@ +y = 5).

j=1
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Each polynomial has degree 8k + 1, and each vanishes on all of B,,.
The grid B,, = 57 x S5, where

Sy =8y ={—2k,—2k+1,...,2k},

is a zero-sum grid. Hence Theorem [3.2.1| applies. The key step is to analyze
the coefficient [z*y**]f;(z,y). Using repeated applications of the Binomial
Theorem, the authors compute these coefficients explicitly in terms of the
intercepts of the defining lines. If one of these coefficients is nonzero, then
Theorem [3.2.1] implies that the corresponding polynomial cannot vanish on
the whole grid B,,, contradicting the construction.

Therefore all four coefficients must vanish. This produces a homogeneous
system of linear equations involving the coordinates of the lonely queen and
the sums of the intercepts of the defining lines. Combining these equations
with several geometric identities forces strong structural information about
the placement. In particular, one eventually proves that the lonely queen
must lie at the center of the board.

The proof is completed by a combinatorial counting argument involving
the boundary of a certain rectangular region. An analysis of how the diagonal
lines cover this boundary leads to a final contradiction. Hence no good
placement with at most 4k 4+ 1 queens exists, and therefore

ms(4k + 1) > 4k + 2.

O

3.4 A structured extension of the Cauchy—
Davenport theorem

Nica [13] adapted the proof of Theorem to obtain a structured version
of the Cauchy—Davenport theorem. To state this result, we define

A(A) = max{\: A is A-null}.

Theorem 3.4.1 (Theorem 3.2 [13]). Let F, be the finite field with p elements,
where p is prime. Let A, B CF,, and consider the sumset A+B CF,. Then
either

AMA+ B) > min{\(A), A\(B)},

or
|A+ B| > |A| + |B| + M(A+ B).
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Our main contribution is to apply Nica’s structured-grid method to an
Erdos—Heilbronn type restricted sumset problem. This application gives a
new lower bound in that setting and shows how Nica’s theorem can be used
beyond the examples originally considered in his paper.

Theorem 3.4.2 (Restricted structured Cauchy—Davenport). Let p be an odd
prime, and let A, B C T, be nonempty subsets. Put

C=A%YB={a+b:ac A be B, a#b}.
If |A| # | B|, then either
AC) = min{A(A), A(B)},

or
C| > |A] + |B| + \C) — 1.

If |A| = |B|, then either
AC) > min{\(A), \(B)},

or
0] > |A| + |B| + \(C) — 2.

Proof. Write a = |A| and b = | B|. Suppose first that A(C') < min{A(A4), \(B)}.
Put p = A(C) 4 1. Then A and B are both p-null.
Consider the polynomial

P(z,y)=(x—y) [[=+y o).

ceC

This polynomial vanishes on A x B. Indeed, if x = y, then the factor z — y
vanishes; if = # y, then x + y € C, so one of the factors x + y — ¢ vanishes.
Write the characteristic polynomial of C' as

IC]
[o(2) = H(z —c) = Z e, 211
ceC r=0
Since = A(C)+1, we have ey =--- =¢,1 =0, ¢, # 0. Also,

P(z,y) = ( —y)le(z +y) = (z —y) Y ez +y) "
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We now treat the two cases separately. First assume a # b. Without loss
of generality, suppose a < b. Assume, for contradiction, that

ICl <a+b+AC) -1
Set s = |C| — A(C). Then s < a + b — 2. We choose integers k, ¢ with
0<k<a-—1, 0<l<b—1, k+1(=s, k#¢.

This is possible as follows. If s < b—1, take k = 0and £ = s. If s > b,
take f =b—1and k=s—b+1. Since s <a—+b—2, we have k < a — 1,
and since a < b, this choice gives k # ¢. Now deg P = |C| + 1. On the other
hand, k+ 0+ p = |C| = AC) + A(C) +1=|C| + 1. Hence

degP =k +{+ p.

Since A and B are p-null and P vanishes on A x B, Theorem [3.2.1] implies
that the coefficient of z*y* in P must be zero.

We compute this coefficient. Since k+¢ = s = |C| — A(C'), only the term
with r = p contributes. Therefore

5y P(2,y) = eu["y )z — y)(x +y)" "

e =t = () = (),

Equivalently,
k+0—-1\ (k+{—-1\ _ k—C(k+{
k—1 k Skl k)
Since e, # 0 and k # ¢, this coefficient is nonzero in IF,. This contradicts
Theorem 3.2.31 Hence

Now

IC] > a+b+AC)—1.

Now assume ¢ = b = m. Assume, for contradiction, that |C| < 2m +
A(C) — 2. Again set s = |C| — A(C'). Then s < 2m — 3. We choose integers
k, ¢ with

0<k <m-—1, k+10=s, k#1L.

This is possible as follows. If s < m — 1, take k =0 and ¢ = s. If s > m,
take k =m—1and £ = s—m+ 1. Since s < 2m — 3, the second choice gives
¢ <m — 2, so again k # /.
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As before,
degP=1|C|+1=k+{+p.

Since A and B are p-null and P vanishes on A x B, Theorem [3.2.1| implies
that the coefficient of ¥y’ in P must be zero.
But the same coefficient computation gives

k—10(k+¢{
k¢ P — v .
wyIP@y) =7y
Since e, # 0 and k # /, this coefficient is nonzero in IF,,, again a contradiction.

Therefore
|C| > 2m + \C) — 2.



Chapter 4

Generalized Structured
Combinatorial Nullstellensatz

In the previous chapter, we studied Nica’s structured-grid version of the
Combinatorial Nullstellensatz. The key point was that additional algebraic
structure of the grid allows one to weaken the usual degree condition in
Alon’s theorem. In this chapter, we discuss a recent generalization due to
Aichinger, Schmitt, and Zhan [I]. Their theorem combines Nica’s structured-
grid approach with the monomial conditions appearing in the results of Lason
and Schauz.

The proof is based on multivariate polynomial division. The main idea is
to divide a polynomial by the vanishing polynomials of the grid and to show
that a certain distinguished monomial cannot disappear during the division
process. This is made precise using the notions of lacunary polynomials,
shading monomials, and stable monomials.

4.1 Main theorem

We now state the main generalized structured version of the Combinatorial
Nullstellensatz due to Aichinger, Schmitt, and Zhan [I].

Before stating the theorem, we recall the notion of a lacunary polynomial.
Let A € Ny, and let ¢ € F[z] be a univariate polynomial of degree v. We
say that g is A-lacunary if the coefficients of 2™ vanish for every integer m
satisfying v — A < m < v. In other words, the A coefficients immediately
below the leading term are zero. Thus a finite set S; C F is called \;-null if
the polynomial
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is A\;-lacunary. For a,b € Ny, we write
[a,b] = {m € Ny :a <m < b}.
If a > b, then we regard [a, b] as the empty set.

Theorem 4.1.1 (Generalized structured Combinatorial Nullstellensatz [1]).
Letn € N, and let Ay, ..., N\, € Ng. For eachi € [n], let S; be a \;-null subset
of the field F, and let

S=5 x---x5,.

Let f € Flxy,...,x,], and suppose that f contains the monomial z* =
it a2 where a = (aq, ..., ap) € N and oy < |S;| for every i € [n].
Assume that for every monomial 7 € Mon(f) \ {z®}, there ezists an

indez i € [n] such that
%i € [0, 05 = U [ + 1, [S;] = U [[Si], o + A
Then there exists a point s = (s1,...,8,) € S such that f(s) # 0.

This theorem contains the earlier results as special cases. If the allowed
condition on 7; is only
v € 10,05 — 1],

then one recovers the maximal support version discussed in Theorem [1.2.1
If one allows
Y € [O,Cl/i — 1] U [O./i + 1, |Sz| — 1],

then one obtains Schauz’s theorem, Theorem [1.2.2] Finally, the terms in-
volving \; reflect the extra information coming from the structured grid, as
in Nica’s non-vanishing theorem for structured grids.

The main idea of the proof is different from the usual degree-counting ar-
gument in Alon’s original theorem. One considers the vanishing polynomials
of the grid,

gilw) = [[@i=9), i€,
sSES;

and divides f by these polynomials. The assumptions on the monomials, to-
gether with the \;-lacunary structure of the g;, ensure that the distinguished
monomial ¢ cannot be cancelled during the division process. Hence the
remainder is nonzero. Therefore f cannot belong to the ideal of polynomials
vanishing on the whole grid, and so there must be some s € S such that
f(s) 0.

To make this argument precise, we need three definitions from [1]. These
definitions describe which monomials can affect the division process and
which monomials remain unchanged.
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4.2 Definitions used in the proof

We now recall three definitions from [I]. They are used to formalize the idea
that the distinguished monomial x® remains unchanged during polynomial
division and therefore appears in the remainder.

We use LM(g) to denote the leading monomial of a polynomial g with
respect to a fixed admissible monomial ordering.

Definition 4.2.1 (A-lacunary polynomial). Let A = (A,...,\,) € Nj, and
let g € Flay, ..., x,]. We say that g is A-lacunary if there exists a monomial
x* € Mon(g) such that for every monomial ¥ € Mon(g) and every i € [n],
we have

Vi < Hi — A or Vi = .

A set G C Flxq,...,x,] is called A-lacunary if every polynomial g € G is
A-lacunary.

Definition 4.2.2 ((G, A\, a)-shading monomial). Let o, v, A € Ny, and let G
be a A-lacunary subset of F[xy, ..., x,]. The monomial x7 is called (G, \, o)~
shading if the following conditions hold:

1. aCv;

2. for every i € [n] with oy < 7;, there exists g € G such that LM(g)
divides 27 and deg, (g) > 0;

3. for every i € [n| with a; < ;, we have o; + A\; < ;.

Definition 4.2.3 ((G, A)-stable monomial). Let G C F[xq, ..., x,], leta, A €
Ng, and let f € Flxy,...,x,]. We say that 2* is a (G, \)-stable monomial in
f if the following conditions hold:

1. a € Supp(f);

2. there is no g € G such that LM(g) divides x*;
3. f contains no (G, \, a)-shading monomial.

Thus a stable monomial appears in f, cannot be reduced directly by the
leading monomials of the divisors, and cannot be cancelled indirectly by a
shading monomial. The key point is that a stable monomial remains in the
remainder after division by G. We now explain these definitions with some
examples to understand them more deeply.
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Example 4.2.1. Let G = {g1, g2} C Flw1, 2], where gy = 23 — 1 and go =
x5 — 1. Then LM(g)) = 2} and LM(go) = 23. The set G is A\-lacunary for
A= (2,3).

Take o = (1,2), so that 2% = x1x3. Consider

2, 3.2
[ =z + 273

The monomial x1x3 cannot be reduced directly, because neither x3 nor xj
divides it. The other monomial is x7 = x3x3, where v = (3,2). Although
a vy, this monomial is not (G, \, «)-shading, since ag +X\ = 14+2 =3 and

1 = 3, so the strict inequality oy + Ny < 1 fails. Therefore x123 is stable in

f.

On the other hand, consider
h = xir — x122.

Here x{x3 has exponent v = (4,2). This monomial is (G, \, a)-shading,
because a C v, z3 = LM(g1) divides zjz3, and

Oél+)\1:3<4:’yl.

Indeed,

h=x25(2° — 1) = 212391

Thus division by g1 cancels the monomial xyx3. This example shows why
shading monomials must be excluded in the definition of stability.



Conclusion

This thesis has shown how the Combinatorial Nullstellensatz provides a flex-
ible algebraic method for proving non-vanishing results over finite sets. The
main strength of the method is that combinatorial conditions can often be
translated into polynomial conditions, and a carefully chosen monomial or
coefficient can force the existence of a desired point.

The applications considered in the thesis illustrate several different ways
in which this idea can be used. In graph coloring, vanishing ideals give an
algebraic description of non-colorability. In additive number theory, poly-
nomial factors represent sumset restrictions and lead to proofs of Cauchy—
Davenport and Erdos—Heilbronn type results. In the structured grid setting,
nullity gives extra information about the grid and allows the usual degree
condition to be weakened.

The main contribution of the thesis was to apply Nica’s structured-grid
method to a restricted sumset problem of Erdés—Heilbronn type. This shows
that the structured version of the Combinatorial Nullstellensatz can be useful
beyond its original applications and suggests that nullity may be a helpful
tool in further restricted sumset problems.

The recent generalized results discussed in the final chapter indicate that
there are still many possible directions for development. In particular, it
would be interesting to study whether structured-grid methods and polyno-
mial division techniques can give sharper bounds for more general restricted
sumsets or new applications in additive combinatorics and discrete geometry.
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