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Chapter 1

Introducing Elementary Submodels

Elementary submodels are a powerful tool in set theory and logic. Although they
constitute a rich field of study in their own right, they can also be applied as
a method of proof in various settings. In this thesis, we will examine the use of
elementary submodels in infinite combinatorics and set-theoretic topology, where
various classical results have elegant and clean proofs using this method. We will
follow the layout provided in [12], but we adopt the more conventional method
of employing H(ϑ) instead of relying on the reflection principle. We begin by
reviewing basic definitions.

Notation. We use the standard notations of set theory. (See [8] or [13].)

[A]κ = {a ⊆ A | |a| = κ},
[A]<κ = {a ⊆ A | |a| < κ},
[A]≤κ = {a ⊆ A | |a| ≤ κ},

[A,B] = {{a, b} ⊆ A ∪B | a ∈ A, b ∈ B}.

V denotes the class of all sets and On denotes the class of all ordinals. The cumu-
lative hierarchy (Vα)α∈On is defined in the following way:

V0 = ∅,
Vα+1 = P(Vα),

Vβ =
⋃
α<β

Vα.

It is a well-known fact that V =
⋃

α∈On Vα, that is, for every x ∈ V , there is an
α ∈ On such that x ∈ Vα. The rank of a set x is rk(x) = min{α | x ⊆ Vα}. Clearly,
rk(x) = sup{rk(y) + 1 | y ∈ x}.
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L is the language of set theory containing only one binary relation symbol (∈).
An L structure is a pairM = ⟨M,E⟩, where E ⊆M ×M . We will consider only
standard models, structures of the form ⟨M, ∈|M⟩, where ∈|M is the restriction of
the usual element relation to M , that is

∈|M = {⟨x, y⟩ ∈M ×M | x ∈ y}.

Since in this case M contains all the information about M, we will usually not
distinguish between the structure and its base set, denoting both with M .

Given a class M , elements a1, . . . , an ∈ M and a formula φ, we define M
satisfies φ(a1, . . . , an), denoted

M |= φ(a1, . . . , an)

in the usual way, using induction on the complexity of formulas:
M |= ai ∈ aj if ai ∈ aj,

M |= φ ∨ ψ if M |= φ or M |= ψ,

M |= ¬φ if M |= φ fails,

M |= ∃xφ(x, a1, . . . , an) if there is a variable assignment s such that s(xi) =
ai and M |= φ(x, x1, . . . , xn)[s].

For a formula φ(x1, . . . , xn), its relativization to M is the formula φM(x1, . . . , xn)
obtained from φ by replacing each quantifier ∃x with ∃x ∈ M . Clearly for each
a1, . . . , an ∈M ,

φM(a1, . . . , an)←→M |= φ(a1, . . . , an).

Definition 1. A set A is definable from parameters a1, . . . , an if there is a formula
φ such that

∀x(φ(x, a1, . . . , an) ⇐⇒ x = A).

If we do not need any parameters, we call A definable.

Definition 2. Let C be a class and φ a formula. We say that φ defines the
operation FC

φ in C if

C |= ∀x1, . . . , xn ∃!y φ(x1, . . . , xn, y).

If C = V we omit the superscript, writing Fφ.
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Definition 3. Given classes M,N such that M ⊆ N and a formula φ, we say that
φ is absolute between M and N if, for every variable assignment s into M we have:

M |= φ[s]←→ N |= φ[s].

To denote this, we write M ≺φ N . If every formula from a set of formulas Σ is
absolute, we write M ≺Σ N .

Definition 4. Given some structure A with a submodel M , we say that M is an
elementary submodel of A if M ≺φ A for every formula φ. To denote this, we write
M ≺ A.

The existence of elementary submodels is guaranteed by the Löwenheim–Skolem
theorem. (For a proof, see [13, Theorem 12.1.])

Theorem 1. (Löwenheim–Skolem) Let A be an infinite structure and fix some
X ⊆ A. Then there exists M ≺ A such that X ⊆ M . Moreover, we can have
|M | = κ for any cardinality κ satisfying |X| · ℵ0 ≤ κ ≤ |A|.

Studying models of L will prove to have many advantages, thanks to the ex-
pressive power of set theory. In return, we have to tread carefully when choosing
our base model.

When looking for models in (V,∈) satisfying ZFC, Gödel’s second incomplete-
ness theorem ([8, Chapter I. Theorem 14.3.]) prevents us from taking set models
without stronger extra assumptions such as Con(ZFC). This means that we will
have to restrict ourselves to weaker models. Luckily, we can do this with minimal
sacrifice to our axioms. Consider the following definitions.

Definition 5. The hereditary cardinality of a set A is |TC(A)|, where by TC we
denote the transitive closure of a set.

Definition 6. Let ϑ be a regular cardinal. H(ϑ) = {x | |TC(x)| < ϑ} is the set
of all sets of hereditary cardinality less than ϑ.

Example 1. Consider ϑ = ℵ0. H(ℵ0), the set of hereditarily finite sets, satisfies all
axioms of ZFC except for the Axiom of Infinity. ([8, Chapter IV. Theorem 3.13.
and Lemma 6.3.]) This already demonstrates the strength of this construction, but
also shows that the countable case is qualitatively different.

From now on, when discussing H(ϑ), ϑ is always assumed to be a regular,
uncountable cardinal. H(ϑ) possesses several key properties.

Proposition 2. (i) H(ϑ) ∩On = ϑ.
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(ii) H(ϑ) ⊆ Vϑ, consequently H(ϑ) is a set.

(iii) H(ϑ) is transitive.

(iv) H(ϑ) satisfies all axioms of ZFC except for the Power Set Axiom.

Proof. (i). is trivial since ordinals are transitive, that is α = TC(α).
(iii). is immediate from x ∈ y =⇒ TC(x) ⊆ TC(y).
(ii). Fix x ∈ H(ϑ), we know that |TC(x)| < ϑ. Let us consider the set R =

{rk(z) | z ∈ TC(x)}. We want to show that R is an ordinal.
To this end, take α < sup{R}. Since the set {γ ∈ R | α ≤ γ} is nonempty

we can define β = min{γ ∈ R | α ≤ γ} for which α ≤ β ≤ sup{R}. There is
some y ∈ TC(x) such that rk(y) = β. For any z ∈ y we have rk(z) < rk(y), also
note y ⊆ TC(x). These together imply that {rk(z) | z ∈ y} ⊆ R ∩ β ⊆ α. So
β = rk(y) = sup{rk(z) + 1 | z ∈ y} ≤ α, giving us α = β ∈ R.

Since R is an ordinal that is smaller than ϑ we get R < ϑ. Finally, from
x ⊆ TC(x) we get rk(x) ≤ rk(TC(x)) giving us rk(x) ≤ rk(TC(x)) ≤ R < ϑ which
means x ∈ Vϑ.

(iv). For a thorough proof, see [8, Chapter IV. Theorem 6.5.]

This makes H(ϑ) well-suited for arguments in ZFC as long as we are mindful
of the upper constraint on hereditary cardinality. Put differently, when studying
some object, if we fix some large enough ϑ, we can make sure that our entire
argument stays inside H(ϑ). The benefit is that H(ϑ) is a set model, as such we
will be able to take M ≺ H(ϑ). Elementary submodels of ZFC − Power Set are
still quite powerful, as the next statements show.

Proposition 3. Let M ≺ H(ϑ). If A ∈ H(ϑ) is definable in H(ϑ) from parameters
a1, . . . , an ∈M , then A ∈M .

Proof. Let φ witness the definability of A from a1, . . . , an. Since A satisfies φ,
we can conclude that H(ϑ) |= ∃xφ(x, a1 . . . , an). By elementarity we get M |=
∃xφ(x, a1 . . . , an), so we can pick an A′ ∈ M such that M |= φ(A′, a1 . . . , an).
Using elementarity again this implies H(ϑ) |= φ(A′, a1 . . . , an), and since φ defines
A we can conclude that A = A′ ∈M .

Proposition 4. Let M ≺ H(ϑ) and let φ define an operation F
H(ϑ)
φ in H(ϑ).

Then φ defines an operation FM
φ in M , and FM

φ = F
H(ϑ)
φ

∣∣∣
M

.

Proof. By elementarity M |= ∀x1, . . . , xn ∃!y φ(x1, . . . , xn, y), so φ defines an op-
eration in M . For a1, . . . , an ∈M elementarity implies that for b ∈M

M |= φ(a1, . . . , an, b)←→ H(ϑ) |= φ(a1, . . . , an, b).
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This guarantees FM
φ = F

H(ϑ)
φ

∣∣∣
M

.

Proposition 5. Let M ≺ H(ϑ) and X, Y, f ∈ M , where f is a function with
X ∈ dom(f). The following hold:

(i) ⟨X,Y ⟩, X ∩ Y,X ∪ Y ∈M .

(ii) f(X) ∈M , consequently dom(f) ⊆M =⇒ ran(f) ⊆M .

(iii) ω ⊆M , ω ∈M .

(iv) [M ]<ω ⊆M .

(v) If X is countable, then X ⊆M .

Proof. (i), (ii), (iii), (iv): ω and all finite ordinals can be defined without pa-
rameters, ⟨X,Y ⟩, X ∩ Y,X ∪ Y from X and Y , f(X) from X and f , and for
X1, . . . , Xn ∈ M we can define {X1, . . . , Xn} from X1, . . . , Xn so they are all au-
tomatically in M .

(v): Since X is countable, there is a bijection f : |X| → X in H(ϑ). As X, |X| ∈
M we can use elementarity, showing that such a bijection must exist in M as well.
Since |X| is countable, by (iii) |X| ⊆M so by (ii) we get X ⊆M .

Proposition 6. Let M ≺ H(ϑ) and κ ⊆M for some cardinal κ < ϑ. Let X ∈M .
The following hold:

(i) If |X| = κ, then X ⊆M .

(ii) M ∩ κ+ is an initial segment of κ+.

Proof. (i): Since |X| = κ, κ can be defined from X, so κ ∈M . There is a bijection
f : κ → X in H(ϑ). As X, κ ∈ M we can use elementarity, showing that such
a bijection must exist in M as well. Since κ ⊆ M , by Proposition 5. (ii) we get
X ⊆M .

(ii): If M ∩ κ+ = κ, we’re done.
Otherwise, given α ∈M ∩κ+ \κ, we need to prove that for any β < α we have

β ∈M ∩κ+. Since κ ≤ α < κ+, we get |α| = κ. using κ ⊆M by (i) we get α ⊆M .
This indeed implies β ∈M .

The following proposition guarantees the existence of models with various extra
properties we will need across different upcoming proofs.

Proposition 7. Let X ∈ H(ϑ) and κ be some uncountable cardinal κ < ϑ.
(i) If κ is regular and |X| < κ, then there is a set M ≺ H(ϑ) with X ⊆M and
|M | < κ such that M ∩ κ is an initial segment of κ.
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(ii) Let λ < κ be a cardinal. If κλ = κ and |X| ≤ κ, then there is a set M ≺ H(ϑ)
with X ⊆ M and |M | = κ such that [M ]λ ⊆ M and M ∩ κ+ is an initial
segment of κ+.

(iii) Let λ < κ be a cardinal and let κ and λ both be regular. If µ<λ < κ for every
µ < κ and |X| < κ, then there is a set M ≺ H(ϑ) with X ⊆M and |M | < κ
such that [M ]<λ ⊆M and M ∩ κ is an initial segment of κ.

Proof. (i): We will construct an increasing sequence of submodels (Mi)i<ω, all
smaller than κ. Let X ⊆ M0 ≺ H(ϑ) be a countable elementary submodel. If Mi

is already constructed we define νi = sup{Mi ∩ κ}. νi < κ, since |Mi| < κ and κ is
regular. Let Mi+1 be an elementary submodel such that (Mi ∪ νi) ⊆Mi+1 ≺ H(ϑ)
and |Mi+1| = |Mi ∪ νi| < κ.

This gives us our increasing sequence, now we can take M =
⋃

i<ωMi. We have
M ≺ H(ϑ) and by the regularity of κ, |M | ≤ ℵ0 · supi<ω |Mi| < κ.

We claim that M ∩ κ is an initial segment of κ. Indeed, if ξ < ν ∈M ∩ κ, then
for some i < ω we have ν ∈Mi ∩ κ. As such, ξ < ν ≤ νi, giving us ξ ∈Mi+1 ⊆M .

(ii): Along the same lines, we construct an increasing sequence of submodels
(Mα)α<λ+ , |Mα| = κ. Let (X∪κ) ⊆M0 ≺ H(ϑ) be an elementary submodel of size
κ. If Mα is already constructed we let Mα+1 be an elementary submodel such that
(Mα ∪ [Mα]

λ) ⊆Mα+1 ≺ H(ϑ) since |[Mα]
λ| = κλ = κ we can require |Mα+1| = κ.

For a limit ordinal β we let Mβ =
⋃

α<β Mα.
This gives us our increasing sequence, now we can take M =

⋃
α<λ+ Mα. We

have M ≺ H(ϑ), κ ≤ |M | ≤ λ+ · κ ≤ κ, also M ∩ κ+ being an initial segment of
κ+ is immediate from Proposition 6. (ii).

We need to check that [M ]λ ⊆ M , to this end consider A ∈ [M ]λ. For every
element of A, we look at the minimal ordinal α for which it is in Mα, let the set of
these ordinals be A′. Since |A′| = λ, by the regularity of λ+ we have sup(A′) < λ+.
From this we get A ⊆ Msup(A′). This gives us A ∈ [Msup(A′)]

λ ⊆ Msup(A′)+1 ⊆ M ,
which finishes the proof.

(iii): We will once again, use a similar argument. Construct an increasing
sequence of submodels (Mα)α<λ, |Mα| < κ. Let X ⊆ M0 ≺ H(ϑ) be an ele-
mentary submodel of size less than κ. If Mα is already constructed we define
να = sup{Mα ∩ κ}. να < κ, since |Mα| < κ and κ is regular. Now let Mα+1 be
an elementary submodel such that (Mα ∪ [Mα]

<λ ∪ να) ⊆ Mα+1 ≺ H(ϑ) since
|[Mα]

<λ| = |[Mα]|<λ < κ as well as |να| < κ we can require |Mα+1| < κ. For a limit
ordinal β we let Mβ =

⋃
α<β Mα.

This gives us our increasing sequence, now we can take M =
⋃

α<λMα. We
have M ≺ H(ϑ) and by the regularity of κ and λ < κ, |M | ≤ λ · supα<λ |Mα| < κ.

First, we need to check that [M ]<λ ⊆ M , to this end consider A ∈ [M ]<λ. For
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every element of A, we look at the minimal ordinal α for which it is in Mα, let the
set of these ordinals be A′. Since |A′| < λ, by the regularity λ we have sup(A′) < λ.
From this we get A ⊆Msup(A′). This gives us A ∈ [Msup(A′)]

<λ ⊆Msup(A′)+1 ⊆M .
Now, we check that M ∩ κ is an initial segment of κ. Indeed, if ξ < ν ∈M ∩ κ,

then for some α < λ we have ν ∈ Mα ∩ κ. As such, ξ < ν ≤ να, giving us
ξ ∈Mα+1 ⊆M , finishing the proof.



Chapter 2

A Case Study of Proof Methods

In this chapter we develop the method of elementary submodels for proofs by
way of reviewing a simple example. We will examine different techniques, building
from basic combinatorial arguments to the framework of elementary submodels.
Our central example will be Shanin’s classical result known as the ∆-lemma.

Definition 7. A family of sets A is called a ∆-system if there exists a set D such
that A ∩ A′ = D for each A ̸= A′ ∈ A. D is called the kernel of A.

Theorem 8. (Shanin) Let A be an uncountable family of finite sets. Then there
exists an uncountable subfamily B ⊆ A that is a ∆-system.

It is worth recalling an elementary proof of this theorem:

Proof. (of Theorem 8.) Since A is an uncountable family of finite sets, uncountably
many elements of A must have the same size, so without loss of generality we may
assume that |A| = n for some fixed n for all A ∈ A.

Our proof is by induction on n. The n = 1 case is immediate. Now assume
we’ve proved the theorem for n, and consider an uncountable family A of sets of
size n+ 1. We have two cases:

Case 1: There is some a that is in uncountably many sets from A. In this case
the family A′ = {A \ {a} | a ∈ A ∈ A} is uncountable and its sets have size n, so
by induction we’re done.

Case 2: For every a, only countably many sets from A contain a. In this case
we can construct a ∆-system with empty kernel recursively. Enumerate A (or a
subset of it) as (Aα)α<ω1 . Let B0 = A0. If we have chosen Bα for all α < β(< ω1),
then we can collect all the points from the sets already chosen in a countable set
A =

⋃
α<β Bα. By our assumption for any a ∈ A, only countably many sets from

A contain a, and since A is countable, only countably many sets in A intersect A
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non-trivially. We can pick the first set disjoint from A as our Bβ. Continuing this
process we get a ∆-system (Bα)α<ω1 that is uncountable.

We look at a fundamentally different proof next, beginning with a heuristic
argument. One might start by considering the subfamilies of A that are ∆-systems
with a given kernel and – by Zorn’s lemma – picking a maximal ∆-system among
them. If this ∆-system happened to be uncountable then we would be done.

Suppose it is countable. In this case we consider a new kernel, and pick a new
maximal ∆-system. We iterate this process of picking maximal ∆-systems and
then considering the newly introduced sets as kernels for future steps.

Our goal is to find an uncountable ∆-system, so suppose that the maximal
∆-systems we construct always happen to be countable. This should mean that
we only introduce countably many new kernels at each step, so even after ω many
steps the total set R of kernels and subfamilies examined is countable. We may
think of R as the collection of “small” ∆-systems.

Since R is countable, we can consider some A ∈ A \ R. If we introduced pos-
sible kernels into R carefully enough, we must have a D ∈ R for which D ⊆ A,
moreover we can add A to the maximal ∆-system in R with kernel D. This, how-
ever, contradicts the chosen ∆-system’s maximality. Indeed, this means that if we
can construct R carefully enough, we are guaranteed to encounter an uncountable
∆-system this way.

To make this process rigorous we will construct sets closed under various op-
erations. The primary challenge is deciding what sets to include in addition to the
maximal ∆-systems.

Proof of Theorem 8. We want to create a set R that satisfies the following condi-
tions:

1) A ∈ R.

2) A ∈ R =⇒ ∃B ∈ R such that B is a maximal subfamily of A among
∆-systems with kernel A.

3) A ∈ R, |A| ≤ ℵ0 =⇒ A ⊆ R.

4) A ∈ [R]<ω =⇒ A ∈ R.
We may view each requirement as an operation which, given (at most) finitely
many elements of R, determines (at most) countably many new elements that
should be in R. We can close a set under finitary operations in ω many steps
using transfinite recursion. Since in every step we added at most countably many
elements this will result in a countable set R satisfying all 4 criteria. (We start with
the set {A}, or even the empty set, if we consider 1) to be a 0-nary operation.)
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Having constructed R, we can take A ∈ A \R.
Let D = A ∩ R. A ∈ A means that A is finite, so D ⊆ A is finite as well. By

4) we get D ∈ R.
Thus, by 2) we get a maximal (in A) ∆-system with kernel D, B. B ∈ R.
Assume, by way of contradiction, that |B| ≤ ℵ0. By 3) then, B ⊆ R. In partic-

ular, this means that A /∈ R and that B ∈ B =⇒ B ∈ R. Thus 3) implies that
B ⊆ R. Now look at A ∩B for an arbitrary B ∈ B. On the one hand:

A ∩B ⊆ A ∩R = D.

On the other hand:

D = D ∩D ⊆ A ∩B.

This ensures that B∪{A} is a ∆-system, and a contradiction with the maximality
of B.

Taking the closure of sets is already a powerful technique, however as we saw,
it can be relatively tricky. It is often unclear at the outset which operations will
be necessary, we might need unintuitive, technical conditions as well. Elementary
submodels offer an elegant solution to this difficulty. M ≺ H(ϑ) is closed under any
operation which is defined by a first order formula with parameters from M. This
gives us immense flexibility in the future, and can help reduce the bookkeeping
seen in purely combinatorial arguments as well. Let us look at how the above proof
goes using elementary submodels.

Proof of Theorem 8. Without loss of generality we may assume that A ⊆ [ω1]
<ω,

in this case we will have A ∈ H(ℵ2). Take a countable elementary submodel
M ≺ H(ℵ2) such that A ∈M .

We can take A ∈ A \ M . Let D = A ∩ M . By Proposition 5. (iv) we have
D ∈M . Let

B = {B ⊆ A | B is a ∆-system with kernel D}.

Since for any B ∈ B, we have B ⊆ A ∈ H(ℵ2), B ⊆ H(ℵ2) is immediate. By Zorn’s
lemma we can find a maximal element B0 in B, we know that B0 ∈ H(ℵ2). The
existence of B0 witnesses that

H(ℵ2) |=
“Among the subfamilies of A that are ∆-systems

with kernel D, there is a maximal one.”

By elementarity we get

M |= “Among the subfamilies of A that are ∆-systems
with kernel D, there is a maximal one.”
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Now we can take B ∈M such that

M |= “Among the subfamilies of A that are ∆-systems
with kernel D, B is a maximal one.”

Using elementarity once more, we get

H(ℵ2) |=
“Among the subfamilies of A that are ∆-systems

with kernel D, B is a maximal one.”

Claim: B is uncountable. Assume, by way of contradiction, that |B| ≤ ℵ0. By
Proposition 5. (v) we have B ⊆M . In particular, this means that A /∈M and that
B ∈ B =⇒ B ∈ M . Using Proposition 5. (v) again gives that B ⊆ M . Similarly
to before, for arbitrary B ∈ B, we get

D = D ∩D ⊆ A ∩B ⊆ A ∩M = D.

This means that B ∪ {A} ∈ H(ℵ2) is a ∆-system, a direct contradiction with the
maximality of B.

Using this technique we can quickly prove different variations of the ∆-lemma.

Theorem 9. Let A be a family of finite sets of cardinality κ for some regular
uncountable cardinal κ. Then there exists a subfamily B ⊆ A of size κ that is a
∆-system.

Proof. Without loss of generality we may assume that A ⊆ [κ]<ω, in this case we’ll
have A ∈ H(κ+). Using Proposition 7. (i) take a countable elementary submodel
M ≺ H(κ+) such that A ∈M , |M | < κ and M ∩ κ ∈ κ.

Similarly to the previous proof we take A ∈ A \M and let D = A ∩M . We
have D ∈ M , so by the exact same arguments as above, we can take B ∈ M
such that M |= “Among the subfamilies of A that are ∆-systems with kernel D,
B is a maximal one.” as well as H(κ+) |= “Among the subfamilies of A that are
∆-systems with kernel D, B is a maximal one.”

Claim: B is of cardinality κ. Assume, by way of contradiction, that |B| < κ, so
|B| ∈ κ. Since |B| can be defined from B we get that |B| ∈ κ∩M . Since κ∩M is an
initial segment we get that |B| ⊆ M . Now, by Proposition 6. (i) we have B ⊆ M .
In particular, this means that A /∈M and that B ∈ B =⇒ B ∈M =⇒ B ⊆M .
With the same arguments as before this shows that B∪{A} ∈ H(κ+) is a ∆-system,
a direct contradiction with the maximality of B.

When looking at these proofs a common pattern emerges:
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Given some large object A we want to find a nice substructure B of it that’s
still large. To do so we find an appropriate small elementary submodel M ≺ H(ϑ).
(For some ϑ large enough that it contains all necessary objects.) Since A is larger
than M we can find some A ∈ A \M . We can consider the “trace” D of A on
M , which if it is small enough will be in some sense contained in M . Using D we
can construct a maximal nice substructure B of A. Since small enough sets are
contained in M , with the help of D we can conclude that A /∈ M means that B
can’t be small.

Many of the upcoming proofs will follow the framework laid out above.



Chapter 3

Applications in Combinatorics

In this chapter, we will look at various applications of elementary submodels in
infinite combinatorics. First, let us look at a few more results regarding ∆-systems.

Theorem 10. Let κ be a cardinal such that κω = κ and let A be a family of
countably infinite sets of size κ+. Then A contains a ∆-system of size κ+.

In particular, every family of countably infinite sets of size c+ contains a ∆-
system of size c+.

Proof. Without loss of generality we may assume that A ⊆ [κ+]ω. We will be
working in H(κ++), which has A in it.

By Proposition 7. (ii) we can take an elementary submodel M ≺ H(κ++) such
that A ∈ M , |M | = κ, [M ]ω ⊆ M and M ∩ κ+ is an initial segment of κ+. Since
|A| = κ+ > κ = |M | we can take A ∈ A \M . Let D = A ∩M . We have D ⊆ M
to add to this D ⊆ A ∈ A implies that D is countable. By our assumption that
[M ]ω ⊆M and by Proposition 5. (iv) we get that D ∈M .

Much in the same way as in Theorem 8. and 9. we can get a B ∈M such that
among the subfamilies of A that are ∆-systems with kernel D, B is a maximal
one. (According to both M and H(κ++).)

Claim: B is of cardinality κ+. Assume, by way of contradiction, that |B| < κ+.
Using κ ⊆M , by Proposition 6. (i) we have B ⊆M . In particular, this means that
A /∈ M and that B ∈ B =⇒ B ∈ M =⇒ B ⊆ M . (The latter implication uses
[M ]ω ⊆ M one more time.) With the same arguments as before this shows that
B ∪ {A} ∈ H(κ++) is a ∆-system, a contradiction with the maximality of B.

Using Proposition 7. (iii) we obtain an even more general result.

Theorem 11. Let λ < κ be regular cardinals such that µλ < κ for all µ < κ. Let
A ⊆ [κ]<λ be a family of sets of size κ. Then A contains a ∆-system of size κ.
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Proof. We will be working in H((κλ)+), which has A in it.
By Proposition 7. (iii) we can take an elementary submodel M ≺ H((κλ)+)

such that A ∈ M , |M | < κ, [M ]<λ ⊆ M and M ∩ κ is an initial segment of κ.
Since |A| = κ > |M | we can take A ∈ A\M . Let D = A∩M . We have D ⊆M to
add to this D ⊆ A ∈ A implies that |D| < λ. By our assumption that [M ]<λ ⊆M
we get that D ∈M .

Much in the same way as before, we can get a B ∈ M such that among the
subfamilies of A that are ∆-systems with kernel D, B is a maximal one. (According
to both M and H((κλ)+).)

Claim: B is of cardinality κ. Assume, by way of contradiction, that |B| < κ, so
|B| ∈ κ. Since |B| can be defined from B we get that |B| ∈ κ∩M . Since κ∩M is an
initial segment we get that |B| ⊆ M . Now, by Proposition 6. (i) we have B ⊆ M .
In particular, this means that A /∈M and that B ∈ B =⇒ B ∈M =⇒ B ⊆M .
(The latter implication uses [M ]<λ ⊆M .) With the same arguments as before this
shows that B ∪ {A} ∈ H((κλ)+) is a ∆-system, a direct contradiction with the
maximality of B.

Next, we will look at some results from Ramsey-theory. The arrow notation is
a helpful way to state such theorems.

Definition 8. Given cardinals κ, n,m with κ infinite, n finite, and given an ordinal
α the symbol

κ→ (α)nm

denotes the following: Every partition of [κ]n into m pieces has a homogeneous set
of order-type α. In other words, every F : [κ]n → m is constant on [A]n for some
A ⊆ κ such that tp(A) = α. In the simplest case where α is cardinal this means
|A| = α. Often m = 2, in this case the subscript is usually omitted. We sometimes
require the homogeneous sets for the two colors to be of different order type, so
we define the following notation. Given ordinals α, β the symbol

κ→ (α, β)n

means that for every F : [κ]n → 2, either there exists an H0 ⊆ κ of order-type α
such that F = 0 on [H0]

n or there exists an H1 ⊆ κ of order-type β such that
F = 1 on [H1]

n.

Theorem 12. (Erdős–Dusnik–Miller) If κ is a regular uncountable cardinal, then
κ→ (κ, ω + 1)2.

Proof. Fix a coloring f : [κ]2 → 2. We will be working in H(κ+) which has f in it.
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By Proposition 7. (i) we can take an elementary submodel M ≺ H(κ+) such
that f ∈M , |M | < κ, and M ∩κ is an initial segment of κ. Since κ > |M |, we can
find an α ∈ κ \M . Let A be a ⊆-maximal subset of M such that A ∪ {α} is 1-
homogeneous. If A is infinite then we’re done, since A∪{α} contains a homogeneous
subset of order type ω + 1. Thus, we can assume that A is finite.
|A| < ω and A ⊆M implies A ∈M . Let B = {β ∈ κ \A | ∀ξ ∈ Af(β, ξ) = 1}.

B can be defined from A and f , so B ∈ M . Note that α ∈ B. We can take a
C ⊆ B, such that C ∈ M is a ⊆-maximal 0-homogeneous subset of B according
to both M and H(κ+).

Claim: C is of cardinality κ. Assume, by way of contradiction, that |C| < κ.
This means that |C| ∈ κ ∩M , which implies |C| ⊆ M , since κ ∩M is an initial
segment of κ. So by Proposition 6. (i) we have C ⊆ M . By the definition of B,
for any ξ ∈ C ⊆ B we get that A ∪ {ξ} ⊆ M is 1-homogeneous. Henceforth by
the maximality of A we conclude that A ∪ {ξ} ∪ {α} can’t be 1-homogeneous, so
f({α, ξ}) = 0 must hold. But this would imply that C∪{α} ⊆ B is 0-homogeneous,
which contradicts the maximality of C (according to H(κ+)).

Theorem 13. (Erdős–Rado) c+ → (c+, ω1 + 1)2.

Proof. Fix a coloring f : [c+]2 → 2. We will be working in H(c++) which has f in
it.

By Proposition 7. (ii) we can take an elementary submodel M ≺ H(c++) such
that f ∈ M , |M | = c, [M ]ω ⊆ M , and M ∩ c+ is an initial segment of c+. Since
c+ > |M |, we can find an α ∈ c+ \M . Let A be a ⊆-maximal subset of M such
that A∪{α} is 1-homogeneous. If A is uncountable then we’re done, since A∪{α}
contains a homogeneous subset of order type ω1 + 1. Thus, we can assume that A
is countable.

A countable and A ⊆ M implies A ∈ M . Let B = {β ∈ c+ \ A | ∀ξ ∈
Af(β, ξ) = 1}. B can be defined from A and f , so B ∈ M . Note that α ∈ B. We
can take a C ⊆ B, such that C ∈ M is a ⊆-maximal 0-homogeneous subset of B
according to both M and H(c++).

Claim: |C| = c+. Assume, by way of contradiction, that |C| ≤ c. This means
that |C| ∈ c+∩M , which implies |C| ⊆M , since c+∩M is an initial segment of c+.
So by Proposition 6. (i) we have C ⊆M . By the definition of B, for any ξ ∈ C ⊆ B
we get that A ∪ {ξ} ⊆ M is 1-homogeneous. Henceforth, by the maximality of A
we conclude that A ∪ {ξ} ∪ {α} can’t be 1-homogeneous, so f({α, ξ}) = 0 must
hold. But this would imply that C∪{α} ⊆ B is 0-homogeneous, which contradicts
the maximality of C (according to H(c++)).

Let us continue by proving a version of Lázár’s set mapping theorem, originally
developed in [2].
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Definition 9. Given a set mapping F : X → P(X) we say that a subset Y ⊆ X
is F -free if x /∈ F (y) for x ̸= y ∈ Y .

Theorem 14. (Lázár) If κ is a regular uncountable cardinal and F : κ → [κ]<ω,
then there is an F -free subset of size κ.

Proof. We will be working in H(κ+) which has F in it.
By Proposition 7. (i) we can take an elementary submodel M ≺ H(κ+) such

that F ∈M , |M | < κ, and M ∩κ is an initial segment of κ. Since κ > |M |, we can
find an α ∈ κ \M . Let A = F (α) ∩M . Since F (α) is finite, A is a finite subset of
M , giving us A ∈M . We can choose a maximal F -free subset C ⊆ κ\A according
to both M and H(κ+).

Claim: |C| = κ. Assume, by way of contradiction, that |C| < κ, this implies
|C| ⊆ M . By Proposition 6. (i) we get C ⊆ M , so for any γ ∈ C we have γ ∈ M
and as such F (γ) ∈M and F (γ) ⊆M since F (γ) is finite. Consequently α /∈ F (γ).
Conversely, F (α) ∩ C ⊆ F (α) ∩ C ∩ C ⊆ F (α) ∩M ∩ C = ∅ implies γ /∈ F (α).
Hence, C ∪ {α} is F -free, contradicting the maximality of C (in H(κ+)).

We begin working towards Nash-Williams’ cycle-decomposition theorem orig-
inally proved in [3]. The approach we present using elementary submodels was
developed in [12] by Soukup. Let us review the relevant definitions.

Definition 10. A κ-cover of a graph G is a family G of subgraphs of G such that
every edge of G belongs to exactly κ members of the family G. A decomposition
is a 1-cover, every edge of G belongs to exactly one member of the family G. In
other words {E(G′) | G′ ∈ G} is a partition of E(G).

Definition 11. Given a set M

G[M ] =
〈
V (G) ∩M,E(G) ∩ [M ]2

〉
.

G \\M = ⟨V (G), E(G) \M⟩.

So G[M ] is the subgraph spanned by M and G \\M the graph obtained from G
by removing all edges in M .

Definition 12. Fix a graph G. Given A ⊆ V (G), we write Ā for V (G) \A. A cut
of G is a set of edges of the form E(G) ∩ [A, Ā] for some A ⊂ V (G). A bond is a
non-empty cut which is minimal among the cuts with respect to inclusion.

It is a well-known fact that a non-empty subset F ⊆ E(G) is a bond in G if
and only if there are two distinct connected components C1 and C2 of G \\F such
that F = E(G) ∩ [C1, C2].
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We will also use the following combinatorial statement (for a short proof, see
[12, Proposition 2.3.]).

Proposition 15. Let H be a subgraph of G and F a bond in H. If F is not a
bond in G then F ⊆ [D]2 for some connected component D of G \\ F .

With these in mind, we can state Nash-Williams’ cycle-decomposition theorem.

Theorem 16. (Nash-Williams) A graph G is decomposable into cycles if and only
if it has no odd cut.

The statement is trivial for countable graphs, so our plan for uncountable
graphs will be to decompose them into smaller graphs. To do so we will need several
lemmas. We start with a convenient notation to streamline future phrasing.

Definition 13. A graph G is an NW-graph if it has no odd cuts.

Lemma 17. Let M ≺ H(ϑ). If G ∈ M is an NW-graph, then G[M ] is also an
NW-graph.

Proof. Assume, by way of contradiction, that G[M ] is not an NW-graph, that is,
it has an odd cut. Since cuts are disjoint unions of bonds, it must have an odd
bond F as well. Since F is a finite subset of M , we have F ∈ M . F cannot be a
bond in G, so by Proposition 15. F ⊆ [D]2 for some connected component D of
G \\ F . Let ab ∈ F . Then a, b ∈ D, so by the connectedness of D there is a path
P between a and b that avoids F . Let n be the length of P . P witnesses the fact
that H(ϑ) |= there is a path of length n from a to b avoiding F. Since a, b, F ∈M
we can use elementarity to conclude that such a path P ′ must exist in M as well.
Since P ′ ∈ M is finite, P ′ must run in G[M ]. In particular this means that P ′

runs in G[M ] \ F , but connects to elements a and b that should be in different
components of G[M ] \ F , since F is a bond. This gives us our contradiction.

Next, we want to prove a similar lemma for G \\M . For that, we will use the
following auxiliary statement.

Definition 14. Let G be a graph and x ̸= y ∈ V (G). The (local) edge connectivity
of x and y in G, denoted by γG(x, y) is

γG(x, y) = min{|F | | F ⊆ E(G) : F separates x and y in G}.

Proposition 18. Let M ≺ H(ϑ) with |M | ⊆ M . If G ∈ M is a graph, x ̸= y ∈
V (G) and F ⊆ E(G \\M) such that

|F | ≤ |M |, γG\\M(x, y) > 0 and F separates x and y in G \\M

then F separates x and y in G.
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Proof. Assume, by way of contradiction, that G,M, x, y and F form a counterex-
ample. γG\\M(x, y) > 0 means that there is a path P from x to y in G \\M . F
doesn’t separate x and y in G, so there is path Q from x to y in G that avoids F .
Since F separates x and y in G \\M , Q must intersect M . (If an edge is in M its
endpoints are as well.) Let x′ be the first node along Q that is in M , and let y′ be
the last one. Let Qx be the part of Q from x to x′ and Qy the part from y to y′.
Observe that Q−1

x PQy is a walk from x′ to y′ in G \\M , this demonstrates that
they are in the same connected component, meaning γG\\M(x′, y′) > 0.

M

y

G

x

F

x′

y′

P Q

Qx

QyR

Claim: γG(x′, y′) > |M |. To prove this, assume, by way of contradiction, that
γG(x

′, y′) ≤ |M |. Since x′, y′, G, |M | ∈M , using elementarity we can deduce M |=
γG\\M(x′, y′) ≤ |M |. As such we can take A ∈ M , A ⊆ E(G) such that |A| ≤ |M |
and A separates x′ and y′ in G. |A| ⊆ |M | ⊆ M implies A ⊆ M . But this
means that M ∩ E(G) separates x′ and y′ in G, meaning γG\\M(x′, y′) = 0. This
contradiction proves the claim.

Now, we can use the edge-version of the weak Erdős–Menger theorem to get
γG\\M(x′, y′) many edge-disjoint paths between x′ and y′. Since γG\\M(x′, y′) > |M |
we can choose from these a path R that avoids M completely. But this gives us
a walk, QxRQ

−1
y from x to y in G \\M that avoids F . This final contradiction

finishes the proof.

Lemma 19. Let M ≺ H(ϑ). If G ∈ M is an NW-graph, then G \\M is also an
NW-graph.

Proof. Assume, by way of contradiction, that G \\M is not an NW-graph, that is,
it has an odd cut. Here as well, since cuts are disjoint unions of bonds, G\\M must
have an odd bond F . For any edge xy ∈ F , we have γG\\M(x, y) > 0. Moreover, F
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separates x and y in G \\M , so by Proposition 18. F separates x and y in G as
well. F cannot be a bond in G, so by Proposition 15. F ⊆ [D]2 for some connected
component D of G\\F , in particular x and y belong to D. This means that there’s
a path connecting them running in G\\F , but this contradicts F separating x and
y, finishing the proof.

With these lemmas established, we can finally tackle the Nash-Williams de-
composition theorem.

Proof of Theorem 16. We will use induction on |G|. Our plan is to decompose the
graph into smaller graphs using elementary submodels.

The base case of |G| = ℵ0 is done by a greedy recursion. If we remove a
single cycle from an NW-graph, the resulting graph will still be NW, since a cut
meets a cycle in an even number of edges. This means that we can do an ω-long
recursion, where in each step we look at an edge xy not already covered, and since
the remaining graph G′ is NW x and y must be connected by a path P running
in G′ \\ {xy}. Pyx forms a cycle in G′, so we can remove it and continue the
recursion. This ensures that all edges are eventually exhausted, providing a valid
cycle decomposition.

Assume we have already proved the theorem for graphs smaller than some
uncountable cardinal κ. Without loss of generality we can assume V (G) = κ. We
will be working in H(κ+), which contains G.

Let us take a strictly increasing continuous sequence of elementary submodels
(Mα)α<κ of H(κ+) such that G ∈ Mα, |Mα| = ω + |α|, α ⊆ Mα, and Mα ∈ Mα+1.
We postpone showing the existence of such a chain of submodels to Proposition
20 in the next chapter.

Let us decompose G using this chain. For α < κ let

Gα = (G \\Mα)[Mα+1]

Lemma 19. applied in Mα implies that G \\ Mα is NW. Since Mα ∈ Mα+1, we
have G \\ Mα ∈ Mα+1. As such, we can apply Lemma 17. in Mα+1 to get that
(G \\Mα)[Mα+1] is NW.

(Gα)α<κ is clearly a decomposition of G into NW graphs. Observe that we have
V (Gα) ⊆Mα+1 for each α, so by our assumptions |V (Gα)| ≤ ω+ |α+1| < κ. This
means that we can apply the induction hypothesis to Gα. Thus, we decomposed
G into graphs that are decomposable into cycles themselves. Taken together, this
yields a cycle decomposition of G.
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Decomposition Theorems

The method presented in the previous chapter to prove the Nash-Williams decom-
position theorem generalizes as a proof method that can be applied in many proofs.
In this chapter we will develop the general framework and showcase some of its
application. We begin by establishing the existence of a chain of submodels with
specific properties. We have already used this statement in the proof of Theorem
16. and we will use it in a similar manner across this chapter.

Proposition 20. Let X ∈ H(ϑ) with |X| ≤ ω and κ be some uncountable cardi-
nal κ ≤ ϑ. Then there is a strictly increasing continuous sequence of elementary
submodels (Mα)α<κ of H(ϑ) such that X ⊆ Mα, |Mα| = ω + |α|, α ⊆ Mα, and
Mα ∈Mα+1.

Proof. We will construct this chain recursively as follows:
Let M0 be a countable elementary submodel of H(ϑ) such that X ⊆M0.
For a limit ordinal β, let Mβ =

⋃
α<β Mα, this ensures that our sequence is

continuous. |Mβ| = ω + |β|, β ⊆Mβ is immediate.
For a successor ordinal β = α+ 1, let Mβ be an elementary submodel of H(ϑ)

such that Mα ∪ {Mα} ∪ β ⊆ Mβ and |Mβ| = ω + |β|. This is possible, since
|Mα ∪ {Mα} ∪ β| = ω + |β|.

If Φ is a graph property we write G ∈ Φ to denote that G has the property Φ.

Definition 15. A graph property Φ is said to be well-reflecting if for every graph
G ∈ Φ, any cardinal ϑ large enough that G ∈ H(ϑ) and H(ϑ) |= G ∈ Φ, and
every M ≺ H(ϑ) elementary submodel such that G ∈ M and |M | ⊆ M , we have
G[M ] ∈ Φ and G \\M ∈ Φ.

Theorem 21. Let Φ be a well-reflecting graph property and G ∈ Φ. Then G can
be decomposed into a family {Gi | i ∈ I} ⊆ Φ of countable graphs.
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Proof. We use induction on |G|, analogously to the proof of Theorem 16. For
countable |G| there is nothing to prove.

Assume we have already proved the theorem for graphs smaller than some
uncountable cardinal κ. Without loss of generality we can assume V (G) = κ. We
will be working in some H(ϑ) large enough that G ∈ H(ϑ), H(ϑ) |= G ∈ Φ and
ϑ ≥ κ. By Proposition 20 we can take a strictly increasing continuous sequence
of elementary submodels (Mα)α<κ of H(ϑ) such that G ∈ Mα, |Mα| = ω + |α|,
α ⊆Mα, and Mα ∈Mα+1. To decompose G let

Gα = (G \\Mα)[Mα+1]

Since Φ is well-reflecting, G \\ Mα ∈ Φ. Moreover, since Mα ∈ Mα+1 we have
G \\Mα ∈ Mα+1. So applying the well-reflecting nature of Φ in Mα+1 to G \\Mα

we obtain Gα ∈ Φ.
(Gα)α<κ is clearly a decomposition of G. Observe that we have |V (Gα)| ⊆Mα+1

for each α, so by our assumptions V (Gα) ≤ ω + |α + 1| < κ. This means that we
can apply the induction hypothesis to Gα. Thus, we decomposed G into graphs
that are decomposable into countable graphs in Φ. Taken together, this yields a
decomposition of G into graphs in Φ.

Theorem 22. Let Φ and Ψ be graph properties such that
(i) Φ is well-reflecting,

(ii) For any countable graph G, G ∈ Φ =⇒ G ∈ Ψ,

(iii) For any graph G with a decomposition {Gi | i ∈ I}, ∀i, Gi ∈ Ψ =⇒ G ∈ Ψ.
Then G ∈ Φ implies G ∈ Ψ.

Proof. For a graph G ∈ Φ, using Theorem 21 we can decompose it into a family
{Gi | i ∈ I} ⊆ Φ of countable graphs. By (ii) {Gi | i ∈ I} ⊆ Ψ. Finally, applying
condition (iii) to this decomposition, we conclude that G ∈ Ψ.

Theorem 21 and Theorem 22 can be used as a powerful “black box” theorems
to prove other theorems. Let us review a few applications.

Definition 16. An edge e in a graph G is considered a bridge if G\\{e} has more
connected components than G.

We say that a graph is bridgeless if it has no bridges. In other words for every
x, y ∈ V (G) we have γG(x, y) ̸= 1.

In [11] Laviolette proved the following two results.

Theorem 23. Every bridgeless graph can be decomposed into countable bridgeless
graphs.
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Theorem 24. Every bridgeless graph has a cycle ω-cover.

We need to establish the following lemma to apply our theorems.

Lemma 25. The “bridgeless” graph property is well-reflecting.

Proof. Let G be a bridgeless graph and ϑ a large enough cardinal such that G ∈
H(ϑ). (This automatically implies H(ϑ) |= G is bridgeless.) Let M ≺ H(ϑ) such
that G ∈M and |M | ⊆M .

Assume, by way of contradiction, that xy is a bridge in G[M ]. Then M |=
{xy} separates x and y, so by elementarity H(ϑ) |= {xy} separates x and y. So
xy is a bridge in G, giving us our contradiction.

Much in the same way, assume that xy is a bridge in G\\M , so by Proposition
18. we can conclude that {xy} separates x and y in G as well.

From this, Theorem 21 implies the statement of Theorem 23.
Since every countable bridgeless graph has a cycle ω-cover we get Theorem 24

as an immediate corollary of Theorem 23. It is worth noting that in [11] Theorem
24 was a corollary of Theorem 23.

A famous conjecture of Seymour and Szekeres states that

Conjecture 1. (Cycle Double Cover Conjecture) Every bridgeless graph has a
cycle double cover.

Using Theorem 22. we obtain

Proposition 26. If the Cycle Double Cover Conjecture holds for all countable
graphs then it holds for all graphs.

Let us show one more decomposition theorem originally worked out by Nash-
Williams in [3].

Definition 17. A connected component of a graph is trivial if it has a single
element. Otherwise we call it non-trivial.

Theorem 27. Nash-Williams Let G be a graph.
(i) G can be decomposed into cycles and two-way infinite paths if and only if it

has no vertex of odd degree.

(ii) G can be decomposed into two-way infinite paths if and only if it has no
vertex of odd degree and no finite non-trivial components.

Remark 28. Theorem 27. holds for countable graphs. This is easy to check using
elementary techniques, we will focus on the uncountable case.
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We need to establish well-reflecting graph properties to prove Theorem 27. The
following definition will prove useful.

Definition 18. Let G be a graph and x ∈ V (G) The neighbourhood of x in G is
NG(x) = {y ∈ V (G) | xy ∈ E(G)}.

Lemma 29. The following graph properties are well-reflecting
(i) There is no vertex of odd degree.

(ii) There is no finite non-trivial component.

Proof. (i): Let G be a graph with no vertex of odd degree and ϑ large enough
such that G ∈ H(ϑ). (This implies H(ϑ) |= G has no vertex of odd degree.) Let
M ≺ H(ϑ) such that G ∈M and |M | ⊆M .

Let us start by showing that G[M ] has no vertex of odd degree. To this end let
x ∈ V (G[M ]) = V (G) ∩M such that |NG[M ](x)| is finite. By NG[M ](x) ⊆ M , this
implies NG[M ](x) ∈M . Since for y ∈ V (G) ∩M we have y ∈ NG[M ](x) if and only
if xy ∈ E(G) ∩M , we get

M |= NG[M ](x) = NG(x)

By elementarity this implies

H(ϑ) |= NG[M ](x) = NG(x)

This means that their neighbourhoods really do coincide, so since G has no vertex
of odd degree G[M ] does not either.

Let us now look at G \\M . Let x ∈ V (G). We consider three cases:
1. x /∈M . Since M ∩ E(G) ⊆ [M ]2, in this case NG(x) = NG\\M(x).

2. x ∈ M , |NG(x)| ≤ |M |. Since NG(x) can be defined from x,G ∈ M , we get
that NG(x) ∈M which in turn implies NG(x) ⊆M . As such NG\\M(x) = ∅.

3. x ∈ M , |NG(x)| > |M |. In this case, since the degree can only change by at
most |M | we get |NG(x)| = |NG\\M(x)|.

(ii): Let G be a graph with no finite non-trivial components and ϑ large enough
such that G ∈ H(ϑ). (This implies H(ϑ) |= G has no finite non-trivial compo-
nents.) Let M ≺ H(ϑ) such that G ∈M and |M | ⊆M .

Let us start by showing that G[M ] has no finite non-trivial components. Let
x ∈ V (G[M ]) = V (G) ∩M and let C, the connected component of x be finite in
G[M ]. Since it is finite, we get C ∈M so

M |= C is the connected component of x
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By elementarity this implies

H(ϑ) |= C is the connected component of x

So C is trivial, that is |C| = 1, which must hold in G[M ] as well.
Let us now look at G \\ M . By way of contradiction, assume it has a finite

non-trivial component C. C is not a component in G, so there is some edge xz ∈
E(G) ∩M such that x ∈ C. xz ∈ M implies x ∈ M . By the non-triviality of C,
there must be a different x′ ∈ C for which xx′ ∈ E(G \\M), implying x′ /∈M . Let
us consider three cases:

1. |NG(x)| ≤ |M |. Since NG(x) can be defined from x,G ∈ M , we get that
NG(x) ∈M which in turn implies NG(x) ⊆M . But x′ ∈ NG(x) gives us our
contradiction.

2. |NG(x)| > |M |. In this case, observe that C ⊃ NG\\M(x). This implies that
|C| ≥ |NG\\M(x)| ≥ |NG(x)| − |M | = |NG(x)|, presenting a contradiction.

Proof of Theorem 27. We can apply Theorem 22 directly to each part thanks
Lemma 29. and Remark 28.

This general approach follows the work of Soukup in [12], where he developed
this framework and includes more involved examples as well.



Chapter 5

Applications in Topology

In this chapter we will look at some applications of elementary submodels in set-
theoretic topology. These results will follow the following flavour: If a structure is
both locally small and globally small, it can’t be too large.

Definition 19. A cardinal invariant of topological spaces is a mapping i assigning
a cardinal i(X) to each space X such that i(X) = i(Y ) if X and Y are homeo-
morphic.

Definition 20. Let (X, τ) be a topological space. For x ∈ X, the character of x
in X, denoted by χ(x,X), is the minimum cardinality of a neighbourhood basis
at x. The character of X is defined as

χ(X) = sup{χ(x,X) | x ∈ X} · ω.

Definition 21. Let (X, τ) be a topological space. The Lindelöf degree of X, de-
noted by L(X), is the smallest infinite cardinal κ such that every open cover of X
has a subcover of cardinality at most κ.

We will first show the celebrated result of Arhangel’skii ([6]) combining the
local restriction of character and the global condition of Lindelöf degree into a
bound on the size of X.

Theorem 30. (Arhangel’skii) Let (X, τ) be an infinite Hausdorff space. The fol-
lowing inequality holds:

|X| ≤ 2χ(X)·L(X).

Proof. Without loss of generality, we may assume that |X| = |TC(X)|. (If this
were not the case, we could replace X with an isomorphic copy built directly on
|X|.) Henceforth, we will be working in H((2|X|)+) which has both X and τ in it.
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Let κ = χ(X) · L(X), note that this implies χ(X) ≤ κ and L(X) ≤ κ. By
Proposition 7. (ii) we can take an elementary submodel M ≺ H((2|X|)+) such that
X, τ, κ ∈M , |M | = 2κ, [M ]κ ⊆M , and M ∩ (2κ)+ is an initial segment of (2κ)+.

Claim 1: X ∩M is closed. To prove this, fix y ∈ X ∩M . By χ(X) ≤ κ, y has
a neighbourhood basis of cardinality at most κ. With this in mind, we can take a
net ν : A → X ∩M such that ν → y and |A| ≤ κ. Furthermore we may assume
that A ∈ M , since up to isomorphism our domain can be any directed set. By
Proposition 6. (i) this implies A ⊆ M , so we also get ν ⊆ M . Since |ν| ≤ κ, we
obtain ν ∈ M . In a Hausdorff space a net can only converge to at most a single
point, so using ν, X and τ we can uniquely define y. Consequently by ν,X, τ ∈M ,
we get y ∈M .

Claim 2: X ⊆M . Assume, by way of contradiction, that X \M is nonempty,
that is ∃y ∈ X \M . Any x ∈ X ∩M has a neighbourhood basis of size at most
κ. Since x, κ, τ ∈ M this statement holds in M as well, allowing us to pick such
a neighbourhood basis Bx ∈ M . By Proposition 6. (i) we have Bx ⊆ M . Now,
using the Hausdorff property of X, pick Bx ∈ Bx such that y /∈ Bx, here, we have
Bx ∈M as well. Consider the family of all such Bx’s:

U = {Bx | x ∈ X ∩M}.
U is a cover of X ∩M , a closed set, so we can use L(X) ≤ κ to pass to a subcover
U ′ ⊆ U of size at most κ. Observe that we have U ′ ⊆M , this together with |U ′| ≤ κ
implies U ′ ∈M . Since we chose every Bx such that y /∈ Bx, we have y /∈

⋃
U ′. This

shows that y witness the fact that H((2|X|)+) |= X \
⋃
U ′ ̸= ∅. By elementarity

we get M |= X \
⋃
U ′ ̸= ∅. On the other hand U ′ being a cover of X ∩M means

that M |= X \
⋃
U ′ = ∅, giving us our contradiction.

M

X

y
x Bx

U

Of course, X ⊆M gives us |X| ≤ |M | = 2κ, finishing the proof.
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Hajnal and Juhász proved a related theorem in [5], that uses a different cardinal
invariant to describe size globally.

Definition 22. Let (X, τ) be a topological space. The cellularity of X, denoted
by c(X), is defined as

c(X) = sup{|U| | U ⊆ τ \ {∅} is a pairwise disjoint family} · ω

Theorem 31. (Hajnal–Juhász ) Let (X, τ) be an infinite Hausdorff space. The
following inequality holds:

|X| ≤ 2χ(X)·c(X)

Proof. Without loss of generality, we may assume that |X| = |TC(X)|. (If this
were not the case, we could replace X with an isomorphic copy built directly on
|X|.) Henceforth, we will be working in H((2|X|)+) which has both X and τ in it.

Let κ = χ(X) · c(X), note that this implies χ(X) ≤ κ and c(X) ≤ κ. By
Proposition 7. (ii) we can take an elementary submodel M ≺ H((2|X|)+) such that
X, τ, κ ∈M , |M | = 2κ, [M ]κ ⊆M , and M ∩ (2κ)+ is an initial segment of (2κ)+.

Following the same logic as above, for any x ∈ X ∩M we can fix a neighbour-
hood basis Bx of size at most κ such that Bx ∈M and Bx ⊆M .

Claim: X ⊆ M . Assume, by way of contradiction, that X \M is nonempty,
that is ∃y ∈ X \M . Fix a neighbourhood basis By of size κ for y.

For any x ∈ X ∩M , by the Hausdorff property of X, we can pick Bx ∈ Bx and
By ∈ By such that Bx ∩ By = ∅. Here, we have Bx ∈ M as well. Fix such a Bx

for all x ∈ X ∩M . We need to group these sets by the neighbourhood of y they
correspond with. To this end, let us define

ABy = {x ∈ X ∩M | Bx ∩By = ∅},
A = {ABy | By ∈ By}.

By the construction of the Bx’s, we have
⋃

A∈AA = X ∩M . For any given A ∈ A
we know that

⋃
x∈ABx ⊇ A. Now pick a maximal pairwise disjoint subfamily CA of

{Bx | x ∈ A}. Consider what CA covers, let CA =
⋃

x∈CA Bx. By the maximality of
CA, we get CA ⊇ A. Since c(X) ≤ κ, we have |CA| ≤ κ. This, along with CA ⊆ M
gives us CA ∈ M and consequently CA ∈ M . Since |A| ≤ |By| ≤ κ we also get for
C = {CA | A ∈ A} that C ∈M . Now observe that⋃

C =
⋃
A∈A

CA ⊇
⋃
A∈A

A = X ∩M.

This shows that M |=
⋃
C = X, giving us H((2|X|)+) |=

⋃
C = X by elementarity.

But consider y ∈ X and a given CABy
∈ C. By our construction every set in CABy
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is disjoint from By, so their union CABy
will be disjoint as well, yielding y /∈ CABy

.
We can conclude that y /∈

⋃
C, giving us a contradiction and proving the claim.

Of course, X ⊆M gives us |X| ≤ |M | = 2κ, finishing the proof.

In the previous proofs we looked at Hausdorff spaces. Šapirovskĭı showed in [7]
that if we instead work with the stronger assumption of regularity, we can relax
the requirements on the character of X to π-character:

Definition 23. Let (X, τ) be a topological space. For x ∈ X, a family B ⊆ τ \{∅}
is a local π-basis at x if every neighbourhood of x contains some member of B.

Definition 24. Let (X, τ) be a topological space. The π-character of x in X,
denoted by πχ(x,X), is the minimum cardinality of a local π-basis at x. The
π-character of X is defined as

πχ(X) = sup{πχ(x,X) | x ∈ X} · ω.

Instead of the size of X, we will show a bound on the density of X:

Definition 25. Let (X, τ) be a topological space. The density of X, denoted by
d(X), is the minimum cardinality of a dense subset of X.

Theorem 32. (Šapirovskĭı) Let (X, τ) be an infinite regular topological space.
The following inequality holds:

d(X) ≤ πχ(X)c(X).

Proof. Without loss of generality, we may assume that |X| = |TC(X)|. (If this
were not the case, we could replace X with an isomorphic copy built directly on
|X|.) Henceforth, we will be working in H((2|X|)+) which has both X and τ in it.

Let κ = πχ(X)c(X) and λ = c(X), note that this implies πχ(X) ≤ κ. By
Proposition 7. (ii) we can take an elementary submodel M ≺ H((2|X|)+) such that
X, τ, κ ∈M , |M | = κ, [M ]λ ⊆M , and M ∩ κ+ is an initial segment of κ+.

Claim: X ∩M is dense in X. Assume, by way of contradiction, that X ∩M is
not dense, that is ∃U ⊆ X \M open, nonempty. Since X is regular we can shrink
this to an open set V ⊆ U for which V ⊆ U . This implies V ⊆ X \M .

Any x ∈ X ∩M has a local π-basis of size at most κ. Since x, κ, τ ∈ M this
statement holds in M as well, allowing us to pick such a local π-basis Bx ∈M . By
Proposition 6. (i) we have Bx ⊆M . We seek to isolate V , to this end consider

B = {B ∈
⋃

x∈X∩M

Bx | B ∩ V = ∅}.
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Pick a maximal pairwise disjoint subfamily C of B and let C =
⋃
C. Since c(X) = λ,

we have |C| ≤ λ. This, along with C ⊆M gives us C ∈M and consequently C ∈M .
We want to show that C ⊇ X ∩M . To do so, consider x ∈ X ∩M along with

some open neighbourhood G ∋ x. We will prove that G∩
⋃
C ̸= ∅, having this for

any G implies x ∈ C =
⋃
C. By the regularity of X, we can separate x from V by

some open set W ∋ x, consider G′ = G ∩W . Since Bx is a local π-basis, we can
pick Bx ∈ Bx such that Bx ⊆ G′. We have Bx ∩ V ⊆ G′ ∩ V ⊆ W ∩ V = ∅, which
implies Bx ∈ B. The maximality of C implies that ∃B ∈ C such that B ∩Bx ̸= ∅,
finishing this part, since

⋃
C ∩G ⊇ B ∩Bx.

This shows that M |= X = C. On the other hand ∀B ∈ C, B ∩ V = ∅ so
for C =

⋃
C we get C ∩ V = ∅. This leads to H((2|X|)+) |= X ̸= C which is a

contradiction by elementarity, proving the claim.
X∩M being dense gives us d(X) ≤ |X∩M | ≤ |M | = κ, finishing the proof.



Chapter 6

Introducing Davies-trees

In Chapter 4, we saw how a chain of elementary submodels can be a useful tool to
decompose various structures into smaller pieces. This can be an effective frame-
work to solve problems where a single submodel might not be strong enough. One
difficulty that can arise when trying to apply this method is that small chains of
small submodels are bounded in the total size they can cover, limiting their use-
fulness when partitioning large structures. In the 1960s, Davies solved this issue in
[4] by utilizing trees of elementary submodels. This theory of what is now known
as Davies-trees has since then proved to be widely applicable in multiple different
areas. We will start by constructing this special collection of submodels, while its
definition might look convoluted at first, the proof of its existence will explain the
“tree” terminology.

Definition 26. Let X be a countable set, κ, ϑ cardinals. A sequence (Mα)α<κ of
elementary submodels of H(ϑ) is called a Davies-tree if the following hold:

(i) X ⊆Mα, |Mα| = ℵ0 for all α < κ,

(ii) κ ⊆
⋃

α<κMα,

(iii) for every β < κ there is an mβ < ω and a sequence of elementary submodels
(Nβ,j)j<mβ

such that X ⊆ Nβ,j for all j < mβ and⋃
α<β

Mα =
⋃

j<mβ

Nβ,j.

Note, that while a Davies-tree is a large collection of small elementary submod-
els covering κ, each initial segment

⋃
α<β Mα of this cover can be written as a

finite union of elementary submodels. We use M<β to denote the initial segment⋃
α<β Mα.
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Theorem 33. Given a countable set X and a cardinal κ, there is a large enough
cardinal ϑ such that a Davies-tree (Mα)α<κ, Mα ≺ H(ϑ) exists.

Proof. Let ϑ be a large enough regular cardinal such that κ,X ∈ H(ϑ). We will
construct a tree T on On<ω and associated elementary submodels M(a) for each
a ∈ T .

To begin our construction let ∅ ∈ T and let M(∅) be an elementary submodel
of size κ such that X∪κ ⊆M(∅). We continue building T in the following manner:

Let a ∈ T andM(a) be already given. IfM(a) is uncountable let λ = cf(|M(a)|).
We amend T by a⌢ξ for each ξ < λ. Let M(a⌢ξ)ξ<λ be a sequence of elementary
submodels such that

(i) X ⊆M(a⌢ξ) for all ξ < λ,

(ii) |M(a⌢ξ)| < |M(a)| for all ξ < λ,

(iii) M(a) =
⋃

ξ<λM(a⌢ξ).

M(∅)

M(0) M(1) . . . M(α) . . . M(ξ) . . .

M(α⌢0) M(α⌢1) . . . M(α⌢ζ) . . .

Figure 6.1: Davies’ tree construction

We iterate this process to create T since along every branch the size of the
associated submodels is a strictly decreasing sequence of cardinals, this implies
that every branch is finite and the model associated with the terminal node is
countably infinite. As such we get that T is indeed a downwards closed tree T on
On<ω. It is easy to see that

⋃
{M(a) | a ∈ T terminal} = M(∅) ⊇ κ. Note that

this implies |{M(a) | a ∈ T terminal}| = κ. Observe that for |a| > 0 we have
M(a) < κ. Since a and every node below a has at most |M(a)| many children, and
every node below a is on a finite branch, by a standard counting argument we get
that less than κ many nodes are below a.

Let us well order {M(a) | a ∈ T terminal} by the order <lex induced by the
lexicographical ordering of the terminal nodes. Since for a terminal node a every
node lexicographically smaller than a is below a ↾ 1, we get that for every terminal
node a, M(a) has less than κ many <lex-predecessors. This, taken together with
the fact that |{M(a) | a ∈ T terminal}| = κ shows us that the order type of
({M(a) | a ∈ T terminal}, <lex) is κ.
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What’s left to show for {M(a) | a ∈ T terminal} to form a Davies-tree is that
given a terminal node b ∈ T , we can write the union of its <lex-predecessors as a
finite union of elementary submodels. To this end let m = |b| and for j < m let us
define

Nb,j =
⋃
{M((b ↾ j)⌢ξ) | ξ < b(j)}.

Nb,j is an elementary submodel, since (M((b ↾ j)⌢ξ))ξ<b(j) is an increasing sequence
of elementary submodels. X ⊆ Nb,j is immediate as well. Clearly

Nb,j =
⋃
{M(a) |M(a) <lex M(b), a ↾ j = b ↾ j, a ∈ T terminal}.

To add to this, note that if M(a) <lex M(b) then for j = min{i < m, a(i) ̸= b(i)}
we see that M(a) ⊆ Nb,j must hold. These two observations give us⋃

{M(a) |M(a) <lex M(b), a ∈ T terminal} =
⋃
{Nb,j | j < m},

finishing the proof.

Remark 34. In the above proof, if κ ≤ ℵm, then the tree is at most of height m.
This means that in the κ ≤ ℵm case we can always assume mβ = m.

To demonstrate the power of Davies-trees let us begin by showing Davies’ orig-
inal application, which improves Sierpinski’s result from [1] regarding the covering
of the plane with graphs of functions.

Theorem 35. R2 can be covered by countably many rotated graphs of functions,
that is, given distinct lines (li)i<ω through the origin, there are sets Ai such that
R2 =

⋃
i<ω Ai and for each line l perpendicular to li, |Ai ∩ l| ≤ 1.

Proof. Let r : c→ R2 be a bijection. {c,R2, r, li | i < ω} is countable, so for some
large enough ϑ we can take a Davies-tree (Mα)α<c in H(ϑ) over {c,R2, r, li | i < ω}.
Given x ∈ R2 we have x = r(ξ) for some ξ < c and we have ξ ∈ Mα for some
α < c. From this we get x = r(ξ) ∈Mα and consequently x ∈

⋃
α<cMα. This gives

us R2 ⊆
⋃

α<cMα.
We will use induction on c. In the β-th step we will cover the points of the set

R2 ∩Mβ \M<β by assigning them different Ai sets all the while ensuring that for
each line l perpendicular to li, |Ai ∩ l| ≤ 1. Let us enumerate R2 ∩Mβ \M<β as
(xt)t<ω and let us assume that we are in the β-th step of the induction and we’ve
already assigned each xt for t < s.

Since we’re working in a Davies-tree, M<β =
⋃

j<mβ
Nβ,j for some mβ < ω such

that every Nβ,j is an elementary submodel containing {c,R2, r, li | i < ω}. Let
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A′
0, . . . , A

′
mβ

be mβ + 1 sets we haven’t assigned points to in this step yet, and let
l′0, . . . , l

′
mβ

be the lines associated with them.
Assume, by way of contradiction, that xs cannot be assigned any A′

i for any
i ≤ mβ. If xj cannot be assigned to A′

i, that means that the line li, perpendicular
to l′i and going through xs already intersects A′

i in some point yi. yi must belong to
M<β =

⋃
j<mβ

Nβ,j. Since this holds for every i ≤ mβ by the pigeonhole principle
for some distinct i1, i2 ≤ mβ the corresponding points yi1 and yi2 must belong to
the same Nβ,j. Since l′i1 , l

′
i2
, yi1 , yi2 ∈ Nβ,j we must have xs ∈ Nβ,j, since it can be

defined from l′i1 , l
′
i2
, yi1 , yi2 as the intersection of li1 and li2 . Since Nβ,j ⊆M<β, this

contradicts xs ∈ R2 ∩Mβ \M<β.
This shows that we can always assign the next point, so by induction we can

construct the required Ai sets.

Another interesting problem of covering the plane with small sets where Davies-
trees prove to be useful is the question of clouds. This will turn out to be a highly
delicate question. As such, this example demonstrates how the finer details of a
Davies-tree’s construction are worth paying attention to.

Definition 27. A set A ⊆ R2 is called a cloud around a point a if for every line l
passing through a we have |A ∩ l| < ω.

When trying to cover the plane, two clouds are clearly insufficient, since if
they are around the points a0 and a1 respectively, only finitely many points of
the line a0a1 will be covered. It turns out that whether 3 or more clouds suffice is
highly independent from ZFC. In [9] Komjáth proved that if c ≤ ℵm, then m + 2
clouds can cover the plane. Schmerl showed the converse result in [10], solidifying
the surprisingly close relationship between cloud coverings and the continuum
hypothesis. We will use Davies-trees to prove Komjáth’s result.

Theorem 36. If c ≤ ℵm then R2 can be covered by m+ 2 many clouds.

Proof. To construct Ak, fix m+ 2 points (ak)k<m+2 in R2 in general position. Let
r : c → R2 be a bijection. Using Remark 34. we can take a Davies-tree (Mα)α<c

in H(ϑ) (for some large enough ϑ) over {c,R2, r, ak | k < m + 2} such that
M<β =

⋃
j<mNβ,j for every β < c. Analogously to the proof of Theorem 35. we

get R2 ⊆
⋃

α<cMα.
Let Lk be the set of lines passing through ak and let L =

⋃
k<m+2 Lk. We will

define Ak by choosing which finitely many points to include in it for each line in
Lk. This amounts to defining a function F : L → [R2]<ω where F (l) ⊆ l and for
every x ∈ R2 there is an l ∈ L for which x ∈ F (l). Here our clouds will be

Ak = {ak} ∪
⋃
{F (l) | l ∈ Lk}.
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It’s clear that these sets will indeed suffice, provided we can construct F according
to our requirements.

Let Lβ = L ∩ Mβ \ M<β. Let L′ be the set of finitely many lines that pass
through multiple ak’s. Let us enumerate Lβ \L′ as (lt)t<ω. We define F on Lβ \L′

in the following way:

F (ls) = ls ∩

(⋃
L′ ∪

⋃
t<s

lt

)
.

Here, we immediately have |F (ls)| < ω. For a fixed x ∈ R2 we need to check that
there is an l ∈ L for which x ∈ F (l). For x ∈

⋃
L′ this clearly holds, so let us

assume x /∈ L′. Since x ∈
⋃

α<cMα, there is a unique β < c such that x ∈Mβ\M<β.
Let lk be the line through x and ak. Since lk can be defined from x and ak, by
x, ak ∈Mβ we get lk ∈Mβ. At the same time we claim that only a limited number
of lk’s could have appeared earlier.

Claim: |{lk | k < m+ 2} ∩M<β| ≤ m. Assume, by way of contradiction, that
|{lk | k < m + 2} ∩M<β| > m. Recall that M<β =

⋃
j<mNβ,j. By the pigeonhole

principle this means that there is a j < m such that |{lk | k < m+ 2} ∩Nβ,j| ≥ 2.
We can define x using these two lines giving us x ∈ Nβ,j and consequently x ∈M<β,
contradicting Mβ \M<β.

From the above we can conclude that |{lk | k < m+ 2} ∩ (Mβ \M<β)| ≥ 2. So
there are at least two lines ls1 and ls2 in Lβ through x. We may assume s1 < s2.
Henceforth, we get x ∈ F (ls2) finishing the proof.

For a more thorough introduction to the theory of Davies-trees, including fur-
ther applications and more advanced tree constructions, we refer the reader to the
introductory paper of Soukup and Soukup [14] which formed the basis of this short
expository chapter.
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